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‡ Università degli Studi di Padova, Dipartimento di Matematica,
via Trieste 64, 35121 Padova, Italy

E-mail: nicola.sansonetto@gmail.com

Received October 29, 2015, in final form February 12, 2016; Published online February 21, 2016

http://dx.doi.org/10.3842/SIGMA.2016.018

Abstract. We study the existence of first integrals in nonholonomic systems with sym-
metry. First we define the concept of M-cotangent lift of a vector field on a manifold Q
in order to unify the works [Balseiro P., Arch. Ration. Mech. Anal. 214 (2014), 453–501,
arXiv:1301.1091], [Fassò F., Ramos A., Sansonetto N., Regul. Chaotic Dyn. 12 (2007), 579–
588], and [Fassò F., Giacobbe A., Sansonetto N., Rep. Math. Phys. 62 (2008), 345–367].
Second, we study gauge symmetries and gauge momenta, in the cases in which there are the
symmetries that satisfy the so-called vertical symmetry condition. Under such condition we
can predict the number of linearly independent first integrals (that are gauge momenta).
We illustrate the theory with two examples.
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1 Introduction

It is well known that for Hamiltonian systems with a group of symmetries the components of
the momentum map are first integrals of the system. For nonholonomic systems the situation
is different: symmetries do not necessarily give rise to first integrals. Nevertheless the search
for first integrals is a central topic in the study of nonholonomic systems, and different ideas
to link them to the presence of symmetries have been proposed and investigated [5, 9, 10, 11,
13, 15, 18, 19, 20, 21, 22, 24, 26, 27, 33, 35]. In this note we give a geometric interpretation of
the notions of gauge symmetries1 and gauge momenta introduced in [5] and further developed
in [12, 14, 18, 19, 20], inspired by the tools used in [1] to study the Hamiltonization problem of
nonholonomic systems.

We start by considering a G-invariant nonholonomic system on a manifold Q given by a Lag-
rangian L : TQ → R and a constraint distribution D; we let M := Leg(D) be the constraint
submanifold of T ∗Q, where Leg is the Legendre transformation (see, e.g., [7, 8, 17, 27, 30, 32]).

?This paper is a contribution to the Special Issue on Analytical Mechanics and Differential Geometry in honour
of Sergio Benenti. The full collection is available at http://www.emis.de/journals/SIGMA/Benenti.html

1It is worth noting that in this paper – as well as in [18, 19, 20] – the term gauge symmetry is related to the
search of first integrals induced by the action of a Lie group and this concept has no connection with the term
gauge transformation used in [1] to “deform” brackets.
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For each section ξ of the Lie algebra bundle g × Q → Q we consider the function Jξ : M→ R
given by Jξ := iξMΘM, where ΘM is the canonical 1-form on T ∗Q restricted to the submani-
fold M and ξM the infinitesimal generator of ξ on M. We call ξ ∈ g × Q a gauge symmetry
and Jξ a gauge momentum if the cotangent lift ξT

∗Q
Q of the infinitesimal generator ξQ of ξ leaves

the Hamiltonian H invariant onM. If ξQ is also a section of the constraint distribution then Jξ
is a first integral of the nonholonomic dynamics, called horizontal gauge momentum and ξ is the
horizontal gauge symmetry that generates it.

In this paper, we introduce the notion of M-cotangent lift of a vector field on Q and show
that searching for a horizontal gauge symmetry amounts to looking for a section ξ of g×Q→ Q
such that the M-cotangent lift of its infinitesimal generator ξQ leaves the hamiltonian function
invariant. Following [1], we observe that, upon suitable assumptions, the choice of a vertical
complement W of the constraint distribution D induces a splitting of g × Q → Q in such
a way that horizontal gauge symmetries ξ are geometrically characterized as projections of
constant sections. This geometric description of horizontal gauge symmetries is alternative to
the differential equations considered in [5, 18]. Moreover, if k is the rank of the distribution
given by the intersection of D with the vertical space (the tangent space to the G-orbits), then
we show that there are k linearly independent horizontal gauge momenta.

The paper is organized as follows. In Section 2 we recall some facts about nonholonomic
systems with symmetry and gauge momenta. In Section 3, we characterize horizontal gauge
symmetries with respect to the M-cotangent lift and then, using a vertical complement of
the constraints, we describe the horizontal gauge momenta in terms of Lie algebra elements.
Section 4 illustrates the theory with two examples. We finish with a section of conclusions and
perspectives.

Throughout the paper all manifolds, distributions and maps are smooth; the distributions
are assumed to be regular and the group actions are free and proper.

2 Preliminaries: conserved quantities
in nonholonomic mechanics

2.1 Nonholonomic systems with symmetry

Nonholonomic systems. Let us denote by (Q,L,D) a nonholonomic system on a manifold Q
defined by a Lagrangian L : TQ→ R of mechanical type and a (non-integrable) distribution D
on Q describing the permitted velocities. The constraint submanifold M ⊂ T ∗Q is defined by
M := κ[(D), where κ is the kinetic energy metric that induces the isomorphism κ[ : TQ→ T ∗Q
defined by κ[(X)(Y ) = κ(X,Y ) for X,Y ∈ TQ. Note that since κ is linear on the fibers, thenM
is a vector subbundle of T ∗Q; we denote by τM : M→ Q the canonical projection. If H : T ∗Q→
R is the Hamiltonian function associated to L, then we denote by HM : M→ R the pull-back
of the Hamiltonian H to M, i.e., HM = ι∗H, where ι : M → T ∗Q is the natural inclusion.
Moreover, we define ΩM the 2-form on M given by ΩM := ι∗ΩQ, where ΩQ is the canonical
2-form on T ∗Q. Let C be the non-integrable distribution on M given, at each m ∈M, by

Cm := {vm ∈ TmM : TτM(vm) ∈ DτM(m)}.

The nonholonomic dynamics is described by the integral curves of the vector field Xnh onM
defined by

iXnh
ΩM|C = dHM|C , (2.1)

where ΩM|C denotes the restriction of ΩM to C. Since the vector field Xnh takes values on C, we
say that it is a section of the bundle C →M, i.e., Xnh ∈ Γ(C). It is important to note that the



A Geometric Characterization of Certain First Integrals for Nonholonomic Systems 3

solution Xnh satisfying (2.1) is unique since the 2-section ΩM|C is nondegenerate [6]. The vector
field Xnh is also called the nonholonomic dynamics or the nonholonomic vector field.

In this setting, a function f on M is a first integral of Xnh (or f is conserved by Xnh) if and
only if Xnh(f) = 0. From (2.1) f ∈ C∞(M) is a first integral if and only if Xf (HM) = 0, where
Xf ∈ X(M) is the nonholonomic Hamiltonian vector field2 on M defined by

iXf
ΩM|C = df |C . (2.2)

Observe that the nonholonomic Hamiltonian vector field Xf given in (2.2) is a section of C →M,
i.e., Xf ∈ Γ(C). Moreover, since ΩM|C is nondegenerate, equation (2.2) induces an almost
Poisson bracket {·, ·}nh on M called the nonholonomic bracket [25, 28, 34]. In fact, for every
f, g ∈ C∞(M) the nonholonomic bracket {·, ·}nh is defined by {f, g}nh = −Xf (g), where Xf

is the unique vector field on M (with values in C) that satisfies (2.2). Hence, f ∈ C∞(M) is
a first integral of the nonholonomic dynamics if and only if {f,HM}nh = 0, in which case we say
that the functions f and HM are in involution.

As it is well known there is a correspondence between almost Poisson brackets {·, ·} on a mani-
fold M and bivector fields π ∈ Γ

(
Λ2(TM

)
), defined by π(df, dg) = {f, g}, for f, g ∈ C∞(M)

(see, e.g., [29]). Throughout the paper we will work indistinguishably with almost Poisson
brackets and bivector fields. We denote by π] : T ∗M −→ TM the map such that β(π](α)) =
π(α, β). In our context, the nonholonomic bracket {·, ·}nh induces the nonholonomic bivector

field πnh and the nonholonomic dynamics is given by the vector field Xnh = −π]nh(dHM).
Symmetries. Let G be a Lie group acting on Q freely and properly. We say that the

G-action is a symmetry of the nonholonomic system (Q,L,D) if the tangent lift of the action
to TQ leaves L and D invariant. In this case, the cotangent lift of the G-action to T ∗Q leaves
the constraint submanifold M invariant and thus it induces, by restriction, a G-action on M:

φ : G×M→M.

It is straightforward to see that the Hamiltonian HM and the nonholonomic bracket {·, ·}nh are
G-invariant [25, 28].

Let us denote by V the distribution on Q whose fibers Vq, for q ∈ Q, are the tangent spaces
to the orbits of G in Q, that is Vq = T (Orbq(q)). Equivalently, V is the distribution on M
such that for each m ∈ M the fiber Vm is the tangent space to the orbit of G in M. Since the
action on M is lifted from an action on Q then, for each m ∈ M, the fibers Vm and VτM(m)

are diffeomorphic. We call V and V the vertical spaces associated to the G-action on Q and
on M, respectively. For each η ∈ g, where g denotes the Lie algebra of G, ηQ and ηT∗Q denote
the infinitesimal generator associated to the G-action on Q and on T ∗Q, respectively. Since M
is an invariant submanifold of T ∗Q, for each η ∈ g the infinitesimal generator ηM of η on M is
well defined; ηT∗Q(m) = ηM(m) ∈ TmM, for each m ∈M.

Consider the distributions S and S on Q and M, respectively, given by

Sq = Dq ∩ Vq and Sm = Cm ∩ Vm,

for q ∈ Q and m ∈ M. The distribution S induces a vector subbundle gS → Q of the trivial
vector bundle g×Q→ Q, defined by

gS = {ξq ∈ g×Q : ξQ(q) ∈ Sq}, (2.3)

where ξQ(q) := (ξq)Q(q). Observe that, for ξ ∈ Γ(g × Q), the corresponding infinitesimal
generator ξM of the lifted action onM is defined by ξM(m) := (ξq)M(m) ∈ Γ(V) having in mind
that, for a fixed q ∈ Q, ξq ∈ g.

2Xf is also called distributional Hamiltonian vector field, see [17].
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The nonholonomic momentum map [9] J nh : M→ g∗S is given3, at eachm ∈M and ξ ∈ Γ(gS),
by

〈J nh(m), ξ(m)〉 := iξMΘM(m), (2.4)

where ΘM is the pull-back toM of the canonical 1-form ΘQ on T ∗Q via the natural inclusion ι,
i.e., ΘM := ι∗ΘQ, see [1, 9].

Remark 2.1. The nonholonomic momentum map can be evaluated at non-constant sections
of the bundle g ×M → M. If there is a constant section η ∈ g such that η ∈ Γ(gS), then
〈J nh, η〉 = 〈J , η〉, where J : M→ g∗ is the restriction to M of the canonical momentum map
defined on T ∗Q.

As it is already well known [5, 14, 18], the nonholonomic momentum map gives a candidate
for a first integral of a nonholonomic system with symmetry. In fact, by (2.4), for ξ ∈ Γ(gS),

Xnh(〈J nh, ξ〉) = £ξMΘM(Xnh) + ΩM(ξM, Xnh). (2.5)

Since ξM ∈ Γ(S) then ΩM(ξM, Xnh)=−dHM(ξM)=0, where in the last equality we use the G-in-
variance of the Hamiltonian HM. We conclude that for a section ξ ∈ Γ(gS), the function 〈J nh, ξ〉
is constant along the flow of the nonholonomic dynamics if and only if (£ξMΘM)(Xnh) = 0.

2.2 Conserved quantities and cotangent lifts

Given a vector field X on Q, we denote by XT ∗Q the cotangent lift of X to T ∗Q. Recall that the
cotangent lift of X is the infinitesimal generator of TΦX

t : T ∗Q → T ∗Q, where TΦX
t is the lift

to T ∗Q of the flow ΦX
t of X with respect to the canonical projection τQ : T ∗Q −→ Q. In other

words, the cotangent lift of X can be expressed as a Hamiltonian vector field with respect to
the canonical symplectic structure on T ∗Q. That is, given X ∈ X(Q) we denote by X̃ the linear

function on T ∗Q given by X̃(α) = α(X) for α ∈ T ∗Q, then XT ∗Q = −π]Q(dX̃), where πQ is the
bivector field associated to the canonical symplectic form ΩQ. In local coordinates, if {Xi} is
a local basis of TQ and (q, pi) denote the local coordinates in T ∗Q associated to the dual basis

{Xi}, then XT ∗Q
i = −π]Q(dpi) = Xi + pkC

k
ij∂pj , where Ckij ∈ C∞(Q) are the structure functions

[Xi, Xj ] = CkijXk. If X = fiXi for fi ∈ C∞(Q), then

XT ∗Q = fvi X
T ∗Q
i − piπ]Q(dfi) = fvi X

T ∗Q
i − piXj(fi)∂pj ,

where fvi = τ∗Qf for τQ : T ∗Q→ Q, see [29].

In this paper, we will focus on the cotangent lift ξT
∗Q

Q of infinitesimal generators of sections
ξ of Γ(g×Q). It is important to note that if η ∈ g (i.e., η is a constant section of g×Q→ Q)

then ηT
∗Q

Q = ηT∗Q. However this is not necessarily true if we consider non-constant sections
ξ ∈ Γ(g×Q), indeed the lift of a section in Γ(V ) might not be tangent to the orbits of the lifted
action to T ∗Q. On the other hand, for a section ξ ∈ Γ(g ×Q) we have that the corresponding
linear function of ξQ is given by ξ̃Q = iξT∗QΘQ = 〈J, ξ〉 and thus

ξT
∗Q

Q = −π]Q(d〈J, ξ〉). (2.6)

Following [18, 19] we say that a gauge symmetry of a nonholonomic system (Q,L,D) with

symmetry G, is a section ξ of g×Q→ Q such that the cotangent lift ξT
∗Q

Q of the infinitesimal

3g∗S denotes the dual vector bundle of gS .
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generator ξQ leaves the Hamiltonian H invariant on M, i.e., ξT
∗Q

Q (H)(m) = 0, ∀m ∈ M. The
gauge momentum Jξ : M→ R of a gauge symmetry ξ is the function

Jξ := ι∗(i
ξT
∗Q

Q
ΘQ). (2.7)

Next proposition clarifies the link between gauge momenta and first integrals

Proposition 2.2 ([21]). Consider a nonholonomic system (Q,L,D) with symmetry G and a sec-

tion ξ ∈ Γ(gS). Then ξT
∗Q

Q (H)(m) = 0, ∀m ∈ M, if and only if Jξ is a first integral of the
nonholonomic dynamics Xnh.

When a gauge symmetry ξ is also a section of gS we say that ξ and, with a slight abuse, ξQ
are D-gauge symmetries or horizontal gauge symmetries. In this case, the first integral Jξ is
a D-gauge momentum or an horizontal gauge momentum. If ξ ∈ Γ(gS) is a constant section (i.e.,
ξ ∈ g such that ξQ ∈ Γ(D)), then ξ is called a D-symmetry or an horizontal symmetry [9, 18].

Remarks 2.3.

(i) Observe that the nonholonomic momentum (2.4) and the gauge momentum (2.7) coincide.
In fact, for ξ ∈ Γ(gS) and for all m ∈M,

〈J nh, ξ〉(m) = iξMΘM(m) = 〈ι∗m, ξQ〉 =
〈
ι∗m,TτQ

(
ξT
∗Q

Q

)〉
= ι∗(i

ξT
∗Q

Q
ΘQ)(m) = Jξ(m).

(ii) In [20] the definition of gauge momenta is given without the hypothesis of invariance of
the Hamiltonian. However, in this paper the cases of interest are the ones in which the
Hamiltonian is invariant. For a discussion of this see [20].

3 Gauge-symmetries and the relation
with a vertical complement of the constraints

3.1 The M-cotangent lift

In this section, we study horizontal gauge symmetries in terms of vector fields and functions
on M, in order to unify the viewpoints of Sections 2.1 and 2.2.

Following [6, 17] we recall that, for all m ∈M

Tm(T ∗Q) = Cm ⊕ CΩ
m, (3.1)

where CΩ
m := {vm ∈ Tm(T ∗Q) : ΩQ(vm, wm) = 0 ∀wm ∈ Cm} is the symplectic orthogonal to Cm.

If we denote by TC(m) : Tm(T ∗Q) → Cm the projection associated to decomposition (3.1), then
to every X ∈ X(T ∗Q) we can associate a vector field on M with value on C by TC(X) ∈ Γ(C).
Moreover, for each m ∈M,

π]nh(df)(m) = TC
(
π]Q
(
df̃
))

(m), (3.2)

where f ∈ C∞(M) and f̃ ∈ C∞(T ∗Q) is an extension of f , i.e., f̃ |M = f . Observe that (3.2) is
independent from the choice of the extension, see [25, 33].

Definition 3.1. For a section ξ ∈ Γ(g × Q), the M-cotangent lift of ξQ ∈ X(Q) is the vector
field ξMQ on M with values on C defined, at each m ∈M, by

ξMQ (m) := TC
(
ξT
∗Q

Q

)
(m).
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Lemma 3.2. If ξ ∈ Γ(gS) is a section given by ξ = fiηi,
4 where fi ∈ C∞(Q) and ηi ∈ g then,

(i) ξMQ = ξM+〈J , ηi〉π]nh(dfi) where, in this case, fi represents the pull back of the functions fi
to M;

(ii) ξMQ = −π]nh(d〈J nh, ξ〉).

Proof. To see (i) observe that ξMQ (m) = TC(ξT∗Q)(m) + 〈J, ηi〉TC(π]Q(dfi))(m) where we keep
the notation fi to denote the pull back of the functions fi to T ∗Q. Item (ii) is a consequence
of (2.6) and Definition 3.1. �

Next, we give another insight of Proposition 2.2 but in terms of M-cotangent lifts and the
nonholonomic momentum map and we prove it using the geometrical approach of Section 2.1.

Proposition 3.3. Given a nonholonomic system (Q,L,D) and a section ξ ∈ Γ(gS), then

(i) £ξMΘM(Xnh) = ξMQ (HM);

(ii) The function 〈J nh, ξ〉 is a first integral of the nonholonomic dynamics Xnh if and only if
ξMQ (HM) = 0.

Proof. To prove (i), first observe that £ξMΘM = fi£(ηi)M
ΘM + 〈J , ηi〉dfi = 〈J , ηi〉dfi by the

G-invariance of ΘM. Then we obtain that

£ξMΘM(Xnh) = 〈J , ηi〉Xnh(fi) = 〈J , ηi〉π]nh(dfi)(HM).

On the other hand, using Lemma 3.2(i) and since the hamiltonian HM is G-invariant, we have

that ξMQ (HM) = 〈J , ηi〉π]nh(dfi)(HM) and hence £ξMΘM(Xnh) = ξMQ (HM).

Item (ii) is a trivial consequence of (i) since, as already seen in (2.5), for ξ ∈ Γ(gS) the
function Jξ = 〈J nh, ξ〉 is conserved if and only if £ξMΘM(Xnh) = 0, which is equivalent to ask
for ξMQ (HM) = 0. �

Remark 3.4. Given a symplectic manifold (P,Ω), a Cartan symmetry Z ∈ X(P ) of a Hamil-
tonian vector field XH is a vector field satisfying Z(H) = 0 and £ZΩ = 0 [16]. In our setting,
if ξ is an horizontal gauge symmetry then ξM(HM) = 0 but £ξMΩM = dα, where α is a 1-form
on M such that α(Xnh) = 0. Thus ξM ∈ X(M) could be interpreted as a nonholonomic Cartan
symmetry for the nonholonomic system (M, πnh,HM). On the other hand in [15, Theorem 1]
a Cartan-type symmetry of a nonholonomic systems is a vector field that leaves the Hamilto-
nian invariant and such that α(X) = 0 for all X ∈ Γ(C), while we ask only for α to annihilate
only Xnh. In fact, we will see in Example 4.2 that the Chaplygin ball satisfies that α|C 6= 0.

Proposition 3.3 gives a characterization of horizontal gauge symmetries and horizontal gauge
momenta in terms of the M-cotangent lifts, so we conclude

Corollary 3.5. Consider a nonholonomic system (Q,L,D) with symmetry G. A section ξ ∈
Γ(gS) is a horizontal gauge symmetry if and only if the M-cotangent lift ξMQ of the infinitesimal
generator ξQ leaves the Hamiltonian HM invariant. In this case, the associated horizontal gauge
momentum is the first integral Jξ : M→ R given by

Jξ := iξMQ
ΘM = 〈J nh, ξ〉.

4Observe that V is a regular distribution since the G-action is locally free [31], then each section ξ ∈ Γ(g×Q)
can be written as linear combinations of elements in g.
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Proof. From Propositions 2.2 and 3.3 we see that a section ξ ∈ Γ(gS) satisfies that ξT
∗Q

Q (H)(m)
= 0 for allm ∈M, if and only if ξMQ (HM) = 0. Lemma 3.2 ensures that the function Jξ = iξMQ

ΘM

coincides with the definition given in (2.7) and of course with the nonholonomic momentum
map (2.4). In fact, since TτM(ξMQ ) = ξQ then,

Jξ(m) = iξMQ
ΘM(m) = 〈ι∗m,TτM(ξMQ )〉 = 〈ι∗m, ξQ〉 = 〈J nh, ξ〉(m). �

From Proposition 3.3 we see that the problem of finding a first integral of the nonholonomic
dynamics – that is a horizontal gauge momentum – is reduced to finding a section ξ ∈ Γ(gS) such
that ξMQ (HM) = 0. Still, the choice of such a section ξ ∈ Γ(gS) is not canonical. However, it was
seen in [1] that, under certain circumstances, there is a “natural” choice of a section ξ ∈ Γ(gS)
so that Jξ is a first integral. This section ξ depends on the choice of a vertical complement of
the constraints. We will investigate and relate these view–points in the next section.

3.2 Splitting adapted to the constraints and the vertical symmetry condition

Consider a nonholonomic system (Q,L,D) with a G-symmetry. We say that the G-symmetry
verifies the dimension assumption if

TqQ = Dq + Vq, for q ∈ Q, (3.3)

or equivalently if

TmM = Cm + Vm, for m ∈M.

Let us consider a G-invariant vertical complement W of the constraints D, that is, a G-
invariant distribution on Q such that for each q ∈ Q,

TqQ = Dq ⊕Wq, and Wq ⊂ Vq. (3.4)

Let now W be the distribution on M given, at each m ∈ M, by Wm := (TτM|V)−1(Wτ(m)),
where TτM|V : V → V is the restriction of TτM to V ⊂ TM. Then W is a G-invariant vertical
complement of C since, for each m ∈M,

TmM = Cm ⊕Wm, and Wm ⊂ Vm. (3.5)

Splitting (3.4) induces a splitting of V or equivalently, (3.5) induces a splitting of V:

Vq = Sq ⊕Wq and Vm = Sm ⊕Wm. (3.6)

Therefore, the Lie algebra g admits a splitting induced by (3.6) given, at each q ∈ Q, by

g|q = gS|q ⊕ gW |q, (3.7)

where gW → Q is the vector subbundle of the trivial vector bundle g×Q→ Q defined by

gW = {ξq ∈ g×Q : ξQ(q) ∈Wq}.

Let us denote by PgS : g → gS and PgW : g → gW the projections associated to decomposi-
tion (3.7).

Remark 3.6. For every η ∈ g we have that PD(ηQ) = (PgS (η))Q and PC(ηM) = (PgS (η))M,
where PD : TQ→ D and PC : TM→ C are the projections associated to the decompositions (3.4)
and (3.5), respectively.
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Definition 3.7 ([1, Section 4.4]). We say that W satisfies the vertical symmetry condition if
gW is a trivial bundle over M, that is, if gW is a Lie subalgebra of g.

When the vertical symmetry condition is satisfied there is a natural candidate to be chosen
as horizontal gauge symmetry. In order to properly state next proposition, we need to introduce
a 2-form, denoted by 〈J ,KW〉 (see [1]), arising from the data that defines a nonholonomic system
with a G-symmetry satisfying the dimension assumption (3.3). More precisely, a G-invariant
vertical complement W induces a g-valued 1-form AW : TM→ g defined by AW(vm) = ξ if and
only if PW(vm) = ξM(m) for each m ∈M, where PW : TM→W is the projection associated to
decomposition (3.5). Then, the associated W-curvature is the g-valued 2-form on M given by

KW(X,Y ) := dAW(PC(X), PC(Y )) for X,Y ∈ TM.

Finally 〈J ,KW〉 is the 2-form on M defined by the natural pairing between J : M→ g∗ – the
restriction to M of the canonical momentum map – and the g-valued 2-form KW .

Proposition 3.8. Suppose that the G-invariant vertical complement W satisfies the vertical-
symmetry condition. If for η ∈ g we have that 〈J ,KW〉(Xnh, (PgS (η))M) = 0 then

(i) fη = 〈J nh, PgS (η)〉 is a first integral of the nonholonomic dynamics Xnh, which is linear
in the momenta.

(ii) TheM-cotangent lift (PgS (η))MQ ∈X(M) of (PgS (η))Q∈X(Q) satisfies (PgS (η))MQ (HM)=0.

Proof. (i) Following [1, Theorem 6.5(ii)] we have that i(PgS
(η))MΩJK|C = dfη|C for ΩJK :=

ΩM + 〈J ,KW〉. Then for each η ∈ g,

Xnh(fη) = dfη(Xnh) = ΩJK((PgS (η))M, Xnh)

= ΩM((PgS (η))M, Xnh) + 〈J ,KW〉((PgS (η))M, Xnh).

Since 〈J ,KW〉(Xnh, (PgS (η))M) = 0 then, by the G-invariance of HM,

Xnh(fη) = ΩM((PgS (η))M, Xnh) = −dHM((PgS (η))M) = 0.

Assertion (ii) is just a consequence of Proposition 3.3(ii), since PgS (η) ∈ Γ(gS) and it is a gen-
erator of the first integral fη. �

In other words, if W satisfies the vertical symmetry condition and

〈J ,KW〉(Xnh, (PgS (η))M) = 0, (3.8)

then, for η ∈ g, PgS (η) ∈ Γ(gS) is a horizontal gauge symmetry and fη is the associated horizontal
gauge momentum.

Remark 3.9. When W satisfies the vertical symmetry condition, there is a Lie subgroup GW
of G integrating the Lie algebra gW and the nonholonomic system is GW-Chaplygin, see [2]. The
reduction of the nonholonomic system (on the Lagrangian side) by the Lie group GW gives the
Lagrange d’Alembert Poincaré equations on T (Q/GW). However there is a remaining Lie group
denoted by H = G/GW that is a symmetry of the equations on T (Q/GW). The coordinate
version of condition (3.8) appears already in [35, Theorem 6] but written on T (Q/GW), after
performing the reduction by GW .

Proposition 3.10. Consider a nonholonomic system (Q,L,D) with a G-symmetry that satis-
fies the dimension assumption. If the vertical complement W satisfies the vertical symmetry
condition and also if 〈J ,KW〉(Xnh, ηM) = 0 for all η ∈ g, then there are k := rankS linearly
independent horizontal gauge momenta of the form

fη = 〈J nh, PgS (η)〉, (3.9)

for η ∈ g.



A Geometric Characterization of Certain First Integrals for Nonholonomic Systems 9

Proof. By the vertical symmetry condition, let us consider a basis of constant sections {η̃1, . . . ,
η̃n} of gW . Complete now the basis so that B = {η1, . . . , ηk, η̃1, . . . , η̃n} is a basis of g (i.e.,
ηi are constant sections of g × Q → Q). Let us define fi = 〈J nh, PgS (ηi)〉, i = 1, . . . , k. We
claim that fi, i = 1, . . . , k are k functionally independent first integrals of the nonholonomic
dynamics. Since 〈J ,KW〉(Xnh, PgS (ηi)〉 = 0, i = 1, . . . , k, the functions f1, . . . , fk are constants
along the motions by Proposition 3.8. To see that they are functionally independent, we need
to show that the function F = (f1, . . . , fk) : M −→ Rk is a submersion. Now suppose that
cid〈J nh, PgS (ηi)〉 = 0 on M for (c1, . . . , ck) ∈ Rk and (c1, . . . , ck) 6= (0, . . . , 0) (or at least that
cid〈J nh, PgS (ηi)〉 = 0 on an open set U ⊂ M). In particular, d〈J nh, PgS (η)〉|C = 0 for η = ciηi.
On the other hand, again using [1, Theorem 6.5(ii)] (as in proof of Proposition 3.8) we have that
i(PgS

(η))MΩJK|C = d〈J nh, PgS (η)〉|C = 0 for ΩJK := ΩM+〈J ,KW〉. Since ΩJK|C is nondegenerate
([1, Section 5.1] or [3, Proposition 3]), then (PgS (η))M = 0 which implies that η = ciηi ∈ gW

that is in contradiction with the choice of our basis. �

4 Examples

4.1 Vertical rolling disk

We consider a (homogeneous) disk which is constrained to roll without sliding on a horizontal
plane while standing vertically [9, 18, 30, 32]. The configuration manifold is Q = R2 × S1 × S1

with coordinates (x, y, ϕ, ψ), where (x, y) ∈ R2 are Cartesian coordinates of the contact point,
ψ is the angle between the x-axis and the projection of the disk on the plane and ϕ is the angle
between a fixed radius of the disk and the vertical. Assuming that the disk has unit mass the
Lagrangian is

L =
1

2

(
ẋ2 + ẏ2

)
+

1

2
Iϕ̇2 +

1

2
Jψ̇2,

where I and J are the pertinent moments of inertia. The nonholonomic constraints describing
the rolling motion without slipping are given by

ẋ = R cosψϕ̇, ẏ = R sinψϕ̇,

and they define the constraint distribution D on Q with fibers

D(x,y,ϕ,ψ) = span {R cosψ∂x +R sinψ∂y + ∂ϕ, ∂ψ} .

The group SE(2)× S1 is a symmetry of the system with respect to the action on Q given by(
(a, b, λ), µ

)
.(x, y, ϕ, ψ) = (a+ x cosλ− y sinλ, b+ x sinλ+ y cosλ, ϕ+ λ, ψ + µ)

for (a, b, λ) ∈ SE(2) and µ ∈ S1.

Let us now pass to the Hamiltonian formulation on the cotangent bundle. In canonical
coordinates (x, y, ϕ, ψ; px, py, pϕ, pψ) on T ∗Q, the constraint submanifold M is given by

M =

{
(x, y, ϕ, ψ, px, py, pϕ, pψ) : px =

R

I
pϕ cosψ and py =

R

I
pϕ sinψ

}
,

and since the Hamiltonian on T ∗Q is H = 1
2(p2

x + p2
y) + 1

2I p
2
ϕ + 1

2J p
2
ψ, then HM reads HM =

1
2I

(
R2

I + 1
)
p2
ϕ + 1

2J p
2
ψ.

Observe that the vertical distribution V has fibers V(x,y,ϕ,ψ) = span{∂x, ∂y, ∂ϕ, ∂ψ}, and that
S = V ∩D = D. Therefore the vertical complement W can be chosen to be W = span{∂x, ∂y}



10 P. Balseiro and N. Sansonetto

and we can check that it satisfies the vertical symmetry condition, Definition 3.7. Moreover
〈J ,KW〉 = 0 (see [1]), since

J =

(
R

I
pϕ cosψ,

R

I
pϕ sinψ, pϕ, pψ

)
∈ g∗,

and the W-curvature is KW = (sinψdψ ∧ dϕ,− cosψdψ ∧ dϕ, 0, 0). Thus the hypotheses of
Propositions 3.8 and 3.10 are satisfied and then the system admits two independent horizontal
gauge momenta. Since

gS = span{(R cosψ,R sinψ, 1, 0), (−y, x, 0, 1)}, gW = span{(1, 0, 0, 0), (0, 1, 0, 0)},

then

ξ1 := PgS ((0, 0, 1, 0)) = (R cosψ,R sinψ, 1, 0), ξ2 := PgS ((0, 0, 0, 1)) = (−y, x, 0, 1),

are horizontal gauge symmetries. In fact, the associatedM-cotangent lifts are (ξ1)M
Q

= (ξ1)M =
R cosψ ∂x + R sinψ ∂y + ∂ϕ and (ξ2)M

Q
= (ξ2)M = ∂ψ and thus (ξ1)M

Q
(HM) = (ξ2)M

Q
(HM) = 0.

Therefore J1 = 〈J nh, ξ1〉 =
(
R2

I + 1
)
pϕ and J2 = 〈J nh, ξ2〉 = pψ are horizontal gauge momenta.

4.2 The ball rolling on a plane

Consider the classical example of a inhomogeneous ball of radius r whose center of mass coincides
with the geometric center of the ball that rolls without sliding on a plane [10, 12]. We will follow
the notation and viewpoint of [1, 23]. The configuration manifold is Q = SO(3) × R2 where
g ∈ SO(3) represents the orientation of the ball and (x, y) ∈ R2 the point of contact of the ball
with the plane. Consider the (left invariant) moving frame {XL

1 , X
L
2 , X

L
3 } on Tg(SO(3)) given by

left translations of the canonical basis {e1, e2, e3} of so(3) ' R3 and denote by Ω = (Ω1,Ω2,Ω2)
the angular velocities of the body with respect to this moving frame. Then, the non-sliding
constraints are given by

ẋ = r〈β,Ω〉 and ẏ = −r〈α,Ω〉,

where α and β are the first and second rows of the matrix g ∈ SO(3) and 〈·, ·〉 is the canonical
pairing in R3. The non-integrable distribution D is then generated by{

X1 := XL
1 + rβ1

∂

∂x
− rα1

∂

∂y
, X2 := XL

2 + rβ2
∂

∂x
− rα2

∂

∂y
,

X3 := XL
3 + rβ3

∂

∂x
− rα3

∂

∂y

}
.

Let us consider the action of the Lie group G = {(h, a) ∈ SO(3)×R2 : h · e3 = e3} on Q given by

(h, a) : (g, (x, y)) 7→ (hg, (x, y)h̃t + a) ∈ Q,

where h̃ is the 2×2 rotational matrix determined by h. This action is a symmetry of the nonholo-
nomic system since it leaves invariant the distribution D and the lagrangian L(g, x, y; Ω, ẋ, ẏ) =
1
2

(
〈IΩ,Ω〉+m(ẋ2 + ẏ2)

)
, where I the inertia tensor (I is represented by a diagonal matrix with

entries I1, I2, I3). Note that the Lie algebra g associated to G is R×R2 with the trivial structure
and also

(1; 0, 0)Q = 〈γ,X〉 − y ∂
∂x

+ x
∂

∂y
, (0; 1, 0)Q =

∂

∂x
and (0; 0, 1)Q =

∂

∂y
,
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where γ = (γ1, γ2, γ3) is the third row of the rotational matrix g and X = (X1, X2, X3). There-
fore, we can choose the vertical complement W to be W = span{Z1 := ∂x, Z2 := ∂y} and
then

gS = span{(1; y,−x)} and gW = span{(0; 0, 1), (0; 1, 0)}.

Now we will define the submanifold M ⊂ T ∗Q. Let us denote by λ = (λ1, λ2, λ3) where
{λ1, λ2, λ3} is the (local) basis of T ∗(SO(3)) that is dual to the moving frame {XL

1 , X
L
2 , X

L
3 }. Fol-

lowing [1, 23] we consider the basis {λ1, λ2, λ3, εx := dx−r〈β,λ〉, εy := dy+r〈α,λ〉} of T ∗Q that
is dual to the adapted basis {X1, X2, X3, Z1, Z2} of TQ = D ⊕W . Then if (K1,K2,K3, p̃x, p̃y)
are the coordinates on T ∗Q associated to the dual basis, the submanifold M is given by

M =
{

(g, x, y;K1,K2,K3, p̃x, p̃y) : K = IΩ +mr2(Ω− 〈γ,Ω〉γ),

p̃x = mr〈β,Ω〉 and p̃y = −mr〈α,Ω〉
}
,

where K = (K1,K2,K3).

An arbitrary section ξ ∈ Γ(gS) has the form

ξ = φ(g, (x, y))(1; y,−x) = φ.(1; 0, 0) + yφ.(0; 1, 0)− yφ.(0; 0, 1),

for φ ∈ C∞(Q) and also we where we denote φ = φ(g, (x, y)). Then from Lemma 3.2 the
M-cotangent lift of ξ is

ξMQ = φ〈γ,X〉+ (〈γ,K〉 −mr(y〈β,Ω〉+ x〈α,Ω〉))π]nh(dφ)

+mr
(
〈β,Ω〉π]nh(d(yφ)) + 〈α,Ω〉π]nh(d(xφ))

)
,

where we used that ΘM = 〈K,λ〉 + ι∗(p̃x)εx + ι∗(p̃y)εy to compute 〈J , ηi〉. Knowing that the
restricted hamiltonian HM : M→ R is HM = 1

2〈K,Ω〉, following Proposition 3.3(ii) we should
look for a function φ ∈ C∞(Q) such that

dHM
(
(〈γ,K〉 −mr〈yβ + xα,Ω〉)π]nh(dφ)

+mr(〈β,Ω〉π]nh(d(yφ)) + 〈α,Ω〉π]nh(d(xφ)))
)

= 0

to guarantee that ξ is a horizontal gauge symmetry and so Jξ = 〈J nh, ξ〉 is a first integral.
However, we can check that the vertical complement W satisfies the vertical symmetry con-
dition (see Definition 3.7) and therefore we have a natural candidate for the horizontal gauge
symmetry: from Proposition 3.8, ξ = PgS (1; 0, 0) = (1; y,−x) is a horizontal gauge symmetry if
〈J ,KW〉(Xnh, ξM) = 0 where, in this case, ξM = 〈γ,X〉. From [1] we have that

〈J ,KW〉 = mr2〈Ω− 〈γ,Ω〉γ, dλ〉,

where dλ = (λ2 ∧ λ3, λ3 ∧ λ1, λ1 ∧ λ2). It is easy to check that 〈J ,KW〉(Xnh, 〈γ,X〉) = 0 for
Xnh = 〈Ω,X〉+ 〈K×Ω, ∂K〉. Therefore the section ξ = PgS (1; 0, 0) = (1; y,−x) is the horizontal
gauge symmetry and Jξ = i〈γ,X〉ΘM = 〈γ,K〉 is a first integral of the dynamics, i.e., Jξ is
a horizontal gauge symmetry.

From Proposition 3.10 we observe that rankS = 1 and so Jξ is the only (up to constants)
horizontal gauge symmetries of the form (3.9).

Remark 4.1. Observe that £ξMΩM = dJξ −mr〈Ω, dγ〉+ Σ where Σ satisfies that Σ(X) = 0
for all X ∈ Γ(C). However, it is easy to check that mr〈Ω, dγ〉|C 6= 0 and therefore, the vector
field ξM = 〈γ,X〉 is not a Cartan symmetry in the sense of [15], see Remark 3.4.
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5 Conclusions and perspectives

The main goal of this work is to show how certain first integrals linear in the momenta of
a nonholonomic systems with a G-symmetry might be generated by the symmetry group. In
particular, in Definition 3.1 and Corollary 3.5 we define the M-cotangent lift and we use it
to characterize horizontal gauge symmetries. Then, under the dimension assumption (3.3),
the tangent bundle can be splitted (see (3.4)) in the direct sum of the constraint distribu-
tion D and a vertical complement W . If W satisfies the so-called vertical symmetry condition
(Definition 3.7), Proposition 3.8 guarantees that the nonholonomic system admits horizontal
gauge momenta induced by elements of the Lie algebra, while Proposition 3.10 tells that the
number of (linearly independent) horizontal gauge momenta is given by the rank of the distri-
bution S = D ∩ V .

It is important to note that the choice of the vertical complement W is not unique. Usually,
the most natural choice for W is a complement that satisfies the vertical symmetry condition, as
we did in Examples 4.1 and 4.2. This condition is a ‘natural’ condition that arises in the frame-
work of reduction and Hamiltonization, see [1]. However, in some cases choosing a complement
that satisfies the vertical symmetry condition might be too strong to study a group origin of
first integrals (linear in the momenta). The cases where we need a vertical complement W that
does not satisfy the vertical symmetry condition is our topic of future work and investigation.

More precisely, in the following example we show that when we choose a complement W
satisfying the vertical symmetry condition then, for η ∈ g, 〈J ,KW〉(Xnh, (PgS (η))M) 6= 0 (cf.
Proposition 3.8). However, the choice of a different vertical complement W allows us to write
the horizontal gauge symmetry in terms of a section PgS (η) ∈ Γ(gS) for η ∈ g; but in this case
the vertical complement W does not verify the vertical symmetry condition.

Example 5.1 (the nonholonomic particle [5, 32]). The classical example of the nonholonomic
particle describes a particle in R3 subjected to the nonholonomic constraints ż = yẋ and where
the Lagrangian is the canonical kinetic energy metric on R3. Then, in canonical coordinates the
distribution D has fibers D(x,y,z) = span{∂y, ∂x + y∂z}, the constraint manifold is

M = {(x, y, z; px, py, pz) : pz = ypx},

and the restricted Hamiltonian is HM = 1
2((1 + y2)p2

x + p2
y). The nonholonomic vector field is

Xnh = px

(
∂

∂x
+ y

∂

∂z

)
+ py

∂

∂y
− ypxpy

1 + y2

∂

∂px
.

It is well known that the function f(x, y, z, px, py) = px
√

1 + y2 is a first integral of the
system and that it is a horizontal gauge momentum, with respect to the G-symmetry given
by the translational action of R2 on R3. The vertical space associated to the G-action is V =
span{∂x, ∂z}, and the subbundle gS is locally generated by {(1, y)}. Then the function f is
a horizontal gauge momentum with horizontal gauge symmetry ξ =

√
1 + y2(1, y) ∈ Γ(gS), i.e.,

ξT
∗Q

Q (H)(m) = 0 for m ∈M and thus f = Jξ (see [18]).
Now we are going to give a geometric interpretation of ξ in terms of the tools of Section 3,

that is, by choosing a vertical complement of the constraint distribution. An obvious choice for
the G-invariant vertical complement W so that it satisfies the vertical symmetry condition is
W = span{∂z}.5 Observe that gW = span{(0, 1)}. It is straightforward to check that for any
(a, b) ∈ g = R2, PgS ((a, b)) = a(1, y), so there is no element η ∈ g such that PgS (η) gives the

horizontal gauge symmetry ξ =
√

1 + y2(1, y). Indeed, using that 〈J ,KW〉 = ypxdx ∧ dy, we
check that 〈J ,KW〉(Xnh, (PgS ((1, 0)))M) 6= 0 (see [1]).

5This is the choice done in [1] in the framework of Hamiltonization.
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However, it is possible to change W in order to obtain a horizontal gauge symmetry and
a horizontal gauge momentum of the form PgS (η) ∈ Γ(gS) and fη = 〈J nh, PgS (η)〉.

Consider the G-invariant vertical complement W whose fibers are given by

W(x,y,z) = span

{(
1−

√
1 + y2

) ∂
∂x

+ y
∂

∂z

}
. (5.1)

The splitting (3.7) of the Lie algebra g is given by

gS = span{(1, y)} and gW = span
{(

1−
√

1 + y2, y
)}
. (5.2)

Observe that W does not satisfy the vertical symmetry condition, however

PgS ((1, 0)) =
√

1 + y2(1, y) = ξ,

where PgS : R2 → gS is the projection associated to the splitting defined in (5.2). Observe that
the projection PgS is induced by the choice of the vertical complement W given in (5.1). In this
case, the horizontal gauge momentum f is exactly f = 〈J nh, PgS ((1, 0))〉.

It is then clear that a deeper study of this topic is necessary as a more geometric understanding
of the Noetherian character (see [18, 19]) of horizontal gauge momenta (see [4]).
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[3] Balseiro P., Garćıa-Naranjo L.C., Gauge transformations, twisted Poisson brackets and Hamiltonization of
nonholonomic systems, Arch. Ration. Mech. Anal. 205 (2012), 267–310, arXiv:1104.0880.

[4] Balseiro P., Sansonetto N., Conserved quantities and Hamiltonization, work in progress.

[5] Bates L., Graumann H., MacDonnell C., Examples of gauge conservation laws in nonholonomic systems,
Rep. Math. Phys. 37 (1996), 295–308.
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[33] Śniatycki J., Nonholonomic Noether theorem and reduction of symmetries, Rep. Math. Phys. 42 (1998),
5–23.

[34] van der Schaft A.J., Maschke B.M., On the Hamiltonian formulation of nonholonomic mechanical systems,
Rep. Math. Phys. 34 (1994), 225–233.

[35] Zenkov D.V., Linear conservation laws of nonholonomic systems with symmetry, Discrete Contin. Dyn. Syst.
(2003), suppl., 967–976.

http://dx.doi.org/10.1070/RD2002v007n02ABEH000205
http://arxiv.org/abs/nlin.SI/0303024
http://dx.doi.org/10.1016/S0034-4877(98)80003-7
http://dx.doi.org/10.1007/b84020
http://dx.doi.org/10.1007/b84020
http://dx.doi.org/10.1142/S0219887811005452
http://arxiv.org/abs/1101.3153
http://dx.doi.org/10.1016/S0034-4877(09)00005-6
http://dx.doi.org/10.3934/jgm.2009.1.389
http://dx.doi.org/10.3934/jgm.2012.4.129
http://dx.doi.org/10.1134/S1560354707060019
http://dx.doi.org/10.1007/s00332-015-9283-4
http://arxiv.org/abs/1503.06661
http://dx.doi.org/10.3934/dcdss.2010.3.37
http://arxiv.org/abs/0808.0854
http://dx.doi.org/10.1088/0305-4470/33/30/308
http://dx.doi.org/10.1002/(SICI)1521-3978(199906)47:5<459::AID-PROP459>3.0.CO;2-E
http://dx.doi.org/10.1002/(SICI)1521-3978(199906)47:5<459::AID-PROP459>3.0.CO;2-E
http://dx.doi.org/10.1016/S0034-4877(12)60016-0
http://arxiv.org/abs/0806.1261
http://dx.doi.org/10.1007/BF02099604
http://dx.doi.org/10.1007/BF02099604
http://dx.doi.org/10.1016/S0034-4877(98)80011-6
http://dx.doi.org/10.1016/S0034-4877(98)80011-6
http://dx.doi.org/10.1007/978-0-387-21792-5
http://dx.doi.org/10.1007/978-1-4757-3811-7
http://dx.doi.org/10.1007/978-1-4757-3811-7
http://dx.doi.org/10.1016/S0034-4877(98)80002-5
http://dx.doi.org/10.1016/0034-4877(94)90038-8

	1 Introduction
	2 Preliminaries: conserved quantities in nonholonomic mechanics
	2.1 Nonholonomic systems with symmetry
	2.2 Conserved quantities and cotangent lifts

	3 Gauge-symmetries and the relation with a vertical complement of the constraints
	3.1 The M-cotangent lift
	3.2 Splitting adapted to the constraints and the vertical symmetry condition

	4 Examples
	4.1 Vertical rolling disk
	4.2 The ball rolling on a plane

	5 Conclusions and perspectives
	References

