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Abstract

We investigate the global numerical approximation of a class of extended mean field control problems
(MFC), where the dynamics and costs depend on the joint distribution of the state and the control.
We propose a framework to approximate the value function globally over the Wasserstein space, moving
beyond the restriction of fixed initial conditions. Our approach exploits the propagation of chaos by
approximating the infinite-dimensional MFC problem by an N-player cooperative game, together with
the usage of finite-dimensional solvers. This method avoids the need to parametrise functions on an
infinite-dimensional space, offering a balance between probabilistic rigor and computational efficiency.

1 Introduction

In this article, we consider a finite-dimensional approximation for a class of extended mean field control
problems. Our method provides a global approximation of the value function on the infinite-dimensional
Wasserstein space, as opposed to a fixed initial condition. We appeal to the propagation of chaos [15, 25]
and consider an approximating finite-player cooperative game, which allows us to fit a finite-dimensional
function by proxy.

The study of mean field control (MFC) problems, arising from the control of SDEs of McKean-Vlasov
type (MKV SDE), is closely related to the theory of mean field games (MFG), both of which act as an asymp-
totic approximation of stochastic games between a large number of players. In particular, MFC problems
correspond to symmetric cooperative games, where the role of the limiting SDE is that of a central planner
seeking a social optimum. MFC and MFG problems appear in many economics and financial applications,
including planning in energy markets [2], as well as optimal liquidation and price impact problems with ag-
gregate flow [3,16,22]. An extensive treatment of MFC and MFG problems can be found in the two-volume
monograph [5]. From a control perspective, MFC problems can be viewed in the lens of a single-agent opti-
misation problem in which the dynamics and cost depend on the law of the controlled state process. Such
formulations can arise in contexts such as optimal transport and target constraint problems, where related
Schrödinger bridge problems have recently attracted attention in generative modelling in finance [14,32,33].

Due to the nature of the MKV SDE, the state variable in the value function for an MFC problem is a
probability measure in the Wasserstein space. Whilst the value function can be considered as the unique vis-
cosity solution to a class of Master Bellman PDEs under certain conditions [9,10], it is typical in practice to
numerically approximate the value function by particle methods. The finite-dimensional reduction of prob-
lems on infinite-dimensional spaces of probability measures have been considered in theoretical works [17,31],
with particle approximation methods being considered in [7,13,18,30]. It is typical to parametrise the control
with a neural network, and minimising a loss function based on either a dynamic programming or BSDE
characterisation of the control problem. This method has demonstrated empirical effectiveness at overcoming
the curse of dimensionality associated with more traditional PDE-based methods [21].
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The main contribution of this paper is to provide a numerical approximation of the MFC value function
on the Wasserstein space globally. Given a value function v for the MFC problem, the propagation of chaos
yields an approximation of the form

v(t, µ) ≈
∫

(Rd)N
v̄N (t, x1, . . . , xN )dµ⊗N , (1.1)

where v̄N is the value function of an associated N -player cooperative game. We therefore approximate v̄N
globally, which is a finite-dimensional function. Afterwards, v(t, µ) can be computed by sampling v̄N ac-
cording to the measure µ. This contrasts with the aforementioned works, where the MFC dynamics are
simulated directly via particle methods, and solutions are only given for fixed initial conditions. To the best
of our knowledge, [28, 29] provide a global approximation of the value function by another neural network
parametrisation, followed by a fitting with regression. However, learning a function on the Wasserstein space
comes at a large computational cost, and the estimation of the joint law L(Xt, αt), where X and α denote
the state and control processes respectively, becomes an extra source of approximation error. By first passing
to the finite-dimensional setting, and learning instead the associated (finite-dimensional) value function, we
benefit from the following:

1. More efficient training of the neural network. The law of the state process L(Xt) appear in MFC
problems in either the coefficients of the state dynamics, the cost functions, or as an input in feedback
controls of the form a(t,Xt,L(Xt)). A large number of trajectories (usually in the order of 106)
would be required for an accurate Monte Carlo estimate of the term L(Xt). In the finite-dimensional
problem, the mean field terms are replaced with the empirical distributions 1

N

∑N
n=1 δXn

t
. In this case,

N Brownian trajectories are sufficient for each estimate of the value function. This gives a higher
flexibility on the batch size for training: a smaller batch size is useful for quicker gradient descent
iterates, whilst a larger batch size can reduce the variance in the gradient updates for a more stable
training process.

2. Avoiding an a priori discretisation of the Wasserstein space. Training the finite-dimensional value
function v̄N does not require a discretisation of the underlying state space. Moreover, the evaluation of
the integral in (1.1) only requires evaluating sampled inputs through the trained neural network, so the
Monte Carlo error can be reduced to the desired accuracy with modest memory capacity constraints.
Our method avoids accumulating errors associated with the quantisation or truncation of moments
over multiple time steps that would occur when simulating the mean-field system.

3. Flexible choice of finite-dimensional solvers. Our method is independent of the choice of the finite-
dimensional solver. Depending on the problem assumptions, dynamic programming or BSDE charac-
terisations of the value function can be used as a basis for the algorithm [18,21,26]. In contrast, BSDE
characterisations are much harder to obtain in the mean field regime when the coefficients depend on
the law of the controls L(αt), as in [1], which restricts the possible choice of algorithms.

4. Approximating non-feedback controls. In the spirit of the approach in [9], we show that under mild
assumptions, the MFC problem can always be approximated with a regularised problem through the
addition of independent Brownian noise. The regularised problem then admits an optimal feedback
control. We show in a numerical example in Section 5 that our method is able to approximate a
non-feedback control that depends only on its random initial condition. This justifies a neural network
parametrisation of the control, which are implicitly feedback in nature.

The rest of the paper is organised as follows. In Section 2 we outline the probabilistic setting for the
extended MFC problem and the properties associated with the value function. In Section 3 we give the
finite-dimensional approximation for the value function of the mean field problem, which forms the basis for
our numerical scheme. In Section 4 we present the numerical scheme and the computational steps in detail.
Finally we conclude in Section 5 with three numerical experiments.
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2 Extended mean field control problem

2.1 Probabilistic framework

Let (Ω,F ,P) be a complete probability space supporting an m-dimensional Brownian motion W = (Wt)t≥0.
Let F

W = (FW
t )t≥0 denote the P-completion of the natural filtration generated by W , which satisfies the

usual conditions. We assume there exists a sub-σ-algebra of G ⊆ F such that G and FW
∞ are independent,

and that there exists an G-measurable random variable UG : Ω→ R with uniform distribution on [0, 1]. The
assumptions on G imply that for every µ ∈ P2(R

d), there exists a random variable ξ ∈ L2(Ω,G,P;Rd) such
that L(ξ) = µ (cf. [10, Lemma 2.1]). Finally, denote by F = (Ft)t≥0 the filtration with Ft = G ∨FW

t , which
satisfies the usual conditions.

2.2 The control problem

We consider a finite horizon optimal control problem. Given a non-empty Polish space (A, dA), let A denote
the set of F-progressively measurable processes α : [0, T ] × Ω → A. We write PX,A

2 := P2(R
d ×A). Let

[b, σ] : [0, T ]× R
d × A × PX,A

2 → [Rd,Rd×m]. For an initial time t ∈ [0, T ], we consider the state equation
governed by a stochastic differential equation of McKean-Vlasov type, with the additional dependence on
the joint law of the state and the control, given by:

dXs = b
(

s,Xs, αs,L(Xs, αs)
)

ds+ σ
(

s,Xs, αs,L(Xs, αs)
)

dWs, Xt = ξ, (2.1)

for s ∈ (t, T ], where ξ ∈ L2(Ω,Ft,P;R
d) and α ∈ A. To emphasise the dependence of X on (t, ξ, α), we will

write Xt,ξ,α when needed.

Remark 2.1. The space P2(R
d), as well as the counterpart L2(Ω,Ft,P;R

d) for the initial condition, can be
generalized to Pq(R

d), resp. Lq(Ω,Ft,P;R
d), for any q ≥ 1 and the results of the current section still hold

true.

We impose the following assumptions on the coefficients to guarantee the existence and uniqueness of
solutions to Equation (2.1). For simplicity, we use |·| to denote both the Euclidean norm on R

d as well as
the Frobenius norm of an R

d×m matrix.

Assumption 2.2.

(i) b, σ are bounded and continuous.

(ii) For all (t, (x, x′), (ν, ν′), a) ∈ [0, T ]× (Rd)2 ×
(

PX,A
2

)2 ×A, there exists a constant CLip ≥ 0 such that

|[b, σ](t, x, a, ν)− [b, σ](t, x′, a, ν′)| ≤ CLip

(

|x− x′|+W2(ν, ν
′)
)

.

Proposition 2.3. Given Assumption 2.2, for any t ∈ [0, T ], α ∈ A, and ξ, ξ′ ∈ L2(Ω,Ft,P;R
d), there exists

a unique, indistinguishable solution (Xt,ξ,α
r )r∈[t,T ] to (2.1), satisfying

E

[

sup
r∈[t,T ]

|Xt,ξ,α
r |2

]

≤ C1

(

1 + E[|ξ|2]
)

,

for a positive constant C1 independent of t, ξ, α. Also, for all s ∈ [t, T ],

E

[

sup
r∈[s,T ]

|Xt,ξ,α
r −Xs,ξ′,α

r |2
]

≤ C2

(

E[|ξ − ξ′|2] +
(

1 + E[|ξ|2] + E[|ξ′|2]
)

|s− t|
)

, (2.2)

for a positive constant C2 independent of t, s, ξ, ξ′, α. Moreover, the flow property holds, that is, for every
t ≤ r ≤ s ≤ T ,

Xt,ξ,α
r = X

s,Xt,ξ,α
s ,α

r , P-a.s.

Proof. The proof relies on standard arguments; see e.g. [11, Lemma 2.1, Remark 2.3, Proposition 3.3] and [10,
Proposition 2.10].
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Let f : [0, T ]×R
d ×A×PX,A

2 → R and g : Rd ×P2(R
d)→ R. To define the mean field control problem,

for a given admissible control α ∈ A we consider the functional

J(t, ξ, α) = E

[

∫ T

t

f
(

s,Xs, αs,L(Xs, αs)
)

ds+ g
(

XT ,L(XT )
)

]

.

We assume the following conditions apply to the running and terminal payoff functionals.

Assumption 2.4.

(i) f, g are bounded and continuous.

(ii) For all (t, (x, x′), (µ, µ′), (ν, ν′), a) ∈ [0, T ]× (Rd)2 ×
(

P2(R
d)
)2 ×

(

PX,A
2

)2 ×A, there exists a constant
C′

Lip ≥ 0 such that

|f(t, x, a, ν)− f(t, x′, a, ν′)|+ |g(x, µ)− g(x′, µ′)|
≤ C′

Lip

(

|x− x′|+W2(ν, ν
′) +W2(µ, µ

′)
)

.

Remark 2.5. The boundedness conditions on b, σ, f, g required in Assumptions 2.2 and 2.4 can be relaxed
with some standard growing conditions; see for example [10, Assumptions (AA,b,σ), (Af,g), (Af,g)cont] or [11,
Assumption (A1)]. In addition, the results of the current section hold true by considering a weaker Lipschitz

assumption for the measure argument, that is, for all (t, (x, x′), (ν, ν′), a) ∈ [0, T ] × (Rd)2 ×
(

PX,A
2

)2 × A,
there exists a constant C̄Lip ≥ 0 such that

|[b, σ, f ](t, x, a, ν)− [b, σ, f ](t, x′, a, ν′)| ≤ C̄Lip

(

|x− x′|+W2(νx, ν
′
x)
)

,

where νx ∈ P2(R
d) denotes the marginal of ν on the state, i.e., νx(·) = ν(· ×A). The intention is to retain

these items to facilitate the exposition as a whole.

Thanks to the assumptions above, the so-called lifted value function, given by

V (t, ξ) := inf
α∈A

J(t, ξ, α)

is well-defined. We now recall some important properties of the lifted value function, which will be employed
in Section 3.

Proposition 2.6. Under Assumptions 2.2 and 2.4 the lifted value function V satisfies the following.

1. V is bounded.

2. V is jointly continuous, that is V (tn, ξn) → V (t, ξ) as n → ∞ for every couple (t, ξ) ∈ [0, T ] ×
L2(Ω,Ft,P;R

d) and sequence {(tn, ξn)}n∈N+
where tn ∈ [0, T ] and ξn ∈ L2(Ω,Ftn ,P;R

d) for all n ∈
N+, such that |tn − t|+ E[|ξn − ξ|2]→ 0 as n→∞.

3. V is Lipschitz in the second argument, i.e., there exists L ≥ 0, independent of t, ξ, ξ′, such that

|V (t, ξ)− V (t, ξ′)| ≤ LE[|ξ − ξ′|2]1/2, ∀t ∈ [0, T ], ξ, ξ′ ∈ L2(Ω,Ft,P;R
d).

Proof. The boundedness of V follows from the boundedness assumption of the coefficients f and g. To prove
the second claim, we first note that the Lipschitz continuity of f, g implies the following joint continuity
property: for any sequence {(xm, ζm)}m∈N ⊂ R

d × P2(R
d) converging to (x, ζ) ∈ R

d × P2(R
d), as m → ∞,

we have

sup
t∈[0,T ],a∈A
η∈P2(A)

|f(t, xm, a, νm)− f(t, x, a, ν)|+ |g(xm, ζm)− g(x, ζ)| −−−−→
m→∞

0, (2.3)

where νm, ν ∈ PX,A
2 have marginals (ζm, η) and (ζ, η), respectively. Let α ∈ A, and let K ≥ 0 such that

‖f‖∞ ≤ K. Assume without loss of generality tn ≤ t (an analogous argument holds for tn > t). Then, we
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have

|J(tn, ξn, α)− J(t, ξ, α)|

=

∣

∣

∣

∣

E

[
∫ T

tn

f(r,Xtn,ξn,α
r , αr,L(Xtn,ξn,α

r , αr))dr −
∫ T

t

f(r,Xt,ξ,α
r , αr,L(Xt,ξ,α

r , αr))dr

+ g(Xtn,ξn,α
T ,L(Xtn,ξn,α

T ))− g(Xt,ξ,α
T ,L(Xt,ξ,α

T ))

]
∣

∣

∣

∣

≤ E

[
∫ t

tn

|f(r,Xtn,ξn,α
r , αr,L(Xtn,ξn,α

r , αr))| dr

+

∫ T

t

|f(r,Xtn,ξn,α
r , αr,L(Xtn,ξn,α

r , αr))− f(r,Xt,ξ,α
r , αr,L(Xt,ξ,α

r , αr))| dr

+ |g(Xtn,ξn,α
T ,L(Xtn,ξn,α

T ))− g(Xt,ξ,α
T ,L(Xt,ξ,α

T ))|
]

≤ K|t− tn|+ E

[

|g(Xtn,ξn,α
T ,L(Xtn,ξn,α

T ))− g(Xt,ξ,α
T ,L(Xt,ξ,α

T ))|
]

+ E

[
∫ T

t

sup
(r,a,η)∈[t,T ]×A×P2(A)

|f tn,ξn
r (a, η)− f t,ξ

r (a, η)| dr
]

,

where f t,ξ
r (a, η) := f(r,Xt,ξ,α

r , a,L(Xt,ξ,α
r , η)). Observe that by taking the product measure ⊗ as a particular

coupling, one has

sup
r∈[t,T ]

W2
2

(

L(Xtn,ξn,α
r ),L(Xt,ξ,α

r )
)

≤ E

[

sup
r∈[t,T ]

|Xtn,ξn,α
r −Xt,ξ,α

r |2
]

,

and by applying the estimate (2.2) from Proposition 2.3, it follows by the joint continuity property of f and
g that

|J(tn, ξn, α)− J(t, ξ, α)| −−−−→
n→∞

0, ∀α ∈ A.

Finally, taking the supremum over the control gives

|V (tn, ξn)− V (t, ξ)| ≤ sup
α∈A

|J(tn, ξn, α)− J(t, ξ, α)| −−−−→
n→∞

0.

For the third claim, the proof relies on similar arguments using the estimate (2.2) from Proposition 2.3;
see e.g. [9, proof of Proposition 2.3].

Remark 2.7. The joint continuity of f, g stated in (2.3) is the minimal assumption to get the conclusions
in Proposition 2.6; note that the stronger Lipschitz continuity property we required in Assumption 2.4 will
be needed for the finite-dimensional approximation in Section 3.

Looking at the lifted value function, it turns out that it only depends on the law of ξ; such a property is
referred to as the law invariance property.

Theorem 2.8. Given Assumptions 2.2 and 2.4, for any t ∈ [0, T ] and ξ, ξ′ ∈ L2(Ω,Ft,P;R
d) such that

L(ξ) = L(ξ′), it holds

V (t, ξ) = V (t, ξ′).

Therefore, one can define the intrinsic value function v : [0, T ]× P2(R
d)→ R by

v(t, µ) := V (t, ξ), ∀(t, µ) ∈ [0, T ]× P2(R
d), (2.4)

where ξ ∈ L2(Ω,Ft,P;R
d), such that L(ξ) = µ.

Proof. The proof of the result adapts the arguments presented in [10, Theorem 3.6] to our setting. We sketch
here the main steps and differences, referring to [10, Section 3.3 and Appendix B] for technical details.
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Step 1. Canonical representation. Suppose that there exist two Ft-measurable random variables Uξ, Uξ′

with uniform distribution on [0, 1], being independent on ξ, ξ′ respectively. From [10, Lemma B.2], for any
α ∈ A there exists a Prog(FW,t)⊗ B(Rd)⊗ B([0, 1])-measurable function, denoted by a, such that

a : [0, T ]× Ω× R
d × [0, 1]→ A, (s, ω, x, y) 7→ as(x, y)(ω),

(

ξ, (αs)s∈[t,T ], (Ws −Wt)s∈[t,T ]

) L
=
(

ξ, as(ξ, Uξ)s∈[t,T ], (Ws −Wt)s∈[t,T ]

)

,

where the notation as(ξ, Uξ) refers to the function (s, ω) 7→ as(ξ(ω), Uξ(ω))(ω),
L
= stands for equality in law

on the space (Ω,F ,P), and F
W,t = (FW,t

s )s≥t is the P-completition of the filtration generated by Brownian
increments (Ws −Wt)s≥t from time t on, so that Prog(FW,t) denotes the progressive σ-field on Ω × [0, T ],
relative to the filtration F

W,t. Similarly, we have

(

ξ, (αs)s∈[t,T ], (Ws −Wt)s∈[t,T ]

) L
=
(

ξ′, (as(ξ
′, Uξ′))s∈[t,T ], (Ws −Wt)s∈[t,T ]

)

,

and also

(

(Xt,ξ,α
s )s∈[t,T ], (αs)s∈[t,T ]

) L
=
(

(X
t,ξ′,a(ξ′,Uξ′)
s )s∈[t,T ], (as(ξ

′, Uξ′))s∈[t,T ]

)

.

Step 2. Conclusions. As a consequence of Step 1, we get J(t, ξ, α) = J(t, ξ′, a(ξ′, Uξ′)) ≥ V (t, ξ′) for
every admissible control α. By inverting the roles of ξ and ξ′, we get the converse inequality, from which
V (t, ξ) = V (t, ξ′) and the intrinsic value function v is well-defined. It remains to show that Uξ, Uξ′ exist;
the discrete case where L(ξ) =

∑m
i=1 piδxi

, for {x1, . . . , xm} ⊂ R
d, xi 6= xj for i 6= j and pi > 0 with

∑m
i=1 pi = 1 follows from [10, Lemma B.3]. Given the continuity of ξ 7→ V (t, ξ) from Proposition 2.6, the

case for arbitrary random variables ξ and ξ′ follows from a monotone convergence argument.

The results from Proposition 2.6 and the law invariance property Theorem 2.8, ensure that the intrinsic
value function v holds the same properties for V :

Corollary 2.9. Under Assumptions 2.2 and 2.4 the value function v satisfies the following.

1. v is bounded.

2. v is jointly continuous (in the sense stated in Proposition 2.6).

3. v is Lipschitz in the second argument, i.e. there exists L > 0 such that

|v(t, µ) − v(t, µ′)| ≤ LW2(µ, µ
′), ∀t ∈ [0, T ], µ, µ′ ∈ P2(R

d).

3 Approximation of the value function

As the law µ of the initial state belongs to P2(R
d), the value function v is defined on an infinite-dimensional

measure space. The main idea of the following section is to consider the extended mean field control prob-
lem as the limit, for N → ∞, of a cooperative N -player stochastic differential game; then, in Section 4,
the resulting approximation will be employed to construct a numerical scheme. In particular, the approx-
imation we propose exploits the link between the intrinsic value function v and the value function of a
finite-dimensional cooperative differential game, denoted in the following by v̄N or v̄ε,N . This link has been
theoretically established in [9, Appendix A], in a more restrictive framework. If compared with [9], we allow
ourselves to work under weaker assumptions on the coefficients, as we are not concerned with the formulation
of the Master Bellman equation and the uniqueness of its viscosity solutions. Moreover, we extend the result
in [9] by considering the additional dependence on the joint law of state and control in both drift and diffusion.

We present the approximation result considering separately the case of non-degenerate and degenerate
diffusion σ. By non-degenerate we mean that there exists a constant θ > 0 such that for all (t, x, a, ν) ∈
[0, T ]× R

d × A× PX,A
2 one has

σσ⊤(t, x, a, ν) ≥ θId,

where Id represents the d-dimensional identity matrix. In the case of a non-degenerate diffusion, we directly
approximate by means of a cooperative game between a finite but large number of players. This relies on a
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propagation of chaos argument which requires non-degeneracy in the diffusion term. When the diffusion is
possibly degenerate, a regularisation argument can be employed to approximate the original problem with
a non-degenerate one. Therefore, in the general case, our approximation can be summarised into two main
steps:

I. (if needed) Approximation by a non-degenerate control problem.

II. Approximation by means of a cooperative N -player stochastic differential game.

Regarding the first step, the approximation of the value function still remains defined on an infinite-
dimensional space, but allows us in the second step to apply a propagation of chaos result; this motivates
the general Assumption 2.2 to work with possibly degenerate diffusion σ. For non-degenerate diffusions, we
only need the second approximation step.

3.1 Case 1: σ non-degenerate

Given the mean field control problem, we introduce the corresponding finite-player game. Let N ∈ N+ and
let (Ω̄, F̄ , P̄) be an (auxiliary) complete probability space, supporting independent m-dimensional Brown-
ian motions W̄ 1, . . . , W̄N . Consider the corresponding P̄-completion of the natural filtration generated by
W̄ 1, . . . , W̄N , denoted by F̄

W = (F̄W
t )t≥0. In analogy with the mean field control problem, we assume

the existence of a sub-σ-algebra Ḡ ⊂ F̄ such that Ḡ and F̄W
∞ are independent and P2(R

Nd) = {L(ξ̄) | ξ̄ ∈
L2(Ω̄, Ḡ, P̄;RNd)}; finally, let F̄ = (F̄t)t≥0 where F̄t = F̄W

t ∨ Ḡ.

To consider the control problem for each player, we introduce ĀN , the family of F̄-progressively mea-
surable processes ᾱ : [0, T ] × Ω̄ → AN , where ᾱ = (ᾱ1, . . . , ᾱN ). For every initial time t ∈ [0, T ], control
ᾱ ∈ ĀN and initial conditions ξ̄ = (ξ̄1, . . . , ξ̄N ) ∈ L2(Ω̄, F̄t, P̄;R

Nd), we consider the system of fully coupled
controlled stochastic differential equations

dX̄n
s = bnN (s, X̄s, ᾱs) dt+ σn

N (s, X̄s, ᾱs) dW̄
n
s , X̄n

t = ξ̄n, (3.1)

for s ∈ [t, T ] and n = 1, . . . , N , where X̄ = X̄t,ξ̄,ᾱ = (X̄1,t,ξ̄,ᾱ, . . . , X̄N,t,ξ̄,ᾱ), and bnN ,σn
N , fn

N and gnN are
defined, for x = (x1, . . . , xN ) and a = (a1, . . . , aN):

[bnN , σ
n
N , f

n
N ] : [0, T ]× R

Nd ×AN → [Rd,Rd×m,R], gnN : RNd → R

(t,x, a) 7→ [b, σ, f ]

(

t, xn, an,
1

N

N
∑

j=1

δ(xj,aj)

)

, x 7→ g

(

xn,
1

N

N
∑

j=1

δxj

)

for every t ∈ [0, T ] and µ̄ ∈ P2(R
Nd), with ξ̄ = (ξ̄1, ..., ξ̄N ) ∼ µ̄ = µ1 ⊗ . . .⊗ µN . Then, the map

vN (t, µ̄) = inf
ᾱ∈ĀN

1

N

N
∑

n=1

Ē

[

∫ T

t

fn
N(s, X̄s, ᾱs) ds+ gnN (X̄T )

]

(3.2)

is well-defined (cf. [15]).

Theorem 3.1. Under Assumptions 2.2 and 2.4, and assuming A is compact, let t ∈ [0, T ], q > 2 and

{µn}n∈N+
⊂ Pq(R

d) such that supn≥1
1
N

∑N
n=1

∫

Rd |x|qµn(dx) <∞. Then

lim
N→∞

∣

∣

∣

∣

∣

vN (t, µ̄)− v
(

t,
1

N

N
∑

n=1

µn

)

∣

∣

∣

∣

∣

= 0.

Proof. See [15, Theorem 3.3].

Corollary 3.2. Under Assumptions 2.2 and 2.4 and A compact, let q > 2, (t, µ) ∈ [0, T ]× Pq(R
d), and let

µ⊗N := µ⊗ . . .⊗ µ. It holds that

lim
N→∞

vN (t, µ⊗N ) = v(t, µ).
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Note that the value function vN is still defined on an infinite-dimensional space but comes from a cooper-
ative N -player game, where the coefficients of the problem take values from finite-dimensional spaces. In the
following result, we characterise the value function vN by averaging the players’ (deterministic) positions,
thereby obtaining the desired finite-dimensional approximation.

Theorem 3.3. Under Assumptions 2.2 and 2.4, let (t, µ) ∈ [0, T ]× P2(R
d) and

v̄N : [0, T ]× R
Nd → R, v̄N (t, x1, . . . , xN ) := vN (t, δx1

⊗ . . .⊗ δxN
). (3.3)

It holds that

vN (t, µ⊗N ) =

∫

RNd

v̄N (t, x1, . . . , xN ) µ(dx1) . . . µ(dxN ). (3.4)

Remark 3.4. Equation (3.4) simply stands for

vN (t, µ⊗N ) =

∫

RNd

vN (t, δx1
⊗ . . .⊗ δxN

) µ(dx1) . . . µ(dxN ),

and the choice to write vN (t, δx1
⊗ . . .⊗ δxN

) as v̄N (t, x1, . . . , xN ) is made to emphasise the fact that v̄N lives
on a finite-dimensional space.

Proof of Theorem 3.3. We report here the main steps of the proof, referring to [9, equality (A.10)] for
additional technical details. We first observe that v̄N corresponds to the value function of the cooperative
N -player game presented in the second approximation step, with deterministic initial state x̄ = (x1, . . . , xN )
instead of the random vector ξ̄ = (ξ̄1, . . . , ξ̄N ). In addition, the optimal control problem involves the
coefficients bnN , σ

n
N , f

n
N , g

n
N , which have been defined directly from b, σ, f, g, hence they satisfy Assumptions 2.2

and 2.4. By employing similar computations as in Proposition 2.6 and observing that

W2
2

(

1

N

N
∑

n=1

δXn ,
1

N

N
∑

n=1

δY n

)

≤ Ē

[

1

N

N
∑

n=1

|Xn − Y n|2
]

,

for {Xn}Nn=1, {Y n}Nn=1 ⊂ L2(Ω̄, F̄ , P̄;Rd), it follows that v̄N , and clearly vN , satisfy the properties of Corol-
lary 2.9, suitably adapted to the context. Identity (3.4) follows as a special case of the more general equality

vN (t, µ̄) =

∫

RNd

v̄N (t, x1, . . . , xN ) µ̄(dx1, . . . , dxN ), ∀(t, µ̄) ∈ [0, T ]× P2(R
Nd),

from which (3.4) follows upon choosing µ̄ = µ⊗N ; the latter is equivalent to proving

vN (t, µ̄) = Ē[v̄N (t, ξ̄)], ∀(t, ξ̄) ∈ [0, T ]× L2(Ω̄, F̄t, P̄;R
Nd) s.t. L(ξ̄) = µ̄. (3.5)

The proof of (3.5) consists of showing the double inequality vN (t, µ̄) ≤ Ē[v̄N (t, ξ̄)] and vN (t, µ̄) ≥
Ē[v̄N (t, ξ̄)] (cf. [9, Theorem A.7]). This is possible first considering ξ̄ ∈ L2(Ω̄, F̄t, P̄;R

Nd) taking only a
finite number of values, that is ξ̄ =

∑K
k=1 x̄k1Ēk

, for some K ∈ N+, x̄k ∈ R
Nd and Ēk ⊂ σ(ξ̄) with {Ēk}Kk=i

being a partition of Ω̄. The general case ξ̄ ∈ L2(Ω̄, F̄t, P̄;R
Nd) can be deduced from approximation argu-

ments, recalling that v̄N satisfies the properties of Corollary 2.9, i.e. is bounded, jointly continuous and
Lipschitz in x̄.

Finally, we state the main result.

Theorem 3.5. Under Assumptions 2.2 and 2.4, and assuming A is compact, it holds that, for every (t, µ) ∈
[0, T ]× Pq(R

d), q > 2,

v(t, µ) = lim
N→∞

∫

RNd

v̄N (t, x1, . . . , xN ) µ(dx1) . . . µ(dxN ). (3.6)

Proof. The proof follows directly from Corollary 3.2 and Theorem 3.3.

Remark 3.6. We recall an additional important approximation result. We presented an approximation of
the value function, through its finite-dimensional counterpart, which corresponds to the value function v̄N of
a cooperative N -player stochastic differential game. In Section 4, we approximate v̄N by learning δN -optimal
controls of the large population cooperative control problem, for δN ց 0, which can be shown to converge
towards an optimal control of the original mean field control problem. Note that the convergence of the
control is provided in the “weak sense”, given by measure-valued rules. We refer to the most recent result in
literature [15, Proposition 3.4].
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3.2 Case 2: σ degenerate

As remarked before, if σ is degenerate, we first need an approximation with a non-degenerate problem in
order to apply Theorem 3.1. We present in detail the first approximation step and briefly sketch the second
one, which is a straightforward adaptation of Section 3.1.

3.2.1 Approximation by a non-degenerate control problem

We consider an auxiliary complete probability space (Ω̂, F̂ , P̂) supporting a m-dimensional Brownian motion
Ŵ = (Ŵt)t≥0 and a new additional d-dimensional Brownian motion B̂ = (B̂t)t≥0, independent of Ŵ .
Denote by Â the control process space and by F̂ = (F̂t)t≥0 the standard filtration, both defined in analogy

to Section 2. Now, consider ε > 0, ξ̂ ∈ L2(Ω̂, F̂t, P̂;R
d), α̂ ∈ Â and denote by X̂ε,t,ξ̂,α̂ the unique solution of

the non-degenerate McKean-Vlasov stochastic differential equation

dX̂s = b
(

s, X̂s, α̂s,L(X̂s, α̂s)
)

ds+ σ
(

s, X̂s, α̂s,L(X̂s, α̂s)
)

dŴs + ε dB̂s, X̂t = ξ̂.

We then define the lifted valued function

Vε(t, ξ̂) := inf
α̂∈Â

J(t, ξ̂, α̂) = inf
α̂∈Â

Ê

[

∫ T

t

f
(

s, X̂s, α̂s,L(X̂s, α̂s)
)

ds+ g
(

X̂T ,L(X̂T )
)

]

.

The law invariance property, as stated in Theorem 2.8 holds, and we can define the intrinsic value function
vε : [0, T ]× P2(R

d)→ R. Clearly, the properties of Corollary 2.9 hold the same for vε. In addition, since B̂
is independent of Ŵ , we have that v0(t, µ) = v(t, µ), for all (t, µ) ∈ [0, T ]× P2(R

d). We then formulate the
first limit result.

Lemma 3.7. Under Assumptions 2.2 and 2.4, there exists a non-negative constant Ĉ, depending only on
CLip, C

′
Lip and T , such that, for every ε ≥ 0 we have

|vε(t, µ)− v0(t, µ)| ≤ Ĉε,
for all (t, µ) ∈ [0, T ]× P2(R

d).

Proof. By employing similar arguments as in [24, Theorem 2.5.9] and [9, Lemma A.5], one gets

Ê

[

sup
s∈[t,T ]

|Xε,t,ξ̂,α̂
s −X0,t,ξ̂,α̂

s |2
]

≤ Cε2,

where C ≡ C(CLip, T ) ≥ 0, for every (ξ̂, α̂) ∈ L2(Ω̂, F̂t, P̂;R
d)× Â. Finally, with standard techniques as the

ones shown in Proposition 2.6, we have

|vε(t, µ)− v0(t, µ)| ≤ 2C′
Lip(T + 1)

√
Cε2 =: Ĉε.

3.2.2 Approximation by a cooperative stochastic differential game of finitely many players

Let N ∈ N+ and let (Ω̃, F̃ , P̃) an auxiliary complete probability space, supporting W̃ 1, . . . , W̃N independent
m-dimensional Brownian motions, B̃1, . . . , B̃N independent d-dimensional Brownian motions. Finally define
F̃ = (F̃t)t≥0 according to Section 3.1.

We introduce ÃN the family of F̃-progressively measurable processes α̃ : [0, T ] × Ω̃ → AN , where
α̃ = (α̃1, . . . , α̃N ). For every initial time t ∈ [0, T ], control α̃ ∈ ÃN and initial conditions ξ̃ = (ξ̃1, . . . , ξ̃N ) ∈
L2(Ω̃, F̃t, P̃;R

Nd), we consider the system of fully coupled controlled stochastic differential equations

dX̃ i
s = bnN (s, X̃s, α̃s) dt+ σn

N (s, X̃s, α̃s) dW̃
n
s + ε dB̃n

s , X̃n
t = ξ̃n,

for s ∈ [t, T ] and n = 1, . . . , N , where X̃ = X̃t,ξ̃,α̃ = (X̃1,t,ξ̃,α̃, . . . , X̃N,t,ξ̃,α̃), and the coefficients bnN , σ
n
N , f

n
N , g

n
N

are defined as in Section 3.1. Again, for every t ∈ [0, T ] and µ̃ ∈ P2(R
Nd), with ξ̃ = (ξ̃1, ..., ξ̃N ) ∼ µ̃ =

µ̃1 ⊗ . . .⊗ µ̃N , it is well defined

vε,N (t, µ̃) = inf
α̃∈ÃN

1

N

N
∑

n=1

Ẽ

[

∫ T

t

fn
N (s, X̃s, α̃s) ds+ gnN (X̃T )

]

According to Theorem 3.1 the following lemma holds.
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Lemma 3.8. Under Assumptions 2.2 and 2.4 and A compact, let (t, µ) ∈ [0, T ] × Pq(R
d), q > 2, then it

holds that

lim
n→∞

vε,N (t, µ⊗N ) = vε(t, µ).

Moreover, analogously to Theorem 3.3, one has the following representation for vε,N .

Theorem 3.9. Under Assumptions 2.2 and 2.4, let (t, µ) ∈ [0, T ]× P2(R
d) and consider the map

v̄ε,N : [0, T ]× R
Nd, v̄ε,N (t, x1, . . . , xN ) := vε,N (t, δx1

⊗ . . .⊗ δxN
).

Then it holds that

vε,N (t, µ⊗N ) =

∫

RNd

v̄ε,N (t, x1, . . . , xN ) µ(dx1) . . . µ(dxN ).

3.2.3 Approximation result

By Lemma 3.8, 3.7, and Theorem 3.9, we can finally state the main approximation result for diffusions that
are possibly degenerate.

Theorem 3.10. Under Assumptions 2.2 and 2.4, and assuming A is compact, it holds that, for every
(t, µ) ∈ [0, T ]× Pq(R

d), q > 2,

v(t, µ) = lim
ε→0

lim
N→∞

∫

RNd

v̄ε,N (t, x1, . . . , xN ) µ(dx1) . . . µ(dxN ).

Proof. The proof follows from Lemma 3.7, Lemma 3.8 and Theorem 3.9.

Remark 3.11. Similarly to Remark 3.6, we stress here that v̄ε,N is approximated by learning δεn-optimal
controls of the large population cooperative control problem, for δεn ց 0, converging in the sense of measure-
valued rules towards an optimal control of the starting mean field control problem. This convergence is only
provided for every fixed ε > 0, and is not uniform in ε.

The result of Theorem 3.3 (resp. Theorem 3.10) implies that for a sufficiently large N (and sufficiently
small ε), a simple integration of the finite dimensional value function v̄N (resp. v̄ε,N ) can be used as an
approximation of the value function of the extended mean-field optimal control problem. We provide an
implementable algorithm to obtain this approximation in the next section.

Remark 3.12. Under stronger assumptions, the value function v(t, µ) is a viscosity solution of the Master
Bellman equation:







∂tv(t, µ) = F
(

t, µ, v(t, µ), ∂µv(t, µ)(·), ∂x∂µv(t, µ)(·)
)

, (t, µ) ∈ [0, T )× P2(R
d),

v(T, µ) =

∫

Rd

g(x, µ) µ(dx), µ ∈ P2(R
d),

where F is the associated maximised Hamiltonian for the functions f, b, σ, see e.g. [9, Equation (3.3)] or [10,
Equation (5.1)]. In this case, the numerical method of Section 4 can be employed to approximate the possibly
unique solution of the Master Bellman equation.

4 A computational scheme with neural networks

We detail here the precise steps for the numerical computation of the mean field value function (2.4). As
outlined in the introduction, we avoid learning directly the value function in the Wasserstein space, but
instead we first learn an approximating finite-dimensional value function v̄N (or v̄ε,N ) before evaluating a
corresponding integral for the input measure. We point out that v̄N (resp. v̄ε,N ) is the value function
associated to an classical optimal control problem in dimension Nd and is the unique viscosity solution to a
Hamilton-Jacobi-Bellman (HJB) equation under our assumptions.

For simplicity, we fix a time horizon of [0, T ] and large N ∈ N+ (the choice of N depends on the specific
problem, see Section 5). Due to the potentially high dimensionality of the problem, classical numerical
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methods for HJB equations, such as finite differences, finite elements and semi-Lagrangian schemes, suffer
from the well known “curse of dimensionality”. For this reason, the algorithm we propose to numerically
compute v̄N (resp. v̄ε,N ) can make use of neural networks so that it is implementable in high dimension.
As we already mentioned in the introduction, the choice of the numerical method used to approximate the
finite dimensional value function is not restrictive and the one proposed below (Sections 4.1 and 4.2) is just
a possible one having the advantage of working in the most general setting.

For the purposes of numerical computation, we shall assume that the control space A is a subset of some
Euclidean space R

dA . For our experiments, we will parametrise both the control and value functions with
neural networks. We adopt a similar network structure to that used in [26]. Firstly, the output of two sub-
networks, taking the time t and the particles (x1, . . . , xN ) as inputs respectively, are concatenated. Then,
this concatenated output is passed as an input to one final sub-network. Each sub-network is of feedforward
form, comprising of one hidden layer. By a feedforward network we mean a map NN : Rw0 → R

wl , specified
by the number of layers l, the widths w = (w0, . . . , wl) of each layer and an activation function σact : R→ R.
For an input x ∈ R

w0 we have

NN (x) = σout(Wl(σact(Wl−1(. . . σact(W1x+ b1)) + bl−1)) + bl)

where Wj ∈ R
wj×wj−1 , bj ∈ R

wj for 1 ≤ j ≤ l are known as the weights and biases of the network, and
the activation function σact is applied component-wise to vectors. The function σout : R → R, applied
component-wise on the last layer, serves to modify the range of the neural network. In contrast to [26], the
width of the hidden layer to grows linearly with respect to the dimension of the players; in our experiments
this is taken to be 10 + Nd. This is done to allow for a sufficient number of parameters in the network to
avoid underfitting.

4.1 Obtaining an approximately optimal policy

The first step is to obtain an approximately optimal policy for the finite N -player game through a policy
gradient iteration. To do so, we first approximate the system of N -players (X̄1, . . . , X̄N ) in (3.1) with the
Euler-Maruyama scheme as follows. We discretise the time horizon [0, T ] into equal subintervals of length
∆t > 0, and let ∆Wn

s :=Wn
s+∆t−Wn

s denote the Brownian increments. The approximating time-discretised

system is denoted by (X̂1, . . . , X̂N), which for each n ∈ {1, . . . , N} and s ∈ {0,∆t, 2∆t, . . . , T −∆t}, satisfies
the dynamics

X̂n
s+∆t = X̂n

s + bnN (s, X̂s, αs)∆t+ σn
N (s, X̂s, αs)∆W

n
s , (4.1)

where the functions bnN , σn
N , fn

N and gnN are as given in Section 3. If σ is possibly degenerate, we simulate
additional Brownian increments ∆Bn

t = Bn
t+∆t−Bn

t , independent of ∆Wt, and for some small ε > 0, consider
instead

X̂n
s+∆t = X̂n

s + bnN(s, X̂s, αs)∆t+ σn
N (s, X̂s, αs)∆W

n
s + ε∆Bn

s .

We now parameterise the control by a neural network with parameters θ, and denote this control by αθ.
Choose a measure µ0 ∈ P2(R

d) to act as a sampling measure for X̂0 (see Remark 4.1 on the choice of such
a sampling measure), and consider the (discretised) cost functional

JN (θ) =
1

N

N
∑

n=1

EX̂0∼µ0

[

T−∆t
∑

s=0

fn
N(s, X̂s, αs)∆t+ gnN (X̂T )

]

.

The gradient of the cost functional with respect to the parameters θ is given by

∇θJN (θ) =
1

N

N
∑

n=1

EX̂0∼µ0

[

T−∆t
∑

s=0

∇θf
n
N(s, X̂s, αθ(s, X̂s))∆t +∇θg

n
N (X̂T )

]

.

We then estimate ∇θJN (θ) with Monte Carlo simulation. Let M > 0 denote the total number of sample
trajectories of the system X̂ , given by (4.1). For each 1 ≤ m ≤M and 1 ≤ n ≤ N , let X̂n,m

s denote the mth

sample of the nth player at time s. The Monte Carlo estimator of ∇θJN (θ) is then given by

Gθ :=
1

MN

M
∑

m=1

N
∑

n=1

T−∆t
∑

s=0

∇θf
n
N (s, X̂ ·,m

s , αθ(s, X̂
·,m
s ))∆t+∇θg

n
N(X̂ ·,m

T ).
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To apply the policy iteration, first initialise the parameters of the neural network by some θ0, as well as a
learning rate γ > 0. Then the successive iterations for the parameters are given by the update rule

θj+1 := θj − γGθj , j ≥ 0.

At each iteration j, the cost functional JN (θj) is evaluated. The iteration procedure terminates when no
further minimisation in JN occurs after a prespecified number of iterations. We take the neural network
after termination as an approximately optimal control, and denote this by α∗. We note that although each
X̂n,m

t depend implicitly on the parameters θ, the terms ∇θg
n
N (X̂ ·,m

T ) and ∇θf
n
N(s, X̂ ·,m

s , αθ(s, X̂
·,m
s )) can be

computed efficiently in practice with automatic differentiation tools.

Remark 4.1. The sampling measure µ0 should have support on the domain of X0 and should be chosen such
that there is a sufficient sampling of the domain. Alternatively, one can also truncate the domain and restrict
the initial conditions within some compact set K ⊂ R

d, sampling K according to the uniform distribution.

4.2 Computing the finite-dimensional value function

For the rest of this section, we will assume that the diffusion coefficient σ is non-degenerate and apply the
results from Section 3.1. For the case that σ is possibly degenerate, it is sufficient to refer to Section 3.2,
and substitute the value function v̄N with v̄ε,N (for ε small).

Recall from (3.2) and (3.3) that v̄N is the value function for the N -player game, and that for any t ∈ [0, T ],
(x1, . . . , xN ) ∈ (Rd)N , we have

v̄N (t, x1, . . . , xN ) = inf
ᾱ∈ĀN

1

N

N
∑

n=1

Ē

[

∫ T

t

fn
N(s, X̄s, ᾱs) ds+ gnN(X̄T )

]

.

By using the discretised dynamics X̂ and approximately optimal control α∗ as obtained in the previous
section, given an initial condition X̂ ·,m

t = (x1, . . . , xN ), an estiamte of v̄N (t, x1, . . . , xN ) is given by

v̄MC
N (t, x1, . . . , xN ) :=

1

MN

M
∑

m=1

N
∑

n=1

T−∆t
∑

s=t

fn
N (s, X̂ ·,m

s , α∗(s, X̂ ·,m
s ))∆t + gnN(X̂ ·,m

T ). (4.2)

Then, in virtue of Theorem 3.3, given µ ∈ P2(R
d), an approximation of the (mean-field) value function

v(t, µ) can be obtained by evaluating the integral
∫

RNd

v̄MC
N (t, x1, . . . , xN ) µ(dx1) . . . µ(dxN ). (4.3)

This provides an approximation for v(t, µ) for each fixed (t, µ) ∈ [0, T ]×P2(R
d). To obtain an approximation

of v across the whole domain [0, T ]× P2(R
d), we employ an additional regression step to approximate v̄N ,

using samples of (4.2) over the finite-dimensional domain [0, T ]×R
Nd. Since we do not need to approximate

the distribution of X̂ in (4.2), the number of Monte Carlo samples M can be chosen flexibly to accommodate
for individual computational resources. This differs from the approach of [28, 29], where the regression is
performed directly for the mean-field value function v on the infinite-dimensional domain [0, T ]×P2(R

d), and
a high number of Monte Carlo samples per iteration is required to approximate the distribution of X in (2.1).

In the case of regression, consider a parametrised function v̄N,η : [0, T ]×RNd→ R with parameters η. Let
K > 0 denote the number of samples for regression, and let (tk,xk) ∈ [0, T ]×R

Nd, 1 ≤ k ≤ K. The samples
are denoted by y1, . . . , yK ∈ R, which correspond to the values obtained from the expression (4.2) with the
initial conditions (t1,x1), . . . , (tK ,xK) respectively. Consider a mean-squared error (MSE) loss function

L(η) :=
1

K

K
∑

k=1

|v̄N,η(t
k,xk)− yk|2.

Let γ′ > 0 be the regression learning rate, and let ηj be the function parameters at the jth iteration, which
are updated according to ηj+1 := ηj − γ′∇ηL(η), for j ≥ 0. As in the case of the policy iteration step, the
iteration terminates when L(η) does not decrease after a prespecified number of iterations. The parameters
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after termination are taking to be approximately optimal and are denoted by η∗. For simplicity, we denote
the resulting function v̄N,η∗ by v̄∗N .

In practice, we observe a slow convergence rate during the training of v̄N,η when minimising for L(η). To
accelerate the training process, we employ the differential regression method as outlined in [26], which learns
in addition the gradient of the value function during training. In particular, each yk can be considered as a
function of the initial condition (tk,xk), so that the derivatives ∂tyk and ∇xyk are unbiased estimators of
∂tv̄

MC
N (t, x1, . . . , xN ) and ∇xv̄

MC
N (t, x1, . . . , xN ) respectively. The gradient∇xyk can in turn be evaluated by

computing the partial derivatives of yk with respect to each simulated trajectory for each player across each
s ∈ {0,∆t, . . . , T −∆t} via automatic differentiation. Then, v̄N,η is trained on the weighted loss function

Lw(η) :=
1

K

K
∑

k=1

(

wval|v̄N,η(t
k,xk)− yk|2

+ wder

[

‖∇xv̄N,η(t
k,xk)−∇xyk‖22 + |∂tv̄N,η(t

k,xk)− ∂tyk|2
]

)

,

for some constants wval, wder > 0. We find that for our experiments, optimising over Lw was more effective
with shorter experiment times, compared to the approach in [26] of alternating between two separate loss
functions of the value function and its derivatives.

Remark 4.2. When the diffusion coefficient σn
N is independent of the control α, it is also possible to learn

an optimal control via a backwards stochastic differential equation (BSDE) characterisation of the value
function. In this case, the learning procedure coincides with the one of a BSDE solvers such as in [21,23].

Remark 4.3. The Lipschitz assumptions Assumptions 2.2 and 2.4 on the coefficients of b, σ, f , g are
sufficient conditions for the obtaining an unbiased estimator of ∇xv̄N,η(t

k,xk). We refer to the textbook [20,
Ch. 7] and the references within for a more detailed treatment of pathwise derivative estimators.

4.3 Recovering the mean field value function

Given, for N ∈ N+, the approximation v̄∗N of the finite-dimensional value function v̄N and recall that the
mean field value function is given by the limit in (3.6), we obtain its approximation by evaluating, for N big
enough, the integral in (3.6). In other words we have, for N sufficiently large,

v(t, µ) ≈ IN :=

∫

RNd

v̄∗N (t, x1, . . . , xN ) µ(dx1) . . . µ(dxN ).

In the case where the processX is real-valued, the integral IN can be evaluated by using the inverse transform
sampling. Given µ ∈ P(R), let Fµ : R→ [0, 1] be the cumulative distribution function associated to µ. Then
one obtains

IN = E
[

v̄∗N (t, F−1
µ (U1), . . . , F

−1
µ (UN ))

]

,

where U1, . . . , UN are independent uniformly distributed random variables over [0, 1], so that evaluating IN is
reduced to sampling over the unit hypercube. This allows for the required number of samples to be reduced
by the use of quasi-Monte Carlo methods, for example employing the use of Sobol sequences. We summarise
the overall algorithm in this section in pseudo-code in Line 1 for the MSE loss function L. Observe that the
first “while” loop in Line 1 learns the optimal control, while the second loop learns the finite-dimensional
value function.

5 Numerical experiments

In this section we consider three experiments for our proposed numerical algorithm. The rate of convergence
of the finite dimensional value functions towards the mean field value function is only proven for a few specific
cases [4,6,8,19], and to our best knowledge, the general case remains an open problem. Our numerical tests
suggests that an upper bound of N = 500 players can approximate the mean field value function up to a
0.1% degree of accuracy. In the case of a weaker mean field coupling, it maybe be possible to consider a lower
dimension for a similar level of accuracy, such as the case in Example 3, where we perform the regression
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Algorithm 1: Finite-dimensional approximation for the MFC problem
1: Input: Dynamics bnN , σn

N ; costs fn
N , gnN ; stepsize ∆t; max patience Pmax

2: Input: Control αθ; learning rate γ
3: vbest ← +∞, patience← 0
4: while patience < Pmax do

5: Initialise v = 0, sample x = (x1, . . . , xN ) uniformly on the domain
6: for t = 0,∆t, . . . , T −∆t do

7: a← αθ(t, x), v ← v +
∑N

n=1(f
n
N (t, x, a)/N)∆t

8: Generate Brownian increments ∆Wn
t , n ∈ {1, . . . , N}

9: xn ← xn + bnN(t, x, a)∆t + σn
N (t, x, a)∆Wn

t , n ∈ {1, . . . , N}
10: v ← v +

∑N
n=1 g

n
N(x)/N , θ ← θ − γ∇θv

11: if v < vbest then

12: vbest ← v, patience← 0
13: else

14: patience← patience+ 1
15: return αθ∗

16: Input: Learning rate γ′; value function v̄N,η; measure µ
17: Lbest ← +∞, patience← 0
18: while patience < Pmax do

19: Initialise loss L = 0, sample x = (x1, . . . , xN ) uniformly on the domain
20: Repeat Lines 7 to 10 to compute v, but replace αθ with αθ∗ .
21: L← L+ |v̄N,η(0, x1, . . . , xN )− v|2, η ← η − γ′∇ηL
22: if L < Lbest then

23: Lbest ← L, patience← 0
24: else

25: patience← patience+ 1
26: return

∫

x1,...,xN
v̄∗N (0, x1, . . . , xN ) µ(x1) . . . µ(xN )

step with 100 players. This reduces the complexity of the problem compared to the sampling and regression
of the value function in the Wasserstein space.

In all experiments, the training is performed on the Google Colab platform, using the NVIDIA T4 GPU.
We choose our examples such that explicit solutions are available for benchmarking purposes. In these cases,
we evaluate the performance of the method by computing a residual loss for the mean field control problem.
Let P > 0 be the number of samples in a test set of quantized measures, at which that value functions
will be evaluated, and let L > 0 be the number of sample points on the underlying domain R

Nd. The
quantized measures can be generated as follows. Sample a number of points x1, . . . , xL ∈ R

Nd, and sample
the exponential random variables E1, . . . , EL ∼ Exp(1), set πl = El/(

∑

j Ej). For 1 ≤ p ≤ P , define the

quantized measures µp =
∑L

l=1 πlδxl
. Then, we compute the residual loss function

Lres :=
1

P

P
∑

p=1

∣

∣

∣

∣

v(t, µp)−
∫

RNd

v̄∗N (t, x1, . . . , xN ) µp(dx1) . . . µ
p(dxN )

∣

∣

∣

∣

2

.

When an analytical expression for v(t, µp) is not available, we can still evaluate the performance of the
method by considering the accuracy of the approximation v̄∗N for the finite-dimensional value function. In
this case, we compute the loss associated to the finite-dimensional Hamilton-Jacobi-Bellman (HJB) equation
as follows. Let ∆t,∆x ∈ R+ be given step sizes in the time and spatial directions respectively. Let T =
{0,∆t, . . . , T − ∆t, T }, and let X be a discretised grid with step ∆x on the domain R

d, on which the
computation is performed. For a sufficiently smooth function φ : [0, T ]× R

Nd → R, we denote by Dt(φ) the
approximation of the partial derivative ∂tφ obtained by automatic differentiation. Similarly, we denote by
Dx(φ) and D2

x
(φ) the approximation of the gradient vector Dx(φ) and Hessian matrix D2

x
(φ) respectively.
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Then, consider the HJB loss

LHJB :=
1

|T ||X |
∑

t∈T
x∈X

∣

∣Dt(v̄
∗
N )(t,x) +H

(

t,x,Dx(v̄
∗
N )(t,x),D2

x
(v̄∗N )(t,x)

)∣

∣

2

+
1

|X |
∑

x∈X

∣

∣

∣

∣

v̄∗N (T,x)− gnN (x)

N

∣

∣

∣

∣

2

,

where H : [0, T ] × R
Nd × R

Nd × R
(Nd×Nd) → R is the Hamiltonian for the associated finite-dimensional

PDE, i.e.,

H(t,x, p,M) :=
1

N

N
∑

n=1

fn
N(t,x, α∗

θ(t,x)) +

N
∑

n=1

〈bnN (t,x, α∗
θ(t,x)), p

n〉

+
1

2

N
∑

n=1

N
∑

n′=1

tr
(

σn
N (t,x, α∗

θ(t,x))σ
n′

N (t,x, α∗
θ(t,x))

⊤Mn′,n

)

where pn contains the entries (pn, . . . , pn+d−1) of the vector p, and Mn′,n is the submatrix of M containing
the rows from n′ to n′+d−1 and the columns from n to n+d−1 inclusive. Finally, for illustration purposes,
we will also plot the values of v̄∗N against Monte Carlo estimates, generated by the learned control α∗, along
cross-sections or curves in the computed domain.

5.1 Example 1

Suppose W = (Wt)t∈[0,T ] is a real-valued Brownian motion on a probability space (Ω,F ,P). Let X0,ξ,α =

(X0,ξ,α
t )t∈[0,T ] be a real-valued controlled stochastic process, solution to the SDE

dXt = αt dt+ dWt, X0 = ξ ∼ µ,

where α is a real-valued progressively measurable process valued in A ⊆ R. Let m0 ∈ R, σ0 ∈ R+ and
consider the following value function

v(0, µ) := inf
α∈A

{

(

E[X0,ξ,α
T ]−m0

)2

+
(

Var(X0,ξ,α
T )− σ2

0

)2
}

. (5.1)

Remark 5.1. Notice that v(0, µ) ≥ 0 and a sufficient condition for the existence of an optimal control is that

there exists a control α ∈ A such that E[X0,ξ,α
T ] = m0 and Var(X0,ξ,α

T ) = σ2
0. Consequently, when looking

at solving the minimisation problem (5.1), m0 and σ0 can be interpreted, respectively, as a target mean and
standard deviation for the terminal state. In this context, the cost function plays a role as a penalty function
on the distribution of the state at terminal time. See also, for example, the soft-constrained Schrödinger
bridge problem in [27].

Let m0 = 0 and σ0 = 1. Having E[X0,ξ,α
T ] = E[ξ] + E[

∫ T

0 αt dt], one easily gets

v(0, µ) ≥ inf
α∈A

{

E

[

ξ +

∫ T

0

αt dt

]2}

≥ E[ξ]2 + 2 inf
α∈A

{

E[ξ] E

[
∫ T

0

αt dt

]}

. (5.2)

Assuming, for instance, E[ξ] ≥ 0 and A ⊆ [0,+∞) we deduce

v(0, µ) ≥ E[ξ]2. (5.3)

It can be easily checked that, if T = 1 and ξ ∼ δx0
, with x0 ≥ 0, taking α̂ ≡ 0, the lower bound E[ξ]2 is

achieved. Indeed, one has E[X0,ξ,α̂
T ] = x0 and Var(X0,ξ,α̂

T ) = 1, ending with J(0, ξ, α̂) = x20 = E[ξ]2 and then
v(0, δx0

) = x20.

We consider hereafter the control constrained into A = [0, 1]. From the numerical point of view, the
constraint has been introduced with the sigmoid as activation function σout : R→ (0, 1) for the last layer of
the neural network learning the control α∗, i.e. σout(x) = 1/(1+ e−x). It easy to check that minimizing over
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Figure 5.1: (Example 1) Top: empirical convergence of the finite-dimensional value function as the
number of particles N → ∞. Bottom: exact mean field solution v(0, δx0

) versus generated
Monte Carlo estimates, for x0 ∈ {0.000, 0.125, 0.250, 0.375, 0.500}, number of players N

increasing.

controls valued on [0, 1] in (5.2) gives the same value as taking (0, 1)-valued controls. It is indeed sufficient
to consider the sequence of controls αj ≡ 1

j , for j ∈ N+, to get

E[X
0,ξ,αj

T ] = E[ξ] +
T

j
= x0 +

1

j
and Var(X0,ξ,α

T ) = Var(ξ) + T = 1,

then

J
(

0, δx0
, αj

)

=

(

x0 +
1

j

)2

+ (1 − 1)2 = x20 +
1

j2
+ 2x0

1

j

j→+∞−−−−→ x20 = E[ξ]2,

which combined with Equation (5.3), implies v(0, δx0
) = E[ξ]2.

For our experiments, we trained the neural network for v̄N (·, 0) for points uniformly distributed in [−1, 1].
The above benchmark of the method is provided to be v(0, δx0

) = x20, and we plot the absolute relative error
for different values of N within 10 and 103 and using 10,000 trajectories for the simulation. The top graph of
Figure 5.1 demonstrates empirical convergence of our method through the exact mean field value function, for
two different initial points. Moreover, as previously shown in Equation (5.3), E[ξ]2 represents a lower bound
for J(0, ξ, α), for every admissible constrained control α in [0, 1]. A graphical representation for ξ ∼ δx0

, i.e.
J(0, δx0

, α) ≥ x20, is provided in the bottom graph of Figure 5.1 (unless the Monte Carlo error is involved),
along with approximation improvement with increasing N . Finally, in Figure 5.2 we plot the quantiles
of the distribution of the trajectory Xn

t for a single player. The plot resembles a Gaussian distribution,
for each time step, and this has been verified by testing the assumption with the Pearson normality test
(scipy.stats.normaltest, returning an average p-value = 0.5753 over time, with a minimum value above
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Figure 5.2: (Example 1) Plot of the distribution quantiles over time, for one simulated player of the
process Xn

t , starting at ξ ∼ δ0.5. The histogram of Xn
T at the terminal time T = 1 compared

with theoretical density N (0.5, 1) is plotted simultaneously on the right vertical axis.

0.05, sampling 100, 000 trajectories). This is what we expect, taking the optimal control α̂ ≡ 0, as for all
s ∈ [0, 1], X0,x0,α̂

s = x0 +Ws ∼ N (x0, s).

5.2 Example 2

We consider an optimal liquidation problem with permanent price impact as described in [1]. A group
of investors aim to liquidate their position by controlling their trading speed over time. This generates a
permanent market impact as the price is assumed to depend on the average trading speed of the investors.
By considering a continuum of investors, the inventory process is given by

dQt = αt dt, Q0 = ξ ∼ µ0 ∈ P2(R).

Here αt generally takes on negative values as investors are liquidating their portfolio. The wealth process is
given by

dXt = −αt(St + kαt) dt, X0 = 0,

where the parameter k represents the temporary market impact which only affects the individual investor.
The price process S follows the dynamics

dSt = λE[αt] dt+ σ dWt, S0 = s0,

where the parameter λ ≥ 0 represents the permanent price impact. To ease the notation we will write
(S,Q,X) = (S0,s0,α, Q0,ξ,α, X0,0,α). The cost functional is

E

[

−XT −QT (ST − ψQT ) + φ

∫ T

0

Q2
t dt

]

,

where ψ is a penalty parameter for excess inventory at terminal time, and φ is an ‘urgency’ parameter for
the running cost. By rewriting the cost functional as

E

[

∫ T

0

(αtSt + kα2
t + φQ2

t ) dt−QT (ST − ψQT )

]

,

the problem can then be considered as an extended MFC problem, with a two-dimensional state process
(S,Q) and value function

v(0, µ) = inf
α∈A

E

[

∫ T

0

(αtSt + kα2
t + φQ2

t ) dt−QT (ST −AQT )

]

, µ = δs0 ⊗ µ0.
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Figure 5.3: (Example 2) Left: The absolute relative error of the expected stock price, comparing the
explicit solution with the finite-dimensional approximation. Right: empirical convergence
of the finite-dimensional value function as the number of particles N → ∞.

Note that the diffusion coefficient of (S,Q) in this problem is degenerate. It is shown in [1] that the
explicit solution of the optimal control is

α̂t = Q0r
d1e

−r(T−t) − d2er(T−t)

d1e−rT + d2erT
+ E[Q0]

2λφ(e−rt + ert)

(d1e−rT + d2erT )(c1e−rT + c2erT )
, (5.4)

with constants d1 =
√
φk − ψ, d2 =

√
φk + ψ, c1 = 2d1 + λ, c2 = 2d2 − λ and r =

√

φ/k. In particular,
when the initial condition Q0 is non-deterministic, the optimal control α̂t is not in a closed loop form. As
outlined in Section 3.2, we shall regularise the problem by considering the system

dSt = λE[αt] dt+ σ dWt, dQε
t = αt dt+ ε dBt,

where ε > 0 is small and B is independent of W , so that we work towards an approximation of v̄ε,N .

For our experiments, we consider an initial condition of S0 = 5 and Q0 ∼ N (10, 1). We also take the
following parameters: T = 1, k = 0.2, λ = 0.4, φ = 0.1, ψ = 2.5, σ = 1, and ε = 0.01 for the regularisation
parameter. In order to benchmark our method, we utilise the optimal control α̂t, explicitly given in (5.4),
to generate Monte Carlo estimates for the corresponding state process (Ŝ, Q̂) and the value function v. We
first consider the trajectory of the expected stock price t 7→ E[Ŝt], and compare it with the trajectory of the
empirical mean of the finite dimensional approximation t 7→ 1

N

∑N
n=1 E[S

n
t ]. We plot the absolute relative

error of the two trajectories on the left graph of Figure 5.3 for different values of n, using 500,000 trajectories
for the simulation to minimise the Monte Carlo error. On the right graph, we illustrate an instance of the
decay of the relative error of the approximated value function against the mean field value function as the
value of n increases, for a fixed value of µ = N (10, 1). By considering the regularised problem, we obtain
a feedback control, parametrised in the form of a neural network, that approximates an optimal control of
general open loop form.

5.3 Example 3

Suppose W = (Ws)s∈[0,T ] is a real-valued Brownian motion on a probability space (Ω,F ,P). Let X =
(Xs)s∈[t,T ] satisfy the SDE

dXs = αs ds+
√
2 dWs, L(Xt) = µ,

where α is a real-valued progressively measurable process. Given a terminal cost function g : R→ R, consider
the value function

v(t, µ) = inf
α∈A

(

∫ T

t

E
µ

[ |αs|2
2

]

ds+ E
µ [g(XT )]

)

,
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where E
µ denotes the expectation under which L(Xt) = µ. It can be shown that v satisfies the following

master Bellman PDE (see [12, Section 2.4])), on [0, T )× P2(R),

−∂tv(t, µ)−
∫

Rd

(

divx∂µv(t, µ)(x) −
1

2
|∂µv(t, µ)(x)|2

)

µ(dx) = 0, (5.5)

with terminal condition v(T, µ) =
∫

R
g(x)µ(dx). Such a PDE has a unique, classical solution given by

v(t, µ) =

∫

R

w(t, x)µ(dx),

where w : [0, T ]× R→ R solves the following one-dimensional HJB equation:






−∂tw(t, x) −∆w(t, x) +
1

2
|∇w(t, x)|2 = 0, (t, x) ∈ [0, T )× R,

w(T, x) = g(x), x ∈ R,

which has explicit solution

w(t, x) = −2 log
(

1
√

4π(T − t)

∫

R

exp

(

− (x− y)2
4(T − t) −

g(y)

2

)

dy

)

.

In this context, the argument of the limit in Theorem 3.5 is constant with respect to the number of players
N , and one has the equality for any N ∈ N+:

v(t, µ) =

∫

RN

1

N

N
∑

n=1

w(t, xn)µ(dx1)⊗ . . .⊗ µ(dxN ).

In this specific case, due to the integral form of the exact solution of the problem, we can test the validity
of our numerical approximation by simply examining the accuracy of the finite-dimensional solver. In fact,
it is straightforward to verify that

1

N

N
∑

n=1

w(t, xn) = vN (t,x), x = (x1, . . . , xN ) ∈ R
N ,

where vN : [0, T ]×R
N → R is the finite-dimensional approximation of (5.5), introduced in Section 3, which

is a solution the following HJB equation on [0, T )× R
N ,

−∂tu(t,x)−
N
∑

n=1

∆xn
u(t,x) + inf

a∈RN

{

N
∑

n=1

(

an · ∇xn
u(t,x) +

|an|2
2N

)

}

= 0. (5.6)

with terminal condition u(T,x) = ḡN (x) := 1
N

∑N
n=1 g(xn). Eq. (5.6) simplifies to

−∂tu−∆u+
N

2
|∇u|2 = 0, on [0, T )× R

N .

In our experiments, we take the terminal condition as the function g(x) = |x|2/2. In order to satisfy the
boundedness assumption of g in Assumption 2.4, we truncate g as necessary outside some fixed domain. This
aligns with the practical experiments, since the computational step is always confined within a bounded grid.

Figure 5.4 shows our experimental results when applied to a finite-dimensional approximation of 100
players. We compare the trained neural network v̄∗N,η with the explicit one-dimensional solution, as well
as Monte Carlo estimates along two parameterised curves in the domain. We report a residual loss of
Lres = 2.45e − 3, averaged over 1000 random samples of quantized measures, as well as an HJB loss of
LHJB = 3.82e−4. The HJB loss demonstrates a good fit of the neural network towards the finite-dimensional
value function, and the residual loss indicates a good approximation of the mean field value function v on
the domain P2(R). In terms of computational performance, the training time of the neural network v̄∗N,η was
approximately 7 hours. After training, an average of 0.66 seconds is required for the evaluation of v(t, µ)
for a given measure µ. In comparison, generating an Monte Carlo estimate of the value function ‘online’
directly with the control α∗

θ requires approximately 2.67 seconds per evaluation. Therefore, for applications
requiring knowledge of the value function across the whole domain P2(R

d), for example the computation of
level set {µ ∈ P2(R) : v(t, µ) = 0}, significant savings in computational time can be achieved.
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Figure 5.4: (Example 3) Left column: Tracing v̄∗N,η along the diagonal of the hypercube [0, 2]100. Right
column: Tracing v̄∗N,η along a circle on the first two dimensions.
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