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Abstract

In nonholonomic mechanics, the presence of constraints in the velocities breaks
the well-understood link between symmetries and first integrals of holonomic sys-
tems, expressed by Noether’s Theorem. However, there is a known special class
of first integrals of nonholonomic systems generated by vector fields tangential to
the group orbits, called horizontal gauge momenta, that suggests that some ver-
sion of this link still holds. In this paper we prove that, under certain conditions
on the symmetry group and the system, the (nonholonomic) momentum map is
conserved along the nonholonomic dynamics, thus extending Noether’s Theorem
to the nonholonomic framework. Our analysis leads to a constructive method, with
fundamental consequences to the integrability of some nonholonomic systems as
well as their hamiltonization. We apply our results to three paradigmatic examples:
the snakeboard, a solid of revolution rolling without sliding on a plane, and a heavy
homogeneous ball that rolls without sliding inside a convex surface of revolution.

1. Introduction

1.1. Symmetries and first integrals

The existence of first integrals plays a fundamental role in the study of dy-
namical systems and influences many aspects of their behavior, in particular their
integrability. It is well-known that in holonomic systems with symmetries (de-
scribed by a suitable action of a Lie group), Noether’s Theorem ensures that the
components of the momentum map are first integrals of the dynamics. When con-
straints in the velocities are imposed and nonholonomic systems [11,23,48,50] are
considered, this conservation property no longer holds. In fact, the presence of
constraints in the velocites prevents the system from being variational (and thus
lagrangian/hamiltonian) and hence Noether’s Theorem cannot be applied. There-
fore the presence of symmetries does not necessarily lead to first integrals (see
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[11,12,18,20,22,23,30,32,42,44,46,48,54,57]); in particular, the components of
the momentum map need not be conserved by the dynamics.

Indeed the situation with nonholonomic systems with symmetries is quite sub-
tle: only certain components of the momentum map may be conserved and, in
general, it is not clear which ones or how many. However, many examples (see
e.g., Table 1) admit first integrals linear in the momenta that are generated by vec-
tor fields that are not infinitesimal generators of the symmetry action, but are still
tangential to the group orbits [7,9,28,31,57]; these are the so-called horizontal
gauge momenta [9]. The goal of this paper is to set a theoretical framework that
unifies there types of examples by proposing a systematic way to determine the total
amount of horizontal gauge momenta and to write a general method to compute
them.

The research of a possible link between the presence of symmetries and the
existence of first integrals in nonholonomic systems—if any exists—has been an
active field of research in the last thirty years [9,10,12,18,22,30,32,42,44,46,54,
57], and it dates back at least to the fifties with the work of Agostinelli [1] and fifteen
years later with the works of Iliev [40,41]. More recently, new tools and techniques,
with a strong relation with the symmetries of the system, have been introduced
in order to understand the dynamical and geometrical aspects of nonholonomic
systems, such as nonholonomic momentum map, momentum equations, and gauge
momenta. However, so far, the study of horizontal gauge momenta for different
examples has been done case by case without—a priori—knowing if they exist or
how many one could find. It is well known that first integrals are often found by
integration of a system of PDEs or, in special cases (see for example Table 1), a
system of ODEs, but a theoretical explanation of how and why a system of ODEs
is sufficient to construct first integrals was not known.

1.2. Main results of the paper

Given a nonholonomic system on a manifold Q with a symmetry described
by the (free and proper) action of a Lie group G, we consider functions of type
Je = (J, &), where J is the canonical momentum map and & is a section of the
bundle Q x g — Q, with the property that the infinitesimal generator of each
£(q), q € Q, is tangential to the constraint distribution. When J¢ is a first integral
of the nonholonomic dynamics, we say that Jg is a horizontal gauge momentum.
Our nonholonomic Noether Theorem (Theorem 3.14) gives the theory and tools to
predict the exact amount of horizontal gauge momenta and also to establish them
by construction. First, denoting by k the rank of the distribution S, given by the
intersection of the constraint distribution D with the tangent bundle to the G-orbits,
Theorem 3.14 asserts the existence of k (functionally independent and G-invariant)
horizontal gauge momenta, when certain hypotheses are satisfied. The importance
of this first part resides in the fact that we are able to infer the exact amount of
horizontal gauge momenta without the need of computing them. Moreover, this
number is nothing but the rank of the vertical part of the constraints. Second,
we write an explicit system of linear ordinary differential equations, that admits
global solutions that give rise to the k horizontal gauge momenta. This system
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Table 1. Nonholonomic systems and related horizontal gauge momenta with respect to the
symmetry

System Symmetry | rank(S) gagl;:“r:g::;ita
Nonholonomic oscillator T? 1 1
Vertical Disk SE(2) x ST 2 2
Tippe-top SE(2) x ST 2 2
Falling disk SE(2) x ST 2 2
Snakeboard SE(2) x ST 2 2
Body of revolution SE(2) x ST 2 2
Ball in a cylinder SO(3) x ST 2 2
Ball in a cup/cap SO(3) x ST 2 2
Ball in a surface of revolution | SO(3) x S? 2 2

is constructed using the theoretical information of the nonholonomic system, and
hence it has a “general character” in the sense that, given a nonholonomic system
(satisfying certain hypotheses) we can always write this system. Therefore we show
a unified way of computing the horizontal gauge momenta for many examples. We
also conclude that, in these cases, the components of the nonholonomic momentum
map [3,12] (in a suitable basis) are conserved along the dynamics, addressing the
fundamental question raised in [3,12]. These results are based on an intrinsic and
global formulation of the momentum equation that characterizes the horizontal
gauge momenta.

Table 1 shown the evidence for the generality of our result, showing some
of the classical examples of nonholonomic systems that fit into the scheme of
Theorem 3.14 emphasizing the relation between the rank(S) and the number of
horizontal gauge symmetries. We use our method to study in detail four of these
examples: the nonholonomic oscillator, the snakeboard, a solid of revolution rolling
on a plane and a heavy homogeneous ball rolling on a surface of revolution (in
particular, the last two examples are paradigmatic of a large class of nonholonomic
systems with symmetry) thus unifying many works in nonholonomic mechanics,
ase.g.[11,17,21-23,28,38,50,56,57].

Even though Theorem 3.14 applies to many important examples, not every
nonholonomic system is expected to admit horizontal gauge momenta. Therefore,
we study particular examples of nonholonomic systems that do not satisfy the
hypotheses of the Theorem, showing that as a consequence of this failure, the system
admits less than k (and even none) horizontal gauge momenta and clarifying the
need of each of the hypotheses.

The fact that we know the exact number of horizontal gauge momenta and
have a systematic way of constructing them has fundamental consequences on
the geometry and dynamics of nonholonomic systems; see e.g. [5,17,23,26,27,
37,38,56]. Under the hypotheses of Theorem 3.14 we first show that the reduced
dynamics is integrable by quadratures and, if some compactness conditions are
satisfied, it is indeed periodic (Theorem 4.4). From a more geometric point of
view, if the reduced dynamics is periodic, we have that the reduced space inherits
the structure of an S!-principal bundle outside the equilibria. Second, we prove
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(Theorem 4.5) the hamiltonization of these nonholonomic systems (see also [8,
37]), were, precisely the existence of k = rank(S) horizontal gauge momenta
and the fact that dim(Q/G) = 1 guarantee the existence of a Poisson bracket
on the reduced space M /G that describes the reduced dynamics. This bracket
is constructed using a dynamical gauge transformation by a 2-form that we also
show to be related to the momentum equation. Third, when the reduced dynamics
is periodic, we can obtain information on the complete dynamics (Theorem 4.12).
In particular, if the symmetry group G is compact, the reconstructed dynamics
is quasi-periodic on tori of dimension at most » + 1, where r is the rank of the
symmetry group G, and the phase space inherits the structure of a torus bundle. If
the symmetry group is not compact, the situation is less simple, but still understood:
the complete dynamics is either quasi-periodic or diffeomorphic to R, and whether
one or the other case is more frequent (or generic) depends on the symmetry group
(see Sect. 4.2, Appendix B and [2,33]).

1.3. Outline of the paper

The paper is organized as follows: in Sect. 2 we recall the basic aspects and
notations of nonholonomic systems and horizontal gauge momenta. In Sect. 3 we
present an intrinsic formulation of the momentum equation and the main result of
the paper, Theorem 3.14. The results of this Section are illustrated with the example
of the nonholonomic oscillator. The fundamental consequences of Theorem 3.14,
integrability and hamiltonization, are studied in Sect. 4. Finally, in Sect. 5 we first
apply our techniques and results to three paradigmatic examples outlined in bold in
Table 1. We also study different cases where the hypotheses of Theorem 3.14 are
not satisfied. The paper is complemented by two appendices: Appendix A recalls
basic definitions regarding almost Poisson brackets and gauge tranformations, and
Appendix B presents basic facts about reconstruction theory. Throughout the work,
we assume that all objects (functions, manifolds, distributions, etc) are smooth.
Unless stated otherwise, we consider Lie group actions that are free and proper or
we confine our analysis to the submanifold where the action is free and proper. In
this article, there are two types of comments, labelled Remark and Observation
respectively; the Remarks are central comments to the problems studied in this
paper, while the Observations are comments that complement the ideas but are not
central. Finally, whenever possible, summation over repeated indices is understood.

2. Initial Setting: Nonholonomic Systems and Horizontal Gauge Momenta

2.1. Nonholonomic systems with symmetries

A nonholonomic system is a mechanical system on a configuration manifold Q
with (linear) constraints in the velocities. The permitted velocities are represented
by a nonintegrable constant-rank distribution D on Q. A nonholonomic system,
denoted by the pair (L, D), is given by a manifold Q, a lagrangian function L :
T Q — R of mechanical type, i.e., L = %K — U for k¥ and U the kinetic and



First Integrals and Symmetries of Nonholonomic Systems

potential energy respectively, and a nonintegrable distribution D on Q. We now
write the equations of motion of such systems following [10].

Since the lagrangian L is of mechanical type, the Legendre transformation
Leg : TQ — T*Q defines the submanifold M := Leg(D) of T*(Q. Moreover,
since Leg is linear on the fibers, t := 7|y : M — Q is also a subbundle of
T : T*Q — Q, where T denotes canonical projection. Then, if €2¢ denotes the
canonical 2-form on 7* Q and H the hamiltonian function induced by the lagrangian
L, we denote by Q4 := 1*Qg and H := (*H the 2-form and the hamiltonian
on M, where ¢ : M — T*Q is the natural inclusion. We define the (noningrable)
distribution ¢ on M given, at each m € M, by

Cp = {vm € TuM : Tty (v) € Dy for g = to(m)}. 2.1

The nonholonomic dynamics is then given by the integral curves of the vector
field X,n on M, taking values in ¢ (i.e., Xpp(m) € ¢p,) such that

ix, Q2amle = dHle, (2.2)

where 2 (|c and d H,, | are the point-wise restriction of the forms to c. It is worth
noticing that the 2-section 2| is nondegenerate and thus we have a well defined
vector field Xy satisfying (2.2), called the nonholonomic vector field.

On the hamiltonian side we will denote a nonholonomic system by the triple
(M, Qutles Ha)-

Symmetries of a nonholonomic system. We say that an action of a Lie group G
on Q defines a symmetry of the nonholonomic system (L, D) if it is free and proper
and its tangent lift leaves L and D invariant.

Let g be the Lie algebra associated to the Lie group G. Ateachg € O, we denote
by V, C T, Q the tangent space to the G-orbit at g, thatis V,, := span{ng(q) : n €
g}, where 19 (¢g) denotes the infinitesimal generator of 7 at g.

The lift of the G-action to the cotangent bundle 7* Q leaves also the submanifold
M C T*Q invariant, hence there is a well defined G-action on M denoted by
U : G x M — M. The hamiltonian function H,, and the 2-section 2| are
G-invariant and we say that (M, Q|c, Hrq) is a nonholonomic system with a G-
symmetry. We denote by V,, C T, M the tangent space to the G-orbit at m € M

(e, Vi = {np(m) = 1 € g).

Definition 2.1. ([12]) A nonholonomic system (M, Q|c, Hr) witha G-symmetry
verifies the dimension assumption if, for each g € Q,

T,0 =D, +V,. 2.3)

Equivalently, the dimension assumption can be stated as 7,, M = C,, +V,, for each
me M.

At each ¢ € Q, we define the distribution S over Q whose fibers are S, :=
D, NV, and the distribution gg over Q with fibers

(9s)g = {7 €9 : §0(q) € 54}, (2.4)
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where £9(q) := (£9)p(g). Due to the dimension assumption (2.3), gs — Qisa
vector subbundle of Q x g — Q and, if the action is free then rank(S) = rank(gg)
(see [5]). During this article, we denote by ' (gs) the sections of thebundle gg — Q.
Reduction by symmetries. If (M, Q,|c, Hx() is a nonholonomic system with a
G-symmetry, the nonholonomic vector field Xy, is G-invariant, i.e., TWg (Xpp(m)) =
Xnh (Wg(m)) with W, : M — M the G-action on M and g € G, and hence it can
be reduced to the quotient space M /G. More precisely, denoting by p : M —
M/ G the orbit projection, the reduced dynamics on M /G is described by the
integral curves of the vector field

Xred := Tp(Xnn)- (2.5)

Splitting of the tangent bundle. The dimension assumption ensures the existence
of a vertical complement W of the constraint distribution D (see [4]), that is, W is
a distribution on Q so that

TOQ=D&W where W CV. (2.6)

A vertical complement W also induces a splitting of the vertical space V =
S @ W. Moreover, there is a one to one correspondence between the choice of an
Ad-invariant subbundle gy — Q of g x Q — Q such that, ateach g € Q,

(g x Qg =(gs)g ® (gw)g» (2.7)

and the choice of a G-invariant vertical complement of the constraints W.

Observation 2.2. If the G-action is free, the existence of a G-invariant vertical
complement W is guaranteed by choosing W = S+ N V, where S+ denotes the
orthogonal complement of S with respect to the (G-invariant) kinetic energy metric
(however W does not have to be chosen in this way). In the case of non-free actions,
as anticipated in the Introduction, we restrict our study to the submanifold é of O
where the action is free (see Examples 5.2 and 5.3).1 O

Next, we pull back the decomposition (2.6) to M. From (2.6) and (2.1) we
obtain the corresponding decomposition on 7'M,

TM=C®W with WcV, 2.8)

where, at each m € M, Wy, = {(§V)p(m) : &9 € (gw)g forg = tr(m)}. We
define the distribution S = C NV or equivalently, for each m € M,

Sm ={ENDm(m) : &7 € (g5)g for g = Tr(m)}.

L If the action is not free, it can be proven that for compact Lie groups G (or the product
of a compact Lie group and a vector space), the dimension assumption guarantees that it is
always possible to choose a G-invariant vertical complement W, [5].
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2.2. Horizontal gauge momenta

Consider a nonholonomic system (M, Q,|c, Hr) with a G-symmetry and
recall that ® » is the Liouville 1-form restricted to M (i.e., ® 5 1= ("Op). It is
well known that for a nonholonomic system, an element 7 of the Lie algebra does
not necessarily induce a first integral of the type 7, (see [30] for a discussion of
this fact).

Definition 2.3. ([9,28]) A function J € C®°(M) is a horizontal gauge momentum
if there exists ¢ € I'(gs) such that 7 = J; = i{M ®,, and also J is a first
integral of the nonholonomic dynamics Xpp, i.e., Xpn(J) = 0. In this case, the
section ¢ € I'(gg) is called horizontal gauge symmetry.

We are interested in looking for horizontal gauge momenta of a given non-
holonomic system with symmetries satisfying the dimension assumption. Looking
for a horizontal gauge momentum 7 is equivalent to look for the corresponding
horizontal gauge symmetry.

Observation 2.4. The original definition of horizontal gauge momentum intro-
duced in [9] (and later in [28,31]) was not exactly as in Definition 2.3 but given in
local coordinates. |

Definition 2.5. [12] The nonholonomic momentum map J™ : M — g% is the
bundle map over the identity, given, for each m € M and & € gg|,,, by

(I EY(m) = g, O (m). 2.9)

Hence, if ¢ is a horizontal gauge symmetry, the corresponding horizontal gauge
momentum can be seen as a function of the type (J™, ¢) € C%(M) that is a first
integral of Xpp.

Observe that the existence of a horizontal gauge momentum, implies the exis-
tence of a global section on gs — Q. Hence, in order to prove that a nonholonomic
system admits exactly k horizontal gauge symmetries, we have to assume the trivi-
ality of the bundle g5 — Q, that is, gg — Q admits a global basis of sections that
we denote by

By, = {61, ... &} (2.10)

The basis B induces functions Ji, ..., Jx on M (linear on the fibers) defined by
Ji = (J“h,éi) =ig)Om fori=1,.. k. (2.11)

The functions J, ..., J; are the components of the nonholonomic momentum map
in the basis (2.10). Moreover, if there exists a basis Bugs = {1, ..., &k} of I'(gs)
given by horizontal gauge symmetries, then the corresponding components of the
nonholonomic momentum map are the horizontal gauge momenta {71, ..., Jx} and,
in this case, we have that each component of the nonholonomic momentum map is
conserved along the nonholonomic dynamics.

Proposition 2.6. A nonholonomic system (M, Q. lc, Hrg) with a G-symmetry
satisfying the dimension assumption admits, at most, k = rank(S) (functionally
independent) horizontal gauge momenta.
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Proof. Consider &1,&, € I'(gs). It is easy to see that if J; = i¢),,®,, and
Jo = i)\ O, are functionally independent functions then &1, &, are linearly
independent.

If 7 € C°°(M) is a horizontal gauge momentum with ¢ its associated horizon-
tal gauge symmetry, then J and ¢ can be written, with respect to the basis (2.10),
as

J=f" and ¢=fg forf €C®Q. (2.12)

We call the functions f!,i = 1, ..., k the coordinate functions of J with respect to
the basis By = {£1. ..., &}

From now, if not otherwise stated, we assume the following conditions on the
symmetry given by the action of the Lie group G.
Conditions A. We say that a nonholonomic system with a G-symmetry satisfies
Conditions A if

(A1) the dimension assumption (2.3) is fulfilled;
(A2) the bundle gg — Q is trivial,
(A3) the action of G on Q is proper and free.

A section & of the bundle Q x g — Q is G-invariant if [, n] = Oforall n € g.
As a consequence of Conditions A we obtain the following Lemma.

Lemma 2.7. Consider a nonholonomic system with a G-symmetry satisfying Con-
ditions A, then

(i) there exists a global basis B¢ of I'(gs) given by G-invariant sections.

(ii) Let & € I'(gs). The function Jg¢ = i¢,,0 ,, is G-invariant if and only if
& € I'(gs) is G-invariant.

(iii) Let p, : Q — Q/G be the orbit projection associated to the G-action on
Q. If X € X(Q) is p,-projectable, then [X,&g] € I'(V), for§ e I'(Q x g —
Q).

Proof. Items (i) and (iii) were already proven in [8, Lemma 3.8]. To prove item
(i) observe that items (A2) and (A3) imply that S admits a global basis of G-

invariant sections {Y1, ..., Yx}, i.e., [¥;, vo] = O for all v € g. Since the action is
free, we conclude that, for (§;)p = Y; we have that [§;, v] € I'(Q x g) is the zero
section and thus &; are G-invariant. m|

Under Conditions .4, we guarantee the existence of a global G-invariant basis
B4, of sections of gg — O with associated G-invariant functions J; (defined as in
(2.12)). Hence, J is a G-invariant horizontal gauge momentum if and only if the
corresponding coordinate functions f' in (2.12) are G-invariant as well.

3. A Nonholonomic Noether Theorem and the Conservation of the
Nonholonomic Momentum Map

3.1. An intrinsic formulation of the momentum equation

In order to achieve our goal of giving a precise estimate of the number of
(functionally independent) horizontal gauge momenta of a nonholonomic system,



First Integrals and Symmetries of Nonholonomic Systems

we write a momentum equation. Let (M, Q,|c, Hyq) be a nonholonomic sys-
tem with a G-symmetry satisfying Conditions A. First, we consider a G-invariant
decomposition (or a principal connection)

TQ=H®&V sothat H CD. (3.13)

We denote by A : TM — g the connection 1-form such that KerA = H. Since
the vertical space V is also decomposed as V = S @ W, the connection A can be
written as A = Ags + Aw, where, foreach X € TQ, Aw : T Q — g is given by

Aw(X)=n ifandonlyif 5o = Pw(X),
and Ag : TQ — gis given by
As(X)=§& ifandonlyif &p = Ps(X), (3.14)

where Py : TQ — W and Pg : TQ — § are the corresponding projections
associated to decomposition

TO=HoSa®W. (3.15)

Second, we see that each map Ag and Ay defines a corresponding 2-form on Q
in the following way (see [4]): on the one hand, the W-curvature on Q is a g-valued
2-form defined, foreach X, Y € T Q, as

Kw(X,Y) =dPAw(X,Y) = dAw(Pp(X), Pp(Y)) = —Aw([Pp(X), Pp(V)]),

with Pp : TQ = D & W — D the projection to the first factor. On the other
hand, after the choice of a global basis By, = {&1, ..., &} of g5 — Q, the g-valued
1-form Ag on Q can be written as Ag = Y' ® §;, where Y' are 1-forms on Q such
that Y|y = Y'|w = 0and Y/ ((§;) o) = §;; foralli = 1, ..., k (recall that the sum
over repeated indexes is understood). Then the corresponding g-valued 2-form is
given, foreach X, Y € T Q, by

@PY) ®E (X, Y) =dY' (Pp(X), Pp(Y)) ® &'

Recalling that T, : M — (Q is the canonical projection, we define the g-valued
2-forms o4 and o4 on Q and M, respectively, by

Ggs = Ky +dPY @&, (3.16)

— F =
O'gs = TMUQS'

Equivalently, og is given by ogy = Ky + d°Y' ® &, where Ky, = t},Kw,
V' =15 Y and d°Y' (X, Y) = dY' (Pe(X), Pc(Y)) for X, Y € TM, and P¢ :
T M — C the projection associated to decomposition (2.8).



N. SANSONETTO & P. BALSEIRO

Definition 3.1. Consider a nonholonomic system (M, Qu|c, Hy) with a
G-symmetry satisfying Conditions A and denote by B4, = {£1, ..., &} a global
basis of I'(gs).The 2-form (J, o) on M is defined by
(J, 0g5) 1= (J, Kow) + (J,d V' @ &),
= (], Kw) + J; d°V',
where J : M — g* is the canonical momentum map restricted to M and (-, -)

denotes the pairing between g* and g.

The 2-form (J, o) already appeared in [8] for a specific choice of the basis
By, (see Sect. 4.1).

Lemma 3.2. Assume that Conditions A are satisfied, then

(i) The g-valued 2-forms o4y and o4y depend on the chosen basis B 4.
(ii) If the basis B g is G-invariant, then the 2-form (J, o) is G-invariant as
well.

Proof. It is straightforward to see that the g-valued 2-forms 645 and oy, depend
directly on the chosen basis B . Item (ii) is proven in [8, Lemma 3.8].

Proposition 3.3. (Momentum equation) Let us consider a nonholonomic system
(M, Quile, Hy) with a G-symmetry satisfying Conditions A, and let By, =
{&1, ...&} be a (global) basis of T'(gs) with associated momenta Jy, ..., Ji as in
(2.11). The function J = f'J;, for f' € C*®(Q), is a horizontal gauge momentum
if and only if the coordinate functions f' satisfy the momentum equation

T, 0g5) iy Xnn) + Ji Xan(f1) = 0, (3.17)
where Y; = (&) m.

Proof. First, from Lemma 2.7 observe that if X’ is a vector field on M that is
T p-projectable, then [V;, X] € T'(V) fori = 1, ..., k. Thus, using (3.16),
0gs (Vi X) = [d°T5 Aw +d°T Y @ £,V X)
= —t5 Aw (Vi XD — 5, Y (Vi XD ® &;
= -1y AV, XD.

Second, by the definition of the canonical momentum map J : M — g*, we get
that

(J,0g5) Vi, X) = —(J, TLAY:, X)) = =iy, 21O a0

Then, recalling that 2, = —d® », and using that ® »(X) is an invariant function,
we observe that

(Qum + (], 0g)(Vi, X)
= =Vi(Ox(X) + X (i) + Op ([ Vi, X]) — iy, x)On = dJi (X).
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Now,J = f'J;isafirstintegral of Xy ifandonly if 0 = d.J (Xun) = f'dJi (Xun)+
Ji Xnn (f*) which is equivalent, for Xpp = X, to

0= f'(Qum+ (J, 0NV, Xnh) + Ji Xan (f7)
= —fldHu ) + FI{T, 046) Vs Xun) + Ji Xun (f7).

Using the G-invariance of the hamiltonian function H, we get (3.17). O

Observation 3.4. From the proof of Proposition 3.3, we observe that the momentum
equation can be equivalently written as 0 = f'© o ([(§i) m, Xun]) — Ji Xon (f).O

As aconsequence of Proposition 3.3 (or more precisely Remark 3.4), we recover
the well-known result that horizontal symmetries generate first integrals [10,12].
Recall that a horizontal symmetry is an element € g such that ng € I'(D) (see
e.g. [11]).

Corollary 3.5. (Horizontal symmetries) Let (M, Quq|c, Hprq) be a nonholonomic
system with a G-symmetry satisfying Conditions A. If the bundle gs — Q admits a
horizontal symmetry n, then the function (J, n) is a horizontal gauge momentum for
the nonholonomic system. Hence if there is global basis of horizontal symmetries of
g5, then the nonholonomic system admits k = rank (gs) horizontal gauge momenta.

Proof. If 1, is a horizontal symmetry, then let By, = {n1, &2, ..., &} a basis of
I'(gs). A section ¢ = flm + fié,- is a horizontal gauge symmetry if J; Xpn (f1) +
Fi O ([Xon, ED D) + Ji Xan(f1) = 0, since [Xnn, 71] = 0. Then we see that
fl'=1and f/ = 0fori =2, ..., k is a solution of the momentum equation and
hence 1 is a horizontal gauge symmetry. As a consequence, if the bundle gg — Q
admits a basis of horizontal symmetries, then the nonholonomic admits k horizontal
gauge momenta. |

A set of solutions ( f L f k ) of the momentum equation (3.17) may depend
on M and not only on Q. Based on the fact that equation (3.17) is quadratic in the
fibers, we show next that it is equivalent to a system of partial differential equations
for the functions f* on the manifold Q.

3.2. The “strong invariance” condition on the kinetic energy

We now introduce and study an invariance property, called strong invariance,
that involves the kinetic energy, the constraints and the G-symmetry. This condition
is crucial to state our main result in Theorem 3.14.

Definition 3.6. Consider a Riemannian metric ¥ on a manifold Q and a distribution
S €V CTQon Q, where V is the vertical space with respect to a G-action on
Q. The metric « is called strong invariant on S (or S-strong invariant) if, for all
G-invariant sections Yy, Y», Y3 € I'(S), it holds that

k (Y1, [Y2, Y3]) = —« (Y3, [Y2, Y1]).
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Remark 3.7. It is important to remark the tensorial character of this condition.
In fact, it is enough to check the commuting condition on a G-invariant basis
of the distribution S to assert that the metric is S-invariant. More precisely, let
B = {Y1, ..., i} be a G-invariant basis of sections on S, such that« (Y}, [¥;, ¥;]) =
—k(Yy, [Y;, YD, foralli, j, I € {1,...,k}.If Yy, Y}, Y are G-invariant sections on
S,thenY, = fa] Yi.Yp = f;Yi andY, = fcl Y;, for fa], fbi, ff G-invariant functions
on Q and hence,

(Yo, [, Yel) = fie (Y, fLFLLY Y+ fLY(FOY = Fivcry)
=fl fi e (Y 1Y, YD) = —k (Y, [V, Yal).

First we observe that, for a Riemannian metric «, being G-invariant is weaker
than being strong invariant on the whole tangent bundle as the following example
shows:

Example 3.8. The case Q = G with a strong invariant metric on 7G. Consider
aLie group G acting on itself with the left action and let kg be a Riemannian metric
on it. In this case, the metric being G-invariant is equivalent to being left invariant,
while being strong invariant on 7'G is equivalent to being bi-invariant. In fact, if
the metric is strong invariant on T'G then kg ([Y;, Y1, Y;) = —kg (Y}, [Y;, Y;]) for
all Y; € X(G) such that [Y;, nR ]=0forall n € g and nR the corresponding right-
invariant vector field on G (we are using that the infinitesimal generator associated
to the left action is the corresponding right invariant vector field on G). Then, the
inner product (-, -) on g defined by

(1, m) =rc(i,ny)(e), form g
is ad-invariant and hence the metric kg turns out to be bi-invariant on G.
Example 3.9. A nonholonomic system with a strong invariant kinetic energy on
the vertical distribution V. Consider a nonholonomic system (M, Qlc, Haq)
with a G-symmetry. If the kinetic energy metric « is strong invariant on V then it
induces a bi-invariant metric on the Lie group G. This case only may occur when

the group of symmetries G is compact or a product of a compact Lie group with a
vector space. In order to prove this, we first observe the following:

Lemma 3.10. The kinetic energy metric satisfiesk ([Y;, Y;1, ¥;) = —k (Y}, [Y;, Y1)
forall G-invariantY; € I'(V) ifand onlyifk ([(na) 0. (np) 01, (ne) @) = —k (1) 0,
[(7a) 0, (ne) o)) for all n; € g.

Proof. The vertical distribution 4 admits a basis of G-invariant sections {Y} R O }.
For n € g, there are functions g/ € C°°(Q),j =1,..,nsothat ng = g’Y; and
hence 0 = [Y;, ngl = g’/[¥i, Y;] + Y;(g/)Y;. Then we obtain that
k(1) 0, M) ols (1) 0) = 8gp&er (1Vi, Yi1, Y1) + gogen (Yi(g))Y ), Y1)
— g8l (Y (gh)Yi, Y1)
= —gh g gl (1Yi, Y;1, Yi).

Conversely, we write ¥; = gf'n, and we repeat the computation. O
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As a direct consequence of Lemma 3.10, if the kinetic energy is strong invariant
onV, thenk([(na)o, (M) ol, (nc) @) = —k (Mb)@, [(Ma) 0 (Me) @) foralln; € g.
Hence, for each ¢ € Q, there is an ad-invariant inner product on g defined, at each

n,m2 € gby
1, m)g = k(M) o(q), (12)0(q)).

Therefore, there exists a family of bi-invariant metrics Kg; on G defined by Kg; (771L (2),
n5(8)) = (M. m)g-

Example 3.11. The symmetry group G is abelian. Consider a nonholonomic sys-
tem (M, Qulc, Hpy) With a G-symmetry, and let G be an abelian Lie group, then
the Lie algebra g is also abelian and the kinetic energy metric satisfies « ([(1) g,
(m)ol, 13)g) = 0 for all n; € g. Following Example 3.9, we have also that
k([Y1, Y21, Y3) = O for all G-invariant sections Y; on V and hence the kinetic
energy is trivially strong invariant on V.

Example 3.12. Horizontal symmetries. Consider a nonholonomic system (M,
Q e, Hag) with a G-symmetry satistying Conditions .A and with the bundle g —
Q admitting a global basis of G-invariant horizontal symmetries {71, ..., n} of the
bundle g x Q — Q. Then the vector space generated by the constant sections 7; is
an abelian subalgebra s of g and the kinetic energy metric is strong invariant on S.

3.3. Nonholonomic Noether Theorem

In this section we state the main result of this article: a nonholonomic ver-
sion of Noether Theorem which involves two fundamental results. Under certain
hypotheses, we first predict the exact amount of horizontal gauge momenta that a
nonholonomic system with symmetry admits, without the need of computing them.
Second, we establish a systematic way of constructing these horizontal gauge mo-
menta.

Given a nonholonomic system with a G-symmetry we add a fourth condition
to Conditions A:

Condition (A4). The G-symmetry satisfies that the manifold Q /G has dimension
1.

Condition (A4) can be equivalently formulated saying that the rank of any
horizontal space H defined as in (3.13) is 1. We stress that this case is meaningful,
since it is met, for example, in all the systems listed in Table 1.

Definition 3.13. Consider a nonholonomic system (M, Q|c, Hy) Wwith a G-
symmetry and let H be defined as in (3.13). We say that H is S-orthogonal if
it is given by

H:= St nD,

where the orthogonal space to S is taken with respect to the kinetic energy metric.
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The S-orthogonality condition implies that H is a G-invariant distribution,
while Condition (A4) guarantees that it is trivial, and thus H always admits a
(G-invariant) global generator Xy, that is also p,-projectable, with respect to the
projection on the G-orbits p, : O — Q/G.

Now, let (M, Qaqlc, Hyq) be a nonholonomic system with a G-symmetry
satisfying Conditions (A1)-(A4) (that is, the G-symmetry satisfies Conditions A
and Condition (A4)). Then there is a global G-invariant basis By, = {£1, ..., &} of
sections of gg and, as usual, we denote by ¥; := (§;) o the corresponding sections
on S. Taking into consideration also the generator X of H, the set {Xq, Y1, ..., Yi}
defines a global basis of D = H @ S. Following splitting (3.15), we also consider a
(possible non global) basis {Z1, ..., Zx} of the vertical complement W and we de-

note by (vO, vl Lok wl w™) the coordinates on T Q associated to the basis

Bro = {Xo, Y1, ... Yk, Z1, ...ZN}, (3.18)

(for short we write the coordinates (v°, v’, w?) associated to the basis Bro =
(X0, Y}, Zy})). If Brg = (X0, Y?, Z%}is the basis of T*Q dual to B0, wedenote
by (po, pi, pa) the induced coordinates on 7* Q. The constraint submanifold M
is described as

M = {(q, pos Pis Pa) € T*Q : pa = kaov® + kgjv?},

where pyg = koov® + Ko;jv’, and pi = kiov? + Kijvj, with kg9 = «(Xo, Xo),
koi = k(Xo,Y;), kij =« (Y;, Y}), koa = k(Xo, Zg) and k4j = k(Z4, Y;). We can
then define the dual basis

Bro ={X0, V', 2% dpo. dpi}  and By ={X0, Vi, Za, g, p;)
(3.19)
of T*M and T M respectively, where X0 = ILXO, Vo= T Yi, 24 = T, Z%.
Observe that, by the G-invariance of pg and p;, we have that ); = (&), and
Jl' =iyi®M = Dpi.
Next, we state a nonholonomic version of Noether Theorem. Recall that p,, : Q —
Q/ G denotes the orbit projection of a G-action on the configuration manifold Q.
Moreover, a G-invariant basis By, = {&1, ..., &} of the bundle g5 — @, defined
in (2.4), induces the G-invariant functions R;. on Q and functions R;. the functions
on Q/G, given by

R, ="k (V. 1Y), Xo) + & (Xo, [¥;. ¥iD]  and  pf R} = R}, (3.20)

where ¥; = (§;)p and k'l are the elements of the matrix [k|g]~', which is the
inverse of the restriction of the kinetic energy to S (the matrix with elements «;;).

Theorem 3.14. (Nonholonomic Noether Theorem) Consider a nonholonomic sys-
tem (M, Qqle, Hay) with a G-symmetry satisfying Conditions (Al)-(A4) and
with a S-orthogonal horizontal space H. Moreover assume that the kinetic energy
metric is strong invariant on S and that

Kk (Xo, [Y, Xo]) =0

Jor Xo a p,-projectable vector field on Q taking values in H and for all Y € T'(S).
Then
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(i) the system admits k = rank(S) G-invariant (functionally independent) hor-
izontal gauge momenta;

(i1) the k (functionally independent) G-invariant horizontal gauge momenta
can be written as

T = fiJi,

for Ji = i), Om with & € By and f} G-invariant functions on Q such
that the corresponding functions f; = (f_ll, ey flk)forl =1,...,kon Q/G, so
that fli = ,02 f[, are the k solutions of the linear system of ordinary differential
equations on Q/G

RS F7 = Xo(f) =0, (3.21)

where Ié; are the functions defined in (3.20) and X is the globally defined
vector field on Q /G such that Tp,(Xo) = Xo.

Proof. The proofis divided in two steps. In Step 1 we write the momentum equation
(3.17) in (global) coordinates, defined by the basis B7¢ in (3.18) and in Step 2 we
derive the system (3.21) from this coordinate version of the momentum equation.

Stepl. Let us consider the G-invariant basis By, = {&1, ..., &} in (2.10) with
Y; = (§)g fori =1, ..., k and the basis B7 ¢ and Br+¢ in (3.18). First, observe
that the 2-form (J, o) is semi-basic with respect to the bundle 7, : M — Q.
Let us denote by X}, X, any element in the subset {Xy, ), ..., Yk} of the basis
B in (3.19), and by X | := Tt (X)) and X5 := Tt (A2) the corresponding
elements in the basis of B7o. Then we have

(J, Kw) (X1, X2) = padZ (X1, X2) = —pa Z°([X1, X2])
= —(koav” + 1jav)) Z(1X1, X2)),
(J,d°Y' @ &)(X1, X2) = pidY' (X1, X2)
= —pi¥ ([X1, X2]) = — (ko + kijv)) Y (X1, Xa)),
= —ijv! Y (X1, Xa),
since ko; = 0 by the S-orthogonality of H. Using that [X, X»] € I'(V) (observe
that [¥;, Y;] € I'(V) since V is integrable, and [Xo, Y;] € I'(V) since X is Po-
projectable, see Lemma 2.7) then [ X, X2] = Z([ X1, X2 Zs + Y/ ([ X1, X2]Y;
and thus
(], o) (X1, X2) = =0 i (Xo, [X1, X2l) — v/ (Y}, [X1, Xal).

Second, using that Tty (Xnn(q, p)) = v0Xo + v'Y; (recall that Xy is a second
order equation) and also recalling that the functions f* are G-invariant on Q, we
obtain that the momentum equation in Proposition 3.3 is written as

0= fvJ, 0g5) Vi, Xo) + fv/(J, 0gs) Vi, Vi) + piv®Xo(f1).

Putting together the last two equations we obtain that a function J € C°° (M) of the
form J = f'J; is a G-invariant horizontal gauge momentum of the nonholonomic
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system (M, Q,|c, Hyq) if and only if the coordinate functions fi € COO(Q)G
satisfy

vlv/ (ffK(Yj, Vi YiD) ) + ()2 (f"x(xo, Y, xoD) + 00/ Po; =0, (3.22)

where Py; := f'(k (Y}, [Yi, Xo]) + «(Xo, [Y;, Y;1) — kij Xo(f").

Note that if the horizontal distribution H is not chosen to be S-orthogonal, then
the momentum equation (3.22) is modified in the second term.

In order to obtain the simplest form of the coordinate version of the momentum
equation, we require the orthogonality condition between H and S.

Step2. Next we show how the system (3.21) arises as a consequence of (3.22).

Since (3.22) is a second order polynomio in the variables (9, v), it is zero when
its associated matrix is skew-symmetric, that is when

(@) k(Y 1Y, Vi) = =« (Y;, [Y;, Yj]), forall i, j, 1 = 1, ..., k,
b) f'x(Xo, [Yi, Xo) =0,
(¢) Pyj =0,forall j =1, .., k.

First we observe that items (a) and (b) are trivially satisfied by the hypotheses
of the theorem (item (a) is just the definition of strong invariance). Second, we
prove that item (c) determines the system of ordinary differential equations (3.21)
defining the G-invariant functions £’ on Q.

Letus define the matrix [ N] withentries N;; = « (Y, [Y}, Xo)+« (Xo, [Y;, Y1)
and [« | 5] the kinetic energy matrix restricted to S (which is symmetric and invertible
with elements «;;). Then, the condition Pyp; = 0 is written in matrix form as
[N1f = [k|s1Xo(f) for f = (f1, ..., f©)!, which is equivalent to R.f = Xo(f)
for R the matrix with entries Rj. = [k]| S]ilNl‘,-. Therefore, item (c) is satisfied if

and only if the functions f = (f!, ..., f¥) are a solution of the linear system of
differential equations defined on Q
Rif! = Xo(f") =0, foreachi=1,..,k. (3.23)

Since Xo € I'(H) is p,-projectable, then there is a (globally defined) vector

field X( on Q/G such that Tp, (Xo) = Xo. Moreover, R; are also G-invariant
functions (x, X and Y; are G-invariant), and thus we conclude that the system
(3.23) is well defined on Q/G. That s, (3.23) represents a (globally defined) linear
system of k ordinary differential equations for the functions (', ..., f%) on Q/G,
that is written as

Iéj.ff — Xo(fy=0, foreachi =1, ... k. (3.24)

where Rj. are the corresponding functions on Q/G (recall that dim(Q/G) = 1).
The system (3.24) admits k independent solutions ﬁ = ( f_ll, ..... , flk) for | =
1, ..., k. Moreover, f; = ( fll, ..... , flk) with fli = pZ( fli) are k independent so-

lutions of (3.23) and hence J; = fli J;i are (functionally independent) G-invariant
horizontal gauge momenta for/ = 1, ..., k.

It is important to note that item (c) is the only item determining the functions
f', while the other two items are intrinsic conditions imposed on the nonholonomic
system. m]
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Remark 3.15. Based on the fact that dim(Q/G) = 1, the system R; fi=Xo(fH) =
0 defines a system of ordinary differential equations on Q/G that admits k indepen-
dent solutions, and that induces the desired horizontal gauge momenta. This system
of ordinary differential equations is also general, in the sense that it is constructed
by the characteristic elements of a nonholonomic system with symmetries as the
kinetic energy, the constraint manifold and the symmetry group. In Sect. 5, we will
write explicitly this system for different examples that, up to now, where studied
individually.

In the light of Definition 2.5, we can state

Corollary 3.16. (Conservation of the nonholonomic momentum map) Given a non-
holonomic system satifying hypotheses of Theorem 3.14, the k horizontal gauge
symmetries form a basis of I' (gs), and then the associated components of the non-
holonomic momentum map are conserved along the nonholonomic dynamics.

Observation 3.17. The momentum equation (3.22) does not depend on the po-
tential energy function but only on the G-invariance of it. As a consequence, the
horizontal gauge momentum 7, defined from Theorem 3.14, is a first integral of
M, Qusle, Hy = %K | m + U) for any G-invariant potential energy function U on
Q. Such a property, called weak-Noetherinity, has been first observed and studied
in [28,29,31]. ]

Corollary 3.18. Consider a nonholonomic system (M, Quqlc, Hp) with a G-
symmetry satisfying Conditions (Al1)-(A4) and with a strong invariant kinetic
energy on S. If the horizontal space H, defined in (3.13), is orthogonal to the
vertical space V (with respect to the kinetic energy metric), then the system ad-
mits automatically k = rank(S) G-invariant (functionally independent) horizontal
gauge momenta.

Proof. If V1 = H then H is S-orthogonal and also « (X, [¥;, Xo]) = O for all
i =1, ..., k. Thus we are under the hypotheses of Theorem 3.14. O

Observation 3.19. Since it is not always possible to choose H = V- with H C D,
in some examples we have to check that « (X, [Xo, Y]) = Oforall Y € T'(S).
This condition is equivalently written as « (X, [Xo, ¥;]) = Oforalli =1, ...,k
where Y; = (§;)o with &; elements of the G-invariant basis B4 in (2.10), which
is identically expressed as (£x,«)(Xo, Y;) = 0 or x(Vx,Y;, Xo) = O for V the
Levi-Civita connection associated to the kinetic energy metric. O

Guiding Example: nonholonomic oscillator. The nonholonomic oscillator de-
scribes a particle in Q = S' x R x S! with a Lagrangian given by L = %()&2 +
y2 + z%) — U(y) and constraints in the velocities z = yx. The constraint distribu-
tion is given by D = span{Y := 9, + yd,, dy}. The Lie group G = St x St acts
on Q so that V = span{dy, d,} and leaves D and L invariant. Then S = span{Y'}
and the kinetic energy metric is trivially strong invariant on S since rank(S) = 1
(in fact, it is strong invariant on V, see Example 3.11). Moreover, we see that
vi= span{dy} C D and hence defining the horizontal space H := VL, Corollary
3.18 guarantees the existence of one G-invariant horizontal gauge momentum.
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Next, we will follow Theorem 3.14 to compute the horizontal gauge momentum
J for this example. Let us consider the basis Brg = {Xo = 9y, Y = 9, +y9,, 9;}
of T Q with coordinates (9, v¥, v?). Observe that this basis induces the vertical
complement of the constraints W = span{d,}. Then on T*(Q we have the dual
basis Br+p = span{dy, dx, € := dz — ydx} with coordinates (po, py, p;). The
constraint submanifold M is givenby M = {x, y, z, po, py, Pz) : Pz = #py}.

Recall that G acts on Q defining a principal bundle p, : O — Q/G so
that p,(x,y,z) = y. The Lie algebra of the symmetry group is g = R? and
gs = span{§ = (1, y)} while gw = span{(0, 1)}. Following (2.11), the element
& € I'(gs) defines the function Jg = (J nh &) = py and the horizontal gauge
momentum will be written as J = f(y)py (f is already considered as a G-
invariant function on Q).
The momentum equation from Proposition (3.3): The function 7 is a horizontal
gauge momentaifandonly if f satisfies that £ (y)(J, og4) (Er, Xon)+py Xon(f) =
0. Since d®dx = 0 then (J, d%dx ® &) = 0 and thus the momentum equation
remains f(y)(J, Kw)(Ens Xon) + py f'(y) = 0.
The differential equation of Theorem 3.14: Next, we write the momentum equation
in coordinates as it is expressed (3.21). Since rank(S) = 1, the ordinary differential
equation to be solved, for f = f(y), is

RYf—f'=0, for R = obps k(0 1V, 85]) = =12

1
rag) el

Therefore, the solution f(y) = \/#7 gives the (already known) horizontal gauge
1
14+y2

We finally, we study the existence of horizontal gauge momenta for the case
when rank(H) = 0 (that is, Condition .44 does not hold but instead 0/ G = {x}).
We need observe that there are still & = rank(S) = rank(D) horizontal gauge
symmetries.

momenta J = py (whichin canonical coordinates gives 7 = /1 + y2 py).

Proposition 3.20. A nonholonomic system on a Lie group G for which the left
action is a symmetry and the kinetic energy metric is strong invariant on D, has k =
rank(D) horizontal gauge momenta (G-invariant and functionally independent).

Proof. In this case, T Q = V which means that Q >~ G and the only G-invariant
functions are the constant functions. Consider a G-invariantbasis B4, = {&1, ..., &}
of I'(gs). We have to check that the momentum equation (3.17) is satisfied only
for constant functions. In fact, ¢ = f'& is a horizontal gauge symmetry if and if
fi € C>®(Q)¢ and

Filvliey;, 1Y, vl) =0, (3.25)

for (§;)po = Y;. Since the kinetic energy is strong invariant on D = §, then
fl'=1and f/ = 0fori > 1 is a solution of (3.25) and hence & is a horizontal
gauge symmetry. Therefore, the sections of the basis B4 are k horizontal gauge
symmetries. O

As illustrative examples, see the vertical disk and the Chaplygin sleigh in [28]
and [11], respectively.
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4. Existence of Horizontal Gauge Momenta and Related Consequences on
the Dynamics and Geometry of the Systems

4.1. Integrability and hamiltonization of the reduced dynamics

As we saw in Sect. 2.1, a nonholonomic system (M, Q,|c, Hyg) with a G-
symmetry can be reduced to the quotient manifold M /G and the reduced dynamics
is given by integral curves of the vector field X;.q on M/G defined in (2.5).
Moreover, since the hamiltonian function H,, on M is G-invariant as well, it
descends to a reduced hamiltonian function Hyeq on the quotient M /G, i.e., Hy, =
p* Hyed, and as expected, it is a first integral of Xeq. The following Lemma will be
used in the subsequence subsections.

Lemma 4.1. If (M, Qlc, Hry) is a nonholonomic system with a G-symmetry
satisfying Conditions (A1), (A2) and (A4) then dim(M/G) = k + 2, where
k = rank(S).

Proof. From (3.15), we have that D = H @ S and thus we observe that rank(D) =
k 4+ 1, since rank(H) = dim(Q/G) = 1 and rank(S) = k. Then dim(M) =
dim(Q)+rank(D) and hence, since G acts on T* Q by the lifted action, dim(M/G) =
dim(Q/G) + rank(D) = k + 2. O

Integrability of the reduced system In this Section, we recall the concept of
‘broad integrability’ and we show that the reduced dynamics Xeq on M/G of
a nonholonomic system (M, Q|c, Hrg) with a G-symmetry satisfying the hy-
potheses of Theorem 3.14, is integrable by quadratures or geometric integrable,’
and if some compactness hypothesis is satisfied it is also ‘broadly integrable’. In or-
der to perform our analysis we identify broad integrability, which extends complete,
or better non-commutative, integrability outside the Hamiltonian framework, with
quasi-periodicity of the dynamics. We base our analysis on the characterization of
quasi-periodicity outside the hamiltonian framework, introduced in [13] (see also
[25,34,58]).

Definition 4.2. A vector field X on a manifold M of dimension n, is called broad
integrable, if

(i) there exists a submersion F = (f1, ..., fu_q) : M —> R"~¢ with compact
and connected level sets, whose components f1, ..., f,—g are first integrals of
X,ie. X(f;) =0,foralli =1,...,n—d,

(ii) there exists d linearly independent vector fields, Y1, ..., Yy on M tangent
to the level sets of the first integrals (i.e., Yo (f;) = Oforalla = 1,...,d and
foralli =1, ..., n — d) that pairwise commute and commute with X 3

As in the hamiltonian case, being broad integrable, has important consequences
in the characterization of the dynamics and the geometry of the phase space.

2 We recall that integrability by quadratures is also called geometric integrability, see [52].
3 The vector fields ¥ 1,..., Yq are also called dynamical symmetries of X.
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Theorem 4.3. ([13,34,58]) Let M be a manifold of dimension n. If the vector field
X on M is broad integrable, then

(i) for each ¢ € R"4 the level sets F~Y¢) of F on M are diffeomorphic to
d-dimensional tori;

(ii) the flow of X is conjugated to a linear flow on the fibers of F. Precisely,
for each ¢ € R"™4, there exists a neighbourhood U of F~'(c) in M and a
diffeomorphism

®:U— FU) xT¢
m —> ®(m) = (F(m), p(m))

which conjugate the flow of X on U to the linear flow
F=0, ¢=o(F);
on F(U) x ’H‘d,for certain functions w; : F(U) — R.

Now, we go back to our nonholonomic system (M, Q,|¢, Hyq) with a G-
symmetry. If we assume that the hypotheses of Theorem 3.14 are satisfied, then the
nonholonomic system admits & = rank(S) (functionally independent) G-invariant
horizontal gauge momenta. This fact, plus recalling that Heq is a first integral of
Xreq and the fact that reduced manifold M /G has dimension k + 2, ensures that
the reduced dynamics Xyq is integrable by quadratures. Moreover, if the joint level
sets of the first integrals are connected and compact the reduced dynamics satisfies
the hypotheses of Theorem 4.3 and it is then broad integrable on circles. We can
summarize these integrability issues as follows:

Theorem 4.4. Consider a nonholonomic system (M, Qr, Hxg) witha G-symmetry
satisfying Conditions (A1)-(A4). If the hypotheses of Theorem 3.14 are fulfilled,
then

(i) The vector field Xyeq admits k 4 1 (functionally independent) first integrals
{jl, e, jk, Hieq} on M/ G, where Hyeq is the reduced hamiltonian,;

(ii) The map F = (Ji, ..., Tk, Heq) : M/G —> RFtU s a surjective
submersion. The non equilibrium orbits of the reduced dynamics X eq are given
by the joint level sets of (j Ly evns jk Hieq), and hence the reduced dynamics
is integrable by quadratures;

@iii) If the map F = (jl, e, jk, Hieq) : M/G — Rk+1 is proper, then the
reduced dynamics is broad integrable and the reduced phase space inherits the
structure of a S'-principal bundle.

Hamiltonization The non-hamiltonian character of a nonholonomic system can
also be seen by the fact that the dynamics is not described by a symplectic form or
a Poisson bracket. More precisely, as we have seen in Sect. 2.1, the restriction of
the 2-form €2, on the distribution C is nondegenerate and hence it allows to define
the nonholonomic bracket {-, -}, on functions on M (see [39,45,55]), given, for
each f € C*(M), by

Xy ={ flan if andonlyif iy, Qulc = dflc, (4.26)
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where ()| denotes the point-wise restriction to C. The nonholonomic bracket is an
almost Poisson bracket on M (see Appendix A for more details) with characteristic
distribution given by the nonintegrable distribution ¢ and we say that it describes
the dynamics since the nonholonomic vector field Xy, is hamiltonian with respect
to the bracket and the hamiltonian function H 4, i.e.,

Xnh = {'s HM}nh- (4~27)

In this framework, we use the triple (M, {-, -}uh, Hrq) to define a nonholonomic
system.

If the nonholonomic system admits a G-symmetry, then the nonholonomic
bracket {-, -},n is G-invariant and it defines an almost Poisson bracket {-, -};eq On
the quotient space M /G given, for each f, g € C*(M/G), by

{f.8hea o p(m) ={fop,gophmim), meM, (4.28)

where p : M — M/G is, as usual, the orbit projection (see Appendix A). The
reduced bracket {-, -};eq describes the reduced dynamics Xyeq (defined in (2.5))
since

Xred = {', Hred}red-

The hamiltonization problem studies whether the reduced dynamics Xyeq is
hamiltonian with respect to a Poisson bracket on the reduced space M /G (that
might be a different bracket from {-, - };eq).

One of the most important consequences of Theorem 3.14 is related with the
hamiltonization problem as the following theorem shows.

Theorem 4.5. If a nonholonomic system (M, {-, -}nn, Hat) with a G-symmetry
verifying Conditions (A1)-(A4) satisfies the hypotheses of Theorem 3.14, then
there exists a rank 2-Poisson bracket {-, -} on M/G describing the reduced
dynamics as follows:

red

Xred = {- Hred}i}(?w’
for Hyeq : M /G — R being the reduced hamiltonian.

The problem of finding the bracket {-, -}2‘?\’1, once k horizontal gauge momenta
exist, was already studied in [8,37]). However here, in the light of the techniques
introduced to prove Theorem 3.14, we take a different path to put in evidence the
role played by the momentum equation. More precisely, first we study how different
choices of a (global G-invariant) basis B4, of I'(gs) generate different rank 2-
Poisson brackets on M/G. If the nonholonomic system admits k (functionally
independent G-invariant) horizontal gauge symmetries then there will be a rank 2-
Poisson bracket {-, ~}r3;5m that describes the dynamics which is defined by choosing
the basis of I'(gg) given by the horizontal gauge symmetries. Then we show how
{- ~}§(‘f’v‘ depends on the system of differential equations (3.21). For the basic
definitions regarding Poisson brackets, bivector fields and gauge transformations

see Appendix A.
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Let us consider a 2-form B on M that is semi-basic with respect to the bundle
M+ M — Q. The gauge transformation of {-, -}, by the 2-form B gives the
almost Poisson bracket {-, -} p defined, at each f € C*°(M), by

ix; (u + B)lc = dflc ifandonlyif X;={ f}s.

If the 2-form B is G-invariant, then the bracket {-, -} is also G-invariant and
it can be reduced to an almost Poisson bracket {-, }r 4 on the quotient manifold
MG given, ateach f, g € C*°(M/G), by

{(f. 8} 0p(m)={fop,goplsim), (4.29)

where m € M, Diag. (A.51) (see also [6,36]).
Let B4, be a global G-invariant basis of I'(gs) and recall from (2.11) the
associated G-invariant momenta J;.

Proposition 4.6. Consider a nonholonomic system (M, {-, -}nn, Haq) with a G-
symmetry satisfying Conditions (A1)-(A3). Given a (global G-invariant) basis B g
of I'(gs), the associated 2-form B, = (J, o) induces a gauge transformation of
the nonholonomic bracket {-, -}nn so that

(i) the gauge related bracket {-, -} p, on M is G-invariant;

(ii) The induced reduced bracket {-, }red on M/ G is Poisson with symplectic leaves
given by the common level sets of the momenta J;, where J; € C*®*(M/G) so
that p*J; = J;. In particular, if Condition (A4) is satisfied, then the Poisson
bracket {-, -}p, has 2-dimensional leaves.

Proof. (i) By construction, we see that the 2-form (J, og) is semi-basic with
respect to the bundle M — Q and, by Lemma 3.2, it is G-invariant as well.
Therefore, the gauge transformation by the 2-form (J, o) defines a G-invariant
almost Poisson bracket {-, -} 5, .

(ii) The G-invariant bracket {-, -} g, induces, on the quotient space M/ G an
almost Poisson bracket {-, }red It is shown in [8, Proposition 3.9] that {-, } od 18
a Poisson bracket with symplectic leaves given by the common level sets of the
momenta J; € C®°(M/G).* O

Note that the reduced nonholonomic vector field Xq might not be tangential
to the foliation of the bracket {-, }red

Definition 4.7. We say that a nonholonomic system (M, {-, -}nn, Haq) With a G-
symmetry is hamiltonizable by a gauge transformation if there exists a G-invariant
2-form B so that {-, ~}r‘Zd is Poisson’ and

Xred = {» Hrea)24 (4.30)

for Hieq : M — R being the reduced hamiltonian.

4 In the notation of [8], By corresponds to the 2-form By but for any G-invariant basis of
I'(gs). The bracket {-, - }B g 1s denoted by {-, } o4 10 the cited reference.
5 More generally, the bracket {-, }red can be conformally Poisson.
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Definition 4.8. [6] A gauge transformation by a 2-form B of the nonholonomic
bracket {-, -}nn is dynamical if B is semi-basic with respect to the bundle M — Q
and ix, B = 0. That is, if B induces a bracket {-, -}  that describes the nonholo-
nomic dynamics: Xph = {-, Hu)B-

Therefore, once we know that different 2-forms of the type B, (recall that
different choices of basis of I'(gs) define different 2-forms) produce different
Poisson brackets on the reduced space, we need to find the one that is dynamical,
if it exists.

Observe that if the system admits k (G-invariant) horizontal gauge momenta,
then we have a preferred basis Bugs = {¢1, ..., {k} of ['(gs) given by the horizon-
tal gauge symmetries. Let us denote by ongs the 2-form o (defined in (3.16)),
computed with respect to the basis Bygs, and by Brgs := (J, ougs). The proof
of Theorem 4.5 is based on the following two facts: on the one hand, Bygs defines
a dynamical gauge transformation and on the other hand (by Proposition 4.6) the

resulting reduced bracket {-, -}iPdU"[ is Poisson.

Proof of Theorem 4.5. Under the hypotheses of Theorem 3.14, the nonholonomic
system admits k G-invariant horizontal gauge momenta {71, ..., Ji} with the cor-
responding G-invariant horizontal gauge symmetries that generate a basis Bugs =
{¢1, ...¢k}of ' (gs). Following [8, Theorem 3.7] and, in particular [8, Corollary 3.13]
since rank(H) = 1, the 2-form Bygs = (J, oggs) associated to the basis Bygs
induces a dynamical gauge transformation and hence the induced reduced bracket
{- ~}feﬁm describes the reduced dynamics: Xpeq = {-, Hred}iﬁf]"‘. This bracket is
then Poisson with symplectic leaves defined by the common level sets of the hori-

zontal gauge momenta {71, ..., Jx} (Proposition 4.6). O

The following diagrams compare Proposition 4.6 with Theorem 4.5. The first
diagram illustrates the case when we perform a gauge transformation by a 2-form B,
(associated to the choice of a basis B, of I'(gs), Proposition 4.6) while the second
one illustrates the case when the 2-form is Bygs (associated to the basis Bygs
given by horizontal gauge momenta, Theorem 4.5). In both cases, we obtain that
the resulting reduced brackets {-, -}rIZ‘(’l and {-, -}iﬁiﬂ“ are Poisson. However, {-, -}rBeE
might not describe the reduced dynamics since B, is not necessarily dynamical. On

the other hand, Bygs is always dynamical and thus the reduced bracket {-, ~}£ﬁm

describes the dynamics: Xyeq = {-, Hred}zﬁim.
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gauge transf

(M’ {'7 ‘}nh, HM) % (M’ {'7 '}Bg)

reduction l \L

(M/G, (-, hed> Hrea) (M/G, {-, -}

red

dynamical gauge transf
by Buas
(M’ {‘7 '}l’lh’ H./\/l) - (M’ {'7 '}B]{]Mv H/\/l)

reduction l i

(M/G, (-, hed> Hrea) (MG, {-, )25 Hiog)

red

Remark 4.9. Under the hypotheses of Theorem 4.5, the functions { H 4, J1, ..., Jk}
are in involution with respect to the bracket {-, -} g,q,, Where {71, ..., Jk} are the
horizontal gauge momenta defined by Theorem 3.14. In addition, also the reduced
functions { Hyeq, T Ly ees jk} on M /G are in involution with respect to the reduced
bracket {-, -}BHGM. However these functions are not necessarily in involution with

red
respect to the brackets {-, -}nn and {-, - }red, respectively.

In many cases, the horizontal gauge momenta cannot be explicitly written,
instead they are defined in terms of the solutions of the system of differential
equations (3.21). Next Theorem gives the formula to write explicitly the dynamical
gauge transformation Bygs (and as a consequence the Poisson bracket {-, -}rifim) in
achosen basis B 4 that is not necessarily given by the horizontal gauge symmetries.

Examples 5.2 and 5.3 make explicit the importance of the following formula:

Theorem 4.10. Consider anonholonomic system described by the triple (M, {-, -}nn,
Hyy) with a G-symmetry verifying Conditions (A1)-(A4). Let Bg; = {&1, ..., &}
be a global G-invariant basis of I'(gs) and X a p-projectable vector field on Q
generating the S-orthogonal horizontal space H. If the hypotheses of Theorem 3.14
are satisfied, then the 2-form Bugs is written with respect to the basis By as

Bugs = (J, onGs) = (J, Kw) = (J, RIXO AV @ &) + (J,dY' ® &),
= pad®e® — J;iR\XO A YT + J;dCY
' (4.31)
for R;- and J; being the functions defined in (3.20) and (2.11), respectively, and

X0 = tj‘(,lXO, V= Ty Yi et = Tx€? being the corresponding forms on M.

Proof. In order to prove formula (4.31), consider the basis B4, = {£1, ..., &} (not
necessarily given by horizontal gauge symmetries), and define the corresponding
functions J; as in (2.11). If we denote by F' the fundamental matrix of solutions
of the system of ordinary differential equations (3.21) (i.e., the columns of F are
the independent solutions ( fll, s flk)) and by R the k x k-matrix with entries R,
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then

T Ji
R.F =Xo(F) and J=F"J, where J=|: and J=|: |.@432)
Tk Jx

Moreover, let us denote by y{{GS the 1-forms on M such that yﬁGS((Q) M) = bil
and Vigsln = Vigslw = 0. Then if Yigs = Vs -+ Vigs)? we have that
Yugs = F7'Y where Y = (Y1, ..., YT . Hence

(J,dVigs ® &) =TT “Yngs = JT Fd°(F~'Y)
=JTFXo(F HYAXONY +JTFFay
=—JF(F ' Xo(F)F YA A Y +J7d%Y
=—JTRXOAY +JTacy
=— LiRIXO AT +(1.d°V ®&).

Finally, we conclude, using Definition 3.1, that
Bugs = (J, Kw) + (1, d°Viigs ® &) = pad®e® — TiRZXO A YT + Jid°Y'

Observation 4.11. Following Example 3.12 and Corollary 3.5, a nonholonomic
system with a G-symmety that admits a basis of gg — Q given by G-invariant
horizontal symmetries is hamiltonizable without the need of a gauge transformation
(i.e., Bugs = 0 in this case, see [8]) O

4.2. Horizontal gauge momenta and broad integrability of the complete system

In the previous subsections we have studied the dynamics and the geometry of
the reduced system. Under the hypotheses of Theorem 3.14 the reduced dynam-
ics is integrable by quadratures, and if the joint level sets of the first integrals are
connected and compact the reduced dynamics consists of periodic orbits or equilib-
ria. Moreover the reduced system is hamiltonizable via a rank-2 Poisson structure,
whose (global) Casimirs are the k horizontal gauge momenta. In this Section we
aim to obtain information on the dynamics and geometry of the complete system.
We will then focus in the case in which the reduced dynamics is periodic and, by
using techniques of reconstruction theory, we will see that if the symmetry group
G is compact, then the dynamics of the complete systems is quasi-periodic on tori
of dimension at most rank G + 1, where rank G denotes the rank of the group, i.e.
the dimension of the maximal abelian subgroup of G. If the symmetry group G
is not compact, the complete dynamics can be either quasi-periodic on tori or an
unbounded copy of R, depending on the symmetry group. Some details on these
aspects are reviewed in Appendix B, but see also [2,33]. We thus show how the
broad integrability of the complete dynamics of these type of systems is deeply
related to their symmetries, that are able to produce, not only the right amount
of dynamical symmetries, but also the complementary number of first integrals.
We will then apply these results to the example of a heavy homogeneous ball that
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rolls without sliding inside a convex surface of revolution (see Sect. 5.3). This case
presents a periodic dynamics in the reduced space, and a broadly integrable com-
plete dynamics on tori of dimension at most three, thus re-obtaining the results in
[26,38].

We say that a G-invariant subset P of M is a relative periodic orbit for Xpp, if
it invariant by the flow and its projection on M/ G is a periodic orbit of Xyeq. Now,
we can summarize these results as follows:

Theorem 4.12. Let us consider a nonholonomic system (M, Qaqlc, Hag) with a
G-symmetry satisfying Conditions (A1)-(A4). Assume that the hypotheses of The-
orem 3.14 are fulfilled, and that the reduced dynamics is periodic, then

(i) if the group G is compact, the flow of Xnn on a relative periodic orbit P
is quasi-periodic with at most rank G + 1 frequencies and the phase space if
fibered in tori of dimension up to rank G + 1.

(1) if G is non-compact, the flow of Xpn on a relative periodic orbit P is
either quasi-periodic, or a copy of R, that leaves every compact subset of P as
t — 400.%

Proof. To prove this result we combine the results on integrability of the reduced
system given by Theorem 4.4 with the results on reconstruction theory from periodic
orbits recalled in Appendix B.

More precisely, we confine ourselves to the subspace of the reduced space
M/ G in which the dynamics is periodic. Then, if the symmetry group is compact,
the reconstructed dynamics is generically quasi-periodic on tori of dimension d 41,
where r is the rank of the group [23,35,38,43]. The phase space, or at least a certain
region of it, has the structure of a T9+! fiber bundle, (see [26] for details on the
geometric structure of the phase space in this case). On the other hand if the group is
not compact, the reconstructed orbits are quasi-periodic or a copy of R that ‘spirals’
toward a certain direction. O

5. Examples

5.1. The snakeboard

The snakeboard is a derivation of the skateboard where the rider is allowed to
generate a rotation in the axis of the wheels creating a torque so that the board
spins about a vertical axis, see [12,49]. We denote by r the distance from the center
of the board to the pivot point of the wheel axes, by m the mass of the board, by
J the inertial of the rotor and by J; the inertia of each wheel. Following [12] we
assume that the parameters are chosen such that J + 2J; 4+ Jo = mr2, where J
denotes the inertia of the board. The snakeboard is then modelled on the manifold
Q0 = SE®2) x S! x S! with coordinates ¢ = (0, x, y, ¥, ¢), where (0, x, y)

6 A dynamical behaviour that leaves every compact subset of P as t — Foo is usually
called drift or drifting motion (see [33] for a discussion on this fact).
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Fig. 1. The snakeboard

represent the orientation and position of the board, v is the angle of the rotor with
respect to the board, and ¢ is the angle of the front and back wheels with respect
to the board (in this simplified model they are assumed to be equal).

The Lagrangian is given by

1 . 1._. .. .
L(g.q) = zm(;ﬂ + 32+ %% + EMZ + I + Jo*.

The nonholonomic constraints impose that the front and back wheels roll without
sliding and hence the constraint 1-forms are defined to be

o' = —sin(@ + ¢) dx + cos(6 + ¢) dy —rcos ¢ do,

) (5.33)
w —sin(@ — ¢) dx + cos(6 — ¢)dy + rcos ¢ do.

Note that w' and w? are independent whenever ¢ # /2. Therefore, we define the
configuration manifold Q so thatg = SE(2) x S U'x (=m/2, 7/2). The constraint
distribution D is given by

D = span{Yy :=sinpdyp — r cos ¢ cos 00, — r cos ¢ sin 09y, dy, dp}. (5.34)

The existence of horizontal gauge momenta. The system is invariant with respect
to the free and proper action on Q of G = SE(2) x S! given by

C((a,a,b;B), (0, x,y, Y, 9))
=0+ a,xcosa —ysina +a,xsina+ ycosa + b, ¥y + B, p),

and hence V = span{dy, dy, 0y, dy} and S = span{Yy, dy } (see [12,15]). First, we
observe that [Yy, dy ] = 0 and hence the kinetic energy metric is trivially strong
invariant on S. Second, H := span{dy} and it is straightforward to check that vt =
H. Then, by Corollary 3.18(i) the system admits 2 (functionally independent) G-
invariant horizontal gauge momenta.

The computation of the of horizontal gauge momenta. Let us consider the
adapted basis to TQ = D @ W, given by Brg = {Yy, 0y, dg, Z1, Z2}, where

Z =
2cos ¢

1
(— sin 09y + cos 00y — —89) and
r

1
Zy . <— sin 09, + cos 09y + —89) .
r

- 2cos ¢
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Denoting by (pg, py, ps, P1, p2) the coordinates on T*(Q associated to the dual
basis

Breg = (@ i= — -7 (cosOdx + sinOdy), dy, dp, o', w?},

" rcosd

we obtain that

(mr?=J)sing mr cos ¢

Mz[(q;pe,pw,pqs,m,pz) : p1=—pz=—%( oA Po + TR pw)},

where A = A(¢) = mr? — Jsin? ¢ (recall that A(¢) > 0, since mr? > J).

We consider the global basis of gs givenby B4, = {§1 = (sin ¢, —r cos ¢ cos 0+
v, —rcos¢sinf —x;0),& = (0,0,0; 1)}, and we observe that (§1)p = Yy and
(£2)¢ = . Following (2.11), J; = (J™, &) = pg and J, = (J™, &) = py,.

The function J = fy(¢)pe + fy (¢)py is a horizontal gauge momentum if
and only if R. f = f” where R is the 2 x 2 matrix given in (3.21), f = (fy, fy)'
and f' = (fy, f(p) for f) = %fg (analogously for fm/p)' In our case, using that
{Yy, 0y} is a basis of S and Xy = 9y, we obtain

A
3 . _f mr® Jsing _ 0 0
R=1[kls]"'N, for[xls] = (Mnd, 7 ) and N = (—Jcos¢ 0)'

Hence, we arrive to the linear system

cos ¢ Jsing 0 fo _ fo
& <_sz cos 0) (ﬁv) = <fz> : (5.35)

which admits 2 independent solutions: f] = ( ff, f;//), with f19 = ﬁ, flw =

- f@1 sin ¢, and f = (0, 1). Therefore the horizontal gauge momenta can be written
as

T = ﬁ (po — py sing) and o = py. (5.36)

Remarks 5.1. (i) On the one hand, since &; is a horizontal symmetry, it is ex-
pected to have /> = py conserved (Cor. 3.5). On the other hand, the horizontal
gauge momentum 7] is realized by a non-constant section ¢, and we recover
the expression of 77 given in [15] 7,

(ii) The horizontal gauge momenta (5.36) can also be obtained from the momen-
tum equationin Proposition 3.3, whichin case is written as fy(J, ogs) (Yo, Xnn)+
Sy J, 045) Oy, Xan) + po Xon(fo) + py Xan(fy) = 0.

Hamiltonization and integrability. The system descends to the quotient mani-
fold M /G equipped with coordinates (¢, pg, po, py). The G-invariant horizontal
gauge momenta J1, J2 in (5.36) and the hamiltonian function H,,, also descend
to functions 7}, J» and Hyeq on M/G.

Integrability. Since the reduced space M/ G is 4-dimensional, Theorem 4.4 guar-
antees that the reduced dynamics is integrable by quadratures. We observe that the

7 We thank the referee for bringing this reference to our knowledge.
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reduced system is not periodic, thus we cannot say anything generic on the complete
dynamics nor on the geometry of the phase space.

Hamiltonization. Theorem 4.5 guarantees that the system is Hamiltonizable. In
order to write the Poisson bracket on M/ G that describes the dynamics, we compute
the 2-form Bygs in terms of the basis Brg = {Y1 = Yy, Y2 = 0y, Xo =
04, Ox, 0y} using Theorem 4.10. Let us denote by R; the elements of the matrix R
in (5.35), and using Thm. 4.10 (note that R! = R% = 0) we have that

Bugs = (J, Kyw) — paRid¢ A d6 — py RIdp A dO + pedag.
Following Sect. 3.1 we compute

(1, Kw)le = F(prdo’ + *(p2)da?|c
2 : 2
=- (""20:1,?2‘“% + 2 X’S"’pw) dg A agle.

Finally, substituting R!, R% and using that dog|c = tan ¢ d¢ A ag we obtain that
Bugs = 0.
As a consequence of Theorem 4.5 the reduced bracket g Which is given by

cos ¢

Tred = g A dpy + XETsind pg —mr?py)dp, Adp,,

is a Poisson bracket on M/G with 7; and 7> playing the role of Casimirs. The
reduced nonholonomic vector field is then Xeq = {*, Hred }red-

Observation 5.2. The G-symmetry considered in this paper is different than the
one considered in [4, 8], therefore the reduced bracket obtained here is not the same
as the one presented in these citations. Moreover, in [4,8], the snakeboard was
described by a twisted Poisson bracket (with a 4-dimensional foliation) while here,
we show that the snakeboard can be described by a rank 2-Poisson bracket. |

5.2. Solids of Revolution

Let Bbe astrongly convex body of revolution, i.e., abody which is geometrically
and dynamically symmetric under rotations about a given axis ([5,23]). Let us
assume that the surface S of B is invariant under rotations around a given axis,
which in our case is chosen to be e3. Then its principal moments of inertia are
]I] = ]12 and H3.

The position of the body in R? is given by the coordinates (g, X) where g €
SO (3) is the orientation of the body with respect to an inertial frame (ey, ey, e;)
and X = (x, y, z) € R is the position of the center of mass. Denoting by m the
mass of the body, the lagrangian L : T(SO(3) x R?) — R is given by

1 1.
L(g. % 2,%) = (12, 2) + §m||x||2 + mg(x, e3),

where = (21, 2, ©23) is the angular velocity in body coordinates, (-, -) repre-
sents the standard pairing in R3 and g the constant of gravity.
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(% €y

Fig. 2. Solid of revolution rolling on a horizontal plane

Let s be the vector from the center of mass of the body to a fixed point on the
surface S. If we denote by ¥ = (y1, ¥2, ¥3) the third row of the matrix g € SO(3),
then s can be written as s : S — S so that

s(¥) = (e(¥3)vi, 0(3)v2, $(¥3)) = 0(¥3)y — L(y3)es,

where 0 = 0(y3), ¢ = ¢(y3) are the smooth functions defined in [23], and L =
L(y3) = o(yyy3 — ¢. The configuration space is described as

0={(gx) eSOB) xR : z=—(y,s)},

and it is diffeomorphic to SO(3) x R2. The nonholonomic constraint describing
the rolling without sliding are written as

xs+b=0,

where b = g'x (with g’ the transpose of g).

Let us consider the (local) basis of T Q given by {X}, X%, X%, 9., 9}, where
X IL are the left invariant vector fields on SO (3) and we denote the corresponding
coordinates on 7' Q by (2, x, ¥). Then the constraint distribution D is given by
D = span{X1, X, X3}, where

Xi = XF+ (a0 x 5)idx + (B x 5)idy + (¥ x )0,

for a and B the first and second rows of the matrix g € SO(3). The constraints
1-forms are

€' =dx — (a,s x A) and e2=dy—(ﬂ,s><l),

where A = (A1, A2, A3) are the (Maurer-Cartan) 1-forms on SO (3) dual to the left
invariant vector fields {X I x % X %}.

The symmetries. The Lagrangian and the constraints are invariant with respect to
the action of the special Euclidean group S E(2) acting on Q, ateach (g; x,y) € Q,
by

W ((h; a, b)), (g;x, ) = (h.g; h.(x, ) + (a, b)),
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hO
01
symmetry of the body makes also the system invariant with respect to the right §'-
action on Q given by Wi (hg, (g, x,y)) = (gfzgl, he(x, y)"), where we identify
6 e S! with the orthogonal matrix hg € SO(2).

Therefore, the symmetry group of the system is the Lie group G = S' x SE(2),
with associated Lie algebra g ~ R x R x R?. The vertical space V is given by

where & € SO(2) is an orthogonal 2 x 2 matrix and h = ( > € SO(3). The

V =span{(n1)g = —X3L — Y0y + x0y,
(m)o = (¥, XE) — ya, +xdy, (13)0 = dx, (1) =y},

where n; are the canonical Lie algebra elements in g and X = (X, XL x£). We
observe that the action is not free, since (1;) o (g, x, y) are not linearly independent
at y3 = 1. We check that the dimension assumption (2.3) is satisfied: TQ = D+ V.
Let us choose W = span{0dy, d,} as vertical complement of the constraints and then
the basis of T'Q adapted to the splitting (2.6) is Br g = {X1, X2, X3, 9y, 9y}, with
dual basis given by Br«p = {A1, A2, A3, €l 62}. The associated coordinates on
Tq*Q are M, K, K») for M = (M1, M>, M3) and the submanifold M of T*Q is
then described by

M={(g. x,y: M, Ky, K2) : K =m(a,sx&), Ky=m(B,sxQ)}, (537

where M = [ + ms x (R x s). The horizontal gauge momenta are functions on
M linear in the coordinates M;.

The existence of horizontal gauge momenta. First, we observe that the G-action
satisfies Conditions (A1)-(A4) outside y3 = %1 and thus, in what follows, we will
work on the manifolds Q0 C Q and M C M defined by the condition y3 # +1.
Second, we consider the splitting

TO=HoS®W, (5.38)

where S = DNV = span{Y] := X3, Y2 = (y,X)}, with X = (X1, X2, X3)
and H is generated by Xo = y1 X2 — 2 X (observe that H = stn D). Now, we
check that the kinetic energy is strong invariant on S: in this case, it is enough to
see that «([Y7, Y21, Y1) = 0 and «([Y7, Y2], Y2) = 0. These two facts are easily
verified using simply that [ X iL, X 5‘] =X ,f fori, j, k cyclic permutations of 1, 2, 3.
In the same way, we also check that « (Xo, [¥;, Xo]) = 0, for i = 1, 2. Therefore,
by Theorem 3.14, we conclude that the system admits 2 = rank(S) G-invariant
(functionally independent) horizontal gauge momenta 71, J> on M (recovering
the results in [17,23]).

The computation of the 2 horizontal gauge momenta. In order to compute the
horizontal gauge momenta, we consider the basis B4, of I'(gs — Q), defined by

By =161 := (1;0, (h1, h2)), & = (0; 1, (g1, g2)},

where hy = hi(g,x,y) = y + 0B3, ho = ha(g,x,y) = —x — a3 and g =
g1(g,x,y) =y — LB3, g = g2(g,x,y) = —x + Laz. The components of the
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nonholonomic momentum map, in the basis B4, are given by

Ji=(J™ &) =iE),Om=—M; and
J = (T™ &) = i) Om = (¥, M),

where we are using that (§1)p = Y7 and (§2) g = Y2, see (2.11). Then, a function
J = fiJ1 + f>J2 is a horizontal gauge momentum if and only if the coordinate
functions (f1, f2) satisfy the momentum equation (3.17)

f1{J, og5) V1, Xan) + f2(J, 0g5) V2, Xon) — M3 Xan(f1) + (¥, M) X (f2) = 0.

That is, considering the basis, %Té = {Xo, Y1, Y2, 0y, 0y}, the G-invariant
coordinate functions (f1 = f1()3), f» = fz()ﬁ)) are the solutions of the system
of ordinary differential equations (defined on Q/G)

A (%ot P
<f2> (Xo(f2)>’ for R = [k[s]""[N], (5.39)

where Xo = Tps(Xo) = (1 — ¥3)0y,, the matrix [N] has elements N, =
k (Y7, [Yi, Xo]) — k(Xo, [¥;, ¥;]) that in this case gives

—0A  o(B—(y, s)))
B

forA=0'(1-y})—oysand B=L'(1—y})—Lys —(y,s) (with (-) =
and

)

- dV3

els] = ( I3 +mo*(1—y3)  —Lays — Lmo(l — y32))
~La3ys — Lmo(1 — y3) (y.Iy) + L*m(1 — y3))

The system (5.39) admits two independent solutions fi = ( f1 , f12) and f2 =
( f2 f2 ) on Q /G and therefore we conclude that the two (G-invariant) horlzontal
gauge momenta /] and J, are

Ji=—fiMs + fEHy. M) and Jo = —fr M3+ f3(y. M), (5.40)

where f]’ = pgfjl fori,j=1,2.

Observations 5.3. (i) For f = (f", 1 f 2y, the system (5.39) is equivalently
written as (1 — 3 2)~1Rf = f’. Therefore, we recover the system of ordinary
differential equations from [5,17,23] (and [9] for the special case of the Tippe-
Top and of the rolling disk).

(1) The G-invariant horizontal gauge momenta 71, J> descend to the quotient
M /G as functions J;, J» that are functionally independent. It has been proven
in [23] that the functions J1, J» can be extended to the whole differential space
M/ G. In this case, it makes sense to talk about 2 = rank(gs) horizontal gauge
momenta.

O
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Integrability and hamiltonization. The nonholonomic dynamics Xnh defined on
M can be reduced to M /G obtaining the vector field Xreq (see (2.5)). Using the
basis EBTQ = {Xo, Y1, Y2, 0x, 9y} and its dual basis of T*Q

YIA2 — V2A1 YiAL + Y22

‘BT*~: XO —, Y = 7/3—_)\,3,
0 1— V3 1— V32
Y2 — M el &2 (5.41)
1-— )/32
we denote by P, v2 *,vY) and (po, p1, p2, K1, K2) the associated coordi-

nates on 7 Q and T*Q respectlvely The reduced manifold M /G is represented
by the coordinates (y3, po, p1, P2)-

Integrability. Theorem 4.4 guarantees that the reduced system on M / G admits three
functionally independent first integrals, namely two horizontal gauge momenta Ji
and >, and the reduced energy Hieq. Since dlm(M /G) = 4, the reduced dynamics
is integrable by quadratures. However, the reduced dynamics is not generically
periodic, and therefore we can say nothing generic on the complete dynamics or
on the geometry of the phase space.

Hamiltonization. Even though the hamiltonization of this example has been studied
in [5,37], here we see it as a direct consequence of Theorem 3.14. That is, since this
nonholonomic system satisfies the hypotheses of Theorem 3.14, it is hamiltonizable
by a gauge transformation (Definition 4.7). The reduced bracket {-, -}igGM onM/G
defines a rank-2 Poisson structure, with 2-dimensional leaves given by the common
level sets of J; 1 and j_2, that describes the (reduced) dynamics.

In what follows we show how the 2-form Bygwm, inducing the dynamical gauge
transformation that defines {-, }re';GM, depends directly on the ordinary system of
differential equations (5.39). Consider the basis %TQ and %T*Q given in (5.41)
and following Theorem 4.10,

Buom = (J, ouom) = (J, Kw) — Ji RIXO AV — J; RAXO A V2 + Jid),

where X0 = rﬂjXO and )’ = 'E«JY  fori = 1,2 are the corresponding 1-forms
on ./\/l Using (5 37) we have that (see [5]),

(J, Kw)le = K1 de'|c + Kade?|.
=mo(y, s)(R, dr) —m(0*(R, y) + 0'c3)(y, d))
+m(oL(R, y) + L'c3)dAs]c.

Now, recalling the definition of X 0 y!and Y% in Br+g (5.41), we compute the
term

JiRIAO AV 4 7 RAAO A Y2 = (1 — yH) LW N (y, dX) + v Nip dis),

= —m(0* (R, ) + 0'c3)(y, dA)
+m(oL(R,y) + L'c3)dArs.
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where we use that v! = (1 —v) Wy, @)ys— Q) andv? = (1—yH) 1 (y, @) —
1323). Finally, since dY' = 0 fori = 1, 2, we obtain that

BugMm = mo(y. s)(R, di),

recovering the dynamical gauge transformation from [5,37]. For the explicit for-
mulas for the brackets, see [5].

Observations 5.4. (i) Since the G-action on M is proper but not free, the
quotient M /G is a stragivﬁed differential space, [5,23] with a 4 dimensional
regular stratum given by M/ G and a 1-dimensional singular stratum, associated
to S'-isotropy type, that is described by the condition y3 = *1. Moreover, the
relation between the coordinates on 7 Q relative to the basis By..5 and 8.5
is

po =My —y2My, pr=yiMi+ My, p2 = Ms,

Therefore, adding p3 = M 12+M 2 we conclude that the coordinates (3, pos pP1,
P2, p3) on M /G are the same coordinates used in [21,23]. .
(1) It is straightforward to write the equations of motion on M /G in the vari-
ables (y3, po, p1, p2) for the reduced hamiltonian H,q recovering the equations
in [21,23]. We stress that there is no need to compute them to find the horizon-
tal gauge momenta, nor to study the integrability or the hamiltonization of the
system.
(iii) The Routh sphere, the ellipsoid rolling on a plane and the falling disk
[14,21,23], are seen as particular cases of this example.

O

5.3. A homogeneous ball on a surface of revolution

Let us consider the holonomic system formed by a homogeneous sphere of
mass m and radius » > 0, which center C is constrained to belong to a convex
surface of revolution X (i.e., the ball rolls on the surface 3, see Fig. 3). The
surface ¥ is obtained by rotating about the z-axis the graph of a convex and smooth
function ¢ : R, — R. Thus, X is described by the equation z = d(x% +y?).
To guarantee smoothness and convexity of the surface, we assume that ¢ verifies
that ¢’(0") = 0, ¢’(s) > 0 and ¢”(s) > 0, when s > 0. To ensure that the ball
has only one contact point with the surface we ask the curvature of ¢ (s) to be at
most 1/r. The configuration manifold Q is R? x SO (3) with coordinates (x, y, g)
where G is the orthogonal matrix fixing the attitude of the sphere and (x, y) are
the coordinates of C with respect to a reference frame with origin O and z-axis
coinciding with the figure axis of 2.

Let us denote by n = n(x, y) the outward normal unit vector to ¥ with com-
ponents (ny, n, n3) given by

1
o 2x¢’, n2_ 2y¢’ and n3 = — .
n3 n3 V144G +y0)(@)?
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Fig. 3. The homogeneous ball on a convex surface of revolution

If o = (w1, wp, w3) is the angular velocity of the ball in the space frame, then the

Lagrangian of the holonomic system on 7 Q is
1
L(x,y, g, x,y,w)= % ((1 - n%)xZ +2niny Xy + )',2(1 - n%))—i—z(]lw, w)—mgep, (5.42)
3

where g denotes the gravity acceleration and I the moment of inertia of the sphere
with respect to its center of mass.

Geometry of the constrained system. The ball rotates without sliding on the
surface f], and hence the nonholonomic constraints equations are

X = —r(mn3 —w3ny), y=—r(w3n —winz).

We denote by {X R Xf, Xf} the right invariant vector fields on SO(3) and by
{p1, P2, p3} the right Maurer-Cartan 1-forms, that form a basis of 7*S0(3) dual
to {XR, XX, XK}. Then the constraint 1-forms are given by

€' =dx —r(nmps —n3p), € :=dy—r(n3p1 —nips).
The constraint distribution D defined by the annihilator of el and €2 has fiber, at
g = (x, y,8), given by

1 1
Dq=span{Yx:zax——(nzxn—xf), Yyi=dy+— (1 X, =X ), X,,}, (5.43)
rn3 rnj3

where X,, := n; Xf + ny Xf + n3 Xf. Consider the basis of T Q

BTQZ{YJC7szXnaZ17Z2}, (5‘44)
where Z; = %Xf — r%Xn and Z, = —%X{e + r”n—lzXn with associated

coordinates (X, y, wy,, b, w?), for w, = n - w = n;w;, the normal component of
the angular velocity w. The dual frame of (5.44) is

Br:g = {dx’dy, ons €', €2, } (5.45)
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where p, = n; p;, with associated coordinates (py, py, pn, M1, M2) on T*Q. The
manifold M = «%(D) is given by

M= {(x,y,g; Pxs Pys Pas M1, M)+ My = =5 p, My = ,;#py}.

The symmetries. Consider the action W of the Lie group G = SO(2) x SO(3) on
the manifold Q given, at each (x, y, g) € Q and (hg, h) € SO(2) x SO(3), by

Wi (X, y, 8) = (ho(x, »)', hogh),

where Ky is the 3 x 3 rotational matrix of angle 6 with respect to the z-axis. In other
words, SO (3) acts on the right on itself and S O (2) acts by rotations about the figure
axis of the surface X. The Lagrangian (5.42) and the constraints (5.43) are invariant
with respect to the lift of this action to 7Q given by W, (X, y, g, X, ¥, 0) =
(ho(x, ), hogh, hg(x, y)", w). The invariance of the kinetic energy and the con-
straints D ensures that W restricts to an action on M, that leaves the equations of
motion invariant.

The Lie algebra g of G is isomorphic to R x R? with the infinitesimal generators

(1;0)p = —yd, +x3, + XX and
0;e)0 = a; XX+ 8 XX + 9, XK, fori =1,2,3,

where e; denotes the i -th element of the canonical basis of R? and, ¢ = (@1, a2, @3),
B = (B1, B2, B3) ¥ = (¥1, 2, ¥3) the rows of the matrix g € SO(3). Observe that
(1; 0) ¢ is an infinitesimal generator of the S O (2)-action and the others are infinites-
imal generators of the SO (3)-action. We then underline that the G-symmetry sat-
isfies the dimension assumption and it is proper and free whenever (x, y) # (0, 0)
(note that the rank of V is 3 for (x, y) = (0, 0) and it is 4 elsewhere, showing that
the action is not even locally free).

Let us denote by @ C Q and M C M the manifolds where the G-action is
free, i.e. (x, y) # (0, 0). The vertical distribution S = D NV on Q has rank 2 with
fibers

Sq = span{Yy := —yY, +xY,, Y2 := X, }.

The bundle gg — Q has a global basis B of sections given by

Bgs = {51 = (1; = L,O) 6= (O;ng)},
rniy rns

and we check that (§1)g = Y1 and (§2)p = Y». Finally we observe that é /G has

dimension 1 (pé : é — é/G is given by L5 (x,Ny, g) = x? + y?) and hence the

G-symmetry satisfies Conditions (A1)-(A4) on Q.

The existence of horizontal gauge momenta. Using the basis (5.44) and the def-

inition of S, we consider the decomposition

TO=H&SaW,
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where W is a vertical complement of the constraints given by W := span{Z1, Z»}
and H := SN Dis generated by X := xY, +yY,.Asin Example 5.2, in this case,
it is enough (and straightforward using that n3 (x, y) is rotational invariant and that
[Xf, X§] = —X§ for all cyclic permutations) to check that « ([Yy, Y2], Y1) =0
and « ([Y1, Y2], Y2) = 0 to guarantee that the kinetic energy is strong invariant on
S. Finally, we also see that « (Xg, [Y;, Xo]) = 0, fori = 1, 2 . Therefore, follow-
ing Theorem 3.14, the system admits two G-invariant (functionally independent)
horizontal gauge momenta 71 and />, showing that the first integrals obtained in
[17,27,38,50,56] can be obtained from the symmetry of the system as horizontal
gauge momenta.

The computation of the 2 horizontal gauge momenta. We now characterize the
coordinate functions of the horizontal gauge symmetries written in the basis B
on Q That is, let us denote

Ji :=1iy,® = —ypx + xp,y and Jr :=1iy,® = p,.

Using the orbit projection p; 0 — 0/G, a G-invariant function f on Q can be
thought as depending on the variable T = x> + y?,i.e., f = f(t). Following The-
orem 3.14(ii), a function J = f1J1 + foJo for fi, fr € C*®(0)F is a horizontal
gauge momenta if and only if (f1, f2) is a solution of the linear system of ordinary
differential equations on Q/G,

1) _ )_(O(fl) _ 0 _2”1 2(2(¢)3 d)//)
R<2>_(Xo(fz)> where R‘2’<én§ ) (5.46)

for A = ¢’ +2t¢” and X = T,o (Xo) = 21 . The matrix R is computed using
that R = [« |s]~'[N], where

2[ _ 2 N3
[N] = <A(r)z 2rn3(2(g>) ¢ )) and [k|s] = (OT ([))
3

Since this system admits two independent solutions f1 = ( f1 , f1 )and fo =
( f2 f2 )on Q / G, then the nonholonomic system admits two G-invariant horizontal
gauge momenta J1, J> defined on M of the form

Ti=flh+f2h ad = flh+ f}h, (5.47)
recalling that J1 = —ypx + xpy and J» = p,

Observations 5.5. Let us denote by Ji, J> the functions on M /G associated to
(5.47).

(i) The (reduced) first integrals Ji, J» can be extended by continuity to the
differential space M /G and thus 71, J» are G-invariant functions on M (see
[27] for details) and in this case we say that the system admits 2 = rank(gs)
horizontal gauge momenta.
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(ii) The system of differential equations (5.46) can be written as
Rif*=(fY and Rof'=(f?,

where Ry = Ry (v) = —24n3(2(¢")* — ¢") and R, = Ry(v) = %n3. Hence
jl, jz are first integrals of Routh type found in [38] (see also [17,23,51,56])
and shown to be horizontal gauge momenta in [27,29].

O

Integrability and reconstruction. The reduced integrability of this system was
established in [50] and its complete broad integrability has been extensively stud-
ied in [17,26,27,38,56], using the existence of first integrals 71 and 7>, without
relating their existence to the symmetry group. The symmetry origin of 71 and
J> was announced in [9], and then proved in [29,51]. Here we want to stress how
Theorem 3.14 can be applied and therefore the reduced integrability of the system
is ensured. That is, j1 Jz, red are first integrals of the reduced dynamics Xyeq
defined on the manifold M / G of dimension 4. Moreover, as proved in [38,56] the
reduced dynamics is made of periodic motions or of equilibria, and hence, since the
symmetry group is compact, the complete dynamics is generically quasi-periodic
on tori of dimension 3 (see Theorem 4.12 and [26,3@. Indeed one could can say
more on the geometric structure of the phase space M of the complete system, it
is endowed with the structure of a fibration on tori of dimension at most 3 (see [26]
for a detailed study of the geometry of the complete system on M).
Hamiltonization. Even though the hamiltonization of this example has been studied
in [8], in this section we see the hamiltonizaﬁt\i{on as a consequence of Theorem 3.14
and how the resulting Poisson bracket on M /G depends on the linear system of
ordinary differential equations (5.46).

By Theorem 4.5, the nonholonomic system is hamiltonizable by a gauge trans-
formation; that is, on M/G the reduced nonholonomic system is described by
a Poisson bracket with 2-dimensional leaves given by the common level sets of
the horlzontaLgauge momenta jl, jg, induced by (5.47), (recall that (7~ are the
functions on M/ G, such that p*(7;) = J;).

Following Theorem 4.10, we compute the 2-form Bygs, defining the dynamical
gauge transformation, using the momentum equation (5.46). Since dY!|p = 0, then

Bugs = (J, Kw) — pIRAAC A Y + paRIXO AV + podY?, (5.48)
where X0 = 7%, X% and )’ = ¥, Y'. That is,
Ir
E(x2 4 y?2)

(Pl(— + 203 ) X0 A V? + pons(2¢'n3 + 371 A y2) le,

(J, Kw)le = My de'|c + Myde?|c = —
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2,2 .
and using that d)?|; = (xn—?’)szo A VY, we obtain

Bugs = (% + 1) p2(i5 + 220 X0 AV + (= 4+26) (1 X0 A D% — pon3 V! AV?). (5.49)

rn3

Observations 5.6. (i) Since the action is not free, M /G is a semialgebraic variety
that consists in two strata: a singular 1-dimensional stratum corresponding to
the points in which the action is not free; and the four dimensional regular
stratum M /G (where the action is free). Moreover, analyzing the change of
coordinates between B7+ o and B+ o we get

T =x>+y%, po=xpx +YPy, P = —YPx +XPy. P2 = Pu,

and adding p3 = p)% + pf, we recover the coordinates used in [27,38] on M /G.
(i1) Since the convexity of the function ¢ that parametrizes the surface X is not
strictly used, this example also describes the geometry and dynamics of a ho-
mogeneous ball rolling on surface of revolution such that its normal vector
fields has n3 # 0. |

5.4. Comments on the hypotheses of the nonholonomic Noether theorem:
examples and counterexamples

Theorem 3.14 shows that a nonholonomic system with symmetries satisfy-
ing certain hypotheses admits the existence of k functionally independent G-
invariant horizontal gauge momenta. Next, assuming Conditions (A1)-(A3), we
study what may happen if the other hypotheses of Theorem 3.14 are not satisfied.
In particular we study three cases: when the metric is not strong invariant, when
k (X0, [Xo, Y]) is different from zero, and finally when Condition (.44) is not ver-
ified (i.e., dim(Q/G) # 1). For each case we give examples and counterexamples
to illustrate our conclusions.

Analyzing the strong invariance condition and « (X, [Xo, Y]) = 0 Consider a
nonholonomic system (M, Q|¢, Haq) with a G-symmetry satisfying Conditions
(A1)-(A4). Suppose that (f1, ..., fx) is a solution of the system of differential
equations (3.21), then, from (3.22), we observe that J = f;J; is a horizontal
gauge momentum if and only if

Fikc(Xo, [Yi, Xol) =0 and £ (k(¥;, [V, Yi]) +« (¥, [Y;, ¥;)) = 0, foreach j, .

for a S-orthogonal horizontal space H. That is, in some cases, even if «(Xy,
[Xo, Yi,]) # O for some Y;, € I'(S) or the metric is not strong invariant, we
may still have a horizontal gauge momentum.

We now present two examples that show the main features of these phenomenon.
The metric is not strong invariant on S. The following is a mathematical ex-
ample, that has the property that the metric is not strong invariant, and it admits
only 1 horizontal gauge momenta even though the rank of the distribution S is 3.
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Precisely, consider the nonholonomic system on the manifold Q = R3 x SE(2)
with coordinates (#, v, x) € R3 and (v, z,0) € SE(2) with Lagrangian given by

1 . .
L) = (u2 + 0?4 #2432 + 22 4+ 6% + 4(sin6 2 + cos B y‘)e) ,
and constraints 1-forms given by

" =du— (1+cosx)dd and €' =dv— sinxdd.

The symmetry is given by the action of the Lie group G = R? x SE(2) defined, at
each (a, b; ¢, d, B) € G, by

V((a,b;c,d,B), (u,v,x,y,2,0)) =Wu+a,v+b,x, hg <§> + (Z) L0+ B),

where /g is the 2 x 2 rotational matrix of angle 8. The distribution S = D NV is
generated by the G-invariant vector fields {Yy, Y1, Y>} given by

Yy := 99 + (1 +cosx)d, + sinxdy, Y| := cos@dy +sin6d;,,
Y, := —sin6d, + cos09;,

and Xo = 9, generates H = SN D. Itis straightforward to check that Conditions
(A1)-(A4) are satisfied and that k (X, [ X0, Y]) = Oforall Y € I'(S). However, the
metric is not strong invariant on S: k (Y2, [Yg, Y1]) = 1 and « (Yy, [Y1, Y2]) = 0.
From (3.22), we can observe that J = 2pj 4 pg is the only horizontal gauge
momentum of the system in spite of the rank of S being 3 (where, as usual, p; =
iy, © 4 and py = iy, O ).
Dropping condition « (Xg, [Xo, Y]) = 0. We illustrate with a multidimensional
nonholonomic particle the different scenarios obtained when « (Xo, [Xo, Y1) # 0
for a section Y € I'(S) (see Table 5.4).

Consider the nonholonomic system on R with Lagrangian L(q, q) = %c} .
k g — V(x1), where « is the kinetic energy metric

10101
01000
k=]110100],
00011
10011

and with the nonintegrable distribution D given, at each ¢ = (xq, ..., x5) € RS,

by

Dy = span{D = f(x1) dx; + b(x1) 0x; + c(x1) Oxy, D2 = h(x1) 0x; + g(x1) Oy,
D3 =d(x1) 8x1 + j(xl) 8x4 +1(x1) aX5}7

where b(x)), c(x1), d(x1), f(x1), g(x1), h(x1), j(x1), [(x1) are functions on RS
depending only on the coordinate x;. The group R* of translations along the x,,
x3, x4 and x5 directions acts on the system and leaves both the Lagrangian and
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the nonholonomic constraints invariant. It is straightforward to see that this G-
symmetry satisfies Conditions (A1)-(A4). The fiber of the distribution S over
g € Qis S; = span{Yy := f(x1)D2 — h(x1)D1, Y2 := h(x1)D3 — d(x1)D2}.
Since the translational Lie group R* is abelian then the kinetic energy is strong
invariant on V (see Example 3.11). The distribution H = S+ N D is generated
by the vector field Xo = B1(x1) D1 4+ B2(x1) D2 + B3(x1) D3, for By, B2 and B3
suitable functions (defined on R> but depending only on the coordinate x7).

For particular choices of the functions b(x1), c(x1), d(x1), f(x1), g(x1), h(x1),
Jj(x1),(x1) the two terms « (Xo, [Y1, Xo]) and «(Xo, [Y2, Xo]) may not vanish.
The computations and their expression are rather long and were implemented with
Mathematica. The next table shows different situations that we obtain:

multidimensional nonholonomic particle (rank(S) = 2)

behaviour of #(Xo, [Xo,Y]) ga’i;f omenta
#(Xo, [¥1, Xo]) = 0 and £(Xo, [Y2, Xo]) # 0 0
x(Xo, [Y1, Xo]) = 0 and (X, [Y2, Xo]) # 0 1
K(Xo, Y1, Xo]) # 0 and £(Xo, [Y2, Xo]) # 0 0

Cases when Condition (44) is not satisfied (or rank(H) # 1) When Condition
(A4) is not verified, or more precisely when rank(H) > 1, it is still possible
to work with the momentum equation stated in Proposition 3.3. The problem that
appears when we want to apply the coordinate momentum equation (3.22) is that we
cannot assert the existence of a global basis of H. However, in some examples the
horizontal space H may admit a global basis which we denoted by {X1, ..., X,,} for
n = rank(H). In this case, we observe that the second summand of the momentum
equation (3.22) gives the condition

K(XO(’ [Yla Xﬂ]) - K(Xﬂv [Yi7 XO(]) =0 forall o, ﬂ = 1’ w1,

and the third summand gives a system of partial differential equations whose solu-
tions induce the horizontal gauge momenta. As an illustrative example, we can work
out the Chaplygin ball [19,24]; this example has a G-symmetry so that rank(S) = 1
and rank(H) = 2 with a global basis (see e.g. [4,36]). However, working with the
momentum equation (3.17), itis possible to show that the system admits 1 horizontal
gauge momentum, recovering the known result in [16,19,24].
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A Appendix: Almost Poisson brackets and gauge transformations

Almost Poisson brackets. An almost Poisson bracket on a manifold M is a bilinear bracket
{-,}: C®(M) x C® (M) — C°°(M) that is skew-symmetric and satisfies Leibniz identity
(but does not necessarily satisfy Jacobi identity). Due to the bilinear property, an almost
Poisson bracket induces a bivector field 7 on M defined, for each f, g € C°(M) by

m(df.dg) ={f. g}

The vector field X ¢ := {-, f} is the hamiltonian vector field of f. Equivalently, X y =
7ﬂj(df), where 7% : T*M — TM is the map such that for o, 8 € T*M, B(*(a)) =
7 (a, B). The characteristic distribution of the bracket {-, -} is the distribution on M generated
by the hamitonian vector fields.

An almost Poisson bracket {-, -} is Poisson when the Jacobi identity is satisfied, i.e.,

{(fAg. m} +{g. (h, I} +{h. {f.g}} =0. for fg,h e Co(M).

Equivalently, a bivector field  is Poisson if and only if [, 7] = O where [+, -] is the Schouten
bracket, see e.g. [47]. The characteristic distribution of a Poisson bracket is integrable and
foliated by symplectic leaves.

Definition A.1. [53] An almost Poisson bracket {-, -} on M is twisted Poisson if there exists
a closed 3-form ® on M such that, for each f, g, h € C°°(M)

{filg. m} +{g. {h, 1+ {h S g} = ©(Xr, Xg. Xp),

where X ¢, X, X, are the hamiltonian vector fields of f, g, h, with respect to {-, -}. In other
words, a bivector field 7 on M is twisted Poisson if [, 7] = %nﬁ(d)).

Observation A.2. The characteristic distribution of a twisted Poisson bracket is integrable
and it is foliated by almost symplectic leaves. Conversely, it was shown in [6], that any
regular almost Poisson bracket with integrable characteristic distribution is a twisted Poisson
bracket. O

A regular almost Poisson bracket {-, -} on M is determined by a 2-form €2 and a distribution
F defined on M so that Q| is nondegenerate. In fact, for f € C®°(M),

Xy =A{.f} ifandonlyif ix Qlp=dflF, (A.50)

(actually, the bracket is determined by the nondegenerate 2-section 2| 7 on M). The distri-
bution F is the characteristic distribution of the bracket. If F is integrable, then {-, -} is a
(regular) twisted Poisson bracket by the 3-form & = d2 (L2 is not necessarily closed). A
Poisson bracket has F integrable and €2 closed.
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Gauge transformations of a (regular) bracket by a 2-form.

Definition A.3. [53] Consider a (regular) bracket {-, -} on the manifold M as in (A.50) and
a 2-form B satisfying that (2 + B)|F is nondegenerate. A gauge transformation of {-, -} by
the 2-form B defines a bracket {-, -} g on M given, at each f € C®°(M), by

in(Q + B)lp =df|p ifandonlyif Xy ={, f}p.
In this case, we say that the brackets {-, -} and {-, -} p are gauge related .

Observations A.4. (i) The brackets {-, -} and {-, -} p have the same characteristic dis-
tribution F'. Therefore, if an almost Poisson bracket has a nonintegrable characteristic
distribution, all gauge related brackets will be almost Poisson with a nonintegrable char-
acteristic distribution.

(i7) If the bracket {-, -} is twisted Poisson by a 3-form &, then the gauge related bracket
{-, -} p is twisted Poisson by the 3-form (®+d B). Moreover, they share the characteristic
foliation but the 2-form on each leaf F, changes by theterm B, = ¢, Bforty, : Fyy — M
the inclusion.

(iii) The original definition of a gauge transformation in [53] was given on Dirac
structures and then the 2-form B does not need to satisfy the nondegenerate condition
(Q+ B)|F. O

Definition A.5. Let T : M — P be a vector bundle and let & be a k-form on the manifold
M. We say that « is semi-basic with respect to the bundle M — P if

ixya =0 forall X € TM such that Tt(X) = 0.
The k-form « is basic if there exists a k-form & on P such that t*a = «.

Observation A.6. Consider the canonical symplectic 2-form Q¢ on T7*Q. If B is a semi-
basic 2-form with respect to the bundle T*Q — Q, then Q o + B is anondegenerate 2-form
onT*Q. o

Symmetries. Let us consider an almost Poisson manifold (M, {-, -}) given as in (A.50) and
a Lie group G acting on M and leaving {-, -} invariant. Then on the reduced manifold M /G
there is an almost Poisson bracket {-, -};oq defined, at each f, g € C°°(M/G) by

{f. ghed 00 = {p*f. P*g},

where p : M — M /G is the orbit projection.

If a G-invariant 2-form B satisfies that (2 + B)|F is nondegenerate, then the gauge related
bracket {-, -} p is G-invariant as well. Both brackets {-, -} and {-, -} g can be reduced to obtain
the corresponding reduced brackets {-, -};eq and {-, '}rlid on the quotient manifold M /G as
the diagram shows that

gauge transf. by B

reductionl \L
(M/G. (. }rea) M/G. (.}

As was observed in [6,36], the brackets {-, -};eq and {-, '}rid can have different properties.
More precisely, they are not necessarily gauge related and hence one can be Poisson while
the other not. In fact, {-, -};eq and {-, ’}rﬁéd are gauge related if and only if the 2-form B is
basic with respect to the principal bundle M — M/G.
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B Appendix: Some facts on reconstruction theory

The reconstruction of the dynamics from reduced equilibria and reduced periodic orbits
has been well studied in [35,43], when the symmetry group is compact and in [2] in the
non-compact case. In this subsection we shortly review the basic results of reconstruction
theory in the simplest framework, of free and proper group actions. We consider a Lie group
G that acts freely and properly on a manifold M. The freeness and properness of the action
guarantee that the quotient space M /G has the structure of a manifoldandt : M — M /G
is a principal bundle with structural group G. Let X be a G-invariant vector field on M,
then there exists a vector field X on M /G, which is t-related to X. We recall that a G-orbit
Omy = G -mg, withmq € M, is a relative equilibrium for X, if it is invariant with respect to
the flow of X and its projection to the reduced space M /G is an equilibrium of the reduced
dynamics X. Moreover a G-invariant subset P of M is called a relative periodic orbit for
X, if it is invariant by the flow and its projection to the quotient manifold M/ G is a periodic
orbit of X.

Let P be a relative periodic orbit and y a curve in P. By the periodicity of the reduced
dynamics, the integral curves of the complete system, that pass through y (0), returns peri-
odically, with period T > 0, to the G-orbit through y (0). The freeness of the action of G on
M guarantees that Vy in P there exists a unique p(y) in G such that

¢F () = Vpi) @),

where d)z"f is the flow of X at time T, v/, is the action of G on M, p is the projection of y
on M/G with respect to 7, and the map p : P — G, y +— p = p(p) is the so-called phase
[26]. The phase p is a piecewise smooth map, constant along the orbits of X (i.e. p o¢tX =p,
Vt) and it is equivariant with respect to conjugation, thatis p(h-y) =h p()?)h_l, Vh €
G,Vy € P. Then the following Theorem holds:

Proposition B.1. [2,35,43] Let P be a relative periodic orbit of X on M. Then

(i) if the group G is compact, the flow of X in P is quasi-periodic with at most rank G + 1
[frequencies;
(ii) if G is non-compact, the flow of X in P is either quasi-periodic, or a drift.

The non-compact case is the most frequent and also the most interesting, for example one
could say more on which of the two behaviours of the dynamics, namely quasi-periodicity
or a drift, is “generic” by studying the group G (but this goes beyond our scopes, for more
details see [2]).

Observation B.2. In [2,35,43] reconstructions results are given from the point of view of
Lie Algebras, while [33] develops a theory in terms of groups. Moreover [33] investigates
the structure of the copies of R and shows that one can define an intrinsic notion of a certain
number of frequencies that gives rise to the idea that, in this case, the reconstructed dynamics
‘spirals’ toward a certain direction. O

References

1. AcGosTINELLI, C.: Nuova forma sintetica delle equazioni del moto di un sistema
anolonomo ed esistenza di un integrale lineare nelle velocita. Boll. Un. Mat. Ital. 11,
1-9, 1956

2. ASHWIN, P., MELBOURNE, I.: Noncompact drift for relative equilibria and relative peri-
odic orbits. Nonlinearity 10, 595-616, 1997

3. ARNOLD, V.I,, KozLov, V.V., NEISTADT, A.L.: Mathematical Aspects of Classical and
Celestial Mechanics. Encycl. of Mathem. Seien., Vol. 3. Springer, 1989



10.
11.
12.
13.
14.
15.
16.
17.
18.

19.

20.

21.
. CusHMAN, R., KEMPPEINEN, D., SNIATYCKI, J., BATES, L.M.: Geometry of nonholo-

23.
24.
25.
26.
217.
28.
29.

30.

First Integrals and Symmetries of Nonholonomic Systems

. BALSEIRO, P.: The Jacobiator of nonholonomic systems and the geometry of reduced

nonholonomic brackets. Arch. Ration. Mech. Anal. 214, 453-501, 2014

. BALSEIRO, P.: Hamiltonization of solids of revolution through reduction. J. Nonlinear

Sci. 27, 2001-2035, 2017

. BALSEIRO, P., GARCIA-NARANJO, L.: Gauge transformations, twisted poisson brackets

and hamiltonization of nonholonomic systems. Arch. Ration. Mech. Anal. 205,267-310,
2012

. BALSEIRO, P., SANSONETTO, N.: A geometric characterization of certain first integrals

for nonholonomic systems with symmetries. SIGMA 12, 018, 14, 2016

. BALSEIRO, P., YaPu, L.P.: Conserved quantities and hamiltonization of nonholonomic

systems. Annales de I’Institut Henri Poincaré C, Analyse non linéaire 38, 23-60, 2021

. BAaTEs, L.M., GRAUMANN, H., MAcDONNELL, C.: Examples of gauge conservation laws

in nonholonomic systems. Rep. Math. Phys. 37, 295-308, 1996

BaTEs, L.M., SN1aTYCKI, J.: Nonholonomic reduction. Rep. Math. Phys. 32, 99-115,
1993

BrocH, A.M.: Nonholonomic Mechanics and Controls. Interdisciplinary Applied Math-
ematics, Systems and Control, vol. 24, 2nd edn. Springer-Verlag, New York, 2015
BLocH, A.M., KRISHNAPRASAD, P.S., MARSDEN, J.E., MURRAY, R.M.: Nonholonomic
mechanical systems with symmetry. Arch. Rational Mech. Anal. 136, 21-99, 1996
BocoyavLENsk, O.1.: Extended integrability and bi-Hamiltonian systems. Commun.
Math. Phys. 196, 19-51, 1998

BovLsinov, A.V., KILIN, A.A., KAZAKOV, A.O.: Monodromy as an obstruction to Hamil-
tonization: pro or contra? J. Geom. Phys. 87, 61-75, 2015

Borisov, A.V., MAMAEY, 1.S.: Symmetries and Reduction in Nonholonomic Mechanics.
Regul. Chaotic Dyn. 20(5), 553-604, 2015

Borisov, A.V., MAMAEV, L.S.: Chaplygin’s ball rolling problem is Hamiltonian. Math.
Notes 70, 793-795, 2001

Borisov, A.V., MAMAEY, L.S., KILIN, A.A.: Rolling of a ball on a surface. New integrals
and hierarchy of dynamics. Regul. Chaotic Dyn. 7, 177-200, 2002

CANTRUN, F., DE LEON, M., DE DIEGO, M., MARRERO, J.: Reduction of nonholonomic
mechanical systems with symmetries. Rep. Math. Phys. 42, 2545, 1998

CHAPLYGIN, S.A.: On a ball’s rolling on a horizontal plane. Regul. Chaotic Dyn. 7, 131-
148, 2002; original paper in Mathematical Collection of the Moscow Mathematical
Society, 24 139-168, 1903.

CORTES, J.: Monforte, Geometric, Control and Numerical Aspects of Nonholonomic
Systems. Lecture Notes in Mathematics, Vol. 1793. Springer-Verlag, Berlin, 2002
CusHMAN, R.: Routh’s sphere. Rep. on Math. Phys. 42, 42-70, 1998

nomic constraints. Rep. Math. Phys. 36, 275-286, 1995

CUSHMAN, R., DUISTERMAAT, J.J., SNIATYCKT, I.: Geometry of Nonholonomically Con-
strained Systems. Advanced Series in Nonlinear Dynamics, Vol. 26. World Scientific,
Singapore, 2010

DUISTERMAAT, J.J.: Chaplygin’s sphere. arXiv:math/0409019, 2004

Fasso, F., GIACOBBE, A.: Geometric structure of broadly integrable Hamiltonian sys-
tems. J. Geom. Phys. 44, 156-170, 2002

Fasso, F., GIACOBBE, A.: Geometry of invariant tori of certain integrable systems with
symmetry and an application to a nonholonomic system. SIGMA 3, 051, 2008

Fasso, F., GIACOBBE, A., SANSONETTO, N.: Periodic flows, rank-two Poisson structures,
and nonholonomic systems. Reg. Ch. Dyn. 10, 267-284, 2005

FassoO, F., GIACOBBE, A., SANSONETTO, N.: Gauge conservation laws and the momentum
equation in nonholonomic mechanics. Rep. Math. Phys. 62(3), 345-367, 2008

FassO, F., GIACOBBE, A., SANSONETTO, N.: On the number of weakly Noetherian con-
stants of motion of nonholonomic systems. J. Geom. Mech. 1, 389-416, 2009

Fasso, F., SANSONETTO, N.: An elemental overview of the nonholonomic Noether the-
orem. Int. J. Geom. Methods Mod. Phys. 6, 1343—-1355, 2010


http://arxiv.org/abs/math/0409019

31.
32.

33.
34.
35.
36.

37.

38.
39.

40.

41.
42.

43.
. MARLE, C.-M.: Reduction of constrained mechanical systems and stability of relative

45.

46.

47.
48.

49.

50.
51.
52.
53.
54.
55.

56.

N. SANSONETTO & P. BALSEIRO

Fasso, F., GIACOBBE, A., SANSONETTO, N.: Linear weakly Noetherian constants of
motion are horizontal gauge momenta. J. Geom. Mech. 4, 129-136, 2012

Fasso, F.,, Ramos, A., SANSONETTO, N.: The reaction-annihilator distribution and the
nonholonomic Noether theorem for lifted actions. Reg. Ch. Dyn. 12, 579-588, 2007
FAssO, F., PASSARELLA, S., ZOPPELLO, M.: Control of locomotion systems and dynamics
in relative periodic orbits. To appear in J. Geom. Mech. https://doi.org/10.3934/jgm.
2020022

FeEpORrOV, Y.N.: Systems with an invariant measure on Lie groups, In Hamiltonian
systems with three or more degrees of freedom (S’Agaro, 1995), 350-356, NATO Adv.
Sci. Inst. Ser. C Math. Phys. Sci., 533 Kluwer, Dordrecht, 1999

FieLD, MLJ.: Equivariant dynamical systems. Trans. Am. Math. Soc. 259, 185-205, 1990
GARCIA-NARANJO, L.: Reduction of almost Poisson brackets and hamiltonization of the
Chaplygin sphere. Disc. and Cont. Dyn. Syst. Series S 3, 37-60, 2010
GARciA-NARANIO, L.C., MONTALDI, J.: Gauge momenta as Casimir functions of non-
holonomic systems. Arch. Rational Mech. Anal. 228(2), 563-602, 2018

HERMANS, J.: A symmetric sphere rolling on a surface. Nonlinearity 8, 493-515, 1995
IBORT, A., DE LEON, M., MARRERO, J.C.D.: Martin de Diego Dirac brackets in con-
strained dynamics. Fortschritte der Physik 47, 459-492, 1999

ILIEV, 1., SEMERDZHIEV, K.: Relations between the first integrals of a nonholonomic
mechanical system and of the corresponding system freed of constraints. J. Appl. Math.
Mech. 36, 381-388, 1972

ILiev, L.: On first integrals of a nonholonomic mechanical system. J. Appl. Math. Mech.
39, 147-150, 1975

KozLov, V.V., KoLESNIKOV, N.N.: On theorems of dynamics. J. Appl. Math. Mech. 42,
28-33, 1978

Krupa, M.: Bifurcations of relative equilibria. SIAM J. Math. Anal. 21, 1453-86, 1990

equilibria. Comm. Math. Phys. 174, 295-318, 1995

MARLE, C.-M.: Various approaches to conservative and nonconservative nonholonomic
systems. Rep. Math. Phys. 42,211-229, 1998

MARLE, C.-M., On symmetries and constants of motion in Hamiltonian systems with
nonholonomic constraints. In Classical and quantum integrability (Warsaw, 2021), 223—
242, Banach Center Publ. 59 2001, Polish Acad. Sci. Warsaw, 223-242, 2003
MARSDEN, J.E., Rat1iu, T.S.: Introduction to Mechanics and Symmetry, Vol. 17, 2nd
edn. Texts in Appl. Math. Springer, New York (1999)

NEIMARK, J.I., FUFAEV, N.A.: Dynamics of Nonholonomic Systems. Translations of
Mathematical Monographs, Vol. 33, AMS, Providence, 1972

OSTROWSKI, J., LEWIS, A., MURRAY, R., BURDICK, J.: Nonholonomic mechanics and
locomotion: the snakeboard example. Proceedings of the 1994 IEEE International Con-
ference on Robotics and Automation

Routh, EJ.: Treatise on the Dynamics of a System of Rigid Bodies (Advanced Part).
Dover, New York, 1955

SANSONETTO, N.: Firstintegrals in nonholonomic systems. Ph.D. thesis, Universita degli
Studi di Padova

SEPE, D., Vu NGoc, S.: Integrable systems, symmetries, and quantization. Lett. Math.
Phys. 108, 499-571, 2018

SEVERA, P, WEINSTEIN, A.: Poisson geometry with a 3-form background. Prog. Theor.
Phys. 144, 145-154, 2001

SNIATYCKL, J.: Nonholonomic Noether theorem and reduction of symmetries. Rep. Math.
Phys. 42, 5-23, 1998

VAN DER SHAFT, A., MASHKE, B.M.: On the Hamiltonian formulation of nonholonomic
mechanical systems. Rep. Math. Phys. 34, 225-233, 1994

ZENKOV, D.V.: The geometry of the Routh problem. J. Nonlinear Sci. 5, 503-519, 1995


https://doi.org/10.3934/jgm.2020022
https://doi.org/10.3934/jgm.2020022

First Integrals and Symmetries of Nonholonomic Systems

57. ZENKov, D.V., Linear conservation laws of nonholonomic systems with symmetry.
In “Dynamical systems and differential equations’ (Wilmington, NC, 2002): Discrete
Contin. Dyn. Syst. suppl., 967-976, 2003

58. ZuUNG, N.T.: Geometry of Integrable non—Hamiltonian Systems, Geometry and Dynam-
ics of Integrable Systems. Advanced Courses in Mathematics, CRM Barcelona. (Eds.
Matveev V. and Miranda E.) Birkhiuser, 85-135, 2016

N. SANSONETTO
Dipartimento di Informatica,
Universita degli Studi di Verona,
strada le Grazie 15,

37134 Verona
Italy.
e-mail: nicola.sansonetto @univr.it

and

P. BALSEIRO
Instituto de Matematica,
Universidade Federal Fluminense,
Rua Mario Santos Braga S/N, Niteroi,
Rio de Janeiro
24020-140 Brazil.
e-mail: pbalseiro@id.uff.br

(Received January 24, 2021 / Accepted January 5, 2022)
© The Author(s) (2022)



	First Integrals and Symmetries  of Nonholonomic Systems
	Abstract
	1 Introduction
	1.1 Symmetries and first integrals
	1.2 Main results of the paper
	1.3 Outline of the paper

	2 Initial Setting: Nonholonomic Systems and Horizontal Gauge Momenta
	2.1 Nonholonomic systems with symmetries
	2.2 Horizontal gauge momenta

	3 A Nonholonomic Noether Theorem and the Conservation of the Nonholonomic Momentum Map
	3.1 An intrinsic formulation of the momentum equation
	3.2 The ``strong invariance'' condition on the kinetic energy
	3.3 Nonholonomic Noether Theorem

	4 Existence of Horizontal Gauge Momenta and Related Consequences on the Dynamics and Geometry of the Systems
	4.1 Integrability and hamiltonization of the reduced dynamics
	4.2 Horizontal gauge momenta and broad integrability of the complete system

	5 Examples
	5.1 The snakeboard
	5.2 Solids of Revolution
	5.3 A homogeneous ball on a surface of revolution
	5.4 Comments on the hypotheses of the nonholonomic Noether theorem: examples and counterexamples

	Acknowledgements.
	References




