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Abstract

We prove a I"-convergence result for a class of Ginzburg—Landau type function-
als with .4/ -well potentials, where ./ is a closed and (k — 2)-connected submani-
fold of R™, in arbitrary dimension. This class includes, for instance, the Landau-de
Gennes free energy for nematic liquid crystals. The energy density of minimis-
ers, subject to Dirichlet boundary conditions, converges to a generalised surface
(more precisely, a flat chain with coefficients in 74— (.#")) which solves the Plateau
problem in codimension k. The analysis relies crucially on the set of topological
singularities, that is, the operator S we introduced in the companion paper [17].

1. Introduction

Letn > 0,k =2, m = 2 be integers, and let £2 € R"** be a bounded, smooth
domain. Let ¢ > 0 be a small parameter. For u € wbhk(2, R™), we define the
functional

1 1
Es(u) = / (E |Vulk + —kf(u)>. (1.1)
7 &

Here, f: R™ — R is a non-negative, continuous potential, whose zero-set .4 :=
£~1(0) is assumed to be a smooth, compact, (k — 2)-connected manifold without
boundary. The aim of this paper is to understand the asymptotic behaviour of the
functionals E, in the limit as ¢ — 0, by a I"-convergence approach. Our analysis
builds upon the results obtained in a companion paper, [17].

Functionals of the form (1.1), which describe a kind of penalised k-harmonic
map problem (see e.g. [19,40]), arise naturally in different contexts. A well-known
example is the Ginzburg—Landau functional, which corresponds to the case k =
m = 2 and f(u) = (Ju)> = 1)2, so that the zero-set of f is the unit circle,
A = S! € R2. The Ginzburg—Landau functional was originally introduced as a
(simplified) model for superconductivity, but has attracted considerable attention in
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the mathematical community since the pioneering work by BETHUEL, BREZIS AND
HELEIN [8]. Another example, arising from materials science, is the Landau-de
Gennes model for nematic liquid crystals (in the so-called one-constant approxi-
mation, see e.g. [23]). In this case, k = 2 and the zero-set of f is a real projective
plane .4/~ = RP?, whose elements can be interpreted as the preferred configu-
rations for the material. Functionals of the form (1.1) have also applications to
mesh generation in numerical analysis, via the so-called cross-field algorithms (see
e.g. [18]).
Minimisers of (1.1) subject to a boundary condition

upe =ve wW-Vkk@o, )

may not satisfy uniform energy bounds, due to topological obstructions carried by
the boundary datum v. When this phenomenon occurs, the energy of minimisers is
of order |log ¢| (see e.g. [8,11,49] in case k = 2, .4 = S!). A similar phenomenon
arises for tangent vector fields on a closed manifold, due to the Poincaré-Hopf
theorem (see e.g. [34]). The analysis of the Ginzburg-Landau case shows that
the energy of minimisers (and other critical points) concentrates, to leading order,
on a n-dimensional surface; see e.g. [8,9,41,51]. From a variational viewpoint,
the Ginzburg—Landau functional itself can be considered an approximation of an
n-dimensional “weighted area” functional, in a sense that can be made precise
by I"-convergence [2,3,39,51]. Therefore, the Ginzburg-Landau functional and
its variants have been proposed as tools to construct “weak minimal surfaces” or,
more precisely, stationary varifolds of codimension greater than one [4,9,42,48,52].
Energy concentration results have also been established for Landau-de Gennes
minimisers [5,15,16,22,28,35,36,43,46]. To our best knowledge, minimisers of
functionals associated with more general manifolds .4, in the logarithmic energy
regime, have been studied only in case n = 0, k = 2 so far [15,44,45].

In this paper, we show that the re-scaled functionals [loge|~! E, do converge
to an n-dimensional weighted area functional, thus extending the results in [2,39]
to more general potentials f. The key tool is the topological singular set of vector-
valued maps, that is, the operator S we introduced in [17], which identifies the
appropriate topology of the I"-convergence. The operator S effectively serves as
a replacement, or rather a generalisation, of the distributional Jacobian, which is
commonly used when the distinguished manifold is a sphere, 4" = S¥=1 In order
to overcome the algebraic issues that make the distributional Jacobian incompatible
with the topology of other manifolds .4, we work in the setting of flat chains with
coefficients in 7rx_1 (.4") [26]. In the context of manifold-constrained problems, the
use of flat chains with coefficients in an Abelian group was proposed by PAKzAD
AND RIVIERE [47] and traces its roots back in the earlier literature on the subject:
the very notion of “minimal connection”, introduced by BREz1s ET AL. [13], can
be interpreted as the flat norm of the distributional Jacobian.

We state our main /"-convergence result, Theorem C, in Section 2, after intro-
ducing some background and notation. Here, we present an application (Theorem A
below) to the asymptotic analysis of minimisers of (1.1) in the limit as ¢ — 0. We
make the following assumptions on the potential f:

(Hy) f e C'(R™) and f = 0.
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(H) The set .4 = f~1(0) # @ is a smooth, compact manifold without

boundary. Moreover, .4 is (k — 2)-connected, that is 7wo(4) = 71(AN) =
.= mr2(A) = 0, and mx_1(A) # 0. In case k = 2, we also assume

that 7r; (.#") is Abelian.

(H3) There exists a positive constant A¢ such that f(y) = Ag dist?>(y, A") for

any y € R™,

The assumption (H») is consistent with the setting of [17] and is satisfied, for
instance, when k = 2 and .#" = S! (the Ginzburg—Landau case) ork = 2and .4 =
RP? (the Landau-de Gennes case). The assumption (H3) is both a non-degeneracy
condition around the minimising set .#” and a growth condition.

Remark 1. We do not expect the assumption (H3) to be sharp. In fact, (Hz) may
probably be relaxed so as to include potentials that behave as dist®(-, .4"), for
some s > 2, in a neighbourhood of .4".

We consider minimisers u¢ min 0f (1.1), subject to the boundary condition u = v
on 952. On the boundary datum v, we assume

(Hy) v e W=Vkk@Q, ) —thatis, v € WI=1/5K((32, R™) and v(x) €
N for K ae. x € 082.

Under the assumptions (Hj)—(Ha), the rescaled energy densities

dx L2
lloge]

1 k 1
Mg, min = %|Vue,min| + &‘_kf (ue,min)

have uniformly bounded mass (see e.g. Remark 9 below; here, dx L £2 denotes the
Lebesgue measure restricted to £2). Up to extraction of a subsequence, we may
assume that (e min converges weakly™ (as measures in R"H5) t0 a non-negative
measure [Umin, as ¢ — 0. We provide a variational characterisation of pmip in
terms of flat chains with coefficients in (7rx—;(4), | - |+), where | - |4 is a suitable
norm, defined in Section 2 below. (For instance, in case k = 2 and A4 = st
|d|, = m |d| for any d € 71(SY >~ Z.) We denote the mass of such a flat chain S
by M(S), and the restriction of S to a set E by S E. We have

Theorem A. Under the assumptions (H{)—(Hy), there exists a finite-mass n-chain
Smin, With coefficients in (mx—1(AN), |- |«) and support in 2, such that Umin(E) =
M (Smin E) for any Borel set E € R"*. Moreover, Smin minimises the mass in its
homology class—that is, for any (n + 1)-chain R with coefficients in (7wx—1(A), |-
) and support in 2, we have

M(Smin) § I\/H(Smin + BR)

In other words, in the limit as ¢ — 0 the energy of minimisers concentrates, to
leading order, on the support of a flat chain Sy, that solves a homological Plateau
problem. The homology class of Syp is uniquely determined by the domain §2 and
the boundary datum v (that is, Spin belongs to the class €'(£2, v) defined by (2.6)
below). We stress that Theorem A does not require any topological assumption, such
as simply connectedness, on the domain §2. However, the homology class of Sy
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does depend on the topology of the domain and it can be described more easily if £2
has a simple topology (see the examples in Section 2 below). On the other hand,
the topological assumption (Hz) on the manifold .#” is essential. An analogue of
Theorem A in case k = 2 and the fundamental group of .4 is non-Abelian would
already be of interest in terms of the applications; manifolds with non-Abelian
fundamental group arise quite naturally, for instance, in materials science (e.g., as a
model for biaxial liquid crystals). Unfortunately, the very statement of Theorem A
does not make sense in the non-Abelian setting, because homology requires the
coefficient group to be Abelian. Convergence results in case n = 0, k = 2 (see
e.g. [15,44]) suggest that the energy concentration set may inherit some minimality
properties, even if 771 (.#") is non-Abelian. However, a general convergence result
in the non-Abelian setting, along the lines of Theorem A, would presumably require
some ‘ad-hoc’ tools from Geometric Measure Theory.

Remark 2. Theorem A characterises the asymptotic behaviour of the energy of
minimisers, to leading order:

E; (te,min) = M(Smin) lloge| + o (lloge])  ase — 0.

In some cases, the next-to-leading order term can be characterised, too. For instance,
when n = 0, k = 2, the energy concentrates on a finite number of points and the
next-to-leading order term in the energy expansion is a ‘renormalised energy’ which
describes the interaction among the singular points. The renormalised energy was
introduced, in the Ginzburg—Landau setting, by BETHUEL ET AL. [8] and it was
extended very recently by MONTEIL ET AL. [44,45] to more general functionals.
This raises the question as to whether a renormalised energy may be derived in
case n = 0, k > 2. A higher-order energy expansion for the three-dimensional
Ginzburg-Landau functional (n = 1,k =2, .4 = Sl)was obtained by CONTRERAS
AND JERRARD [21], in a setting where the energy concentrates on a cluster of ‘nearly
parallel’ vortex filaments.

We deduce Theorem A from our I"-convergence result, Theorem C in Section 2.
The proof of the I"-lower bound is based on the same strategy as in [2]. However,
the construction of a recovery sequence is rather different from [2]. The main
building block, Proposition 4 in Section 3.2, is inspired by the “dipole construction”
[6,7,13]. Here, dipoles are suitably inserted into a non-constant and, in fact, singular
background.

As an auxiliary result, we prove the following lower energy bound, which may
be of independent interest.

Proposition B. Suppose that (H)—(Hy) hold. Let 2 € R¥ be a bounded, Lipschitz
domain that is homeomorphic to a ball. Then, for any u € WYk(§2, R™) such that
u = v on dS2, it holds that

Ec(u) Z o, [loge] - C,

where o € mx—1(AN) is the homotopy class of v and C is a positive constant that
depends only on 2, v.
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If 2 C R* is homeomorphic to a ball and v € W=/ k@2, ), the ho-
motopy class of v can be defined as in [14]. In the Ginzburg—Landau case, this
inequality was proved by SANDIER [50] (with k = 2) and JERRARD [38]; for the
Landau-de Gennes functional, see e.g. [5,16]. The proof of Proposition B in con-
tained in Appendix C (in fact, a slightly stronger statement is given there).

Remark 3. In case 0 = 0, Proposition B does not provide any information. How-
ever, there could be critical points of the functional E, whose energy diverges
logaritmically even if the boundary datum is homotopically trivial. In other words,
energy concentration may happen not only because of global topological contraints,
but also for other reasons, such as symmetry. See, for instance, IGNAT ET AL. [37]
for an analysis of two-dimensional Landau-de Gennes solutions (n = 0, k = 2,
N =TRP?).

The paper is organised as follows: in Section 2 we recall some notation from [17]
and we state the main I"-convergence result, Theorem C. We prove the I"-upper
bound first, in Section 3, and give the proof of the I"-lower bound in Section 4.
Theorem A is deduced from Theorem C in Section 5. A series of appendices, with
proofs of technical results, completes the paper.

2. Setting of the Problem and Statement of the /"-convergence Result

Throughout the paper, we will write A < B as a shorthand for A < C B, where
C is a positive constant that only depends on n, k, f, .4, and 2.If F C R"**isa

rectifiable set of dimension d and u € Wlt’ck (R*Hk R™Y we will write

E.(u, F) ::/ (% |Vulk + ikf(u)) d.
F &

Additional notation will be set later on. Throughout the paper, we assume that (Hy)—
(Hy) are satisfied.

2.1. Choice of the Norm on mj_1(N")

Under the assumption (H»), the group 751 (.#") is Abelian (and we use additive
notation for the group operation). We recall that a function | - |: mwp_1(A) —
[0, +00) is called a norm if it satisfies the following properties:

(1) |o| =0ifand only if o =0
(i) | —o| =|o|forany o € mp_1(A)
(i) |o1 + 02| = |o1] + |oz| for any o1, 02 € 1 (A).

As in [17], we assume that the norm satisfies

inf lo| > 0, 2.1
gem—1(A)\{0}

that is, | - | induces the discrete topology on 7 (A4").
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Remark 4. We do not require that |no | = n|o| foranyn € N, o € mp_1(4); this
is consistent with the theory of flat chains as developed in [26,55].

While the results of [17] hold for any norm on mx_1(-4") that satifies (2.1),
Theorem A only holds for a specific choice of the norm. Let us define such a norm,
following the approach in [20, Chapter 6]. A natural attempt, motivated by the
analogy with the functional (1.1), is to define

1
Emin(0) := inf {—/ Vot v e Wik (Sk*‘, /) ﬂo} 2.2)
k Jsk—1

forany o € my_1(4). Here VT denotes the tangential gradient on S*~!, that is, the
restriction of the Euclidean gradient V to the tangent plane to the sphere. Due to the
compact embedding WK (K1, ) < C(SF~!, ), the set WHESHT, )N
o is sequentially W !-¥-weakly closed and hence, the infimum in (2.2) is achieved.
However, the function E;j, fails to be a norm, in general, because it may not satisfy
the triangle inequality (iii). To overcome this issue, for any o € ;1 (./4") we define

q q
o]y = inf !Z Emin (01) 1 g €N, (o){_j € m1 (M), ) o1 = a}. (2.3)

i=1 i=1
Proposition 1. The function |-|y isanormonmy—1 (N) that satisfies (2.1) and |o |, <
Emnin(o) for any o € mwi_(A"). The infimum in (2.3) is achieved, for any o €
Ti_1(AN). Moreover, the set

S :={o € m—1(A): |o]x = Emin(0)} 2.4)

is finite, and for any o € mwy_1(AN") there exists a decomposition o = Y ;_
such that |o |, = Z?:l |oj|« and o; € G for any i.

The proof of this result will be given in Appendix A. In case .4 = S¥~!, the
group my_1 (Sk_l) isisomorphicto Z, & = {—1, 0, 1}, and forany d € Z we have

dl, = (k= DM2.2% (BE) a1,

where .Z* (B{‘) is the Lebesgue measure of the unit ball in R* and |d| is the standard
absolute value of d (see Example A.1).

Remark 5. When k = 2, the infimum in (2.2) is achieved by a minimising geodesic
in the homotopy class o, parametrised by multiples of arc-length. As a consequence,
Emin(0) is — up to a multiplicative constant — the length squared of a minimising
geodesic in the class o, and Erln/li is a norm on 7 (.4"). However, Erln/li may not
coincide with | - |, not even up to a multiplicative constant. For instance, when .4
is the flat torus, .4 = R?/(27Z)?> = S! x S!, we have 71 (AN) ~ Z x Z,

) 1/2
Eyitdr dy = (af +d3) " and |, d)l, =7 (ldi| + 12D
for any (di, d») € Z x Z. We did not investigate whether, for arbitrary k > 2
and /¥, EY*is a norm on Tp—1(AN).

min
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2.2. Notation for Flat Chains

We follow the notation adopted in [17, Section 2]. In particular, we denote by
IFy, Rk 1 (A)) the space of flat g-dimensional chains in R with coeffi-
cients in the normed group (7x—1(-4"), | - |+). We denote the flat norm by F, and
the mass by M. The support of a flat chain S is denoted by spt S. The restriction
of S to a Borel set E € R"** is denoted S L E. Given f € C!(R"T*, R*tk),
we write f; S for the push-forward of S through f. (The reader is referred e.g. to
[26,55] for the definitions of these objects.)

Givenadomain 2 € R"*_we define F, (5; mr_1(A)) as the set of flat chains
such that spt S C £2. We also define M, (2; 7x—1(-#)) as the set of flat chains
Sely (2; m—1(A)) such that M(S) < 4o00. We will say that two chains S,
S> € M, (82; mp—1(A)) are cobordant in §2 if and only if there exists a finite-mass
chain R € M, 11(£2; mi—1(4")) such that

S» — §1 = 0JR.

In this case, we write §1 ~g S2. The cobordism in 2 defines an equivalence
relation on the space of finite-mass chains, M, (£2; 1 (.4")). Moreover, due to
the isoperimetric inequality (see e.g. [25, 7.6]), cobordism classes are closed with
respect to the F-norm.

The group of flat g-chains relative to a domain £2 C R"*¥ is defined as the
quotient

Fy (R4 my ()

Fy (825 m1 (A7) = {S € Fy (R, mp_1(A)) 1 spt S C R\ 2}

To avoid notation, the equivalence class of a chain § € IF, Rk 1 (A7) will
still be denoted by S. The quotient norm may equivalently be rewritten as

Fo(S) = inf {M(PL ) + M(QL 2): P € Fyy (Rn+k; mH(e/V)),
(2.5)
Q el (Rn+k; JTk—l(«/V)), SpUS — 9P — Q) C R\ @2}

(see [17, Section 2.1]).

For any S € F,(£2; nx—1(4)) and R € Fy (R"*X: 7Z) such that M(R) +
M(@R) < +oo, sptR C £2, and spt(dS) N sptR = sptS N spt(dR) = 0,
we denote the intersection index of S and R (as defined in [17, Section 2.1])
by I(S, R) € my—1(A4). For instance, if S is carried by a n-polyhedron with
constant multiplicity o € mx_1(4#"), R is carried by a k-polyhedron with unit
multiplicity and (the supports of) S, R intersect transversally, then I(S, R) = *o,
where the sign depends on the relative orientation of S and R. The intersection
index I is a bilinear pairing and satisfies suitable continuity properties (see e.g. [17,
Lemma 8]).
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2.3. The Topological Singular Set

In [17], we constructed the topological singular set, Sy(u), for u € (L*° N
WLk=1y(2, R™)and y € R™. Here, we introduce a variant of that construction and
define Sy (1) in case u € WLk, R™), without assuming that u € L*°(£2, R™).
In both cases, the operator S, (u) generalises the Jacobian determinant of u —
and indeed, the Jacobian of u: R¥ — RX is well-defined in a distributional sense
if u € (L N WHE1)(R¥, R¥), and in a pointwise sense if u € WI*(RF, R¥).
The starting point of the construction is the following topological property:

Proposition 2. ([30]). Under the assumption (H3), there exist a compact, polyhe-
dral complex & C R™ of dimension m — k and a smooth map o: R"\Z — N
such that 9(z) = z forany z € N, and

c
< -
V@I = o

for any z € R™\ 2" and some constant C = C(N', m, Z') > 0.

This result, or variants thereof, was proved in [30, Lemma 6.1], [ 12, Proposition 2.1],
[33, Lemma 4.5]. While in our previous paper [17] we required Z" to be a smooth
complex, in this paper we require 2" to be polyhedral, because this will simplify
some technical points in the proofs.

Let us fix once and for all a polyhedral complex 2~ and a map g, as in Propo-
sition 2. Let 6* € (0, dist(.#", Z7)) be fixed, and let B* := B™(0, §*) C R™.
Let*

Y i= L' (B*, Fu(2; m—1(A)), ¥ :=L"(B* F, (2; m_1(A))

be the set of Lellesgue-measurable maps S: B* — F,(§2; my_1(A)), respectively
S: B* — F,(82; mi—1(4")) (we use the notation y € B* > S, in both cases),
such that

ISy :=/ Fgo (Sy) dy < +oo, respectively |||y := / F(Sy) dy < 4oo0.
B* B*

The sets Y, Y are complete normed moduli, with the norms |- ||y, |- |7 respectively.
The space F,,(£2; mp—1(A")), respectively F, (2; r—1(A)), embeds canonically
into Y, respectively Y. If need be, we will identify a chain § € F,,(22; mx_1(A4)
with an element of Y, i.e. the constant map y — S.

By [17, Theorem 3.1], there exists a unique operator

S: (1wt (2, R") - ¥

that is continuous (if #; — u strongly in whk=1(2) and sup; lujll oo 2y < 400,
then S(u ;) — S(u) in Y) and satisfies

(Pp) for any smooth u, a.e. y € B* and any R € Fy(R"*; 7) such that
M(R) + M(0R) < +o00, spt(R) C £, spt(dR) C £2\ spt S, (u), there holds

I (Sy(u), R) = homotopy class of p o (u — y) on dR.
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We recall that I denotes the intersection index, defined as in [17, Section 2.1].
Proposition 3. There exists a (unique) continuous operator

S: whk (.Q R’") —Y
that satisfies (Po) and the following properties:

(P1) For any u € (L® N W45 (2, R™) and a.e y € B*, Sy(u) = Sy(u)
— more precisely, the chain §y(u) belongs to the equivalence class Sy(u) €
F, (23 w1 (). B

(P2) For any u € W%(2, R™) and any Borel subset E C §2, there holds

/ M (Sy(u)L E) dy5/|w|’<.
B* E

(P3) If ug, u; € Wl’k(.Q, R™) are such that uojpe = uipe € wi=1/kk
(082, ) (in the sense of traces), then §y0 (o) ~ §y1 (uy1) for a.e. yo, y1 €
B*.

The proof of Proposition 3 will be given in Apprendix B. Taking account of (Py),
we abuse of notation and write S instead of S from now on. As a consequence of (P3),
for any boundary datum v € W!'=1/K*(32, _#) there exists a unique cobordism
class €(£2, v) € M, (2; mx—1(4)) such that

S,(u) € €(£2, v) (2.6)

forany u € WLk (82, R™) with trace v on 32 and for a.e. y € B*.

2.4. The I'-convergence Result

The main result of this paper is a generalisation of [2, Theorem 5.5]. We let
Wvl’k(.Q, R™) denote the set of maps u € WLK(§2, R™) such that u = v on 952
(in the sense of traces).

Theorem C. Suppose that the assumptions (H|)—(Hz) are satisfied. Then, the fol-
lowing properties hold:

(i) Compactness and lower bound. Let (uz)q~0 be a sequence in WU]”‘(.Q, R™)
that satisfies sup,.. |log8|7l E.(ug) < —+o00. Then, there exists a (non rela-
belled) countable subsequence and a finite-mass chain S € €(82, v) such

that S(ug) — S in Y and, for any open subset A C RrHk

E , AN

M(SL A) < lim inf 22 %e> A0 52
e—0 |10g &l

(ii) Upper bound. For any finite-mass chain S € Cﬁ(ﬁ?, V), there exists a sequence
(ue) in WHK(2, R™) such that S(us) — S in Y and

E
lim sup M < M(S).
e—0 |logel
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Theorem A follows almost immediately from Theorem C, combined with gen-
eral properties of the I"-convergence and standard facts in measure theory. There is
a variant of Theorem C for the problem with no boundary conditions, which is anal-
ogous to [2, Theorem 1.1]. We will say that a chain S is a finite-mass, n-dimensional
relative boundary if it has form S = (9 R)L_£2, where R € M+ (R K 1 (A))
is such that M[(d R) < +o0.

Proposition D. Suppose that the assumptions (H1)—(H3) are satisfied. Then, the
following properties hold:

(i) Compactness and lower bound. Let (ug).~0 be a sequence in whk(2, R™)
that satisfies sup,. ( |log 8|_1 E.(u.) < +oo. Then, there exists a (non re-
labelled) countable subsequence and a finite-mass, n-dimensional relative
boundary S such that S(ug) — S in Y and, for any open subset A C 2,

Ee (e, AN 2
M(SL A) < lim inf ZeUe: AN S
£—0 [log €|

(i) Upper bound. For any finite-mass, n-dimensional relative boundary S, there
exists a sequence (ug) in WLk(2, R™) such that S(us) — S in Y and

E
lim sup — (1) <
e—0 |loge|

M(S).

Proposition D is not quite informative as it stands, because minimisers of the
functional (1.1) under no boundary conditions are constant. However, since I"-
convergence is stable with respect to continuous perturbations, Proposition D can
be extended to non-trivial minimisation problems with lower-order terms or un-
der integral constraints, as long as these are compatible with the topology of I'-
convergence.

2.5. A Few Examples

We illustrate our results by means of a few simple examples. If A € Rt is
an n-dimensional polyhedral (or smooth) set, with a given orientation, the unit-
multiplicity chain carried by A will be denoted [A] € M, (R"**; Z).

Example 2.1. First, we suppose the domain is the unit ball in the critical dimen-
sion, i.e. n = 0 and 2 = B*, and consider the target A = Sk c RE
We need to identify the class €’(£2, v) defined by (2.6). For simplicity, suppose
that the boundary datum v: dB* — S¥~! is smooth, of degree d. (General data
v e WI-/kk@pk Sk=1) could also be considered, by appealing to BREZIS AND
NIRENBERG'S theory of the degree in VMO, [14]). Let u: B* — RK be any smooth
extension of v. Let y € R¥ be a regular value for u (i.e., det Vu(x) # 0O for
any x € u~'(y)) such that |y| < 1. Then, the inverse image u~!(y) consists of a
finite number points. Let » > 0 be a sufficiently small radius. By definition of S,
we have
Sy =Y d)[x] € Mo (Bk; Z) :

xeu=l(y)
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where d(x) is the degree of the map (u — y)/|lu — y|: dB,(x) — S*~!. The
class €'(£2, v) consists of all and only the chains that differ from S, (u) by a
boundary. It is not difficult to characterise 4’(§2, v) using the following topological
property, which holds true for any (normed, Abelian) coefficient group G and any
connected, open set D C RY,

Fact. Let T be a O-chain of the form T =Y 1_, o;[z:], forzj € D, oj € G. Then,
there exists R € M (D; G) such that 9R = T if and only ilejj-zl oj =0.

For a proof of this fact, see e.g. [31, Proposition 2.7]. Now, Brouwer’s theory
of the degree (or Property (Pg) above) implies that

Y dxy= > sign(det Vu(x)) =d,

xeu~l(y) xeu=(y)

therefore

q q
(2, v)={> o;lzj]: g €N, (o)), €27, (Zj)3=16(ék>q,zo’j=d
=1

j=1

In agreement with the Ginzburg—Landau theory, mass-minimising chains in %
(£2, v) consist of exactly |d| points, with multiplicities equal to 1 or —1 according
to the sign of d. This argument extends to more general manifolds ./, with no
essential change; we obtain

q q
E (2, v) = Zaj[[zj]]: geN, oj em_1(N), zj e B, Zoj =0},
j=I j=1

where o € m;_1(.4) is the homotopy class of the boundary datum v: 3 BX —
4. Mass-minimising chains in € (£2, v) have the form Z?:l 0j[z;], where the
multiplicities o; belong to the set G defined in (2.4) and satisfy Z;’.: | Emin(0;j) =
lo |-

Example 2.2. Next, we discuss the case n = 1, 2 = B**!. Suppose that the bound-
arydatumv: 9 B¥T! — _#"is smooth, except for finitely many isolated singularities
at the points x1, ..., xp. Let D1, ..., D, be pairwise-disjoint closed geodesic disks
in 9 B¥t! centred at the points xi, ..., X,. Each D; is given the orientation induced
by the outward-pointing unit normal to BX*!. Using orientation-preserving coor-
dinate charts, we may identify vjyp,: dD; — .4 with a map S s 4 the
homotopy class of the latter is an element of 731 (.#"), which we denote o;. The
coefficents o; must satisfy the topological constraint

P
>oi =0, @7)
i=1

Indeed, let D* C 9 B**! be a small geodesic disk that does not contain any singular
point x;, and let D~ := 9 B!\ D*. Topologically, D~ is a disk which contains
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all the singular points of v; therefore, the homotopy class of v restricted to 9D is
the sum of all the o;’s above. However, the homotopy class of v on 9 D™ must be
trivial, because v is smooth in DF. Thus, (2.7) follows.

We consider the chain

p
S™(v) = Z(Ti [xi] € Mo(882; mp—1(A)).

i=1

Thanks to (2.7), SP4(v) is the boundary of some 1-chain supported in B!, More
precisely, letu € w Lk (Bk‘"1 , R™) be any extension of v. The results of [17] (see,
in particular, Proposition 1, Proposition 3 and Lemma 18) imply that

38y (u) = S™(v)

for a.e. y € R™ of norm small enough. Chains in the same homology class have
the same boundary; therefore, for any chain 7 € € (2, v), there holds 97 =
SP(v). Conversely, two chains in B¥*! that have the same boundary belong to
same homology class (relative to B¥T1), because the domain B¥*! is contractible.
As a consequence, we have

€2, v) = {T € My (2: mp_1(A)): T = de(v)}. (2.8)

In particular, mass-minimising chains in 6’ (§2, v) will be carried by a finite union
of segments, connecting the singularities of the boundary datum according to their
multiplicities. In case .#" = S¥~!, such union of segments realises a ‘minimising
connection’, in the sense of BREZIS ET AL. [13]. For k = 2 and A4 = RP?, the
condition (2.7) implies that v has an even number of non-orientable singularities;
mass-minimising chains connect the non-orientable singularities in pairs.

The characterisation (2.8) extends to general data v € wl-l/kk@pktl y),
provided that we define S (v) in a suitable way (see [17, Section 3]). It also extend
to more general domains £2 € R"*X, 50 long as the n-th homology group H,
(82; mp_1(A)) is trivial.

Example 2.3. 1f the domain has a non-trivial topology, then €'(§2, v) may contain
non-trivial chains even if the boundary datum is smooth. For instance, take n = 1,
k=2, 4 =S Let 2 C R3 be a solid torus of revolution, defined as the image
of the map ¥: B> x R — R3,

Y(x, 0):=((x1 +2)cosb, (x;+2)sinb, x3) for x = (xq, xz)eBz, 0 e R.

We consider the smooth map u: 2 — R2 given by u(¥ (x, 0)) := x for (x, 9) €
B2 x R. The trace of u at the boudary, v, takes its values in S! and its restriction
on each meridian curve of the torus 32 has degree 1. Therefore, €' (£2, v) is the
homology class of [[u_1 0)] e M, (£2; 7Z), where u™"(0) is the zero-set of u (i.e. the
circle ¥ ({(0, 0)} xR)) with the orientation induced by ¥ . The elements of €°(£2, v)
can be characterised by means of the intersection index I. More precisely, let D
be the closure of ¥ (B2 x {0}). D is a 2-disk in the plane orthogonal to (0, 1, 0);
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we give D the orientation induced by (0, 1, 0). By the Poincaré-Lefschetz duality
(see e.g. [27, Theorem 3, p. 631]), for any T € M (£2; Z) we have

T € €($2, v) if and only if T =0 and I(T, [D]) = 1.

By a slicing argument, we deduce that the (unique) mass-minimising chain Sp;,
in €' (82, v) is carried by an equator of 9£2:

Smin == [¥ ({(=1, 0)} x B)],

with the orientation induced by ¥ . (See, e.g., [ 16, Section 5.4] for a similar example,
in case ./ = RP2.)

3. Upper Bounds

3.1. Notations and Sketch of the Construction

We say that a map u: 2 — R is locally piecewise affine if u is continuous
in £2 and, for any polyhedral set K CC £2, the restriction u g is piecewise affine. A
set P C 2 iscalled locally n-polyhedral if, for any compactset K C §2, there exists
a finite union Q of convex, compact, n-dimensional polyhedra such that P N K =
QN K. In asimilar way, we say that a finite-mass chain S € M,,(£2; mx_1(A4)) is
locally polyhedral if, for any compact set K C £2, there exists a polyhedral chain T
such that (S — T) L. K = 0. If M is a polyhedral complex and j = 0 is an integer,
we denote by M the j-skeleton of M, i.e. the union of all its faces of dimension
less than or equal to j. We set M_; := .

Maps with nice and n-minimal singularities. To construct a recovery sequence,
we will work with .4 -valued maps with well-behaved singularities, in a sense that
is made precise by the definition below. Let M, S be polyhedral sets in R"+* of
dimension n, n — 1 respectively, and let u: £2 C Rtk 5 R,

Definition 3.1. ([1,2]) We say that u has a nice singularity at M if u is locally
Lipschitz on £2\ M and there exists a constant C such that

IVu(x)| < Cdist™'(x, M) forae. x € 2\M.

We say that u has anice singularity at (M, S)if u islocally Lipschitz on 5\ (MUS)
and, for any p > 1, there is a constant C), such that

Vu()| £ Cp (dist™ (v, M) +dist ™ (x, 5)) forae.x € \(MUS).

We say that u has a locally nice singularity at M (respectively, at (M, S)) if, for any
open subset W CC §2, the restriction u|w has a nice singularity at M (respectively,
at (M, S)).
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Fig. 1. The set U(K, &, y),incasen = 1, k = 2 (left) and n = 2, k = 1 (right). In both
cases, the polyhedron K is in red
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Remark 6. If u has a nice singularity at (M, S) then u € WLk=1(2 R™), since
both M and S have codimension strictly larger than k — 1 (see e.g. [2, Lemma 8.3]
for more details). In particular, if u: £ — .4 has a nice singularity at (M, S),
then S, (u) € IF,(£2; mr—1(A")) is well-defined fora.e. y € B*. Actually, Sy, (1) =
Sy, (u) fora.e. y1, y» € B* [17, Proposition 3], and we will write S(u) := S, (u) =
Sy, (). The chain S(u) is supported on M, and its multiplicities coincide with the
homotopy class of u around each n-face of M (see [17, Lemma 18]).

Throughout Section 3, we will work with maps with nice (or locally nice) sin-
gularities. However, in order to obtain sharp energy estimates, we will need to
impose a further restriction on the behaviour of our maps near the singularities.
Letu: £2 — ./ be a map with nice singularity at (M, S), where M, S are polyhe-
dral sets of dimension n, n — 1 respectively. We triangulate M, i.e. we write M as
a finite union of closed simplices such that, if K’, K are simplices with K # K’,
K N K’ # @, then K N K’ is a boundary face of both K and K’. Let K € M be a
n-dimensional simplex of the triangulation, and let K+ be the k-plane orthogonal
to K through the origin. Given positive parameters §, y, we define the set

UK, S,y = {x/ +x":x e K, x" € K+, |x"| £ min (8, y dist (x', 8K))}

(3.1)
(see Figure 1). We will identify each x € U(K, §, y) with a pair x = (x/, x”),
where x’, x” are as in (3.1). By choosing 8, ¥ small enough (uniformly in K), we
can make sure that the sets U (K, §, y) have pairwise disjoint interiors.

Definition 3.2. Let u: £2 — .4 be a map with nice singularity at (M, S), and
let n > 0. We say that u is n-minimal if there exist positive numbers §, y, a
triangulation of M and, for any n-simplex K of the triangulation, a Lipschitz
map ¢x : S~ — 4 that satisfy the following properties.

)If K € M, K' € M are n-simplices with K # K’, then U(K, 8, y)
and U (K’, 8, y) have disjoint interiors.
(ii) For any n-dimensional simplex K € M and a.e. x = (x/, x”) €e U(K, 6, ),
we have u(x) = ¢g (x"/|x")).
(iii) For any n-dimensional simplex K € M and any map ¢ € Wh Sk, ¢
that is homotopic to ¢ g, we have

/ |VT¢K|"d%k—1§/ Vet dat ! 4.
Sk—1 Sk—1
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The operator V7 is the tangential gradient on S¥~!, i.e. the restriction of the Eu-
clidean gradient V to the tangent plane to the sphere.

Remark 7. Thanks to the Sobolev embedding WK (Sk=1, ) — C(Sk-1, ),
smooth maps are dense in WHK(S¥~!, _#). Therefore, for any n > 0 and any
homotopy class o € m;_1(./#), there exists a smooth map ¢: S¥=! — _# in the
homotopy class o that satisfies

/ |VT¢|"d%”<‘1§/ \Vrekdat = +q (3.2)
Sk—1 Sk—1

forany ¢ € WhESKHL ) no.

Remark 8. It is possible to find C!-maps that satisfy a stronger version of (3.2),
with n = 0. Indeed, the compact Sobolev emebedding W”‘(Sk_l, N) —
C(SF1, _#) implies that homotopy classes of maps SK=1 — _# are sequen-
tially closed with respect to the weak W !*-convergence. Then, for each homotopy
class 0 € mr—1(A1), there exists a map ¢, the minimises the L¥-norm of the
gradient in 0. The map ¢, solves the k-harmonic map equation and, by Sobolev
embedding, is continuous. Then, regularity results for k-harmonic maps (e.g. [24,
Proposition 5.4]) imply that ¢, € C1*(S¥~!, _#). However, the weaker condi-
tion (3.2) is enough for our purposes.

Construction of a recovery sequence: a sketch. In most of this section, we fo-
cus on the proof of Theorem C.(ii), i.e. we study the problem in the presence of
boundary conditions; only at the end of section, we present the proof of Propo-
sition D.(ii). As in [2], in order to define a recovery sequence, we first con-
struct a map w: £2 — .4 with (locally) nice singularity and prescribed singular
set S(w) = S. However, w must also satisfy the boundary condition, w = von 952,
where v € WI=Vkk(5 2 _4)is adatum. This boundary condition makes the con-
struction of w substantially harder. For such a w to exists, we need a topological
assumption on S, namely, that S belongs to the homology class (2.6) determined
by £2 and v. Our approach is rather different from that of [2, Theorem 5.3]. In [2],
the authors first construct w inside §2, then interpolate near 952, using the symme-
tries of the target S*~!, so as to match the boundary datum. On the contrary, we
start from a map that satifies the boundary conditions and we modify it inside £2
so to obtain S(w) = S. Before giving the details, we sketch the main steps of our
construction.

First, we consider alocally piecewise affine extension u,, € (LeNWhky (2, R™)
of v. Since we have assumed that 2" is polyhedral, the singular set S (u,) will be
locally polyhedral, for a.e. y. By projecting u onto .4” (using HARDT ET AL. [29],
see Section 3.3), we define a map w,: 2 — .4 such that w, = v on 942,
S(wsx) = Sy (us) (for a well-chosen y) is locally polyhedral, and w, has a locally
nice singularity at spt S(w,). We cannot make sure that the singularity is nice up
to the boundary of £2, because the boundary datum is not regular enough.

Let S be a finite-mass n-chain in the homology class ’(§2, v) defined by (2.6).
Thanks to (P3), we know that S(wy) = S, (uy) € € (£2, v) and hence, S(w,) and S
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Fig. 2. Sketch of the construction of a recovery sequence. Inside W, the chain S (in red)
takes multiplicities in the set & € mp_1(4"). Outside W, the original map w, and the
modified map w coincide

differ by a boundary. By approximation (see Section 3.4.2), we reduce to the case
S =S(wy) + IR,

where R is a polyhedral (n + 1)-chain with compact support in £2. Actually, we can
make a further assumption on S. Let Wg CC 2 be an open set, with polyhedral
boundary, whose closure contains the support of R (see Figure 2). Up to a density
argument (Proposition 6), we can assume that S | Wg takes its multiplicities
in the set & C mx_1 (/) defined by (2.4). Roughly speaking, we replace each
polyhedron K of SL_Wg with a finite number of polyhedra, very close to each other,
whose multiplicities add up to the multiplicity of K. This is possible, because &
generates 71 (.#") by Proposition 1. The assumption on the multiplicity of SL Wg
turns out to be essential to obtain sharp energy bounds for our recovery sequence.

Let W be another open set, with polyhedral boundary, such that W CcC W CC
§2 (see Figure 2). In particular, W contains the support of R. We aim to modify w.
inside W, so to obtain a new map w: £2 — .4  with locally nice singularities
and S(w) = S(w,) +dR = S. In other words, we need to “move” the singularities
of w, along the boundary of R. This is the key step in the construction. We achieve
this goal by a suitable generalisation of the so-called “insertion of dipoles”, Propo-
sition 4 in Section 3.2. For any (n + 1)-polyhedron 7 of R, we modify w, in a
neighbourhood of 7 by inserting an .#"-valued map that depends only on the k — 1
coordinates in the orthogonal directions to 7. To define w near 97", we use radial
projections repeatedly, first onto the n-skeleton of 7', then onto its (n — 1)-skeleton,
and so on. Eventually, we obtain a map w: £2 — ./ that agrees with w, out of a
neighbourhood of spt R (in particular, it matches the boundary datum), has locally
nice singularities at S and satisfies S(w) = S. By local surgery ([2, Lemma 9.3],
stated below as Lemma 6), we can also make sure that ww is n-minimal.

The map w does not belong to the energy space W!*(£2, R™), unless § = 0,
because it has a singularity of codimension k. Therefore, we must regularise w to
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construct a recovery sequence. For x € W, we define

Ug(x) ;= min (M, 1) w(x).

Since w is n-minimal in W, a fairly explicit computation allows us to estimate
the energy of u, on W, in terms of the area of spt .S and the maps ¢g given by
Definition 3.2. Moreover, for any simplex K of S| W, the multiplicity og of S
at K belongs to G and hence,

¢ [ vrent att <okl 4,

Sk—1

because of Definition 3.2 and (2.4). Thanks to this inequality, we can indeed estimate
E;(ug, W) in terms of the mass of S, up to remainder terms that can be made
arbitrarily small. However, this approach is not viable near the boundary of 2,
because the regularity of w degenerates near d52. Instead, we define u, on 2\W
by adapting [49, Proposition 2.1], see Section 3.3. The two pieces—inside and
outside W—are glued together by linear interpolation.

3.2. Insertion of Dipoles Along a Simplex

Our next result, Proposition 4, is the main building block in the construction of
the recovery sequence.

Proposition 4. Ler D C R"* be a bounded domain. Let ¥ C D be a polyhedral
set of dimension n, and u € W"=1(D, A"y a map with nice singularity at X.
Let T CC D be an oriented simplex of dimension n + 1 and o € mwy_1(N"). Then,
there exists amap it € WYK=1(D, "), with nice singularity at a polyhedral set of
dimension n, such that i = u in a neighbourhood of 9D and S(it) = S(u)+0d[T].

Perhaps it is worth commenting on the assumptions of Proposition 4. In terms
of regularity of .#”, we do not need to work with smooth manifolds: a compact,
connected Lipschitz neighbourhood retract would do. The assumption that .4 is
(k — 2)-connected could also be relaxed. (k — 2)-connectedness is used in [17,
47] to construct S(u) for arbitrary u € Whk=1(22, 4); however, if u has nice
singularities and 7y — (.4") is Abelian, then S(u) can be defined in a straightforward
way. On the other hand, we must assume that .4 is (k — 1)-free (that is, the
fundamental group of 4" acts trivially on 7tz 1 (-#")). Should .4 not be (k—1)-free,
we could not identify free homotopy classes of maps S¥~! — 4" with elements
of mx_1(4). In this case, the product of free homotopy classes S¥~! — 4 is
multi-valued and hence, the equality S(i1) = S(u) 4+ 0 d[T] may fail.

The proof of Proposition 4 (see Figure 3) is based on a construction known
as “insertion of dipoles”. Several variants of this construction are available in the
literature (see e.g. [6,7,13,27,47]), but all of them rely of the following fact: a
map B¥~! — _# that takes a constant value on 9 B¥~! may be identified with a
map S¥~! — _#, by collapsing the boundary of the disk to a point. As a con-
sequence, if a continuous map ¢: B¥~! — _# is constant on dB*~!, then we
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Fig. 3. Idea of the proof of Proposition 4: an example withk = 2,n = 0and A4 = S!. The
initial map u is plotted in (a); the values of u are represented by the colour code. We aim to
insert singularities of degrees 1, —1 at the points x, x_. First, we reparametrise u, creating
a ‘slit’ along the segment of endpoints x4 and x_ (b). Then, we fill the slit by inserting a
map that winds around the circle exactly once, as we move in the direction orthogonal to the
segment of endpoints x4, x_— (c). Finally, we define # in the disks V4, V_ in such a way that
is homogeneous inside each disk (d). The new map & behaves as required. For instance, there
are exactly three yellow points on d V4 ; as we move anticlockwise around 9 V4, two of them
carry the orientation ‘from red to blue’ and the other one carries the opposite orientation

‘from blue to red’. If we orient the target S! “from red to yellow to blue’, then the degree
of iondVyis 1

may define the homotopy class of ¢ as an element of 7x_;(.4"). (In principle,
we should distinguish between free or based homotopy, according to whether the
boundary value of ¢ is allowed to vary during the homotopy or not; however, the
assumption (H;) guarantees that these two notions are equivalent.)

Lemma 1. Let K be a convex polyhedron, let h: K — A be a Lipschitz map, and
let o € my_1(AN). Then, there exists a Lipschitz map u: K x B*~1 — ¥ such
that

ux', X"y =h(x) forany (x', x") € K x B! (3.3)
and, for any o € mwi_1(AN"), the homotopy class of u(x', -) is o.

The proof of Lemma 1 is completely standard, but we provide it for the sake of
convenience.

Proof of Lemma 1. We choose a point x, € K and consider the map v : [0, 1] x
K — Kasy(t, x) = tx' + (1 — )x}. We define u: K x (Bk*I\Bf/_zl) — N
as

u(x',x") = (hoy) (2lx"|—1,x") forx' € K, 1/2=< |x"| S 1.

The map u is Lipschitz and satisfies (3.3); moreover, for |x” | = 1/2 we have
u(x’, x") = h(x}). Now, we take a smooth map ¢: B¥~! — _# that is con-
stant on 9B~ — say, ¢ = zg € .4 on dB*~! — and has homotopy class .
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Fig. 4. The set V(K, &, y),incasen = 1, k = 2 (left) and n = 2, k = 1 (right). In both
cases, the polyhedron K is in pink and K is in red

Let ¢: [0, 1] — A4 be a Lipschitz curve with ¢(0) = zg, ¢(1) = h(x(’)). We
define u: K x B]f/_zl — AN as

c(@|x"|=1) if1/4 < X" < 1/2

w0 )= ) if "] < 1/4.

For any x” € K, the map u(x’, -) is (freely) homotopic to o, via a reparametrisation
and a change of base-point. Therefore, the homotopy class of u(x’, -)iso. O

Proof of Proposition 4. We triangulate X U T, that is, we write X U T as a finite
union of closed simplices in such a way that, for any simplices K, K’ with K # K’,
K N K’ is either empty or a boundary face of both K and K’. We denote by T,
the n-skeleton of this triangulation (i.e., the union of all simplices of dimension n
or less). We will construct a sequence of maps u"+!, u”, ..., u', u® by modifying
the given map u first along the simplices of dimension n + 1 that are contained
in T, then along those of dimension 7, and so on. In order to do so, we first need to

construct a suitable covering of T'.

Step 1. (Construction of a covering of T) Let K C T be a simplex of dimension j >
0. Let K+ be the orthogonal (n + k — j)-plane to K through the origin. We fix
positive numbers §g, yx and define

K :={x' e K: dist (x/, 9K) > vk}, (3.4)
Vi = {x/+x”: X' ek, x" e Kt x| < 5K}’ (3.5)
FK = {x/+x//:x/elg, x”GKJ', |x”|=8[(} (36)

(see Figure 4). If K is a 0-dimensional simplex, i.e. a point, we define Vg :=
B’H‘k(K, dk) and I'x := 0Vg. By choosing 8k, yx in a suitable way, we can
make sure that the following properties are satisfied:

(a) Vx cC D for any simplex K C T.
(b) For any j-dimensional simplex K € T, we have
aVk\I'k < U Vi
K'CT: dimK'<j

(in case j = 0, both sides of the inclusion are empty).
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Fig. 5. The covering of T, in case n = 1 and k = 2 (view from the top). The set X' is in
green

(¢) For any simplices K € T, K/ C T with K # K’, dim K = dim K’, we have
Ve N Vg = 0.

(d) For any simplices K € T, K' € X UT with K € K’, we have Vx N K’ = {.

(e) No simplex K C T is entirely contained in U{Vg/: dim K’ < dim K}.

Property (b) implies that the Vg ’s do cover T. To construct a covering that satis-
fies (a)—(e), we first cover the 0-skeleton of 7' by pairwise disjoint balls that are
compactly contained in D. Then, we cover each 1-dimensional simplex in 7 by a
“thin cylinder”, whose bases are contained in the balls we have chosen before. Next,
we cover each 2-dimensional simplex by a “thin shell”, and so on, as illustrated in
Figure 5. At each step, we can make sure that the properties (a)—(e) are satisfied,
because the simplices have pairwise disjoint interiors and only intersect along their
boundaries. As a consequence of (d), for any simplex K C T it holds that

VkN(ZUT,) =9 ifdmK =n+1 3.7
TkN(XUT,) =90 if dimK =n. ’
For any integer j € {0, 1, ..., n + 1}, we define
vii= |J w. vi=Jvi v=JvT

KCT: dimK=j i=0 i=j
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and V<0 .= g.

Step 2. (Construction of uHLet K € Tbea(n+1)- 51mplex of the trlangulatlon
with the orientation induced by 7'. We identify Vi with K x BK=1(0, 8x), where K
is given by (3.4). We construct a Lipschitz map u'”rl Vg — A as follows. First,
we let

Sx” -
'Iz<+1 (x', x") = u (x/, 2 — 2KX ) forx’ e K, 8x/2 < x| £ 8k

]

(3.8)
Thus, u’}:'l = u on Ik, while u’}(+1(x’, x"y = u(x’, 0) for |x”| = 8k /2. Since the
trace of u'l’("’l on K x dB*1(0, 8k /2) only depends on the variable x’, we may
apply Lemma 1 and define u"+1 in K x B¥~1(0, 8x/2) in such a way that, for
any x’ € K,

the homotopy class of u/x" is (=)' o, (3.9)

(x’, ')|Bk*1(0, 5k /2)

The sign (— D! will be useful to compensate for orientation effects, later on in
the proof.
We define a map

R N e T e

as follows: 1" 1 (x) := u”“(x) if x € Vi for some (n + 1)-simplex K, and ut!
(x) := u(x) otherwise. This definition is consistent. Indeed, the sets Vi are pairwise
disjoint, due to (c). Moreover, if a point x belongs both to Vg and to D\V <"*1,

then x € I'y because of (b), so u”“ (x) = u(x) by (i). Therefore, the map u"tl s
well-defined and locally Lipschltz out of X', with nice singularity at .

Step 3. (Construction of u") Let K C T be a n-simplex. We identify Vi with K x
B¥(0, 8k). The map u"tlis Lipschitz continuous on 'k, due to (3.7). Let ox €
mk—1(4) be the homotopy class of u”*! on an arbitrary slice of I'x, of the
form {x'} x aBk(O, dk). If ox = 0 then, by adapting the arguments of Lemma 1,
we can construct a Lipschitz continuous map u’ : Vg — .4 such that uy, = utl
on I'x.If o # 0, we define u’y : Vg — A" as

Sxx” -
wh (X', x") = i <x/, KX ) for (x', x") € K x B (0, sk).

x|
In both cases, by a straightforward computation, we obtain
Vi (¢, ") S0 forae. (¥, x”) € K x BX(0, 8x),  (3.10)

where the proportionality constant at the right-hand side depends on §x and "+
We define
u": (D\V")U VEN >

as follows: u"(x) = uy(x) if x € Vi for some n-simplex K, and u"(x) :=
u" 1 (x) otherwise. Thanks to (b), (c) and (3.10), we can argue as in Step 2 and
check that u” is locally Lipschitz out of X' U T,,, with nice singularity at X' U T,,.
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Step 4. (Construction of u/ for j < n) We proceed by induction. Let j € {0, 1, ...,
n — 1}. Suppose we have constructed a map

Wil (D\v<f+1) UVt oy
thatis locally Lipschitz outof ¥UT, and has a nice singularity at ¥UT,. LetK < T

be a j-simplex. By identifying Vi with K x B"T¥=7(0, k), we define u} : Vg —
JVs

. , Sex” . .
wh (x', x") = ult! (x/, éf' ) for (x', x”) € K x B" %77 (0, 8k).

The map uﬂ( is locally Lipschitz out of the set

~ . 3 "
A= {(x’, x") € K x B (0, 8g) : (x’, ﬂ) ex U T,,}.

x|

By Property (d), the only simplices of X U T}, that intersect V ¢ are those that
contain K . Therefore, if Hy, H, ..., H,, denote the n-dimensional (closed) simplices
of X U T, that contain K, then

<

(ZUT)NVk = (Hi nVk) (3.11)

i=1

Moreover, Property (d) and the convexity of H; imply that
HNVg =K x (H, N B (0, 3K)), (3.12)

where H; € R"t¥~J is a cone (i.e., Ax € H; for any x € H; and any A = 0). Asa
consequence,

p p
A GBI (Rt n 10, 850)) 22 0 v
i=1 i=1

CAb s uT) Nk,

that is, u}( is locally Lipschitz out of X' U 7;,. We claim that

|Vu§.((x)| < dist™'(x, X UT,) forae. x € Vg, 3.13)
where the proportionality constant at the right-hand side may depend on §x . Given
x = (', x") € Vg, let y(x) := (x/, 6xx"/ |x”|). By the induction hypothesis,

u/*1 has a nice singularity at ¥ U Tj,. Therefore, an explicit computation gives

IVul ()] < I~ dist™! (y(x), TUT,) (3.14)
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/ dist(z, LU T),)
i 1

Fig. 6. Proof of (3.15). The picture represents a slice of Vg, of the form {x"} x
B0, 8g)

for a.e. X € Vk.By (3.11) and (3.12), the set X' U T, agrees with K x UiI:Ii in Vg,
and U; H; is a cone. Then, by a geometric argument (see Figure 6), we have

|x//| 3 81(
dist(x, TUT,) dist(y(x), ZUT,)
By combining (3.14) and (3.15), (3.13) follows. Finally, we define

(3.15)

ul: (D\V<j> uvzi

as follows: u/ (x) := u% (x) if x € Vi for some j-simplex K C T, and u/ (x) :=
u/T1(x) otherwise. Thanks to (b), (c) and (3.13), the map u’ is well-defined, locally
Lipschitz out of X' U T;, and has a nice singularity at X' U T,,.

Step 5. (Conclusion) By induction, we have constructed a sequence of maps u"*!,
u, oul,ul Leti i=u’: D — N, By construction, the map # has a nice
singularity at X U T}, and agrees with u out of V<"1 U V="+1 In particular, i = u
in a neighbourhood of 9 D, because of (a).

It only remains to compute S(it). Let K be an n-simplex of 7. By Property (e),
K is not entirely contained in V <"; we take a point x € K\V<". Let K be the
orthogonal k-plane to K at x, and let F := Vg N K=+. By Property (d), the only
(n+1)-simplices that intersect F are those that contain K ; we call them Hy, ..., Hp.
We consider the restriction of i to the (k — 1)-sphere d F'. By construction (see (3.8)
and (3.9) in Step 2), i3 consists (up to homotopy) of a reparametrisation of u |5,
with the insertion of ‘bubbles’ around the points d F N H;. Each bubble carries the
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homotopy class o or —o, depending on the orientation of H; (which, we recall,
is the one induced by 7). The net topological contribution of all the bubbles may
vanish or not, depending on whether the point x belongs to the boundary of 7' or
not. As a result, we have

(homotopy class of fijgr: OF ~ SF1 — JV)

= (homotopy classof ujgrp: F =~ sk </V)
+ o (multiplicity of 3[T] at x) .

The sign of the second term in the right-hand side depends on the choice of the sign
we made in Equation (3.9) (see, for instance, Property (iv) in Lemma 8 of [17]).
Then, by Remark 6, S(i1) = S(u) + 0d[T]. O

3.3. Projection of a W'-*-map onto N

Before we pass to the construction of a recovery sequence, we gather some
useful results, based on earlier work by HARDT ET AL. [29, Lemma 2.3], [30], and
RIVIERE [49, Proposition 2.1]; see also [2, Proposition 6.4] for similar statements
in case 4" =S¥~ 1,

For any y € R™, we consider the map 9y : z > 0(z — y) which is well defined
for z € R™\(Z + y). This is not a retraction onto .4/, in general, because it does
not restrict to the identity on .#”. However, for sufficiently small |y| —say, y € B}
with o > 0 small enough — the restriction gy, 4 is a small perturbation of the
identity and, in particular, itis a diffeomorphism. For y € B2 andz € R"\(Z +),
let us define

0@ = ((eyr) " 00) G = . (3.16)

This map is indeed a smooth retraction of R”\ (2" + y) onto .4". We also define
a function ¢ : R — R by

dist(z, Z°)

W(Z) = min {m,

1} for z € R™. (3.17)
The function v is Lipschitz and ¥ = 1 on .4/". By Proposition 2 and (3.17), we

have { {
Voy(2)| S — hS 3.18
| Qy()|Ndlst(Z—y, )~ Yz —y) G189
for any y € Bl and z € R"™\(Z + y). The proportionality constants here de-
pend on o, but o = o (A, Z, 0) is fixed once and for all. Finally, let & (¢) :=

min(z /e, 1) fort = 0.

Lemma 2. Let A be a positive number, and let u € (L N W%) (82, R™) be such
that |lu|| =2y £ A. Fory € B, ¢ > 0 and x € $2, define

wy(x) := (gy ou)(x),  wWey(x):= (& 0 ¥)(U(x) —y) wy(x).

Then, the following properties hold:
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(i) Forae. y € B, wy € wWhk=L(Q 4 and S(wy) = Sy (u).
(i) For a.e. y € B} and sufficiently small &, w,, y € (L* N Wik (2, R™) and
we,yllLee(2) = max{|z] : z € A}
(iii) For any open set D C 2, it holds that

[ (Bewny. D)+ 727 M € D wey (0 # w,060) dy
By

< Ca (llogel IVullly ) + 2" (D)),

where C 4 is a positive constant that only depends on N, k, " and A.
(iv) For a.e. y € Bl there exists a (non-relabelled) subsequence ¢ — 0 such that
We,y —> Wy Strongly in w12, rR™).

Remark 9. Statement (iii) of Lemma 2 implies, via an averaging argument, that
inf {Eg(u): u e Wvl'k (.Q, ]R’")} < |loge|

forany v € W!=1/5k(32, ) and any & > 0.

Proof of Lemma 2. Throughout the proof, we denote by C, a generic positive
constant that only depends on ./, k, 2" and A (and may change from one occurence
to the other).

Step 1. (Proof of (i)) For a.e. y, we have p o (u — y) € Whk=L(Q ) (see e.g.
[17, Lemma 14] for a proof of this claim). Moreover, by CANEVARI AND ORLANDI
[17, Lemma 17] we know that

Sy (0o (u—y)=8yu) forae.y, y €B].

Now, wy is obtained from g o (u — y) by composition with a map, (0, #)~!, which
is homotopic to the identity on .#". Therefore, from the identity above we obtain

Sy(wy) =Sy(u) forae.y, y' € B*. (3.19)

This can be first checked when u is smooth, using [17, Lemma 18], and remains
true for a general u by a density argument, using the continuity of S and e.g. [17,
Lemma 14].

Step 2. (Proof of (ii), (iii)) It is immediate to see that ||w,, ||z~ (@) < max{|z| : z €
A} By (i), we,y € (LN Wlk=1y(22, R™) for a.e. y, and by the chain rule, we
have the pointwise bound

|Vwe y ()| £ Ca (& 0 %) (w(x) — y) [Vux)| + (& o %) (u(x) — y) [V, (x)))
fora.e. x € £2. Thanks to (3.18), we deduce that

, (& oY) (u(x) = y)
< o _
|v%yun:cA«§ ¥) (u(x) = y) + TG —3) )Wmm|
<c <11{¢(u(x)_y)gg} 1{w(L:<x>—y>gs}) V)|
= £ Y (u(x) - y)

(3.20)
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(where, as usual, 14 denotes the characteristic function of a set A). On the other
hand, the L°°-norm of We, y is uniformly bounded in terms of A only, and hence
it holds that

f(wey) S w2} = Liwa—y<e)- (.21
Together, (3.20) and (3.21) imply that

E. (wey, D)+ e X2 {x € D: we y(x) # wy(x)}

1 _n<
lquad < C4 / tvem-nze
2

ek
+CA/ <1{w<u<x>y>§e} N ﬂ{www”?}) V)l dx
; o ¥ (u(x) — y)k

We integrate the previous inequality for y € B!, apply Fubini theorem and make
the change of variable z = u(x) — y:

/ (ES (we,y, D) + e X 2" (x € D: w, y(x) # u)y(x)}) dy
By

1 < 1 > 1 <
{¥(2)Se} {Y(z)2e} k {¥(2)Se}
<cC // {( + ) Vu(x —}——}dzdx.
=LA " Sk W(Z)k | ( )| Ek

o+A

Since 2" is a finite union of simplices of codimension & or higher, for ¢ sufficiently
small it holds that

1
(¥ (2)2¢}
/ Liy<e dz = Caek, / L_kg dz < Cy |loge]
(};‘n+A (};‘n+A w(z)

(see e.g. [2, Lemma 8.3]). As a consequence, we obtain (iii).

Step 3. (Proof of (iv)) For a.e. y € BY', the set {yy(u — y) =0} = (u — y)_l(ﬁi”)
has Lebesgue measure equal to zero (see e.g. [17, proof of Lemma 14]). Then,
since &, — 1 pointwise on (0, 4+00) as ¢ — 0, we have w, y — wy a.e.ase — 0,
for a.e. y. Using the chain rule, (3.18) and (3.20), we obtain that

1 1
Vw —Vuw SChl-+———|1 _ \Y% .
| e,y (%) y(x)| =0a (8 V(ux) — y)) (W (u(x)—y) e} |V (x)]
for a.e. x € £2. We raise both sides of this inequality to the (k — 1)-th power,
integrate over (x, y) € £2 x BY', apply Fubini theorem and make the change of
variable z = u(x) — y:

k—1 1
/B* [ Ve, =V, ||LH(9> dy = Ca /g /gm <8k_—1

1

+W> Liy<ey Va0~ dzdx.
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We apply [2, Lemma 8.3] to estimate the integral with respect to z: since 2" has
codimension k, we obtain

1 1 <
B, k-1 + V()1 Ly <eydz = Cae,

/ ”Vll)g y — va ” Lk— 1(9) dy < CA8 ”Vu”Lk 1(_(2)

SO

By Fatou lemma, we deduce

e—0

/ lim inf ||Vw£/V Vuwy ”Lk 12) dy =0,

so (iv) follows. O

3.4. Construction of a Recovery Sequence

3.4.1. Construction of an ./ -valued Map with Nice Singularity at a Locally
Polyhedral Set In this section, we give the construction of a recovery sequence.
We first construct a map £2 — .4 that matches the Dirichlet boundary datum and
has nice singularities along a locally polyhedral set.

Lemma 3. Any boundary datumv € W'~V K@ Q| ) can be extended to a map
u* e (L*nN Wvl’k )($£2, R™) that satisfies the following properties, fora.e. y € R™:

(a) MI(Sy(uy)) < +o00and Sy(uy) L0982 = 0;

(b) the chain Sy (uy) is locally polyhedral;

(c) the chain Sy (uy) takes its multiplicities in a finite subset of wi_1(A"), which
depends only on N, o, Z';

(d) there exists a locally (n — 1)-polyhedral set Py such that ¢ o (uyx — y) has a
locally nice singularity at spt Sy (uy) U Py.

The proof of Lemma 3 relies on the following fact.

Lemma 4. Any boundary datum v € W'=V/5K@2 R™) has a locally piecewise
affine extension u, € (L* N Wvl’k)(s?, R™).

We give a proof of Lemma 4, for the convenience of the reader only.

Proof of Lemma 4. Arguing component-wise, wereduce tothecasem = 1.Letu €
Wvl*k (£2) be an extension of v. By a truncation argument, we can make sure thatv €
L®(£2). Let Il := {x € 2 dist(x, 32) > 1/2} and, for any integer j = 2, let
Ii={xeR:(j+ D! < dist(x, 3§2) < (j —1)~'}. Using a partition of unity,
we constructa sequence of smooth functions ; € C°(I'j) suchthat } ;> ¢; = 1.
Thanks to e.g. [53, Theorem 1], for any j there exists a triangulation 7; of Rk
such that the piecewise affine interpolant u ; of ¢ ;u along 7; is well-defined (that
is, all the vertices of 7; are Lebesgue points of ¢ ;u) and there holds

¥ty =9 (50) | ooty <27 622)
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Moreover, the proof of [53, Theorem 1] shows that for any r > 0, we can choose 7;
such that all the simplices of 7; have diameter < r. In particular, we can make
sure that u; is still supported in I';. Now, we define u, := ijl u;. Since the
support of u; intersects the support of u; only for finitely many i, the function u,
is locally piecewise affine. Moreover, u, € L°(£2) because, by construction,
ue; ||Lw(m < llull(q) for any j, and u € W1*(£2) due to (3.22). Finally, for
any N = 1 the function Z?jzl (uj — @ju) is compactly supported in §2, and hence
Z?]:l (wj—oju) € Wé’k(.Q). Passing to the limit as N — 400, we conclude that

U —u € Wy (£2), and the lemma follows. O

Proof of Lemma 3. Letu, bethelocally piecewise extension of v given by Lemma4.
Statement (a) follows from (P,) in Proposition 3, because u, € whk(2, R™).
Let K C £2 be a (closed) (n + k)-simplex such that uyk is affine. Since we have
assumed that 2" is polyhedral, forany y € R the inverse image (1, —y) ™' (2)NK
is polyhedral too. Take y € R™ such that (u, — y)|x is transverse to each cell
of Z". By [17, Corollary 1], we have Sy (u,)L_K = S, (u4 k) and by definition (see
[17, Section 3.2] and Section B below), the latter is a polyhedral chain supported
on (uyx —y) 1 (2Z)NK.Thus, Sy (u4) is locally polyhedral. Moreover, Sy () take
its multiplicities in the set

{+ (homotopy class of o around H) : H is a (m — k)-polyhedron of 27},

which is a finite subset of 7x_1(.4"), because 2" is a finite union of polyhedra.
Finally, let us prove Statement (d). Take an open set W CC §2, and take y € R™
such that u,w is transverse to each cell of 2. Let K be a (n + k)-simplex such
that K N W # @ and uyx is affine. By transversality, we see that

dist (us(x) —y, £ 2 Cg,y dist (x, (uy — y)_1 (55)) for any x € K,

where Cx > 0 is a constant that depends on the (constant) gradient of u, on K and
on y. Since W is covered by finitely many simplices, we have

dist (uy(x) —y, Z) 2 Cw,y dist (x, (s — y)~! (%)) forany x € W,

where Cy y := ming. gnw=p Cg,y > 0. Then, by applying the chain rule and
Proposition 2, we conclude that g o (4, — y)|w has a nice singularity at (spt S (1)U
Py) N W, where Py := (uy — y) " (Zm—k—1). O

3.4.2. Reduction of the Problem Throughout the rest of Section 3, we fix the
boundary datum v € W=V k@2 _#") and let u,, be the map given by Lemma 3.
We also fix y* € R™, with |y*| sufficiently small, in such a way that Statements
(a)-(d) in Lemma 3 are satisfied. Let wy := 0y, ouy, where gy, is defined by (3.16).
By Lemma 3, the map wy has a locally nice singularity at spt S, (u.) U Py, , where
Py, is alocally polyhedral set of dimension n — 1. By Lemma 2, we can choose
so to have wy, € WHE—1(2, 4) and S(w,) = Sy, (uy) as well.
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Remark 10. For a generic map w € Wh ~1(£2, R™), S(w) is only well-defined
as a relative flat chain, S(w) € F,(£2; mr_1(4)) (see [17, Section 3]). How-
ever, Sy, (u,) is well-defined as an element of IF, (R’H'k; wr_1(A)), because uy €
WLk (82, R™) (see Proposition 3). With a slight abuse of notation, we will regard
S(wy) as an element of F,, (R"*X: 7,1 (4)), too.

Let S be a finite-mass n-chain, supported in £2, that is cobordant to S(w,). By
definition of ¥’(§2, v), Equation (2.6), S and S(w,) differ by a boundary. By an
approximation argument, we will reduce to the case S has a special form.

Proposition 5. Let S € €' (£2, v) be a finite mass chain. Then, there exists a se-
quence of polyhedral (n + 1)-chains R;, with compact support in §2, such that
S(wy) + 0R; — S (with respect to the F-norm) and M(S(w) + dR ;) — M(S)
as j — +oo.

The proof of Proposition 5 is left to Appendix D.1. Thanks to Proposition 5,
and a diagonal argument, we can assume with no loss of generality that S has the
form

S = S(wy) + 0R, (3.23)

where R is a polyhedral (n 4 1)-chain, compactly supported in 2. There is one
further assumption we can make. Let Wg CC £2 be an open set, with polyhedral
boundary, such that 0 Wg is transverse to spt S (more precisely, there exist trian-
gulations of dWg and spt S such that any simplex of the triangulation of d Wg is
transverse to any simplex of the triangulation of spt §) and

sptR C Wg, SLaWg =0. (3.24)

The condition S L dWg = 0 is satisfied because, by transversality, spt S N dWg
has dimension (n — 1) or less and hence, it cannot support a non-trivial polyhedral
n-chain.

Proposition 6. There exists a sequence of polyhedral (n+1)-chains R, supported
in We, such that the following hold:

(i) S+ dR; — S, with respect to the F-norm, as j — +00;
(ii) MI(S + 0R;) — M(S) as j — 4o00;
(iii) for any j, (S +0R;) L dWg = 0;
(iv) for any j, the chain (S + 0R;) L We takes multiplicities in the set & C
7k —1(A) defined by (2.4).

The proof of Proposition 6 will be given in Appendix D.1. Thanks to Proposi-
tion 6, it is not restrictive to assume that

S L Wg takes its multiplicities in &, (3.25)

in addition to (3.23), (3.24). Indeed, if (3.24) does not hold, we replace S with with
a chain of the form S + 0 R; as given by Proposition 6, we replace R with R + R},
then we use a diagonal argument to pass to the limit as j — +o0.
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3.4.3. Construction of an ./ "-valued Map with Prescribed Singular Set Our
next task is to construct amap w: 2 — .4/, with locally nice singularities, in such
a way that S(w) = S. To do so, we fix an open set W CC £2 such that Wg CC W
and 0 W is transverse to spt S (i.e., there exist triangulations of d Wg and spt S such
that any simplex of the triangulation of d Wg is transverse to any simplex of the
triangulation of spt S). We also fix a small parameter > 0.

Lemma 5. For any W as above and any 1 > 0, there exists a map w € WH =1
(82, A) that satisfies the following properties:

(i) w = wy a.e in 2\W;
(i) w has a locally nice singularity at (spt S, Qy), where Q, 2 (sptS),—1 is a
locally (n — 1)-polyhedral set;
(iii) S(w) = S;
(iv) ww is n-minimal.

Lemma 5 follows from Proposition 4, combined with the following lemma
from [2]:

(Lemma 9.3, [2])

Lemma 6. Let K € R"*¥ pe a n-simplex, and let 8, y be positive parameters.
Letu: U(K, 8, y) — A be a map with nice singularity at K, and let 0 €

7x—1(A) the homotopy class of u around K. Let ¢: S*~' — N be a Lipschitz

map in the homotopy class o. Then, there exists amap u: U(K, 8, y) — A that

satisfies the following properties:

(J)u=uondU(K, 8, y);
(it) u has a nice singularity at (K, 0K);
(iii) S(u) = S(u);
(iv) i(x) = ¢p(x"/|x"]) forany x = (x', x"") e U(K, §/4, y/4).

In [2], this result is proved in the particular case .4 = S¥~!. However, the
same proof applies to a general target ./": the map # is constructed by a suitable
reparametrisation of the domain U (K, §, y), and the arguments do not rely on
properties of the target .4 other than (Lipschitz) path-connectedness. Property (iii)
follows from Remark 6 and (ii), (iv).

Proof of Lemma 5. By (3.24), we have spt R € W C W. By triangulating, we
can write R in the form

q
R=Y o[T].
i=1

where the coefficients o; belong to w;—1(./#") and each T; CcC W is a convex
(n 4+ 1)-simplex. We apply Proposition 4, so to modify w, in a neighbourhood
of T1. We obtain a new map w; € W¥(£2, .4") that has a locally nice singularity
at spt S(wy) U (T1), U Py, (with (T1), is the n-skeleton of a suitable triangulation
of T), satisfies w; = wy on 2\W and S(w;) = S(wx) + o1 3[T1]. Now, we use
Proposition 4 to modify w; in a neighbourhood of 7>, and so on. By applying
iteratively Proposition 4, we construct a sequence of maps wi, w, ..., wy. The
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map wy has alocally nice singularity at spt S(w)U(spt R),UPy,
on 2\W and S(wy) = S(w,) +9dR = S.

To complete the proof, it only remains to modify w, so as to satisfy (iv).
Since W CC £2 has polyhedral boundary, the restriction S L W is a polyhedral
chain. Let K be a n-face of spt S(w,) U (spt R),. The interior of K is contained
in W and hence, for sufficiently small parameters § > 0, y > 0, the interior
of U(K, §, y) is contained in W. Let og € mx—1(.4) be the homotopy class
of w, around K. By Remark 7, there exists a smooth map ¢k : Sk=1 — 4 that
satisfies

satisfies wy = wix

% °

/ |VT¢K|’<d%’<—1§/ Vry Fdot! 4y
Sk—l Sk—]

for any ¥ € WLEESHT )y Nok. If ox = 0, we choose ¢x to be constant.
We apply Lemma 6 to u = wy and ¢ = ¢k . By doing so for each K, we obtain
amap w: 2 — ./ that agrees with w, on £2\W and is n-minimal on W. By
Remark 6, S(w) = S(wy) = S. Moreover, since ¢k is constantif ox = 0, w has a
locally nice singularity at (spt S, Q) where Q, := (spt S(w4))n—1 U(spt R),,—1 U
Py, . Therefore, w has all the desired properties. O

3.4.4. e-regularisation The map w: £2 — .4 given by Lemma 5 has a singu-
larity of codimension k at spt S, so w ¢ Wl’k(.Q, ) unless S = 0. Therefore, in
order to define a recovery sequence, we need to regularise w around spt §. We do
so by defining the maps

We(x) ;= min w(x) foranyx € £2. (3.26)

dist(x, sptS) |
p ,
Lemma 7. For sufficiently small e, the map w, defined by (ii) belongs to (L*° N
Wlt’ck)(.Q, R™). Moreover, the following properties holds:

(i) we — w strongly in Wll)’ckfl (2)ase — 0.
(ii) For any open set D CC $2 with polyhedral boundary, it holds that

li E¢(we, D)
im sup ————=

é Cw,D M(S I—E)s
s—0  |loge]

where the constant Cy, p depends on the map w and on dist(D, 052).
(iii) We have

E.(w,, W _ _
imsup 2220 W) < (4 L ey MSLW) + € MW\ W),
£—0 [log &|

where C is a constant that depends only on N, Z°, ¢ and k.

Proof. Let Z, := {x € R**: dist(x, spt S) < ¢}, and let ¢, be the characteristic
function of Z, (i.e. ¢ := 1 on Z,, ¢, := 0 elsewhere).
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Step 1. (Proof of (1)) Let D CC £2 be an open set. We choose a number p, with 1 <
p < (k+ 1)/(k — 1). Since w has a locally nice singularity at (sptS, Q), at
a.e. point of D we have

dist(-, spt S
[Vwe| S (#—H—Q) IVwI—S-%

((dist(-, spt S)¢e e
e

< Cuwp +1- {F,) (dist_l(~, spt §) + dist ™7 (-, Q.)) + ;)

SCup ((1 — &) dist™! (-, spt ) +dist (-, Q) + %)
(3.27)
where C,, p is a constant that depends on w, dist(D, d§2) and p, but not on .

Therefore,

Lpnz
/ [Vwe *~! < Cyop / dist’ %P (x, Q,)dx + LT (DN Ze) )
DNZe ' DNZ, ok—1

By our choice of p, we have p —kp > —(k+ 1). Since Q. has codimension k + 1,
[2, Lemma 8.3] implies that the function dist”*”(-, Q,) is integrable and that

Lz < ek (3.28)

As a consequence, we have

/|V<w—w8>|k‘1§/ |Vw|k‘1+/ Ve ! = 0
D DNZ; DNZ,

as ¢ — 0, and (i) follows.

Step 2. (Proof of (ii)) Let D CC 2 and 1 < p < 1+ 1/k. From (3.27), we deduce

Ec(we, D) < Cy.p ( / dist % (x, spt §) dx + / dist ™7 (x, Q4)dx
D\Z D

+$n+k(€ ﬁZ€)>
&

The second and third term at the right-hand side are uniformly bounded with respect
toe — 0, due to [2, Lemma 8.3] and (3.28). Since spt S N D is contained in a finite
union of polyhedra of codimension k or higher and D has polyhedral boundary, a
computation based on Fubini theorem gives

dist ™% (-, spt §) < " (spt S N D).

lim sup
e—0 |logel Jp\z.

On the other hand, 2" (spt S N D) < M(S L D) because the coefficient group
(r—1(A), | - |%) is discrete (Proposition 1). Thus, (ii) follows (and in particular,
we € WhE (2, R™)).
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Step 3. (Proof of (iii)) The inequality (3.28) implies

1 $n+k 7
lim sup ——— / f(we) < lim sup (Ze) =0, (3.29)
[loge| ek Jw

e—0 es0  logelek
so we only need to estimate the gradient terms. By Lemma 5, ww is n-minimal,
with nice singularity at ((sptS) N W, Q. N W). Therefore, there exist positive
numbers §, y, a triangulation of (sptS) N W and, for any n-simplex K of the
triangulation, a Lipschitz map ¢k : S¥=1 — _#" that satisfy the conditions (i)—(iii)
in Definition 3.2. By taking smaller 8, y if necessary, we can also assume that the
interior of U (K, §, y) is contained in W, for any n-simplex K of the triangulation.
Let F := W\ Ug U(K, &, y), where the union is taken over all n-simplices K of
the triangulation. We estimate separately the energy on F and oneach U (K, §, y).

Let us estimate the energy on F first. Since Q. 2 (spt S),—1, the definition (3.1)
of U(K, 8, y) implies that

dist(x, Q%) = dist(x, sptS) foranyx € F. (3.30)

(The proportionality constant at the right-hand side depends on 6, y.) Let us choose
anumber p with 1 < p < 14 1/k. Since w has a locally nice singularity at (spt S,
Q.), we obtain

[Vw(x)| £ Cyp.w (dist_l(x, spt S) + dist™” (x, Q*)>

3.30
< Cuw,w dist™” (x, Q4)

for a.e. x € F and some constant C,, w that depends on w, W, p, § and y. This
implies

1 C
. / IVwe ¥ < Cyw / dist ™7 (x, Q) dx + ;”—,;Wf"“‘(za).
F F

The right-hand side is uniformly bounded with respect to ¢, due to [2, Lemma 8.3]
and (3.28), so

1
lim sup / [Vw, [ = 0. (3.31)
e klloge| Jr

Next, we estimate the energy on U (K, §, y), with K an n-dimensional simplex
in the triangulation of (spt.S) N W. We write U := U (K, §, y) for brevity, and
let x = (x/, x”) denote the variable in U, as in (3.1). Using Condition (ii) in
Definition (3.2), we can compute explicitly the gradient of w,, and we obtain

(CCs(X) 1 - Q(ﬂ) (V1K) <|i_//|) n Cle(x)

+
&
x_ﬁ)‘_'_cw,wfs(x)

IVwe (x)]
€ e |x”|
x| €

[IA

1 —e(x)

x|

(VTék) (

[IA

for a.e. x € U, where V1 denotes the tangential gradient on S¥=1. (In the second
inequality, we use that ¢k is Lipschitz.) We raise to the power k both sides of this
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inequality, integrate over U, apply Fubini theorem and pass to polar coordinates
for the integral with respect to x”:

5
l/ Vet < (1/ |VT¢K|’<d%"—1> (/ d—") A (K)
k Juy k Jsi—1 e P

Cuw.w £L"H(Ze)
+ g—k

(3.28)
<

1 )
< (% / |VT¢K|"d%"‘1> <log —) A" (K) + Copw.
sk—1 £

Using Condition (iii) in Definition 3.2, we deduce

1
lim sup
-0 klloge|

/ IVwel* £ (Emin(ox) + 1) " (K), (3.32)
U

where o € mr_1(4) is the homotopy class of ¢px and Enin(og) is defined
by (2.2). We need to distinguish two cases, depending on whether the interior of K
is contained Wg or not. If the interior of K is contained in Wg, then og € G
because of (3.25), and (3.32) becomes

1
lim sup
e—0 klloge|

/ IVwel* < (lok |y +m) A" (K) < (1+ Cnp) M(SL K)
U

(3.33)
for some constant C that depends only on .4, (Here again, we have used that M[(SL_
K) 2 "(K), due to Proposition (1).) Suppose now that the interior of K is
not contained in Wg. The intersection between the interior of K and d Wg has
dimension n — 1 at most, because we have taken d W to be transverse to spt S.
Therefore, up to refining the triangulation, we may assume that the interior of K
is contained in W\ W . Then, thanks to (3.23) and (3.24), S agrees with S(wy) in
the interior of K. The chain S(w,) takes its multiplicity in a finite set that depends
only on .4, 2", ¢ (by Lemma 3) and hence, Epin(ox) < C. Thus, (3.32) becomes

1
lim su
eoo" kllogel

Combining (3.29), (3.31), (3.33) and (3.34), the inequality (iii) follows. O

/ Vet < #"K) SMSLEK).  (334)
U

3.4.5. Proof of Theorem C.(ii) and Proposition D.(ii)

Proof of Theorem C.(ii). Let S € € (£2, v) be a finite-mass chain, and let n > 0
be a small number. Given a countable sequence ¢ — 0, we aim to construct u, €
(L*°N Wvl’k)(.Q, R™), where ¢ ranges in a non-relabelled subsequence, in such a
way that

lim F(Sy(us) —S)dy =0, (3.35)
e=0 /gm0, dist(.1, 2))

. E¢(ug)

lim sup ———= < (1 + Cn) M(S) + Cn, (3.36)

¢—0 |loge| —
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where C is a constant that does not depend on 7. If we do so, the theorem will follow,
by a diagonal argument. As we have seen, thanks to Proposition 5, Proposition 6
and a diagonal argument, it is not restrictive to assume that S satisfies (3.23), (3.24),
(3.25). Moreover, we have

(3.23).(3.24

SLa S(wy) L0922 =8, (ux) 92 =0 (3.37)

by Lemma 3 and hence, by taking a larger W if necessary, we can assume without
loss of generality that

M (SL (2\Ws)) +/ Vi, k<. (3.38)
2\Wg

Step 1. (Definition of u,) To define the recovery sequence near the boundary of £2,

we apply Lemma 2 to u, and y,, and consider the map

We,y, = (Ec oY) o (s — i) - We = (e oY) 0 (s — yy) - (Qy* o u*)

(with &, ¥ as in Lemma 2). Thanks to Lemma 2 and an averaging argument, by
possibly modifying the value of y, we have

Ec(wey,, 2\We) + e X 2" [x € Q\We: ey, (x) # wi(x)]

(3.38) (3.39)
< |loge| Vi *+1 < plloge| + 1.
2\We

Our recovery sequence will coincide with w, given by (ii) in W, where Wg C
C W CC $£2 is the open set introduced in Section 3.4.3. We need to interpolate
between w, and w,, y, near W. To this end, we take a small parameter & > 0, and we
let Dy := {x € 2\W: dist(x, W) < 6}.Forx € Dg,lettg(x) := 6~ dist(x, W).
We define

we (x) ifx € W
ug(x) 1= { (I = tg(x)) we(x) + to(X)we y, (x) ifx € Dy
Wy, (X) ifx € 2\ (WUDy).

We have u, € (L*° N Wvl’k)(.Q, R™) and sup, |lug||Lo ) < +00.

Step 2. (Bounds on E(u.)) The energy of u, on .Q\(W U Dy) is bounded from
above by (3.39). The energy of u. is bounded from above by Lemma 7:
E , W _
lim sup Eelue, W) SA+CpMES)+CM(SL (W\Wg))
oge

e—0 |1 | (3.40)
(3.38)
< (1 +Cnp)M(S) + Cn.

It remains to estimate the energy of u, on Dy. We first note that |Vig| = 9~ and
hence,

+co L,
(3.41)

V| § [Vwe| + |sz,y*

< [Vwe| + |sz,y*

-1
+9 |w6 - ws’)’*
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ByLemma 5, w = w, a.e.in 2\ W and in particular, w = w, a.e. in Dy. Therefore,
for a.e. x € Dy such that we(x) = w(x) and we y, (x) = wy(x), we have u.(x) =
w4 (x) € A . Since the maps u, are uniformly bounded, we deduce that

J We) S Lpwertw) + L, .} (342)
From (3.41) and (3.42), we obtain

E. (ue, Dp) < Ee (we, Dp) + Ee (we,y,, Do) + 052" (D)
+ e * LM we #£ w)+ e LDy N {wey, # wi)).

The set {w, # w} is the e-neighbourhood of spt S, which is a locally polyhedral
set of codimension &, so

LR w, # w) < ek (3.43)
(see Lemma [2, Lemma 8.3] and (3.28)). Moreover, .Z"*(Dy) < 6. Then,

E¢ (ue, Do) S Es (e, D) + Ee (ws,y*a DG)

(3.44)

+ e K" (Dp N {we,y, #wi))+0"7F + 1.
We choose 6 = 6(e) in such a way that 6(¢) — 0 and 9(8)1_"|10g£|_l — 0
as ¢ — 0; for instance, we take 0(¢g) := |10g8|_1/(2k_2). With this choice of 6,
from (3.44), Lemma 7 and (3.39) we deduce

E¢(ug, DO(e))

|10g8| g Cw,WM(SI—DG(e)) 4+ Cn+o0.-0(1)

where C,, w is a constant that depends on w and dist(W, 952), but not on €. By
taking the limit as ¢ — 0, and recalling that 0 W is transverse to spt S, we conclude
that

lim sup Ee (ue. Doce)) (e, Do)

= Cyp,w M(SLOW) + Cn = Cn. (3.45)
£—=0 [log ¢|

Combining (3.39), (3.40) and (3.45), the inequality (3.36) follows.

Step 3. (ue — win wlk-l (£2)) To complete the proof, it only remains to check (3.35).
As an intermediate step, we prove that u, — w strongly in W15=1(£2). Up to ex-
traction of a subsequence, we have w, — w in whk=l(wy and We y, —> Wy = W
in W4=1(£2\W) by Lemma 7 and Lemma 2, respectively. Thus, we only need to
check that

/ IVu "' >0  ase — 0. (3.46)
Dae)

From (3.41), using that w = wy a.e. on Dy(), we deduce

k=1 k=1
k—1 k—1 k=1 lwe — w |ws,y _w*|
/ [Vue| 5/ [Vwe| +}sz,y* .
Dge) Do (e)

+ e(g)k—l 9(5)1(—1
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The sequences we and wg,,, are strongly compact in W,-5~1(2), wh 1(2)
respectively. Since £+ (Dg(g)) — 0, we have

/ (|Vw8|k*‘ + |Vw8,y*|"*‘) —~0 ase— 0.
Dy(e)

Then, keeping in mind that we y,, w, are uniformly bounded, and using (3.39),
(3.43), we obtain

/ [Vue ! < 6" [loge| 6(e)' ™ + 0,0(1).
Dae)

Now (3.46) follows, because we have chosen 6(¢) in such a way that 9(8)1_k|
loge|~! — 0.

Step 4. (Proof of (3.35))£et us take a larger, bounded domain £2” OO £2 and a map
V e (L® N Wk (2\2, R™) with trace v on 952. We define

~ ug ons2 - w on £2
Ug 1= w =
V.  on £2'\£2, V on £2'\£2.

Since the traces of u., w agree with that of V on 9£2, we have i, € (L* N
WERY Q' R™), % e (L®°NW I =12/, R™),sup, ||iie||1=(@y < +ooandiie —
i strongly in W14=1(2"). By continuity of S [17, Theorem 3.1], this implies

/ For (SV (tg) — Sy(zI))) dy -0 ase—0.
B (0, dist(A, 27)) ’

Since ii, = W a.e. on £2’\£2 and the operator S is local [17, Corollary 1], we have
Sy(iie) L (2\2) = Sy(w) L (£2'\R2) for a.e. y, and hence S, (ii;) — Sy (W) is
supported in §2 for a.e. y. For chains supported in a compact subset of £2’, the
relative flat norm [F s is equivalent to F (see e.g. [17, Remark 2.2]). Therefore, we
have

/ F (Sy(iie) — Sy())dy = 0 ase — 0. (3.47)
B (0, dist(AV, 2))

By [17,Eq. (3.25)] we have S, (it,)L_d2 = 0and S, (W)L 92 =S, (V)L =0
for a.e. y, so

Sy(ite) —Sy(w) = (Sy(ﬁg) — Sy(d))) L.
Since i, = u, and w = w a.e. on §2, [17, Corollary 1] implies
Sy (iig) —Sy(w) = (Sy(ug) — S(w)) L2 =8y(u;)—-SL&
and finally, recalling (3.37), we obtain
Sy (tig) — Sy(Ww) =Sy (ug) — S. (3.48)

From (3.47) and (3.48) we deduce (3.35), and the proof is complete. O
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The proof of Proposition D.(ii) follows along the same lines, and in fact, is even
simpler.

Proof of Proposition D. Let S be an n-dimensional relative boundary of finite mass
— that is, S has the form S = (0 R)L_ 2, where R is an (n + 1)-chain of finite mass
such that Ml(0 R) < +o0. By a density argument, we can assume without loss of
generality that R is polyhedral. By Proposition 6, we can also assume that d R takes
its multiplicities in the set & C mx_1(./#") defined by (2.4). Finally, by translating
the support of R and applying Thom’s transversality theorem, we can assume that

BR)L 3R =0. (3.49)

Let w, € .4 be a constant, and let > 0 be a small parameter. We repeat the
same arguments of Lemma 5 and modify the constant map w, in a neighbourhood
of spt R. We obtain a new map w: R"tK — _#" that

(1) has a nice singularity at (spt(dR), (spt(dR)),—1);
(i1) satisfies S(w) = S(wy) + 0R = IR,
(iii) is n-minimal.
Let
{dist(x, spt(dR)) 1}
8 b

ug(x) == w(x) forx € R" .
By the same computations as in Lemma 7, we obtain that w, — w strongly
in WhA=1(R"+5) and that
E , §2
limsup 22 ) < (1 L oM (OR)L '), (3.50)
e—=0 [log &
where 2’ DD £2 is any open set, with polyhedral boundary, such that 32 is
transverse to spt(dR). (The latter condition is generic, by Thom’s transversality
theorem.) The continuity of S [17, Theorem 3.1], together with the fact that the
operator S is local [17, Corollary 1], implies S(u¢2) — S(w)L2 = (R)L3S2 =
SinY. Welet 2’ N\ £ in (3.50), and we deduce
Ec(ue, 2 — 3.
limsup 22425 < (L emmer L) P22 (1 + on M),
e—>0  |logel

Since n may be taken arbitrarily small, Proposition D.(ii) follows, by a diagonal
argument. O

4. Compactness and Lower Bounds

4.1. A Local Compactness Result

The aim of this section is to prove Statement (i) of Theorem C. As an in-
termediate step, we will prove the following result, which is a local version of
Theorem C.(i). We recall that we have fixed a number §* € (0, dist(.4", Z7)) and
that B* := B™(0, §*) C R™.
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Proposition 7. Let U cC U’ be bounded domains in R Let (ug), be a countable
sequence of maps in WH5(U’, R™) such that

E¢(ug, U/)

< +o0. A.1)
e0 |loge|

Then, there exist a (non-relabelled) subsequence and a finite-mass chain S €

M, (ﬁ’; Tg—1(A")) such that

lim [ Fy (S, (ue) — S) dy =0 4.2)
B*

e—0

E. (u,. U’
M(SL U) < — O]

4.3
e—0 [log €| (4.3)

(Fy is the relative flat norm, see (2.5)).

Throughout this section, we fix bounded domains U cC U’ C R"** and a
countable sequence () in WLk@'’, R™) that satisfies (4.1). By an approximation
argument, using the continuity of S (Proposition 3 and [17, Theorem 3.1]), we can
assume without loss of generality that the maps u, are smooth and bounded. For
any ¢ > 0 and y € B*, we define the measure

e,y (A) == M(Sy(us) L (AN U'))  for any Borel set A C RHE, 4.4)

Thanks to (P2) (Proposition 3), i,y is a bounded Radon measure for a.e. y.

4.1.1. Choice of a Grid Asin [2], we define a grid ¢ of size 1 > 0 as a collection
of closed cubes of the form

G =G(a, h) = {a Fhz+[0, A"z e Z”“‘}, (4.5)

for some a € R"** For j € N,0 < j < n + k, we denote by %; the collection of
the (closed) j-cells of ¢, and we define the j-skeleton of 4, R; := U Ke¥; K. We
let Ry be the union of all the cells K € % that are parallel to the k-plane spanned
by {€,+1, ..., eytx}. Given an openset V C U’, we denote by Ry (V) the union of
the k-cells K € & suchthat KNV # @ (so Ry (V) D RyNV).Given¥ = 4 (a, h),
the grid
G =G @a+ (h/2, h/2, ..., h/2), h)

will be called the dual grid of . We will denote by %, the collections of k-cells
of ¥’ and by R its k-skeleton. For each K € % there exists a unique K’ € ¥,
called the dual cell of K, such that K N K’ # .

We are now going to construct a sequence of grids ¢° with suitable prop-

erties. The construction is analogous to [2, Lemma 3.11]. Let us take a func-
tion i: (0, 1) — RT such that

% < h(e) < |log g7t forany o > 0, ase — 0. (4.6)

For instance, we may take & (¢) := |log 8|_2.
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Lemma 8. For any fixed parameter § > 0 and any ¢ < 1 there exists a grid ¢ of
size h(¢g) that satisfies the following properties:

h(e)" E. (ug, RN U’) < (14 8)E, (ue, U') 4.7

h(e)" Es (u, RENU') < 8 Ee (ue, U') 4.8)

h(e)"  E (u, RE_, NU') S8 E; (ue, U') 4.9)
dpte, y(x) 1 ,

h(s)" dy <87VE, (ug, U'). 4.10

(€) /B*/’dlst x R 1) ~ S(MS ) (4.10)

Here ¢ y is the measure defined by (4.4).

Proof. We take a grid 4° := Y (a, h(¢)) of the form (4.5). We claim that it is
possible to choose a € (0, h(s))”+k in such a way that (4.7)—(4.10) are satisfied.
For (4.7)-(4.9), we can repeat verbatim the arguments in [2]. As for (4.10), let
us call R;_,(a) the (k — 1)-skeleton of the grid ¢¥(a, h(e)). Thanks to (P2) in
Section 2, i, y is a finite, non-negative Radon measure fora.e. y € B*. By applying
[25, Lemma 5.2], together with a scaling argument, we obtain

n dl"“&)’(x) n—+k
h d.z
2 ]{O,h(e))"*'k (/U/ dist” (x, R,f_l(a))> @

S ey (R™H) = M(S, () LU)

for a.e y € B*. By integrating the previous inequality with respect to y and apply-
ing (P»), we obtain

n dﬂzg y (-x) I‘l-‘rk
h dy | dZ
(8) fo h(g))’”'k (/ * /U/ dlSt x Rk—l (a)) y) (a)

SIVuelly g S Ee (ue. U').

Lk '’y ~
Now the lemma follows by an averaging argument, see e.g. [2, Lemma 8.4]. 0O

Throughout the rest of this section, we suppose that (4.6) is satisfied, we fix § €
(0, 1) and we consider the sequence of grids ¢¢ given by Lemma 8. Without loss
of generality, we will also assume that

R (U) cCc U’ 4.11)
(Ry .« (U) is the union of the closed cubes K € ¢¢ such that K N U # ¥).

Lemma 9. For any a € (0, k/(k2 — k + 2)), there holds

CS, a)e”
h(s)(”‘H‘)/z

sup  dist(ue (x), A) < 1z

xeRE_,(U)

(Ee(ue, U +1)

where C (8, «) is a positive constant that only depends on N, k, f, n, § and a.
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Proof. We repeat the arguments of [2, Lemma 3.4]. Let d; := dist(u,, .4),letA €
(0, 1/k) be aparameter, and let G : RT — R+ be defined by G(r) := 2/ k—kd+1,
Thanks to (H3), we have dg < f(ug). Therefore, by (4.9) and (4.11), we obtain

1
h(e)"t! / <1§ |Vd, |* + e"%if) A" < h(e)"  Ea(ue, RE_,(U))
Ri_,(U)
S8 Ee(ue, U,
(4.12)
The Young inequality and the chain rule imply that

5 Es(ue, U') > h(e)™! /

1
(— |Vd, |F + a"%lf) dot!
Ri_, (W) \K

zcoe e [ vt
R, @)

> C(A) e hEe)rt! / IV(G o dp) % dork—!
Ri_((U)

Since we have assumed that A < 1/k, we have k — kA > k — 1 and hence, for
any (k — 1)-cell K C R,i_l(U), we can bound the oscillation of G o d; on K by
Sobolev embedding:

(0sc (G ody, K)¥ < Cs, A)h(s)l—“/ V(G ody) " d# !
Ri_,(U)

(423) ki oy —n—kA /
< O, 0 (e Ee (ue, U').

The inverse G~! of G is well-defined and Holder continuous of exponent (k —
kA)/ 2+ k — kX), so

1/(a+k—kx)
ose (de, K) = €8, ) (h(e) " Ectue, U))
< C(8, A) gRM Qrth—kd) (o) =tk [ Qhth—kd) |y 1771/ @Qhtk—k2)
(4.14)
On the other hand, we can bound the integral average of d; on K thanks to (4.12):

12
]ids Aot < (]i dfd%”k_l> S8R n(e)" O Ep(ue, UHY.

(4.15)
Combining (4.14) with (4.15), and letting A  1/k, the lemma follows. O

4.1.2. A Polyhedral Approximation of S, (u#,) Let y € B* be fixed in such a
way that S (1) has finite mass for any ¢. (Thanks to (P), the set of y such that
this property is not satisfied is negligible, because the sequence (i) is assumed
to be countable.) We are going to construct a polyhedral approximation of Sy (u.),
supported on the dual n-skeleton (R?)), of the grid.
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Thanks to Lemma 9, there exists g > 0 (depending on J,, but not on y) such
that

dist (ug(x), A) < dist(A, ') — &, < dist(A, Z) — |y] (4.16)

forany x € R,ﬁ_l (U) and any ¢ € (0, go]. As a consequence, the projection o (u, —
y) is well-defined and smooth on R;_,(U) for & € (0, &]. For any K € ¥, let
y&(K) € my—1(4) be the homotopy class of o (u; — y) on d K . The quantity y¢(K)
does not depend on the choice of y € B*, because o(u: — y)jax and o(ue) 9k
are homotopic to each other, due to (4.16); a homotopy is defined by (x, t) €
0K x [0, 1] — o(ue(x) — ty). We define the polyhedral chain

Té = Z Y (K)[K'] e M, (ﬁ; nk_l(JV)), (4.17)
KedE, KNU#D

where K’ € (¢°)), is the dual cell to K. The chain 7 depends on the choice of the
grid, but not on y.

Lemma 10. For any ¢ € (0, eol and any y € B* such that S, (u.) has finite mass,
there holds

Fu (Sy(ue) LU — T¢) < h(e)"™! / dpte,y (x)

_ 4.18
y dist” (x, Rli—l) ( )

Moreover, 3T LU = 0.

Proof. Essentially, this lemma is a particular instance of the Deformation Theorem
for flat chains [26, Theorem 7.3] (see also [2, Lemma 3.8] for a statement which is
specifically tailored for application to Ginzburg—Landau functionals). Nevertheless,
we provide details for the convenience of the reader.

Let ¢ € (0, go] be fixed. By [2, Lemma 3.8.(i)] there exists a locally Lipschitz
retraction ¢°: R”"""\R}Ef1 — (R®)],, which maps each cube of ¢* into itself and
satisfies

IVZe(x)] < h(e)dist(x, RE_ )" forae. x € R™A\RE . (4.19)

By (4.16), we have u.(x) —y ¢ 2 for any x € R;_,(U). By construction
(see [17, Section 3]), this implies spt(Sy (ue)) N R;_;(U) = @, so the push-for-
ward ¢£(Sy(ue)) L U is well-defined. Let 78: [0, 1] x (R"TF\R? ) — R be
given by

(0t x) =1 —Hx +12%(x)

and let  be the 1-chain, with integer multiplicity, carried by the interval [0, 1] with
positive orientation. We remark that

7, (I x 88y (u:)) LU =0. (4.20)
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Indeed, since ¢€ maps each cell K of ¢ into itself, we have (z¢) ' (U) C [0, 1] x
Ry (U) CC [0, 1] x U’ by (4.11). This implies
T, (I x 08y (u.)) LU =15 ((I x 88y (ug)) L ([0, 1] x R,§+k(ﬁ))) LU
— £ (I x (98, () L RS (@)) LU =0

because 98, (ue)LLU" = 0[17, Theorem 3.1]. This proves (4.20). As a consequence,
by applying the homotopy formula (see e.g. [26, Eq. (6.3) p. 172]), we deduce that

(£2(Sy(ue)) — Sy(ue)) LU = 9TE(I x Sy (ue)) L U. 421

From [26, Eq. (6.5) p. 172]
and (4.19), we obtain

1£°(x) — x|
»dist" (x, R;_)

< h(e)n+1/ dﬂs,y(x)
~ ur dist"(x, R_))’

M (T:(l X Sy(us))) N h(S)n/U dpte,y(x)

Then, by the properties of the relative flat norm (see e.g. [17, Lemma 2]) and (4.21),
we deduce

dﬂs,}' (x)

€ _ < n+1
Fu (g, (Sy(ue)) — Sy(ue)) S h(e) /U i R R (4.22)

To conclude the proof of (4.18), it suffices to show that {2 (S, (u.)) agrees with T'*
inside U. By [26, Lemma 7.2], ££(S,(us)) L U is a n-polyhedral chain of the
grid (¢°¢)’; in particular, its multiplicity is constant on every n-cell of (¢¢)". We want
to compute such multiplicities. Let us take K € % andits dualcell K € (4°);,,and
let x be the unique element of K N K’. By construction of £¢ (see [2, Lemma 3.8 and
Figure 3.2]), we have (¢¢)~!(x) = K\dK. By Thom’s parametric transversality
theorem, we can assume with no loss of generality that K intersects transversally
the support of S (u,). Then, by definition of push-forward, we have

multiplicity of £2(Sy (ue)) at x = I(S, (ue), [(2%) ' @)])
= 1(Sy (ue), [K]) e k)

and hence
(££Sy(ue)) — T)LU =0. (4.23)

Now, (4.18) follows from (4.22) and (4.23). Moreover, (4.23) implies
AT LU = ¢E(8Sy(ue)) LU =0,
because Sy () has no boundary inside U’ [17, Theorem 3.1, (S3)]. O

To bound the mass of 7T¢, we will use the following result.
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Lemma 11. There exist positive numbers §1 = §1(AN", f), Co = Co(A", f) and,
forr > 0,6, =¢&,(r, N, f),Cr = Cr(r, N, f)suchthat the following statement
holds. Let Q';l := [=h/2, h/2] be a cube of edge length h > 0. Suppose that u €
Wl’k(Ql;l, R™) satisfies

uogr € W (005 R™)  and  distu(x), A) 81 forace x € 092

Let y € mp_1(AN") be the homotopy class of u on 8Q§. Let0 < & < h*/%)2 be
such that

) €
A3 ‘log W’ Iyl = &
Then,

Ee (u, Qn) + CohrEs (u, 3Qp) = lyl,

&
log 5| = C: Iyl (1 +log 71.)

The proof of Lemma 11 will be given in Appendix C.

Lemma 12. For any r, § and for sufficiently small e, there holds

E. (u., U’
(1 = s @) M(TF L) S 87 (1 41y 2 U (4.24)
llog &
where ¢, s(¢) > 0 is such that ¢, s(¢) — 0 as & — 0. Moreover, if L is the k-plane
spanned by {e,11, ..., €,4+k}, then there holds
E , U’
(1= ¢r.5(8)) M o(T° L U)) < (1 +54Cr 5—1) Eelwe, UD 405y
[log ¢
Proof. We first remark that
M (T 1_U) < h(e)" > 178 (K. (4.26)

Ke%f, KNU#D
Let K € % be a k-cell such that K N U # @. We claim that

Iy (K)ls S8 h(e) ™ Ee (ue, U') (4.27)

~

Indeed, thanks to (Pp) and the definition of I (see e.g. [17, Section 2.1]), we have

|V€(K)|* =|I (sy (ue), [[K]]) l« =M (sy (”5|K))

for any y € B*. By averaging both sides with respect to y € B*, and by apply-
ing (P») from Proposition 3, we obtain

|V8(K)|* < ]lB* M(Sy (us|K)) dy S ”Vueulzk(K) S Ee (“8’ R]i N U/) .

‘We can bound the right-hand side from above with the help of (4.8), so the claim (4.27)
follows.
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From (4.1), (4.6) and (4.27), we deduce

&
sup _—
Kegr. kKnuzp h(E) 2

e
log (W)’ Y8 (K)|« >0 ase—>0

and this fact, together with (4.16), shows that the assumptions of Lemma 11 are
satisfied for ¢ small enough. By applying Lemma 11, (4.6) and (4.27), we obtain
the following bound:

[y (K« llog el (1 + 0,—0(1)) = Ee(ue, K) + Crh(e)Ee (ue, 0K) .
We multiply both sides by k()" |loge| ™! and sum over K. Thanks to (4.26), we
obtain

Ec(ug, RENU’
(1 + 0o () M(T* L U) < h(ey 20 K 0ED Tose] )
oge

+crngey Eele a0 )

[log ¢|

The right-hand side can now be bounded from above with the help of Lemma 8§,
s0 (4.24) follows. The proof of (4.25) is analougous; in this case, we sum over the
cells K that are parallel to the k-plane spanned by {e, 1, ..., e,4r} and use (4.7).
O

4.1.3. Proof of Proposition 7 By combining the results in the previous section,
we prove the following lemma, which is analougous to [2, Proposition 3.1]. For
any n-plane L C Rk we denote by 77 : R"*K — L the orthogonal projection
onto L.

Lemma 13. Let U cC U’ be bounded domains in R"**. Let (u,), be a count-
able sequence of smooth, bounded maps that satisfy (4.1). Let L € R"** be a
n-plane. Then, there exist a (non-relabelled) subsequence and a finite-mass chain
S € M, (U'; 71 (A)) such that

/ FySy(ue) —S)dy -0 ase—0 (4.28)
B*

E; (ug, U')

M SLU)) £ liminf
(.o ) = 0 [log &

(4.29)
Proof. Up to rotations we can assume without loss of generality that L is the k-
plane spanned by {e,+1, ..., €,+}. By Lemma 10 and Lemma 12, we know that
dT¢ LU = 0 and M(T* L U) is uniformly bounded with respect to . Then, by
applying compactness results for the flat norm (see e.g. [17, Lemmas 5 and 6] for a
statement in terms of the relative flat norm), we find a (non-relabelled) subsequence
and a finite-mass chain S € M, (U; mx_1 (/")) such that

Fy(T® —S)—0 ase—0 (4.30)
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M (r2(SLU)) £ (1464 C37'r ) liminf 4.31)

The triangle inequality and Lemma 10 imply

| o =5)
g/ Fy (Sy(ue) — T¢) dy + 2" (B*) Fy (T° - S)
<h(8)"+1/ / d“”(x) Py _dy 4 #M(BY)F(TF - 5)
p* Jy dist” x Rk 1)
4.10) !
Iogel

and the right-hand side tends to zero as ¢ — 0, due to (4.1) and (4.30). Thus,
(4.28) follows. By passing to the limit in (4.31) first as » — 0, then as § — 0, we
obtain (4.29). O

+ " (B*) Fy(T* = )

Now, Proposition 7 can be deduced from Lemma 13 by a localisation argument,
with the help of the following lemma.

Lemma 14. Let S € M, (R"*; 7,1 (A")) be a chain of finite mass. Then, there
holds

+o00
M(S)= sup Y M(mL.(SLU),
Wi, Li)ien j—

where the supremum is taken over all sequences of pairwise disjoint open sets U;
and n-planes L; € Rk,

The proof will be given in Appendix D.2. Once Lemma 14 is proved, Proposi-
tion 7 follows by repeating verbatim the arguments of [2, Theorem 1.1.(1)], so we
skip the proof of Proposition 7.

4.2. Compactness and Lower Bounds for the Boundary Value Problem

The aim of this section is to complete the proof of Theorem C.(i). We will
deduce Theorem C.(i) from its local counterpart, i.e. Proposition 7, with the help
of the extension result, Lemma 2.

Proof of Theorem C.(i). Let (ug)e < W,}*k (£2, R™) be such that sup,
lloge|"'E.(u,) < 4o00. Letii € (L® N WHA) (R R™) be such that i = v
on 982. Let £2/, 2" be bounded domains in R"**, such that 2 cc 2’ cc Q7.
By applying Lemma 2, we find y € B*, a subsequence ¢ — 0 and maps w; , €
(L™ N Wk (2"\$2, R™) that agree with v on 32 and satisfy

E; (we.,, 2"\
sup (”w&‘,y”Loo(Q//\E) + £ ( £ )> < +00. (432)
&€

llog £
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Lemma 2 also implies that the sequence (w,, y) converges WA=1(2"\ 2)-strongly
to a limit wy, and that S(wy) = S, (i). Then, the continuity of S [17, Theorem 3.1]
implies

/ Fong (Sy (we,y) — Sy(@))dy’ — 0 ase — 0. (4.33)
B*

We define the map i, € (L®°NWLK) (2", R™) by setting ii, := u, on §2 and il :=
wg,y on £2”\§2. Since the operator S is local [17, Corollary 1], we have

Sy (1) L (2\@) = Sy ) L (2"\R)

for a.e. y' € B*. Therefore, from (4.33) and [17, Lemma 3] we obtain
/ Fong (Sy/ (ttg) — Sy(ﬁ)) dy -0 ase— 0. (4.34)
B*

We are now in the position to apply our local result, Proposition 7, to the sequence i,
and the open sets £2” CC £2”. As a result, we obtain a finite-mass chain S such
that, up to subsequences,

/ Fo (sy/ (ii) — S) dy >0 ase— 0. (4.35)
B*

By [17, Lemma 3],
~ < /
/ Fong (sy/ (ils) — S) dy' >0 ase— 0.
B*

This condition, combined with (4.34), implies that S, ()L (£2'\£2) = SL(£2'\2)
and hence, the chain

§:=8-S,@L (2\2)=5L2

is supported in £2. At the same time, we have Sy (u;) = Sy (i, )2 fora.e. y’ € B*.
For chains supported in a compact subset of §2’, the relative flat norm Fg/ is
equivalent to IF (see e.g. [17, Remark 2.2]) and hence, (4.35) implies

/ F(Sy(us) —S)dy' -0 ase — 0.
B*

By (P3),Sy/(ug) € €(£2, v) forany € and a.e. y’ € B*. The set €'(£2, v) is closed
with respect to the F-norm (this follows from the isoperimetric inequality, see e.g.
[26, Statement (7.6)]). Therefore, S € €($2, v).

It only remain to prove the upper bound on the mass of S. Let A € Rtk
be an open set. We extract a (non-relabelled) subsequence, in such a way that
liminf,_, ¢ |log el " Eq(us, AN £2) is achieved as a limit. For any integer j = 1,
let Aj :={x € A: dist(x, dA) = 1/;}. By applying Proposition 7 and a diagonal
argument, we find a subsequence such that

E; (iie, ANSR"
M(SL (4, N2)) < 1imsupM

forany j = 1.
g—0 [log &
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By construction, S is supported in £2, so SL(A;N&2’) = SLA;. Then, by applying
Lemma 2, we obtain

E.(us, AN
M(SL Aj) < lim 2t W ADS)

+C/ \Val*  forany j > 1,
£—0 [log €| 2ne

for some constant C that does not depend on ¢, j, £2”. Letting j — +00, 2”7 \| £2,
we conclude that

Ee (e, AN
M(SL A) < lim e e 4042
e—0 |log €|

and the proof is complete. O

Statement (i) in Proposition D also follows by Proposition 7, in a similar way.

5. Proof of Theorem A

Let ug min be a minimiser of the functional E, subject to the boundary condi-
tion u = v on 052, and let

dxL 2

1 1
MHe,min = _|vus,min|k + % f(ue,min) —_.
k £ |log €|

We have sup,, ftg min (R"*) < 400 by Remark 9 and hence, up to a subsequence,
e min converges weakly™ to a limit ftmin, in the sense of measures on Rtk By
applying Theorem C.(i), we find a chain Spin, € € (£2, v) such that

M (Smin L A) < lim i(I)lf e min(A)  for any open set A C R, 5.1
E—>

Theorem C.(ii) implies that Sy, is mass-minimising in ¢’(£2, v). Moreover, by the
properties of weak* convergence, from (5.1) we obtain

M (Smin L A) < umin(A)  for any open set A C Rk such that MUmin(0A) = 0.

(5.2)
Let E C R"* be a Borel set, let U € R"*¥ be an open set and let K € R"** be a
compact set such that K € E € U. For any ¢ € (0, dist(K, 9U)),let U, := {x €
U: dist(x, oU) > t} D K. Since pumin i a finite measure, we have pmin(0U;) = 0
for all but countably many ¢ € (0, dist(K, dU)). Therefore, there holds

5.2)
MSmin LK) EMSminLU) £ pmin(Ur) £ pmin(U) forae. t.

Letting U \, K, K / E, we conclude that M((Spin L E) < pwmin(E). (The
measure M(Smin L -) is Radon, because by construction, it is the weak™ limit of a
sequence of Radon measures, associated with polyhedral approximations of Spin;
see [26, Section4].) As aconsequence, (min—M(Sminl+) is anon-negative measure.
However, Theorem C.(ii) implies that ftmin(R") = limg_ o e, min(R"H*) <
M(Smin)» 50 fmin = M(Smin L ).
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A. The Norm on 74 (.4"): Proof of Proposition 1

The aim of this section is to prove Proposition 1. In Section 2, we have defined

1

Ein(0) = inf {z /k [vTulfcve whE e ) ﬂa} (A.D)
Sk

forany o € mp_1(A"), with VT the tangential gradient on S*=1 (i.e. the restriction of V to the

tangent  plane to sk=1). The compact  Sobolev  embedding wlk

(Sk_l, N) = CSFL ) implies that whksk=1 1y no s sequentially wlk.

weakly closed, so the infimum at the right-hand side is achieved. We must have

inf Emin(o) > 0, (A.2)
oem—1(A\{0}

for otherwise there would exist a sequence of non-null-homotopic mapsv; € W Lksk=1 1)
that converge wlk -strongly, and hence uniformly, to a constant. Moreover, there holds

Enin(0) = Epin(—0)  forany o € mp_1(A). (A.3)

Indeed, forany v € W“‘(Sk_l, A )No andany x € Sk_l,deﬁneﬁ(x) = v(=X1, X2, « ..y XE)-
The map that sends v — v is a bijection Wl'k(Sk_l, A)No — Wl’k(Sk_l, N)YN(—0)
that preserves the L*-norm of the gradient, and hence (A.3) follows.

Our candidate norm | - |4 on 7 _1(-4"), which was also introduced in Section 2, is defined

for any o € 7 _1(A4) by

q q
lole :=inf { Y Emin(0): ¢ €N, (0)_ e m_1 ()9, Y oy=0f. (A4
i=1 i=1
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Proposition 8. The function | - |« is a norm on wy_1(A') that satisfies

inf ol >0 (A.5)
oem—1 (A)H\{0}

and
loly £ Emin(o)  forany o € mp_1(AN). (A.6)

The infimum in Equation (A.4) is achieved, for any o € mwtj_1(A). Moreover, the set
6 :={o em_1(A): loly = Emin(0)} (A7)

is finite, and for any o € mwy_1(AN") there exists a decomposition ¢ = Z?:l o; such that

lole = Z?=1 loi |« and o; € & for anyi.

Proof. The function | - |4 is certainly non-negative, and its definition (A.4) immediately
implies the triangle inequality, |o] + 02|« < |01« + |02|%. The property |o|x = | — o«
follows by (A.3), while (A.2) yields (A.5) (in particular, |o|«+ = 0 only if o = 0). The
property (A.6) is immediate from the definition of | - 4.

We check now that the set G is finite. Under the assumption (Hp), Hurewicz theorem (see
e.g.[31, Theorem 4.37 p. 371]) implies that 7tz _{ (/") is isomorphic to the homology group
Hj,_ (/). The latter is Abelian and finitely generated, because the manifold ./ is compact
and hence, homotopically equivalent to a finite cell complex. Therefore, we have

T (N) = Hy_((N) = ZP DT,

where p = 0 is an integer and T is a finite group. Let (g;) ip _ be abasis for the torsion-free

part of Hy_1 (/") (i.e., the quotient Hy_{(.4")/T =~ ZP). By de Rham theorem, there exist
closed, smooth (k — 1)-forms wy, ..., w) that satisfy

/wj =4;; foranyi, j,
ci

where ¢; is a smooth (k — 1)-cycle in the homology class g;. Let o € m;_1(./"). By abusing
of notation, and identifying g; with its image under the Hurewicz isomorphism, we can write
uniquely

P
o= digi+or,

i=1

|k—1

where d; € Z and o € T. Then, for any v € Wl’k(Sk_], A)No, we have
< llw; ”L°°(</V, A= 4y /Skil [VTv
k=1

|d,-|=‘ /S L v
<cC '/ |Vrolk B
8§ =%\ % St TV

where Cy 4 > 0 is a constant depending only on k and the w;’s. This implies

p 2
Enin(0) 2 C_y [ Y 1di] (A.8)

i=1
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for a different constant C]’( 2 On the other hand, the definition of | - |, immediately gives
the upper bound

p
ol < (i:r?ax , Emin(gn) 2_ ;| + max Enin(o7). (A.9)

""" i=1

Ifo € & then, by comparing (A.8) and (A.9), weobtain ) ; |d;| < M forsome constant M >
0 depending only on k, .#". Therefore, S is a finite set.

For any o € m;_1(4") there exists a finite decomposition o = Z?Zl o; which achieves
the infimum in the right-hand side of (A.4). Indeed, it suffices to minimise among the de-
compositions with g = (nfger, ({0} Emin (g))_lEmin(U) and Enin(07) S Enin(0)
for any i, and there are only finitely many such decompositions because of (A.2), (A.8).
Leto = Ziq=1 o; be a decomposition that achieves the minimum in (A.4). Then, the trian-
gle inequality implies

q q
Y Emin(0i) = o1y £ Y lojl,

i=1 i=1

and, since |oj|, < Emin(o;) for any i, we must have |o;|, = Epin(0;), i.e. 0; € &, for
anyi. O

Example A.l. Letk =2, 4 =S'. Then, mx_1(A) ~ Z and Epin(d) = wd? forany d €
Z, since the infimum in (A.1) is achieved by a curve that parametrises the unit circle |d| times,
with constant speed and orientation depending on the sign of d. Therefore, & = {—1, 0, 1}
and |d|, = 7 |d| forany d € Z.

More generally, when A" = S*=1 the constant that appears in the lower bound (A.8) can be
computed explicitely, and we have

T foranyd € m_ (S5~ ~Z, (A.10)

k
T—

Emin(d) Z Bild|

where By == (k — l)k/z.ffk(Bll‘). On the other hand, by using the identity as a comparison

map for (A.1), we see that Epin(1) < (k — D¥/2vol(S*—1)/k = By, hence Epin(1) =
Emnin(—1) = Bi. It follows that

(A.10) .
Emin(d) > = B ldl 2 |dl, if |d] > 1.

Therefore, also in case A = S¥~! we have & = {—1, 0, 1}. By Proposition 1, we conclude
that |d|, = B |d| forany d € mp_1(SK—1) ~ Z.
B. The Operator S: Proof of Proposition 3

The aim of this section is to prove Proposition 3, which we recall here for the convenience
of the reader. We recall that §* € (0, dist(.#", 2")) is a fixed constant, B* := B™ (0, §*) C
R™, and Y := L1(B*, F,(2; 7i_1(A))) is equipped with the norm

ISl = /B* F(Sy)dy < +o0.

Proposition 9. There exists a continuous operator S : wlk(@2, R*) > Y that satisfies the
following properties:
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(Pgy) for any smooth u, a.e. y € B* and any R € Fk(R""'k; 7Z) such that M(R) +
M(IR) < 400, spt(R) C £2, spt(dR) C §2\ spt Sy (u), there holds

1 (Sy(u), R) = homotopy class of o o (u — y) on OR.

(P)) For any u € (L® N WK)(2, R™) and a.e y € B*, §y(u) = Sy (u) (more
precisely, the chain §y (u) belongs to the equivalence class Sy (u) € Fy (827 mp_1(AN))).
(Pp) Forany u € Wl’k(.Q, R™) and any Borel subset E C £2, there holds

/ M (Sy(u)L E) dyg/ IVul.
B* E

(P3) Let ug, u;y € wlk(2, R™) be such that uple = Ul € wi-1/kk
(082, A) (in the sense of traces). Then, for a.e. yo, y1 € B* there exists R €
M, 41(82; 7g—1(A)) such that Sy, (u1) — Sy, (ug) = dR.

In the proof, we will use the following

Lemma 15. Let p > 0, and let T, := {x € R”“‘k\ﬁz dist(x, £2) < p}. Then, for any
finite-mass chain T € M, (R"+k; wg_1(AN)), there holds

F(TLR) < (1 +p_1>IF(T) +M(TLI).
Proof. Foranyt > 0,let £2; ;== {x € Rtk dist(x, §£2) < t}. There holds
P
/ F(T L2y dr £ (1+ p)F(T)
0

(see e.g. [17, Lemma 4, Eq. (2.8)]). By an averaging argument, we can find ¢ € (0, p) such
that

F(TL Q)< <1+p*])]F(T). (B.1)
Now, there holds 7L £2; = T L 2 + T |_ I'; and hence,

_ (B.1)
F(TLR)SFTLR)+FTLL) < (1 +,0_1)IF(T)+M(T|_F,),

so the lemma follows. 0O
Proof of Proposition 9. For the sake of clarity, we split the proof into steps.

Step 1. (Construction of S) First, we consider a smooth map u € CZ° (R"T* R™) and the
topological singular operator, Sy (), as defined in [17, Section 3.2, Eq. (3.4)]. By definition,
we can write

Syw) =Y y(K)[(u - W U(K)] forae. ye B*. (B.2)
K

Here, the sum is taken over all (m — k)-dimensional polyhedra K in 2". The coeffi-
cient y(K) € mp_1(4) is the homotopy class of o restricted to a small (k — 1)-sphere X
around K, g|3: X =~ Sk=1 - _#. For ae. y € B*, the set (u — y)_l(K) is a smooth,
compact n-dimensional manifold (as a consequence of Thom’s transversality theorem,
see e.g. [32, Theorem 2.7 p. 79]) and [(u — y)_1 (K)] denotes the smooth chain carried
by (u — y)_1 (K), with unit multiplicity and a suitable orientation (see [17, Section 3.2] for
more details).
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We claim that, for any u, ug, u; € C° (R"T* R™) and any open set U € R"t¥_ there
holds

/ M(sy(u)l_U)g/ [Vulk (B.3)
B* U
[ FEywn =8y @)

5 llug — u0||Lk(Rn+k) (IlvuOllLk(Rn+k) + IVuy ”Lk(]R”HC)) (B4)

These inequalities differ from the corresponding ones in [ 17, Theorem 3.1] because the multi-
plicative constants in front of the right-hand sides do not depend on the L°°-norm of u, uq, u1.
We postpone the proof of (B.3)—(B.4). As a consequence of (B.4), by a density argument we
can extend S to a continuous operator W -4 (R RMy — L1(B* F®R"™* | 71 (),

still denoted S for simplicity. The property (B.3) is preserved for any u € W1k (R Rm),
by the lower semi-continuity of M (see e.g. [17, Lemma 3 and Lemma 5]).

Since the domain £ € R" 1 is bounded and smooth, by reflection about 92 and multiplica-
tion with a cut-off function we can define a linear extension operator 7 : wlk (22, R™) —
whk@®rtk R™) such that

||T14||Lk (Rr+ky ”u”Lk(_Q)s ||V(Tu)||Lk (Rn+ky ||V14||Lk(g) + ||u||Lk(Q) (B.5)

Forany u € Wl’k(.Q, R™) and a.e. y € B¥, the chain Sy (Tu) has finite mass, due to (B.3).
Therefore, the restriction

Sy() =Sy (Tu) L2
is well-defined and belongs to M, (£2; mx_1(A)).

Step 2. (S is continuous) Let (uj)jeN be a sequence in W]’k(.Q, R™) such that u — u
in W1*(£2). From (B.4) and (B.5), we deduce

/ F(Sy(Tuj) — Sy(Tu)) dy
- (B.6)

k
S ””Lk(.@) (HVMJ ”Lk(.Q) + ”V””Lk(m) + fuj - ””Lk(Q)

Letp >0and Iy :={x € ]R'H'k\.Q dist(x, §2) < p}. By applying Lemma 15 and (B.3),
(B.6), we obtain

IS () =Sy s (1+07") /B F(Sy (Tu;) — Sy (Tw) d
+/B*M(sy (Tuj)LTp) dy+/ M (Sy (Tu) L I'p) dy
N (1 + P_l) luj =l ey (HV’H HLk(.Q) + ”VMHLk(_Q)>
— k
+ (1 +r 1) luj = ull ey + ||V(T“j)||Lk(F,,)
IV Twlle -

By taking the limit in the inequality above first as j — +o0, then as p — 0, we conclude
that S(u ;) — S(u) in Y.
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Step 3. (Proof of (P1)) By construction, §y (u) = Sy(u) for any u € C (RHE RMY and
a.e. y € B*. By continuity of both S and S [17, Theorem 3.1], we deduce that S = S
on (L® N whky(@2, rM).

Step 4. (Proof of (P2)) Let E C £2 be a Borel set and U 2 E be open. By (B.3), we have

/ M (Sy) L E) dy £ / M (Sy(u) L U) dy 5/ |Vulk

B* B* U

and (P,) follows by letting U \( E.

Step 5. (Proof of (P3)) Take uq, u; € WLk, R™). Fori € {0, 1} and M > 0, we define

up iyl =M
uj p = Mu;
7

otherwise.

Since u; p — u; strongly in whk(2)as M — 0, the continuity of S gives, upon extraction
of a (non-relabelled) subsequence,

F (Sy (i m) —Sy (uj)) > 0 as M — +oo, forae.y € B andi € {0, 1}. (B.7)

Let B := {dR: R € M,4+1(£2; R"*5)}. By [17, Proposition 2], we have Sy, (u1 p) —
§y1 (1o, m) € B forany M > 0 and a.e. yp, y1 € B*. On the other hand, the set B is closed

with respect to the F-norm, as a consequence of the isoperimetric inequality (see e.g. [25,
7.6]). Therefore, (P3) follows by (B.7).

Step 6. (Proof of (B.3)) Letu € CZ° Rk RM) andlet E € R" be a Borel set. Since 2
contains finitely many (m — k)-cells K, there exists a constant C such that |y (K)|,. < C for
any K. Then, using the definition (B.2) of Sy (1), we deduce

M(Syw)LE) S > " ((u —p k)N E) (B.8)
K
where the sum is taken over all the (m — k)-dimensional polyhedra K in 2". We fix K
and assume, without loss of generality, that K € {y ER™: yj=...=y = O} ~ Rmk,
Let 1 be the orthogonal projection R™ — {y ER™: yy—kt1 =---=Ym = 0} ~ Rk,
Then,

=y € (et o) (et )

If we integrate this inequality over y € B*, and use the variable y = (z, z1) € RM—k xR™,
we obtain

/B* " ((u —y ' &n E)

= /[78*,5*]"1—@[75*’5*]/{ A" ((;L ° “>_l @Hn E) d (Z, ZL>
< (257" /Rk A" ((CL ouy”! (zi) N E) dzt.

The right-hand side can be estimated by applying the coarea formula:

/B* " ((u—y)_l(K)ﬂE>g/E‘V<§J‘ou>‘k§/E|Vu|k. (B.9)

Combining (B.8) and (B.9), (P») follows.
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Step 7. (Proof of (B.4)) Let ug, u € C(R"™, R™), and let u: [0, 1] x R"T* — R™
be defined by u(z, x) := (1 — Dug(x) + tu1(x). Let w2 [0, 1] x R*"TK — Rk pe the
canonical projection, 7 (¢, x) := x. By [17, Proposition 4], we have

Sy(uy) — Sy(ug) = 9 (m+Sy ().

Therefore, using (B.2), we obtain

F(Sy(u1) = Sy () £ M(wSy@) £ Y M (me@—»~'(O1).  (B.10)
K

where the sum is taken over all the (m — k)-polyhedra K in .2". Fix such a K. As above,
we assume that that K C {y e R"™: y; =... =y =0}. Let ¢, ¢ be the orthogonal
projections of R” onto {y € R™: y| = ... = yyp_x =0} = R" K {, ¢ R™: Ym—k+1 =
o=y =0} = R, respectively. We wite z := ¢(y), 7t = ;J'(y) and identify y =
(z, zJ-). Then, for a suitable choice of orientation of K, we obtain

-1
[w=n"' @l =1(c ou)  IL(€ou=-27" K)). (B.11)

where [(¢ L ou)_1 (zJ-)]] is the chain carried by the set (;J- ou)_1 (zJ-), with unit multiplicity,
oriented by the Jacobian of ;J- ou (see e.g. [17, p. 72]). Let us define v := (J-
K; =(ou— 271 K). By integrating (B.11) with respect to y € B*, we obtain

[ (mtw =~ @on) 4y

= /[_6*’5*]m_kxw M (e (v DL KL) ) d (= ).

We may write v(t, x) = (1 — t)vg(x) + tvy(x), where vy := {L oup, V] = {l ouy.By
applying [17, Lemma 15], we deduce

[ 1 (e =) 0T ay

o u,

(B.12)
sty [ o=l (1Yol v,
Rn+k

Combining (B.10) and (B.12), using that the function ¢ is 1-Lipschitz, and applying the
Holder inequality, (B.4) follows. O

C. Energy Lower Bounds When n = 0

The aim of this section is to prove energy lower bounds in the critical dimension, i.e. whenn =
0. In the contest of the Ginzburg-Landau theory, i.e. when ./ = sk=1, energy bounds of
this type were proved by JERRARD [38] and, in case k = 2, by SANDIER [50].

Let §o > 0, r > 0 be small numbers. Suppose that a map u € Wl’k(.Q, R™) satisfies

dist(u(x), A#) <8y forae. x € 2 such that dist(x, 92) < r. (C.1

Then, we can define the homotopy class of u (or, more precisely, of gou) on 952 as an element
of . _1(4"). This is immediate in case u is continuous on 92 and 2 is homeomorphic to a
disk. If £2 has not the topology of a disk, this is still possible due to the Hurewicz isomorphism
T—1(A) =~ Hp_1(A), which holds true thanks to (Hy) (see e.g. [31, Theorem 4.37
p- 371] and (C.10) below). If u is not continuous we can define its homotopy class by
approximating o o u with smooth functions £2 — .4/, as in [14] (see also (C.10) below for
more details).
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Proposition 10. Ler 2 C R¥ be a bounded, Lipschitz domain and let r > 0. There exist a
number 8o > 0, depending only on ¥, and positive constants gy, M, depending only on 2,

r, A, k and f, such that the following statement holds. Suppose that u € Wl’k(.Q, R™)
satisfies (C.1), and let o € mj_1(N") be the homotopy class of u on 352. Let ¢ € (0, 1/2)
be such that ¢ |log | |o |« < &q. Then,

E¢(u) Z |oly lloge| — Moy (1 +1loglol).
The aim of this section is to prove Proposition 10. Once Proposition 10 is proved, Propo-
sition B follows by an extension argument in a neighbourhood of 952 (see e.g. [10, Theo-

rem 2]). Lemma 11 also follows from Proposition 10, by exactly the same arguments as in
[2, Lemma 3.10].

C.1. Reduction to the Cone-Valued Case

For the purposes of this section, it will be convenient to consider the nearest-point projection
onto A" If z € R™ is sufficiently close to .4, there exists a unique 7 (z) € .4 such that
lz—7m(z)] £ |z— w]| for any w € 4. Moreover, the map z +> 7(z) is a smooth in a
neighbourhood of .#". Throughout the rest of the section, we fix a small parameter 6y and
assume that 7 is well-defined and smooth in a 6y-neighbourhood of .4".

Lemma 16. Ifu: 2 — R™ is a smooth map that satisfies dist(u(x), ") < 6y for any x €
2 and if d := dist(u, A"), then there holds

IVul> > C1 |IVd)? + (1 — Cod) [V (T ou)|>  on L2,
where C1, Cy are positive constants that only depend on N .

Proof. Let xy € §2 be arbitrarily fixed. Let vy, ..., vp be a smooth orthonormal frame for
the normal space to .4/, locally defined in a neighbourhood of (7 o 1) (xg). Then, for each x
in a neighbourhood of xq there exist numbers 1 (x), ..., ap(x) such that

p
u(x) = (T 0 w)(x) + Y e (x) (v 0. 0 u) ().
i=1
The functions «; are as regular as u. By differentiating this equation, raising both sides to
the square, using the fact that 9 (7 o u) is tangent to 4" and v - 9;v = 0, we obtain

IVul? — |V o u)?

P
= Z <|V(xl~|2 +al-2 IV (vjorm ou)I2 +2a;jV(mrou): V(vjom ou)).
i=1

Since ./ is smooth and compact, we have |Vv;| £ C for some constant C that only depends
on ./ and not on u. Therefore, setting d := dist(u, 4") = (3_; aiz)l/z, we obtain

P
Vul? = |V ow)* 2 [V |2 = Cd |V (x o). (C.2)
i=1
On the other hand, by differentiating the identity d = (3_; aiz)l/ 2 we see that

2
P P

Vd? < [ DIVl | £ IVeyl?. (C3)

i=1 i=1

By combining (C.2) and (C.3), the lemma follows. O
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Lemma 17. Suppose that f: R™ — R satisfies the assumptions (H1)—(H3). Then, there
exist positive constants o, B and a smooth function ¢ : R™ — [0, 1] such that the following
holds:

(i) p(y) = L forany y € N;
(ii) ¢ (y) = 0 if dist(y, A") = Oy, and in particular 7 (y) is well-defined for any y € R™
such that ¢ (y) > 0;
(iii) for any u € WLk, R™), there holds

Dvurt + L ray 2 a V@ ok + L@ 0w v owk + L1 = g o w2
k ek k gk

pointwise a.e. on §2.

Proof. Letu ¢ W Lk(2, R™) be given. By a density argument, we can assume without loss
of generality that u is smooth. Letd := dist(u, ./"), and let xo € §2 be such thatd (xg) < 6.
By applying Lemma 16, and using the convexity of the function ¢ */2 we see that the
inequality

Vul* = €1 [Vd[* + (1 = Cod) [V (o) (C4)
holds pointwise in a neighbourhood of x( (though we may need to re-define the constants C1,

Cy.) Leté € CZ°[0, +00) be a non-increasing function, such that ¢ = 1 in a neighbourhood
of 0 and £ (min{fy/2, 1/(2C3)}) = 0. We set

$(y) == (1 — Codist(y, #N* edist(y, )

for any y € R™. This defines a smooth function ¢: R” — [0, 1] which satisfies (i) and (ii).
Since (¢ o u)k S 1—Cadand [V(p ou)| < |Vd|, from (C.4) we deduce that

%ka 2@ V@ 0wl + @ ot Ve ol (C.5)

pointwise in the open set {d < 6y}. Here « is a positive constant that only depends on ./,
k and &. Because the function ¢ o u is identically equal to zero on the open set {d > 0y/2},
the inequality (C.5) actually holds in the whole of £2.
We consider now the potential term f (). Due to the assumption (H3), f(u) 2 d? and
hence, there exists a positive number 8 > 0 such that

2
f@zp(1-@ouwt) me (C6)

By combining (C.5) and (C.6), and using the elementary inequality 1 — xk = 1—xfor0 <
x £ 1, the lemma follows. O

C.2. Proof of Proposition 10

Throughout this section, we fix a bounded, smooth map u: 2 — R and we lets := ¢ ou,
v := 1 ou, where ¢ is the function given by Lemma 17 and 7 is the nearest-point projection
onto .#". Thanks to Lemma 17, in order to provide lower bounds for E.(u) it suffices to
bound from below the functional

k
Ge(s, v) = Ge(s, v; 2) = / <a sk + 2 vulk + E(1 —5)2). (C.7)
Q k gk

To this end, we adapt Jerrard’s approach in [38]. We explain here the main steps of the
construction and point out the differences, referring the reader to [38] for more details.
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Let us fix a small number 7g, such that
0 < no < dist(A, Z7) — 6. (C.8)

Let V C £2 be an open set such that s > 0 on dV. By Lemma 17, we have dist(u(x), ./") <
0p for any x € 3V . Therefore, by (C.8), we have spt(Sy (1)) N3V = @ fora.e. y € R” such
that |y| < ng. In fact, Sy () is a O-chain of finite mass, and hence we can write

q
Syw)LV := Zai [xi] (C9

i=1

where 0; € mg_1(4") and x; € V. The quantity I(Sy (), [V]) := Z?:l 0; € mp_1(A)
plays the role of the topological degree and indeed, it coincides with the homotopy class
of wou on 9V because of Proposition 9.(Pg) and (C.8) (see [17, Section 2.4 and Theorem 3.1]
for the details on the case u is not smooth). In particular, I(Sy (1), [V]) is independent of
the choice of y.

As in [38], we define an “approximate homotopy class”, which allows us to disregard sets
where s is small but u does not carry topological obstruction. We let S := {x € £2: s(x) <

1/2}. The components S of S are closed sets and it is possible to define I(Sy (u), [[S’]]) as
above. We define the “essential part” of S:

Sg=U {S‘ component of S: I(Sy (u), [[S’]]) # O}.
For V C £2, we define the “approximate homotopy class” of # on dV as

he(u, 8V) := ZH(Sy(u), IS € me—1(A), (C.10)
S

where the sum is taken over all the components Sof S £ such that ScCcV.IfV C Risan

open disk and s > 1/2 on 9V, then hc(u, 0V) is the homotopy class of v: 0V =~ sk-1
N
For any p > 0, we define

k
A = —+ =1 -
e(p) ogﬂ%]{ers( u)}

and
o C
Ag(p) 2=/0 min { Ag(s), e dp,

where Cg > 0, C; > Oand N > 1 are parameters that we will need to choose, depending
on k, o and . It can be shown (see [38, Theorem 2.1, proof of (2.2)]) that

1 v
he(p) 2 — (1 - civ),
o o

where C > 0 only depends on k, Cg and v := 1/(N — 1) > 0. As a consequence, Ag(p) =
Cy/¢eif p = Cye, for some constant Cy > 0 depending on k, C, C| and N. Therefore, after
integration we obtain that

Ac(p) ;1og§—c (C.11)

forany p 2 0, where the constant C only depends on k, «, 8. We have the following analogue
of [38, Proposition 3.2].
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Lemma 18. Let ¢ < p| < pp and let u € Wl'k(B]lgz\Blgl, R™) be smooth. Suppose that

he(u, 831;) = o for any p € (p1, p2). Then, there holds

k k P2 L1
E , B B > o A — ) - A —_— .
et B \Bp) = | '*( 8(|o|*) 8(|al*>>

Proof. First of all, given p > 0 and amap v € wik@Bk 1) in the homotopy class o €
7 —1(A), there holds
1 Emi
7/ [Volk > Emin (@) (C.12)
k J Bk p
where Ein (0) is defined by (A.1). This inequality follows immediately from the definition
of Eyin(0), combined with a scaling argument.
Now, forany p = ¢ > 0and any smooth u : 8815 — R™ suchthat u := minaB,r/§ ¢ou > 1/2,
it holds that

Enj C
Gels, v 0Bf) 2 %(")uk +a-wh.

Here G¢ is defined by (C.7), s := ¢ ou, v := 7 ou, and o denotes the homotopy class of v
on 831;. The constants C, N are suitably chosen at this stage. The proof of this claim follow
by repeating, almost word by word, the arguments in [38, Theorem 2.1]; the only difference
is that we need to apply (C.12) instead of [38, Lemma 2.4]. Due to (A.6), we obtain

k¢
Gels. vz 9B}) 2 b 2= 20 (|<ﬁ ) (C.13)
% %

On the other hand, in case 0 < u < 1/2, [38, Lemma 2.3] implies that
C
Ge(s. v 9BK) = =1 (C.14)
€

for some C; > O that depends on k, Cp and N. Therefore, by integrating the inequali-
ties (C.13)—(C.14) with respect to p, we deduce that

P2 c
. P 1

Ge(s, v; Bl’fz\B]’fl) 2/ min (Ag ( ), —)
P1 |U|* &

p2/lo | C
dp = |a|*/ min <Ag(s), —1) ds
0 e

1/1o]x

and, thanks to Lemma 17, the lemma follows. 0O
We also have an analogue of [38, Proposition 3.3].
Lemma 19. Suppose that u € WYK(Q2, R™) is smooth and that S CC 2. Then, there
exists a finite collection of closed, pairwise disjoint balls (B,-)ZPZI, of radii p; 2 &, such that
Sg C UlelBi’ B; N Sg # ¥ for any i, and

C

Ec(u; By N2) 2 —Lp;.
e

Proof. We claim that, if S is a connected component of Sg such that S cC £2, then

/JWVf,% ‘hc(u, ai)‘ . (C.15)
S *
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This inequality parallels [38, Lemma 3.2]; once (C.15) is established, the rest of the proof
follows exactly as in [38]. The definition (C.10) of hc and (C.9) imply that

e (u. as)]* = [168, ), m)‘* <M (S, L 3) (C.16)

for a.e. y € R™ such that |y| < ng. On the other hand, (Py) gives that

M (Sy@)LS)dy < [ [Vul,
/Rm (Sy@ )y~1/3| ul

so there exists (a set of positive measure of) y such that |y| < g and M(Sy(u) L S‘) <
J5 IVulF. Then, (C.15) follows from (C.16). O

Lemma 19 and the definition of A, imply that

Pi :
Ec.(u; B;) = |hc(u, 0B;)|, A _ f . C.17
e(u; Bi) 2 |[he(u iy Ae (lhc(u, aBi)|*> or any ¢ ( )

The last step in the proof of Proposition 10 is the so-called “ball construction” [38, Proposi-
tion4.1]. If u satisfies (C.1) for some r > 0 then, by choosing 8o = o (-/4") < Oy sufficiently
small, we obtain as a consequence

[s(x)| = for any x € £2 such that dist(x, §2) < r. (C.18)

| =

Moreover, we can assume without loss of generality that u satisfies
E¢(u) < |he(u, 982)|4 [loge| + C (C.19)
for some e-independent constant C, for otherwise Proposition 10 holds trivially.

Lemma 20. There exists a constant o > 0 such that the following statement holds. Let u €

Wl’k(.Q, R™) be a smooth function that satisfies (C.18) for some r > 0 and (C.19). For
any t > 0 and any ¢ € (0, 1/2) such that

47 |he(u, 082)|, <r, e lloge||he(u, 32)|, < eo, (C.20)

there exists a finite collection of closed ball (éi)l'q:p of radii r;, that satisfy the following
properties:

(i) the interiors of the balls are pairwise disjoint;
(i) Sg <C UI_, B; and B; N\ Sp # @ for any i

(iii) letting s := min; r; /| hc(u, dB;)|s, we have
Eeu, BN 2) 2 A (s);
s

(iv)t/2<s <1,
(v) [he(u, 32)1, = Y0, Ihe(u, 3B;)lx.

Lemma 20 follows by repeating the arguments of [38, Proposition 4.1] (see also [2, Remark
at p. 22]), and using Lemmas 18, 19 and (C.17).
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Proof of Proposition 10. We assume that u is smooth, satisfies (C.18) (as a consequence of
our assumption (C.1)) and (C.19). We apply Lemma 20 and use the fact that, by definition
of s, |hc(u, dB;)|« < r;i/s forany i:

(i)—Gii) P P -
B, ) 2 Y TA9)2) |hew. 95y)
= =1
(iv) o\ (C.11 .
> Jhe(u, 952)]y Ae (5> = Ihe(u, 92)l, log - — C.

A © he(u, 82)1y Ae(s)

The constant C here only depends on k, «, B. Now, we choose v := r/(8|hc(u,
0£2)|x) (which is admissible in view of (C.20)). Taking (A.5) into account, we obtain the
desired estimate in case u is smooth. Now the proposition follows by a density argument.
O

D. Technical Results about Flat Chains

Throughout this appendix, we consider chains with coefficients in anormed Abelian group (G, |-
|) such that
inf |g| > 0. (D.1)
g€G\{0}

This assumption is satisfied by (73 _1(4), | - |x), due to Proposition 1.

D.1. Approximation Results for Flat Chains

We give the proof of the approximation results, Proposition 5 and 6 , we have used in
Section 3.4.2. For convenience, we recall the statements here. Let & C G be a set of
generators for G. We assume that, for any g € G, there exist g1, ..., gp € & such that

P 14
g=>» g and lgl=) lgl. (D.2)

i=1 i=1
The set defined by (A.7) satisfies this assumption, by Proposition 1.

Proposition 11. Ler S € M, (R"**; G) be a polyhedral chain. Let Wg < R be an
open set, with polyhedral boundary, such that 0Wg is transverse to spt S (i.e., there exist
triangulations of 0Wg and spt S such that any simplex of the triangulation of dWg is
transverse to any simplex of the triangulation of spt S). Then, there exists a sequence of
polyhedral (n + 1)-chains R, supported in Wg, such that the following hold:

(i) S+ BRj — S, with respect to the F-norm, as j — +00;
(i) M(S + 0R ;) — M(S) as j — +o0;
(iii) for any j, (S +dR;)LdIWg = 0;
(iv) for any j, the chain (S + dR;) L We takes multiplicities in the set & C mp_1(A)
defined by (2.4).

Proposition 11 implies Proposition 6.

Proof. Since d W is transverse to spt S, the intersection spt S N d W has dimensionn — 1
at most and hence, S dWg = 0. By triangulating S, we can write SL W as a finite sum

SLWg =Y ok[K].
K
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Fig. 7. The chain R}, in case n = 1, k = 2 and S consists of a segment only, S = ok [K].
The chain S is in black, R; is in gray, and S + 9 R; is in red

where og € m;_1(4) and the K’s are closed n-simplices, whose interiors are contained
in Wg and pairwise disjoint. We fix positive parameters §, y and, for any n-simplex K
of SL Wg, we consider the set U (K, 8, y) defined by (3.1). We choose 8, y small enough,
so that the interiors of the U (K, &, y)’s are pairwise disjoint and contained in Wg. By
assumption (D.2), we can write og = Zf:l ok, whereog ; € G and

P
okl = lok.i|- (D.3)
i=1
Take distinct vectors yK'l, yK’p € R"* thatare orthogonal to K and satisfy |yK’l| =
.= |yKP| =1.Foreachi € {1, ..., p}, we define hK-7: [0, 1] x K — R"T* by

ki (t, x/) = x’ 4+t min {8, y dist (x’, 3K)} yK‘i
for any (t, x’) e [0, 1] x K.

For any integer j = 1, we define

P .
Rj =YY ok bt (10, 1/j1] x [K])

K i=1

(see Figure 7).

The chain R; is polyhedral, because the hKs are piecewise affine, and supported in W.
The support of R ; may intersect 9 W only along its (n — 1)-skeleton, so (3R ;)LIWg = 0.

We compute the mass of R ;. Since the maps W& are Lipschitz, and their Lipschitz constant
only depends on y, which is fixed, the area formula implies

P D3
M(R;) < ZZ|UK’,»|*%”+1 ([0, 1/j1 x K) ( < )j_lM(SI_We) -0
K i=1
as j — +oo.
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Thus, (i) follows. Now, we compute the boundary of R ;. For each simplex K and each i, we
have K5 (¢, x') = x" if x’ € 8K and hX-1(0, x") = x’ for any x” € K. As a consequence,

an " ([0, 1/j1] x [K1)
= T ([1/4] % [K] = [0] x [K]) = 12" ([0, 1/41] x O[K])
=nKiG71 LK) — [K]

By multiplying this identity by ok ;, and taking the sum over i, K, we obtain

p
aRj =3 o i hK (j—‘, -)*[[K]]—SI_WG. (D.4)
K i=1

In particular, SL Wg + dR; = (S + dR;) L Wg takes multiplicities in &. Finally, by
applying the area formula to (D.4), we deduce

14
D3
M(SL We +0R) — S ok ], #"(K) "= M(SL We)
K i=1
as j — 400,

and (ii) follows. 0O

Let 2 € R"t* beadomainandlet S € M, (£2; G).Recall that S is called locally polyhedral
if, for any compact set K C £2, there exists a polyhedral chain T such that (S—T)L K = 0.
We write So ~¢5 S if there exists R € M, 11(£2; G) such that S} = Sp + IR.

Proposition 12. Let 2 C R be a bounded, Lipschitz domain. Let So € M, (5; G) be
a locally polyhedral chain such that Sy L 92 = 0. Let S € M,,(2; G) be such that S ~5
So. Then, there exists a sequence of polyhedral (n + 1)-chains R, with compact support
in £, such that So + dR; — S (with respect to the F-norm) and M(Sp + R ;) — M(S)
as j — 4oo.

Proposition 5 follows from Proposition 12, with the help of (P3) and Lemma 3. We split the
proof of Proposition 12 into several lemmas. The first one is a straightforward consequence
of the deformation theorem for flat chains; we provide a proof for completeness.

Lemma21. Letqg € {0, ..., n+k—1}, T € My R™K: G) ang n > 0 be given. Suppose
that T is compactly supported and 0T is polyhedral. Then, there exist a polyhedral q-chain P
and a finite-mass chain C € Mg Rk, G), supported in the n-neighbourhood of spt T,
that satisfy

T =P+09C,
M(P) S M(T) +nM@T),  M(C) S nM(T).

Proof. We apply the deformation theorem (see e.g. [26, Theorem 7.3] or [54, Theorem 1.1])
to 7. We find a polyhedral g-chain A, a finite-mass g-chain B and a finite-mass (g + 1)-
chain C that satisfy the following properties:

(a) T=A+ B+09C;
(b) M(A) S M(T) +nM@T), M(B) S nM(@T) and M(C) S nM(T);
(c) A, B, C are supported in the n-neighbourhood of spt T'.
Since we have assumed that 97 is polyhedral, we can take B to be polyhedral, too (see e.g.

[54, Theorem 1.1.(7)]). Then, the chains P := A + B and C have all the required properties.
O
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Lemma 22. Let 2 C R be g bounded, Lipschitz domain. Let So € M, (5; G) be such
that SoL 32 = 0. Let R € M, 1(2; G) be such that M(3R) < -+oc. Then, there exists a
sequence of chains Rj € My (2; G), compactly supported in 2, such that R i —> OR
(with respect to the F-norm) and M(So + R ;) — M(Sp + dR) as j — +oo.

The proof of Lemma 22 is identical to that of [2, Proposition 8.6]. In [2], the authors work
in the setting of currents; however, the arguments used in the proof of Proposition 8.6 carry
over to the setting of flat chains, thanks to the results in [26, Sections 5 and 6].

Lemma 23. Let 2 € R"* pe a bounded, Lipschitz domain. Let Sy € My (£2; G) be a
locally polyhedral chain such that S)L.9$2 = 0, and let S € M, (£2; G) be such that S ~¢

So- Then, there exists a sequence of locally polyhedral chains S; € My (2; G) with the
Sfollowing properties:
(i) F(S; —8) — 0as j — +oo;
(ii) M(S;) — M(S) as j — +oo;
(iii) for any j, we can write S; = So + dR for some finite-mass (n + 1)-chain R with
compact support in 2.

Proof. By assumption, there exists R € M, (£2; G) such that § = Sy + dR. Thanks to
Lemma 22 and a diagonal argument, we can assume without loss of generality that R is
compactly supported in §2. For any positive ¢, let 2, = {x € §2: dist(x, 0§2) > t}.
We take a positive number 7 such that spt R € §27,, and an open set U, with polyhedral
boundary, such that £27,, CC U CC £2y,. Because S and Sy differ by a boundary, we have

ASLU) +9 (Sl_ (R"‘H‘\U»
— 39S =088y = (SyL U) + 9 (sol_ (R"+k\U)) .

However, S and Sy agree out of U, so d(SL.U) = 9(SyL_U). In particular, since S is locally
polyhedral in £2 and U is polyhedral, (S L U) is a polyhedral chain. Thanks to, e.g., [26,
Theorem 5.6 and 7.7], there exists a sequence of polyhedral n-chains 7 that F-converges
to SL U, satisfies spt T; C £2, for any j and

dT; =9(SLU) forany j €N, M(Tj) > M(SLU) asj— +oo. (D.5)

By definition of the F-norm, there exist sequences P; € Mn+1(R"+k ;G)and Q; €
M, (R"**; G) such that

SLU-T;=0P;+Q; foranyj (D.6)

M(Pj) = 0, M(Q;) >0 asj— +oo. (D.7)

We do not know a priori whether the chains P;, Q; are supported in £2, so we perform a
truncation argument. Define

Pj,t = (8P])I_.Qt —8(Pj L.Qt)

fort € (0, tg) and j € N. By applying Fatou’s lemma and [26, Theorem 5.7], we obtain
that

10
/ lim inf M(P ,)dz<hmmf/ M(P/,)dt<l1m1nfM(P)(D7)
0 Jj—>+o©
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Therefore, for a.e. r € (0, 1p) there exists a (non-relabelled) subsequence j — +o00 such
that M(P; ;) — 0. By taking the restriction of (D.6) to £2;, we obtain

SLU—Tj=3 PjLQ; + Pj,t-I—Q[l_.Qt. (D.8)
——— —_——
~p 0,
By construction, P; and Q/j are supported in £2; C £2, and there holds
M(Pj’-) — 0, M(Q’j) -0 asj— +oo. (D.9)
Moreover, by taking the boundary of both sides of (D.8), we deduce that
00 =asLu) —a1; 20,

By applying Lemma 21 to Q/j, we find a decomposition

0 =0} +ac;, (D.10)
where
(a) Q;’ is a polyhedral n-chain such that M(Q;’) < M(Q’j);
(b) Cjisa (n+ 1)-chain of finite mass and M(C;) < j_lM(Q’j);
(c) Q/j/ and C; are supported in £24,_1 ;.
From (a), (b) and (D.9), we deduce that

M (Cj) — 0, M(Q’]f)—w as j — +oo. (D.11)
Now, we define
S; =T+ Q/;+SI_(R"+’<\U). (D.12)
By construction, S; is locally polyhedral. We have
(D.3)  (D10)

" " / /
Sj~S=T;+Q/-SLU 0P~ 0 o(P;+c;) (D13)

and hence, F(S; — S) — 0 due to (D.9) and (D.11). By the lower semi-continuity of the
mass, we deduce that M(S) < lim inf j—+00 M(S;). On the other hand, if we apply the
triangle inequality to (D.12) and use the identity MI(S) = M(SL U) + M(SL (R”+k\U)),
we obtain
M (S;) — M(S) < M (T}) + M (Q’j’) ~M(SLU).

The right hand side converges to zero as j — +00, due to (D.5) and (D.11). Thus, we deduce
that lim SUPj s 400 M(S;) < M(S), and hence M(S;) — M(S) as j — +oo. Finally, we
define Rj := R — Pj/. — Cj.Then, (D.13) gives S; — So = 9R; and the lemma follows. O
Proof of Proposition 12. Let Sy, S be given, as in the statement. By applying Lemma 23,
we find a sequence of locally polyhedral chains S; € M, (£2; G) and a sequence of finite-
mass (n + 1)-chains R j» compactly supported in §2, such that S; — S in the F-norm,
M(S;) — M(S) and S; = Sp + 81%1- for any j. Since Sp, S; are locally polyhedral in £2,

OR j 1s polyhedral. We apply Lemma 21 to each R j- We find polyhedral (n + 1)-chains R,
compactly supported in §2, and (n + 2)-chains C; of finite mass, such that

Rj =R; +0C;.
Then, S; = So + d(Rj +9C;) = So + IR, and the proposition follows. O
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D.2. A Characterisation of the Mass of a Rectifiable Chain

For any linear subspace L C R'K we let 7y : R"TK - L be the orthogonal projection
onto L. A n-chain of class C! is a chain S that can be written in the form S = f« P, with f
amap of class C land P a polyhedral chain. The set of rectifiable n-chains is defined as the
closure of n-chains of class C! with respect to the M-norm.

Lemma 24. Let S € M, (R"*k; G) be a rectifiable n-chain. Then,

+00

M(S)= sup Y M(mp,« (SLU),
Wi, Liien j—0

where the supremum is taken over all sequences of pairwise disjoint open sets U; and n-
planes L; € Rk,

If the coefficient group satisfies (D.1), as is the case for G = m;_1 (.4, then any chain of
finite mass is rectifiable, by White’s Rectifiability Theorem [55, Theorem 7.1]. Therefore,
Lemma 24 implies Lemma 14.

Proof. Let (Uj)jen be a sequence of pairwise disjoint open sets, and let (L;);cn be a

sequence of n-planes in Rtk For any i, the projection 77, is a 1-Lipschitz map and hence
M(rp, «(SLU;)) < M(SLU) (see e.g. [26, Eq. (5.1)]). Since the U;’s are assumed to be
pairwise disjoint, we obtain

+00 +00
> M (. (SLUD) S D M(SLU;) < M(S). (D.14)
i=0 i=0

This proves one of the inequalities. To prove the opposite inequality, we first suppose that S is
aCl -polyhedron, thena C 1_chain, and finally we extend the result to an arbitrary rectifiable
chain. We denote by int A the interior of a set A C ]R”"‘k, and by diam A its diameter.

Step 1. (S is a C!-polyhedron) We suppose that S = fix(o[K]), where 0 € G, K is a
convex, compact n-polyhedra, and f: RAHK 5 Rtk g Cl—diffeomorphism. Letn >0
be arbitrarily fixed. Since f is cland K is compact, there exists p > 0 such that

IVf@x)=ViWmI=n if(x,y) € Kx Kand |x—y| < p, (D.15)

where || - || denotes the operator norm on the space of real (n + k) x (n + k)-matrices.
Let (T,-);I: | be a collection of n-simplices that triangulate K, such that

max diam 7; < p. D.16

1954 i=pP ( )

Let V; := intU(T;, p/2, p/2) where U(T;, p/2, p/2) is defined as in (3.1), and U; :=
f(V;). The U;’s are pairwise disjoint open sets, because f is a diffeomorpism. Let L be the n-
plane passing through the origin that is parallel to K. For any i, we choose a point x; € int 7}

and we define L; := V f(x;)(L). The L;’s are indeed n-planes, because V f(x;) is an
invertible linear map. For any x € K N 7; and any y € L, we have

[T, o VX)) y = VF(x)y|

<@L, o VA y = V) v+ 21V (i) = VFO 1yl

(D.15)—(D.16)
< 2n |yl .
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Therefore, by applying the area formula we obtain
M (7z, « (SLU)) = M(SLU)|

A" ((mp; 0 f) (KNVy)) = A" (f (KNV;))
S Cnlole A" (KNV)

§|U|*

for some constant C depending only on 7, k. This implies

q q q
D Mi(rp, . (SLUD) Z Y M(SLU) = Cnloly Y A" (KNV;)

i=1 i=1 i=1
=M (SLU;Up) — Cnlol, 27 (K),
where 7 is arbitrarily small. To complete the proof in this case, it only remains to notice that

M(S) = M(S L U;U;), because #" (K\ U; V;) = 0 and #"(S\ U; U;) = 0 by the area
formula.

Step 2. (S is a C'-chain) We suppose that S = fi P, where P is a polyhedral n-chain and
f: Rk RAHK g a Cl -diffeomorphism. This case follows easily from the previous one,
by additivity. Indeed, let us write S = 25.7:] o;[K;] witho; € G, K; a convex, compact
n-polyhedra. Given positive parameters 8, y, let W/ := f(int U(K s 8, y)). For§, y small
enough, the W/ have pairwise disjoint interiors. Let 7 > 0 be fixed. By applying Step 1, for

any j we find a sequence (Vl.j )ieN of pairwise disjoint open sets and a sequence (L{ )ieN
of n-planes such that

iom <nu-’* (e (oK) I_Ul.j)> > M (f (0 [K;1)) — n. (D.17)
i=0 !

We define Ul.j = Vij NW/J.The Uij s are pairwise disjoint open sets. We have 77 (K j\int U (K j, 8, y)) =
0 and hence, by the area formula, M(( fi (o [[K./]])I_(R”“‘k \W/)) = 0. Therefore, we obtain

%;M (nL{’* (fi (os1K)D) I_Uij>>

(D.17)

-3 <nL,- (5 (oj[[Kj]])l_Vij)> > M) - pn
ij v

and the lemma is proved also in this case, because n may be taken arbitrarily small.

Step 3. (S is a rectifiable chain) Since S is rectifiable, for any n > 0 there exist a polyhedral
n-chain P and a C!-diffeomorphism f: Rtk — R"HK gych that

M(S — f«P) =1 (D.18)

(see e.g. [55, 1.2 at p. 169] and the references therein). By Step 2, there exists a sequence
(Ui, L;j)jen such that

+00
Y M (mp, 4 (fePLUD) Z M (fiP) = 1. (D.19)
i=0
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Letusset Q := S— fi P. Then, using the linearity of 7 ; , - LU;, and the triangle inequality
for M, we obtain

+00 T =
D M(rp, s (SLUD) 2 Y M(p, o (fsPLUD) = Y M(mp, 4 (QLUy))
i=0 i=0 i=0
(D.14), (D.19) (D.18)
>

M(fxP)—n—-M(Q) = M(S)-3n

so the lemma follows. 0O
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