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Abstract
In this paper we explore the use of localized frequency analysis (a generalization of the windowed Fourier transform
to manifolds) for the design of intrinsic shape descriptors. Applying the windowed Fourier transform to some dense
intrinsic descriptor adds a local "context" capturing richer geometric structures. The resulting local frequency
representations are then passed through a bank of filters whose coefficient are determined by a learning procedure
minimizing a task-specific cost. Conceptually, our approach is reminiscent of convolutional neural networks (CNN),
and also generalizes several previous methods such as spectral CNN and GPS embeddings. Our experimental results
show that the proposed approach allows learning class-specific shape descriptors significantly outperforming
recent state-of-the-art methods on standard benchmarks.

Categories and Subject Descriptors (according to ACM CCS):

1. Introduction

Point based matching plays an important role in shape analy-
sis and geometry processing. The key approach consists in
defining an effective point signature (or descriptor) able to
capture the most notable local shape characteristic or feature
in the neighborhood of the point. In general a feature descrip-
tor is encoded in a vector lying in some multi-dimensional
feature space. Given this representation the matching between
points can be easily computed by comparing their respective
descriptors in such space (usually the standard L2-norm is
used for this purpose). The ideal descriptor should be discrim-
inative, highlighting distinctive attributes, robust, invariant
with respect to noise and deformations, compact, to reduce
the dimension of the descriptor space, and computationally-
efficient. In general is very difficult to design a descriptor able
to simultaneously satisfy all of these properties. This

To this aim, it is desirable for the descriptor to adapt for a
particular application so that the trade-off between the afor-
mentioned requirements can be ameliorated. This can be
achieved estimating the parameters of the descriptor on some
exemplar points (learning) w.r.t. some problem dependent
cost function.

Previous work Several work has been proposed for shape
description (see [LGBet al.13] for a recent survey). Early
methods like spin images [JH99], shape distributions
[OFCD02], integral volume descriptors [M∗06], and multi-
scale features [PKG03] are capable of encoding only the

extrinsic structure of the shape and therefore they are in-
variat under Euclidean variations. A drastic improvement has
been shown when descriptors are able to encode the shape
intrinsic properties to deal effectively with non rigid transfor-
mations [EK03]. A popular class of these methods is based on
spectral shape analysis [Lév06] like the shapeDNA [RWP06]
or the Global Point Signature (SGP) [Rus07] descriptors. In
particular, a further refinement of spectral methods has been
proposed by exploiting diffusion geometry [BBG94, CL06]
on shapes. Important descriptors in this class are the heat ker-
nel signatures (HKS) [SOG09,GBAL09], their scale-invariant
version [BK10] (SI-HKS), and the wave kernel signatures
(WKS) [ASC11]. A relevant characteristic of shape descrip-
tors is related to their capability to encode local or global
shape information [LGBet al.13]. Being inspired by the suc-
cess of local image signatures [Low04,BMP00], several meth-
ods have been proposed on point-based feature description for
the shape domain [SB11, KBLB12]. Differently from local
methods like HKS or WKS where the local information is en-
coded implicitly from the diffusion process, these approaches
require an explicit evaluation of the point neighbourhood that
make their estimate computational demanding. Indeed, the
collection of local context around a point is not trivial for non-
Euclidean spaces like shapes or graphs. A possible solution
has been introduced recently in [SRV13], where a method
to perform a localized frequency analysis is generalized to
graphs, relying on the analogy between the classical Fourier
transform and the Laplace-Beltrami eigenbasis.
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[below needs a rephrasing] An open issue of spectral based
descriptors is due to the strong assumption that isometric
shapes share their spectral decomposition. It is well known
that in the real world case, when we work on a discretized
domain, this hypothesis is violated by the possible switching
and sign flips of the eigenfunctions of the Laplace-Beltrami
operator. This is caused by the loss of perfect isometry and
by numerical inaccuracies. Some works tried to cope with
this ambiguity [MHK∗08, PBB∗13]. In [MHK∗08] the effect
of switching is attenuated by introducing a clustering proce-
dure among eigenfunctions. In [PBB∗13] a matching between
eigenfunctions is estimated by exploiting the functional map-
ping [O∗12] procedure on a sparse coding framework.

Following a recent trend from the image domain that
prefers learning based to hand-crafted signatures, a few works
are proposed on shape descriptors defined by learning by
example paradigm [LB14, R∗14, LBBC14]. For instance
in [LB14] an optimal data dependent trasfer function is esti-
mated by showing that HKS and WKS can be considered as
particular parametric families of this approach. In [R∗14] a
deep learning framework based on random forest is proposed.
In [LBBC14] a learning version of the bag-of-word descriptor
is introduced by supervised sparse coding.

Contribution The paper proposes a new method for point-to-
point matching between heterogeneous shapes which extends
the windowed Fourier transform to the manifold analysis
domain. The main idea is to formulate the classical time-
frequency analysis to signals lying on a 3D surface, and
use the output of this transform to define a new shape de-
scriptor. This gives a local frequency representation which
effectively and efficiently encodes the local "context" of a
given point. There are different important factors that must
be defined to design the descriptor: i) the initial signal, ii)
the window function, iii) the range of frequences. In order
to optimize the choice of these factors for a specific class of
shapes we propose to combine the analytic construction of the
descriptor with a learning by example procedure. Moreover,
we show that by choosing a proper setting of such factors
our method can reproduce previous descriptors like spectral
CNN [BZSL14] and GPS embeddings [Rus07].

More precisely, this work has the following main contri-
butions: i) it defines a generalized convolution, translation
and modulation operators for signals on shapes, thus obtain-
ing a new definition that further extends the WFT for graph
proposed in [SRV13] to the 3D surfaces, ii) it introduces
a learning procedure which addresses the sign ambiguity
problem and ordering of eigenfunctions in the spectrum of
near-isometric shapes, iii) we show that this descriptors over-
come state-of-the-art performance on several synthetic and
real datasets such as SCAPE [A∗05] and FAUST [BRLB14].

2. Background

Manifold We model a 3D shape as a connected smooth com-
pact two-dimensional surface (manifold) X , possibly with
a boundary ∂X . Locally around each point x the manifold
is homeomorphic to the tangent plane TxX . The exponential
map expx : TxX→ X maps tangent vectors onto the surface. A
Riemannian metric is an inner product 〈·, ·〉TxX : TxX×TxX→
R on the tangent space depending smoothly on x.

Laplace-Beltrami operator (LBO) Let us denote by L2(X)
the space of square-integrable real functions on X and by
〈 f ,g〉L2(X) =

∫
X f (x)g(x)dx the standard inner product on

L2(X), where dx is the infinitesimal area element induced by
the Riemannian metric. Given a smooth function f ∈ L2(X),
the composition f ◦ expx : TxX → R is a function on the tan-
gent plane. We define the Laplace-Beltrami operator (LBO)
as a positive semidefinite operator ∆X : L2(X)→ L2(X) given
by

∆X f (x) = ∆( f ◦ expx)(0), (1)

where ∆ is the Euclidean Laplacian operator on the tangent
plane. The LBO is intrinsic, i.e., expressible entirely in terms
of the Riemannian metric. As a result, it is invariant to iso-
metric (metric-preserving) deformations of the surface.

Spectral analysis on manifolds The LBO of a compact
manifold admits an eigendecomposition ∆X φk = λkφk with
a countable set of real eigenvalues λ1 ≤ λ2 ≤ . . . and the
corresponding eigenfunctions φ1,φ2, . . . form an orthonormal
basis on L2(X). Consequently, a function f ∈ L2(X) can be
represented as the Fourier series

f (x) = ∑
k≥1
〈 f ,φk〉L2(X)φk(x), (2)

where the analysis f̂k = 〈 f ,φk〉L2(X) can be regarded as the
forward Fourier transform and the synthesis ∑k≥1 f̂kφk(x)
is the inverse one; the eigenvalues {λk}k≥1 play the role
of frequencies. The first eigenvalue λ1 = 0 corresponds to
a constant eigenvector (‘DC component’). The Laplacian
eigenbasis is a generalization of the classical Fourier ba-
sis to non-Euclidean domains, and one can easy verify that
eiωx are eigenfunctions of the Euclidean Laplacian operator
− d2

dx2 eiωx = ω
2eiωx.

The generalized convolution of f and g on the manifold
can be defined by analogy to the classical case as the inverse
transform of the product of forward transforms,

( f ?g)(x) = ∑
k≥1
〈 f ,φk〉L2(X)〈g,φk〉L2(X)φk(x)

= ∑
k≥1

f̂kĝkφk(x), (3)

and is in general non-shift-invariant.
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Heat diffusion on manifolds is governed by the diffusion
equation,

(∆X +∂t)u(x, t) = 0; u(x,0) = u0(x), (4)

where u(x, t) denotes the amount of heat at point x at time
t, u0(x) is the initial heat distribution (if the surface has a
boundary, appropriate boundary conditions must be added).
The solution of (4) is obtained by applying the heat operator
Ht = e−t∆X to the initial condition,

u(x, t) = Htu0(x) =
∫

X
u0(x

′)ht(x,x′)dx′, (5)

where ht(x,x′) is called the heat kernel. Since Ht has the same
eigenfunctions as ∆X with the eigenvalues {e−tλk}k≥1, the
solution of (4) can be expressed a generalized convolution (3),

u(x, t) = Htu0(x) = ∑
k≥1
〈u0,φk〉L2(X)e

−tλk φk(x) (6)

=
∫

X
u0(x

′) ∑
k≥1

e−tλk φk(x)φk(x
′)︸ ︷︷ ︸

ht (x,x′)

dx′,

where the coefficients e−tλ play the role of a transfer function
corresponding to a low-pass filter sampled at frequencies
{λk}k≥1.

3. Spectral descriptors

In this section, we provide a concise overview of several spec-
tral shape descriptors that will be important for our further
discussion. This overview is by no means exhaustive, and
we refer the reader to the cited related works and references
therein for a more complete picture.

Global Point Signature (GPS) Rustamov [Rus07] pro-
posed the global point signature (GPS) embedding, a dense
shape descriptor constructed using scaled LBO eigenfunc-
tions,

f(x) = (λ
−1/2
1 φ1(x), . . . ,λ

−1/2
Q φQ(x))

>, (7)

thus associating each point x with a Q-dimensional descriptor
(see [BBG94,CL06] for earlier constructions in the theoretical
math community).

Due to an inherent ambiguity in the definition of the LBO
eigenbasis, GPS descriptors cannot be matched in a simple-
minded manner. First, an eigenfunction is defined up to sign,
∆X (±φi)= λi(±φi). Second, if an eigenvalue with non-trivial
multiplicity is present in the spectrum of ∆X , any rotation in
the corresponding subspace produces valid eigenfunctions.
Third, noise and non-isometric deformations may alter the
eigenvalues and eigenfunctions of the LBO. Trying to cope
with these ambiguities, several techniques have been pro-
posed trying to match GPS descriptors (see, e.g. [MHK∗08]).

Heat/Wave Kernel Signature (HKS/WKS) Several popu-
lar spectral shape descriptor take a generic form of the diag-
onal of a parametric kernel diagonalized by the LBO eigen-
basis. Notable examples include the heat kernel signature
(HKS) [SOG09, GBAL09] and the wave kernel signature
(WKS) [ASC11]. More specifically, such methods construct
at each point a descriptor

f(x) = ∑
k≥1

τ(λk)φ
2
k(x) (8)

expressed by a bank of transfer functions τ(λ) =
(τ1(λ), . . . ,τQ(λ))

>. Such descriptors have several appealing
properties making their use popular in numerous applications.
First, they are intrinsic and hence invariant to isometric de-
formations of the manifold by construction. Second, they are
dense. Third, (8) can be efficiently computed using the first
few eigenvectors and eigenvalues of the Laplace-Beltrami
operator.

HKS uses low-pass transfer functions τt(λ) = e−tλ for var-
ious values of the parameter t ∈ {t1, . . . , tQ}, giving rise to
the autodiffusivity function ht(x,x), whose physical interpre-
tation is the amount of heat remaining at point x after time
t. A notable drawback of HKS is poor spatial localization,
which is a consequence of the uncertainty principle: good
localization in the Fourier domain (large value of t) results in
a bad localization in the spatial domain.

WKS uses band-bass transfer functions τν(λ) =

exp
(

log ν−log λ

2σ2

)
for various values of the parameter ν ∈

{ν1, . . . ,νQ}. The physical interpretation of WKS is the prob-
ability to find a quantum particle at point x, given that it has
an initial log-normal energy distribution with mean value ν

and variance σ. Typically, WKS exhibits oscillatory behavior
and has a better localization compared to HKS.

Optimal spectral descriptors (OSD) Litman and Bronstein
[LB14] used parametric transfer functions expressed as

τq(λ) =
M

∑
m=1

aqmβm(λ) (9)

in some fixed (e.g. B-spline) basis β1(λ), . . . ,βM(λ), where
aqm (q = 1, . . . ,Q,m = 1, . . . ,M) are the parametrization co-
efficients. Plugging (9) into (8) one can express the qth com-
ponent of the spectral descriptor as

fq(x) = ∑
k≥1

τq(λk)φ
2
k(x) =

M

∑
m=1

aqm ∑
k≥1

βm(λk)φ
2
k(x)︸ ︷︷ ︸

gm(x)

, (10)

where g(x) = (g1(x), . . . ,gM(x))> is a vector-valued function
referred to as geometry vector, dependent only on the intrinsic
geometry of the shape. Thus, (8) is parametrized by the Q×M
matrix A = (alm) and can be written in matrix form as f(x) =
Ag(x).

The main idea of [LB14] is to learn the optimal parameters
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A by minimizing a task-specific loss. Given a training set
consisting of a pair of geometry vectors g,g+ representing
knowingly similar points (positives), and g,g− representing
knowingly dissimilar points (negatives), one tries to find A
such that ‖f− f+‖= ‖A(g−g+)‖ is as small as possible and
‖f− f−‖= ‖A(g−g−)‖ is as large as possible. The authors
show that the problem boils down to a simple Mahalanobis-
type metric learning.

4. Windowed Fourier transform

A central piece to our construction of shape descriptors is
the notion of vertex-frequency analysis or windowed Fourier
transform (WFT), generalizing these constructions from clas-
sical signal processing to non-Euclidean domains. WFT has
previously been extended to graphs in [SRV13].

Classical WFT The main idea of classical WFT is to analyze
the frequency content of a signal that is localized by means
of multiplication by a window. Given a function f ∈ L2(R)
and some ‘mother window’ g localized at zero, one computes
the WFT as

(S f )x,ω =
∫
R

f (x′)g(x′− x)e−ix′ωdx′. (11)

Note that the WFT has two indices: spatial location x′ of
the window and frequency ω of the signal in that window.
Alternatively, it can be presented as an inner product with a
translated an modulated window, (S f )x,ω = 〈 f ,MωTxg〉L2(R),
where Tx and Mω denote the translation and modulation oper-
ators, respectively.

Translation operator in the Euclidean setting is simply
(Tx′ f )(x) = f (x− x′). In order to generalize it to manifolds,
translation to point x′ can be replaced by convolution with a
delta-function centered at x′, yielding

(Tx′ f )(x) = ( f ?δx′)(x)

= ∑
k≥1
〈 f ,φk〉L2(X)〈δx′ ,φk〉L2(X)φk(x)

= ∑
k≥1

f̂kφk(x
′)φk(x), (12)

where convolution is understood in the generalized sense 3.
Note that such a translation is not shift-invariant in general,
i.e., the window would change when moved around the mani-
fold (see Figure 1).

Modulation operator simply amounts to multiplication by
a basis function,

(Mk f )(x) = f (x)φk(x). (13)

Manifold WFT Combining the two operators together, we
have the modulated and translated window (transform ‘atom’;
see examples in Figure 1) expressed as

gx′,k(x) = (MkTx′g)(x) = φk(x) ∑
l≥1

ĝlφl(x
′)φl(x). (14)

Figure 2: WFT descriptors.

Note that the ‘mother window’ is defined here in the fre-
quency domain by the coefficients ĝl . We thus readily have
the WFT of a signal f ∈ L2(X)

(S f )x,k = 〈 f ,gx,k〉L2(X) = ∑
l≥1

ĝlφl(x)〈 f ,φlφk〉L2(X),(15)

which can be regarded as a meta-descriptor: given some
dense descriptor f (e.g. one of the components of HKS,
WKS, or a geometry vector (10)), we construct f(x) =
((S f )x,1, . . . ,(S f )x,K)

> taking the first K frequencies of the
WFT. The WFT allows to capture the local context of a sig-
nal on the manifold, making it roughly analogous to taking
the values of the signal in a small “patch” (the analogy is
not complete since the patch is represented in the frequency
domain rather than in the spatial domain).

Special cases We would like to point to the following two
special cases of the WFT.

Case I: when ĝk = δk1, we simply have gx′,k(x) =
φk(x)φ1(x

′)φ1(x). Since the first LBO eigenvector is con-
stant, the atom (up to scaling) is gx′,k(x) ∝ φk(x), i.e., the
standard LBO eigenbasis element independent on the loca-
tion x′. The WFT thus simply reduces to a simple Fourier
transform (2). This result is an intuitive consequence of the
uncertainty principle: when the window is perfectly localized
in the frequency domain, it is perfectly delocalized in the
spatial domain (and without localization, WFT is equivalent
to standard FT).

Case II: when f ≡ 1, the WFT contains information only
about the geometric structure of the manifold. In this setting,

(S1)x,k = ∑
l≥1

ĝlφl(x)〈φk,φl〉L2(X)︸ ︷︷ ︸
δkl

= ĝkφk(x), (16)

and for a particular choice of ĝk = λ
−1/2
k we get Rustamov’s

GPS descriptor (7).

Case III: when f = δx, the DC frequency of the WFT has
the form of (8),

(Sδx)x,0 = ∑
l≥1

ĝlφ
2
l (x), (17)

and in particular for ĝl = e−tλl we obtain the HKS and for
ĝl = exp

(
log ν−log λl

2σ2

)
the WKS at point x, respectively.
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Figure 1: Examples of different WFT atoms gx,k shown for two different windows (top and bottom rows).

We can therefore conclude that the WFT is a rich construc-
tion, containing as particular settings some of the well-known
descriptors.

5. Learning

In general, the WFT is not completely invariant, i.e., the
descriptors at corresponding points of isometric shapes may
differ. In this section we describe a learning framework that
allows to account for this variability.

The architecture of our descriptor bears similarity with con-
volutional neural networks (CNN) that are now very popular
in computer vision applications, and has a layered structure,
wherein the output on one layer is used as the input of the
next one. For the sake of simplicity, the neural network ar-
chitecture considered in the following consists of only two
layers. The first layer is a fully connected layer, producing
outputs as weighted sums of the inputs, followed by a non-
linear function. The second layer applies the WFT, acting as
a “patch operator” that extracts local structure of the input
around each point and represents it in the frequency domain.
Since each input dimension might contain features of dif-
ferent scale, we employ a different window for each input
dimension. The WFTs are then passed through a bank of
filters applied in the frequency domain, producing the outputs
used as the descriptor dimensions. As the input to the first
layer, any intrinsic descriptor can be used (specifically, we
use geometry vectors (10)). All the parameters of the layers
(weights, windows coefficients, and filters) are variables that
are found by means of supervised learning.

Fully connected layer Let us be given a P-dimensional in-
put fin(x) = ( f in

1 (x), . . . , f in
P (x)). The fully connected layer

produces a Q-dimensional output defined as

f out
q (x) = ξ

(
P

∑
p=1

K

∑
k=1

wqp f in
p (x)

)
, q = 1, . . . ,Q, (18)

where ξ(t) = max(0, t) is the ReLU activation function. Note
that without ReLU, if the inputs are geometry vectors, learn-
ing the weights of the fully connected layer is equivalent to
the OSD [LB14]. Fixing weights corresponding to low- or
band-pass filters, the fully connected layer implements the
HKS and WKS, respectively.

Convolutional layer Next, the output of the fully connected
layer acts as the input into the convolutional layer; we denote
the input again by fin(x) and its dimension by P. For each
input dimension, we use a different window. The family of P
windows is parametrized in some fixed interpolation basis in
the frequency domain as in (9),

γp(λ) =
M

∑
m=1

bpmβm(λ), p = 1, . . . ,P, (19)

where the P×M matrix (bpm) of weights defines the win-
dows. The WFT of the pth input dimension uses the respec-
tive pth window,

(S f in
p )x,k = ∑

l≥1
γp(λl)φl(x)〈 f in

p ,φlφk〉L2(X), (20)

producing at each point a K-dimensional vector for each
of the P input dimensions. Our goal is to produce a Q-
dimensional output, and for this purpose, the WFTs are
passed through a bank of filters, roughly resembling the
structure of a convolutional layer used in CNNs. The qth
dimension of the output is given by

f out
q (x) =

P

∑
p=1

K

∑
k=1

aqpk|(S f in
p )x,k|, q = 1, . . . ,Q (21)
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Figure 3: Example of a family of windows ĝ1, . . . , ĝQ learned
on the FAUST dataset.

Learning Combining the fully-connected and convolutional
layer, we get a parametric hierarchical system fΘ(x) pro-
ducing a Q-dimensional descriptor at each point x (here
Θ = {(wqp),(bpm),(aqpk)} denotes the set of learnable pa-
rameters).

Given a dataset of knowingly similar and dissimilar pairs
of points on pairs of shapes, respectively positives T + =
{(x,x+)} and negatives T − = {(x,x−)}, we aim at estimat-
ing the optimal task-specific parameters of the descriptor
minimizing the aggregate loss

`(Θ) = (1−µ)`+(Θ)+µ `−(Θ) (22)

where

`+(Θ) =
1
|T +| ∑

(x,x+)∈T +

‖fΘ(x)− fΘ(x
+)‖2

2, (23)

`−(Θ) =
1
|T −| ∑

(x,x−)∈T −
max{0,M−‖fΘ(x)− fΘ(x

−)‖2}.

are the positive and negative losses, respectively, µ is a pa-
rameter governing their trade-off, and M is a margin mapping
the negatives apart.

We stress that since HKS, WKS, and OSD descriptors are
obtained by a particular choice of the parameters Θ, if the
training set is designed well and performed correctly, our
descriptor can perform only better than the above.

6. Implementation

Discretization In the discrete setting, the surface X is sam-
pled at N points x1, . . . ,xN . On these points, we construct
a triangular mesh (V,E,F) with vertices V = {1, . . . ,N}, in
which each interior edge i j ∈ E is shared by exactly two
triangular faces ik j and jhi ∈ F , and boundary edges belong
to exactly one triangular face.

A function on the surface is represented by an N-
dimensional vector f = ( f (x1), . . . , f (xN))

>. The inner
product is discretized as 〈f,g〉 = f>Ag, where A =
diag(a1, . . . ,aN) and ai =

1
3 ∑ jk:i jk∈F Ai jk denotes the local

area element at vertex i and Ai jk denoting the area of triangle

i jk. To discretize the LBO as an N×N matrix L = A−1W,
we use the classical cotangent formula [PP93, MDSB03],
according to which

wi j =


(cotαi j + cotβi j)/2 i j ∈ E;
−∑k 6=i wik i = j;
0 else;

(24)

where αi j,βi j denote the angles ∠ik j,∠ jhi of the triangles
sharing the edge i j.

The first K≤N eigenfunctions and eigenvalues of the LBO
operator are computed by performing the generalized eigen-
decomposition WΦΦΦ = AΦΦΦΛΛΛ, where ΦΦΦ = (φφφ1, . . . ,φφφK) is an
N×K matrix containing as columns the discretized eigen-
functions and ΛΛΛ = diag(λ1, . . . ,λK) is the diagonal matrix of
the corresponding eigenvalues. Note that the eigenvectors are
A-orthonormal, i.e. ΦΦΦ

>AΦΦΦ = I.

Therefore, including the discretized inner product to equa-
tions 2 and 3 the translation operator becomes:

T ( f ) = ΦΦΦ f̂ �ΦΦΦ
′, (25)

where � is the element-wise product. Also the modulation
operator is modified accordingly as:

M( f ) = f �ΦΦΦ (26)

Finally the WFT in the discrete settings is defined as:

(S f ) = f ′ AAA M(T (g)) (27)

Settings In all our experiments, we used K = 300 LBO
eigenfunctions and eigenvalues computed using MATLAB
eigs function. For OSD, we used M = 150-dimensional geom-
etry vectors computed according to (9)–(10) using B-spline
bases [LB14].

Training Our approach was implemented in Theano [B∗10,
B∗12] and source code for training and reproducibility of the
experiments will be released upon publication.

7. Results

Datasets We used two public-domain datasets of scanned
human shapes in different poses: SCAPE [A∗05] and FAUST
[BRLB14], the latter being the most recent and particularly
challenging, given a high variability of non-isometric defor-
mations as well as significant variability between different
human subjects. The meshes in SCAPE were resampled to
12.5K vertices, whereas for FAUST we used the registration
meshes without further pre-processing. In addition we scaled
all shapes to have unit geodesic diameter. In both datasets,
groundtruth point-wise correspondence between the shapes
was known for all points.

[DAVIDE? I think we do NOT ignore intrinsic symmetry
right?] Since we consider intrinsic descriptors, in all our
evaluations we ignore intrinsic symmetry.
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Methods and Settings We compared the performance of
the proposed approach to HKS [SOG09], WKS [ASC11],
and OSD [LB14] using the code and settings provided by
the respective authors. To make the comparison fair, all the
descriptors were Q = 16-dimensional as in [LB14].

We used three different configurations:

1. Convolutional layer with fixed ĝ = 1e− 5 applied to
the constant input function with 16 output maps. In this
configuration the set of parameters which are learned is
Θ = {wqp};

2. Geometry vectors are passed through a FC layer to reduce
the number of dimensions to 16 followed by a convolu-
tional layer with fixed ĝ = 1e−5 and 16 output maps. In
this configuration Θ = {(wqp),(aqpk)};

3. Same function as in 2 but with a fully learnable ĝ via
the coefficients β. This is the more complex descriptor
which has the largest flexibility, in fact we have Θ =
{(wqp),(bpm),(aqpk)}. In fact, while for some applica-
tions it is reasonable to fix the window by hand, because of
some prior on the task for example, but generally speaking
this is usually suboptimal and learning the windows allows
to better adapt to the various application domains.

Training Each dataset was split into disjoint training, valida-
tion, and test sets. On the FAUST dataset subjects 1–7 were
used for training, subject 8 for validation, and subject 9–10
for testing. On SCAPE, we used shapes 20–29 and 50–70 for
training, five random shapes from the remaining ones for vali-
dation, and the rest for testing. The positive and negative sets
of vertex pairs required for training were generated on the fly,
to keep the storage requirements for the training algorithm,
via uniform stochastic sampling. Each point on the first shape
has only a single groundtruth match (given by the one-to-one
correspondence) and is assigned to one out of N−1 possible
negatives: first, sample two shapes, then form the positive set
with all corresponding points, and finally, form the negative
set with first shape vertices and a random permutation of the
ones of the second shape. This strategy differs from [LB14]
who considered only points on the same shape. The advantage
of our sampling strategy is that it allows learning invariance
also across several poses and subjects.

While it is true that in principle some negatives are much
easier than others, and thus could inflate the learning perfor-
mance we found that in practice a simple random selection
works well in practice. In case this will be a problem for other
application where interesting negative samples are hard to
incorporate with this simple procedure, importance sampling
(or fracking [?]) will be enough to compensate for this bias
and steer learning to a better solution space.

Our approach was trained until convergence with the
Adadelta [Zei12] optimizer, a first order method which tries
to automatically adjust the learning rate (or step size), which
delivered a quicker convergence in out experiments.

Timing Typical training times for the more complex descrip-
tor (third configuration) are around two hours on a NVIDIA
TITAN Black GPU board and, at test time, the system is able
to produce a throughput of approximately 30K vertices per
second.

Evaluation times: [what do you mean by this? what other
timings do we need?]

Similarity map Figures 4–?? (compare to Figure 2 in
[LB14]) depicts the Euclidean distance in the descriptor space
between the descriptor at a selected point and the rest of the
points on the same shape as well as its transformations. Our
approach shows a good tradeoff between localization (simi-
lar to HKS) and accuracy (less spurious minima than WKS
and OSD), as well as robustness to different kinds of noise
(isometric and non-isometric deformations, geometric and
topological noise, different sampling, and missing parts).

Descriptor evaluation Following [LB14], we evaluated the
descriptor performance using the cumulative match char-
acteristic (CMC) and the receiver operator characteristic
(ROC). The CMC evaluates the probability of a correct corre-
spondence among the k nearest neighbors in the descriptor
space. The ROC measures the percentage of positives and
negatives pairs falling below various thresholds of their dis-
tance in the descriptor space (true positive and negative rates,
respectively). Figure ?? shows the performance of different
descriptors in terms of CMC and ROC characteristics on the
FAUST and SCAPE datasets. We observe that our approach
significantly outperform other descriptors, and that the more
complex model further boosts performance.

To evaluate the correspondence quality possible with our
descriptors, we performed a simple experiment assigning
points to their nearest neighbor in the descriptor space, thus
avoiding bias towards a particular matching method (only
the quality of the raw descriptors is considered). Figure ??
evaluates the resulting correspondence using the Princeton
protocol [KLF11], plotting the percentage of matches that
are at most r-geodesically distant from the groundtruth cor-
respondence. Our approach achieves the best performance
among the compared descriptors.

Generalization capability In order to test the generalization
capability of the learned descriptors, we applied...

Out of class shapes?

8. Conclusions

In this paper we propose a new shape descriptor for local
frequency analysis on the 3D surface domain. We show that
the Windowed Fourier Transform can be extended to dis-
cretized 3D manifold by leading to a very expressive and
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Heat Kernel Signature (HKS)

Wave Kernel Signature (WKS)

Optimal Spectral Descriptor (OSD)

Windowed Fourier Transform (WFT)

Figure 4: Distance map in the descriptor space. A point on the reference shape (leftmost) is compared to all other points on the
same and on other shapes which have undergone various transformations of increasing complexity. From left to right we see the
behavior for .... Ideally we should see a localized descriptor around the point of interest (colored in blue) and the rest of the shape
colored in red with no other minima regions.

well localized intrinsic feature point descriptor. Our approach
is very flexible and can be combined with other well known
and effective descriptors like HKS and WKS. In particular,
the exploration of a learning based framework has demon-
strated its strength and versatility in designing the desired
behaviour of the proposed descriptor. Broadly speacking we
believe that our appraoch will open new perspective of the use
of advanced signal processing techniques on non Euclidean
domain like the 3D shapes.

Limitations and Extensions This work highlights how im-
portant is the effect of LBO eigenbasis ambiguity in the
spectral shape decompositions. Our class-specific learnig ap-

proach is able to overcome this limit but still some open
issues remain, especially for high generalization purposes.
In more details, our method works well when the class is
composed by a family of similar objects like the case of hu-
mans (with possible heterogeneous instances like fat/thin or
tall/short shapes, and so on). Conversely, the performance of
our method decreases when the class becomes very generic
(i.e., quadruped). In this case the only reliable eigenbasis
are those associated to the first eigenvalues by leading to a
simplified encoding of the shape composed of low frequences
(i.e., mean shape). Some method to include a matching of

submitted to Eurographics Symposium on Geometry Processing (2015)



id 1052 / Shape descriptors by vertex-frequency analysis 9

CMC

0 20 40 60 80 100
0

0.2

0.4

0.6

0.8

1

number of matches

hi
tr

at
e

ROC

0.001 0.01 0.1 1
0

0.2

0.4

0.6

0.8

1

false positive rate
tr

ue
po

si
tiv

e
ra

te

Correspondence quality

0 0.1 0.2 0.3
0

0.2

0.4

0.6

0.8

1

geodesic radius

%
co

rr
ec

tc
or

re
sp

on
de

nc
es

HKS
WKS
OSD
WFT(geovec)
WFT(geovec)+bspline

Figure 5: FAUST2FAUST.
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Figure 6: FAUST2SCAPE
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Figure 7: SCAPE2SCAPE
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Figure 8: SCAPE2FAUST

eigenbasis in the learning framework will be addressed as
future work.
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