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Abstract. A minimal time problem with linear dynamics and convex target is considered. It is
shown, essentially, that the epigraph of the minimal time function T'(+) is ¢-convex (i.e., it satisfies a
kind of exterior sphere condition with locally uniform radius), provided T'(-) is continuous. Several
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1. Introduction. The regularity of the minimal time function T'(-) is a widely
studied topic (see, e.g., [6, 25, 7, 8, 9, 26, 4] and references therein), under different
viewpoints. In particular, it is proved in [8] that with linear dynamics and convex
target, T'(+) is semiconvex provided the Petrov condition holds. The latter is equivalent
to the Lipschitz continuity of T'(-) near the target, and thus is a type of strong local
controllability condition. Since T'(+) is not necessarily convex (see p. 100 in [15])
even for a point-target, this is a natural regularity class for a linear minimum time
problem.

Classical examples, however, exhibit minimal time functions that are not locally
Lipschitz even though the system is small time locally controllable (see, e.g., [4, Ex-
ample 2.7, p. 242]). Therefore, it is natural to seek conditions that identify regularity
properties of T'(-) in situations where T'(-) is not locally Lipschitz. This motivated
the results in [13], where a class of lower semicontinuous functions was studied whose
epigraph satisfy an external sphere condition with locally uniform radius; this prop-
erty, for general sets, is often referred to as positive reach [17], -convezity [16], or
proximal smoothness [12]. Such functions are semiconvex if and only if they are locally
Lipschitz, therefore are a good candidate to extend the result in [8] under more gen-
eral controllability conditions. In [13], functions with ¢-convex epigraph were shown
to have several fine properties. In particular, a function in this class is of locally
bounded variation; moreover, a.e. = admits a neighborhood where the function is
indeed semiconvex, and as a consequence it is twice differentiable almost everywhere.

It will be shown below that the epigraph of T'(-) is ¢-convex, under suitable
controllability assumptions. More precisely, we prove that, for a linear control problem
with a convex target S, the epigraph of T'(+) is p-convex (Theorem 3.7), provided T'
is continuous. Our assumptions are satisfied in several situations, including, e.g., the
case where the system fulfils the Kalman rank condition and the target is the origin.
An example where Small Time Controllability does not hold, yet covered by Theorem
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3.7, is presented in §2.4.

Our analysis depends on a representation formula for the normal cone to sublevel
sets of T', which is proved using simple tools of convex analysis together with Pon-
tryagin’s Maximum Principle. The techniques used here are essentially linear, due to
the repeated use of explicit formulas. The main difficulty to handle is the possibil-
ity of having points where both the subdifferential and the superdifferential of T" are
empty, due to the lack of Lipschitz continuity. Finally, the regularity results in [13]
are applied to T'(-), and the corresponding properties of T are listed in Corollary 3.8.

We recall that for nonlinear dynamics, the semiconvexity of T'(-) is generally not
present (see, e.g., [7, Example 4.3]). However, in analogy with [7] and [9], one may
expect regularity results of a similar nature under more restrictive assumptions on the
target and dynamics. We mention that proving such a nonlinear result by methods
analogous to ours must overcome two main difficulties: first, the existing nonlinear
results rely either on the Lipschitz continuity of T'(-) (see [8]) or are rather general,
but provide substantially weaker estimates (see [9]); secondly, weaker controllability
conditions lead to singularities of T'(-) that are of both semiconvex and semiconcave
type (see [5]) together with cusp points. Hence it is not clear how to obtain a nonlinear
version of our Theorem 3.1, and this will be a topic of future research.

2. Preliminaries. This section briefly introduces concepts from nonsmooth anal-
ysis, geometric measure theory, and control theory.

2.1. Nonsmooth analysis. A standard reference for the nonsmooth concepts
introduced here is [11]. Let K C R™ be closed. We denote, for = € R,

drg(x) = min{|ly—z|: y € K} (the distance of x from K)
mk(z) = {yeK: |y—=z| =dxg(x)} (the projections of = onto K)
B(K,p) = {yeR":dg(y) <p}

A vector v is a prozimal normal to K at x € K (notated by v € N (x)) if there exists
o =o(v,z) > 0 such that

(v,y—z) <olly—=z|* foralyecK. (2.1)

For v # 0, then v € N (z) if and only if this there exists A > 0 such that 7 (z+v) =
{x}. If K is convex, then N (z) equals the normal cone Ng () to K at  as defined
in convex analysis, namely the set of vectors v € R™ for which

(v,y—x) <0 forallye K.

Suppose f : R® — RU {400} is lower semicontinuous, and epi(f) := {(z,&) : £ >
f(z)} and dom(f) = {z € R": f(x) < +o0} are its epigraph and (effective) domain,
respectively. Let 2 € dom(f). A vector ¢ € R" is a prozimal subgradient of f at x
(notated by ¢ € Opf(x)) if (§,—1) € Ng)i(f)(x7f(x)); equivalently (see [11, Theorem
1.2.5]), € € dp f(x) if and only if there exist o, n > 0 such that

fy) = f(2) +{Cy —x) —olly—z|* forall y € B(z,n). (2.2)

The following class of sets (see [12, §4]) will play a major role in our analysis.
DEFINITION 2.1. Suppose K C R"™ is closed and r > 0. Then K is r-proximally
smooth if the distance function dy is continuously differentiable on B(K,r) \ K.
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Geometrically, in virtue of [12, Theorem 4.1], this means that every nonzero proximal
normal to K is realized by an r-ball, i.e.,

1
(v,y —x) < 2Tnllyfﬂﬂll2 (2.3)

for all z,y € K and v € NZ(z), |[v|| = 1. Moreover, if K is proximally smooth,
then the Clarke normal cone to K at z coincides with NE(z) for all € K, and in
particular N (z) is nontrivial (see [12]) at all points = on the boundary of K.
Proximal smoothness is rather restrictive for non-compact sets such as epigraphs.
The following generalization allows for the constant in (2.3) to depend on z.
DEFINITION 2.2. Suppose K CR™ is closed and ¢ : K — [0, +00) is continuous.
We say that K is p-convex if

(v,y = z) < p(@)ly — =||*. (2.4)

for all z,y € K and v € NE(z) with |jv]| = 1.
Comparing (2.3) and (2.4) reveals that K is r-proximally smooth if and only if it is -
convex with ¢(z) = o for all z € K. Such sets are also referred to as prox-regular in
[23], and several characterizations are known (see [17, 12, 23]). However, they will not
be used here. We recall that, in particular, convex sets, or sets with a C!'-boundary,
are (p-Convex.

If K is the epigraph of a continuous function 7(-), then the p-convexity condition
(2.4) takes the form

((¢,€), (4. ) = (w,0)) < @l a) (I + [€]) (lly = =]|* + 18 — af?) (2.5)

for all z,y € dom(T), o > T'(x), B8 > T(y), (¢,§) € NC};(T)(QC,Q)7 with ¢ : epi(T) —
[0, +00) continuous.

2.2. Geometric measure theory. The study of some fine regularity properties
of p-convex sets and functions with ¢-convex epigraph is taken up in [13], and will
be quoted here below. Stating these require concepts from geometric measure theory,
whose references are [1, 21].

For 0 < k < n, the k-dimensional Hausdorff measure in R" is denoted by H*.
The Hausdorff dimension of a set E is H — dim(E) := inf{k > 0 : H¥(E) = 0}. A
set £ C R"™ is countably k-rectifiable if there exist countably many Lipschitz functions
fi : R¥ — R™ such that

+oo
H* (E\ U fl-(IR{’“)> =0.
=0

Let Q C R™ be open, and u € L'(Q); we say that u is a function of bounded variation
in Q (u € BV(Q)) if the distributional derivative of u is representable by a finite
Radon measure in €2, i.e., if

/u&p dx:—/cpdDiuforallgpeCSO(Q),Z':L...,n

for some finite Radon measure Du = (Dqu, ..., D,u).
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2.3. Control theory: generalities. We consider throughout the paper a linear
control system of the form

y(t) = Ay(t)+ut) ae.,
U(t) € U ae. (2.6)
y(0) = =,

where A € Mat, x,(R). The control set Y C R™ is compact and convex, and the
control function w(-) is measurable. For all ¢ > 0, we denote by U!, the set of
admissible controls, i.e., the measurable functions w : [0,¢] — R™, such that u(t) € U
a.e. on [0,¢]. For any u(-) € U, the unique Carathéodory solution of (2.6) is denoted
by y=(-).

Suppose we are now given a closed nonempty set S C 2, which is called the target
set. For fixed x ¢ S, the minimal time T(x) to reach S from x is defined by

T(x) :=inf{T >0 : Ju(-) such that y**“(T) € S}.

When the set of controls u(-) steering = to S is empty, then T'(x) = +o00. Since the

velocity sets F(y) := {Ay + u : v € U} are convex, then standard arguments (see

[10, Theorem 9.2.i, p. 311]) show the infimum is actually a minimum (provided it is

finite); that is, there exists an optimal control steering = to S in the minimal time.
The reachable set from a point x € € in time T is the set:

RT(z) = {y(T) : y(-) satisfies (2.6)}
If z € RT(x), then  is realized by the control function u(-) if z = y®%(T). Note that
z € RT(x) is realized by u(-) if and only if the (equivalent) formulas

T T
z=eTr+ / AT Dgt)ydt  and z=e Tz — / e~ Aa(t) dt (2.7)
0 0

hold. It is well known that RT(x) is convex and compact. It is convenient to also
notate as R (Z) the reversed-time reachable set from a point #, which is the reachable
set associated to the dynamics y = —Ay — u. Namely,

RE(z) = {y(T) : y(t) = —Ay(t) — u(t), u(-) € Usy ae., y(0) = z}.
It is clear that Z € RT (x) if and only if 2 € R (Z). For r > 0, let
S(ry={zeR": T(z) <r},
R={zeR": T(z) < o0},

and observe

sm= U R'®@.

z€S,0<T<r

Recall that a closed set S C Q is strongly invariant for the system (2.6) if for all
x € S and T > 0, one has RT () C S. Analogously, S is weakly invariant (or viable)
if for all € S and all small T > 0, there exists a trajectory of (2.6) which remains
in S for all ¢ € [0,T].
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A major tool in our analysis is the minimized Hamiltonian h : R® x R" — R,
given by

h(w,0) = (A, ) +minfu, ¢) (2.8)

It is known that a set S is weakly invariant for the dynamics (2.6) if h(z,() < 0 for
all z € S and ¢ € NE(z) (see [25], [11, Theorem 2.10]).
The adjoint equation associated with (2.6) is

{ p(t) = —ATp(t) (2.9)
p(T) =p,
and an adjoint arc is

p(t) =t TV, (2.10)

which is the solution of (2.9). The Pontryagin’s Maximum Principle is stated next.

PROPOSITION 2.3 (Maximum Principle). Suppose & € RT (x) is realized by u(-).
Then & € bdry RT(z) (= the boundary of RT(z)) if and only if there exists p # 0 so
that the solution p(-) of (2.9) satisfies

(5(1), (1)) = max{p(t), u) (211)
for almost all t € [0,T]. Moreover, in this case, p(t) € Npge(y) (y““_‘(t)) for each
te0,T].

A standard reference for the proof is [18], §13.

2.4. Continuity of the minimal time function. Continuity properties of the
minimal time function is a widely studied topic, mainly in connection with controlla-
bility. We refer to Chapter IV, §1 in [4] and references therein for an introduction to
the subject.

DEFINITION 2.4. The control system (2.6) is small time controllable (STC) near
the target S if S C int S(r) for all small r > 0.

We collect some known results relating STC to continuity of T'(-), with main emphasis
on a target more general than a singleton, in the following theorem.

THEOREM 2.5. Assume (for simplicity) that S is compact.

(1) Suppose S = {0} and 0 € relint S(r) for all v > 0. Then T(-) is continuous

on R.

(2) (generalized Petrov condition) Suppose there exist § > 0 and a continuous

nondecreasing function p : [0,6] — [0, +00) with the properties

(a) p(0) =0, p(p) >0 for p >0, and f(f % < +00,
(b) for all x € B(S,0)\ S there exists § € wg(x) such that

W,z —5) < —p(llz — 5]z - 5. (2.12)

Then the system (2.6) is STC near S and the minimal time function is con-
tinuous in a neighborhood of S.
(3) (second order Petrov condition) Suppose that S is the closure of an open set
with C?-boundary, and assume that there exist § > 0 and n > 0 such that for
all z € B(S,0)\ S
(a) h(z,Ddg(x)) <0,
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(b) (Dds(z), A%x) + 2 ((D?ds(x), Ax), Az) < —n.
Then the system (2.6) is STC near S and the minimal time function is Holder
continuous with exponent 1/2 in a neighborhood of S.
(4) Suppose S = {0} andd = {Bu :u € R™, u € [-1,1]™}, B € Mat,xm(R).
The following are equivalent for a fized integer k, k=0,1,...,n—1.
(a) T(-) is Holder continuous in R™ with exponent 1/(k + 1);
(b) (Kalman rank condition)

rank[B, AB, ..., A" B] = n.

Proof. The proof of (1) is in [15, Theorem I11.4.3]. Various versions of (2), obtained
with different methods, can be found, e.g., in [25], [7], [8, Chapter 8, §8.2], [24], [19],
[22], [20]. Condition (3) is a particular case of a controllability result contained in
[20]. The proof of (4) can be found in [3, Chapter 2, §6]. O

We will consider a slightly more general situation, where the continuity of the
minimal time function is not directly linked to a STC condition. We illustrate this
with a simple example.

EXAMPLE 1: Let @ > 1 and S = {(z,y) € R? : y > |z]|*}. Let U = [-1,1] and
consider the linear control system

{jz - ued (2.13)

y =0

None of the conditions listed in Theorem 2.5 is satisfied in a neighborhood of S, and
actually R = R x [0, +00) is not a neighborhood of S. Let > 0, 0 <y < 2%. Then
T(x,y) = x—y*/®, which is continuous on R\ S, but not locally Lipschitz. We observe
that for all (z,y), there exists a control u(z,y) (actually u(z,y) = —sgn(z)) such that
Az, y) + u(z,y) = (u(x,y),0) points towards S. However, the angle between the
vector pointing to S and the external normal to S is not uniformly bounded away
from 0, and in fact this angle tends to 0 as (x,y) — (0,0). We estimate its rate of
convergence to 0 along the z-axis. Let £(x) = 2 + ax?*~!. Observe that the segment
joining (£(z),0) and (z, z®) is orthogonal to the graph of y = z® at (z,z*). Moreover,
&(z) ~ x for x — 0 and

ds((¢(),0)) = xa\/m ~ z% for x — 0.

Finally,
. (£(2),0) — (z,2*)\ = — &)
uéf“‘ﬁu<(“’0)’ ds(£(z),0) >‘ds<g<x>70>
axafl

1+ a2g2(a—1)
a—1

< —const (dg(&(x),0)) = . O

In this example, the angle satisfies an estimate of the type (2.12). However, this
estimate does not hold in an entire neighborhood of S, and the continuity of T" in R
is not covered by any of the statements in Theorem 2.5. The forthcoming paper [20]
contains a result covering the Holder continuity of 7" in R also in the above example.
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3. The epigraph of the minimal time function, and differentiability
properties. We repeat the setting we are concerned with. We consider the linear
system

y(t) = Ayt) +u(t) ae.
y(0) = = (3.1)
u(t) € U ae.

with & C R™ compact and convex. Let S # () be the target set.

Let § > 0 be given, and set Rs = S(5)\S. We make the following further assumptions:
(H1) S is closed and convex, and h(x,{) <0 for all x € S and ¢ € Ng(x);
(H2) T'(-) is continuous in S(J).
Observe that (H1) and (H2) do not imply the Small Time Controllability, because
S(0) is not required to be a neighborhood of S. Such a situation is illustrated by
Example 1 in §2.4.

The following result is an easy consequence of (H1).

PROPOSITION 3.1. Under the above assumption (H1), the sets S(r) are compact
and convex, and if 11 < ro we have S(r1) C S(re). Therefore R is convez.
We need a few technical lemmas. A version of some of them (Lemmas 3.2 and 3.3)
already appeared in [14, §2]. We repeat the proofs here, in order to make this paper
more self contained. The first two ones concern a representation of the normal cone
to the level sets of T' and of the proximal subdifferential of T'.

LEMMA 3.2. Let (H1) hold, and let r > 0, x € R™ with T(z) = r, and T €
SNR"(z). Then

NS(T)(x) = { - eATTp: pe [_NS(Q?)] N NR”(@C)(@)}7 (32)

and therefore the righthand side is independent of T € SN R"(x).

Proof. (See also [14, Theorems 4 and 8]).
“C .7 Let ¢ € Ng(yy(x). Then, by convexity,

(Cy—a) <0 VyelS(r). (3.3)

Let u(-) € U}, be an admissible control that realizes Z, and thus (2.7) holds with
T = r. The rest of the proof is broken into two claims.

Claim 1: e‘ATTC € Ns(Z).
Proof of Claim 1. Let g € S, and define

T
T / e~ At dt, (3.4)
0

which therefore belongs to S(r). We have
<e—ATrC — > < e~ r— e_AT@

=Gy — $> (by (2.7) and (3.4))

<0 (by (3.3) and since y € S(r)).

It follows that e=4 "¢ € Ng(z).
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Claim 2. —e*ATTC € Ngr(2)(T).
Proof. First note that » € R” (z) C S(r), and therefore ( € Ngr (3 (7). By Proposi-
tion 2.3 applied to the reversed time data —A and —U, we have that, for all ¢ € [0, r],

<767ATt§, ﬂ(t)> = max <767ATt§, u> . (3.5)

uelU

Now suppose § € R"(z), so that

T
7=e'r+ / et (t) dt
0

for some u(-) € U;,. We have

<—e*ATr§, y— :v ! TC, A0 (u(t) — a(t)) dt>

-
| (e tc, (0) —alt)) de
0,

IN

where the last inequality follows from (3.5). The validity of Claim 2 is now established.
It is clear that the “C” inclusion in (3.2) follows from Claims 1 and 2.

“2D”. Let € SN R'(zx), and let p € [~Ns(Z)] N Ngr(z)(Z). Let y € S(r) and
y € SN R"(y). Respectively, let u(-), u(-) € UL, realize g, T, and thus

y=e 4Tj— /OT e~ Mu(t) dt
r=e AF — ' e Aty .
/O () dt
We have
<_€A7rﬁ7y —a) = <_]37 eAT(y _ x)>
—(pg-a)+ [ (plo).al) - u(o) d

by (3.6). Since —p € Ng(Z), the first term on the righthand side of the previous
expression is nonpositive. By Maximum Principle, the second term is also nonpositive.

Hence the assertion —eA "p € Ng(r)(z) follows, and the proof is concluded. O
LEMMA 3.3. Let the assumption (H1) hold. Let x € S(r), T(z) =r > 0 and let
Z € SNR"(x). Then a vector ¢ belongs to OpT () if and only if

h($, C) =

and

—eA7¢ € [~ Ns(@)] N Npr () (2).
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Proof. By Theorem 5.1 in [26],

OpT(x) = Ny () () {¢: hl@, Q) = -1} (3.7)

Then the statement follows from Lemma 3.2. O

The next three lemmas concern the Hamiltonian, mainly in connection with normal
vectors to the epigraph of T.
LEMMA 3.4. Let r >0, x9 € S(r). If ( € Ng()(w0), then h(xo,() < 0.

Proof. By contradiction, let ¢ € Ng(,y(wo) be such that h(xg,() > 0. By definition
of Hamiltonian, we have ¢ # 0. Let z(-) be an optimal trajectory starting from
2(0) = xo and let u(-) be an optimal control realizing x(-). Let z = 29 + (. We are
now going to contradict the Dynamic Programming Principle. Indeed, by convexity
of S(r), it is enough to show that there exists n > 0 such that x(t) € B(z,||(]|) for
all t € (0,n). In fact this implies that x(t) ¢ S(r) for all t € (0,7), i.e. there exists
0 < ¢ < T(x0) such that T'(x(f)) > T(x¢), which is against the optimality of z(-). We
have:

Lllett) 2l = 5 Go(0) 70— G 2(t) — 70— €)
2((t), (1) — 0 — )
2i(t), (1) — o) — 2(Ax(t) +u(t), ¢

< 2 (K% — h(z(1),0)) .

T

where K is a bound on ||z]|. According to our hypothesis h(x(0),¢) > 0, so for small
t we have by continuity 4 ||z(t) — z||> < 0, which implies z(¢) € B(z, ||C||). O
LEMMA 3.5. Let (H1) hold. Let r >0, and let zo € R™ be such that T'(zo) = 7.

If (¢,0) € Ng)i(T)(HCo,T(ﬂUO)); then ¢ € Ng(y)(zo) and h(zo,() < 0.

Proof. In view of Lemma 3.4, it is enough to show that ( € Ng()(xo). To this
aim, observe that there exists o > 0 such that

(¢, 0), (4,€) = (w0, T'(w0))) < o(llzo — ylI* + T (o) — &) (3-8)

for all (y,&) € epi(T'). In particular for y € S(r) and { = r the inequality (3.8) yields

<<7y - .130> < O'HJ?() - y||27

and this says that ¢ € Ng(r)(a:o). Since S(r) is convex, this fact is equivalent to
¢ € Ng(r)(x0). The proof is concluded. O

LEMMA 3.6. Letr > 0, 2o € S(r), T(xo) =r. If ((,—1) € Ne[;i(T)(xo,T(xo))
then h(xo,¢) = —1.

Proof. By hypothesis, ¢ € 9pT(x¢); then apply Lemma 3.3. O
The following is the main result of the paper.

THEOREM 3.7. Consider the system (3.1) with the assumptions (H1), (H2) Then
there exists a continuous function ¢ such that the epigraph of Tir; is @-conver.

Proof. The proof consists of two steps. In the first step we establish an inequality
of the type (2.5) for a particular choice of points in epi(T), by assuming that S is
compact. In the second one, we show that the inequality proved in the first step holds
in general.
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STEP 1: Let S be compact. We claim that there exists K = K(4) > 0 with the
following property: for all zq1,29 € Ry, for all (¢,€) € Nel;(T)(xl,T(xl)) with £ €
{0, —1} it holds

(¢, €), (w2, T(2)) = (21, T(21))) < K (ISl +[EDN (w2 =21 [|* +]T (x2) = T(21)[?). (3.9)

Proof of Step 1.
Let 1y = T(x1), 72 = T(x2). Let u; be an optimal control steering z; to Z; € S in
time r; for ¢ = 1,2. Take ((,§) € Né;i(T)(xl,T(xl)).
We have the following possibilities:
1. £ = —1: in this case ¢ € 9pT(x1) and, by Lemma 3.3, we have h(z1,() = —1
and there exists p € Ngry(5,)(Z1) N [~Ns(Z1)] such that ¢ = —eATrip,
2. £ = 0: in this case, by Lemma 3.5 we have ¢ € Ng(,)(21) and h(z1,{) <0,
and by Lemma 3.2 there exists p € Ngri(5,)(Z1) N [-Ns(Z1)] such that ( =
ATry
—e .
In both cases, we have the existence of p € Npgri(4,)(Z1) N [~Ng(Z1)] such that
(= —eA'm p. By Pontryagin Maximum Principle,

(p(t), 1 (6) = max(p(), u)

for a. e. t, where p(t) = e "1=Op_and ¢ = —p(0)(= —p).

Now suppose 2 < 71 and define

rT1—"r2

y = ey, —|—/ e =ty (¢) dt
0
1

= e A2z —/ eA(“_”_t)ul(t) dt.

1—7r2

We have:

(C;w2 — 1) = (p(r1 —r2) = p(0), 22 — 1) + (=p(r1 —72), 72 —y) +
+ (—p(r1 —r2),y — 1)
— (D) + (IT) + (IIT)

We estimate separately each term of the above sum:
D] = (AT = AT p s )| = [((eA T2 (1 = T )p s — )
< ky(r1 = r2)llpll lo2 — 21| < kg llpll (22 — 211 + |2 — 71]?),
where kb, kI € R are positive constants, and Id denotes the identity matrix. Further-
more, observe that ||p|| < k||¢]|, with & independent of {, 71,72 because ¢ is finite. So
it holds
(D] < k20l (2 = 21| + |r2 — 1),

where ko is a positive constant independent of xo,x1, 79,71, (.
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Let us now consider (I7). First observe that

T1

T2
To —Y = e_TZA(ij — jl) + / eA(rl_rz_t)ul(t) dt — / G_AtUQ(t> dt
r 0

1—T2
T1

ATy — 3) + / A T2 (1 (8) — g (t — 7y +72)) dt.

T1—T2

Then

T1

(1) = <_6ATT2P, Ty —y) = (~=p, T2 — T1) +/ (p(t), ua(t — 71 4+ 1r2) —us(t)) dt.

T1—"2

By observing that —p € Ng(Z;) and by Maximum Principle, we have that (IT) < 0.

Let us now consider (I1I). First, observe that:

where
t
z1(t) == ety —|—/ e =ty (1) dt
0

is the optimal trajectory associated with z; and wuq (¢).
Let us define

K = max{l Al el + Jul : @ € Rs, u €U},

Then we have that

71—T2 T1—72

a1 = [ ) -plr—r2) A @) @) s [ (p0), Any )+ () do
0 0

We have also the following estimate, valid for all ¢ € [0,r; — ra]:

[(p(t) = p(r1 —r2), Azi(t) +wa(t))| < K5|[p(t) — plr1 —r2) ||
< k3llpll(re — 72)
< K3l (r1 — 72)-

So the first integral in (I1I) can be majorized by
ksl[Cllry — r2f,

where k3 is a positive constant independent of x4, z2, 71,72, (. By Maximum Principle,
the second integral in ([11]) is

/orl_h [(=p(t), Az1(t)) — max(p(t), u)] dt.

ueU



12 G. COLOMBO, A. MARIGONDA AND P. R. WOLENKI

The following estimates hold, for a suitable constant k4, independent of 1, x2, 71,72, (:

[ e anoy = [ [w0) -0, An0) +
0 0

+(=p(0), A(z1 (t) — x1)>} dt +
N /Om—rz <_p(0)7 Ax1> »
< kallClllry — 72l + /Orl_rz(QAxl)dt,

/ N max(p(t), u) dt = / U min(p(0) — p(t), ) dt +
0 0

ueU ueU

T1—T2
in(—p(0 dt
[ mintep0))
T —7T2
smmwrwﬁ+/ min(C, u) dt.
0 ueU

Therefore,
(I11) < Kyl fry = rof? + (r1 — r2)h(21, ).

Now we have to distinguish two cases:
1. if £ = =1, then h(z1,¢) = —1 and so putting together the estimates on (I),
(IT) and (I11) we obtain that

(g —x1) <o — 11 + K¢ — 2 + K< (lz2 — 21?4 [r2 — 1)),

which may be written, for a suitable constant ks independent of x1, x2, 71,72, (,
as

(¢, =1), (@2, T(w2)) — (21, T (1)) < ks(lICl+1)(lz2—1|]*+|T(w2) = T(21) )

for all z1,x2 € Rs and for all ({,—1) € Nii(T)(xl).

2. if € =0, then h(z1,¢) <0 and so
(I11) < KGNIC) |ry — 72f?
Putting the estimates together, we obtain
(Coaz — 1) S K¢ 1 — o + K¢ (22 — 22| + |r2 — 74]?),

which may be written, for a suitable constant k5 independent of x1, x2, 71,72, (,
as

((¢,0), (w2, T(x2)) — (21, T(21))) < ks|[Cl|(lw2 — x1]|* + |T(22) = T(x1)])

for all 21,22 € Rs and for all (¢,0) € NeI;i(T) (x1).
In both cases, we obtain (3.9).
The case 7o > r; is similar. Let u;(-) € U;ji be controls steering x; to T; €
S in the optimal times 7;, i = 1,2, together with adjoint arcs p; : [0,7;] — R,
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pi(t) = eAT(”*t)@-. Now set p(t) = eAT(TZ*t)ﬁl for t € [0,72], and observe that, for
t € [ro—r1,ra), ur(t—(ro—r1)) € Argmax, o, (p(t), u). Choose now, fort € [0, 72 —7r],
u(t) € U such that u(t) € Argmax, o, (p(t), u), and set

a(t):{ alt) te[0,rs — ]

Ul(t—(TQ—Tl)) tE(’I”Q—T’l,’I"Q].

Define
r2—T1 T2
Yy = e_A(T2_r1)J}1 — / e_Atﬂ(t) dt = e_AT2.'f?1 — / e_Atﬁ(t) dt.
0 0

Now the estimates proceed analogously to the previous case ro < r1, with p, @ in place
of p1,u1. The proof of Step 1 is concluded.

STEP 2: Let T : R® — R* U {400} be lower semicontinuous and proper, with a
@-convex domain D = {z € R": T(x) < 400} and such that:
1. T is continuous on D;
2. for all R > 0 there exists ¢ = o(R) > 0 such that for all z,y € D N B(0, R)
and for all ((,€) € NeI;i(T) (x,T(x)) with £ € {0,1} it holds

(6.6, (v, T()) = (2, T(2))) < oIl + €N ly — 2l + |T(y) = T(2)?).

Then there exists a continuous @ such that epi(T) is P-convex.

Proof of step 2.

We have to prove that given (z, @), (y,5) € epi(T) with ||z||,|ly|| < R and ({,€) €
Né;i(T) (z, ) with £ € {0, —1}, there exists ¢’ = ¢’(R) > 0 such that

(6 €), (y,8) = (w,2)) < o"(ICIl + €N (ly — x| + | = B).

Let a > T'(z). Two cases may occur:

1. if (z,a) € intepi(T), then NCI;(T)

prove;

2. suppose (z,a) € bdryepi(T). Let (¢,€) # (0,0) be such that (¢,€) €
N(f;i(T)(x,a). Without loss of generality, suppose that ||(¢,€)]| = 1. As-
sume that ({, €) is realized by an r-ball, with 2ro < 1. We claim that £ = 0.
In fact, by contradiction, let £ # 0; since ((, &) is normal to an epigraph, we
necessarily have that ¢ < 0. Then there exists 0 < ¢ < a — T'(z) such that

(z,a) = {(0,0)}, and there is nothing to

I(z, 0 =€) = (z +r¢a+r|* <

This means that (z,a —¢) € B((x + r{,a + rf),r), which is a contradic-
tion since (z,a —¢) € epi(T). So, if (x,a) € bdryepi(T) and 0 # ({,0) €
N 6{; i(T) (z, ), by the continuity of T on D and the same argument of Lemma
3.5 we have that ( € Np. Since D is p-convex,

(Cy—a2) <@y — = for all z,y € D,

and so

((€.0), (3.8) = (z,@)) < (o V(@)K (lly = 2|* + | = BI%).



14 G. COLOMBO, A. MARIGONDA AND P. R. WOLENKI

It remains to consider the case o = T'(x). Define

¢ RS
—r+ — = T(a)+ — 2.
AT ]k =T T
Let (y,0) € epi(T) with 8 > T(y) and y # z. The segment connecting (z, x) and

(y, B) contains a point (y’, 8’) which lies on the boundary of epi(T), so 8’ = T(y').
Thus we have:

d((z,T(x)), (2,x)) < d((y', T(y)). (2,x)) < d((y,B), (z,X))-

By direct computation the desired inequality follows. By the arbitrariness of R, the
proof is concluded. O

REMARK. 1) The problem in Example 1 satisfies the assumptions of Theorem 3.7,
although Small Time Controllability does not hold.

2) If (H1) and (H2) are valid in the whole of R, then there exists a continuous function
o such that the epigraph of T" is ¢-convex. Indeed, it is enough to apply Theorem 3.7
in Rs for all § > 0.

In [13], functions with ¢-convex epigraph were studied. As a corollary of the above
result, we list some regularity properties of the minimal time function, which are
direct consequences of Theorem 3.7 and of [13].
COROLLARY 3.8. Let the assumption of Theorem 3.7 hold. Then:
1. for a.e. x € Rs, there exists e = e(x) such that T is semiconvex on B(x,e(x));
2. in particular, T is twice differentiable a.e. on Rgs, in the sense that for a.e.
T € Rs there exists a symmetric n X n matriz X, such that

DT (y) = DT(x) + Xo(y — x) + o(|ly — =])
fory — x, y € dom(DT) and, asy — z, y € dom(T),

1

T(y) = T(z) = (DT(z),y = 2) = 5 (Xaly — ),y — 7)| = o|ly—[*); (3.10)

3. for a.e. x € Ry, there exist € = e(x) > 0 and ¢ = c¢(x) > 0 such that for

all v € R™, with ||v|| = 1, we have ‘?j}; > —c in the sense of distributions in
B(z,¢);

4. set, for 1 <k <n,
Y ={z €intdom(T) : H — dim(0pT(z)) > k};

then Xy is countably H™ *-rectifiable;

5. let intdom(T') be nonempty; then, for all open set Q C intdom(T), T €
BV (Q); moreover, for a.e. x € §Q, there exists € = e(x) such that DT €
BV (B(z,¢€)).

Proof. Extend T to R™ by setting T'(x) = +o0 if ¢ Rs. By standard arguments,
T is lower semicontinuous on R™. By Theorem 3.7, epi(T) is p-convex. Then the
statements (1)-(5) are direct consequences of corresponding properties proved in [13],
to which all the following citations refer.
Statement (1) follows from Theorem 6.1; (2) and (3) are Corollaries 6.1 and 6.2,
respectively; (4) is Proposition 5.1, while (5) is Propositions 7.1 and 7.2. 0
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