SECOND ORDER APPROXIMATIONS OF
QUASISTATIC EVOLUTION PROBLEMS
IN FINITE DIMENSION

VIRGINIA AGOSTINIANI

ABSTRACT. In this paper, we study the limit, as € goes to zero, of a partic-
ular solution of the equation €2 A4 (t) + eBuf(t) + Vaz f(t,us(t)) = 0, where
f(t,z) is a potential satisfying suitable coerciveness conditions. The limit u(¢)
of u®(t) is piece-wise continuous and verifies V f (¢, u(t)) = 0. Moreover, cer-
tain jump conditions characterize the behaviour of u(t) at the discontinuity
times. The same limit behaviour is obtained by considering a different approx-
imation scheme based on time discretization and on the solutions of suitable
autonomous systems.

1. INTRODUCTION

The problem of finding a function ¢ — wu(t) satisfying
(1) Vof(t,u(t)) =0 and V2f(t,u(t)) >0

appears in many areas of applied mathematics. Usually, the real-valued function
f(t,z) represents a time-dependent energy, defined for ¢ € [0,7] and = € R™. The
symbol V, denotes the gradient with respect to x, while V2 is the corresponding
Hessian. The inequality in (1) means that the matrix V2 f(t,u(t)) is positive def-
inite. Therefore, (1) says that, for every ¢, the state u(t) is a stable equilibrium
point for the potential f(, ).

If we look for a continuous solution ¢ +— wu(t), defined only in a neighbourhood
of a prescribed time, the problem is solved by the Implicit Function Theorem. In
many applications, however, we want to obtain a piece-wise continuous solution
t +— u(t) on the whole interval [0,7]. The main problem is, therefore, to extend the
solution beyond its maximal interval of continuity. A first possibility is to select,
for every t, a global minimizer u(t) of f(¢,-). This choice exhibits some drawbacks,
as we shall explain later. Different extension criteria can be proposed, motivated
by different interpretations of the problem.

Problem (1) can be considered, for instance, as describing the limiting case of
a system governed by an overdamped dynamics, as the relaxation time tends to 0.
Indeed, one can prove that, when the relaxation time is very small, the state u(t) of
the system is always close to a stable equilibrium for the potential f(¢,-), which, in
general, is not a global minimizer of f(¢,-). The first general result in this direction
was obtained by Zanini (see [15]), who considers (1) as limit of the viscous dynamics
governed by the gradient flow

(2) et (t) + Vo f(t,us(t)) = 0.
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2 V. AGOSTINTANI

She proves that the limit u(t) of the solution u®(t) of problem (2) is a piece-wise
continuous function satisfying (1), and describes the trajectories followed by the
system at the jump times. Under different and stronger hypotheses, similar vanish-
ing viscosity limits have been studied in finite dimension in [6], [11], [5], [13], and
[12], and even in infinite dimension in [1], [2], [14], [10], [3], and [4].

Simple examples show that the solution u(t) found in [15] is, in general, different
from the global minimizer. We note that the global minimizer may exhibit abrupt
discontinuities at times where it must jump from a potential well to another one
with the same energy level. This jump cannot be justified if we interpret (1) as limit
of a dynamic problem, since the state should overcome a potential barrier during
the jump.

In this paper we consider (1) as the limiting case of a sequence of second order
evolution problems, describing the underlying dynamics and depending on a small
parameter € > 0, namely

(3) 2 Aiif () + e BUS (t) + Vo f (£, uf () = 0,

where A and B are positive definite and symmetric matrices. This describes the
evolution of a mechanical system where both inertia and friction are taken into
account, encoded in A and B, respectively. Under suitable assumptions on f, we
prove that the solution u® of (3) is such that (u®,eB%u°) tends to (u,0), where u is
piece-wise continuous and satisfies (1). Moreover, the trajectories of the system at
the jump times are described through suitable autonomous second order systems
related to A, B, and V, f.

Let us explain, in more details, the content of Sections 2-5. In Section 2 we
construct a suitable piece-wise continuous solution u of problem (1), and in Section
3 we show that the solutions u(t) of (3), with the same initial conditions, converge
to u(t) at every continuity time t.

The function u is defined in the following way. We begin with a point «(0) such
that V,f(0,u(0)) = 0 and V2 f(0,u(0)) > 0, and, by the Implicit Function Theo-
rem, we find a continuous solution u of (1) up to t; < T such that V2 f(t1,u(t]))
has only one zero eigenvalue. In a “generic” situation (see Assumption 3 and Re-
mark 2), what occurs at t; is a saddle-node bifurcation of the vector field F(t,-)
corresponding to the first order autonomous system equivalent to

(4) At (s) + Buir(s) + Vo f(t,w(s)) = 0.

For (t,z) close enough to (t1,u(t])), if t is on the left of t1, F(¢,-) has two zeros, a
saddle and a node, while, for ¢ on the right of ¢;, there are no zeros of this vector
field. Under these conditions, it is also possible to prove (see Lemma 2.2 and Section
5) existence and uniqueness, up to time-translations, of the non constant solution
of system (4) such that

lim (w(s),w(s)) = (u(t]),0).

S——00
Moreover, the limit
. . o
lim_(w(s),0(s)) = (2,0)

exists, and z] is another zero of V,f(¢1,-). If t1 < T, we make the “generic”
assumption that V2 f(t;,x7) is positive definite (see Assumption 4), so that we
restart the procedure and, in turn, find a solution of (1) on [t1,t2), for a certain
to < T, and so on. In this way, we find a piece-wise continuous solution u of (1),
with certain discontinuity times t1,...,t,,_1, and, for j = 1,...,m — 1, a heteroclinic
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solution w; of (4) with ¢ = ¢;, which connects a degenerate critical point of f(t;,-)
at s = —oo to a non-degenerate critical point at s = 400 (see Proposition 1).

In Section 3 we prove that, if (u®(0),e4°(0)) — (u(0),0), then (uf,eBu) con-
verges to (u,0) uniformly on compact subsets of [0, T]\ {¢1, ..., tm—1}, while a proper
rescaling v5 of u* is such that (v5,9%) converges uniformly to (w;, ;) on compact
subsets of R (see Theorem 3.1 and Remark 4). This shows that (4) governs the fast
dynamics of the system at the jump times.

Theorem 3.2 summarizes these convergences in a more geometric statement in-
volving the Hausdorff distance.

In Section 4 we show that the solution u of (1) introduced in Section 2 can be
obtained as limit of a discrete time approximation, which uses only autonomous
systems. Let 7F = %T. For every k, let u¥ be defined by uf = u(0) and, for
i=1,....k, by
(5) uf == lim (o),

o——+o0
where v} is the solution of the autonomous system
(6) Aif(0) + Bif (o) + Vo f (7,0} (o)) = 0,
with initial conditions (v¥(0),9¥(0)) = (u¥_,,0). The existence of the limit in (5) is
a property of the autonomous system, ensured by Lemma 2.2.

We prove that u¥ = u(7F), unless 7 is close to the discontinuity times ¢y, ..., 1
of w. More precisely, given an arbitrary neighbourhood U of the set {¢1,...,¢m—1},
we prove that u¥ = u(7F) whenever k is sufficiently large and 7F ¢ U (see Lemma
4.3 and Lemma 4.4). This implies that the piece-wise constant and the piece-wise
affine interpolations of the values u¥’s converge uniformly to u on compact subsets
of [O,T] \ {tl, ---;tm—l}-

In order to obtain the convergence to the heteroclines w;’s near the jump times,
as well as the convergence of the velocity (Proposition 3 and Theorem 4.1), we
introduce a suitable interpolation of uf based on the solution v¥ of (6) (see the
definition in (112)).

Section 5 is an appendix which contains the proof of the existence and unique-
ness of the heteroclinic solution of a first order autonomous system when certain
transversality conditions at the zeros of the vector field are satisfied.

2. SETTING OF THE PROBLEM AND PRELIMINARIES

In this section we formulate four assumptions we will refer to in the following

sections, and give some preliminary results.
Assumption 1. f:[0,7] x R® — R is a C3-function satisfying, for every (t,z) €
[0,T] x R™, the properties:

(i) Vuf(t,x)-x > b|x|? — a, for some a > 0 and b > 0,

(i) fi(t,x) < d|z|? + ¢, for some d, ¢ > 0,
where f; denotes the partial derivative of f with respect to t. We use the following
terminology: x € R™ is a critical point of f(¢,-) if V. f(t,2) = 0. A critical point =
of f(t,) is degenerate if det V2 f(t,z) = 0. Observe that, from Assumption 1 (i), it
descends that there exist a > 0 and b > 0 such that

(7) f(t,z) > blz|* — a, for every (t,z) € [0,T] x R™.
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Moreover, Assumption 1 implies that all critical points of f(t, ) belong to the closed
ball B centered at zero and with radius \/% . Since f(t,-) has minimum and max-
imum on B, we can state that, for every t € [0,T], f(t,-) has at least one critical
point and it belongs to B.

Assumption 2. The set of all pairs (¢,£) such that £ is a degenerate critical point
of f(t,-) is discrete and there are no degenerate critical points corresponding to
t=0o0rt="1T.

Remark 1. Assumptions 1-2 imply that, for every ¢ € [0,7T], the set of critical
points of f(t,-) is discrete. Indeed, by Assumption 2, the set of degenerate critical
points of f(¢,-) is discrete, while the set of nondegenerate critical points of f(,-) is
discrete by the Implicit Function Theorem.

Definition 2.1. We say that (7,¢) € [0, T]xR" is a degenerate approzimable critical
pair if € is a degenerate critical point of f(7,-) and there exist sequences {t,} and
{&n} converging to 7 from the left and to &, respectively, with V. f(¢,,&,) = 0 and
V2 f(tn, &n) positive definite.

Observe that if (7,£) is a degenerate approximable critical pair, then V2 f(7,£)
is positive semidefinite. From now on, A and B will be two given symmetric and
positive definite matrices in R"*", unless differently specified. A2, and A2, will
denote the minimum eigenvalue of A and B, respectively.

Assumption 3. If (1,£) € [0,7] x R™ is a degenerate approximable critical pair,
then there exists I € R™ \ {0} such that:

(i) ker VZf(r,&) = span(l);
(i) (A~TBI)-V,fi(7,€) # 0;

Remark 2. Set n = [g] € R?" and define

I (M) R R

Let Assumption 3 hold for some (7,¢) degenerate approximable critical pair and
observe, first, that
F(r,n)=0.
Since .
0 B~
VnF(Tﬂ?) - |: _BA—lvif(T,g) _BA—l :| )
where V,, denotes %, by setting

Y l . B2A71
o)’ o l ’

it turns out, from Assumption 3 (i), that
9) ker V, F(t,n) = span(w),  kerV,F(r,n)" = span(v).

Moreover, simple calculations give that

A = pyag g VI = |

so that, from Assumption 3 (ii) and (iii), we obtain that
(10) V'Ft(Tv 77) 7é 0, V’V%F(Ta 77)[‘*]3 w} 7é 0.

0
_BA_lvif(Tv g)[l? l} ’
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Observe that A € C is an eigenvalue of V, F'(7,7) if and only if there exists [Z] #0
such that
(11) { y 2: ABzx,

Vif(r,&)x =—AB+ \A)z.
Let us show that the algebraic multiplicity of the null eigenvalue of V, F(,n) is
(12) Ma(0) = 1.

Recall that m,(0) corresponds to the dimension of the generalized eigenspace as-
sociated to the null eigenvalue, that is ker(V, F(r,1))*, where k is the smallest
integer k such that ker(V, F(r,n))* = ker(V,F(r,n))*"!. Thus, in order to prove
that m,(0) = 1, it is enough to show that ker(V,F(r,n))* C ker(V,F(r,n)), be-
cause the other inclusion is trivial. If [Z] € ker(V,F(r,n))?, then, in view of (9),
we have that

(13) vt [ 7] =]

for some a € C. Therefore, if & = 0, then [Z] € ker(V,F(7,n)), while, if o # 0,
(13) implies that
y = aBl,
{ Vif(r, €z =y,
and, in turn, that 0 = z- (Vﬁf(T,f)l) = aBI-l # 0, which is an absurd.
Now, we want to show that every eigenvalue A of V, F(7,7) is such that:
(14) if A\#0, then Re(\)<O.

Let [ﬂ be an eigenvector associated to the eigenvalue A # 0 and write z € C™\ {0}

as * = a + b, for some a, b € R™. In the case a, b € span(l), from the second
equation in (11) we obtain that (B + AA)l = 0. The scalar product of this equality
with [ gives

Bl _ B,
AN= — " < _Zmin .
A =4 <Y

In the case {a,b} ¢ span(l), we consider the hermitian product of the second equa-
tion of (11) with x, which gives

(15) C =-ACar+Cp),

where

C = (V2f(r.€)aa+ V2f(7,6)bb) €R,

Cy := Aa-a + Ab-b, Cp := Ba-a + Bb-b.
Now, by setting A = Ay + iAy for some Aj, Ay € R, from (15) we obtain
(16) A2 (Cp +2C4)1) =0,
and
(17) CaX2 + O — Ca\2+C =0.

We want to prove that A\ < 0. If Ay # 0, from (16) it is easy to deduce that

B

AB.
Ay < — Zmin )
1= 750 <0
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In the case Ay = 0, we can suppose b = 0. From (17) and from the fact that A; is
real we obtain that C% —4CCy4 > 0 and that

—Ba-a+ \/(Ba-a)? — 4(V2f(r,€)a-a)(Aa-a)

2Aa-a

Since a ¢ span(l) = ker V2 f(7,&) and V2 f(7,£) > 0, we have that V2 f(r,¢)a-a >

Arlal?, where A; > 0 is the smallest eigenvalue of V2 f(7,£) different from 0. By

using this fact, together with the hypotheses on A and B, we can easily prove, by

rationalization, that
—Ba-a + +/(Ba-a)? — 4(V2f(r,£)a-a)(Aa-a) < AAA 0
2Aa-a S TaB] S

This concludes the proof of (14).

Let us collect together (9), (10), (12) and (14), which descend from Assumption 3.

We obtain that F : [0, 7] x R*® — R?*", defined as is (8), is a C? function such that

F(1,m) = 0 and satisfies the following properties:

(TC1) 0 is an eigenvalue of V,F(r,n) with m,(0) = 1, Re(A) < 0 for every
eigenvalue A # 0, and there exist w, ¥ € R™ such that w-v # 0 and
ker V,,F(7,n) = span(w), ker V,, F(r,n)T = span(v);

(TC2) v-Fy(r,n) # 0;

(TC3) v-V2F(1,n)[w,w] # 0.

Such transversality conditions ensure (see [7, Theorem 3.4.1]) the existence of a

AL <

T
Y

perplane {7} x R?". If conditions (TC2) and (TC3) have the same sign, for every
t < 7 close to 7 there are two solutions of F(t,-) = 0, a saddle and a node, while for
every t > 7 (close to 7) there are no solutions. If conditions (TC2) and (TC3) have
opposite sign, the reverse is true. The set of vector fields satisfying (TC1)-(TC3) is
open and dense in the space of C*° one-parameter families of vector fields with an
equilibrium at (7,&) with a zero eigenvalue.

smooth curve of equilibria (t(-), [ } ()) passing through (7,7), tangent to the hy-

With the next lemma we introduce the heterocline which will allow us to connect,
at a specific time 7, a degenerate critical point of f(7,-) to another suitable critical
point of f(r,-).

Lemma 2.2. Let (1,€) € [0,T] x R™ be a degenerate approximable critical pair.
Suppose that Assumption 1 and 2 and Assumption 3 (i) and (i) hold. Then, there
exists a unique, up to time-translations, solution of

Aw(s) + Buw(s) + Vi f(m,w(s)) =0, s€ (—o0,0]
(18) limg oo w(s) = ¢,

limg—, oo () = 0.
Moreover, the solution w is defined on all R, there exists limg_, ;oo w(s) =: ( € R,
with ¢ critical point of f(7,-), and there exists limg_, oo w(s) = 0.

By Remark 2, existence and uniqueness (up to time-translations) of the solution
of (18), different from the constant solution &, follow from Proposition 4 with m = 2n
and F(r,-) in place of F. The proof of Lemma 2.2 can be concluded in view of the
following lemma.

Lemma 2.3. Let g : R™ — R be a C? function such that
(19) g(x) > Cy|z|> — Co,  for every x € R™,
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for some constants C; > 0 and Cs > 0. Suppose that the set of critical points of g
is discrete. Let w be the (unique) solution of the Cauchy problem associated to
(20) A + B + Vg(w) =0,

with initial conditions at some sg € R.
Then, (w,w) is bounded and defined on [sg,+00) and there exists the limit

(21) Jlim_(w(s), i(s)) = (G,0),

where ¢ is a critical point of g. Moreover, if (w,w) is bounded on its maximal
interval of existence, then (w,w) is bounded and defined on all R and there exists

the limat
lim (w(s),w(s)) =: (£,0),
S—r— 00

where & is a critical point of g.

Proof. Let us denote by (sg ,s¢) the maximal interval of existence of w. Consider,
for z,y € R", the function

v (B]) = Ay +g(a),

and observe that, by multiplying (20) by w, we obtain that

d%v (BESD = —Bu(s)i(s) <O0.

Thus, for every s € [sg, s{), we have that

Ammlw( )|2+g(w(8))S%Aw(S)-w(SHg( (s)) < Aw(So) w(s0) + g(w(s0))-

Therefore, by using (19), we deduce that the positive semlorblt of (w, w) is bounded
and therefore defined on [sg,+00). This fact, together with the monotonicity of
\% ([“’]) on [sg, +00), implies that there exists the limit

w(s)

- v ([2]) cnen

Let {%} be a point of the w-limit set associated to (w,w) (which is nonempty

because of the boundedness of the positive semiorbit of (w,w)), and consider the
solution ¢ of the problem

Aw(s) + Bw(s) + Vg(w(s)) =0, s € [sg,+00)

2), (E]) = L, and the w-limit sets are invariant sets, we obtain

Since, from (2
that V ([ ”) L for every s > sg. Thus, we have that

CZV (LDESH) = —B¢(s)-p(s) =0, for every s > s,

and, in turn, that g = 0 and ¢(s) = 0 for every s > so. Moreover, considering also
(20), it turns out that Vg(Z) = 0. In this way, we have proved that the w-limit
set is contained in the set Z := {(¢,0) € R?" |  is a critical point of g}, which is,
by assumption, discrete. Therefore, the w-limit set, that is connected, is reduced
to one point of Z, and this proves (21). The proof of the rest part of the lemma
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can be done in a similar way, by using the boundedness of (w,w) on (sy , +00) and
again the monotonicity of V' ([ﬂ ) |
Assumption 4. For every degenerate approximable critical pair (7,&) € [0,T]xR",
let w be the unique solution (up to time-translation) of (18). We assume that

V2 f(r,w(+00)) is positive definite.
With the following proposition and definition, we construct a suitable piece-wise
continuous solution of problem (1).

Proposition 1. Under Assumptions 1-4, let xf, € R™ be such that V,f(0,25) =0
and V2 f(0,z}) is positive definite.
There exists a partition 0 =ty < ... < t,, =T of the interval [0,T] and, for every
je{l,....,m— 1}, two distinct points zj, x; € R™ with the following properties:
(1) for every j € {1,...,m}, there exists a unique function u; : [t;_1,t;) = R"
of class C? such that
Vaof(Coui(+)) =0 and V2 f(-,u;i(-)) is positive definite on [t;_1,t;),
and
uj(tj—1) = j_y;
(2) for every j € {1,...,m — 1},

s _

Z;

lim w;(¢),
t—t

(tj,m‘;-) is a degenerate approximable critical pair and there exists a unique

(up to time-translation) function w; : R — R™ of class C? such that
(23) Aty (s) + Buj(s) + Vi f(tj,wi(s)) =0, s€R,

and
SEI_nOO w;(s) = 23, sEToo w;(s) = 7.
The proof of Proposition 1 is similar to [15, Proposition 1]. The only difference
is the choice of the heteroclinic solutions: in [15], those are solutions of equations of
the type w;(s) = V, f(t;,w;(s)); here, equations (23) are taken into account. The
procedure to select a solution can be summarized in the following way: beginning
from «f, we find a unique function u; solution of problem (1) on the maximal
interval of existence [0,1), and such that u,(0) = zj. If t; < T, it turns out that
there exists z] := lim,_,,- u1(t) (the index s stands for “singular”) and (¢q, %)
is a degenerate approximable critical pair. Thus, Assumption 3 holds for (¢1,%).
In particular, Lemma 2.2 tells us that Assumption 3 (i) and (iii) (together with
Assumption 1 and 2) ensure the existence and uniqueness, up to time-translations,
of the solution wy of (23) with j = 1, satisfying w;(—o00) = x§. Moreover, there
exists limg_, oo w1(s) =: 2] (the index r stands for “regular”) and z7 is a critical
point of f(t1,-). At this point, we use Assumption 4, so that V2 f(t1,27) > 0, and
begin again the procedure with (¢1,27) in place of (0,z]), to find the solution us
of (1), defined on the maximal (on the right) interval of existence [t1,t2), and such
that ua(t1) = 27, and so on. Observe that, by Assumption 2, V2 f(T, um,(T7)) is
positive definite. The functions u, ..., u,,, on their respective intervals of existence,
give us the so selected solution u, as the next definition set.

Definition 2.4. Under Assumptions 1-4, we define u : [0, 7] — R™ by:
u(t) :=u,;(t), ifteftj_q,t;) forsome je{l,..,m},
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w(T) := lim up,(t),
t—T
where u;, for j=1,...,m, is the function obtained in Proposition 1.

Note that, since (t;, ;) is an approximable critical pair for every j € {1,...,m —1},
Assumption 3 implies that the transversality conditions listed in Remark 2 hold for
F (see (8) for a definition) at (tj, [%D for j =1,...,m —1, as shown in Remark 2.
Moreover, conditions (T'C2) and (TC3) have the same sign, otherwise we couldn’t
have found a solution of V,f(t,-) = 0 on the left of ¢;. Thus, there are two
regular branches of solutions of F'(¢,-) = 0 in a left neighbourhood of ¢;. This is
equivalent to say that there are two regular branches of solutions of V, f(¢,:) = 0
in a left neighbourhood of ¢;. One of these branches is the already defined u;. For
j=1,..,m —1, we denote the other branch, which is the saddles’ branch, by %;,
and it is

(24) uj : [t],t;) — R", for some ] € (tj-1,1;).

Note that, for § > 0 sufficiently small, it is possible to find t? and ¢* such that
§

(25) tio1 <t <tj<t; <t

and the following properties hold:

— )
for every t € [tg,tj), x€B (3:;, 4> and V,f(t,z) =0

(26) if and only if x € {u;(t),T;(t)},
(27) x € B(x$,0) satisfies V. f(t;,2) = 0 if and only if z = 7,
(28) [Vaf ()| >0 on (t;,t5*] x B(x5,0).

Throughout the following two sections, we denote by w,,, the modulus of continuity
of u; on a compact easily deducible from the context.

3. APPROXIMATING BY SINGULAR PERTURBATIONS

We consider the equation
(29) 2 Aii* (t) + eBuf(t) + Vo f(t,u®(t)) =0, t€[0,T).

In both the present approximation method and the one presented in Section 4, we
take into account the following objects. Let zf; € R™ be such that V, f(0,27) =0
and V2 f(0,z5) is positive definite. We consider a point (g, yo) € R?" such that vy
is the solution of the autonomous problem

Aiig(0) + Big(a) + Vo f(0,v0(a)) =0, o € [0, +00)

(30) vg(0) = o,
B0 (0) = wo,
and
(31) lim wg(o) = .

o—+oo
Under Assumptions 1 and 2, Lemma 2.3 ensures the existence of the solution of
problem (30) and of the limit in (31). Also, it tells us that vo(4+00) is a critical
point of f(0,-) and that 99(+00) = 0. The main results of this section are given by
the following two theorems, which describe how the function u of Definition 2.4 and
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the trajectories of the heteroclines w;’s at the jump times ¢;’s are approximated by
suitable solutions u® of (29).

Theorem 3.1. Under Assumptions 1-4, let xf, € R™ be such that V. f(0,zf) =0
and V2 £(0,xy) is positive definite. Let u : [0,T] — R", with u(0) = x, be given by
Definition 2.4 and u® : [0,T] = R™ a solution of (29) such that

(32) (uf(0),eu°(0)) — (wo,y0), ase— 0T,

where (zo,yo) satisfies (30) and (31). Then, we have that

(1) (u®,eBuf) converges uniformly to (u,0) on compact subsets of
(07 T] \ {tla ) tm_l};
(2) for every j € {1,...,m — 1}, there exists a sequence {a5}, with a5 — t;,
and a heteroclinic solution w; of
Aiibj(s) + Buj(s) + Vo f (t5, wi(s)) = 0,
(33) limg_y oo w;(s) = a8
limsi)foo wj( ) = 0

VR

such that
(v5,95) = (wj, ;) uniformly on compact subsets of R,
where
€ € € a.E]: T B a;:
v5(s) = u (a5 +es), s€ =

The next theorem can be viewed as a corollary of Theorem 3.1 and gives a
geometric interpretation of how (u®,eB4°) approximates (u,0) and the trajectory
of (wj, Bwj) for j = 1,..,m — 1. It deals with the following sets. Recall the
heteroclines given by Proposition 1 and the function vy previously introduced. We
define

(34) A :={(vo(s),Bvo(s)), s>0} and I :={(w;(s),Bw,(s)), se€R},
for j=1,...,m—1, and set

(35) e = {(t,u(t),eBu(t)) : t€[0,T]}, T :=T,eqUTling,
where

(36) [yeg :={(t,u(t),0): t€[0,T]},

and

(37) Lsing :== [{0} x H] U U {tj} x [ U {(5”;70)}]

Observe that the set I'g;,q does not change if we replace some w;’s by some of their
time-translated. Here and in what follows, d(-,-) denotes the euclidean distance
either between two points or between a point and a set. We denote by dy the
Haudorff distance. Recall that if K7 and K5 are two compact subsets of a compact
metric space, the Hausdorff distance between K; and K5 is defined as

du (K, K2) == sup d(z, K2) + sup d(z, K1).

re K, reK>2

Theorem 3.2. Under the hypotheses of Theorem 3.1, we have that
dg(T¢,T) =0, ase— 0.
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In order to prove Theorem 3.1 and Theorem 3.2, we need some preliminary re-
sults. First, we state a property of uniform boundedness of the solutions of equation
(29).

Lemma 3.3. Let Assumption 1 hold and let {t°} be a sequence converging to some
t € [0,7], as € — 0F. Then, there exists a unique u:[t°,T] — R™ of class C?,
solution of the Dirichlet problem associated to (29) with initial condition at t¢.
Moreover, if u¢(t) and €if(t°) are uniformly bounded as € — 07, then u®(t) and
et (t) are uniformly bounded with respect to t € [t°,T| and € sufficiently small.

Proof. The standard theory of ordinary differential equations tells us that there
exists locally a unique solution u¢ of the Cauchy problem associated to (29). Mul-
tiplying equation (29) by 4¢(t), it turns out the equation

iiAifﬂE + eBut U + if(t u®) — fi(t,u®) =0

2 dt e’ ne ’

which, by integration between ¢¢ and t € [t°,T] and by the positive definiteness of
A and B, gives

(33)

&2

ARl + 100(0) < G A + 505,056 + [ A
Then, by using Assumption 1 and (7), we have that

lu(t)]? < K{ + K, /Ot |uf (7)|?dr, for every t € [0,T],
where

2
(39) Kf:;)[52Az‘f(tg)ﬂa(te)+f(t€,u£(t€))+c(T—t5)+d], Ky =

Syl

By differential inequalities (see, e. g., [8]), we obtain that
lus (t)|> < K5ef2(T=%) " for every t € [0,T],

so that, by hypothesis and by (39), u®(t) is uniformly bounded with respect to
t € [t5,T] and e sufficiently small. This fact, together with (38), gives that also
et is uniformly bounded with respect to ¢ € [t°,T] and e small enough. This in
particular implies that u® and ¢ are defined on [t°, T| and completes the proof. [

The following proposition will play a crucial role in the proof of the main results
of this section. In order to better handle equation (29), we use the function F :
[0, 7] x R?" — R?" defined in (8), so that (29) is equivalent to

[ = (e e))

Next, we make use of Lemma 3.3 in the following way: if u®(¢t°) and eu®(t°) are
uniformly bounded as € — 0%, for a certain sequence ° converging to ¢t € [0,7],
then

(40) {(su®(t) + (1 — s)u(t),esBac(t)) : (s,t) € [0,1]x[t°, T)}

is uniformly bounded as ¢ — 0T. We denote by w the modulus of continuity of
V,F(t,-) on a compact which contains the set (40) for every ¢ small enough, w
uniform with respect to ¢ € [0,7].
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Proposition 2. By referring to the previous paragraph for the notation, let
f:0,T] x R* — R be a C? function, 0 <t <t < T and u € O([t,{],R") be a
solution of (1) on [t,t]. Then, there exists o > 0 such that

(41) V2f(t,u(t)) > a >0, foreverytc [t,1.
Let t° € [%,t) be such that
t* — 1, for somet € [t,1),

and consider u¢ € C?([t5,T],R™) a solution of (29) on [t*,T] such that u®(t*) and
eu (%) are uniformly bounded as e — 0%.
There exists a positive constant C' = C(f,u) such that, if r € (0,C) and

(42) lim sup | (u® (t°) — u(t), e B (t°))| < min{r,rw(2r)},
e—=0t
then
(43) limsup [|(u® — u,eBU°) o 1=y < 7
e—07t

The proof of Proposition 2 requires two lemmas.

Lemma 3.4. Let A € R™*" be such that
Re(N\) < —a <0,
for every X\ eigenvalue of A, for a certain o > 0. Then, there exists a constant Cy,
depending on A, such that
’etA‘ < CAe_%t, for every t > 0.

The proof of Lemma 3.4 is straightforward, once A is written in Jordan canonical

form. In the appendix we recall more general estimates of this kind (see (176)-(177)).

By the following remark, we underline the fact that the constant C4 of the previous
lemma is not universal, but generally depending on A.

-1 a

Remark 3. For a € R, consider the matrix A = [ 0 —1

} , whose spectrum

is {—1}. Since A is the sum of the matrices { —01 _01 ] and { 8 8 ], which

commute, it is easy to compute

1 at
tA _ _—t
o)

The norm of ¢4 is e~t\/2 + a2t2. Therefore, a constant C' not depending on A and
such that ]em| < Ce~% should satisfy v2 + a?t? < Ce? for every a € R, but this
is impossible.

Lemma 3.5. Let A € R™™™ be such that
‘etA‘ < Ce ", for every t >0,

for some constants C, v > 0. There exist two positive constants § and b, depending
only on C and v, such that, if B € R™*" and |B| < §, then

et(“HB)’ < be*%t, for every t > 0.
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Proof. Observe that when A and B commute the proof is straightforward. Other-
wise, for z € R™, let us consider the solution v* of the problem

o(t) = (A+ B)v(t), t>0
(44) { v(0) = .

Since

T(t
et(A+B)‘ — s [v® ()]
zern\{0} |Z|
the thesis follows if we prove that there exist §, b > 0, depending only on C' and -,
such that, if |B| <4, then

(45) [v®(t)| < be~2!|x|, for every ¢t >0 and z € R™.
For certain constants §, b > 0 to be chosen later, let us fix a function
z € C([0,+00), R™) such that |z(t)] < be~2t|z| for all + > 0, and consider, for
|B| < 4, the problem
0(t) = Av(t) + Bz(t), t>0
(46) { z(0) = z.

The solution of (46) can be represented by the variation of constants formula, so
that we can estimate it in the following way.

t
(47 @ <c {e“m + ev<”>|B||z<s>|ds} < Clafe ¥t {1 N W} |
0 Y

In order to obtain (45), we want C (1 + 27&) < b, therefore we choose

0 vC
4 T >
(48) 0< 3 b= 90

Now, we define the space

X :=qvelC(0,+0),R") : v(0) =2 and sup v(t)e%t <00y,
te[0,+00)

which is a Banach space endowed with the norm v x = sup,¢jo 400y v(t)e
the subset
Qi={veX : vy <|zb}.
From (47) and thanks to the choice (48), we have obtained that the operator
G:Q—Q,

that to each z € Q associates the solution of (46), is well-defined. If we prove that
G is a contraction from € to 2, we will prove that the solution v of (44) satisfies
(45), that is our aim. Let 21, z2 € Q and suppose |B| < §. Then, we have that

¢ 200
/ e=IABz2 (s) — 29(s)]ds ¢

0

IG(21) = G(z2)l|x = supe?’ < —llz = 22lx
v

t>0

From (48), it descends that 27@ < 1, so that G is a contraction from Q to . O

Proof of Proposition 2. Let u® be a solution of (29) and define W, := {“6} -Ww,

vE

where W := [ (], so that equation (29) is equivalent to

(49) eW. = F(t, W + W.) —eW,
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with F' defined as in (8). Observe that W, = {"E_“] Set

eBu*
M(t):==V,F(t,W(t), te][t1i,

and notice that, from the regularity assumptions on f and wu, it descends that
M € O([t,{]). First, let us explain how we find the constant C' of the statement.
Since (41) holds, we can prove, as done in Remark 2, that there exists 8 > 0 such
that Re(\) < —8 < 0 for every \ eigenvalue of M(s), for every s € [%,1]. Therefore,
from Lemma 3.4 and Lemma 3.5, it turns out that there exists b > 0 such that

(50) ‘etM(s) < be_gt, for every ¢ > 0 and s € [,1].

Indeed, from Lemma 3.4, we have that, for every ¢ > 0,

etM(s)

(51) < C(M(s)eigta

with Cz(5) > 0 a constant depending on M (s) for every s € [t, t]. Considering (51)
for a certain sg € [%,7], let &y, by > 0, depending on Ch(so) and g, be given by
Lemma 3.5. By the uniform continuity of M on [, {], there exists op > 0 and a
finite number of s; in [#,7] such that, if s € [Z,#], then |s — s;| < 0 for some i and
|M(s) — M(s;)| < dp, so that, by Lemma 3.5,

‘etM(s)

— ’et(M(sz-)-&-M(S)—M(S'i))‘ < boe_gt7 for every t > 0.
Now, let C' > 0 be a constant (depending on b and § and, in turn, on f and u) such
that, if 0 < r < C, then
1 10 !
(52) w(2r) < % (1 + 3 max{1, 2b}> )

The reason why the estimate (52) is needed will be clear at the end of the proof.
By now, let 0 < r < C and suppose that (42) holds true for a certain t* — t € [, ).
Then, there exists ¢, > 0 such that

(53) |(us (t°) — u(t), e Buf (t°))| < min{r,7w(2r)}, for every € € (0,&,).
Since t¢ — {, it is easy to check that (53) implies, up to a smaller ,., that
(54) [W.(t%)| < 2min{r,rw(2r)}, for every ¢ € (0,¢,).
Therefore, it makes sense to define, for € € (0,¢,),

€= inf{t € [t°,1] = |W.()| > 2r},

with the convention inf () = £, so that [Welloo t2,35) < 2 for every € € (0,¢,).
Claim. There exists £, € (0,&,] such that

[Welloo t=,32) < 7 for every € € (0,&,).

Observe that the claim implies that #* = £ and, in turn, that [Welloo,t=,5 < 1 for
every € € (0,&,), that is (43).

Proof of the claim. Using again the uniform continuity of M on [Z,], let ¢ > 0 be
such that [|M(t) — M(s)|| < w(2r) if |s — t| < o, and define

tAs _¢E
7, =1i(e) :=t° +io, for 1 =0,....,k., where k. := { J ,
o
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and

M(t%), tetc,m)

M(Tl), te [7’17‘2)

M.(t) =4 .
M(7g,), te [Tks,fs].
Observe that M. (t) = M (¢ + {%J) With such definitions, we obtain that
(55) [|Me = M| e e < w(2r).
Let us write equation (49) on [t°,7] in the following equivalent way:
eW. = M.W. + H.,
where
H.:= (M — M.)W. + [F(t, W + W.) — MW.] — eW.

Clearly, there exists &, € (0,¢,] such that
(56) ||5W\|w7[t67551 <rw(2r), forevery e € (0,¢,).
Noticing that F(-,W(-)) = 0 on [, ], it turns out that

(57) |[F(t,W +We) = MWe|[ e 3] <
2rsup {|V, F(t, W(t) + sW.(t)) — M(t)| : (s,t) € [0,1] x [t°, ]} < 2rw(2r).
(55), (56) and (57) imply that
(58) [[Hel|oo e 7e) < Brw(2r).
By setting Z. (t) := We(et), let us consider another equation equivalent to (49) on
[te, t°]:
. t€ f&
(59) Z(.; = ME(Et)ZE + Hg(f‘:t), t e |:E, 5:| .
If k. = 0, that is {* — t° < o, the solution of (59) is
t& € t¢ ¢ 5
Zo(t) = =M 7, () +/ =MD g (er)dr.
€ i€
Then, by using (50) and (58), we have that
. 20 10
Welloo,t2,5) = ||Z€||oo,[§,f§] <b||[We(t°)| + ETW(%) <2h(1+ 3 rw(2r),
where the last inequality is due to (54). Then, the thesis follows from (52).
If k. # 0, we define Z? as the solution of equation (59) in [0, Z) and, for i =
1,..., ke, we define Z! as the solution of equation (59) in [%,min {%, %}) with

Zéiil) (%_) as initial condition at Zt. By using the variation of constants formula,
it turns out that

te 1
(60) <R o |57,

where

RO(t) ::b<6—§(t—f)|WE(t€)| +250m(2r)), te {tﬁ} :

g £
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and
(61) 1z < RL on [ZLEE) otk -1,
el €
t
62 Zk| < R The =
(62) 125) on |7,
where
i _B(4—TiY i1 (Ti 4 . Ti Titl
R.(t) ::b{e oG E)Ra 1( )—|—6w( )r}, i=1,.. ke t€ {;,%}

It is easy to check that, up to a smaller &, such that bexp ( 8 ‘7) < % for every
€(0,&,), R () < 2rw(2r) (1 + 20b) for i =0, ..., ke — 1 and thus that

(T 200
R (Tz) < 2brw(2r) (11 + ﬁ)

for i = 0,...,k-. Hence, from the choice made in (52), we have that R: (Z) < r

for i =0, ..., k., and therefore, since R! is decreasing in ¢, from (60)-(62) we obtain
that

el gy < {1280 2 sy 122 e |
< R’(i)<,f € (0,&,).
_ie{%}?},{kg} () sm foreverye (0,&,)

O
Proposition 2 allows us to prove a first part of Theorem 3.1.

Proof of Theorem 3.1 restricted to (0,t1). We begin the proof of Theorem 3.1 by
showing that

(63) (u®,eBuf) — (u,0) uniformly on compact subsets of (0,%).

Consider [t*,f] C (0,¢;) and let 6§ > 0 be sufficiently small, in order to apply
Proposition 2 with » = §. Observe that the function

T
(64) vi(s) = ut(es), s € [0, } 7
satisfies the problem
AU§(s) + Bo§(s) + Vi f(es,v5(s)) =0, s€ [0, L]

v5(0) = u#(0),
05(0) = €a(0),

so that, by (32),
(65) (vg,05) = (vo,p) uniformly on compact subsets of [0, +00),

where vy satisfies (30) and (31). This convergence, the limit in (31) and the fact
that ©o(4+00) = 0 imply that there exists s§ > 0 such that

(66) [(vo(s) — xg, Bio(s))| < %min{é, 6w(26)}, for every s > s9,
and
(67) limsup |(uf (es9) — xh, e BuS(es]))| < min{d, 6w (26)},

e—0t
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where w is defined in Proposition 2. Then, by using Proposition 2 with Z =¢ =0
and u; in place of u, so that u(f) = xf;, and

(68) £ = es)

in place of t¢, we obtain that

(69) limsup ||(u® — u, e BU°)|| 0 = 3 < limsup ||(u — u, eBU)|| 0 e, < 0
e—0*+ o e—0*+ o
and, in turn, (63). O

Statement (63), together with the fact that lim,_,- u(t) = z§ and the definition of
9 < t1 (see (26)), implies that

(%)

|(u(t9) — @i, eBa ()] < 5

l\.’J

for every ¢ sufficiently small. Then, we consider, in dependence on 4, the first time
larger that ¢{ in which (u®(t),eBuc(t)) escapes from B((x3,0),0):
(70) a§ :=max{f € [t],t}*] : (u°(t),eBu(t)) € B((x},0),0) for every t € [t},7]},

where ¢7* > t; is defined in (28). Observe that, for every € small enough, a5 is well-
defined, since the maximum is taken over a nonempty set. Notice that, if af < t7*
it turns out that (uf(a$),eBuf(as)) € dB((z5,0),9).

Lemma 3.6. For every § > 0 small enough, we have that
af — 11
Proof. We divide the proof in two steps. Fix ¢ > 0 sufficiently small.

(i) Let 7, > t$ be a sequence approaching ¢; from the left, as k — +o0. From (63)
we have that, for every k, there exists &5 such that |[(u® — u,eBu)|| o 15 -, < u

for all € € (0,;). Thus, also in view of the definition of ¢, we obtain that
(uf(t),eBuf(t)) € B((x5,0),0), for every t € [t}, 7] and € € (0,&x),

and, in turn, from the definition of af, that aj > 7, for every € € (0,¢;) and every
k, so that
liminf af > t;.
e—0

(ii) Here, we want to prove that

limsup af < t;.
e—0

Suppose, by contradiction, that there exists a sequence {e;}, with ¢ — 0 as k —
+00, and a certain £ > ¢; such that {a*} C [f,#;*]. Then, up to a subsequence, we
have that

(71) aik —t e[t t7].

Now, observe that the function v{ := u®(aj + €s) satisfies the problem
A5 (s) + Bis (s) + Vo f(af + 25,05 (s) =0, s € [, T2
vi(0) = u®(ag),
05(0) = eu®(a3).

From the definition of a§, we have that (v§(0), B95(0)) € B((x5,0),0), and, in turn,

up to a further subsequence, that

(72) (v7*(0), Bif*(0)) = (2, 2) € B((21,0),9).
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The limits (71) and (72) imply that
(73) (01", 07") = (w, ),

uniformly on compact subsets of a common interval of existence, where w is the
solution of the problem

Ati(s) + Bui(s) + Vi f(t,w(s)) =0,
(74) w(0) = z,
Bw(0) = 2.
It is easy to check, by using (73), Lemma 2.3 and the definition of a§, that w and

w are defined on all R and that (w(s), Bi(s)) € B((x$,0),d) for every s € (—o0,0].
Moreover, by Lemma 2.3, there exists the limit

(75) lim _w(s) =t w(—o00) € B(af,4),

and it satisfies

(76) Vaf (t,w(-00)) = 0.

(75) and (76) contradict the fact that ¢ € (¢1,t;*], since, by definition of #;* (recall
that § has to be small enough), it must be |V, f(Z,-)| > 0 in B(z3$,9). O

By Lemma 2.2, any solution of problem (33) differs from any other solution by
time translation, so that the trajectories #;’s (defined in (34)) are uniquely defined.
By using Morse-Sard Theorem (see, e. g., [9, Theorem 1.3 ch. 3]) applied to the
function ¢ — |(w;(t) — x%, Bw;(t))|?, it is easy to check that the set

(77) E; == {0 > 0| & is tangent to 0B((z},0),d) at a point of intersection}

has zero measure. The reason why we introduce the sets £, j = 1,...,m — 1, will
be clear in the next proof.

Proof of Theorem 3.1, complete. Let & be sufficiently small. First, let us prove
statement (2) in the case j = 1. Consider an arbitrary sequence ¢ — 0 and
the function

aij T —aj
(78) O e L

with a§ given by (70). Observe that v§ depends on §. By using Lemma 3.6 and
arguing similarly to its proof, we can show that, up to a subsequence,

(v1*(0), Bi*(0)) = (2, 2) € 9B((1,0),0),

and that (vi*,v{*) — (w1, w1) uniformly on compact subsets of R, where w; is the
solution of problem (74), with ¢; in place of ¢, and satisfies

(79) wy(—o0) = zf, wi(—o0)=0.

The first condition in (79) is due to the fact that wi(—o0) € B(x3,§) must be a crit-
ical point of f(¢1,-) and, since we are supposing ¢ small enough, the unique critical
point of f(t1,-) in B(x3,6) is 2§ (see (27)). Observe that w; depends on §. To con-
clude the proof, it remains to show that, given any other sequence €;, — 0, (v", v7")
converges (up to a subsequence) to (wy, ), as (vi®,97*) does. By repeating the
same arguments above, we have that, up to a subsequence, (vS",05") — (1, )

uniformly on compact subsets of R, where (w1, ﬁ)l) satisfies the same system that
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(w1, ) satisfies, and the conditions in (79). Therefore, by Lemma 2.2, we have
that
(80) Wi(s) =wi(s+s0), s€R,

for a certain constant sg, which we can assume to be nonnegative. Let us suppose,
by contradiction, that sg > 0. By (80) and the definition of a5, we have, on one
hand, that

(81) (wi(s), Buin (s)) € B((x3,0),6), for every s < so;

on the other hand, since E; has measure 0 (see (77)), it is not restrictive to assume
§ ¢ E1, so that there exists ¢ > 0 such that (wy(s), Bun(s)) ¢ B((z$,0),0) for
every s € (0,0), against (81). Therefore, it has to be sy = 0 and, in turn, wy = ;.
Thus, we have proved that

(82) (vf,07) = (wy,1;) uniformly on compact subsets of R,

where, among the solutions of the problem
Aw(s) + Bw(s) + Vi f(t1,w(s)) =0,
limg oo w(s) = x§,
wy is the one such that (w1(0), Bwi(0)) = (z,2) (being (u®(a5),eBu(aj)) —
(2,2) € 0B((z3,0),6)). Moreover,
(83) (w1(s), Bin (s)) € B((z5,0),6), for every s <0.

Now, recall that, by Proposition 1, the behaviour of w; at 400 selects a point which
allows us to find, as done for [0, 1), a solution ug of V. f(¢,-) =0 on [t1,t2). More
precisely:

Jlim (wi(s),1(5)) = (21,0),  walty) = 2,

Vaof(u2(r)) =0 and Vi, f(-,uz2()) is positive definite on [t1,t2).

In particular, there exists s§ > 0 such that

(84) |(wi(s) — a}, By (s))] < = for every s > 9.

[NCRIS)

Moreover, due to (82) and to the definition of v, there exists 5 > 0 such that

(85)  |(u(bS) — wi(s)),eBuf (bf) — Bun(s9))| < i

5 for every ¢ € (0,¢5),

where
b = 05(8) == af +es?,
so that
(86) [(u®(bS) — 27,eBu(b5)| < & for every € € (0,¢5).

By using (86) and Proposition 2 with £ = ¢, b in place of t°, uy in place of u
(since it can be b5 < t1, note that ug is defined in a left neighbourhood of ¢;, also)
and ¢ in place of min{r,rw(2r)}, we can prove the first statement of the theorem
restricted to (t1,t2). This fact allows us to extend the definition of a§ and b5 to the
cases j = 2,...,m — 1 and to repeat the same arguments used until here to complete
the proof of the theorem. a
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Remark 4. By looking at the hypotheses of Theorem 3.1, observe that in the case
in which

(u?(0), £07(0)) = (x5, 0),
we have that

(u®,eBu°) — (u,0) on compact subsets of [0,7]\ {t1, ..., tm—11}-

In order to check this on a compact [0,7] of [0,#1) (the rest part of the proof is
the same of Theorem 3.1), it is enough to apply Proposition 2 with ¢ = ¢ = 0 and
t* =0.

In the proof of Theorem 3.1, we have defined some special times which we collect
in the following definition.

Definition 3.7. Let § > 0 be sufficiently small. For j =1,...,m — 1, we define
a5 = max{t € [ti,t;’f*] : (u(t),eBus(t)) € B((x5,0),6) for every t € [t?,ﬂ},

where t§ € (t;_1,t;) is defined in (26) and satisfies
)
1) s . )
|(u€(tj) - xj7EBua(tj))| < 57
for every € small enough. Moreover, we set
— - g -
b; =05(0) :==aj +esy, j=1,..m—1,

where s? > 0 is such that

. )
[(wj(s) — 2%, B (s))| < 2 for every s > s?.
We are now in position to prove the last result of this section.

Proof of Theorem 3.2. See (34)-(37) for the definitions of I" and I'®. Chosen ¢ > 0
small enough and such that

m—1
0 ¢ U Ej7
j=1

where E;, for j = 1,...,m — 1, is defined in (77) (recall that U;n:_ll E; has zero
measure), we suppose to work with the particular heteroclinic solutions depending
on § found in the proof of Theorem 3.1 (see (83)). Due to the definition of the
Hausdorff distance, we divide the proof in two parts.
(a) Here, we show that there exists 5 > 0 such that

(87) supd(-,T') <26, for every e € (0,&5).
FE

Set

dE(t) = d((t7u€(t)75Bu€(t))aF)7 te [OaT}
By referring to (25)-(26), to (66)-(68) and Definition 3.7 for the notation, and in
view of the fact that

(88) by — 0, a5,05 —t;, forj=1,..,m—1,

consider, for every e small enough, the partition

0<by<td<af <b5<. <bs, ,<T.
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In order to prove (87), it is enough to give a proper estimate of d. on [0,b5), since
we can proceed in a similar way on the remaining part of the interval [0,7]. By
looking at the definition of v§ (see (64)), observe that

sup d.(t) < sup [es+d((v5(s), Big(s)), #)]
te[0,b5) s€[0,59]

(89) < b5+ (05 = vo, Big = Bto)llos,j0,53)-

while, by using (69) with ¢ in place of #, it turns out that

(90) sup  de(t) < |[(u® — u, eBU7)|| oo, g e5] < 6.
te(bg,t9)

Now, observe that we can suppose

)
(91) t —t§ < 5

This fact, together with the definition of af, implies that

sup de(t) < sup (|t —t1| + [(u(t) — 2],eBuc(¢))[}
te[ty,af) te[ty,af)

(92) max{|t1—a§|,g}+5

IN

Finally, consider that
sup de(t) < sup {|t — 1] +d((uS(¥),eBuc(t)), A1)}

telaf,by) tefaf,by)
(93) < s} + [t — af| + [|(vf — w1, BO — Btin)|| o (0,62
(89)-(90) and (92)-(93), together with (65), Theorem 3.1 (2), the convergences in
(88) and the convergence of £s to 0, imply that there exists €5 > 0 such that

sup d.(t) <26, for every e € (0,g5),
te[0,b7)

and, in turn, imply (87).
(b) Here, we show that there exists €5 > 0 such that

(94) supd(-,I'°) <26, for every ¢ € (0,&s).
r

By the definition of T' and by the fact that (z,0) € .#1, it is sufficient to analyze

sup d(-,T°), sup d((¢,u1(t),0),T°), sup d(-,I'°).
{O}X]() te[O,tl) {tl}X,ﬂl

The other cases can be treated in a similar way. Let us consider separately s € [0, s3]
and s > 53, and write
sup d((0,vo(s), Big(s)), %)

s€[0,s]

(95) < sup [es +d((vo(s), Boo(s)), (u° (es), e Bis(e5)))]

s€[0,s3]
<b5 + [|(vo — v, Bo — BYG) ||, 0,581
and, in view of (66),
sup d((0,v0(s),00(s)), %) < b5 + sup d((vo(s), Boo(s)), (u®(b5),eBu(b5)))

s>s) s>s9

(96)

IN

c g E(1E r < E(1E
b5 + 5 + |(u”(65) — @5, eBa(85))-
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Now, to carry out a proper estimate of sup;cjo ;) d((t,u1(t),0),T¢), we divide [0,¢1)
in [0,05), [b5,19) and [t,¢;1). It turns out that

sup d((t,u1(t),0),I°) < b+ sup d((ui(t),0), (u(b5),eBu(b5)))
te[0,b5) te[0,b§)

(97) < b+ wu, (05) + |(w”(65) — g, e Bt (b5))]-
Moreover, we have that
(98) sup d((t’u1<t)70)vrs) < ||u6 _u1’53u6||oo,[b5,t‘15]7

te[bg,t)
and, in view of (91) and (26), that
sup d((t,u1(t),0),T%)

[t.t1)
< sup d((t,u1(t),0), (8], u (), e B (1))
(99) [85,1)

) .
<g+ |(uf(89) — ua(89), e B (19))| + sup fus (f) - u (5)]
[t9,t1)

<6+ [(u(t9) — ua(9), e BuE(1))].

Finally, consider supy; 1, 4 d(-,I'¥). Observe that

d((t1, wi(s), Buin (s)),I°) < |ty = b5| + (w1 (s) — wi(s]), Biin(s) — Buin(s1))]
+[(u(b7) —wi(s}), e B (b]) — Buin (s1))],
so that, from (84)-(85), we obtain
3
(100) sup d((t1, w1(s), Buwi(s)),I%) < |t1 — b5| + 55.
s>s‘15
Now, similarly to what is done in (84)-(86), we can define ¢§ in the following way.

Since (w; (—00), 1y (—00)) = (x5, 0), there exists 5 < 0 such that

, for every s < E‘E.

| >

(101) |(wi(s) — a1, Bu (s))| <
Moreover, due to (78) and (82), there exists €5 > 0 such that
]
(102) |(uf(a5+e39)—w1(s3), e Buf (a5 +€35)— B (s9))] < 2 for every e € (0,&5).
Let us define
& =cE(0) == a5 + ¢35 < af,
and observe that ¢ — ¢;. We have that
(103)  sup d((t1,wi(s), Bun(s)),I*) < |t —ai] + e max{[59], s1}
s€[s],s7]
+ (v = w1, BOY = Buin)[oo 52,45

while, since

sup d((t1,wa(s), Bun(s)),I%) < [t — | + [ (wi(s) — wi(s}), Bun (s) — Buin (s1))]

=8
s<s7

+|(wi(s]) — u(ef), Bun (s7) — eBi(f))],
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from (101) and (102) it turns out that
3
(104) sup d((t1, w1(s), Buwy(s)),I°) < |t1 — 5| + 55.
R
Inequalities (95)-(100) and (103)-(104), together with (65), (67), (63) and (82), give
that, up to a smaller &g,
sup d(-,T¥), sup d((¢t,u1(t),0),T¢), sup d(-, %) <24,
{0}x A t€[0,t1) {ti} x4

for every € € (0,&s), and, in turn, give (94). O

4. APPROXIMATING BY TIME DISCRETIZATION

In this section, we study a discrete-time approximation of the same limit problem
constructed in Section 2 and approximated in Section 3 by singular perturbations.
The present approximation process is modelled on the following idea. We consider
a partition 0 = 7§ < 7f < ... < 7F_, < 7F =T of the interval [0, 7] such that
o k k
(105) Pk = ogr?galil(n“ —7;7) =0, ask— +oo,
and suppose to have defined uf_l as the approximation of the function u given by
Definition 2.4 on the interval [r} ;,7F). Since u(7F) is a critical point of f(7F,-),
we find the next approximating point u¥ by considering the solution v* of the
autonomous problem

Ak (o) + Bk (o) + Vo f(7F,vF(0)) =0, o €[0,+00)

(106) vr(0) = uf_y,
0(0) =0,
and setting
k._ 13 k L
(107) uy = Ugrfw v(o), i=2,..k.

Consider a point zf; € R™ such that V,f(0,z5) = 0 and V2Zf(0,z}) is positive
definite. Clearly, the first approximating point of this process could be defined as
the limit at 400 of the solution of (106) with 7 and #§, = u(0) in place of 7F and
u¥ | respectively. Actually, it does not cost much more effort to define

k._ 1; k
(108) uy = UEIEOO vy (o),

and v} as the solution of

At (o) + Bit(0) + Vaf (rF,v8(0)) =0, o € [0, +00)
(109) v¥(0) = ay,

@’f(O) = Yk
Here,

(zk,yr) = (x0,90), ask — 4oo,

and (zo, o) lies in the basin of attraction of (z{,0) for the autonomous problem
at time 0, that is (zg, yo) satisfies (30) and (31). In order to uniform the notation,
we set uf = x;,. Note that Lemma 2.3 ensures the existence of the solutions of
problems (106), (109), (30) and of the limits in (107), (108), (31). Also, Lemma 2.3
tells us that u? is a critical point of f(7F,-) and that 9g(+00) = % (+00) = 0, for
i=1,..k
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Let T' be the same set defined in (35)-(37). In order to define a suitable set I'*
approximating I', we choose arbitrarily some

of e (tF 7k fori=1,.. k,

and introduce a function u* which has, on every [t |, 7F], the following features.
On [7F |, oF

7 1

], it is a suitable reparametrization of v¥ from a certain big interval
[0,a¥] to [F |,aF], and, on [af,7F], it is a convex combination of v¥(a¥) taken in

af and uf taken in Tik . More precisely, we fix a sequence d; — 0 and a constant
C > 0, and, for i = 1,..., k, we consider a value a¥ > 0 with the following properties:

(110) minal — +oo, as k — +oo,

and, for every k,

(kY _ ok
w <C, |0¥(aF))| < 6k, uniformly with respect to i.
¢ — ol

(111)

It is clear that such values exist, by Lemma 2.3. Then, we define the function
uF € C([0,T],R"™) by

t—7F
112 k L Uz]'c a’?j;k_lla§ ’ te [Tik—laaﬂv
(112) e e Y SR
Tf—af ’ € [ai > T ]

Observe that

uk(O) = v’f(O) = T, uk(Tik_l) = vf(O) = uf_l, fori=2,...,k,

uF(aF) = vF (), fori=1,..,k,
and that

{uh(t): telrfy,afl} = {vf(0): o €[0,a]]},
while, on [, 7F], u*(t) is an affine function connecting v¥(a¥) to u¥. Moreover, u
can be not differentiable at of, 7f, a5, 75, ..., aﬁ. Therefore, with abuse of notation,

we define

k

sk kN oL . .k - B
() = T_}%H;)Jru (r), for i=0,..,k—1,
kK . .k .
u (o) = lim "(r), for i=1,...,k,
(oh)i= _lim i (r)
and u*(T) := lim,_,;— 4*(7), so that
o g ( t=T k) ko ok
U —5a ),  teni o),
(113) () = ST T T
iT.’“—ia’?"i ) te [a?’Tk)7

k

k(. ui—vi(ag) - k(o kN b By —
and @*(T) : 72, Note that, for i = 2,...,k, 0"(7;"4) = —5—0;7(0) =0,
k i Tie1

k
while 7% (0) = “Ly,. Finally, we need some coefficients which have, in the present
S5
analysis, the same role played by ¢ in Section 3. To this aim, we define

Eogk gk
(114) hi(t) ==Y == Xrs (1), t€[0,T),

A i
i=1 a;

k__k
with hy(T) = %, and, in turn,
k

(115) I% .= {(t,uk(t), hp(t)Buk(t)) : t €[0,T]}.
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By referring to Section 2 for Assumptions 1-4, we are in position to state the
main result of this section.

Theorem 4.1. Under the hypotheses of Theorem 5.1, we have that
dg(TF T) =0, as k— 4oo.

To prove Theorem 4.1, we need some preliminary results. Under Assumptions
1 and 2, fix 7 € [0,7] and let Z, § € R™ be such that, if v is the solution of the
problem
Ab(o) + Bo(o) + Vi f(1,v(0)) =0, o€ [0,+00)
z

and Voo = limy 400 v(0), then V2 f(7,v4) is positive definite. By the Implicit
Function Theorem, there exist a connected neighbourhood U of 7 in [0,T], a neigh-
bourhood V of vy in R and a C? function u : U — R™ such that u(7) = ve and,
if (t,2) € U x V, then V. f(t,z) = 0 if and only if x = u(t). Moreover, V2 f(t, u(t))
is positive definite on U.

Consider three sequences xp — Z, yr, — ¢ and 75 € [0,7T] such that 7, — 7, and
denote by vy the solution of the problem

Aty (o) + Big(o) + Vaf (15, vx(0)) =0, o € [0,+00)

Vk (0) = Tk,

0k (0) = Y-
By continuous dependence, we have that (vg,9r) — (v,®) uniformly on compact
subsets of [0,4+00), and, by Lemma 2.3, we know that vy (+00) is a critical point
of f(7,-) and Ug(+00) = 0. The following lemma tells us that, if k is sufficiently
large, vi(+00) = u(7). Moreover, this convergence is uniform with respect to k.

Lemma 4.2. Under Assumptions 1 and 2, let u and vy, be defined as above. Then,
there exists kg such that

(116) UETOO(Uk(J),i/k(U)) = (u(1%),0), for every k > k.

Moreover, for every § > 0, there exists ks, o5 > 0 such that
(117) (vk(0), Big(o)) € B((u(1y),0),d), for every o > o5 and k > k;.

Proof. Let us refer to the previous paragraph for the notation. For every t € U and
every © € R™, there exists a € [0, 1], depending on x and u(t), such that

(118)  flt,a) = f(t,u(t)) + Vi f(t,ult) + alz —u(?) (@ — u(t),z — u(t)).
Let 7 < 7 < 7 be such that [7,7] C U. Since V2f(-,u(-)) is positive definite on
[T, 7], there exists R > 0, depending on [T, 7], such that, if § € (0, R), then
(119)
min {\ : A is an eigenvalue of V2 f(t,u(t) + 2), |z| <6, t € [F, 7]} 1= Bas > 0.

Choose ¢ € (0, R). From (118) and (119), we obtain that

2
(120) min ] flt,x) > f(t,u(t)) + ﬂg%, for every t € [T, 7],
|[z—u(t)|=5

while the uniform continuity of f(-,u(-)) on [T, 7] implies that

2

(121) ‘ m(a§<|< flt,z) < f(t,ult)) —l—ﬁg%, for every t € [T, 7],
rz—u(t)|<r
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for a certain r € (0,%). Since (v(0),(0)) = (ves,0), as & — +00, we can find

os > 0 such that

) 1 1
(122) |v(0) —vuol gg, and |0(0)] <2min{2 2%1|’|B|}’ for every o > o5.

By the uniform convergence of (vg,vr) to (v,0) on compact subsets of [0, +00),
there exists ks such that, for every k > kg,

(123) lvg(os) — v(os)] < g’ 0o (0s) — 0(05)] < i\/ﬁ

Also, we can suppose that
(124) [u(Th) — Voo| < g, for every k > ks.

Let 0 > 05 and k > ks. By arguing as in the proof of Lemma 2.3, we obtain that

(125) F iy ok(0) € 5 At (05)01(03) + F 71, 0n(05),

and, by using (122)-(124), we have that

(126)  Jor(os) — w(mi)] < |vk(os) = v(os)| + [0(05) = Vool + [Voo — ulTi)| <7
Then, noticing that 7, € [T, 7] for every k sufficiently large, (121), (125) and (126)
imply that

2
f(me,vp(0)) < %Mk(UJ)P + flre,u(mk)) + ﬁ&%

(127) S Flmuln)) + s Ba,

where in the last inequality we have used also the second estimates in (122) and in
(123). From (120) and (127), we obtain that vy(c) € B (u(ry),$) for all o > o4
and k > ks. This fact, together with the second estimate of (122), gives (117). In
particular, let us fix 6o > 0 such that B (U(Tk), %0) C V for every k > kg, for a
certain kg > 0. Then, by Lemma 2.3 and by the fact that the unique critical point

of f(7k,-) in B (u(rx), %") is u(7g), (116) is proved. O

For the following lemma, observe that, for j = 1,...,m — 1, the function w41,
defined in Proposition 1, is more generally defined on [;,¢;11), for a certain ; < t;
sufficiently close to ¢; such that

(128) V.f(yujs1()) =0and V2f(-,uj11(-)) is positive definite on [Z;,;11).

Since the notation is unavoidably heavy, be careful to distinguish the functions u;’s
from the functions u*’s defined in (112) proceeding from the points u¥’s, defined in
(107) and (108). The next lemma tells us essentially that, for k large enough, the
points u¥ are indeed values approximating u; on compact subsets of (0,1).

Lemma 4.3. Choose t € (0,t1) and 6 > 0. There exists ks, o5 > 0 such that, for
every k > ks, we have that

(129) (’Ullc(a)7 vi(a)) € E((ul(Tf)a O)a 6)7 fOT every o > oy,
and, if TF € [1¥,1], then

(130) (v} (0), Bik(0)) € B((ur(7£),0), ), for every o > 0.
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In particular, there exists k such that
(131) uf =y (7F), for every 7 € [7F, ] and k> k.

To show that (129) and (131) hold for ¢ = 1, we can use Lemma 4.2, with 7 = 0,
T = 70, § = Yo, vo in place of v, u; in place of u, vo, = x5, and 7F, v¥ in place of
Tk, Uk, respectively. The proof of the remaining part of Lemma 4.3 can be done by
induction and by using essentially the same arguments of the proof of Lemma 4.2.

While Lemma 4.3 takes into account the approximating points uf on compact
subsets of (0,¢1), the following lemma, whose proof is similar to the previous one,
deals with [¢;,¢;41), which is a slight modification of [t;,¢;4+1) in the sense of (128),
forj=1,....m—1.

Lemma 4.4. For j=1,...,m—1, lett; <t; be sufficiently close to t; so that (128)
holds . For j = 1,...,m — 2, choose fj € [tj,tj4+1), and set tm_1 = T. For every
0 > 0, there exists ks > 0 such that, if

lelelfi-l S [Ej,fj] and uf = Uj+1(7'lk),
for some j € {1,...,m — 1}, then
(vF(0), Bof(9)) € B((uj+1(7]),0),0), for every o >0,
for every T,L-k € [Tl’ipfj] and k > ks. In particular, there exists k> 0 such that
uf = u;1(7F),  for every tF €)1, 4] and k> k.

In order to prove Theorem 4.1, we need to select some special indices among
i = 0,...,k and show certain properties of those. Lemma (4.3) and (4.4) suggest
that we can expect that there exist some indices 0{3 which mark a transition around
t; from the approximation of u; to the approximation of u;1, that is uf = u;(7F)

for every 7% _, < i < 7% . Unluckily, it is not really like this, since, as we will see,
ol ol

it may happen that, if 7 < t; is “too much close” to t;, uf € {u;(rF),w;(7F)}
(see (24) for a definition). We will show later that the indices introduced by the
following definition, which depends on a small parameter ¢ estimating the distance

from z7, are those responsible for the transition.

Definition 4.5. Let § > 0 be small enough. For every j € {1,...,m — 1}, we define

0], = 0{%(5) = min Ai,

where A = AJ(8) is the set of the indices i € {0, ...,k — 1} such that

— )
< t;, uf € B (mj, 2) ,

and
(vF 1 (0), Bif, 1 (0)) € 0B((x},0),9), for some o >0,

where z7, for j =1,...,m — 1, is defined in Proposition 1.

Remark 5. Observe that, for k sufficiently large, the definition of oi is well-posed,
since Ai # (. Let us check this fact in the case j = 1. For j = 2,...,m — 1, the
proof can be conducted in a similar way, by using also the next lemma. Recall (26)
and choose £ € (t3,t1). By Lemma 4.3, for every k sufficiently large, there exists al
least one index i such that 7} € [t,7] and uf = u;(7F) € B (2§, ). Now, there are
two possibilities:
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(1) Tilj_l > t;1: in this case, we can suppose, up to bigger k’s, that + < 4
(see (25) and (28) for the notation). Thus, by recalling that uf,; = v¥, (+ )is a
critical point of f(7/.,,+), we have that u¥,, ¢ B(z},§). Then, since uf v 1(0) €
B (%, %) and 9F,,(0) = 0, it turns out that (v%, (o), BoF, | (0)) € 0B((23,0),6
some 0’ > 0 and therefore i € Aj;

(2) 7F4 < t1: in this case, if (v Z+1( 0), Bif (o)) € 0B((2%,0),0) for some o > 0,
then i € A}; otherwise, limy—, o0 (VF, | (0 ) Ble( 0)) = (uf,,,0) € B((z%,0),0).

But u¥,; € {u;(rF.1),u;(f 1)} and t§ < 7F < 7'+1 < t1, therefore uf, ; € B (2§, %).

) for

At this point, we begin again by considering TZ+2 and, in turn, case (1) or (2).
By this procedure, in a finite number of steps we find some i € A}

It is useful to underline two facts which emerge from Remark 5

k kY = (K
(132) Uy € {uj (Toi) U (Toi>},
and we cannot determine whether 7" ol 41 > t; or TkJ 141 < t;. The following lemma
will be useful to prove the main result of this section and tells us (see point (3))
that the index o], marks the transition from the branches u; and @; to u;41, as it
was expected.

Lemma 4.6. For every j € {1,....,m — 1} and 6 > 0 small enough, the following
properties hold:

(1) 7% — ¢t
%
(2) uk- — x5

(3) for every k large enough, u” ks

'
=uj (7 JH) henceuJ+1 7.

J+1
Proof. Let us begin with the case j = 1 and write, in order to simplify the notation,
o, = o0x(0) in place of o}..

(1) Observe that, from Definition 4.5, 7 < t;. Let { < t1 be arbitrarily close to
t1. We want to show that there exists k such that 777 € (£,t1], for every k > k. We

can suppose that # > t{ (see 26). Observe that, if z, y € R" vary in a compact, by
uniform continuity there exists p = p(d) > 0 such that

§2NA,
(133) |f(t,z) — f(t,y)| < 32|g|”2’, for every t € [0,7T] and |z — y| < p.
Choose € (t,t;) and set § := % 2min {p,6}. Lemma 4.3 tells us that, for every k
large enough (depending on & and on [7,1]), there exists an index i > 1 such that
(134) ) <t<tF<th, <t
(135) ub =y (7F),
and
(136) vf 1 (0) € B(uy(1F1),8),  for every o > 0.

Thus, from (136) and the definition of § and of ¢J, we obtain that

d.

> w

(137) 01 (0) = 23| < oy (0) = wa(rfy) | + Jua (i) — af] <
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Also, recall that

9 Uf+1(0)‘2 + f(Tz‘kJrlv Ufﬂ(")) 514”11'11(‘7)'”5“(‘7) + f(Tz‘kHv Uf+1(0))

(138) S f(Tik+la uf)v
for every o > 0, and observe that, by (105) and (135)-(136), we can suppose, up to
greater k’s, that

[uf — v (o))

IN

ur () = 07’41 (0)]

lur () — un (7 0)| + |un (7f1) = 01 (0)] < p,
for every ¢ > 0. Thus, from (133) and (138), it descends that

(139)

. 2 1
[Bofea (o) < Bl [ 5= (rln wi) = F(r, v (0))]7 <

min

IN

, for every o > 0.

= >

By using (134), (135), (137), and (139) we have that
— )
(140) v € B <:ci, 2) and (vf (o), Bif,,(0)) € B((2},0),0), for every o > 0.

By the same arguments just used, we can prove that, whenever [ < ¢ is such that
uf € E(xf,g), we have that (v H'1( ), Bilt(0)) € B((2%,0),0) for every o > 0.
This fact, together with (140) and the definition of o, implies that oy > i and
therefore ’7' >k > 1.
(2) This limit follows from property (1) and from (132).
(3) To further simplify the notation, let us write v;, instead of vlgkﬂ, so that vy is
the solution of

Avk(a) + Bi}k(U) + vxf(75k+17vk(o)) =0, o€ [0, +OO)

Vi (O) = ulgkv

#1,(0) = 0.
By Definition 4.5, the following parameter is well-defined for every k sufficiently
large:

(141) o :==min{oc > 0: (vg(0), Big(o)) € 0B((x5,0),6)}.
The compactness of dB((z$,0),0) implies that, up to a subsequence,
(142) (v (og), Bog(ok)) = (2, 2),

for a certain (z, %) € 9B((x5,0),0). We claim that

(143) o — 400, ask — 4oo.

Indeed, if it were (up to a subsequence) oy, € [0, M] and o}, — &, for some M > 0
and 6 € [0, M], we would find the following contradiction: by points (1) and (2),
(vg, Ux) is uniformly convergent to (v,v) on [O M], where v is the solution of

In particular, (vk( k
((6). Bo(3)) € OB((x
Now, let us define

vk( k) — (v(6),0(6)) and, in turn, by (141),
x5,0),0). This is an absurd, because v = 5.

(o) == vk(0 +0%), o€ [0k, +00),
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which satisfies the system Avy(0) + Big(o) + Vo f(7E 1, 01(0)) = 0, for o €
[—0ok, +00) and the conditions ¥,(0) = vi(0%), U%(0) = 9x(0k), and let w; be the
solution of

A(o) + Buw(o) + V, f(t1,w(o)) =0, o € [0,+00)

w(0) = z,

B (0) = 2.

By point (1), (142) and (143), we have that (g,0r) — (wi,1) uniformly on
compact subsets of any common interval of existence. By using this fact together
with the definition of oy, it is easy to show that

(144) {(un(0), Biin(0)) : & <0} C B((3,0),6).

Thus, by Lemma 2.2 together with (27) and Proposition 1, we have that
(15)  Jim (wy(s),2()) = (],0), L (wn(s),in(s)) = (a5.0),
and that

(146) (Dg, Ox) = (wy,1y), uniformly on compact subsets of R.

Observing that, by definition, uffk 11 = lim,_, 4 o Tx(0), it is enough to apply Lemma
4.2 with tq, z, B72, a7, us, vk(ok), vx(0k), Tfk_H and Uy in place of T, T, ¥, Voo,
u, Tk, Yk, Tk and vy, respectively, to conclude that u¥ = uy(7F ;) for every k
large enough, and, in turn, that u’ij — x7.

The proof of the cases j = 2,...,,m — 1 can be done in a similar way, by using, more,
the case j = 1. g

Lemma 4.3 and Lemma 4.6 allow us to state and prove a result of approximation
of u on compact subsets of (0,T]\ {¢1,...,tm—1}. Since the jump times ¢;’s are not
so far considered, the heteroclines w;’s appear in the statement just because they
are involved in the definition of u through their limit points 7 and z7 at —oc and
+00, respectively (see Definition 2.4). Notice that Proposition 3, by including the
uniform convergence to 0 of the “modified” velocity hiBu* on compact subsets of
0,77\ {t1, ..., t;—1}, recovers all the information collected in Theorem 3.1 (1) by
using a different approach. We refer the reader to (110)-(114) for the notation.

Proposition 3. Under the hypotheses of Theorem 5.1, we have that
(u*, hi Bi¥) — (u,0), uniformly on compact subsets of (0,T]\ {t1,...,tm_1}.

Proof. Let us consider the interval (0,¢;). The proof for the other intervals (¢;_1,t;)
can be done in a similar way, by using, more, Lemma 4.6 (3). Choose # and ¢ such
that 0 < £ < t < t; and § > 0 arbitrarily small. Observe that, for k sufficiently
large, there exist ¢+ and m such that ¢ —m > 2 and

Tk <t<ak

i—m—1 = i—m

<..<af<

so that it is sufficient to analyze the following two model cases.
(i) If t € [t,aF ), then uF(t) = vF (o) and hi(t)uk(t) = 0F , (o) for some

o €[0,a¥ ). Thus, since

» M —m

|(W*(t) = ua (t), hi(8) Bi* (1))

< (W (0) = ua (7

i—m

), BOf_p (0))] + un (7f,,) — wa(t)]
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we have that, for every k large enough,
H(uk — U1, thuk)”oo,[f,a;“_m) <o+ Wauy (pk)7

in view of Lemma 4.3. . ok -
(i) If t € [aF, 7] then u*(t) = & 4)”"’7(?1);(““’7)“’1 , so that, by using Lemma 4.3
k

i i

(uf = uy(7F) for every k large enough, since 7' < 7F < Hh),

(147)  [(u"(t) — wa(t), hi(t) Bab(1))] <

of 7k ) Juk — vh(a))
aF ok

Ivf(af)—u?|+|3|( + Jua () — wr (B)].

(111) and (147) give that

k k
. Qp —T;Z
[|(u? = w1, b Bi*) [ o ok ) < C{Tf—afﬂLlBlak 1}+wu1(pk)
B
< C’pk{l+ak}+wul(pk).
i

Since pr — 0, cases (i) and (ii) together with (110) tell us that

[|(u® — uy, hy Bi®) 77 <20, forevery k large enough.

||oo,[

O

From Proposition 3, one can easily deduce an approximation result related to the
piece-wise constant and the piece-wise affine interpolations of the points uf, seen as
the piece-wise constant and the piece-wise affine approximations of u*, respectively.
To be precise, let us set

(ftattut 0k
7y, t€[0,7F) o)
uk, te[rFrh) (72 _t)u}:(tk_ﬁ )u2, t € [tFh)
~k ~k Ty —Tq
at(t) = ¢ . a”(t) ==
iy k :
up_q, te€rr_, T, (T—t)uk_ +(t—7F_uk
k—1 k—1 leiT;:il k—1 k:’ te [Tlitl?T}'

We have that
@*, 4% — u, uniformly on compact subsets of (0, 7]\ {t1,...,tm_1}

This fact requires, for its proof, much less than what we have needed to prove
Proposition 3, since it does not take into account the velocity.

Remark 6. Observe that, if 2o = zf and yg = 0 (recall (30), (31) and (109)), we
obtain that vg = (. In this case, it turns out that

(u®, hy, Bi*) — (u,0), uniformly on compact subsets of [0, 7]\ {t1, ..., tm_1}.

To see this, choose £ € (0,¢1) and § > 0. In view of the proof of Proposition 3, it is
enough to consider the case t € [0, af) C [0,], so that

(148) |(u®(t) —uyi(t), hi () Bi*(t))| = |(vF (o), Bi¥(0))|, for a certain o € [0,a}).
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Let o5 and 12:5 be given by Lemma 4.3. Then, from (148), we have that, if ¢ > o5

and k > ks,
|(u* () — wr (t), by (8) Bi* (1)) |(vF (o) = ua (71), BOY (0))] + ua (1) — ua (t))]

§ + wy, (pr);

IAIA

if o €0,05),

|(u"(t) = ua (1), hii () BU* (1)) (V5 (o) = a5, BiY (0))] + |2 — ua (t)]

||(U]1g - {,CS, B@f)HOO,[O,Ga] + Wy, (Pk)7

and we can conclude by using the fact that (vf,0¥) — (2, 0) uniformly on compact

subsets of [0, +00) and pr — 0.

IN A

What it remains to do now is an accurate study at time 0 and at the jump times
t;’s. This is done in the proof of the main result of this section. We refer to (34)-(37)
and to (115) for the definitions of the sets I' and I'.

Proof of Theorem 4.1. We follow the position already used in the proof of Lemma
4.6: we write o, and vg in place of 0,1c and v’ng, respectively. In the sequel,
whenever & > 0 is arbitrarily chosen, it will be implicit that the following objects,
which depend on § and have been defined in the proof of Lemma 4.6, are involved:
the sequence {0y} such that o — +o0o and the functions 9y (o) := vg(o + of) and
wy such that (144)-(146) hold and

{(6k(0),B§k(U)) : 0 € [—0oy, 0]} € B((x3,0),6).

Choose ¢ > 0 arbitrarily small. In order to prove the theorem, we are going to show
that, for every k large enough,

(149) dg (%, T) = supd(-,T) 4+ supd(-,T¥) < 26.
T* r
Recall ¢ from (26) and observe that we can suppose
(150) t — 1 <.
Moreover, by Lemma 4.3, there exists ks such that, for every k > ks,
9+t t 4+t
(151) T € ( 1; 1,t1] and uf = uy (7F) for every 77 € [le, 1; 1} .

We divide the proof in two parts, in view of the definition of the Hausdorff distance.
(a) Here, consider suppx d(+,T") and set

di.(t) := d((t,uk(t), hy(t) Bu*(t)),T), te[0,T].

By considering the partition 0 < T!fk < Tka < ... < T, which depends on §

(see Definition 4.5), it is clear that it is sufficient to analyze dj, in the model cases
t e [07Tfk) and t € [T(’fk,Tka)7 since the other cases j # 1 can be treated in a
similar way. Let us divide part (a) in two subparts.

(al) Consider first di(t) for t € [v%,7F ;). From Lemma 4.2, from (146), and

from the fact that wi(+00) = 2} with V, f(t1,27) = 0 and V2 f(t1,27) is positive
definite, it descends that there exists 65 such that, up to a greater ks,

152 O (o), Bog(0)) € B((usz(7F ,0),0), forevery o > a5 and k > k.
or+1
Ift e [Tfk,aljk 1), we have that

di(t) = d((t, vk (o), Bog(0)),T'), for some o € [0, alng)'
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Recall that O (c) = vi(o + ok), with o — +o00. Therefore, if o — o, > G5, we use
(152) to obtain that

de(t) < |t —ti|+d((ox(o — on), Big(o — ox)), (27,0)) + |ua(th 1) — 7|
(153) < (b= 7o) F e+ 0+ |ua(Th ) — @),

for every k > k5. If 0 < 0 — 0, < G5, then

dk(t) S |t—t1|+d((’l~}k(0'—Uk)7BTL}k(O'—O'k)),f1)
(154) < (tr =70 ) + pr + [|(Br — w1, Box — Biin)|| oo, (0,54)-
In the case o < o, by the definition of o} we have that

(vi(0), Big(o)) € B((x§,0),8). This fact, together with (153), (154), (146) and
Lemma 4.6, gives that

(155) di(t) <26, foreveryte [Tfk,a§k+1),

for every k sufficiently large.
In the remaining case t € [of 1,75 1), we use (111) and Lemma 4.6 (c), so
that

k k
r a, 41— Top
(156) di(t) < (b5 )+ prtClrh oy —ak ) Hus (7 ) —af | BlO 2t~ Tor.
or+1

(155), (156) and again Lemma 4.6 give that, for k large enough,

(157) sup  dy < 26.

k Lk
[Tok’Tok+1)

(a2) Now, let us consider dy(t) for t € [0,7%). We have to distinguish the case

? T og

L) 5
t e [O, t1+t1> from t € [tﬁtl Tk ) Suppose t € [7F,7F ) for some i > 1. The

2 2 ok
case t € [0,7F) can be handled similarly to the case (al), but more easy, since in
this case we have to use the uniform convergence of (vF,9¥) to (vg,79) on compact
subsets of [0, +00), instead of the uniform convergence of (U, vx) to (wy,w;1) on
compact subsets of R.
s
Ift e [0, %) N[k, ak, ), we have that di(t) = d((t,v},(0), BOF (o)), T) for

some o € [0, afﬂ). Observe that, up to a bigger ks,

td+t
k 1 1
Tiv1 < 9 )

for every k > ks,

so that, by using (130), we obtain
(158) uf—&-l = Ul(Tﬁ-l)a

and
(159)
di(t) < (70 — 1) + [(vf 1 (0) —ua(7fy1), Bif, 1 (0))] < pr. + 6, for every o > 0.
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Ift e [O tiﬂl) N[ak |, 7k ), from (158) it turns out that
v 2 i+10 "i+1/

(160)
d(t)
) fun (7 ) — ok, (ak
<rhy o+ (et — () B T ) v (@)
7,+1 Tid1 — Q4

(af —7F)

Spk + C|Tik+1 2+1| + |B|C +1 )
a1+1

where the last inequality is due to (111).
In the case t € [t 140 T(Ifk> N[rk, Tllj_l) observe first that we can suppose, for larger

k’s, that 7F > t§. Thus, since u¥ € {uy(7F), %1 (7F)}, we have that

— 1)
uf € B ((x?[, 4)) .
This inclusion, together with the fact that i < oy and the definition of oy, gives that

(161) (vF 1 (0), BOF, (o)) € B((25,0),8), for every o > 0.

Thus, if t € [7F,aF ), so that di(t) = d((t,vF, (o), BiF, (0)),T) for some o €
[0,a¥,), from (150) and (161) it turns out that

dk(t) S d((tvﬁ-l(g) Bi}f—i—l(o—))v (t17ziqao))

t -
(162) S L b ks (0) - af, Bty (o) < 25

Otherwise, if t € [a¥,;,7F ), we have

IN

(afy —7F) |ufyy — oy () )]
dp(t) < pe+ |vf+1(af+1) —uy (T, z+1)| + |B| Hl ZHk Hlk e
a’z+1 Tiv1 — Qi1

k
T

k
k k k ; ; k Qg1 —
Pr + C|Tz’+1 - 0%‘+1| + |ui+1 —xi| + |27 — u1(7¢+1)| —+ |B|071 oF )
i+1

IN

where, in the last inequality, we have used (111). Then, by using (105), the definition
of t§ and (161) (which gives u¥, ; € B(x5,)), we have that, for every k large enough,

)+t
(163) di(t) <24, foreveryte [ 1 ; 1,7';1) Nlak o, 7h0).
(159), (160), (162) and (163) imply that, for every k large enough,
(164) sup di < 26.
[O’TC)’CIC)

(b) Here, we consider supp d(-, I'*). By definition of I and by the fact that (z5,0) €
£ 1, it is sufficient to consider

sup d((t,ui(t),0),I%), sup d(-,I'*), sup d(-,T%).
tel0,tq) {0} xS {t1} x4

The other cases can be treated in a similar way. Let us divide part (b) in three
subparts.
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(bl) Ift € [0 t), suppose t € [7F ,7‘14_1) for a certain index 7, so that, up to a bigger
ks, 7F., <t{ and, in turn, uf , = u(7F,,), for k > ks. Therefore, by recalling that
“k(ﬁkﬂ) = Uk+1 and u* (T ’11) = 0, we obtain that

(165)  d((t,ur(1),0),T%) < (71 =) + |ur () — wa(7f0)| < pr + wa, (o),
for every k > ks. For t € [t3,t1), we write, in view of (150) and (151),

d((t,ur(t),0),T%) < d((t,ur(t),0), (15, u*(7,), hi(75,) Bt (13,)

O ?

(166) < (=) +fua(t) — @3]+ faf — g, | < 26,
for every k > ks. (165) and (166), together with (105), give, up to a bigger ks,
(167) sup d((t,u1(t),0),T%) <26, for every k > ks.

te(0,t1)

(b2) Consider (0,vo(c), Big(o)) € {0} x F and let s§ > 0 be defined as in (66).
Since a¥ > s for every k large enough, it turns out that

d((0,v0(0), Bin(0)),T%) < af + min d((vo(0), Bio(0)), (vi(s), Bif(s))).

s€[0,05]
Then, if o € [0, 5], we have that
(168) d((0,v0(0), Big()), %) < af + [|(vo — o1, Bio = BOY)l|oo, 0,041
while, if o > s,

(169)
d((0,v0(), Bing(0)), T*) < 7 + d((vo(0), Bin()), (u* (1), hi (1) Bi* (71)))
<711+ d((vo(0), Bin(0)), (25,0)) + |25 — ui (7).

Inequalities (168) and (169), together with (105) and the uniform convergence of
(vF, %) to (vg, o) on compact subsets of [0, +oc), give

(170) sup d(-,T*) <6, for every k large enough.
{O}Xfo

(b3) Finally, let us consider supy,,y, 4 d(- I'*). By recalling (144), we obtain that

d((t1,wi(s), Bun(s)),T%) < (t1 = 75) + d((wi(s), Bibi(s)), (ul, ,0))
(171) < (i —7E)+ 0+ |25 —ul |,

for every s < 0. Similarly, if s > 0 is defined as in (84), for every s > s{ we can
write

d((ty, wi(s), Bin (), T*) < |tr = 75 1| + d((wi(s), Bun(s)), (ug, 11,0))]
6 s
(172) < =Tl 5 tle1 - Upy i1

For the rest part of the proof we need the following claim, whose proof is postponed
at the end. See (141) for the definition of oy.
Claim. For every § > 0 and J > 0 sufficiently small, there exists ks s > 0 such that

a’jk_H — o > 35, forevery k> kgs.
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It remains to consider s € [0, s9]. In this case,

d((tl,wl(s),Bwl(s)),Fk)
< inf  d((ty,wi(s), Bun(s)), (t,uF(t), he(t) Bu*(t)))

tE[Tffk,OzﬁkJrl)

<(ti—75) +pe+ inf  d((wi(s), Bin(s)), (vr(0), Box(0)))

06[07a§k+1)

—(h—7E) et inf d((w(s), Bir(s)), (8 (o), Biw(0))).

06[70k,a’;k+170k)

Thus, since o, — +00, in view of Lemma 4.6 (1), of the claim and of (146) we have
that, up to a bigger ks,

d((t1,wy(s), B (s)),T*)
<(ty —75) 4 pr+ min_d((wi(s), Buin(s)), (0k(0), Bik(0)))
(173) o€[0,5]
<(tr —75) + pr + [[(w1 — g, Biy — BUk)||oo 0,68
<é + pk,

for every k > ks. Inequalities (171), (172) and (173), together with (105), imply
that, up to a bigger ks,

(174) sup d(-,T¥) <26, for every k> k;.
{tl}le

By considering together the estimates in (157), (164), (167), (170) and (174), which
hold also for generic j’s in place of j = 1, we obtain (149). |

Proof of the claim. Suppose, by contradiction, that, for a certain § > 0, § > 0 and
up to a subsequence, a’;kH < §+ oy for every k. Then, by definition of oy,

(vk(a’gk+1 - §)7 B{)k(alngrl - §)) € E((.’L‘T,O% 5)
so that, up to a subsequence, (v;g(oz’(kar1 — §),Bi}k(a§k+1 —38)) = (p,p), for some

(p,p) € B((25,0),6). Consider

g (o) == vp(o + a’;kﬂ —3§), foro>5— algkﬂ.

From Lemma 4.6, from the definition of v, and from the fact that af ,, — 400,
it is clear that (f)k,f)k) converges uniformly on compact subsets of R to (wl,ﬁzl),

where w; is the solution of

Ay + Bty + V f(t,1) = 0,
d}](O) =D,

B (0) = p.
Observe that
(vk(@h, 1), Bon(ah, 1)) = (0x(8), Bog(3)) = (1 (8), Biin (),

and (1 (8), Bw;(8)) # (7,0), otherwise it would be (i1, Bw;) = (z7,0), so that
(27,0) = (1(0), Bwi(0)) = (p,p) € B((x§,0),6), which is not true if § is small



APPROXIMATED QUASISTATIC EVOLUTION PROBLEMS 37

enough. This is a contradiction, since, by Lemma 4.6 (3) and by (111), we obtain
that, for every k large enough,

|(vr(ab, +1) — a1, Big(al, 41))|
§|(Uk(a’;k+1) - u’;k_,_l,ka(a’ng))\ + |“’;k+1 —
SC(Tka - alngrl) + | B|dy + |u§k+1 — 7,
so that
(8(3), Bow(8)) = (vi(ab, 1), Béx(ak, 1)) = (27,0).
O

5. APPENDIX: EXISTENCE AND UNIQUENESS OF THE HETEROCLINIC SOLUTION

For sake of completeness and since we could not find in the literature a satisfying
proof, we state and prove here a result of existence and uniqueness, up to transla-
tions, of the solution of a first order autonomous system, issuing from a zero of the
vector field where suitable transversality conditions are satisfied.

Proposition 4. Let F : R™ — R™ be a C? function such that F(n) = 0. Let the
following two conditions be satisfied:

(i) 0 is an eigenvalue of VF(n) with mq(0) = 1 and Re(X) < 0 for every
eigenvalue A # 0. This implies that there exist w, v € R™ such that w-v # 0
and ker VF(n) = span(w), ker VF(n)T = span(v);

(ii) v-V2F(n)w,w] # 0.
Excluding the constant solution n, there are infinitely many solutions of the problem
i(t) = F(z(t), te (—o0,0]
(175) { limy oo x(t) =,

and they differ from each other by time-translations.

From assumption (i) of Proposition 4 it descends that R™ can be decomposed as
R™ =X, ® X5, with X;:=span(w) and X, := {I/}L.
We denote by m; the projection on X;, ¢ = 1,2, so that every x € R™ can be
uniquely written as @ = x1 + xo, where x; = m;(z). Observe that
TV
mi(x) = z,w, where x,:=—.
w-v
For every R™-valued function g, we use the notation

Ju = (g<'>)w’ gi ‘= (g('))i; 1=1,2.

To further simplify the notation, we write A in place of VF(n) and denote by g the
spectral gap of A, that is

B := min{|Re(\)| : A is eigenvalue of A and Re(\) # 0}.
It is well-known that for every € € (0, ), there exists C. > 0 (also depending on
A) such that the following fundamental estimates hold:
(176) HetA o le < C.efll) for every t € R,
(177) HetA ) 7T2H < C.e= B9t for every t > 0.

Remember that both 7 and 7o commute with A and hence with et4. The proof of
Proposition 4 requires the following lemma.
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Lemma 5.1. Under the same assumptions of Proposition 4, for every a > 0 suffi-
ciently large there exists a unique solution of the problem
i(t) = F(x(t), t€(—o0,0]
(178) 2, (0) = nu + 3

a’

limy oo (t) =,
in the space
Y:={y:(-00,0] = R™ : [ly1llyp < o0, [[yzllyp < oo},
where

3
[yillye :==sup |t —allyi (D], [[v2llye :=sup [t — a|2[y2(2)].
t<0 t<0

Proof. First, observe that Y is a Banach space with the norm
[yllye = llyallve + lly2llvz-
Note that we can suppose n = 0 and |w|, |v| = 1. Also, we can suppose
(179) v-V2F(0)w,w] = 2(w-v).
If we write
F(x(t)) = VF(0)x(t) + %VQF(O)[x(t)]2 +o(lz(t)]?),

observe that, by assumptions (i) and (ii) and by (179), F, (x(t)) has the following
Z{gé)essmn.
Fula(®) = 22(0) + 2 - { VP FOln 0 020] + 3V F Ol + ool0)) |

w-v

while, by assumption (i) and by noticing that Rank(VF(0)) C Xo, we have that
1
(181) Fy(2(t)) = VF(0)za(t) + m (2V2F(0)[;U(t)]2 + 0(|sc(t)|2)> .

For y € Y, with a > 0 to be chosen, we define on (—o0, 0] the following functions:

(182) M) = Fuy() —vi(),

(183) hy(-) = Fa(y(-) — VF(0)y2().

Let y vary in Br := {y € Y* : |ly|]ly« < R} for a certain R > 0 to be chosen
later and observe that from the definition of || - ||y« easily follows that ||y|y. >

min{a, a%}||y||ooy(,oo,0]. Therefore, for every & > 0, there exists §(¢) > 0 such that,
if

R
(184) Hy”oo,(—oo,o] < < 5(5)a

min{a,a?} ~
the following estimates, which descend from (180) and (182) and from (181) and
(183), respectively, hold for every ¢ < 0:

IO 1[||v2F<o>|| (|y1<t>||y2<t>|+'y2(”)+e|y<t>|2]

|w-v| 2

et e (- ) (oo )
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3 (@) < %IIVZJT’(O)HIy(t)I2 +ely(t)?

R? 1 1
———(|IV2F(0)|| + 2¢ <+>
T IV PO +29) (724
Thus, we can briefly write, for ¢ < 0, that
R2
(185) |y ()] < i )QM((I,E), with M(a,e) — 0, as a — +o00,e — 0T,
—a
and
R - ~
(186) |Ry ()] < ] M(a,e), with M(a,e) — 0, as a — +00.
—al?

We consider the auxiliary problems

(187) { B0~ 50 1), £ € (0.0
and

a(t) = VF(0)aa(t) = (1), ¢ € (~o0,0]
(188) { limy_s oo 22 (f) = 0.

We are going to prove, in step 1 and 2, that problems (187) and (188) have unique
solutions and that the solution of problem (187) tends to 0 as ¢ tends to —oo.
Therefore, if 2 = y, problems (187)-(188) are equivalent to (178).
Step 1. If y € Bg and (184) holds, (185) implies that there exists HY € L*(—o00,0)
such that

RY(t) = _H for every t <0

1 - (t _ (1)2 9 y = Y

and [|HY ||oo,(—00,0) < R*M (a, ). Now, by observing that the equation in (187) is a
particular Riccati equation and by setting =, = ﬁ, we have that problem (187)
is equivalent to

2 Y
(189) { u(t) = = (O)+u(t)+Hy (t)’ t e (—00,0]

(t—a)
u(0) = —1,
Let w be the solution of (189) with —R?M (a,¢) in place of H{ and v the solution
of (189) with R?M (a, ) in place of H}. It is easy to check that, if
< 1
4R?’
then ——V1T4R?M(a.c) <w<-1<wv< ! I_SRQM(G’E). Therefore, by differen-

2
tial inequalities (see, e. g., [8]), we obtain that for every ¢t <0

oy —Lo VIHARPM(ae) _ w(t)

2

(190) M(a,e)

1 \/1_4R?M(a,2)
2 )

=(t—a)x,(t) <

and in turn, from (190), that

1++/1+4R2M(a,e) 1++/2
)| < 5 < .

sup [t — afx,(t 5
t<0
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Step 2. By the variation of constants formula, we can write a solution of the equation
in (188) as

t
2o (t) = e(FTIVEO) 1) (14) +/ e=IVEO Y (1) dr.
to
By using (177), we have that there exists a constant Czg > 0, depending on the
spectral gap 8 > 0 of VF(0), such that

lim
to——o0

e(tfto)VF(O)IQ(tO)’ < lim C’gefg(tft"”m(to)\ =0.

to——o0

Therefore, the solution of problem (188) is
t
zo(t) = / eE=IVEOIRY (7)dr,  for every t < 0.
— 00

Now, if y € Br and (184) holds, it is easy to check, by using (177) and (186), that
2

lz2]lve < 605R2J\;[(a,5).
Observe that [|2za|ys < & if
v g
192 M < .
(192) ©9)< g
From step 1 and 2 we have obtained that, if
R:=1+2,

and a is large enough and e small enough such that (184), (190) and (192) are
satisfied, then the operator
I': B — Bp

which associates to y € Br the function x = z,w+ x2, with x,, and xo the solutions
of (187) and (188) respectively, is well-defined.

To conclude the proof, it remains to show that I' is a contraction. Given v,
y* € Bg, set

Ny)=z=x1+xz2, T(y")=za"=2a]+a5.

Let us handle the first component and the second one separately, by proceeding in
two steps. The following estimates can be obtained similarly to (185) and (186).
They hold if R/ min{a,a2} < §(¢) for some 6(¢) > 0 which can be supposed to be
equal to d(e) (see (184)).

R
(t—a)?

N(a,e) i= ﬁ [v?zv(o)n <¢15 + i) de <1 + i)} ,

(193) Y (1) — hY (t)] < N(a,e)lly — y*[lye, for every t <0,

where

and

(194) Iﬁw—%WNSF—FN@@M—fMafmwmwéa
EE

where

N(a,e) = ia {||V2F(O)|| <1 + é 4 z> e <1 + i)] .
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Step 3. As already done in step 1, let us set z, = ﬁ and x), = (t“:a). From

(191) we deduce that, for a large enough and e small enough,

1
(195) a:=wu+u" issuch that 1+ a(t) < —g5 for every t < 0.
Observe that the function z := u — u™* satisfies the equation

1
) — L
and the condition z(0) = 0. Therefore, by the variation of constants formula, z
satisfies the following estimate:

{1+ a(t)]z(t) + HY(t) — HY (t)}, for every t <0,

! s

a—T

. 0 exp (
196) 01 < 7~ Y oo [ ar.
t

From (195), it turns out that

am [ () o (45 )
' t

a—T a—T

T

0
=|t— a|_%/ (a— T)_%dT <2
t
Thus, since || HY — HY [l (—00,0) = SUps<o(t —a)?|hY () — hY" (1)}, from (196), (197)
and (193) we obtain that
(198) ler = 23y = supu(t) — u”(t)] < 2RN(a,€)ly = y" Iy

Step 4. Since

t
x _B(t_r .
Iwz(t)—xz(t)léc’ﬂ/ e” 2D Ry (7) — by (7)|dr,

oo

from (194) we have that

t efg(tfﬁr)

IN

22 = 23lve dr
2

CsRN (a,)]ly — " v /

s ‘t— a|%

(199)

IA

2 N7 *
EC,@RN(M)Hy =y lye.

Finally, if we choose a > 0 sufficiently large and ¢ > 0 sufficiently small such that,
for R =1++/2, (184), (190), (192) and (195) hold together with

B

N(a,¢) SiSC’BR’

1
<m N

from (198) and (199) we obtain that
1
ITCy) =Ly )llye = llzr = 27l + llwz = 22llve < Slly = y7llye,
that is I' is a contraction from Bg to Bg. O
Proof of Proposition 4. The existence of a solution of problem (175), different from
the constant 7, is given by Lemma 5.1. It remains to show the uniqueness of such a
solution, up to time-translations. Clearly, we can suppose 7 =0 in (175). The idea

is to show that for every solution = of (175), different from the constant solution,
there exists a sequence ¢, — —oo such that z,(t,) > 0 (and z,(t,) — 0). In this
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way, it is possible to prove that the projections of the trajectories on X; intersect,
and conclude by using Lemma 5.1.

Let = be a solution of (175). As shown in Lemma 5.1, the system &(t) = F(x(t))
is equivalent to

(200) i (t) = 2 (1)

+ 2. {v2F(o)[x1<t),x2<t)] + %VQF(O)[CCz(t)]Z + o(lm(t)IQ)} ;

and
(201) i3(t) = VF(O)wa(t) + h5(0),

where h(t) := 3 (3V2F(0)[z(t)]* + o(|z(t)[*)), for every t < 0. Observe that for
every 0 > 0 small enough, if [|2[|o,(—c0,0) < 6, then

(202) |5 (1)] < = (|[V2F(0)|| + 1)|z(t)[?, for every ¢ < 0.

DN | =

Since z(t) — 0 as t — —oo, there exists t9 = to(d) such that |z(¢)| < ¢ for every
t < tg. Therefore, up to change x with y(t) := z(t + (), we can suppose to = 0 and
then ||z]|oc,(—o0,0) < . This assumption, together with (202), gives that

(203) h5 ()] < (IV2E(0)| + 1) (Jzw () + dlaa(t)]),  for every < 0.

From equation (201) and estimates (177) and (203), we obtain the following in-
equalities for every t < £ < 0:

t
To(t = eE=VEO) pz(yqr
2
t

< oﬂ/ e~ 2| h2 (1) |dr

2
B

<
<t <t

Co(IV2F(0)]| +1) (SUR |20, (t)|? + 8 sup |w2(t)|> :
Finally, if we choose ¢ such that 6%Cﬁ(||V2F(O)|| +1) < 1, there exists K > 0 such
that

(204) sup |z2(7)] < Ksupa?(r), for every £ <O0.
T<i <t

Now, notice that it is possible to construct a sequence {t,} such that ¢, — —ooc as
n — oo and

(205) [ ()| = max |z, (£)].

Thus, from (204), we have that

|za(ty)| < K22(t,), for every n.
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From the last inequality and from (200), up to a smaller § depending on some € > 0
such that 25 < 1, it descends that

o]
(206) &y, (tn) >
2 _L 2 T T |3«"2(tn)|2 - 2
2(0) = o [IV2FO (Jow(ellaa(e)] + 2520 ) 1 cfate |
2 22 _ |20 (tn)]? 2 5:5
> (1- 22 220 - k2 iwer ) (14 Siae)

+ 26K|xw(tn)|}

Now, if z,(t,) = 0 for some n, then x = 0, in view of (205) and (204). Otherwise,
from (206) we have that @, (t,) > 0 for every n, and this implies, from the definition
of t,, that

(207) Zy(tn) >0, for every n.

Let z and z* be solutions of (175) (with = 0). The above arguments show
that (207) hold for x,, and =¥ on some sequences {t,} and {t*}, respectively. We
conclude by considering two cases:

(i) if there exist n and m such that x,,(t,) = x5 (t%,), we define y(t) := z(t+t,)
and y*(t) := x*(t + t%,). y and y* satisfy problem (178) (with n = 0) with
= (1t 3 sufficiently large. Therefore, y and y* coincide and, in turn, z
and x* coincide up to time-translations, in view of Lemma 5.1.
(ii) if @y, (tn) # 2 (ty,) for every n and m, there exist n and k > m such
that x,(tx) < x)(t5) < 2u(ty). Thus, there exists ¢ € (tg,t,) such that
2, (t) = zX(tF). By defining y(t) := x(t + t) and y*(t) := z*(¢t + t%), we
conclude as in (i).

a =

O
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