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Abstract

In this paper we introduce and study an optimal control problem in the Mayer’s form in the space of prob-
ability measures on R” endowed with the Wasserstein distance. Our aim is to study optimality conditions
when the knowledge of the initial state and velocity is subject to some uncertainty, which are modeled by
a probability measure on R4 and by a vector-valued measure on RY, respectively. We provide a characteri-
zation of the value function of such a problem as unique solution of an Hamilton—Jacobi—Bellman equation
in the space of measures in a suitable viscosity sense. Some applications to a pursuit-evasion game with
uncertainty in the state space is also discussed, proving the existence of a value for the game.
© 2017 Published by Elsevier Inc.
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1. Introduction
We consider the following controlled differential equation

X(@)= fx@),u@), u@)yeU, tl0,T], (1)
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where f : R? x U — R is a Lipschitz continuous function, the control set U is a compact subset
of some finite dimensional vector space, and the control function u(-) is a Borel measurable
function u : [0, T]+— U.

The main features of the optimal control system we will investigate in the paper are the fol-
lowing:

e The initial position x¢ is not exactly known by the controller, but only a probabilistic de-
scription is available. More precisely, the initial state is described by a measure p( with the
following property: given any Borel set A C RY, the quantity uo(A) gives the probability
that the initial position lies in the set A.

e Because of the uncertain initial position, to every point of the support of wg there may
correspond a possibly different choice of the control — hence a different possible veloc-
ity. Moreover we allow the “division of mass”, i.e., even if the initial condition x¢ is known
(namely po = dy,), it can be split into different trajectories by several possible velocities in
f(x0, U) but of course the total weight of these trajectories must remain equal to one.

So the natural state space of our control problem is the space Z(R¢) of Borel probability mea-
sures on RY. The conservation of mass along the corresponding trajectory pu = {1t }refo, ) (seen
as a time-dependent probability measure), and the controlled dynamics, can be summarized in
the following dynamical system

Oy + div(veus) =0,
Mli=0 = Ko, (2)
vr(x) € F(x):= f(x,U), for u;-almostevery x € RY ae.r €0, T],

where the first equation of the above system should be understood in the sense of distributions in
[0, T] x R4,

Observe that when v;(-) is sufficiently regular (i.e., Lipschitz continuous), then the unique
solution pu; of (2) is the pushforward of the measure pg by the flow at time ¢ of the differen-
tial equation x(¢) = v,;(x(¢)). We also note that the trajectories depend only on F and not on
the specific parametrization F(x) := f(x, U) and, consequently, we will mainly consider the
differential inclusion x(t) € F (x(¢)) whose trajectories are the same as those of (1).

We stress the fact that the measures w7 that can be reached at time 7" from an initial measure
@ by mean of an admissible trajectory in the sense of (2) are not simply the ones which are
pushforward of the initial measure o by any Borel selection ¢ of the reachable set for the
finite-dimensional underlying system. An example of this situation is provided by Example 2.10.

The controller aims to minimize the cost function depending on the value of trajectory at the
terminal time T

F () =9 (ur) (3)

where, ¢ : Z(R?) — R is Lipschitz continuous with respect to the Wasserstein distance. A par-
ticular case of such a cost function is %, (1) := / g(x)du(x) where g : RY — R is Lipschitz
R4

continuous and bounded. In this case, &, turns out to be a Lipschitz map with respect to the
Wasserstein distance on probability measures, and the final cost &, (i7) represents the expecta-
tion of the final cost g with respect to the probability measure w7 . But such a cost is of moderate
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interest because the optimal value is nothing else that / V (0, x)duo(x) where V is the value
d

function of the Mayer problem associated with (1) and tﬂﬁe terminal cost g(x(T)).

In this paper we will consider a general Lipschitz function ¢ from the set 2(R?) of proba-
bility measures on R to R, thus allowing terminal costs more general than those defined by the
expectation of a function g. For instance, we can minimize the variance of the terminal proba-
bility distribution w7, or minimize the Wasserstein distance between pr and a given measure ji.
Thinking of w7 is a distribution of individuals, this means that we want to arrange these individ-
uals into a preset formation.

The conservation law (2) has been extensively studied in the literature, we refer to [2] for
a general overview, and [15,16,25] for the controlled case. The described framework has been
studied in many papers (see [14], [16], [17]), mainly concerning time-optimal control problems,
where, for instance, a large population of agents is macroscopically described by an equation
such as (2), and the aim is to steer them to a sort of safe target region in the smallest possible
amount of time, under different assumptions on the target region, on the way to compute the
running cost, and on the possibility or not to remove the agents from the system as soon as
they arrive. All these papers provide a Hamilton—Jacobi—Bellman equation which is solved by
the value function. Nevertheless, the lack of a regularity theory for it (this aspect is partially
addressed in [14]), does not allow one to prove a suitable comparison principle for the equation,
thus preventing a full characterization of the value function. We refer the reader to [12] for a
notion of viscosity solution on the Wasserstein space with a comparison principle, but in [12],
the dynamics is much less general than 2 (cf. also [1,24]).

Strictly related to this class of problem, there is the so-called confinement problem, where
it is studied the evolution of a time-depending ser whose points follows the trajectory of a
suitable differential inclusion in order to minimize a certain cost functional. For the applica-
tions, the initial set may be a flock of animals, crowd of pedestrians, or the frontline of a
fire. We refer the reader to [8—10,19-21] to have a survey on the most recent results about
this widely studied problem. We can link the set-dependent point of view with our approach
by thinking to the evolving set to be the support of a measure which describes the initial
state. Of course, a measure-evolving approach offers much more information on the initial state
(since in general we are allowed to take measure that are not uniformly distributed), and this
could provide on a more accurate description of the evolution in the model cases (see, e.g.,
[11D.

The first main goal of the present paper is to study the regularity of the value function as-
sociated with the dynamics (2) and the cost (3) and to provide a characterization of this value
in terms of the unique solution of a suitable Hamilton—Jacobi—Bellman equation in the space of
probability measures. This will require the introduction and investigation of a suitable notion of
solution for such kinds of equations.

The second main goal consists in investigating the following game theory problem, where the
first player acts on the system

e 4+ div(veny) =0, vy (x) € F(x), for u; ae. x e RY 1 €10, T,
while the second player controls the system

vy +div(@,v,) =0, 6,(x) € G(x), for v, a.e. x € Rt e [0, T].
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Associated to both the above dynamics, the following cost function is defined

J =9(ur,vr),

that the first and the second player wish to minimize and maximize, respectively.

This problem could be viewed as a zero-sum differential game in the space of probability
measures. Our aim is to obtain the existence of a value for this game: namely to show that the
upper value and the lower value coincide. We accomplish this task by proving that the lower
value and the upper value are both solutions of a Hamilton—Jacobi—Bellman equation and by
showing that the Hamilton—Jacobi—Bellman equation has a unique solution. We refer the reader
to [12,13,24] for other differentials games problems in the space of measures.

The paper is structured as follows: in Section 2 we formulate the Mayer problem in the
space of probability measures, proving also some relevant properties of the set of admissible
trajectories (see Subsection 2.1) and of the value function (see Subsection 2.2). In Section 3 we
introduce a notion of viscosity solution for general first-order Hamilton—Jacobi-Bellman equa-
tions in Wasserstein space, proving a uniqueness result in this setting. In Section 4 we use the
results of the previous sections to characterize the value function of the Mayer problem. Section 5
introduces and discusses a pursuit-evasion game in the Wasserstein space, proving the existence
of a value for the game. In Appendix A, we provide the basic definitions and notations used in
the paper, while Appendix B is devoted to the comparison between the notion of generalized
gradients that we used and other notions available in the literature.

We will use the following notation, referring to Appendix A for the definitions.

Cl? (X;Y) the set of continuous bounded function from a Banach space X to Y, endowed
with || f|lec = sup | f(x)| Gf Y =R, Y will be omitted);
xeX
C? (X;Y) the set of compactly supported functions of C,? (X; Y), with the topology induced
by Cp(X; Y);
P(X) the set of Borel probability measures on a Banach space X, endowed with the

weak™ topology induced by Cg(X );
M (Rd ; Rd) the set of vector-valued Borel measures on R with values in RY, endowed with
the weak* topology induced by C?(R¢; R?);

my (i) the second moment of a probability measure u € L (x);

rip the push-forward of the measure p by the Borel map r;

n &Ny the product measure of u € & (X) with the Borel family of measures {1, }ycx;

i the i-th projection map from R¢ to R yielding the i-th component;

Tij the projection map from R to R? yielding the i-th and j-th components;

IM(w, v) the set of admissible transport plans from u to v;

I, (w, v) the set of optimal transport plans from w to v;

Wa (e, v) the 2-Wasserstein distance between p and v;

P (X) the subset of the elements &?(X) with finite p-moment, endowed with the
2-Wasserstein distance;

Bar; (y) the i-th barycentric projection of y;

v

— the Radon—-Nikodym derivative of the measure v w.r.t. the measure ju;

m
Lip(f) the Lipschitz constant of a function f.
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2. A Mayer problem in the Wasserstein space

To maintain the flow of the paper we postpone to Appendix A several known results and
definitions.

In this section we will introduce the Mayer problem in finite horizon. Given a cost function
4 : 2(R%) — R and a time horizon T > 0, we will consider the problem of minimizing the cost
over all the endpoints of the trajectories in the space of measures that can be represented as a
superposition of trajectories defined in [0, T'] of a given differential inclusions x(¢) € F(x(t)),
weighted by a probability measure p on the initial state.

Throughout this section, we will made the following standing assumptions, referring the
reader to [3] for an introduction to differential inclusions in finite-dimensional spaces:

(F) F:R?Y = R? is a Lipschitz continuous set-valued map with nonempty compact convex
values;
(©4) 4 : 2,(RY) — R is bounded and Lipschitz continuous w.r.t. W» metric.

Given a,b € R, a < b, we will denote by I'[4 ) = C%([a, b]; RY) the space of continuous
curves from [a, b] to R4 endowed with the uniform convergence norm, and for all 7 € [a, b] we
define the evaluation operator e; : RY x Cla.p] = R4 by setting e;(x,y) = y(t). When [a, b] =
[0, T'] we will write I'r in place of I'|p, 7). We have that e, is continuous.

2.1. Admissible trajectories and their properties

Given N € N, consider a smooth function ¢, and ny agents initially at the points xiN e R4
and moving along the corresponding trajectory of the control system )}l.N H=f (yiN ®, ulN ()
satisfying yiN 0) = xiN. If the i-th agent has weight AZN € [0, 1] with ZAIN =1, we have

d & &
T2 Moo= w Ve o) f@N @, ul @),
i=l

i=1

nn nn
By defining /,L{v = Z)LZNSK_N(I), T),N = Zkfvf(~, ulN(t))Syl_N(t), we have

i=1 i=1

dt
R4 R4

d N
— [ px)dul (x) = / Vo (x)dv) (x).

Clearly we have that v is absolutely continuous w.r.t. ', and so we can write V¥ = v N
for a map vtN € LiN (R4; RY). Recalling the convexity of F(x) we have also vtN (x) € F(x) for
t

uN-ae. x e R9. Nevertheless, we must be careful in considering a notion of convergence for the
family {v"}yen, since even for fixed  they belong to L” spaces of different measures. One of
the natural solution to this problem, see e.g. the discussion on [2] before Definition 5.4.3 p. 127,
is to consider directly the (time-depending) sequence of vector-valued measures {vtN }Nen and
study its weak™ limit points. With this notion of convergence, by taking a limit as N — 400 of
the above equation, we are naturally led to the following definition.
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Definition 2.1 (Admissible trajectories). Let a,b € R, a < b, u € Z>,(R?), F : R? = R? be
satistying (F). We say that u = {; }re[a.p] S P2 (R?) is an admissible trajectory starting from
w defined on [a, b] if there exists a family of time-dependent Borel vector-valued measures
V= {V}refa.p) S A (RY; RY) such that

o 3;/4; +div v, =0 in the sense of distributions, and p, = u,
o |V;| <« u; for ae. t € [a, b], i.e., the total variation |V;| of the vector-valued measure V; is
absolutely continuous w.r.t. u, for a.e. r € [a, b];

° i(x) € F(x) fora.e. r € [a, b] and p;-a.e. x € RY.
122

In this case, we will say that g is driven by v. We will denote by sz[g b] (w) the set of all admissible

trajectories starting from p and defined on [a, b], and we set ,szf[{f b= U ;zf[g p)(1). When
nePr(RY)

a =0, we will denote ffaf[(ib] (u) by mth(,u) and ,@7[5},] by .sszF.

Remark 2.2. If we take F (x) = —9Z(x), where Z : RY — ]—o00, +00] is a A-convex Ls.c. (in the
sense of (10.4.10) of [2]) function whose domain has nonempty interior, the admissible curves
according to the previous definition reduces to the gradient flow of the potential energy func-

tional .% () = / Z(x)du(x). We refer the reader to Chapter 10 and 11 in [2] for a complete
R4

treatment of gradient flow equations in Wasserstein spaces.
The following result provides some basic properties of the admissible trajectories.

Proposition 2.3 (Properties of the admissible trajectories). Let a,b,c € R, a <b < ¢, F:
R?Y = R? be satisfying (F). Recalling that the space X := C°([a, b]; 22(R?)) equipped with
the metric

dx(p,v) = sup Wa(us, ve), forall p={ir}rcia.b), v = {Vr}rela,b],
tela,b]

is a complete metric space, we have that

(1) (closedness) the set of admissible trajectories is closed in (X, dx);
(2) (compactness) if {uW™Ynen is a sequence of admissible trajectories satisfying

sup {mj (,u(])V )} < oo, then it admits a convergent subsequence in (X, dy).
NeN

(3) (concatenation) given i € 22 (R?), o = {r}refa,b) € Fpp (W), v = {Vihielp, el € Fp, o (145)
then, set

Wi, ifa <t =<b,

Ov:= 1, With & =
w {St}ieta.c & !Un ifb<t<ec,

we have L Qv € "Q{[icl(“)‘
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(4) (estimate) if p = {[4s}ic[a,b) IS an admissible trajectory, and 1 € P (R x [la,b)) satisfies
Ur = e:fin for all t € [a, b], then for s, sy € [a, b] we have

2(b—a)C . 1/2
les, — e, ll 3 < Ce**™ <1 + min m,/ (Ms;)) Is1 = s2l,

where C = max |y|+ Lip(F).
yEF(0)

(5) (convergence) if L = {41 }ic[a,b] IS an admissible trajectory, and 3 € (@(Rd x T[4, b)) satisfies

Wy = ety forallt € [a, b], givent € [a, b] and a sequence {t;};ien C [a, bl witht; — t, every
e, — er
limit for i — +o00 of a L%-weak converging sequence f t_t belongs to the set

1

{fvoe;:ve lel.;’ v(x) € F(x) for pj-a.e. x € ]Rd}.

Proof. Items (1) and (2) were proved in Proposition 3 and Theorem 3 of [16], respectively.
Item (3) follows from Lemma 4.4 in [23] and from the definition of admissible trajectory. We
prove now (4). By the Lipschitz continuity of F, for any x € R¢ and v € F(x), we have |v| <
C(|x|+ 1). If y is a trajectory of the differential inclusion x(¢) € F(x(¢)) defined on [a, b], for
all s1, 57 € [a, b] we have

52 52
ly(s1) —y(s2)| = /ll?(w)ldw =Clsi —s2|+C /ly(w)ldw
S1 s

51

=CA+[ysdDlst —s2f +C / [y (w) =y (si)|dw

51

Gronwall inequality yields

ly(s1) — y(s2)] < C(1+ |y (s)])Is1 — s21eCF17520 < C2C=DC A+ |y (s)])Is1 — 52

Integrating this relation w.r.t. p, yields fori =1, 2,

1/2
lew —ealiy <€ s —sal | [ (e po)?an
dxF[,,,h]
1/2
_ — 1/2
=C?P s — s / A+ D2 dus, | =CP™ 00 +my? (g )ls1 — 52l
d

and we conclude by taking the minimum on i =1, 2.

We prove (5). Given x € R?, let y, (-) be any trajectory of the differential inclusion satisfying
yx(f) = x. Fix now & > 0, x € R, Then there exists 8; > 0 such that F(y) C F,(x) := F(X) +
eB(0, 1) for all y € B(x, §5). As in the proof of (4), we have
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[ye(s) — x| < Ce*O=DC (1 4 |x])|s —1].

In particular, there exists 7z > 0 such that if |s — 7| < 7z, then |y, (s) — x| < 8z for all x €

B(x,837/2), and so y,(s) € F(x) + ¢B(0, 1) for a.e. s € [a, b] with |s — 7| < 7z and for all x €

€r; (-x’ )/) - ef(x’ J/)
1 — t

The vector-valued measure wy is absolutely continuous w.r.t. ;7 by the disintegration theorem

(w.r.t. e7), and so we have wn = vy for a certain v € L }Lt_ (R?). For all £ e R?, ¥ e R? density

point of u7, and 0 < § < 85/2 we have

/<s,v<x)>du;= lim / g, V) ZEO V) y y

i—+00 i —t
B(x,8) B(x,8)xI[q,p)

< sup (£, y)ui(B(x,3)).
YEF, (%)

B(x, 8z/2). Consider now a sequence {;};en such that

— w(x,y) in L%.

Dividing by u;(B(x, 8)) and letting § — O™, this implies that (£, v(X)) < sup (£, y) for all
YEF:(X)

£ € R?, and density point X € R? of ;. By convexity of F¢(X), we have v(x) € F.(X) for u;i-a.e.
x € R?. We conclude by letting ¢ — 0T and noticing that, since v(x) € F(x) for u;-a.e. x € R,
we have v € Lit_ since F has linear growth. 0O

We will prove now a result allowing to use some Gronwall-like estimates on the admissible
trajectories.

Proposition 2.4 (Gronwall-like estimate in W»). Assume that F satisfies (F). Let a, b € R with
a < b. Then there exists K > 0 such that given ., v € 2>(R%), p = {te}iclan) € ,Qf[ih](u) it is

possible to find v = {v;}re[a,b] € 42/[5’,7](\1) satisfying

Wa(ue, vi) < K - Wa(u,v), forallt €la,b].
Proof. By the assumption on F(-), there exists a compact set U and a continuous function f,
Lipschitz in the first variable uniformly w.r.t. the second, such that F(x) = {f(x,u) : u € U}.
By the Superposition Principle (Theorem A.8), let § = u @ ny € & (R? x I'la,)) be such that
W = e;tin, for a suitable Borel family {1y}, cr¢ S & (I'[4,51) uniquely defined for p-a.e. x € R4,

Given an optimal transport plan 7 € T, (i, v), we define 7 =7 ® 1y € PR x RY x T(4.p).
For any (x,y) € RY x I'[4,p) We consider

'
Hx,y)= ueLl([a,b];U): y(t)—x—/f(y(s),u(s))ds:Oforallte[a,b]
0

By Theorem 8.2.9 p.315 in [5], we can find a Borel map (x, y) — u, , such that

t
y(@t)=x+ / f(s),uy,(s))ds, forallt € [a,b] and n —ae. (x,y) € R? x [la.p-
a
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Define now a Borel map 7 : RY x T4 5] — (4.5 as follows:

° if)i € F(y(t)) forae. r € [a, b], we set T(3, y) € I'[4,p) to be the unique solution of

y() = f(y @), up@),; (), forae.r €la,bl,
y(@) =y

o ifp ¢ F((1)) forae. t €[a,b], weset 1(5,7) = 7.
Clearly, for all y € R ae.re [a, b], and y-a.e. (y(a),y) € RY x I'[a,p] We have

. f;y, y)a) =y;
o Er(y, Y)I@) = f@Q, v)(®), uy@),y (1) € F(t(y,y)®)),
o [T, VO —y O <y —y(@)] - PN

where the last assertion follows from Gronwall inequality since
t
T V@) =yl =ly —y(@|+ / L@ ¥)$)s tty @),y (8)) = [V (), Uty ),y ($))] ds

t
<ly —v(a)l +Lip(f)/ IT(y, ¥)(s) —y(s)lds.

Define now v = {v;}s¢[a,p] by setting

f<p(y)dvz(y)= //f poe(y, T(y,¥)dm(x,y,¥),

R4 R4 xR¥ x Cla,b)

for every ¢ € Ccl. (RY).
Evaluating the above expression for t = a we have

/w(y)dva<y)= //f poea(y Ty Y dn(x, 3. 7)
Rd Rd X Rd X F[u,b]
/// e(y)dm(x,y, y)—/qo(y)dv(y)

RY xRY x (g, b

and so v;—, = v. By deriving w.r.t. #, we obtain
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d J B
7 p(y)dv(y) =

]Rd
_ //f (Vo0 er (3. T 1)) F ) thyiary (D) d (x. v, 7).

RdXRdXF[a.b]

Disintegrating = w.r.t. the map g;(x,y,y) :=e;(y, T(y, ¥)), and recalling that g,x = v;, we
haver =v, ® m, y,, and

d
Effp(y)dw(y)=/<v<p(é),f// F @& uy@),y () dmy yy(x,y,y))dvi(§).
R4

R? F)

Recalling the convexity of F, we have

v (§) = ff FE uy@,y@)dmyyy(x,y,v) € F(§), forae.t €a,b],
g ' @®

andsov e 42/[5 p(V) is an admissible trajectory.
Finally, set w13(x, y, ¥) = (x, y), we have (e; o 13, g)fim € I1(wy, vr), and so

W3 (s, vr) < / ly () — (v, )P dr(x, y,¥)
RdXRdXFla‘bJ

< HLiP(N=a) f ly —y@dr(x,y,y)

R4 xR¥ x [ab)

=P f ly —xPdr(x,y) = HPOEOWR (0, v),

R4 x R4
and so we can choose K = ¢?LP()®=9) The proof is complete. O

The following proposition illustrate the fact that for an initial condition u € Z2,(R?) any
selection v(-) € F(-) withv € Li(]Rd ) can be the initial velocity of an admissible trajectory (this
is a well-known consequence of Filippov Theorem in the context of differential inclusions).

Proposition 2.5 (Initial velocity of smooth trajectories). Let a,b € R, a < b, u € 2>(R?), F :
R? = R? be satisfying (F), n € P (RY). Then for every v, € Li(Rd) such that v, (x) € F(x)
for p-a.e. x € R there exist n € ZZ(R? x [a,p1) such that p = {e; 80} icla.b] € ,Qf[gh](u) and

et(-xv J/) - ea(xs )’)
t_

t—>at
R4 X [a,b]

lim / {(poealx,y), >d71(x,J/)=/<</>(X),va(X))dM(X).
R4
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Proof. Without loss of generality, we assume that [a, b] = [0, T']. According to the assumptions
on F, by Theorem 9.7.1 and Theorem 9.7.2 in [5], there exists f : R x R? — R such that !
x — f(x,u) is Lipschitz continuous with constant 5d Lip(F),
|f (e u) — fx,v)| <5d-max{|y|: y € F(x)} - u—vl, “)
F(x)={f(x,u):ueB@O, D}
By Filippov’s Implicit Function Theorem (see e.g. Theorem 8.2.10 in [5]), there exists a measur-
able selection u, of F(-) such that vo(x) = f(x,uy) for u-ae. x € R4, For every x € R4 define

yx to be the unique solution of y, (t) = f(yx(t), uy), yx(0) = x. The map x > y, is Borel, thus
we can define the product measure 7 = 4 ® §,, . We notice that

1
[V (1) = yx(0) = 2f (yx (0), ux)| < / |f (va(s), ux) — f(yx(0), ux)lds
0

t
C
=< 5dLiP(F)/ [V (s) = yx(0) = sf (yx(0), ux)| ds + Etz(IXI +1),
0

where C > 0 is a constant satisfying |y| < C(|x| 4 1) for all y € F(x), x € R¢. Using Gronwall
inequality and dividing by ¢, we have

Yx () — yx (0)
t

< CLeMT O () 1),

— [ (yx(0), ux)

which, squaring and integrating in x w.r.t. the measure u, yields that the map g;(x) :=
t) — (0 .
v v © has Li norm bounded by 47 UP(F)(CT 4 1)(mé/2(u) + 1). For every ¢ €
Li(Rd) we have
er(x, y) —ealx, y) :
’ TSy dn(x,y) = i [ (p(0), g(0) dp(x)
t— t—0t

R4 x [la.p) R4

lim / (@ 0 eox, 1),

t—0t

Since by Holder inequality we have

i 1/2
@, gy < llgllza - T HPINCT + D(my () + 1,

we can apply the Dominated Convergence Theorem to pass to the limit under the integral sign,
obtaining

lirg+/(w(x),gz(x))du(X)=/(<p(x), lir(r)1+gr(x)>du(x)=/(<0(X),vu(x))du(X). O
t— o R t— o

1 Of course when F comes from the control system (1) we do not change the parametrization of the map F.
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2.2. The value function for the Mayer problem

Given s € [0, T], u € 2> (R?), we define the value function V : [0, T] x Z>(R%) — R by
setting

Vis, ) =inf {9 (ur) : (whets.ry € o) |

We say that {1 }efs,7] € "M[ET](“) is an optimal trajectory for u € P> (RY) if V (s, u) = G (ur).

Remark 2.6. From Proposition 2.3, since ¢(-) is l.s.c., we deduce immediately the existence of
optimal trajectories for every u € &2 (R?).

Proposition 2.7 (Dynamic Programming Principle for the Mayer problem). For all i € 2,(R%)
and t € [0, T] we have

Vi w =inf [V, 1)t (ebiete.r € (o), s € (7, T},

ie, V(t,ue) S V(s,us) for all v <s < T and {it}iee.1] € ﬁf[iﬂ(u), and V(t, ) =
V(s, ws) forall v <s < T if and only if {{i}se[r,T) is an optimal trajectory for L.

Proof. By contradiction, assume that there exist u € PR, p = (e diere, ) ¢ € f T (w), <
s < T and ¢ > 0 with V(z, ur) = V(s, us) + €. In particular, there exists L = {{is}re[s,7] €
[S’T](us) such that V (s, us) >4 (r) — €/2, and so V(t, ur) >4 (idr) + 8/2 We consider
the new trajectory it = {jis}se[0.7] € ,52/[0 T definedas i =pu O i (i.e. ji, = pu,; for t € [0, 5] and
m i, for t € [s, T]). Clearly we have ; = pur, jls = jis = jts, b7 = it and {fi;}re[r,7)
[T’T] (7). By definition we must then have V (7, u;) < ¥(ur), leading to a contradiction w1th
Vi(t, o) —€/229(iT) =9 (Ar).

Assume now to have the equality V (t, uy) = V(s, us) for all T <s < T. In particular, we
have V (7, ur) = V(T, ur) =9 (1) =, 30 {14t }se[z, 7] 18 an optimal trajectory for p = . Con-
versely, assume that {1t };¢[7, 7] is an optimal trajectory for u, and take s € [t, T']. By definition,
we have V (s, its) < ¥ (ur) since the restriction {u;}e[s, 7] € % s, T](,us) furthermore, by the
monotonicity property we have V(zr, u) < V (s, us) < % (ur) but the first and the last term of
the inequality coincides by the optimality assumption, so we have V (t, u) = V (s, us) =94 (ur)
foralls e[7,T]. O

Proposition 2.8 (Regularity of the value function). Let T > 0, F, 9 be satisfying (F) and (¥),
respectively. Then V : [0, T] x Z>(R?) — R is bounded and for every K > 0, it is Lipschitz
continuous on the set {(t, ) € [0, T] x &, my(u) < K}.

Proof. The boundedness follows directly from the definition.

We prove first the Lipschitz continuity w.r.t. the second variable, so let s € [0, T] be
fixed. Fix ¢ > 0. Given uV, u® e 2, (R?), let {M,(Z)},e[s,ﬂ e F(u?®) be such that
Vs, ,u(z)) > g(u(z)) — ¢. By Proposition 2.4, there exists {u§1 brels,T] € ;z{F(p.(l)) satisfying
WZ(M(TI), ,uT)) < KWo(u®, u@), where K = 4LiP(F)(T=5) < p5dLip(F) T We have

Please cite this article in press as: A. Marigonda, M. Quincampoix, Mayer control problem with probabilistic

uncertainty on initial positions, J. Differential Equations (2017), https://doi.org/10.1016/j.jde.2017.11.014

© O N o o A 0N =



© 0 N O 0o~ O N =

JID:YJDEQ AID:9093 /FLA [m1+; v1.272; Prn:22/11/2017; 14:03] P.13 (1-41)
A. Marigonda, M. Quincampoix / J. Differential Equations eee (eeee) eee—see 13

Vs, i) = Vs, n®) <9 (uf)) -9 () + e < +Lip@) - Waluy, nf?)
<e+ Lip(g)e5dL1P(F)-T . Wz(,u(l), M(Z))'

By letting ¢ — 0T and interchanging the roles of 11 and 1, we obtain
Vs, uM) = Vs, u®)| <Lip@)e>™ P T, (W @),

We prove now the Lipschitz continuity w.r.t. the first variable, so let u € 22 (R%) be fixed,
s1.52 € [0, T1. Fix e > 0 and let {1} 5,71 € #F 7(1). be such that V (sy, 1) = 4 (u$) —e.
This yields for all ¢ € [s2, T']

@ 2 2
Ve, 1) = Vs u®) < Ve, i) — 9 () +e <.
We distinguish now two cases:

e Assume that 51 < s,. In this case, given any {Mgl)}re [s,7] € 9] [u T] (), and recalling the

monotonicity property provided by Proposition 2.7 and the fact that we have u = u(’) | =

1,2, we have

Vst ) = Vs2, 1) < V(s2, 10 = Visa, 1) = V52, 1) = V (52, 1))
SLip(g)eSdLip(F)T Wz(Mg)v Msll))
<Lip(@)e> ™ P T W, (e, 1, e, 8m1)
<Lip@)SMWetO T o o ez -

where we used the Lipschitz continuity of V (s2, -).

e Assume that sp < s, since u = u§ ), i=1,2, we have

Vst ) = V(sa. ) Vst 1) = Vst D) + Vst ) = Visz, nl)
<V, uS) = Vs, uld) + e
<&+ Lip@) PO Ty, (1@, 1 @)

§2

=¢ +Lip@)e PO ey — el 2 .
2
By Proposition 2.3 applied to 5, and 7,, we have
les, —enllz = (CTETC+DCEATCA+my* (w)ls1 = sal,

where C = max |y| + Lip(F). Having defined
yeF(0)

" =2K"(CT*C +1)Ce®C sup (14 m)?(u)),
=y 4
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we have

V(st, ) — V(s2, ) <e + K"[s1 — 521,
and we conclude by letting ¢ — 0™ and interchanging the roles of s; and 5. O

We will show now a feature that marks a significative difference between the classical case
and our framework.

Lemma 2.9. For each initial point x (0) = xq, consider the reachable set at time T.
R(T; x0) :={x(T): x(t) € F(x(t)) fora.e. t € [0, T], x(0) = xo}.
Then, for all © € P, (R?) we have
V(0, ) <inf{¥(ptin) : ¢ is a Borel selection of R(T; -)},
and the inequality may be strict.

Proof. To prove the statement it is enough to show that given a Borel selection ¢ of R(T’; -), we
can represent ¢fiu as terminal point of an admissible trajectory. For every x € RY, we consider
the set

I§¢(T; x):={yel:y@t)e F(y@)) forae.t€[0,T], y(0O)=x, y(T)=¢(x)}.

The set-valued map I%(T; ) : R? = T is Borel according to the properties of F(-), and so we
can find a Borel map ¢~> :R? — T such that ¢~3(x)(-) is an admissible trajectory of the finite-
dimensional differential inclusion joining x and ¢ (x). Set now Ny =1 Q 1) d) € PR x IN).

Since for ny-a.e. (x,y) € R? x I" we have that y (0) = x and y is an admissible trajectory for F,
we have that g := {141 };¢[0,7] defined by p, = eting is an admissible trajectory satisfying wo = u
and pur = ¢u, as desired. This trajectory is indeed driven by v := {v;};¢[0,7], Where v; = v, s
and for p-a.e. x e R?

v (x) i= / y (@) dnx(y.y) € F(x),

')

where 1, is the disintegration of Ny W.LL e, i.e. Ny =er Qe x. We refer the reader to e.g. [18]
for the details. O

The example below shows that the inequality may be strict in general.

Example 2.10. In R, set F(x) = [—1,1] for all x € R, T = 1. For every x9 € R, we have
R(T; xp) = [x9 — 1, xg + 1]. Denoted by §, € Z(R) the Dirac delta with mass concentrated in

1
a € R, we define the terminal cost ¢ () := min{2, W5 (u, 0)} where 6 = 5(8_1 + &1). The map
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4 . Z)(R) — R is Lipschitz continuous w.r.t. W,. We notice that there are no maps ¢ : R — R
satisfying ¢ (xo) € R(T'; xo) = [xo — 1, xo + 1] and 6 = ¢fidg = 8¢ (0), in fact

O([=1, 11\ {¢(O)}) = 1/2 > ¢1do([—1, 1]\ {¢(0)}) = 0.

We compute now

W2(¢t80,0) =  inf — P dn(x, y).
5 (@110, 0) nenﬁgme) / |x —yl*dm(x,y)
RxR

Since ¢y = 84(0), the set of admissible transport plans I1(¢do, #) reduces to the unique ele-
ment 7 =gy ® 6, and so

2 _ o2 _l _ 112 1 2
W3 (¢80, 0) = lx — ¥l d(5¢(0)®9)—2|¢(0) 1 +2|¢(0)+1| .
RxR

Since ¢ (0) € [—1, 1], we obtain W22(¢ti80, 0) > 1. In particular, ¥ (¢89) > 1 for every map
¢ : R — R suchthat ¢ (y) € R(T; y).

1
Set now v : R — R to be v(x) = sign(x) for x # 0, v(0) =0, and u; = E(cL; + 8;), we

have that g = {14+ }:¢[0,1] solves 9;u; + div(vu,) = 0 according to the Superposition Principle
(Theorem 8.2.1 in [2]), moreover g =g and u; =6 and v(x) € F(x) for all x € R4, Thus in
this case 6 can be reached from §y at time 1, and then V (0, §9) =% (0) = 0.

3. Hamilton—Jacobi-Bellman equations in Wasserstein space

The aim of this section is to introduce the essential differential structure on 2% (R?) in order
to define suitable notions of sub/super-differentials and viscosity solution (cf. [22] for viscosity
solution of Hamilton Jacobi equations not stated in a finite dimensional space).
Lemma 3.1 (Representation of optimal plans). Let 1, v € &7 (R, y € [I,(w, v). Then

o there exist unique functions p,’f € Li (RY) and q; € L%(Rd) such that for all Borel map

¢ RY — R4 satisfying ¢ € Li RHN L,Z, (R we have
/ (p(x), x —y)dy(x,y) = /<¢(X), Py () dp(x) = /(qﬁ(y), gy () dv(y),

R4 xR4 R4 R4

e we have pﬁ = Idge —Bar(y), ¢, = Idgs —Bar) (y ") where the barycenter Bar\ is defined
in Definition A.5.

Proof. The first statement has been proved in Lemma 4 of [12]. Indeed, to prove the existence
of p)’f is enough to notice that
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¢ / (p(x), x —y)dy(x,y),
R4 x R4

is a linear and continuous operator from LIZL(R") to R, and then to use Riesz representation
theorem. Similarly, we prove the existence of g,, by noticing that

¢ / (@), x —y)dy(x,y) = / (@), y—x)dy ™ (x, y),
R4 x R4 RY xR4
is a linear and continuous operator from L% (R9) to R.
The second statement follows from the disintegration theorem w.r.t. the first marginals of y

and y !, respectively. Indeed, if y = u @ yy and y ' =v ® yy_l, we can identify {yy}, cps and
{)/y}yeRd with subsets of 22, (R%), obtaining for all ¢ € Li(]Rd) N L%(Rd)

/<¢(x),x —/ydyx(y»du(X),

(). x — y)dy(x,y) = e 0
. / D).y - / xdy ) dv(y).
Rd ]Rd

We introduce now a notion of viscosity sub/super-differentials that will be used in the rest
of the paper. The comparison between this notion of sub/super-differential and other notions
available in literature is discussed in Appendix B.

Definition 3.2 (Viscosity sub/super-differentials). Let w : [0, T] x Z,(R?) — R be a map,
(t, ) €10, T[x P2, (RY), § > 0. We say that (p7, pa) € R x L%(Rd) belongs to the viscosity
8-superdifferential of w at (7, it) if

i.) there exists v and y € IT,(jx, ¥) such that for all Borel map ¢ : RY — R? satisfying ¢ €
Li RN L%(Rd) we have

| @ex=naveen = oo, ppeonduc,
R4 xR4 R4

ie, pp= py’l where pg is defined as in Lemma 3.1.
ii.) forall u € 2 (R?) we have

w(t, @) — wiF, @) < prlt =) + / (02, x3 — 1) dfi(x1 32, 03)+
RY x R4 x R4

8./ = 2+ W3 G, 1) + o1t = 71+ Wa (i, 1),

for all i € Z(R? x R? x R?) satisfying w2t = (Idge, pa)tit and misttin € T, ).
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We denote the set of the viscosity §-superdifferentials of w at (7, 1) by D;'w(t_, ). Simi-
larly, we define the set of the viscosity §-subdifferentials Dy w(f, 1) of w at (7, j1) by setting

—Dyw(i, i) = Dy (=w)(@, ).
We will use the following concept of viscosity solution (see [12]).

Definition 3.3 (Hamilton—Jacobi—Bellman Equation). We consider an equation in the form

dyw(t, )+ (u, Dw(r, n)) =0, ®)

where (i, p) is defined for any pu € PR and p € Li(Rd). We say that a function w :
[0,T] x 25(RY) — R is

e a subsolution of (5) if w is u.s.c. and there exists a constant C > 0 such that

P+ (w, pp) = —C8,

for all (z, w) €10, T[x P2 (RY), (pr, pp) € D wito, o), and 8 > 0.
e a supersolution of (5) if w is L.s.c. and there exists a constant C > 0 such that

pr + (1, pu) < C8,

for all (z, u) €10, T[x Z2(RY), (pi. pu) € Dy w(to, 110), and § > 0.
e a solution of (5) if w is both a supersolution and a subsolution.

We will prove now a comparison principle between sub- and supersolutions by using the
doubling of variable method.

Theorem 3.4 (Comparison principle). Consider the equation (5) for an Hamiltonian function
J satisfying the following properties

e positive homogeneity: for every 1. >0, 1 € Z,(R%), p € Li(Rd) we have F€(u, Ap) =
A (., p);

e dissipativity: there exists k > 0 such that for all 1, v € P>(R?), y € I, (i, v), defined pﬁ =
Idgs — Bar (y), q; =Idps — Bar;(y 1), we have

(1, pu) — e (v, qv) < kW3 (1, v).

Let wy be a bounded and Lipschitz continuous subsolution and w» be a bounded and Lipschitz
continuous supersolution to (5). Then

inf wa(s, ) —wi(s, w) = inf  wo(T, u) —wi (T, w).
(5.1)€[0.T]x P (R) pnePy(R9)

In particular, equation (5) admits at most one Lipschitz continuous bounded solution.
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Proof. The proof will be in the same spirit of Theorem 1 of [12].
Without loss of generality, we may assume k > Lip(w;), i = 1, 2. Set

A= inf w(T, ) —wi(T, p,
rePH(RY)

and notice that since 7# does not involve w, wi — A is still a subsolution. Thus, without loss of
generality, we can assume A = 0. We will prove the result by contradiction, so assume that

—§:= inf w2 (s, w) —wi(s, u) <0,
(5,)€[0, T1x P2 (RY)

and choose (19, ito) € [0, T1 x P> (R?) such that w (g, o) — wi (fo, o) < —€/2.
Consider now the space X =[0,T] x &, (R4 endowed with the metric

dy(§1.62) = /(51— 52)% + W] (1. r2) where & = (si. ui). i = 1,2,

Clearly, (X, dx) is a complete metric space. We endow X x X with the metric dx x x defined by

dxxx (z1,22) =dx ((s1, 1), (52, 42)) +dx ((t1, v1), (2, 12)),

for all z; = (s;, ui, ti,v;) € X x X, i =1, 2. Again, we have that (X x X, dxxx) is a complete
metric space.
Given g, n > 0, we define the functional ®,, : X x X — R by setting

1
Dy (s, 10,1, 0) = —wi (s, w) + wa(t, v) + ;d%((s, 1), (1, ) — 7s.

Define zo = (%o, (o, fo, 10o) € X x X. Since @, is continuous and bounded from below, and (X x
X, dxxx) is complete, by Ekeland Variational Principle (see e.g. Theorem 1 p.255 in [4]), for
any 6 > 0 there exists Zeps = (Sens, Mens, tenss Vens) € X x X such that for any z = (s, i, t,v) €
X x X we have

(bsr] (anﬁ) + 8dx x x (2o, anS) = q)an(z())v ©)
(I)ar] (ané) = (Dsn(z) +8dxxx(z, ZsmS)-

Furthermore, we set pgys = dx ((Sens, tens)s (tens, Vens))-
By taking z = (Seys, fens, Sens» Mens) in (6), we have

Dy (Zens) < Pen(Sens, Mens, Sens» Mens) + 00ens-

Recalling the definition of ®, this implies

1
2
— Wi (S87755 Mené) + w2(t€n8a Vené) + gpsms — NSeps =

=< —wi (Ssis Mena) + w2(561787 Mené) — NSeps + Spsnﬁ,
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thus
1,
W2 (Tens, Vens) — W2 (Seys, Mens) + gpgms < 80ens,
which implies p.;s < &(k + 8) recalling the smoothness assumptions on wy.
Claim 1: If s¢ys, teys €10, T'[ then
2 2 i
g(sané —Ieys) — 1, gpsn(S € D5 wi(Sens, tens), (7N

2 2 _
<E(S£775 —lens), gqgnzS) € Ds wi(Sens, Mens), ¥

where peys = Idga — Bary(y) € L% (RY), geps = Idga — Barj(y =) € L2 (R?), and y €

. . . Hens A Vens
[Ty (teps, Vens) is the unique solution of the minimization problem

min{[|Idgs — Bar1(V')I|L/3 , ' € Ty (thens, Vens)}-
e

Proof (of Claim 1). By taking t = t.;s and v = vgys in (6), we have
Dy (zens) < Pey(s, 1, tens, Vens) + 8dx ((s, (), (Tens, veps)), forall (s, u) € X,

which, recalling the definition of ®, yields

wi(s, u) — w1 (Sens, Uens) <

1
<= [ W2 Gt vegs) = W3 Gegp vens) + s = o) = (segp — 1)’ |+ )

8 WG tens) + 15 — Sensl? + 1sens — ).

Recalling the choice of y, the definition of pg;s, and Theorem B.5(3), for every i € Q(Rd X
R? x RY) satisfying 738/ = p and 7128/ = (Idga, Pens)fiiLens We have

1 2 1 2
E 2 (78 Vené) - EWQ (Hsné, VemS) =

= [ et + o0V (s ) (10)
R4 x R4 x R4

= / (Dens(x1), x3 —X1>d(ﬂ13ﬁﬂ)(ﬂ,x3)+0(W§ﬂ(us;7a,u)),
R4 xR4 x R4

In particular, the conditions on (& imply also 7138/ € IT(pgys, 1). By combining (10) and (9) we
obtain (7) recalling the definition of viscosity superdifferential. The proof of (7) is symmetric,
and this ends the proof of Claim 1. ¢
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Claim 2: Assume that —2ke(k + 8)2 > C8 —n, then sgys, tens ¢ 10, T[.

Proof (of Claim 2). We argue by contradiction, assuming that s¢;s, feps ¢ 10, T[. By Claim 1,
since w; and w» are a sub- and super-solution, respectively, and recalling the positive homogene-
ity of the Hamiltonian, we have

1 2 1 2
—-Cé < g(ssné - tené) —-n+ </~’Lé‘1789 gpanS) = g(sené —lens) — N+ E% (Menﬁ, Pen&)

Cé=> é(sgms — teps) + A <V8r15» gqgrw) = %(Ssmﬁ — teps) + gﬁ(vsna, Gens) »
where C is the constant appearing in Definition 3.3. By combining the above relations, we have
H (Venss Gens) — H (ens, Pens) < %(C(S —n).
By assumption, we have

I (Vsnéa Cknﬁ) - (Msnﬁ’ psnB) = —kpgna,

and so, recalling that pgps < e(k +9),
2 8
—k(etk+8) =< E(CS -n),

leading to a contradiction with the choice of €,8,7. <
Claim 3: Assume & > 2nT — 2e(k + 8)3, then s¢ps # T and feps # T
Proof (of Claim 3). We notice that, by definition of £ and recalling (6),

§
_E > wa(fo, o) — wi(fo, mo) — Ntp = qDEn(ZO) = cban(zsn5)~

We prove the assertion by contradiction, assuming first sgps = 7.

§ 1,

_E = (Dan(Tv Henss Lenss Vané) =-—wi (T, Hen&) + U)Z(tané, Van&) + gpgr/(s -nT
1
> = wi(T, pes) +wa(T fens) + =2y = kpens —nT
Since we have assumed A =0, we have 0 < —w (T, pteys) + wa(T, feys), thus
§
) >ek+6)§ —nT,

which leads to a contradiction with the choice of ¢, §, n. Thus s¢;5 # T and the proof showing
tens # T can be done in the same way.
We show now that s¢;s 7 0. Since @, is continuous, there exists f.;s > 0 such that

q)sn O, Menss Lens, VsnS) = cbsn (h, enss tens, VenS) —nT,
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for all 0 < h < hgps, so we have

§
3 > ®gy (0, pens, tens, Vens) = Pey(h, teys, tens, Vens) — nT

1
= —wi(h, ,Uvsr)ﬁ) + (w2(t£n8a Vsr]é) —w2(0, Hsnﬁ)) + w2 (0, Msné) + gpgzms -nT

v

1
—wi(h, Msr)é) + (w2(0a Mené) —wa(h, Msné)) + wa(h, Msn&) + gpgna - kpenS —nT

v

1
= w1k, prens) + walh, pens) + —pZys =k + peys) = 1T

Since we have assumed A =0, we have 0 < —w (h, feys) + wa(h, veys), thus
§
-3 >ek+68)§ —nT —kh,

which, by letting & — 0™, leads again to a contradiction with the choice of ¢, §, . Thus Sens 0
and the proof showing 7,5 # 0 can be done in the same way. ¢

By Claim 2 and Claim 3, if we choose ¢, §, n > 0 such that
£ >2nT —2e(k + 8)?, —2ke(k +8)> > Cs — 1,

we have s¢ys, ens ¢ [0, T1, against the definition of &. Thus we have & = 0 and the proof is
completed. O

4. Hamilton—Jacobi-Bellman equation for the Mayer’s problem

We will now characterize the value function of the Mayer’s problem as the unique Lipschitz
continuous viscosity solution of a suitable Hamilton—Jacobi-Bellman equation in the space of
probability measures.

Definition 4.1 (HJB equation for the Mayer’s problem). Given u € P (RY), Pu € LIZL(R”I; RY),
we set

U :RY — R¢ Borel map

A, p) = inf /(pﬂ(x), V() dp(x) - v, (x) € F(x) for p-ae. x € RY

R4

Remark 4.2. By Theorem 8.2.12 in [5], we have that the map
h = inf ,
x = h(x) vel%)(p“ (x),v)

is Borel, thus for every Borel selection v : R? — R¥ of F we have:
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/ (), P dp(x) = / nf (9. ) dpao),

Rd Rd

and then by taking the infimum on v(-) we obtain

%(M,PM)Z/ inf (p,(x),v)dp(x).
veF(x)
R4

Thanks to assumptions (F), there exists C > 0 such that for all u € & (RY)

/ inf (p,u (o), v) du(x)

veF(x)
R4

> —cf 1P+ (%] + D dpn(x) = =Clipyll 2 (my* () + 1) > —oo.

For every & > 0, define the Borel set-valued map G, : RY = R by setting G, (x) = [h(x) —
e, h(x) + €]. This map is Borel with closed images. Define the map g : R? x R? — R by
g(x,v) =(pu(x), v). The map g is Carathéodory, i.e., for every v € R4 we have that x — g(x,v)
is Borel, and for every x € R? we have that v > g(x, v) is continuous. Thus by Theorem
8.2.9 in [5] we have that for every ¢ > O there exists a measurable selection v, satisfying

(Pu(x),ve(x)) < inf (p,(x),v)+e,andso
veF(x)

H (W, pu) 5/(vg(x),pu(x)du(x)§s+/v€igfx)(pﬂ(x),v)du(x)+8.
R4 R4

By letting ¢ — 0 we have the equality

A, pu) = / 0l (p (), v e,

x)
R4

Proposition 4.3 (Smoothness of the Hamiltonian). Let F : R? = R9 be satisfying (F). Then the
Hamiltonian ¢ defined in (4.1) satisfies

o forall p e 2>(R?), x>0, Pu € Li(]Rd) we have JE (W, A\pu) = AHF (1, pu);
e there exists k > 0 such that for all pu,v € P (RY), y € Iy(w, v), defined p,, = ldgs —
Bar(y), ¢, = Idgs — Bar (y_l), we have

Ko (w, pu) — Hr (v, qy) <kWi(w, v).

Proof. The first property is trivial. Let ¢ > 0 and w? : R¢ — R? be a Borel map belonging to the
set of L2-selections of F, and such that
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A, qv) +&= f(wi(y),qu(y))dv.
R4
Forall v, € lel such that v, (x) € F(x) for pu-a.e. x € R? we have
Hr (W, pp) — A, qy) —€ < / (Vu(x) —wi(y), x — y)dy(x,y).
R4 x R4
Recalling that F is Lipschitz continuous, we have that there exists f : RY — R? such that

(4) holds true. By Filippov’s Implicit Function Theorem (see e.g. Theorem 8.2.10 in [5]),
there exists a Borel map y — uf, € B(0, 1) satisfying wy=(y) = f (v, u‘;). Since S (u, pp) =

/ inf (pu(x),v)du(x) by Remark 4.2, we have
veF(x)

R4

Hr (W, pp) — Hr(v,qy) — € S/veigfx)w, pu(x))dp — /(wi(y),qu(y))dv

]Rd ]Rd
< f(f(x, Uy) = oty x — y)dy(x. y)
]Rd
< 5dLip(F) / x — yPdy (x. y) = SdLip(F) W2 (1. v),
R4 x R4

recalling the optimality of y. We conclude by letting ¢ — 07. O

Theorem 4.4 (Characterization of the value function). Let T > 0, F : R? = R be a Lips-
chitz continuous set-valued map with nonempty compact convex values, 4 : P>(R%) — R be
a bounded and Lipschitz continuous map. Then for any K > 0, the value function V (-) is the
unique Lipschitz continuous solution of the equation

dw(t, w) + HF(u, Dw(t, n)) =0,

11
w(T, ) =9 (), (an

stated on the set {(t, ) € [0, T] x &, mp(u) <K }.

Proof. Recalling Proposition 4.3 and Theorem 3.4, it is enough to show that V (-) is a viscosity
solution of (11).

Claim 1: V is a subsolution of (11).

Proof (of Claim 1). Take (z, i) €]0, T[x@z(Rd), 8>0, (pr, pu) € D;‘V(t_, ). Let vy :
R¢ — R? be a Borel map such that v;(x) € F(x) for u-a.e. x € R? By Proposition 2.5, it is
possible to find an admissible curve w = {i4; };¢7,7] € ﬁf[gT] () and n € Z(R? x [, 77) such
that pu; = e;fin for all ¢ € [7, T] and
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lim f (P oeilx. y). e’(x’Vi:‘f"(x’”)dn(x,y):/(pu(x),v;(x»da(x).

Rdxl“[;j] Rd

According to the Dynamic Programming Principle in Proposition 2.7, we have V (¢, u;) —
V(t, i) <0, moreover, if we define it = (e7, p, o €7, e,)in, we have mi2fii = (Idga, py)Hit and
w1380 = (e, e)fin € Tk, ). Moreover, we have W ; (i, i) = lle; — e,-||L%, which tends to

0 as t — T due to the continuity of # > e; (see Proposition 2.3). By applying the definition of
viscosity superdifferential with ji = (e7, p, o €7, e;)fin, we have that

<pi(t—1)+ / (x2,x3 — x1) dji(xy, X2, X3)+
R4 xR4 xR

+ 8/ =2+ W3 G, o) + o1t — 7+ W (i, 1)

=pt(t_t0)+ f <p,uoef(x1 V),et(x, y)_et_(-x’ V))d’?()ﬁ V)+
R4 x R4 x R4

+ 8,/ =2+ W3 LG, 1) + o1t = 1+ Wa (i, ).

Dividing by \/(t -2+ szﬂ(/l, w) and letting t — 7 yields

—1

t
=8 < lim p; -
= Je=D2 W2 G )

e(x,y) —ei(x,y)
+ f (puoer(x,y), = —
e t—1+ Wa (ki)
R4 x R4 x R4

+

)dn(x,y)

er(x,y) —ep(x,y)
t—t

<p:+ lim / (puoei(x,y), ydn(x,y)

t—1t
R4 xRd x R4

- f (P (), vr ()} ().
]Rd

By the arbitrariness of v; among the L%L-selections of F, taking the infimum on v; we have

pi + (i, pp) > =8,
which ends the proof of Claim 1. ¢

Claim 2: 'V is a supersolution of (11).

Proof (of Claim 2). Take (7, it) €]0, T[x 2> (R%), § > 0, (p;, pu) € Dy V(t, j1). By Propo-
sition 2.3, there exists it is possible to find an optimal curve u = {i:},¢7,7) € bzz%[fﬂ(;l) and
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ne 2R x L'(7.7)) suchthat yu; = e;fin forallz € [t, T1and V(t, ;) = V (¢, ) forall t € [1, T].
By choosing as before ji = (e7, py, o ez, e)fin, we have Wy ; (17, ir) = llez — e ||L%, and we ob-
tain
0=V(t, ) = V(, 1)
=p=D+ [ peoatnyaty) - gt dint

RY x R4 xR

=8\ =D+ W2 G p) + ol = 1+ Wa g, ).

Dividing by \/(t - 024 szﬂ(/l, W) yields

0> (t—1) i+ / (P 0 er(x. 1) er(x,y) —ep(x,y)
- Z w X, , =
Je—02 W2 w -
Lol =i+ Wi, )

Je=Dr+ w3 @

ydn(x,y) [+

Rd x R4 x R4

We conclude by applying Proposition 2.3 to take the limit along a sequence #; — ¢ such that

— €7 . . .
t_t weakly converges to v; o e in L2, for a suitable lel-selectlon v; of F. Indeed, we have

K's> p+ / (s v ) = py + Ao pro),
R4 x R4 x R4

where K' =1+ Ce*b~9C [ 1 4+ sup mé/z(,u;) and C = max |y|+Lip(F). O
pet yeF(0)

5. A pursuit-evasion game

In this section we apply the result obtained to the study of a pursuit-evasion game in Wasser-
stein space. Our goal will be to show that this game admits a value, proving that the upper and the
lower values are sub- and supersolution of the same Hamilton—Jacobi equations. The comparison
principle will be used to conclude the existence of a value for this game. For an introduction to
differential games, we refer the reader to [7], and to [6] for a survey on the most recent develop-
ments.

5.1. Dynamics and strategies

We consider two set-valued map F, G : R — R4 satisfying (F). Given u, € QZ(R‘I), the
set of admissible trajectories starting from u, at time ¢t = a defined on [a, b] for the first player

will be @7[5 b1 (ta), and, similarly, given v, € &, (R%), the set of admissible trajectories starting

from v, at time t = a defined on [a, b] for the second player will be ,Q{lg bl (va).
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Definition 5.1 (Nonanticipative strategies). A strategy for the first player defined on [#g, T'] will
be a map « : M[gﬂ — ;zf[fo ) A strategy for the first player « defined on [7o, T'] will be called

nonanticipative with delay t if there exists T > 0 such that given tp <s < T, pi = {vf Yeelto, ] €
szfigj], i = 1,2, satisfying vtl = vtz for all ¢ €], s[, and set a (V') = {1} }iey, 77, 1 = 1,2, we
have ,u,l = ,u,2 forall to <t <min{s + 7, T}.

Given g € 2, (RY), we define

A (tg) = {oe : ﬂf[g,r] — QQ/[QT] : o is a nonanticipative strategy with delay l’} ,
Acto, o) = o € Actt0) : (G 1) € f 1y (o)}

Ato) == A: (),

>0

Alto, po) = o € Att0) : (G 1) € Al 7110 |

By switching the roles of F' and G in the previous definitions, we obtain the corresponding defini-
tion of strategy and nonanticipative strategy defined on [y, 7] with delay 7 for the second player.
The corresponding defined sets are named by B (fy), B (to, vo), B(ty), B(tg, vo), respectively,
for any given vy € 22 (RY).

Lemma 5.2 (Normal form). Let ty) < t < T. For any (a, B) € A;(ty) x B;(ty) there is a unique
pair (1, v) € M[g’b] X ﬂf[g’b] such that a(v) = u and B(p) = v.

Proof. The proof will follow the line of Lemma 1 in [12]. Let («, 8) € (A(tg) x B(tp)). Clearly
we have Ay, (f9) € A, (t0) and By, () < B, (to) if 71 > 12, thus, without loss of generality, we
may assume that there exists T > 0 such that («, 8) € (A;(t9) x B (tp)). We consider a partition
of the interval [#p, T] by defining N; = min{k € N : 19 + kt < T}, and set #;x = t9 + kt for
k=0,...,N; and ty, 1 = T. We will proceed by induction, defining (u, v) on [to, f[.

Recalling Definition 5.1, the restriction of a(v’) to [zg, f;[ does not depend on the particular
choice of v/ € szf[tGO’T]: indeed, if we have vy, vy € sz[g’T], by taking s = #p, we have a(vy) =
a(v2) in [to, o + T[. We set then p to be equal to «(v’) in [1g, ;[ for any choice of v' € <y, 11,
and moreover v = () is uniquely defined in [#y, #1[ since B is nonanticipative. Suppose to have
defined (p, v) on [f, tx[, where 0 < k < N;. For every v € DQ{[,GOYT], the restriction of a(v) to
[fo0, tx+1[ depends uniquely to the restriction of v on [fy, #x[, in particular g = «(v) is uniquely
defined on [#g, tx+1[, and so we can define v in [#, tx4+1[ by taking the restriction of S(u) to
[k, tx+1[. By induction we conclude that w, v are well-defined in [0, T'[, and we conclude by
noticing that indeed, «(v) at time 7 is fully determined by the restriction of v on [ty, T — €] for
all 0 < & <min{r, T —tp}, thus . = o (v) is uniquely determined also at t = T, and the same for
v=a(p). O

5.2. Value functions and Dynamic Programming Principle
Definition 5.3 (Upper and lower value functions). We consider a payoff function G : 2 (R%) x

Z(R?%) — R bounded and locally Lipschitz continuous, and we assume that F and G satisfy
(F). Given 1 € [0, T1, 1o, vo € Z2(R?), (a, B) € A(1r0, 10) x B(v, to) we define
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J(to, o, vo, o, B) =G (ur, vr),

where = {i}icro,11 € Ffy 7)(10), v = (vihicio.11 € F (o), and (i, v) € L 1 (ko) X
saf[gj](vo) is the unique element of mf[g’ﬂ(,uo) X ’Q{[to,T (vp), given by Lemma 5.2, satisfying

a(v) =p and B(v) =
The upper and lower value function V* : [0, T] x Z(R?Y) x 22, (R?) — R are defined by
setting

V*(t, o, vo) =  inf sup  J (%o, 1o, vo, o, B),
aeA(t,140) geB(1y,vo)

V= (to, t0, vo) = sup inf ~ J (1, j10, vo, @, B).
BeBlto,vo) ¥EA 0, 140)

Remark 5.4. For the pursuit-evasion game, a relevant example of payoff in Definition 5.3 is
given by G(u, v) = g(W22(,u, v)), where g : [0, +00[ — [0, +o0[ is strictly increasing, bounded,
Lipschitz continuous and g(0) =0 (e.g. g(r) = arctan(r)).

Definition 5.5 (Shifting strategies). Let T > 0,19 € [0, T1, it € Z>(R?). A map é‘to [[0 T
[to T](,u) will be called a shifting strategy in [tg, T] for F if there exists K > 0 such that

. F,
gwm1u°>—{u,ﬁmoy~e&ﬁ,sz—l,zamiwtu“>—{utHmqu=sh‘%u“h,u“>=
u NVeo.r] = gto #(u®), the following hold

1 1
) Wau”, ) < KWa(ul), u)) forall 1 € [19, T1;

2

ii.) if there exists fop < s < T such that u,” = ,u,l) for all ¢ € [tg, s] then ,u(4) = y,f) for all

t €[tg, s].

The same definition with F' replaced by G will give the definition of shifting strategy for G.
We notice that, from the definition, we have u( ) = = [i; moreover, given any strategy o € A (),

the composition .§, ow: IG = ,d (10,71 is a nonanticipative strategy with delay 7, thus

g7 o € Ar(to, ).

Lemma 5.6 (Existence and properties of shifting strategies). Assume that F sansﬁes (F). Let
T>01el0,T] xe ﬁz(Rd) Then there exists at least one shifting strategy Eto in [to, T]
for F.

Proof. We will consider the construction made in Proposition 2.4: given p € o 77, let

5[0 o~ (m) = b € oy, 71(f1) constructed as in Proposition 2.4. Property (i) in Definition 5.5 is
satisfied, we prove now (ii). From the proof of Proposition 2.4, we have that if y1, y» € I'[4, 7]
are trajectories of the differential inclusion y (¢) € F(y (¢t)) with y1(¢t) = y»(¢) for all 7 € [19, 5],
then t(y, y1)(t) = t(y, y2)(¢t) for all ¢ € [tg, 5], in particular, the restriction of the curve t(y, y)
on [fg, s] depends only on the values of y on [fg, s]. Let /Ll = {M}},E[,O,T], u2 = {u%},e[,oj] €
A1, 71(), to < s < T such that Mz] = Mf for t € [ty, s]. In particular, we have that

d 4+ div(wipul) =0, fori = 1,2, with v} = v} in [fg, s].
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Recalling the proof of Superposition Principle Theorem 8.2.1 in [2], we take a family of strictly
(Vi 14) * Pe
14} % e
Denote by X'*¢(x) the unique solution of %Xﬁ’s(x) =" (X" (x)) such that Xf(’f (x) =x. We

1,e

positive convolution kernels {0 }¢~0, define v;* = ,and so v)** = v>* for ¢ € [1, s].

notice that X¢ (x) = X> (x) for (¢, x) € [to, s] x R?. We consider the map X*¢ : R — RY x
(4,71 defined by

X" (x) = (x,y), where y(1) = X}* (x),

and set ¢ = Xf’eﬁ,uf) * pg. By taking any limit point for ¢ = 0, if we denote by R[4, 5] the restric-

tion operator on curves, we have (Idga, Ryz,s) 11 = (Idga, R[z,s]) 75, thus the construction of
. F.ii F.jt

24 yields &, (") =&, " (wH) on[19,5]. O

Lemma 5.7 (Regularity of upper and lower values). We have V= (tg, to, vo) < V¥ (19, 1to, vo)

for all (tg, Lo, vo) € [0, T] x P (RY) x D5 (RY). Moreover; the functions Vi(~) are bounded

and locally Lipschitz continuous.

Proof. The first assertion follows directly from the definition of V*(-). To simplify the notation,

given i = {is}refry, 71 AN v = {V; }re(sy, 71, We Will write Gr (i, v) instead of G(ur, vr).

We will prove the second statement only for VT, being the corresponding proof for V™~ com-
pletely similar. Due to Lemma 5.2, we have

Vi, p',vy= inf  sup  Gr(a(w),v'),i=0,1.
acAlto, ut) vi ey, 11(v)

We prove first the Lipschitz continuity with respect to wo. Fix ¢ > 0, to € [0, T], u',v' €
P> (RY), i =0, 1. There exist a'¢ € A (19, u') such that

sup  Gra" ), v < VT, vl +e.
vesty 11(vh)

e F,;LO G,u1
We take two shifting strategy &, " , &, , and define
F,u0 1 G!
o0f = &, Hooal® ok, v :e@f[g’n(uo) — .szf[gﬂ(uo).
Thus we have
V+(t01 I‘LO’ VO) - V+(t07 Ml ) Vl) S
0,6,,0y .0 Leooly o1
<e+ sup  Gr(@*(),v)— sup  Gr(a(v),v).
voedt, 7100 vieds, r(vh)

Choose now v%-¢ = {vto’g},e[,oj] € A, 71(v°) be such that

sup G (@ (), ") <&+ Gr (@ (00, ).
voedt, 11000
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By choosing v! = Eg’ul (v%#), and recalling the definition of «®¢, we have
Vo, 0 )=V E o, pt vt — 26 <
<Gr @2 (00), %) — Gr (@ (€5 (v04). £5 (0°))
=Gr N 00l (50 (v09)), v0F) — Gr (@ €0 (09)), £5 (0.

Go! 1,
Set now &% (V%) = (v, }repr. 715

= (1Yt = ST (00, En0 (1) = (1) Yretn,T)-
We have
Vo, 10 )=V T o, ' v — 26 <
<GrEf (w4, w08y — Gr (e, 50 (v0))
<Lip(@) - [Wa(u§* . uy) + Wa0p* g )]

<Lip(@) - K - [ Wa(u®, ') + Wa(, 1)),

recalling the properties of shifting strategies. By letting ¢ — 0™, and switching the roles of 11¢, vo
and w1, v1, this proves the Lipschitz continuity w.r.t. second and third variables.

We prove now the Lipschitz continuity with respect to the first variable. Fix ¢ > 0, u,v €
PrRY), 19,11 € [0, T, 1o > t1, & = {u}refry, 1) € 4, 7)(10). There exist a¢ € A (11, p) such
that

sup  Gra"fwh, v <VT(w0, u,v) +e.
vied rnoh

Define a nonanticipative strategy ¢ by setting for all v° e %g,ﬂ(m)

i, on [to, 1],

F.i
sf a1 "o O%_r t ("|[l1 )7 on [t1, T],

% (v) =

where v, 1) denotes the restriction of v to [#1, T']. This implies

Vitg, ,v) =V, vy <e+  sup  Gr@® o), v+  sup  Grtm'), ).
VOEJ?/UO,TJ(U) vleszf[gﬂ(v)

Select v0¢ € %ﬁ 71(v) such that

sup  Gr@® (0, v%) < Gr@®f ("¢), v2€) 4.
vOedfy 1(v)
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So we have

V(th M, U) - V(tl’ u, \)) - 28 S
<Gr@"* 0%).v") = Gr@" &7 OV 0. ES O )

:utl

—Gr e, ! Fo el 00), v = Gr (o FET O 0L EC O 1)

1. 1e
Set v!f = {v, }te[t1 T] = gr f (" 1) nhe = {u, Ve, = =ab 8(5}, g (v e ) pnle =
0,
{1y Yretro. 11 = ét e, hence
V(to, i, v) = V(t1, 1, v) — 28 <GUYE, v9°) — Gr (g, vp®)

<Lip(@ [ Wa(uf*, ) + Watoft*, vy

We notice that the endpoints of v*¢ and of v‘o[’tf 71 are the same, and so, recalling the properties
of the shifting strategies,

Wz(vT ,I)T )<KW2(\)06 v,%s).

With a similar argument, we have

0 _
Wa (), uy®) < KWa(fiy,, ).

By using (4) in Proposition 2.3, we have

Vi, s v) = Vi1, p, v) = 26 < Ce*C 24 ma(w) + ma() lto — 11].
We conclude by letting ¢ — 0. The proof for the case #; <t is similar. O

Proposition 5.8 (Dynamic Programming Principle for the game). Let ty, t; € [0, T'] with tg < 11,
w0, v0 e 2,(RY). Then

Vo, u’ v = inf  sup {V+(t1,un,vt1):

= {stier, r1 = @ (v) }
acA(t0.11°) geBty,10)

v = {V }refr, 71 = B(W)

o= {s}refn, 71 =2 (v) } )

V= (o, 1% = sup inf {V_(“’“”’v"):v—{vr}re[r 1= B())
_ 0. T] =

BeB(1y,vY) ac A, u0)

Proof. To simplify the notation, given w = {its}re[r, 7] and v = {V;}re[s, 7], We will write
Gr(p,v) instead of G(ur, v7).
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We will prove the result only for V~, since the proof for V¥ can be performed using a very
similar argument. Recalling that, thanks to Lemma 5.2, we have

V= (to, u%v%) = sup inf  Gr(p, ),
BeB1o,v0) REF ) 11(1)
we define
Wao,n, 1009 = sup inf {V_(n,ml,vrl) houhenn )},
BeBig,10) REF 71(10) v = {ihrem, 1= B(R

and we want to prove V ~ (fo, ,uo, vo) =W, 1, ,uo, vO).
Indeed, we have

W(to, 11, 1’ 0% = sup inf sup inf Gr', pr(eh)
BoeBto,v°) KOEF (1 (%) gy eBirg, v, ) m A pyud)
Bo(u0)=v"
< sup inf o osup Gruyy, rp Bk, 1)
BoeB(1p.10) E'Q{[tO,TJ(H ) ﬁleB(to,v,ol)
Bo(u®)=v"

Fix By € B(t0,1°), n° € oy, 11(11%), set v0 = (v} sepp, 71 = Bo(n®). For every B € B(t1, vf)) we
set Bo1 € B(to, v°) by o1 (n°) = Bo(u®) in [10, 71, and Bor (1) = B (k] 7)) in [11, T1.

W(to, 11, 1% v%) < sup inf sup G’ Bor(n®))
BoeB(ig,0) m'€H 1o, TJ(”‘ ) BieBto, v, )
Bo(u®)=v"
< sup inf Gr(u®, fo(r™) =V~ (10, u”, 7).

BoeBi0,10) “Oeﬁ[gﬂ(“

0
We prove now the reverse inequality. Given By € B(t, %) and 0 € ,;af T (u9), we define ,8{‘

[0,
[11 T](,uo) — ‘Q{n T (le) by setting ,31 (ul) = (ﬁo(ﬂo))uzl‘r] for all [L . Then we have

W1, 11, 10, v0) = sup inf sup ian . QT(/J,],,Bl(le))
BoeBio.v) HOET 1y(0) gy eBig.)) ' €AY, 1y (ar))
Bo(u®)=v"
. . 1 o’ 1
> sup inf inf  Gr(u', By (n))
BoeBto.v0) O 1 (10) Rt o (uf))
= sup inf  Gr(u’, Bom®) =V~ (1, %),

BoeBi9,v0) KOEFf 71(1°)

which concludes the proof. O
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5.3. Existence and characterization of the value

Definition 5.9 (Hamiltonian function for the pursuit-evasion game). We consider F, G satisfying
(F), and define the following Hamiltonian function for all u, v € &2, (Rd), Pu € lel (Rd), Py €

LZ(RY)

HpE (U, V, P, Pv) =

inf /(PM(X),U(X)MM(X) + sup /(pu(X),w(X))dV(X)- (12)
v()eLy RY) w()eL2(RY)
v(x)eF(x) /L—a.e.de w(x)eG(x) v-a.e.x R?

Lemma 5.10 (Smoothness of Hamiltonian function for the pursuit-evasion game). Consider F, G
satisfying (F), then the Hamiltonian function F¢p g satisfy the following regularity assumptions

o forevery . >0 we have Hpg (i, v, Apy, Apy) = ApE(L, V, Pus Pv);

o there exists k > 0 such that for all u',v', u?,v* € 2,(R%), Yu € ,(u', u?), yy €
M,(', v?), defined pyu = 1dga — Bari(y), qyr = ldga — Bari(y, '), pyr = Idga —
Bar (y), ¢yv = Idga — Bari (y,7 1), we have

AW VY, pyu, pyn) — Ao E (WP VP gy, qyrn) <KIWE (L, 1) + WE v

Proof. The first assertion is trivial. For the second one it is sufficient to apply Proposition 4.3 to
each term of the sum appearing in (12). O

Proposition 5.11. The upper and lower value functions V=(-) are viscosity solutions of 8;V +
Hpg(, v, D, V, D, V) =0 on every set with uniformly bounded second moments.

Proof. The proof will follow the same idea of Theorem 4.4. We will prove only the results for
V~, since the corresponding arguments for VT are pretty similar.
Claim 1: V™ is a subsolution of (12).

Proof (of Claim 1). Take (7,1, ) €]0, T[x Z2(RY) x Py(RY), § > 0, (pr, pu> pv) €
D;V’(t_, i, v). Let vy : R? — R be a Borel map such that v7(x) € F(x) for pn-a.e. x € R4,

According to the Dynamic Programming Principle in Proposition 5.8, for every ¢ > O there
exists B: € B(t, v) such that for all u € oy, 71(t) with w = {i; }rery. 775 St V& = (VE }repre. 1] =
Be(w) € A 1)(9), we have

V_(t07 lly ‘_)) = V_(t’ i, vts) +e.

In particular, as in Theorem 4.4, this holds for a u = {us}ser,7) € ﬂf[f T](,d) represented by
VRS W(Rd x 'z, 71) such that p, = e,jjnu forallt € [f, T] and

lim (pyu o ei(x, ), ef(x’yi:tf"(x’”wn,L(x,y): / (pu(0), v7()) dfi(x).
Rdxl"[,jﬂ R4
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By Proposition 2.3 (2), since the family {v®},. ¢ is a family of admissible curves satisfying vj = v
for all &£ > 0, every sequence {v®};cy with &; — 01 as i — 400, admits a convergent subse-
quence. In particular, there exists an admissible trajectory v = {v;}e[s, 7] € ,;zf[g T](E) such that

Vi(ts Mt vt) - Vi(t01 ﬁ/s D) Z 0
As in Theorem 4.4, we define i = (e7, py o e, er)in, and v = (e, py o €7, e)tin,, where 5, €

PR x ['\7.7)) satisfies v, = e;in,, for all 1 € [z, T]. By applying the definition of viscosity
superdifferential, and defined fi, ¥ as in Claim 1, we have that

0 SV_(tv Mt vl‘) - V_(ZT’ /:l” l_))

<pit—1)+ / (x2,x3 — x1)dji(x1, x2, x3) +
R4 x R4 xR

+ / (y2, y3 = y1)dv(y1, y2, y3) +
R4 x R4 x R4

+ 8\/0 = D24+ W3 5 (L ) + W3 (0, vp) + oIt = 7]+ Wa, g (9, 1) + Wa 55, vr))

=p:(t—1o) + / (puoei(x,y) ex,y) —ep(x,y))dn,(x,y)+
R4 x R4 x R4

+ / (pvoer(x,y), ex,y) —ei(x,y))dn,(x,y)+
R4 xR4 x R4

+ 8= D2+ W3, 1) + W35, v) + ol — 71+ W3 4 ) + W 55, ).

Dividing by \/(t —1)2+ W22;2([L’ we) + szﬁ(f), v;) and letting ¢ — ¢ along any sequence such
that the limit exists yields as in Theorem 4.4

el‘,‘(xv y) _e[_(-xv V)

).

~5.5pit [ (puto ) i) + fim [ (90,
R4 R4

By (5) in Proposition 2.3, there exists a Borel selection w; of G such that
—8=p; +/<pﬂ(X), vi(x)) djn(x) + /(pv(x), wi(x)) dv(x).
Rd R4
By the arbitrariness of v; among the lel-selections of F, taking the infimum on v; we have
pr + Hpe(L, v, pu, pv) > =6,

which ends the proof of Claim 1. ¢
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Claim 2: V~ is a supersolution of (12).

Proof (of Claim 2). Take (7,1, ) €]0, T[x Z2(RY) x 2y(RY), 8 > 0, (pr, pu> pv) €
Dy V(t, 1, V). Let wy : R? — R be a Borel map such that wy(x) € F(x) for u-a.e. x € RY.

We can find v = {v; };¢7,77 € szfif-pﬂ(f)) represented by 5, € Z(R? x [7,77) such that v, =
e iy, forallt € [, T] and

lim (pu o estx, ), ST :?(x’ ) dny(r.y) = / (o). w7 () dD ().

t—t t
RdXF[[yTJ R4

Define the constant strategy S(g) = v, thus we have from Proposition 5.8

Vi(t07 llal_)) Z lnf Vi(ts Mt Vt)'
redy 7(0)
mw={is }1e[0,7]

As in Claim 1, for any ¢ > 0 we can find pu® = {uf}ic0.77 € *‘Z{[g,r](ﬁ)’ = {ls}iero,1] €
Al (), and n € PR x T'j y) such that 1, = e,y forall ¢ € [7, T] such that V™ (10, 1, ) >
V=(t, uf,v) — e and

V_(ta Mt vt) - V_([()’ /'_L’ D) = 0.

We proceed now by applying the definition of viscosity subdifferential, dividing by

\/(t -2+ szﬂ(ﬁ, W) + Wfﬂ(f), v;) and letting ¢ — ¢ along sequences where the limit ex-
ists, as done in Claim 1 and in Theorem 4.4. By the arbitrariness of w;, we conclude

K's >pr+ e, v, Pus pv). O

Theorem 5.12 (Existence of a value and its characterization). Consider F, G satisfying (F),
and a bounded Lipschitz continuous payoff function G. Then the game has a value, i.e., vVt =
V™ =:V and 'V is the unique viscosity solution of the Hamilton—Jacobi—Bellman equation 9,V +
Hpe(, v, DV, Dy V) =0, V(T, u,v) = G(u, v).

Proof. The result follows from the comparison principle proved in Theorem 3.4, and from
Proposition 5.11, since both functions solve the same Hamilton—Jacobi-Bellman equation with
the same boundary data. 0O

Finally, we provide an example of possible applications.

Example 5.13 (Pillage). Assume that an invader army is sent to plunder a region after having
overwhelmed its defending forces. The plundering time is fixed 7 > 0. The target of the invaders
is to plunder as much as possible food and any other useful supplies, while the target of the civil
authorities of the invaded region is to direct the refugees’ flow carrying the supplies in order to
avoid that they fall in the hands of the enemy. We assume that:
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(P1) The civilian refugees are harmless for the invaders, no matter their concentration compared
with the invaders’ one.
(P2) The speed of the invaders are always greater or equal than the speed of the refugees.

We model the situation by defining two time-dependent measures on R:

o the pillage capacity p = {iis}recfo0,77: given a measurable A C R2, 1/ (A) represents the
amount of resources that the invaders can plunder from the subregion A at time #: since the
spoils of war must be carried back, this quantity can be roughly assumed to be proportional
to the number of invader soldiers in the subregion A at time ¢;

o the carrying capacity v = {v;}se[0,7]: given a measurable A C R2, v, (A) represents the
amount of resources that the refugees in the subregion A at time ¢ are carrying with them.

v v
Given ¢t € [0, T], we write v, = - e +vf, where v 1 u; and L s the Radon-Nikodym
t Mt

derivative of v; w.r.t. i;. Thus the quantity

/min{l, &(x)} dus(x)
1223

R4

represents the spoils of war captured by the invaders at time ¢, taking into account that the spoils
captured cannot exceed the pillage capacity. Given a subregion C C R?, we can consider three
cases:

%
e if VJ(C)=0and —l(x) =1 for us-a.e. x € C, then the invaders have completely plundered
t
the supplies in the subregion C, moreover there are no remaining soldiers in the region C
available to be sent to plunder other regions.
e if V7 (C)=0and U (x) < 1 for us-a.e. x € C, then the invaders have completely plundered
t
the supplies in the subregion C, moreover the spoils carried by the refugees decreased by
v;(C) but there are still soldiers available who may be sent to plunder other subregions.

e if none of the above conditions is satisfied, there are still spoils of war in the region C that
have not been plundered yet by the invaders.

In the first two cases, the pillage capacity of the invaders and the carrying capacity of the refugees
decreases of v (C).
It is crucial to notice that assumption (P>) allows us to postpone the computation of the spoils

. . . v . .
captured at the final time t = T, since if for t < T we have 0 < 2L <lina region C, we can

!
always imagine to split the invaders and the refugees into two populations:

Vt

Vv
M= — et [(1 - —t) le +Mt|R2\C} ;
Mt Mt

Vt
v = M—/L1|C+[V§|C+V[|R2\C:|.
t
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In this case, any admissible trajectory of the refugees starting from Lo, |c» 1s also an admissible

trajectory for the invaders starting from the same measure, thus theset subpopulation will occupy
the same position with the same density until the time ¢ = T is reached, while the remaining two
subpopulation proceed in the game.

This remark transform the problem with mass loss, in a problem with total mass preserved
(both for pillagers and for refugees), and we can assume for both of them that the total mass is
normalized to 1. Moreover, the computation of the spoils captured can be made at the final time
T only. We model the admissible velocities of the invader soldiers and the refugees by using
set-valued maps F and G, respectively, and (P,) will translate into F(x) 2 G(x) forall x € R4,
The capture functional can be taken to be a variant of the W;-distance:

S (, v) = min{Wa (i, v), C},

where C > 0 is a suitable (large) constant, that can be taken to be, for instance, twice the diameter
of the invaded region. It is worth of noticing that the problem cannot be reduced to a problem of
optimizing the distance between the supports of the measures at the final time, because even if
wr and vy have the same support, we may have _# (ur, vr) > 0. From a model point of view,
for the invaders it is not convenient to spread the forces chasing people carrying a low quantity
of resources, and, symmetrically, for the refugees is dangerous to convoy supplies in locations
where the occupation forces are concentrated.
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Appendix A. Preliminaries and notation

In this section we give some preliminaries and fix the notation. Our main references for this
part are [2,26,27].

Definition A.1 (Space of probability measures). Given Banach spaces X, Y, we denote by & (X)
the set of Borel probability measures on X endowed with the weak™® topology induced by the
duality with the Banach space Cg(X ) of the real-valued continuous bounded functions on X
with the uniform convergence norm. For any p > 1, the second moment of u € &2 (X) is defined

by my (1) =/ ||x||%(du(x), and we set 25 (X) = {u € Z(X) : my(R?) < +o0}. For any Borel

X
map r: X — Y and p € #(X), we define the push forward measure rgpu € &(Y) by setting
rtu(B) = u(r~!(B)) for any Borel set B of Y.

The following result is Theorem 5.3.1 in [2].

Theorem A.2 (Disintegration). Given a measure p € #(X) and a Borel map r : X — X, there
exists a family of probability measures {jty}yex C P (X), uniquely defined for riu-a.e. x € X,
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such that e (X \ r=1(x)) =0 for rtp-a.e. x € X, and for any Borel map ¢ : X x Y — [0, +00]
we have

/w(z)du(z)=/ / o) duyx(2) | drp)(x).

X X |r-t(x)

We will write u = (rin) @ ux. If X=X x Y and r i) {x} x Y forall x € X, we can identify
each measure |1, € (X x Y) with a measure on'Y.

Definition A.3 (Projections). Given N € N, N > 0 and a finite collection of nonempty sets

X1,..., Xy, wedefinethemaps 77; : X1 X -+ x Xy — X;and 7 : X1 X -+ x Xy = X; x X
by setting 77; (x1, ..., xy) =x; and 7;; (x1, ..., xn) = (71; X 7w;)(x1, ..., XN) = (X;, x;) for every
xp€Xp,h=1,...,N.When X;,, h=1,..., N are topological spaces, these maps are continu-

ous w.r.t. the product topology.

Definition A.4 (Transport plans and Wasserstein distance). Let X be a complete separable Ba-
nach space, p1, uo € Z(X). We define the set of admissible transport plans between w1 and o
by setting

My, p2) ={y € Z(X x X) imifly = i, i = 1,2},

1 1

The inverse y~' of a transport plan y € I1(u, v) is defined by y~' =ity € I1(v, u), where
i(x,y)=(y,x) forall x, y € X. The 2-Wasserstein distance between (1 and iy is

W2(u1, ) = inf /|x1—x2|2dy(x1,x2).
yell(ur,m2)
XxX

If 1, wo € #>(X) then the above infimum is actually a minimum, and we define

Mo (11, 2) = § ¥ € T(1, 12) s Wi (i, o) = / lx1 — x2|P dy (x1, x2)
XxX

The space %%,(X) endowed with the W)-Wasserstein distance is a complete separable metric
space, moreover for all 1 € Z2,(X) there exists a sequence {1 }yen € co{8, : x € supp i} such
that Wo(u, ) — 0as N — 4o0.

Definition A.5 (Barycenter). Given y € TI(i1, 12) N Z2(RY x RY) with y = i; ® yy,, its
barycentric i-th projection Bar;(y) € LIZL[ (R?; RY), i = 1,2, is defined by

Bari(y)(xz')=/xj~d7/xi(xj), for pi-ae. x; e R, i, j € (1,2}, i # j.
Rd
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Definition A.6 (Transport multi-plans). Let y € 2>(R? x R?) be a transport plan, and let 3 €
P> (R%). We set u1 = 1y and

My u3) :={i € 2R x R! x RY) : miato =y, matit = ps}.
M, (v, 1u3) :={fi € ZoR x RY x RY) : miatji =y, miztji € Mo, p3)}.
Given [1 € @z(Rd x RY x RY), i,j=1,2,3, weset u; = m;fjt and
Wiﬂ(“iﬂﬂj)z f |Xi—x]'|2d,ll(xl,x2,x3).
R4 x R4 x R4
Clearly, Wy ; (i, puj) > Wa(ui, ujy) foralli, j =1,2,3.
The following is Lemma 5.3.2 p.122 in [2].

Lemma A.7 (Composition of transport plans). Let y12, y13 € & (Rd X Rd) be such that w8y =
Tty = p1 € PRY). Then there exists f € Z(RY x R x R?) such that w2t = yio and
m38i = y13. In particular, if y12 = 1 ® lezl Y3 =1 ® ylx31 and i = 1 ® fiy,, we have

fx, € H(ylle , yf;])for MH1-a.e. X1 € R4, The measure [L is unique if y12 or y13 are induced by a
transport map.

Theorem A.8 (Superposition principle). Let i = {14+ }:[0,1] be a solution of the continuity equa-
tion 0y + div(ve ;) = 0 for a suitable Borel vector field v : [0, T] x RY - RY satisfying

T
v ()]
/f T+ | dus(x)dt < +o00.

0 R4

Then there exists a probability measure 1 € @(Rd x I'r), with I'r = CO([O, Tl; Rd) endowed
with the sup norm, such that

() n is concentrated on the pairs (x,y) € R x 'y such that y is an absolutely continuous
solution of

y(@®) =v(y @), for L'-a.ete(0,T)
y(0)=x,

(i) us =eitip forallt €[0,T].

Conversely, given any n satisfying (i) above and defined p = {is}ic(0,7] as in (ii) above, we
have that 9, ju; + div(v, ) = 0 and =0 = y (0)in.

Proof. See Theorem 8.2.1in[2]. O

Please cite this article in press as: A. Marigonda, M. Quincampoix, Mayer control problem with probabilistic

uncertainty on initial positions, J. Differential Equations (2017), https://doi.org/10.1016/j.jde.2017.11.014

© O N o o A 0N =



© 0 N O 0o~ O N =

JID:YJDEQ AID:9093 /FLA [m1+; v1.272; Prn:22/11/2017; 14:03] P.39 (1-41)
A. Marigonda, M. Quincampoix / J. Differential Equations eee (eeee) eee—see 39

Appendix B. Comparison with other notion of generalized differentials

Remark B.1. If we require item ii.) of Definition 3.2 to hold only for measures u € & (]Rd )
induced by a transport map from 1, i.e. to measures u = (Id 4 ¢)fijix, we have that there exists
only one [i € P> (R4 x R? x RY) such that 71282 = (Id, pp)in and i3 = (Id, Id + ¢) /i, due
to Lemma A.7, and we have i = (Id, pj, Id + ¢)#i. In this case, W 7 (it, u) = ”¢”L,21’ and we

recover essentially the same definition of 5-sub/superdifferential used in [12], in particular the
two definitions agrees when i < 2.

Remark B.2. More generally, in item ii.) of Definition 3.2 we can consider an absolutely contin-
uous ft = {ts}sef0,¢] CUrve joining [ to u, represented by 5 € P[RY xT)) satisfying us = estin,
we have that we can choose i € 22 (R? x R? x R?) to be 1 = (e, P oeo, )i, thus recovering
the same definition of §-sub/superdifferential used in [16].

We will now compare the definition given in Definition 3.2 with the following one, appeared
in Definition 10.3.1 p. 241 of [2].

Definition B.3 (Fréchet subdifferential). Let w : 22, (R?) — ]—o00, +00] be proper and l.s.c.,
w1 € Z>(R?) such that w(ui) € R. A plan y € 225(R? x R?) belongs to the Fréchet subdiffer-
ential dw(uy) if

o mifly = u1;
o« ws) —wu) = inf [ (02, x3 — 1) di + 0(Wa(uur, 13))

el (y,13)
R9 x R4 x R4

We say that y € 225 (R x R?) is a strong Fréchet subdifferential if for all fi € TI(y, j13) we have

w(ps) —wuy) > / (x2,x3 — x1)dfi(x1, X2, x3) + 0o(Wa (1, i43)).
R4 xRd x R4

Similarly, we say that y € 22 (R? x R?) is a strong Fréchet superdifferential if for all ji €
IT(y, u3) we have

w(ps) — w(r) < / (X2 x3 — x1) dji(x1, X2, x3) + 0(Wa, 3 (11, 13)-
R9 x R4 x R4

Remark B.4. From the definition, we have that if (p;, pp) € ﬂ D;“v(t_, ) according to Defini-

§>0
tion 3.2, then (Idga, pji) 8/ is a strong Fréchet superdifferential of p — w(z, p) at ji. Conversely,

given a strong Fréchet superdifferential y of u +— w(f, u) at 1, if there exists v such that
y € ITy(, ), then, set p; :=Idge — Bar((y), forall u € 25 (R?%) and § > 0 we have

w(t, u) —w(t, ft) < / (x2,x3 —x1) da(x1, x2,x3) + 8- Wp g (ia, ) + o(Wa (12, ),
R9 x R4 xR

for all i € Z(R? x RY x R?) satisfying w12t = (Idgae, pp)tie and mistti € TI(@, ).

Please cite this article in press as: A. Marigonda, M. Quincampoix, Mayer control problem with probabilistic
uncertainty on initial positions, J. Differential Equations (2017), https://doi.org/10.1016/j.jde.2017.11.014

© O N o o b O N =

A B A B B B B B OOWOOW W W W W W W WWN NN DNDDNNDNDNDNDDNND S22 dd s a
N O O~ WODNM 4 O © 0o N OO o~ WO 4 O 0 0o N o g B~ ODN 42 O O 0o N o o b~ wDND =2 o



© 0o N O 0o A 0N =

- 4 a4 a4 a4 A g g
© O N O o s~ W N = O

20

23
24
25
26

28
29

31
32
33
34
35
36
37
38
39
40
4
42
43
44
45
46

JID:YJDEQ AID:9093 /FLA [m1+; v1.272; Prn:22/11/2017; 14:03] P.40 (1-41)
40 A. Marigonda, M. Quincampoix / J. Differential Equations eee (eeee) eee—eee

We state here the following result, which is contained in Theorem 10.2.2 p. 236 and Theorem
10.4.12 p. 270 in [2],
Theorem B.5.Let pr € P>(RY). Define the map  : P>(R?) — R by setting () =

1
—5 W3, o) and set

1. W3 (3, pm2) — W3 (11, i12)
0y |(11) = = limsup —2 =
2 3> W3 (143, (1)

i.e., |0y |(pe1) is the metric slope of ¥ at 1. Then

(1) for every uz € 22(RY), y € My (i1, 12), it € (y, 113) we have

1o 1o
EWZ (13, m2) — EWz (1, m2) <

< f (x1 — x2,x3 — x1) dji(x1, x2, x3) + o(Wy (11, 13)),
R4 xR4 xR

and we can choose 0o(Wo (i1, u3)) = sz’ﬂ(ﬂl ,1U3);
(2) forall uy € P> (R?) we have

10Y[(121) =inf{HBarl (y) — ldga H% Ly € Ho(m,uz)}.

(3) the previous infimum is a minimum, and it is attained in a unique point y12 € Il,(u11, K2),
moreover (Idpa, Bar| (y12) — Idpa) 1 is a strong Fréchet subdifferential of { at .
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