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Abstract

A new waveguide mesh is proposed for discrete simulation of wave propagation on two-
dimensional surfaces. We make use of waveguide junctions having eight branches, six of them
lying on the surface itself, one coupling with the air load, and one available for coupling with
a digital hammer. The proposed mesh is compared to the traditional rectangular mesh and
it shows a better numerical behavior. Particularly efficient implementations can be worked

out from the general model.

1 Introduction

The waveguide-filter paradigm has been extens-
ively used for simulating strings and wind instru-
ments [4]. The extension to higher dimensional
resonators, like drums, plates, sound boards, or
rooms can only be achieved with a certain degree
of approximation. For instance, in the case of wave
propagation in an ideal membrane, the traveling
wave solution involves the integral sum of an in-
finite number of plane waves traveling in all direc-
tions. On the contrary, the waveguide formulation
involves propagation along a finite number of dir-
ections. A grid of delay lines is formed to discret-
ize the medium, and lossless junctions are used to
connect the waveguide branches.

The mesh made of 4-port junctions has been
studied [5] and applied to the synthesis of per-
cussion instruments. The major drawback of this
mesh is the effect of wave dispersion due to the
discretization of propagation along two directions.
This effect limits the fidelity of simulation to a
low-frequency range. The great advantage of 4-
port junctions is that their implementation doesn’t
require any multiplication. On the other hand, ad-
ditional ports are needed to couple the junction
with an external exciter, like a stick or a hammer,
or with a damping element, like the air load. These
additional ports clearly prevent from the elimina-
tion of multipliers.

The mesh made of 3-port junctions is being
studied by Van Duyne and Smith (private commu-
nication) and seems to provide a better numerical
behavior.

In this paper, we introduce a mesh made of
8-port junctions. Six of the eight branches are
laid on the surface to be simulated, one branch
is connected to a lumped loss, and the remaining
branch is ready to be connected to a lumped model
of hammer.

The surface is decomposed into elementary tri-
angles. Different losses can be attached to differ-
ent nodes of the mesh, thus approximating irregu-
lar media. A model of hammer can be attached to
any node of the mesh, and effects like scratching
the hammer on the membrane, can be simulated.

The membrane decomposition into element-
ary triangles shows a more uniform and less pro-
nounced dispersion effect than the rectangular
mesh. Like in the rectangular case, the waveguide
formulation is shown to be equivalent to a finite-
difference scheme for the numerical solution of the
wave equation.

The performance of the proposed mesh can be
improved by eliminating multipliers under certain
conditions.

2 The New 2D-Waveguide
Mesh

We propose a tessellation of the ideal membrane
into triangles, as depicted in fig. 1. For the mo-
ment let us assume that there is neither an exciter
nor a load of any kind, so that any node in the
network can be represented as a 6-port lossless
waveguide junction. The branches between two
nodes are unit delays, corresponding to a physical



Figure 1: Triangular tessellation of a surface

distance

d=c/F (1)

travelled by velocity waves in one time sample.
In equation (1), Fy = 1/T is the sampling rate,
¢ = /T /o, where T and o are respectively the
tension and the surface density.

Three axes of symmetry are drawn in fig. 1,
and are called z, I, and m. The operations per-
formed for the i" branch of the waveguide junc-
tion located at position z,l, m are:

The mesh behaves well in both the time domain
and the frequency domain. The response to an
initial stroke is plotted in fig. 2. This plot shows
that the wave-front shape is well preserved along
all directions, thus indicating that the dispersion
error is uniform and low (see section 4).
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Figure 2: Wave propagation on the mesh

Fig. 3 shows a comparison between the theor-
etical modal frequencies of a circular membrane[1]
and the resonances obtained from our model. The
correspondence is very tight.
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Figure 3: Distribution of resonances

3 Interpretation as a Finite-
Difference Scheme

The equivalence between the rectangular mesh and
a finite-difference scheme for numerical integration
of the wave equation has already been shown [5].
Here we show the equivalence of the triangular
mesh to another finite difference scheme working
on the same equation.

The wave equation for the ideal membrane is
a second-order hyperbolic partial difference equa-

tion: ) ) )
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where z and y are the two orthogonal axes of fig. 1.
The wave equation (3) can be expressed in the
derivatives along the z, I, and m axes of fig. 1,
obtaining:
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By noticing that the sum of the inputs to a junction
equals the sum of the outputs, and that the input
at one port is equal to the output at the opposing
port of the adjacent junction at the previous time
sample, one can rearrange equation (2) as follows:

sz,l,m(t+1) + sz,z,m(t_l) =
1/3{ vJa:+1,l+1,m(t) +va,l+1,m(t)+ (5)
VJe1,1, m41 (t) + VJe1ict,m (t)-l_
Vo1, m—1 (t) + VJogt,t,m—1 (t) }

which is clearly the finite difference discretization
of the modified wave equation (4). The bracketed
term in the right-hand side of equation (5) is the
sum of velocities of the nodes adjacent to the junc-
tion x, !, m.

The comparison between (4) and (5) also shows
that waves in the mesh travel at a nominal speed

¢ = /12



4 Numerical Performance

The main problem of the rectangular mesh is the
numerical dispersion error, which causes the high-
frequency wavefronts to propagate at the nominal
speed along the diagonals, but about a 30 % slower
along the main axes.

We have conducted a Von Neumann analysis [3]
on our finite-difference scheme (5), as indicated
in [6]. Naming &;, &, the spatial frequencies along
the normal axes, and d, and d, the unit lengths
along the axes such that d, = d, = cT', we have
found the following formula for the equivalent nor-
malized speed of propagation ¢(&;,&y)/c :
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b = 3 cos[27 & dy]
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The expression (6) has been plotted in fig. 4,

together with the results of Van Duyne and
Smith [6].
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Figure 4: Contour plots of speed of propagation
versus spatial frequencies. Left: triangular mesh.
Right: rectangular mesh.

The contour plots show that the triangular
mesh provides a very uniform speed of propaga-
tion along all directions, while the rectangular
mesh is exact along the diagonals, and very inexact
along the main axes. The triangular mesh exhib-
its a high-frequency dispersion error not exceeding
15 % along all the branches, while the rectangular
mesh has almost 30 % of error along the axes in
high frequency.

For both the rectangular and the triangular
mesh, the dissipation error is identically zero at

any spatial frequency, and the Courant-Friedrichs-
Lewy stability condition [3] is satisfied in the
equality. This has to be expected, since both
the meshes are built by interconnection of lossless
waveguide junctions and pure delays.

5 Excitation and Air Load

For the purpose of coupling the membrane with an
exciter and with a distributed air load, we extend
our model in the direction orthogonal to the plane
of the membrane. We add two ports to our basic
waveguide junction, the upper one responsible for
the interaction with a stick or a hammer, and the
lower one responsible for the air load.

We model the air load as a second order
damped oscillator, whose continuous-time transfer
function 1is:

_ V(s) s

T(s) F(s) — mus® + s + ki ®)

where my is the mass of air over the junction, gy
is a resistive parameter depending on the friction
existing between air and mesh surface and k; is
the stiffness constant of a linear spring modeling
air oscillation. Equation (8) can be rewritten, by
defining an arbitrary reference impedance Ry, in
terms of incoming and outgoing velocity waves:

v ()
vt(s)
—s2 + (Ry/my — p/mu)s — ki fmy
s2 4+ (Ry/mu + pi/mu)s + ki fry

H(s) )

Similarly to the trick used in [7] for the piano ham-
mer, we set the reference impedance to the value

Ri=p+am+k/a (10)

where « is usually set to the value 2/7 . In this
way, when transforming H (s) to the discrete-time
domain by bilinear transform, a unit delay may
be factored out and there is no non-computable
closed loop in the graph.

For the excitation, we have used the model of
hammer proposed in [7]. For the excitation port,
when it is coupled to the hammer, we have another
arbitrary reference impedance Rp, which is set to
the value L

mpRp
Ry = el + I (11)
where mj, and k;, are respectively the mass and
stiffness of the hammer. When the hammer is not
in contact with the membrane, the reference im-
pedance is set to zero, thus physically removing
one port from the junction.

The junctions which are coupled with a ham-

mer model are time-varying, and therefore we can



not do much to reduce the elementary operations
involved with the wave scattering. On the con-
trary, when the junction do not interact with the
exciter, there exists a theoretical possibility to get
rid of the multiplications. Rewriting part of equa-
tion (2) in a more general form, involving R; and

the membrane impedance Ry = Vo7 :

6
2RoY ol () + 2Rt (1)
j=1

6Ro + R

Viet,m (t) =
(12
we notice that the computation may be performed
with no multiplies if Ry and R; satisfy the two
conditions R} = 2" Ry and R; = 2"2 Ry — 6Ry,
with n1 and ns positive integers; this only happens
for the couple (n1,n2) = (1, 3), which implies the
solution Rg = R;/2. This theoretical possibility
may be practical if physical conditions guarantee
this solution, that is, recalling (10) :

VoT =1/2(u+am+kfa)  (13)

Another theoretical possibility is to consider
even Rp as a nominal impedance, regardless of
physical implications.

In practice, the junction computation may be
performed with no multiplies inserting a non-
physical unit delay in the air-load loop, and as-
suming that the variables are slowly varying. In
this way, the reference impedance R, is set to half
the membrane impedance Ry, so that all multi-
plications can be replaced by shifts in fixed-point
arithmetic.

6 Conclusion

In all kinds of simulations, the ultimate goals are
efficiency and accuracy. When simulating wave
propagation in a two-dimensional medium, these
two goals can only be achieved with a certain de-
gree of approximation. Nevertheless, we believe
that the triangular mesh presented in this paper
is a feasible solution for many physical-modeling
applications, since it is much more accurate than
the rectangular mesh, and it can be quite efficient
when certain (weak) conditions are met.

Our ongoing research is trying to apply the tri-
angular mesh to the simulation of real-world per-
cussion instruments and drumming effects.
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