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Second-Order-Optimal Filter on Lie Groups for Planar Rigid Bodies
Damiano Rigo , Chiara Segala , Nicola Sansonetto , and Riccardo Muradore , Member, IEEE

Abstract—Attitude estimation is a core problem in many mobile
robotic systems, such as unmanned aerial and ground vehicles.
The configuration space of these systems is properly modeled by
exploiting the theory of Lie groups. In this article, we propose
a second-order-optimal minimum-energy filter on the matrix Lie
group TSE(2), the tangent bundle of the special Euclidean group
SE(2), where the optimality is with respect to a cost function in the
unknown input and output error measurements. In this article, the
measurement equation consists of a global positioning system-like
device with two antennas attached to the planar rigid body and
an inertial measurement unit-like device. Even though the math-
ematics is quite complicated, the accuracy of the filter justifies
this approach. Simulations show the effectiveness of the proposed
filter.

Index Terms—Geometric modeling, nonlinear filters, nonlinear
dynamical systems, optimization.

I. INTRODUCTION

Attitude estimation is a key problem in aerospace and robotic appli-
cations since in many cases the sensing system does not provide direct
measurements about the pose (and its rate) of mechanical systems. In
other situations, measurements are noisy and require a preprocessing
to filter out disturbances and biases. The design of pose (position and
orientation) estimators for robotic systems is of paramount importance
to guarantee effective regulation and tracking [1]. Moreover, the pose of
the robot is crucial for unmanned aerial vehicle (UAV) and unmanned
ground vehicle (UGV) that exploit simultaneous localization and map-
ping algorithms for computing their position and for planning their
trajectory [2].

In the last decades, many linear and nonlinear, deterministic and
stochastic observers have been proposed in the literature. The most
famous approach is based on Kalman filtering [3] and its many ex-
tensions. The recursive formulation uses measurements over time, and
produces more accurate estimates of unknown variables by computing
at runtime the joint probability distribution. The Kalman filter is optimal
only for linear and Gaussian systems, such assumption is usually too
strong in UAV and UGV, where the model is nonlinear and where
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nonholonomic constraints may arise and must be taken into account.
The unscented Kalman filter [4] and the particle filter [5] overcome the
Gaussian assumption by approximating the probability density of the
state function with a certain amount of sampling points around the mean
value and updating their values according to the past state and current
measurements. Nonlinear maps can then be considered to get more
accurate estimations of the mean and covariance of the state vector.

Other approaches exploit the theory of Lie groups to provide the
proper mathematical structure for the attitude of a mechanical sys-
tem [6], such as the special orthogonal groups SO(3) for modeling
the orientation, and the special Euclidean groups SE(2) and SE(3) for
modeling the pose [1]. Recent results on the design of dynamic filters
on Lie groups can be found in [7]–[9], where Saccon et al. [7]–[9]
proposed a second-order-optimal minimum-energy filter. Unlike the
stochastic approach, both uncertainty and noise are considered as
unknown deterministic signals, and the optimal filter is obtained by
minimizing the square of the estimation error (energy). The filters
are based on the results in [10], where a methodology of generating
progressive realizable approximations of a minimum-energy functional
was proposed. The solution is obtained by differentiating the bound-
ary conditions of the associated optimal control problem. The main
theoretical result in [9] is given for a generic Lie group, and the main
theorem’s conditions are made explicit only for designing an optimal
filter on SO(3). It is called second-order-optimal in the sense that it is
a truncation of the exact solution that would be an infinite dimensional
system. The filter takes the form of a gradient observer coupled with a
kind of Riccati differential equation that updates its gain (similarly to
the standard Kalman filter).

Their theoretical result is our starting point. We apply the general
formulation to (mechanical) systems modeled on TSE(2), the tangent
bundle of the special Euclidean group SE(2). TSE(2) is the proper
geometric setting for the state of many important systems moving on a
plane and allows to jointly estimate pose and linear/angular velocities
(see e.g., [6] and [11]).

The main contribution of this article is to derive a second-order-
optimal minimum-energy filter forTSE(2) and to provide all the math-
ematics for the many technical operations needed to compute it. The
measurement equation consists of the position of two global positioning
system (GPS)-like antennas and the linear/angular velocities from an
inertial measurement unit (IMU)-like device.

The rest of this article is organized as follows. In Section II, we
introduce the notation used in this article and some important maps
between Lie groups and Lie algebras. The TSE(2) structure is de-
scribed in Section III. In Section IV, we formulate the optimal problem,
whereas in Section V, we provide our main contribution. Section VI
shows some numerical experiments. Finally, Section VII concludes this
article together with the future works.

II. NOTATION

We assume that the reader is familiar with the theory of me-
chanical control systems, differential geometry, and Lie groups (see
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e.g., [6], [12], and [13]). Here, we sum up the notation used throughout
this article.
G A connected Lie group.
g Element of G.
g Lie algebra associated with G.
[·, ·] Lie bracket of g.
g∗ Dual of the Lie algebra g.
Lg : G → G Left translation Lgh = gh.
ThLg Tangent map of Lg at h ∈ G.
gX Shorthand for TeLg(X) ∈ TgG.
〈·, ·〉 Duality paring 〈μ,X〉 = μ(X).
V Finite-dimensional vector space.
f : G → V Differentiable map.
df(g) Differential of f at g, df(g) :

TgG → V identifyingTf(g)V with
V .

ω : g× g → g Connection function associated
with ∇.

ωX : g → g ωX(Y ) = ω(X,Y ).
T (X,Y ) ∈ g Torsion function associated with ω.
TX : g → g Partial torsion function TXY =

T (X,Y ).
Hessf(g) : TgG → L(TgG,V ) Hessian operator of a twice differ-

entiable function f : G → R (or a
map f : G → V ).

(φ)W : L(W,U) → L(W,V ) Exponential functor (·)W applied
to a linear map φ : U → V , ex-
ponential functor lifts φ to φW :
L(W,U) → L(W,V ) defined by
φW (ξ) = φ ◦ ξ.

I : g× g → R Inner product on g.
I� : g∗ → g �-map associated to the inner prod-

uct I.
I� : g → g∗ �-map associated to the inner prod-

uct I.
ad : g× g → g Adjoint map on on g.
ad∗ : g× g∗ → g∗ Dual adjoint map.
0n×n Null matrix of dimension n× n.
In×n Identity matrix of dimension n×

n.

III. TSE(2) STRUCTURE

In this section, we study the planar rigid body shown in Fig. 1, whose
state space is Ḡ = TSE(2), the tangent bundle of G = SE(2) that can
be identified with SE(2)× se(2) via left translation [6] (we will use
the two notations interchangeably).

The pose is an element g ∈ SE(2). The triple (θ, x, y) is a parame-
terization of the pose and consists of the position of the center of mass
(x, y) of the planar rigid body and the angle θ the body forms with the
horizontal axis [6]. A well-known matrix representation of g ∈ SE(2)
is given by

g =

⎡⎣ cos θ − sin θ x
sin θ cos θ y
0 0 1

⎤⎦ .

Given the Lie algebra se(2), we introduce the isomorphisms ∨ :
se(2) → R3 and ∧ : R3 → se(2) as⎡⎣ 0 −ω vx

ω 0 vy

0 0 0

⎤⎦∨

=

⎡⎣ω
vx

vy

⎤⎦ ,

⎡⎣ω
vx

vy

⎤⎦∧

=

⎡⎣ 0 −ω vx

ω 0 vy

0 0 0

⎤⎦

Fig. 1. Planar rigid body.

from the Lie algebra (R3, �) (where ω is the angular velocity and
(vx, vy) is the linear velocity of the body written in body coordinate)
to the matrix Lie algebra (se(2), [·, ·]), where � : R3 × R3 → R3 is the
Lie bracket operation defined as⎡⎣ω1

vx1
vy1

⎤⎦ �

⎡⎣ω2

vx2
vy2

⎤⎦ =

⎡⎣ 0
vy1ω2 − ω1v

y
2

ω1v
x
2 − vx1ω2

⎤⎦ (1)

and [·, ·] is the usual matrix commutator (see e.g., [11]). Given v =
(ω, vx, vy) ∈ R3, the adjoint operator adv∧ ∈ L(se(2); se(2)) admits
the matrix representation

[adv∧ ] =

⎡⎣ 0 0 0
vy 0 −ω
−vx ω 0

⎤⎦ .

The dual adjoint operator ad∗
v∧ ∈ L(se(2)∗; se(2)∗) satisfies [ad∗

v∧ ] =
[adv∧ ]T . Given the dual basis {ê1, ê2, ê3} on se(2)∗, we denote by I
the constant inertia tensor

I = Jê1 ⊗ ê1 +mê2 ⊗ ê2 +mê3 ⊗ ê3 (2)

with matrix representation (in the standard basis for R3, see [6])

I = diag(J,m,m) (3)

where J the inertia along the axis passing to the center of mass and
orthogonal to the plane and with m the mass of the rigid body. We
denote by u = (uω/J, uv/m, 0)T the control inputs that are functions
of time such that uω and uv act, respectively, as a torque applied around
the center of mass and a force applied along the body first axis, as shown
in Fig. 1. The dynamic equations on Ḡ are{

g−1ġ = Ω (4)

Ω̇ = I�ad∗
ΩI�Ω+ u∧ (5)

with (g,Ω) ∈ Ḡ. We can rewrite the systems (4) and (5) in a compo-
nentwise form as ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

θ̇ = ω

ẋ = vx cos θ − vy sin θ

ẏ = vx sin θ + vy cos θ

ω̇ = uω/J

v̇x = ωvy + uv/m

v̇y = −ωvx.
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To take into account unmodeled dynamics in (4) and (5), we consider
the unknown error δ and the mapping

B : R3 → se(2)× se(2), δ �→ (0, B2δ) (6)

with B2 : R3 → g a linear map.
The full dynamic equations are{
g−1ġ = Ω (7)

Ω̇ = I�ad∗
ΩI�Ω+ u∧ +B2δ (8)

where the model error δ does not affect the reconstruction equation
g−1ġ = Ω.

A. Algebraic Aspects of SE(2)× se(2)

In this section, we present some mathematical tools to better face
the computations in SE(2)× se(2). We identify elements of groups
and algebras with their matrix representations.

Let ḡ = (g,Ω) be an element of Ḡ, we represent it in matrix form
as

ḡ =

⎡⎣ g 0 0
0 I Ω
0 0 I

⎤⎦ (9)

while group operation is

(g,Ω) · (f,Ψ) = (gf,Ω+Ψ)

that in matrix form reads⎡⎣ g 0 0
0 I Ω
0 0 I

⎤⎦⎡⎣ f 0 0
0 I Ψ
0 0 I

⎤⎦ =

⎡⎣ gf 0 0
0 I Ω+Ψ
0 0 I

⎤⎦ .

The unit element of this group is e = (I, 0) and for each (g,Ω) its
inverse is (g−1,−Ω). Since the group operation and its inverse are
smooth, then Ḡ is a Lie group.

The Lie algebra of the (product) group Ḡ is the (product) algebra
ḡ = se(2)× se(2). Every element ηḡ = (ηg, ηΩ) can be represented
as

ηḡ =

⎡⎣ ηg 0 0
0 0 ηΩ

0 0 0

⎤⎦ .

The left translation on Ḡ is

L(g,Ω)(f,Ψ) = (gf,Ω+Ψ).

We define the product between an element of Ḡ and an element of its
Lie algebra as

(g,Ω) ∗ (ηg, ηΩ) = (gηg, ηΩ)

that in matrix form reads⎡⎣ g 0 0
0 I Ω
0 0 I

⎤⎦⎡⎣ ηg 0 0
0 0 ηΩ

0 0 0

⎤⎦ =

⎡⎣ gηg 0 0
0 0 ηΩ

0 0 0

⎤⎦ .

The tangent map is

T(I,0)L(g,Ω)(η
g, ηΩ) = (gηg, ηΩ).

The adjoint representation of the Lie algebra into itself is

ad(ηg,ηΩ)(η
f , ηΨ) = (adηgηf , 0).

The matrix form of the ad(ηg,ηΩ) operator is represented by the 6× 6
matrix

ad(ηg,ηv) =

[
[adηg ] 03×3

03×3 03×3

]
. (10)

Recall that given the control system ˙̄g = f(ḡ, u, t), the left-trivialized
dynamics is defined as λ(ḡ, u, t) := ḡ−1f(ḡ, u, t). In our case, we
obtain from (4) and (5)

˙̄g = f(ḡ, u, t) =
(
gΩ, I�ad∗

ΩI�Ω+ u∧)
and

λ(ḡ, u, t) = (g−1,−Ω)
(
gΩ, I�ad∗

ΩI�Ω+ u∧)
=

(
Ω, I�ad∗

ΩI�Ω+ u∧) ∈ se(2)× se(2).

IV. PROBLEM STATEMENT

We now formulate the optimization problem to design the second-
order minimum-energy filter. We rewrite the systems (7) and (8) as

˙̄g(t) = ḡ(t)(λ(ḡ(t), u(t), t) +Bδ(t)), ḡ(t0) = ḡ0 (11)

where ḡ(t) ∈ Ḡ is the state, u(t) ∈ R3 is the input, δ(t) is the unknown
model error, λ : Ḡ× R2 × R → ḡ the left-trivialized dynamics, λ =[

λg

λΩ

]
=

[
Ω

I�ad∗
ΩI�Ω+ u∧

]
, and B : R3 → ḡ a linear map given by

Bδ = (03×3, B2δ) . From now on, we will indicate with B both this
linear operator and its matrix form from R3 to R6.

The measurement equation y ∈ R7 is

y(t) = h(g(t), t) +Dε(t) (12)

where h : Ḡ× R → R7 is the output map

h(ḡ(t), t) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

x(t) + � cos θ(t)
y(t) + � sin θ(t)
x(t)− � cos θ(t)
y(t)− � sin θ(t)

ω(t)
vx(t)
vy(t)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(13)

which models a GPS-like system (first four rows) and an IMU (last
three rows), ε ∈ R7 is the unknown measurement error and

D = diag{d2, d2, d2, d2, d3, d4, d4}, di ∈ R+ (14)

is an invertible linear map. The GPS measurements are the positions
of two antennas attached to the body at distance � from the center of
gravity, as shown in Fig. 2, whereas the IMU provides the angular
velocity ω and the linear velocities vx and vy .

In the deterministic setting of the minimum-energy filter, the errors
δ and ε are assumed to be unknown deterministic functions of time.
Given the input u and the measurement output y, the goal is to find
the best estimate ̂̄g(t) = (ĝ(t), Ω̂(t)) of the state ḡ(t) = (g(t),Ω(t))
minimizing a cost functional. This cost functional is a measure of energy
in the unknown error signals δ and ε and is given by

J(δ, ε, g0; t, t0) := m(g0, t, t0) +

∫ t

t0

l(δ(τ), ε(τ), t, τ)dτ (15)

where t0 is the initial time and t the present time. The incremental cost
function l : R3 × R7 × R × R → R represents the accumulated error
along the trajectory, and is defined by

l(δ, ε, t, τ) := 1/2e−α(t−τ)(R(δ) +Q(ε)) (16)
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Fig. 2. Planar rigid body with two antennas.

where α ≥ 0 is the forgetting factor, and

R : R3 → R, Q : R7 → R

are two quadratic forms with matrix representations

R = diag {r3, r4, r4} , ri ∈ R+ (17)

Q = diag {q2, q2, q2, q2, q3, q4, q4} , qi ∈ R+. (18)

For an easier computation, we choose R = BTB and Q = DTD.
Since we require that the matrix R in (17) is invertible, we assume
that the operator B2 in (6) is invertible, and for simplicity to be

B2 = diag{b3, b4, b4}, bi > 0.

The functionm : G× R × R → R can be considered as an initial cost,
since it depends on the initial state g0, and takes the form

m(g0, t, t0) := 1/2e−α(t−t0)m0(g0) (19)

with m0 : G → R a bounded smooth function with a unique global
minimum onG, which encodes the a priori information about the initial
state at t0.

For the derivation of the exact filter, it would be necessary to solve
an infinite dimension Hamilton–Jacobi–Bellman equation, but since it
is impossible to solve it exactly, the terms of order higher than two
of the associated value function will be neglected; thus, the filter that
we consider corresponds to a second-order approximation of the value
function. For more details, we refer the reader to [9] and the references
therein.

V. TSE(2) OPTIMAL FILTER

We are now ready to design the second-order-optimal filter for the
dynamics (7) and (8), which minimize the cost functional (15)–(19) us-
ing the measurement equation (13). We consider the Cartan–Schouten
(0) connection form ω(0) = 1

2
ad. This choice is justified by the fact

that this connection has null torsion (see [12]) and works better than
the others (see [9]). We use the shorthand notation ht(ḡ) and λt(ḡ, u)
forh(ḡ(t), t) and λ(ḡ(t), u(t), t), respectively, and we will denote with
·̂ the estimated variables.

Proposition 1: The second-order-optimal filter for the dynamic sys-
tems (7) and (8) with measurement equation (13) and with respect to

the cost functional (15)–(19) is given by{
ĝ−1 ˙̂g = Ω̂ + (K11r

g +K12r
Ω)∧ (20)

˙̂
Ω = I�ad∗

Ω̂
I�Ω̂ + u∧ + (K21r

g +K22r
Ω)∧ (21)

where the residual rt is

rt =

[
rg

rΩ

]
=

⎡⎢⎢⎢⎢⎢⎢⎣

−(ỹ1 − ỹ3)� sin θ̂ + (ỹ2 − ỹ4)� cos θ̂

(ỹ1 + ỹ3) cos θ̂ + (ỹ2 + ỹ4) sin θ̂

−(ỹ1 + ỹ3) sin θ̂ + (ỹ2 + ỹ4) cos θ̂
ỹ5

ỹ6

ỹ7

⎤⎥⎥⎥⎥⎥⎥⎦

T

(22)

and

R7 � ỹ =

[
diag

{
q2
d22

,
q2
d22

,
q2
d22

,
q2
d22

,
q3
d23

,
q4
d24

,
q4
d24

}]
(y − ŷ). (23)

The second-order-optimal gain K =

[
K11 K12

K21 K22

]
is the solution of

the perturbed matrix Riccati differential equation

K̇ = − αK +AK +KAT −KEK +BR−1BT

−W (K, rt)K −KW (K, rt)
T (24)

where

A =

⎡⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
−v̂y 0 ω̂ 0 1 0
v̂x −ω̂ 0 0 0 1
0 0 0 0 0 0
0 0 0 v̂y 0 ω̂
0 0 0 −v̂x −ω̂ 0

⎤⎥⎥⎥⎥⎥⎥⎦ (25)

E =

[
E1 03×3

03×3 I3×3

]
, E1 =

⎡⎣ a1,1 a1,2 a1,3

a2,1 2 0
a3,1 0 2

⎤⎦ (26)

with

a1,1 = (ỹ1 − ỹ3)� cos θ̂ + (ỹ2 − ỹ4)� sin θ̂ + 2�2

a1,2 = − 1

2
(ỹ2 + ỹ4) cos θ̂ +

1

2
(ỹ1 + ỹ3) sin θ̂

a1,3 = +
1

2
(ỹ2 + ỹ4) sin θ̂ +

1

2
(ỹ1 + ỹ3) cos θ̂

a2,1 = +
1

2
(ỹ2 + ỹ4) cos θ̂ − 1

2
(ỹ1 + ỹ3) sin θ̂

a3,1 = − 1

2
(ỹ2 + ỹ4) sin θ̂ − 1

2
(ỹ1 + ỹ3) cos θ̂

BR−1BT =

[
03×3 03×3

03×3 B2R
−1BT

2

]

W (K, rt) =

[
1
2

ad(K11rg+K12rΩ)∧ 03×3

03×3 03×3

]
. (27)

Proof: The general formulas of the residual rt and the operators
A, E, and W for a generic Lie group G are presented in [9]. Here,
we derive them for the TSE(2) case. In what follows, we will use
η = [ηg, ηΩ] = [ηθ, ηx, ηy, ηω, ηvx

, ηvy
]T ∈ R6 to indicate the vec-

tor form of an element of the Lie algebra ḡ and ̂̄gη = [ĝηg, ηΩ] =

TeL
̂̄g
(η) = [θ̂,′ x̂,′ ŷ,′ ω̂,′ v̂x′, v̂y′]T ∈ R6 for the vector form of an

element of the tangent space T̂
ḡ
Ḡ.
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A. Computation of rt

The residual rt(̂̄g) ∈ ḡ∗ represents the weighted errors that depend
on the Lie group structure, the measurement equation, and the matrices
Q and D; its formula is given by

rt(̂̄g) = TeL
∗
̂̄g
[
(
(D−1)∗ ◦Q ◦D−1(y − ht(̂̄g))) ◦ dht(̂̄g)].

Given TeL
̂̄g
(η) ∈ R6, the differential of h in ̂̄g applied to TeL

̂̄g
(η) is

dh
( ̂̄g )

(TeL
̂̄g
(η)) =

=
d

ds

∣∣∣
s=0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x̂(s) + � cos θ̂(s)

ŷ(s) + � sin θ̂(s)

x̂(s)− � cos θ̂(s)

ŷ(s)− � sin θ̂(s)
ω̂(s)
v̂x(s)
v̂y(s)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

x̂′ − � θ̂′ sin θ̂
ŷ′ + � θ̂′ cos θ̂
x̂′ + � θ̂′ sin θ̂
ŷ′ − � θ̂′ cos θ̂

ω̂′

v̂x′

v̂y′

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(28)

and thus, we can write the operator dht

( ̂̄g )
as

dht

( ̂̄g )
=

⎡⎢⎢⎢⎢⎢⎣
−� sin θ̂ 1 0 01×3

+� cos θ̂ 0 1 01×3

+� sin θ̂ 1 0 01×3

−� cos θ̂ 0 1 01×3

03×1 03×1 03×1 I3×3

⎤⎥⎥⎥⎥⎥⎦ . (29)

From the definition of the matrices (14) and (18), it follows that:

(D−1)∗ ◦Q ◦D−1(y − ht

( ̂̄g )
) =

=

[
diag

{
q2
d22

,
q2
d22

,
q2
d22

,
q2
d22

,
q3
d23

,
q4
d24

,
q4
d24

}
(y − ŷ)

]T (30)

composing (29) and (30), and evaluating TeL
∗
̂g̃

, we obtain (22).

B. Computation of A

The operator A represents the linear part of the Riccati equation, and
its formula A(t) : ḡ → ḡ is given by

A(t) = d1λt(̂̄g, u) ◦ TeL
̂̄g
− ad

λt (̂ḡ,u)
− T

λt (̂ḡ,u)

where d1 is the differential with respect to the first component. Given
TeL

̂̄g
(η) ∈ R6, we have

d1λ(̂̄g, u)(TeL
̂̄g
(η)) =

d

ds

∣∣∣
s=0

[
λg(s)
λΩ(s)

]
=

=
d

ds

∣∣∣
s=0

⎡⎢⎢⎢⎢⎢⎢⎣

ω̂(s)
v̂x(s)
v̂y(s)
uω/J

ω̂v̂y + uv/m
−ω̂v̂x

⎤⎥⎥⎥⎥⎥⎥⎦=

⎡⎢⎢⎢⎢⎢⎢⎣

ω̂′

v̂x′

v̂y′

0
ω̂′v̂y + ω̂v̂y′

−ω̂′v̂x − ω̂v̂x′

⎤⎥⎥⎥⎥⎥⎥⎦
(31)

and thus

d1λ(̂̄g, u) ◦ TeL
̂̄g
=

⎡⎢⎢⎢⎢⎢⎢⎣

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 v̂y 0 ω̂
0 0 0 −v̂x −ω̂ 0

⎤⎥⎥⎥⎥⎥⎥⎦ . (32)

The adjoint matrix representation (10) implies

ad
λt (̂ḡ,u)

=

⎡⎢⎢⎣
0 0 0 01×3

v̂y 0 −ω̂ 01×3

−v̂x ω̂ 0 01×3

03×1 03×1 03×1 03×3

⎤⎥⎥⎦ . (33)

Considering the Cartan–Schouten (0)-connection formω(0) = 1
2

ad, the
torsion function T vanishes (see [12]); thus, in matrix form, it is given
by

T
λt (̂ḡ,u)

=

[
03×3 03×3

03×3 03×3

]
. (34)

Using (32), (33), and (34), we obtain the matrix (25).

C. Computation of E

The function E(t) : ḡ → ḡ∗ takes the form

E(t) = −TeL
∗
̂̄g
◦ [ ((D−1)∗ ◦Q ◦D−1(y − ht(̂̄g)))T̂̄gḠ

◦ Hessht(̂̄g)− (dht(̂̄g))∗ ◦ (D−1)∗

◦Q ◦D−1 ◦ dht(̂̄g)] ◦ TeL
̂̄g

and constitutes the second-order term of the Riccati equation that
does not depend on the connection function. Now we can find the
compositions

(dht

( ̂̄g )
)∗ ◦ (D−1)∗ ◦Q ◦D−1 ◦ dht

( ̂̄g )
=

= diag

{
2�2

q2
d22

, 2
q2
d22

, 2
q2
d22

,
q3
d23

,
q4
d24

,
q4
d24

}
(35)

and

(D−1)∗ ◦Q ◦D−1(y − ht

( ̂̄g )
) =

=

[
diag

{
q2
d22

,
q2
d22

,
q2
d22

,
q2
d22

,
q3
d23

,
q4
d24

,
q4
d24

}
(y − ŷ)

]T

. (36)

Given the twice differentiable function ht : Ḡ → R7 and TeL
̂̄g
(η1) =

(ĝηg1 , ηΩ1), TeL
̂̄g
(η2) = (ĝηg2 , ηΩ2) ∈ TḡḠ, the Hessian operator

Hessht(ḡ) : TḡḠ → TḡḠ
∗ is defined by

Hessh(̂̄g)(TeL
̂̄g
(η1))(TeL

̂̄g
(η2))

= d(dh(̂̄g)(TeL
̂̄g
(η2)))(TeL

̂̄g
(η1))

− dh(̂̄g)(∇TeL
̂̄g
(η1)(TeL

̂̄g
(η2))). (37)

We have

d(dht(̂̄g)(TeL
̂̄g
(η2)))(TeL

̂̄g
(η1)) =

=
d

ds

∣∣∣
s=0

⎡⎢⎢⎢⎢⎢⎣
x̂′
2 − θ̂′2� sin θ̂(s)

ŷ′
2 + θ̂′2� cos θ̂(s)

x̂′
2 + θ̂′2� sin θ̂(s)

ŷ′
2 − θ̂′2� cos θ̂(s)

03×1

⎤⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎣
−θ̂′1θ̂

′
2� cos θ̂

−θ̂′1θ̂
′
2� sin θ̂

+θ̂′1θ̂
′
2� cos θ̂

+θ̂′1θ̂
′
2� sin θ̂
03×1

⎤⎥⎥⎥⎥⎥⎦ .
(38)

Since we are working with the Cartan–Schouten (0)-connection, we
end up with

∇
(̂gηg1 ,ηΩ1 )

(ĝηg2 , ηΩ2) =
1

2
̂̄g ad(ηg1 ,ηΩ1 )(η

g2 , ηΩ2)

=
1

2
(ĝ adηg1 ηg2 , 0) (39)
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and so

dht(̂̄g)(∇(̂gηg1 ,ηΩ1 )
(ĝηg2 , ηΩ2)) =

1

2

⎡⎢⎢⎢⎢⎢⎣
+θ̂′2ŷ

′
1 − θ̂′1ŷ

′
2

−θ̂′2x̂
′
1 + θ̂′1x̂

′
2

+θ̂′2ŷ
′
1 − θ̂′1ŷ

′
2

−θ̂′2x̂
′
1 + θ̂′1x̂

′
2

03×1

⎤⎥⎥⎥⎥⎥⎦ . (40)

The Hessian evaluated in (ĝηg1 , ηΩ1) and (ĝηg2 , ηΩ2) takes the form

Hessht(̂̄g)(ĝηg1 , ηΩ1)(ĝηg2 , ηΩ2) =

=

⎡⎢⎢⎢⎢⎢⎣
−θ̂′1θ̂

′
2� cos θ̂ − 1

2
θ̂′2ŷ

′
1 +

1
2
θ̂′1ŷ

′
2

−θ̂′1θ̂
′
2� sin θ̂ + 1

2
θ̂′2x̂

′
1 − 1

2
θ̂′1x̂

′
2

+θ̂′1θ̂
′
2� cos θ̂ − 1

2
θ̂′2ŷ

′
1 +

1
2
θ̂′1ŷ

′
2

+θ̂′1θ̂
′
2� sin θ̂ + 1

2
θ̂′2x̂

′
1 − 1

2
θ̂′1x̂

′
2

03×1

⎤⎥⎥⎥⎥⎥⎦ .
(41)

From (36) and (41), it follows that:(
(D−1)∗ ◦Q ◦D−1(y − ht(ĝ))

)T
ĝG ◦ Hessht(ĝ)

=

⎡⎢⎢⎣
a1,1 − 1

2
(ỹ2 + ỹ4)

1
2
(ỹ1 + ỹ3) 01×3

1
2
(ỹ2 + ỹ4) 0 0 01×3

− 1
2
(ỹ1 + ỹ3) 0 0 01×3

03×1 03×1 03×1 03×3

⎤⎥⎥⎦ (42)

where a1,1 = −ỹ1� cos θ̂ − ỹ2� sin θ̂ + ỹ3� cos θ̂ + ỹ4� sin θ̂. In
conclusion, combining (35) and (42) with TeL

∗
̂g̃

and TeL
̂g̃

, the result

follows.

D. Computation of W

The operator W represents a quadratic term that depends on the
choice of the connection function and that cannot be incorporated in the
standard quadratic term K ◦E ◦K. From the adjoint matrix form (10)
and recalling that we consider the Cartan–Schouten (0)-connection (see
e.g., [7], [8]), characterized by the connection function ω(0) = 1

2
ad, we

have

W (K, rt) =
1

2
ad((K11rg+K12rΩ)∧, (K21rg+K22rΩ)∧)

=

[
1
2

ad(K11rg+K12rΩ)∧ 03×3

03×3 03×3

]
.

�

VI. NUMERICAL EXPERIMENTS

In this section, we explain how the second-order-optimal minimum-
energy filter on Ḡ = TSE(2) works. We set J = 6.125 kgm2 and
m = 125 kg. We consider the control inputs uv = 50 sin( 1

50
t) and

uω = sin(t) with total simulation time T = 50 s. The input u is used
to generate the trajectory g. The initial conditions are θ(0) = π/6
rad, x(0) = 1m, y(0) = 2m, ω(0) = 0 rad/s, vx(0) = 0m/s, and
vy(0) = 0m/s for the system, and θ(0) = π/8 rad, x(0) = 1.1m,
y(0) = 2.1m, ω(0) = 0.1 rad/s, vx(0) = −0.1m/s, and vy(0) =
−0.1m/s for the filter. The matrix forms of the operators B2, R, and
B related to the model uncertainty (11), (24) are

B2 = diag{0.1, 0.1, 0.1}, B =

[
03×3

B2

]
, R = BTB.

The measurements in (12) are obtained by adding a Gaussian white
noise with zero mean and standard deviation depending on D to the
velocities and to the “antennas” components x1 = x+ � cos θ, y1 =

Fig. 3. Left-hand side: Nominal (black) and filtered (green) poses with
measurements (blue). Right-hand side: Pose errors (red).

Fig. 4. Left-hand side: Nominal (black) and filtered (green) velocities
with measurements (blue). Right-hand side: Velocity errors (red).

x+ � sin θ, x2 = x− � cos θ, and y2 = x− � sin θ, where we chose
� = 0.2m. For the matrices D and Q in (14) and (18), we set d2 =
0.5, d3 = 0.1, d4 = 0.1, and qi = d2i , i = 2, . . ., 4. To solve all the
differential equations we used a 4th order Runge–Kutta method with
step h = 1ms. The nominal (θn, xn, yn, ωn, vxn, vyn), measured (θ, x,
y, ω, vx, vy), and filtered trajectories (θ̂, x̂, ŷ, ω̂, v̂x, v̂y) for the poses
and velocities and their errors

δθ � θn − θ̂, δx � xn − x̂, . . .

are shown in Figs. 3 and 4. The filter performs very well even if the
noises are relevant, and it provides accurate pose estimations despite
the fact that it does not measure them directly.

VII. CONCLUSION

In this article, we proposed a second-order-optimal minimum-energy
filters on the Lie group TSE(2) = SE(2)× se(2). This filter exploits
the theory of Lie groups and provides good estimations for both pose and
velocity. The measurement equation models GPS-like and IMU-like
devices, but the geometric structure lets to get good estimations even
if one of them should be missing, for example, this filter should be
replaced with another one considering only the IMU instrument anytime
the GPS measurements are not available due to trees, high buildings
and tunnels [14]. In the present setup, we assumed addictive noises for
both the state equation and the measurement equation. In the future,
we plan to consider also multiplicative noise, and, as anticipated in the
introduction, we will take into account nonholonomic constraints (see,
e.g., [15] and [16]). A comparison between the present filter and the
extended Kalman filter can be found in [17].
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