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Definition 1.1. Let F be a finite graph. We say that E has disjoint cycles in case each vertex of E is the
base of at most one cycle.

The condition that each vertex in a finite graph FE is the base of at most one cycle has been studied
in other settings. For example, in [6] the four authors establish that, for any field K, this condition is
equivalent to the Leavitt path algebra Ly (E) having finite Gelfand-Kirillov dimension. Subsequently, Ara
and Rangaswamy in [7, Theorem 1.1] establish that this condition is also equivalent to the property that all
simple modules over Lk (E) are of a specified type (so-called Chen modules). More recently, in [11] these
graphs have been characterised in terms of the Jordan-Ho6lder composition series of their talented monoid.

For us, the condition to have disjoint cycles sits at a wonderfully fortunate confluence of the ideas
presented in [6] and [7]. On one hand, similar to a process carried out in [6], the condition affords the
possibility to consider a well-defined positive integer representing the “length of a chain of cycles”, and
in particular affords the possibility of applying an induction argument in such a situation. On the other
hand, as provided by [7], having a complete explicit description of all the simple L (F)-modules puts us in
position to describe the injective envelopes of all simple modules, and consequently to describe an injective
cogenerator for L (E)-Mod.

We show in the current article that the “formal power series” idea developed in [4, Section 6] in the
context of the graph 7 can indeed be extended to all graphs with disjoint cycles. In particular, we show
that the injective envelopes of all the simple modules over Ly (FE) may be realised as a type of formal power
series extension. This is the heart of our main result, Theorem 5.2. The proof, rather long and delicate, is
obtained first reducing via Morita equivalences to connected graphs which contain no source vertices and
in which every source cycle is a loop, and then on an induction reasoning on the number of cycles. The
presence of cycles in the graph gives rise to elements of Ly (FE) which can be seen as polynomials with the
cycles as indeterminate. It is therefore not surprising to come across formal series when dealing with this
class of algebras.

The article is organised as follows. In Section 2 we review some of the basics of Leavitt path algebras,
and provide some properties of Leavitt path algebras of graphs having a specified structure. In Section 3 we
review the notion of a Chen simple Lg (E)-module, as well as that of a Prifer L (E)-module. In Section 4
we introduce the formal power series construction associated to subsets of Path(E). With the Sections 3
and 4 material in hand, in Section 5 we state and prove the main result of the article, Theorem 5.2.

We conclude this introductory section by giving a reformulation of the standard Baer Criterion for
injectivity, one which is well suited to our situation.

Proposition 1.2. Let L be an associative ring, and let M be a left L-module. Let I be a fized left ideal of L.
Assume that any morphism f: X — M from any left ideal X < I extends to a morphism f I — M, and
also assume that any morphism g : Y — M from any left ideal Y > I extends to a morphism g : L — M.
Then M 1is injective.

Proof. Let J be any left ideal of L, and let o : J — M be an L-module morphism. The restriction
ho : JNI — M extends by assumption to iLO : I — M. Setting

~

hi (4 +14) = h(j) + ho(i)

for each j € J 7 € I yields a morphism hy : J+1 — M. That h; is well-defined follows from this observation:
j+i=74 +14 implies j —j =i —i e JN I, and hence

~

h(j) — h(j') = h(j — ) = ho(j — §') = ho(i' — ) = ho(i' — i) = ho(i') — hol(d),
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from which h(j) + ho(i) = h(j') + ho(#'). Clearly hy extends h. Now hy : J +1 — M extends by assumption
to hy: L — M. By the Baer Criterion we conclude that M is injective. O

2. Leavitt path algebras

A (directed) graph E = (E°, E',r, s) consists of two sets EY and E' together with maps r,s: E! — E°
the range and the source maps. The elements of E° are called wvertices, those of E' edges. E is finite in
case both E? and E' are finite sets. Unless otherwise indicated, we assume throughout that all graphs are
finite. A sink w is a vertex which emits no edges, i.e., s71(w) = 0; a source u is a vertex to which no edges
arrive, i.e., r*(u) = 0. A finite path of length n is a sequence of edges p = ejes - - - €, with r(e;) = s(e;y1)
fori=1,2,....,n — 1. We denote s(p) = s(e1) and r(p) = r(e,). Any vertex is viewed as a (trivial) path of
length 0. We denote by Path(E) the set of all finite paths in E. For each e € E', we call e* the associated
ghost edge; by definition, r(e*) = s(e) and s(e*) = r(e).

Given any field K and (finite) graph E, the Leavitt path K-algebra Lk (E) is the free associative K-
algebra generated by a set of symbols {v : v € E%} U {e,e* : e € E'}, where {v: v € E°} are orthogonal
idempotents, and for which the following relations are imposed:

(1) for each e € E', s(e)e = e = er(e) and r(e)e* = e* = e*s(e);
e

(2) for each paire, f € El, e*f = rif) ie=17
0 otherwise; and

(3) for each non-sink v € E°, v = Dees—1(v) €€

The elements of Li(FE) are K-linear combinations of paths Au*, A\, € Path(FE) [2, Lemma 1.2.12]. A
nontrivial path ejes---e, is a closed path (resp., a cycle') if r(e,) = s(e1) (resp., and s(e;) # s(e;) for
every i # j). A cycle of length 1 is called a loop. A source cycle is a cycle without entrances, i.e., a cycle
c=ej e, such that, for each e € E', r(e) € c* := {s(e;) : i = 1,...,n} implies e € {e1,...,e, }.

Suppose A is a K-algebra, and suppose that there is a subset S := {a, : v € E°} U {ac,ac- : e € E'}
of A for which {a, : v € E°} is a set of orthogonal idempotents, and for which the relations analogous to
(1), (2), and (3) above are satisfied by the elements of S. Such a set S is called a Cuntz-Krieger E-family
in A. By the construction of Lg(F), if S is a Cuntz-Krieger E-family in A, then there exists a K-algebra
homomorphism ® : Lx (E) — A for which ®(v) = a,, ®(e) = a., and ®(e*) = a.- for allv € E® and e € E*.

Because F is assumed to be finite, Lx(F) is a unital K-algebra, with multiplicative identity 1, x(B) =
> vepov- If d is a closed path in E and p(x) = ag + Y1, a;z* € K|[x], then p(d) denotes the element

p(d) = aolp,(m) + Zaidi
i=1
of LK (E)

A subset H C E° is hereditary if, whenever v € H and there exists p € Path(E) for which s(p) = v and
7(p) = w, then w € H. An hereditary set of vertices is saturated if for any non-sink v € E°, r(s71(v)) C H
implies v € H. In the Fig. 1 the set of vertices {t1, o, t3,w, 2z} is hereditary, and the set {v, ¢, ta,t3, w, 2} is
hereditary and saturated. Let P be any subset of Path(E). Let ¢1, {2 € Li(FE) denote either a vertex of F
or the sum of distinct vertices of E. We denote by

517)82 = {81])62 pE P}

! however, see Definition 3.1 below.
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Fig. 1. Reference example of a graph with disjoint cycles.

the set of all paths in P which start in a vertex summand of £; and end in a vertex summand of /5. Referring
to the Fig. 1,

s2{g3h, bgs, bgsh, bgzgre}(w + z) = {bgsh, bgszg1d}.

Additional general information about Leavitt path algebras may be found in [2].
For a hereditary saturated subset H of E°, E denotes the restriction of E to H, that is, the graph with
EY% = H and E}; = {e € E' | s(e) € H}. Referring to the Fig. 1, if H = {v,t1,t2,t3,w, 2}, then

%'h w
7 1
RN e
d )
Eg = t3 t2 4
(P

n

Proposition 2.1. Let K be any field. Let T be a source loop in the graph E, with s(t) =r(r) =t. Let H :=
E°\ {t}, and let I be the two sided ideal of Ly (E) generated by p := Y, o u; that is, I = L (E)pLk(E).
Then:

(1) The ideal I, when viewed as a K-algebra in its own right, is isomorphic to a Leavitt path K-algebra.
Further, I is Morita equivalent to Ly (Eg).

(2) There is a lattice isomorphism between the lattice of left L (E)-ideals contained in I and the lattice of
left L (Eg)-submodules of pl.

(3) Any left Li(E)-ideal properly containing I is a principal left ideal of Lk (E). It is generated by an
element of the form p(t) € Lk (E), where p(z) € K[z] has p(0) = 1.

Proof. 1.) Since 7 is a source cycle, H is clearly hereditary. As 7 is a loop based at t, H is necessarily
(vacuously) saturated as well. Invoking [2, Theorem 2.5.19] we get that I is isomorphic to a Leavitt path
algebra of a (not-necessarily finite) graph g FE. (The graph gF is a so-called “hedgehog graph”.) Note then
that I = Lk (g F) need not have multiplicative identity. However, I has local units when viewed as a ring (see

g., [2, Section 1.2]). Since p = p?, and I = Ly (E)pLk(E), clearly then I = IpI; as well, pIp = pLk(E)p.
Hence by [1, Corollary 4.3] we have an equivalence

pI®@r—
I-Mod pLx (E)p-Mod
Ip®@pL e (E)p—

between the category I-Mod of unitary I-modules (i.e., for each M in I-Mod, M = IM holds) and the
category of modules over the full corner ring pLx (E)p. Since there are no paths containing ¢ that both start
and end in H, the ring pLx (E)p is isomorphic to the Leavitt path algebra Lx (Fg).



G. Abrams et al. / Journal of Pure and Applied Algebra 228 (2024) 107646 5

2.) Let J be a left ideal of Lk (E) contained in I. Since I has local units, we have IJ = J and hence J
belongs to I-Mod. Conversely, any left I-submodule M of T is a left Ly (E)-ideal contained in I, indeed

Li(E)M = Li(E)(IM) = (Lg(E)I)M = IM = M.

Applying the equivalence described in point 1.), we get the indicated lattice isomorphism between the left
Lk (E)-ideals contained in I and the left Lg (Fg)-submodules of pI @7 I = pl.

3.) Let J’ be any left ideal of Li(FE) properly containing I. We must prove that there exists p(z) =
1+ > a;a* € K[z] for which

J/ = LK(E)p(T) = LK(E)(ILK(E) + a7+ -+ (Ime).

By [2, Corollary 2.4.13], Lx(E)/I = Lx( v( ') = Kz,z7!]. Since 0 # J'/I is then a (left) ideal of
the principal ideal domain Lk (E)/I, it is generated as an Lk (E)/I-ideal by a nonzero polynomial p(z) of
degree m > 0 with p(0) = 1 evaluated in 7 + I. We consider the following two elements of Lg (F):

p(T) i =t+a1m+ -+ apm™ and
p(7) =1 p) a7+ anT™ = p+pi(7).

We show that J" = Lk (E)p(t ) One can easily check that J' = Li(E)p:(7) + I, and clearly J’ contains
p+(7) + p = p(7); since p:(7) = tp(7) we have

J' > Li(E)p(T) > Lr(E)p(7).

Since then J' < Li(E)p(r) + I, to prove that J' = Lk (E)p(r) we need to show that I is contained in
Ly (E)p(T).

To do so, let s71(t) = {7, €1, ...,e,} be the set of edges in E with source t = s(7). Any element of [ is a
sum of the type ap + Bpys(r) with «, 8,7 € Lk (E). Clearly ap = app(r) belongs to L (E)p(r). Since 7
is a source loop, pys(1) = Z?Zl kjpvie; (%)% for suitable k; € K, ¢; € N, and v; € Ly (E). We prove by
induction on ¢; that €%(7*)% belongs to Lk (E)p(r) for any £; > 0; this will then give that I < Lx (E)p(7).
Note that ef7 = 0 for all 1 < j <n, so E;p(T) = ¢j.

If £; = 0 then

Let 0 < ¢; <m = degp(z). Then

*

5;(7*)4}9(7) =¢; (T*)ej (Ipp) a1+ +apt™)

:g;f (( *)é ay (7T )2 - —|-~--—|—agj_17'*—I—agjt—l—-”—i-ame*ej)

=e5(r)5 +arej(r4)5 '+ae~—1€*(7*)+6§ (gt + -+ am™ ")

= (T*) i+ als*(T*) ctag1e5(m7) + (e;p(T)) (agjt + 4 ame_ej)
= (7'*) T+ ar€] () At ag 165 () + €5 (agt+ -+ amT™ ) p(7).

Note that in the last step we used the fact that 7¢ = t7 = 7, and that polynomials in 7 commute in Lg (E).
Therefore

5;(7-*)4’ =€} (7*)%p(r) — [a16;(7'*)£'7‘71 + - dag e ()] — €5 (agt + - + am™™ ) p(7).
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By the inductive hypothesis, each summand in the bracketed term belongs to L (E)p(7), and thus so does
ex(m)h.
Finally, let £; > m. Then

() p(r) = 5 () (L ar + -+ ™)

=¢j (T)% + aie; (r)e L4 4 ams;(T*)éf_m.
Thus
£3(r) = £5(r)p(r) — e} (1) 4 e ()5
which, again by the inductive hypothesis, belongs to Lx (FE)p(r). O
The following result regarding expressions in Lk (F) will be extremely useful in the sequel.
Lemma 2.2. Let E be a finite graph. Suppose that v1,v2 € Path(E) have 7(71) = 7(72) = v for some v € E°.

Suppose further that neither v1 nor v is of the form ~6, where § is a closed path having s(6) = r(d) = v.
Then in Ly (E),

. voif =2,
Y172 = .
0 otherwise.

Proof. If 7; or 7, are vertices, then the result is easy to check. So now assume v, = a7 - -« and v =
b1+ Bk, where h,k > 1, and r(ayp) = r(8x) = v. Then

P}/’ff}/z:a;’;a"{ﬂll@k

Assume Y{v2 # 0. If h < k we would have ay = Si,..., ap, = Bp; since r(ap) = r(Br) = r(Bk) = v, we
get that the path 8,41 B would be a closed path with source and range vertex v, contradicting the
hypothesis on 7,. The situation in which h > k follows similarly. Therefore h = k and 77 = 2, and the
result follows. O

We close this section by noting some graph-theoretic properties related to the condition of having disjoint
cycles.

Lemma 2.3. Let E be a finite graph. Then E has disjoint cycles if and only if all closed paths in E are
powers of cycles.”

Proof. Clearly any graph in which the only closed paths are powers of cycles has disjoint cycles.

Conversely, let e := e;---e, be a closed path in E. We proceed by induction on the length n of e. If
n = 1, then e is a loop and hence it is a cycle. Let n > 1. Assume that e is not a power of a cycle. Consider
the sequence of vertices (s(e1), ..., s(en)). Since e is not a cycle, in the sequence there are repetitions. In the
set

{(i,j) i< jed{l,...,n}, s(e;) =s(ej), j — ¢ minimal}

2 This lemma has been obtained in one of our fruitful discussions with our friend and colleague Kulumani M. Rangaswamy.
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consider the pair (7, j) with 4 minimal. Then e - - - e; 165 en and e;- - - e5_; are respectively a closed path
p and a cycle d in E of length < n. By the inductive hypothesis we have p = ¢™ for a suitable cycle ¢ in E
and m > 1. The cycles ¢ and d have in common the vertex s(e;) = r(e;_;): therefore, since distinct cycles

are disjoint, ¢ = d. By the minimality of 7, we get 7 = 1 and hence

c=d=e1 €=

N [
-1, p=c" =¢€5-¢€n.

m+1 3 power of the cycle c. O

Therefore e = ¢

The set of vertices of a graph E is naturally endowed with a preorder structure. Given u,v € EY, we
write v < u if there exists p € Path(F) with s(p) = u and r(p) = v.

Writing v = v if v < v and v < wu, one obtains an equivalence relation = on E°. The pre-
order < induces a partial order on the quotient set EZ. Because E° is assumed to be finite, £
contains maximal elements. Referring to the Fig. 1, E® = {u, s1, s2, 83, 84,0, t1,t2,t3,w,2} and EY =
{[a], [s1, 82, 83, 84, [V], [t1, t2, t3], [w], [2]}; [@] is the only maximal element in E2.

Remark 2.4. If the graph E has disjoint cycles, then (using Lemma 2.3) each equivalence class in EY is
either a single vertex, or the set of vertices of a cycle. In particular, the maximal elements in E2 are either
source vertices or the set of vertices of a source cycle.

Therefore, if E in addition contains no source vertices, then the finiteness of F together with the condition
of having disjoint cycles implies that E contains at least one source cycle.

3. Chen simples and Priifer modules

We reiterate here our standing assumption that E is a finite graph. So the Leavitt path algebra Ly (FE)
has a multiplicative identity, namely, 17, () = >_,cpo v-

In [9] Chen introduced classes of simple left modules over Leavitt path algebras. Here, we concentrate
on those simples associated to sinks or to cycles: Lx (E)w (for any sink w) and Vi) (for any cycle ¢) in
E. We will see that, although these have been viewed as distinct classes in the literature, they in fact share
many properties.

A sink w is an idempotent in L (E): we consider the left ideal Ly (E)w. Since there are no ghost edges
ending in w, any element of L (E)w is a K-linear combination of paths in Path(E)w, i.e., of (real) paths
ending in w. Since Lx (E) = @, cpo Lx (E)u as left L (F)-ideals, we have clearly

LK(E)U} = LK(E)/LK(E)(’U} — 1)

Given a cycle ¢ = e;---e, in E, the “infinite path” obtained by repeating c infinitely many times,
denoted ¢, can be considered as an “idempotent-like element”: one has ¢" - ¢* = ¢ for each n > 1.
Extending the product defined between elements of Ly (F) and ¢, one can in the expected way construct
the left Ly (F)-module Lx (E)c>, which is usually denoted by Vjcej. Since e*c> = 0 for each e # ey, and

(o9} (oo} o0

ejc™® = ey --e,c™, any element in L (E)c™ is a K-linear combination of paths in Path(E)c™, i.e., of

(real) paths ending in s(c) times ¢*. By [5, Theorem 2.8] we have
Lg(E)c™ 2 Lg(E)/Lk(E)(c—1).

If one thinks of a sink w as a cycle of length 0, and observes that w™ = w, the two above constructions
of simple modules may be viewed as two manifestations of the same idea.
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Definition 3.1. By a cycle in the graph E we mean either a sink (i.e., a cycle of length 0), or a proper cycle,
i.e., a cycle of length n > 1. We unify notation by setting

‘/[wao] = LK(E)’LU
for any sink w in F.

Definition 3.2. Let F be a finite graph, and c any cycle in E. By PF we denote the following subset of
Path(E):

{y € Path(E) : r(y) = s(c¢) = ¢} = Path(E)c

if ¢ is a sink;

{y € Path(FE) : r(y) = s(c), and v # +'c Vv’ € Path(F)}

if ¢ is a proper cycle.

Less formally, if ¢ is a sink then PZ is the set of paths in E ending in s(c) = ¢. Otherwise, if ¢ is a proper
cycle, PE is the set of paths in E which end at the source vertex s(c) of the cycle ¢, but for which the path
does not end with a complete traverse of the cycle c.

Referring to the Fig. 1, the set P of all paths in E ending in w is infinite: it contains the sink w and all
the left truncations of paths of the form pdy(didadsdy)id1bgs(g19293)7h (i,5 > 0). As well, the sets Pgbzgzg?),
and PF are infinite. The former contains the vertex t; = s(g1), g2g3, and all the left truncations of paths
of the form pdy(didadsdy)idibgs (i > 0); the latter contains the vertex z and all the left truncations of
paths of the form pdy(didedzds)ididamn and pds(didadsds)idibgs(g19293)? gre. The set PdEldzde4 is finite:

it contains s1, d4, pdy, dsdy, dodsdy.

Remark 3.3. By Lemma 2.3, if the graph E has disjoint cycles, then for any cycle ¢ the paths in PEF do not
end with the traverse of any closed path.

Remark 3.4. Tt follows by [9, §3.1] and [2, Corollary 1.5.15] that for any cycle ¢, the set
PE.c>® ={p-c:pecPF}
is a K-base for the simple left Ly (£)-module Vjceo;.

If ¢ is any cycle and 0 # a € K, we denote by 0., the “gauge” automorphism of Lk (E) associated to ¢
and a. This automorphism is defined to be the identity if c is a sink. Otherwise, if c = ejes - - - €, is a proper
cycle, 0. o sends u to u for each u € EP, e to e and e* to e* for each e € E! \ {e1}, and e; to ae; and e} to
a~ler. If a =1, then o, is clearly the identity automorphism of Ly (FE).

For M in Lk (E)-Mod, we define M7=« € Lg(E)-Mod by setting M?e+ = M as an abelian group, but
with the modified left Ly (E)-action

Cxm =0, q(0)m

for each £ € Lg(E) and m € M. The automorphism o., induces an auto-equivalence of the category
Li(F)-Mod given by the functor

LK(E)UC’“ ®LK(E) — LK(E)—MOd — LK(E)—MOd
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which sends any Ly (E)-module M to the “twisted” Ly (E)-module M7ea = L (E)%= @ M. The twisted
module V[Zx,i‘ is a simple left Lk (F)-module for each 0 # a € K.

A family of simple Ly (F)-modules wider than the one presented in [9] for proper cycles was obtained by
Ara and Rangaswamy in [7] as follows. Let K be any field, ¢ be any cycle in E, and f(x) € K[z] be a basic
irreducible polynomial in K|[z], i.e., a polynomial which is irreducible in Kz, and for which f(0) = —1.
Denote by K’ the field K[z|/{f(z)) and by T the element x + (f(z)) € K’.

Definition 3.5. We denote by V, E <] the left Ly (E)-module obtained from the twisted left L/ (E)-module
ng[cﬁo] by restricting scalars from K’ to K.

Here is a more precise formulation of V B[] The K-algebra homomorphism K — K’ induces a functor
U from Lk (E)-modules to Lk (FE)-modules which is the right adjoint of the extension of scalars functor
—®k K': Lg(E)-Mod — Lg/(FE)-Mod. Then VE (o] 18 defined to be U( ];TL[;C])

In particular, for each 0 # a € K we may view the previously defined twisted modules in these more
general terms by noting that

voee =Vl

o] = Vis e where f(x) = o tx—1.

We will often omit the graph F when it is clear from the context, writing simply Vi Ife=wisa sink,

[e=]"
then

Vf

[w]

= Lg(E)w = KPE = KPath(E)w
for any basic irreducible polynomial f(z) € K[x].

Remark 3.6. Since any element of K’ is a K-linear combination of elements of the form z" (0 < h <
deg(f(z))), by Remark 3.4 for any cycle ¢, the set

735E~{Ei:O§i<degf(:r:)}-c°°:{p-fi-coo:pepf, 0<i<degf(z)}

is a K-base for the simple left Lx (F)-module V[foo].
Definition 3.7. Let ¢ be any sink and f(z) any basic irreducible polynomial in KJ[z]. Following Ara and
Rangaswamy [7], we call any simple left Ly (E)-module of the form V[f ] @ Chen simple module.

Remark 3.8. If s a cycle of length > 2 obtained by ° rotatlng the cycle cg, then the simple modules
v/
polynomlal flx ) € KJz]. Aside from these cases, the Chen simple modules are pairwise non-isomorphic.
(See [9, Theorem 6.2] and [7, Proposition 3.8].)

-7 and V 1 are isomorphic. If ¢ is a fixed sink, then Vi = = Vg e, for any basic irreducible
B,[c§°] B,[c5°] E,[c>] [e°]

Referring to the Fig 1, a complete list of the Simple left L (F)-modules up to isomorphisms is given by:

_ f
V[woo] - LK( )w ‘/v[(d1d2d3d4) o] V[(glf]zgs)“’]’ and Vf‘x’]’

In addition to the Chen simple modules, there is another important (and related) construction of Lk (E)-

for any basic irreducible polynomial f(z) € K[x].

modules which will be relevant in the sequel. Let E be a finite graph, and ¢ any cycle in E. In [3] the three
authors constructed the Priifer L (E)-module Ug .—1 associated to any proper cycle ¢ in E. The module
Ug,c—1 is an infinite length uniserial artinian L (F)-module with all composition factors isomorphic to
V[Coo]. The module Ug .1 is the direct limit

Upe1:= lim {Lg(E)/Lx(E)(c—1)", ¥pi;}

4,21
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of the factor modules Ly (E)/Ly(E)(c — 1)¢, with respect to the morphisms

Ve L(B)/Lr(E)(c—1) = Li(E)/Lx(E)(c— 1), defined by setting
(c— 1)
(c—1)

1+ Lg(E)(c—1) + Lg(E)(c—1) V1<i<j.

Denoting by

Yei: Lre(E)/Lkx(E)(c—1)" = Ugc

for each ¢ > 1 the induced monomorphism, the Prifer module Ug ._1 is generated as an L (E)-module by
the elements

Qe g 1= wE)Z(l—i-LK(E)(C—l)z), ’LZ 1.
If c = w is a sink, then o, ; = (71)”10@,1. The Priifer module corresponding to a sink then becomes
Upw—1=Viw=) = Lk (E)w = KPL.

Clearly, for any cycle ¢, L (E)ac,; is isomorphic to the simple module Vj.~, and hence it is the socle of
the module Ug .1 (it is equal to Vi~ if c is a sink). In particular V] is essential in Ug 1. In general
we omit reference to the graph E and write simply U._;.

We now provide some additional information about the Prifer Ly (E)-module U._; for any cycle c of E.
Let m > 1. Setting a0 = 0, we have

0 if ¢ is a sink,
(c—=Doaem = o
oc,m—1 if cis a proper cycle.

If u € E°\ {s(c)}, then easily one shows that u = (—1)™u(c — 1)™ for each m > 1, so we get ua, , = 0.
(As a result, s(¢)oe,m = dem-)

If ¢ has length 0 and e € E', or ¢ is a proper cycle and e € E'\ {e1}, it is also easily shown that
e* = (—=1)me*(c — 1)™ for each m > 1. So €*am = 0 for all m > 1 in this situation as well.

Finally, if ¢ is a proper cycle ¢ = ejes - - - €, then for each m > 1, multiplying each side of the equation
(¢ = Daem = aem—1 by e] and rearranging terms, we get that ejocm = €2 entem — €fcm—1. (We
interpret e - - - e, as t = s(¢) if n = 1.) Continuing in this way, we iteratively get

m—1
¢
elem =€3- - €p E (=D aem—r | -

£=0

Therefore, by the three previous paragraphs, any element of U._; can be written in the form

SO kjyvoe;

j=1j€F

for suitable k; ., € K and finite subset F' C Pf . Less formally, we have established that each element of
Uc—1 can be written as an Lk (F)-linear combination of the ., in such a way that the Lk (E)-coefficients
do not involve any ghost edges. This observation will play a key role later on.

Analogous to the construction of the simple module V[{ o] associated to any proper cycle ¢ and any basic
irreducible f(x) € K|z], we have
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Definition 3.9. Let E be any finite graph, and K any field. Let ¢ be any cycle, f(z) be any basic irreducible
polynomial in K[z], and 7 := z + (f(z)) € K' = K[z]/(f(x)). We define

Ug(ey :==UUY),

the left Ly (E)-module obtained from the twisted Ly (F)-module Ugff_l via the functor ¢ which restricts
scalars to K.

Observe that if ¢ = w is a sink, then Definition 3.9 reduces to
Upwy = Uw—1 = Vju=) = L (E)w = KPL.

Remark 3.10. Since for each 0 # a € K, any automorphism of L (FE) induces an autoequivalence of L (E)-
Mod, it is clear that for any proper cycle ¢ = ey ---e, the twisted L (E)-module Ugf{f_l has the same
submodule structure as Ug 1. Precisely, Ugc-;_l is an infinite length uniserial artinian left L g (F)-module
with composition factors isomorphic to V[ ;‘]L Moreover, setting

Qg = 1 (B) OLg(B) Xm0 L (E)7* ®p,(p) Up,e—1 = U;ifg;il

we have

(ale—1)al,, = ((a e =1)x 11, (p) OLk(E) ey
=0ca(a e —1) @ (m) Yem
=(c—1) ®Lx(B) Ye,m
=11,(B) OLg () (c = Dacm

__ _a
- ac,mfl'

If f(x) € KJz] is basic irreducible and K’ = K[z]/(f(z)), taking a equal to the invertible element T =
z+ (f(z)) of K’ we get that

(T te - Dag,, = of

c,m—1

in the twisted left L/ (E)-module Ugf’il. Multiplying by T on both sides one gets Eaf,m = ca®

c,m c,m—1»
which iteratively gives

T _ T T m—1 T
c,m e;m — CQem—1 +oet (71) CQe -

In such a way, multiplication of af ,,, by 7 yields a linear combination of f ;’s having coefficients in L (E).
Moreover for each edge e # e; € E' we have

—h x —h _* x =h *
eTal ,, =T, =T (1L, (B) OLk(B) € Cem) = 0,
while when e = e; we have
T o,y =T ela =7"ei(11,(B) ®Lx(E) Qem)

=Z"(11c(B) ®Li(E) €10c,m)
m—1

75}7](1[/}(( ) @Li(E) €2 €n Z Yatem—r)
=0



12 G. Abrams et al. / Journal of Pure and Applied Algebra 228 (2024) 107646

[

m—
£=0
The discussion over the previous paragraphs has established the following.

Proposition 3.11. For any sink w, any proper cycle ¢ and any basic irreducible f(xz) € K|[x] we have the
following equalities of K -vector spaces

deg f(xz)—1
UwflzKpfaw,lzKpf and Uf @ Z KPE h ac‘
j>1
Specifically, any element of Uy () is a finite sum of elements of the form {kyzha® ke K, ye PE h>

0, j >1}.

As mentioned previously, the cases of simple Ly (E)-modules corresponding to sinks and those corre-
sponding to proper cycles have historically been treated separately in the literature. We believe that there
is enough commonality to these two types of simples that merits treating them as two cases of the same
construction. Indeed, this is the case in all of our subsequent results. Thus, as we already said in Defini-
tion 3.1, when we use the word cycle we will mean either a sink, or a proper cycle. Admittedly, however,
there is a small price of additional notation to pay in order to achieve this single approach.

Definition 3.12. We set

) N>y if cis a proper cycle
{1} if¢=wisasink

deg f(z) if ¢ is a proper cycle ,

deg, f(x) = {

1 if ¢ = w is a sink.
Moreover, if ¢ = w is a sink, then o2 := w.
;

Lemma 3.13. Let ¢ be any cycle in the graph E, and let f(x) € K[z] be basic irreducible. Assume the graph
E has disjoint cycles. Then in Uy the set

{y@"al; |y € PF, 0<h <deg, f(x), j €L}
is K-linearly independent.

Proof. Assume

deg, f(z)—

> Z Zkﬂwmaw 0

JEF = YEF,

for suitable finite subsets Fy of I, and Fy of PF. Since the cycles are disjoint, we can apply Lemma 2.3 to
get that the elements in PF do not end with any closed path. Therefore, multiplying on the left by any 7*
(with ¥ € PF), by Lemma 2.2 we get

deg, f(z)—1

Z Z kj’?hfh af’j =0.

JjEF h=0
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Since the set {af; | j € F1} is linearly independent over the field extension K’ = Kl[xz]/(f(x)) of K, we
have that szg fa)=1 kj~nZ" =0 in K’ for each 1 < j < m. Since {z" | 0 < h < deg, f(x)} is K-linearly
independent, we get kj~, = 0 for any j € F; and 0 < h < deg, f(z). Because 7 was arbitrary, we are
done. O

As expected, the wider class of modules Uy ) satisfy properties similar to the specific modules U,_1.

Proposition 3.14. Let E be a finite graph, K any field, ¢ a proper cycle in E, and f(z) = zg(xz) — 1 a basic
irreducible polynomial in K[x]. The L (E)-module Uy is an infinite length uniserial artinian module with
all composition factors isomorphic to V[ﬁm].

Proof. As sets, we have Uy () = Uy(z)c—1. It is sufficient to prove that the lattice of L (E)-submodules of
Uy(c) is equal to the lattice of Ly (E)-submodules of Uyz).—1. Clearly any Lx:(E)-submodule of Uy(z).—1
is also a Ly (£)-submodule of Uy (). Consider now an L (£)-submodule M of Uy ). Since, as observed in
Remark 3.10,

— T _ T T o (_1\i-1.. T
Ta, ; = ca cag j_q 4o+ (=1 eag

we have that Zm belongs to M for each m € M. Then M is also a L/(E)-submodule of Uyzye—1. O
We end the section with an observation about the left-module action of L (E) on Uy (..

Remark 3.15. Let c be either a sink in F, or ¢ = ejey---e, a cycle in E. Let e € E' and v € PE for which
r(e) = s(7). In general there are two possible interpretations of an expression of the form ey. One is simply
the concatenation of the paths e and . The other is as e -, where we view e € Lg(F), v € Ug(), and -
denotes the left Ly (E)-action on Ug(c).

If for example e = e; and ¥ = €3 - - e, then v € PF but the concatenation ey is not in PF. So in this
situation the concatenation ey is not an element of the form indicated in Proposition 3.11, and the two
interpretations of e~y differ.

However, consideration of the lengths of paths shows that the situation described in the previous
paragraph is the only configuration one needs to consider in order to avoid the situation in which the
concatenation of an edge e with a path v € PE having r(e) = s(y) yields a path which is not in PZ.
Consequently, suppose for example that v € PE for which |y| > |¢|, and let e € E* with r(e) = s(y). Then
the concatenation path ey is necessarily in P¥. Thus for an element y of U #(¢) of the form y = k’yihacyj
with k € K, |y| > |c| and 7(e) = s(7), the element e -y of Uy(, is equal to the element k(ey)ae,; of Uy (.

A similar observation holds for e* where e € E!. Specifically, suppose v € PEF has v = ey’ for some
7' € Path(E). Then necessarily v/ € PF. So the two possible interpretations of the expressions e*y (as
either the element ' of PF, or as the element e* -y of U #(c)) coincide. We note that the only elements of
the form kyZ"a.; of Uy(c) for which e*kyz . ; # 0 and vy # ey’ must have v = v = s(c). In this case,

h

the iterative version of the expression for ejZ"a, ,, given in Remark 3.10 yields a sum of elements of the

indicated form, where the lengths of the paths appearing are each equal to |c| — 1.
4. Formal power series built from E

In this section we introduce the key construction by which we will produce the injective envelopes of
Chen simple modules.
For any cycle ¢, the set PF C Path(F) is a K-linearly independent set in Lx (E) by [2, Corollary 1.5.15].
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Definition 4.1. We denote by K[[PF]] the K-vector space of all mappings from PF to K. Any element p in
KI[PE]] can be represented as a “PE-formal series”

p=>_ plu)-p

nePE

If p(u2) # 0 only for a finite number of u € PF, then p belongs to the K vector space KPP generated by
PE. Otherwise p is called a proper PE-formal series.

Definition 4.2. Let E be any finite graph, c a cycle in E, K any field, and f(z) a basic irreducible polynomial
in K[x]. We define the K-vector space Uy () by setting

deg, f(z)—1
7 — Ezh o
Ui = @ D K[PFE"al;.
j€el. h=0

Clearly U () is an enlarged version of the Priifer module
deg. f
Use) = €D Z KpErta
jel.  h=0

Proposition 4.3. The K -vector space Uf(c) is a left L (E)-module.

Proof. The set of paths PF is a disjoint union

{pePl:lul <} U {pePl:jul=lcd+1} U {pePrf:|ul>|c|+2},

which we denote respectively by Pf‘ o Pf‘ el +17 and Pf‘ cl+2- This disjoint union induces a K-vector space
decomposition ﬁf(c) =A®B®C, where
deg, f(z)— deg, f(z)—1
o E  =h T
A= > KP<W” iy Bi=@ Y. KPE 7"
jel. h=0 jel. h=0
deg.. f(z)—1
— E  —h T
and C:= @ Z KPS| 42T g ;-
jel. h=0
We note that A@® B C Uy, . Additionally, for u € PE upPE = PE and e € F; we have either
fe) M H =lel+1= ">el+2 >lel+1

e = 0 or, having r(e) = s(u), eu € PF, more specifically, ey € PZIC|+2'

So each element of U #(c) is a finite sum of elements of the form

Z p(,uhyj)uh’jfhaf_’j € A®B@C, written as

pn,;€EPE

S bl > p el > P Tl

1n i €PE 1 €PE 4y 1h i €PE 1o

where 0 < h < deg f(z), j € F.. for some finite subset Fj, . of I, and p(us, ;) € K for all uy, ; € PE.
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For v € E° we define P, : ﬁf(c) — ﬁf(c) by setting

—h T —h T
Pol D plunpnz el | = > plpng) T 0.
pn,€EPE ;Lh,jG'PCE
S(Mh,j):”

Let - denote the left L (FE)-action on Us(ey and let ¢ denote the inclusion map from Uy to ﬁf(c).
For e € E' we define S, Uf(c) — Uf( y as follows. We define two maps: first, Sc aep : A® B — Uy
by setting

Se.asB(a+0b) = (e (a+Db)),

and second, Sc pgc : B® C — ﬁf(c) by setting

—h T —h T
Se.BaC > p(pn)bn ;T ae; | = ) p(pn,j)epn ;T ag ;.
1 €PE o 1 b €PE o141
r(e)=s(un,;)

]/3\y Remark 3.15, S¢ agpp and S. pgc coincide on B. So taken together these two maps yield S, : ﬁf(c) —
Ut(c)- We note that S.(A) C A B andfe(B ®C)CC.

For f € E' we define Sy« : Up(o) — Ug(e) as follows. Let PF(f) denote {u € PF | p = fu'} for some
1/ € Path(E); note that in this case necessarily p/ € PF. We define two maps: first, Sy« aap : ABB — Uf(c)
by setting

Speaepla+0b) =u(f" - (a+Db)),

and second, Sf« pgc : B®C — Uf by setting

—h T h T
Sy« Boc S Tl | = > p(pan ) T QL ;.
P, €PE 1 b €PE o141 (F)
B =fBh,

Again using Remark 3.15, Sy« agp and Sy« pgc coincide on B. So taken together these two maps yield
Spe: Uf(c) — Uf(c). We note that S¢- (A® B) C A.
Claim: The subset {P,, S, S+ | v € E° e € E'} forms a Cuntz Krieger E-family in EndK(ﬁf(c)).
Proof of Claim: We suppress the composition operator o in the following equations; d denotes the Kro-
necker delta. By definition it must be checked that:

(1) P,Py = 0y Py for all v,w € EY;

(2) S(E)S =S5.=5, P fOI“ all e € El

3 Ser = Sex —Se*Pse for alleEE1

3) P )

4 S*S =08 ¢P. () foralle, f € E'; and

(4) Sy S Er(e)

5 11 SeSe» = P, for all non-sink v € E°.
e€s—1(v)

Statements (1), (2), and (3) are straightforward to check. We give now the key details of the verification
of statement (4). We use the decomposition of Uy, given at the start of the proof of the proposition.
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Proof of (4). Let a € A. Recall that S.(a) € A @ B. Then

Sp-Se(a) = Sy-(e-a) = Sy awnle-a) = J* - (c-a)
= (7€) -a = . yr(e) -a = b, ;Pro(a),

so that Sf* Se = 5e,fPr(e) on A.
Now let y € B&® C. Then y is a finite sum of terms of the form 3° JEPE p(Mia,j)thfhazj, where

0 < h <degf(x),j € Fi, where F}, . is some finite subset of I., and p(up ;) € K for all up ; € Pg‘c‘ﬂ.
Recall that S.(y) € C. Then

Se(y) = Se,pac(y) = Se,Bac Z p(tin,j ) n T 0

E
Hr i €PZ e 41

_ —h T
= > p(pnj)epn ;7" ag ;-
1w €PE e
r(e)=s(pn,;)

If f # e, then {eun ; | r(e) = s(unj)} N P§|c|+1(f) = () by definition, so that

Sy« (Se(y)) =S¢« pac > plung)epn ;T al; | =0.
M}L,jEP§|c\+1
r(e)=s(pn,;)

On the other hand, since S.(y) € C, we have

Se-(Se(y)) = Ser.Bac > plpng)epnT ol
B €PE o141
T(e):S(#h,j)

= Z p(Mh,j):uh,jfhaf,j = Pr(c) (y)
pn, G €PE |1
r(e)=s(pn,;)

Thus we have that Sy« Se = de,f Pp(e) on B @ C as well. We conclude that Sy«Se = de ¢ Pp.(e) on all of ﬁf(c),
as desired.

Proof of (5). This follows in a manner similar to the proof of (4), and is left to the reader. The key
observation here is that for each non-sink v € E° we have {y € PF | s(u) = v} = Uees—1(0) PE(€). (Less
formally: every path in F having source vertex v must have as its first edge one of the finitely many elements
of s71(v).)

With the Claim established, we invoke the universal property of Li(F) to conclude there exists a K-
algebra homomorphism

(O3 LK(E) — EndK(ﬁf(c))

for which ®(v) = P,, ®(e) = S, and ®(e*) = S+ for all v € E° e € E'.
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Since every path in E has source vertex in E°, it is clear that 1EndK(l7f<c>) = vepo Po. Thus @(1, (g)) =
(X pepov) = 1Endx(f7f<c>)'

With the above discussion and computations in hand, by a standard ring-theory argument we conclude
that Uy () admits a left Ly (£)-module action (which we appropriately denote by -) by setting

r-u=®(r)(u)

for all r € Lig(FE) and all u € ﬁf(c). Finally, by again using Remark 3.15, we have that this Lg (F)-action
on Uy () extends the Lk (F)-action on Uy, i.e., that Uy () is an L (£)-submodule of Uy). O

Referring to the Fig. 1, the modules ﬁw_l, U 7( and U #(¢) contain proper formal series (and thus

919293)3 N
properly contain Uy —1, Uf(g, gogs), and Uy (), respectively). On the other hand, Uf(didadsds) = Uf(dydadsdy)-
Modules of the form Uy, will play a central role in our analysis, as these will be shown to be the injective

envelopes of the Chen simple modules of the form V[£ ol We first check that U () is an essential extension
of V/

[e>=]

Proposition 4.4. Let E be a finite graph with disjoint cycles. For any cycle ¢, the simple left L (E)-module
V[foo] is essential in Uy).

Proof. We establish that Uy, is essential in U (c); the result will then follow directly from Proposition 3.14,
which in particular implies that V[f ] is essential in Uy ().

By definition, any element in ﬁf(c) is of the form

deg. f

> Z Y kjawy | Tl

JEF yeEPE

for a suitable (finite) subset Fy of I.. Assume this element is not equal to zero. Then there exist jo € Fi,
70 € PE, and 0 < hy < deg, f(x) such that kj, ,o.n, # 0. By Remark 3.3, the paths in PZ do not end in
any closed path. So by Lemma 2.2 we have

deg, f deg, f(z)—1
—h T
g0 Z Z Z k;, 7'775 aC] = Z Z Kjvo,n T A -
JEF, h=0 yePE JEF

The latter is a nonzero element in Uy, since by Lemma 3.13 the set {Ehafj | j € F1,0<h<deg, f(z)}
is K-linearly independent, and kj, v,,n, 7 0. O

5. The main result

The aim of this paper is to explicitly construct the injective envelope of all simple modules over any
Leavitt path algebra Lg(FE) associated to a finite graph E with disjoint cycles. A first important step has
already been established. Using a number of powerful tools (e.g., pure injectivity, and the Bézout property
of Leavitt path algebras), the three authors proved the following.

Theorem 5.1. [3, Theorem 6.4] Let E be any finite graph, and let ¢ be a proper cycle in E. Then the Priifer
module Ug 1 is injective if and only if ¢ is a mazimal cycle (i.e., there are no cycles in E other than cyclic
shifts of ¢ which connect to s(c)).
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Referring to the Fig. 1, Ug,—1 is injective if and only if ¢ = d;dadsd,.
With Theorem 5.1 and the results established in the previous sections in hand, we are now in position
to state the main theorem of the article.

Theorem 5.2. Let K be any field, and let E be any finite graph with disjoint cycles. Let ¢ be a cycle in F,
and let f(x) € K[z] be a basic irreducible polynomial in K[x]. Then the injective envelope of V[f;,o] is the
left L (E)-module Uy ).

In particular, if c = w is a sink, then the injective envelope of Viye) = L (E)w is the left L (E)-module
Uy-1 = K[[ElJw.

Observe that for a proper cycle ¢, PE is finite if and only if ¢ is a maximal cycle. In such a situation we
get Upe) = (7 f(¢c)- Thus Theorem 5.2 may be viewed as a significant extension of Theorem 5.1 for graphs
with disjoint cycles, as it provides the injective envelopes of simples associated to all sinks, and to all cycles
(not only the maximal ones) together with appropriate irreducible polynomials of K[x].

Remark 5.3. As mentioned in the Introduction, by [7, Theorem 1.1], when E has disjoint cycles then the Chen
simple modules represent all the simple Ly (E)-modules. So, once the proof of Theorem 5.2 is completed,
we will get as a consequence an explicit description of an injective cogenerator for Ly (FE)-Mod, namely, the
direct product of the injective envelopes of all the simple modules.

We will present the proof of Theorem 5.2 below. Here is an overview of how we will proceed. In Proposi-
tion 4.4 we have already checked that V[Z ] is an essential submodule of U #(c)- In Proposition 5.4 we reduce
the task of proving the injectivity of U #(c) for any basic irreducible f(x) € K[z] to the specific polynomial
f(z) =2 —1. To do so, we will use that U'f(c) is obtained from the left L/ (E)-module fJ}qc,l by applying
the functor & which restricts the scalars from K’ to K.

Then, to prove the injectivity of (76_1, for any cycle ¢ in F, we reduce first to connected graphs, then
reduce to graphs which contain no source vertices, and finally reduce to graphs in which every source cycle
is a loop.

After these four reductions, the core of the proof is based on an induction argument on the number of
cycles in the graph E. It is here that the main ideas come to light.

Proposition 5.4. Let ¢ be a proper cycle in E and f(x) € Klx] a basic irreducible polynomial. Denote by
K’ the field K[z]/(f(x)). If Ue—1 is an injective left Ly (E)-module, then Uy is an injective left Ly (E)-
module.

Proof. Given 0 # a € K, we first consider the case f(z) = a~'x—1. In this situation, since deg(f(z)) = 1 we
get K = K'. Then ﬁf(c) is the L (E)-module U,~1,_1, which is the twisted version of the L (E)-module
[76,1. Since twisting is an autoequivalence of L (F)-Mod, ﬁa—lc_l is injective.

If f(z) is a basic irreducible polynomial of degree > 1, writing f(z) = xg(x) — 1 we get from the
previous paragraph that ﬁg(f)c_l is an injective left L/ (E)-module. Now consider the left Ly (E)-module

Tj'f(c) =U (Ug(f)c_l). By [14, Lemma 12.29.1], since U is right adjoint to
— QK K': LK(E)—MOd — Ly (E)—Mod,
and the latter is exact, U transforms injectives into injectives. O

The next three lemmas will permit us to reduce our study to connected graphs having no source vertices
and in which the source cycles are loops.
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Lemma 5.5. Let E be a finite graph and E;, i = 1,2,...,m, its connected components. The Leavitt path
algebra associated to E decomposes as the direct sum of two-sided ideals, each of which is the Leavitt path
algebra associated to a connected component of E:

Lx(E) :@LK(Ei).

For any cycle ¢ in Eq, we have
UE,cfl = UE1,¢271~

Moreover, let J be an ideal of Lk (E) and p1 be the sum of all vertices in E1. We have J = p1J @ (1 — p1)J
and ¢ ((1 — p1)J) =0 for each morphism ¢ : J = Ugc—1 =Ug, c—1-

Proof. For the decomposition Lx(E) = @.~, Lx(E;) see [2, Proposition 1.2.14]. Clearly P¥ = PEr.
Therefore we get Ug c—1 = Ug, ,c—1. Finally, for any

@ J = UE,c—l = UEl,c—l

we have

(1= p1)d) = (1= p))p(J) C (1 — p)TUgycor.
Since (1 — p1)PEr =0 we get ¢ (1 —p1)J) =0. O

The reduction to graphs having no source vertices and in which the source cycles are loops will be
achieved using relatively standard equivalence functors between categories of modules over Leavitt path
algebras associated to general graphs, and categories of modules over Leavitt path algebras associated to
graphs having no source vertices and all source cycles being loops. Of course such equivalences will preserve
various homological properties, including injectivity.

However, we need more. The modules U E,c—1 are built in a specific way from the data corresponding to
the graph E and cycle c. So if, for example, F' is a subgraph of E (or F is otherwise built from F) which
contains the cycle ¢, and if T : L (F)-Mod — L (E)-Mod is an equivalence of categories, and if U Fc—1 has
been shown to be injective as an Ly (F')-module, then certainly T(ﬁp7c_1) is an injective L (E)-module.
But it is not at all immediate from purely categorical considerations that

T(ij,c—l) = 0E,c—1 .

Fortunately, the displayed isomorphism does indeed hold for each of the equivalence functors that we will
utilise.

Lemma 5.6. Let E be a finite graph with disjoint cycles, and U a source vertex in E (see Fig. 2). Let H
denote the hereditary subset E°\ {u} of E°. Setting ¢ = 2o upm Us there is a Morita equivalence

eLr(E)®L (B)—
Ly (E)-Mod Ly (Ewg)-Mod = eLk(E)e-Mod .
Li(E)e®crL ¢ (m)e—

Moreover, for any cycle ¢ of E, necessarily c is in Eg, and we have

(/jE,c—l = LK(E)5 ®€LK(E)S ﬁEH,c—l-



20 G. Abrams et al. / Journal of Pure and Applied Algebra 228 (2024) 107646

Fig. 2. Eliminating source vertices.

Proof. That the indicated functors give a Morita equivalence has been proved in [7, Lemma 4.3]. Let ¢ be
a cycle in E. So

PE = ePFuupPE = pFr ywpk.
Any element 7 in WPE has the form v = y1672 - - - ¢, where s(71) = @ and (1) € H. The map
K'PCEQCJ — LK(E)E ®6LK(E)6 KE’P;EO(CJ = LK(E)E ®5LK(E)5 K'PEHO@J

defined by ya. ; — e®va. ; for each v € ePE and Ve = Y1®Y2 - - Ve, for each v = yieya - 0 € uPE,
induces an isomorphism

Up,c—1 Lg(B)e ®cry(m)e Uy -1
De1, K[PEloc Li(B)e @cr oo (Djer, KIPE 0,

(where the direct sums are as K-vector spaces), thus establishing the result. O

Assume now that F contains a source cycle d = d; - - - d,- which is not a loop. By [7, Lemma 4.4] a finite
graph Fg 4 can be constructed from E in which the cycle d (and all its vertices) is replaced by a loop
in such a way that Ly (F) and Li(Fg,q) are Morita equivalent. More precisely, let d® denote the set of
vertices {s(dy),...,s(d,)}, and define Fg’d = {v} U (E°\ d°) where v is a new vertex. Then to define Fé,d,
we first set s;;d(u) = s (u) for each u € E°\ d°; for each edge f with s(f) € d° and r(f) € E°\ d°,
define an edge ¢(f) with sp, ,(¢(f)) =7 and rp, ,(¢(f)) = re(f). Finally, we define a loop d’ at 7 so that
$pga(d) =7 =rp, ,(d'). Observe that there are no edges connecting any pair of vertices in d° other than
the edges dy,..., d,.

Lemma 5.7. Let d = dy - - - d, be a source cycle in the graph E with v > 2. Let Fg q be the graph described
in the previous paragraph, in which d is replaced by the loop d'. Then there are inverse equivalence functors

G1
LK(E)—MOd LK(FE’d)—MOd .
G2

Moreover, ﬁE’C,l = Gy (ﬁFE,d,cfl) for any cycle ¢ in E.

Proof. We describe how the functors G; and G2 work. (The details are given in [7, Lemma 4.4].) Consider
the map 6 : L (Fg,q) — Lk (E) defined on vertices by:

O(u) =u for ue Fp,\ {v};
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0(v) = sp(d);
and defined on edges by:
f(e) = e for e having sp, ,(e) € Fp 4\ {v};

(
O(p(f)) =dy---di_1f for f having sg(f) = s(d;) and rg(f) € E°\ d°
0d)=d=di--d,.

By [7, Lemma 4.4] the map 6 extends to a well-defined K-algebra isomorphism
0:Lk(Fg4) = wLig(E)w,
where w := s(d1) + 3¢ EO\go U We denote by § the induced natural isomorphism of categories
0: Li(Fp.q)-Mod — wL (E)w-Mod.

The ring wLk (E)w is easily seen to be a full corner of Lk (FE) and so is Morita equivalent to Lx (F). The
functors G; and G2 which realise the Morita equivalence between L (E)-Mod and Lk (Fg q)-Mod are given
by the following compositions

WLk (E)®L g (m)— g1
Lk (E)-Mod wL i (E)w-Mod Lk (Fg.q4)-Mod .
L (B)w®uL e (B)w— 0

Now let ¢ be a cycle in E (possibly equal to d). Then

PE =wPFu(1-w)PE.

The map
Upe1 =@ KPFPac; — Li(B)w®ur,(pw | @D KwPlac,
jel, Jele
defined by
poc i — w® pae; for each p € wPCE
and by

s(di)pae,; v di_q---di ®dy---di—18(d;)pae,; for each s(d;)p € (1 — w)PCE
extends to an isomorphism
Upe1 = P EPIllac; = Lr(BE)wGureme | D KlwPac,
jel. jel.

Since H(PfE’d) = wPE, we have é(ﬁpad’c_l) = ®Djer. K[[wPE]ae j, and hence

~

Gs (ﬁFE,d,cq) = Li(E)w @ur (5w 0Urp 4.0-1) 2 Up o1,

as desired. O
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In the following example we clarify in a concrete situation how the isomorphisms described in Lemma 5.7
work.

Example 5.8. Let E’ be the graph

h
S1 - 31 ~ w
dy dy /% 91\l [\Z
¢
54 S9 %-) t3 to %e z )
d d / LQ2J

and
t —>h w
7 1 ~
0% 3 1
N \ ®)
FE/ d = UV —> t3 tQ —=Z

N g/

p(m) v

the graph in which the cycle didsdsdy is substituted by the loop d’. Denote by w the idempotent s; +
ZueE,g\do u of Li(E"), and by c either one of the cycles g1g293 and ¢, or the sink w. In the isomorphism

fj’E’,cfl = LK(E/)W ®wLK(E’)w é(ﬁFEud,cfl)v

for any j € I the element

Z d4did1 b’yiacg

=0

of ﬁE’,c—l corresponds to the element

didsdi © )0 ((d) (b)) auy = didsdi @ Y d dibyia;
=0 =0

of Lic(B')w @uur ey (1 K[wPE o).
We are now ready to give the

Proof of Theorem 5.2. Recall that we consider any sink w € E? as a cycle of length 0.
The essentiality of V[f o] in Uy () has been shown in Proposition 4.4. So we need only demonstrate that

U #(c) 1s injective for each cycle ¢ and each basic irreducible polynomial f (A:v) € Klz].

Given any cycle ¢, by Lemma 5.5 we can establish the injectivity of Uy in the Leavitt path algebra
associated to the connected component containing c¢. By Lemmas 5.6 and 5.7, we can assume that the
connected component containing ¢ has no source vertices, and that all its source cycles are source loops.
Moreover by Proposition 5.4, it suffices to show the result in the case f(z) = & — 1, and hence we may
assume ﬁf(c) = ﬁc—l-

We proceed by induction on the number N of cycles in the connected component of E containing the
cycle c. We continue to call this connected component E.
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tlﬁw
~N

Qe SN

t%—tg tg ———= 2

v

n

Fig. 3. Graph with disjoint cycles, without source vertices, whose source cycle is a loop.

If N =0, then by the reduction assumptions the graph E has one vertex and no edges. So Lx(E) = K,
and therefore all left Lg (FE)-modules are injective.

If N =1, either E consists of one vertex u and one loop at u or, invoking Remark 2.4 and the assumption
that N = 1 the graph E contains a source loop 7 and at least two vertices. In the first case by Theorem 5.1
we conclude that U._1 = ffc,l is injective. In the second case, since 7 is a maximal cycle, by Theorem 5.1
the Priifer module Ug ,—1 = UEJ_l is injective.

Now let N > 1. If 7 is a maximal cycle, then again by Theorem 5.1 the Priifer module Ug . = ﬁEﬁ_l
is injective. So we have to prove that U E,c—1 s injective for any non-maximal cycle c. Denote s(7) by t.
Denote by I the two sided ideal of Ly (E) generated by the hereditary set of vertices H = E°\ {t}, and by
p € I the idempotent Y,y u= 17, () — t. Moreover, let s7(t) = {e1,...,en} (see, e.g., Fig. 3).

By Proposition 2.1, I is isomorphic to a Leavitt path algebra, and there is an equivalence between the
category I-Mod of (unitary) I-modules and the category pL (E)p-Mod= pIp-Mod, induced by the functors

pl @ —: I-Mod — pLk(E)p-Mod  and
Ip®,r,(B)p — : PLK(E)p-Mod — I-Mod.
Moreover, the K-algebra pL (E)p is isomorphic to the Leavitt path K-algebra Lg (Fp).

Now let ¢ be any cycle in E, ¢ # 7. Then ¢ lives also in Ep. Since each of the connected components of
the graph Fp (there might be more than one such component) has fewer cycles than does E, we can apply
the inductive hypothesis to conclude that Ug, .—1 is an injective L (Ey)-module.

We prove that Ug .—1 is injective in Lk (E)-Mod. To do so we use the version of Baer’s Criterion presented
in Lemma 1.2, with respect to the ideal I.

So first, let J be a left ideal of Ly (F) contained in I. Since I has local units, we have I.J = J and hence
J belongs to I-Mod. Consider an arbitrary Ly (E)-homomorphism

@ : J — 0E,c—1~
Since I.J = J, ¢ factors through
E J = IﬁE,c—l-

We show that it is possible to extend ¢ to I. Clearly I U E,c—1 is also a left I-module and @ is an [-linear
map. Applying the functor pI ®; — we get the pL x (F)p-homomorphism

pl@rp: ple;J — pI®1H7E7C,1.

Claim: pI ®; [Up.c 1 = Ugy e 1 as left pLg(E)p = Li(Ey)-modules. Proof. Any element in pI @;
1Ug c—1 is of the form pt; ® 122 where ¢1,10 € I and 2z € Ug .—1. Denoting by ¢ the product ¢;:9 we have

pL1 Loz = p2L1 R Loz = p R pLitaz = p R pLz,
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and puz has the form

n o0
Z Z kmpwam—&—z Z Zijmx,prrzey’yaw.

JEF ’YEPfH jEF> ’YEPCEH y=1z=0

We establish now the key point, which is that if : € I and z € IﬁE’c,l then piz € (A]EH,cfl. Note that for
each € PP we have

p if pis a path in PF#
pp =
0 if s(u)=t.

Separating the paths in PZ starting from the vertex ¢ and those starting from a vertex in H, any element
z of Ug c—1 has the form (see, e.g., Fig. 3)

n o0
2= ki ) D DY ke T ey

jeER ’YEPEH jeF> ’YEPCEH y=1z=0

for suitable finite subsets F; and Fy of I. and kj -, kj 4,2,y € K. Then

pLz = Z Z kj~pryoe; + Z Z szmyx,ypwwsy’w‘c,j'

JEF, ’yGPCEH JEF> 'yG’PfH y=1x=0

The left hand double summand is an element of U En.c—1. In the right hand quadruple summand consider
each pit¥eyva. ;. The term pu is a linear combination of monomials in L (E) starting from vertices in H,
and v is an element of PZ#. In the linear combination of monomials pt, let Py 44 (T)" be the sub-linear
combination of those monomials ending with €} (7*)*. Since ¢ is fixed, we have ¢}, , # 0 for a finite number
of (z,y) € N x {1,...,n}, and, in particular, ¢;, , = 0 for = greater than a suitable £ € N. Therefore

14

PIEDIID B BLETH LA LD DD DD D) DLESIAL LA

JEF2 ’YG'PCEH y=1z=0 JEF, "/GPCEH y=1x=0

which is an element of ﬁEH’c_l. Thus pz € ﬁEH’c_l as desired.

Now consider the map (pt1,t22) — ptitaz where 11,15 € I and z € (71570_1. Clearly this is an I-balanced
linear map, which with the previously established key point yields a left pLx (E)p-module map 9 : pI ®;
IﬁE,cq — ﬁEH,C,l. But by the induction hypothesis, since Eg has fewer cycles than does F, UEH,C,l is
an injective module over the ring plp = pLx (F)p = Lx(En).

Since J < I and IJ = J, applying the exact functor pI ®; — we get the solid part of the following
commutative diagram of left pLx (E)p-modules:

0%—p[®jt] /pI@II
pl®¢l -7
=z P

Pl RrIUE -1 2 Ugy c—1

The existence of the dashed arrow 1 follows by the injectivity of ﬁEH,cq in pLi(E)p-Mod established
above. Applying the equivalence functor Ip ®,r . (g), — we get the following commutative diagram of
I-modules:
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Ip@pLic(myp (PI @1 J) = J Ip®pLic(myp (PI @1 1) =1

Ip®(p1®so):sol /
P

Ip®@,r. )y (PI @1 HAJE,CA) = IﬁE,aﬂ

Moreover, the I-linear map 1 is in fact Lx (E)-linear. Indeed, since I has local units, for each + € I there
exists ¢ € I such that ¢ = ¢. Then for each A\ € Lx(F), since A\{ belongs to I, we have

() = ((AC)e) = (AP () = A 9(Ce) = A (o).

Composing E with the inclusion of IU E,c—1 inside U £,c—1 we get the desired extension of . This completes
the first step of the application of Baer’s Criterion Lemma 1.2.

To complete the second step required to apply Lemma 1.2, we have to prove that any morphism of
left Ly (E)-modules from a left ideal J’ containing I extends to L (E). As before, we denote s~1(t) by

{T,€1, .-, En}

We first assume J’ = I. Let
xX:1— ﬁE,aﬂ

be a morphism of L (E)-modules. We have to extend x to a morphism ¥ : Lx(F) = I+ Lg(E)t — (7E7C_1.
The elements of the intersection I N Lk (E)t have the following form:

Zf,’7j(€i)*(7'*)j with Eiﬂ' S LK(E)
]

In particular the restriction of x to INL (E)t is determined by x((£;)*(7*)7), i € {1,...,n}, j € N. Observe
that

zig = x(() (7)) = x(p(e)* (7)) = px(()* (7)) € pUp,c—1.
Setting
t iitr’éjzm = izn:Tingi,j )
i=0 j=1 i=0 j=1
we define a map X : Lx (E)t — U'E,cq whose restriction to I N Lk (E)t coincides with x. Specifically,
X((e30)"(77)°) = X((ei0)"(7)t) = ((eio)" (7)) x(2)
= ((610)*(7*)j0) iiTiEjzi,j = Zig,jo-

i=0 j=1
Thus we can define
KT+ Lg(BE)t = Lg(E) = Ugo

by setting (¢ + At) := x(¢) + X(At). This completes the verification of the second step, in the specific case
J =1
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Assume now J' is a left ideal of L (E) properly containing I. By Proposition 2.1, J' is equal to Ly (E)p(7)
for a suitable polynomial p(z) € K[z] with p(0) = 1. Consider a map 6 : J' = Lx (E)p(r) — ﬁE’C_l.

Denote by P(z) the formal series in K[[z]] such that p(z)P(z) = 1, and write P(xz) = > o h;z’. As
observed previously, any element z of ﬁE,cq has the form

n o0
z= Z Z kjqyoe,; + Z Z szj,%z,yTxEy'yac,j'

JEF ’YEpPCE JjeFS 'yep’PCE y=12=0

Therefore

P(r)z = (Z hiTi)Z =
i=0

0o 00 n oo
= Z Z k‘ik]”,ﬂ'i’yac’j + Z Z Z Z Z kikj7,y,m7y7'x+i€y’yac7j
i=0 j

EF ~yepPE i=0 jEF2 y€pPE y=12=0

is again an element of [A]Eyc_l.
Setting w(1) = P(7)0(p(7)) we get a map 7 : Lg(E) — Ug—1 which extends 6. This completes the
verification of the second step, in the case I ; J'.

Therefore, by Lemma 1.2, we conclude that [750_1 is an injective Lk (FE)-module, thereby completing
the proof of Theorem 5.2. O
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