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 a b s t r a c t

We propose two new alternative numerical schemes to solve the coupled Einstein-Euler equations 
in the Generalized Harmonic formulation. The first one is a finite difference (FD) Central Weighted 
Essentially Non-Oscillatory (CWENO) scheme on a traditional Cartesian mesh, while the second 
one is an ADER (Arbitrary high order Derivatives) discontinuous Galerkin (DG) scheme on 2D 
unstructured polygonal meshes. The latter, in particular, represents a preliminary step in view of 
a full 3D numerical relativity calculation on moving meshes. Both schemes are equipped with a 
well-balancing (WB) property, which allows to preserve the equilibrium of a priori known station-
ary solutions exactly at the discrete level. We validate our numerical approaches by successfully 
reproducing standard vacuum test cases, such as the robust stability, the linearized wave, and 
the gauge wave tests, as well as achieving long-term stable evolutions of stationary black holes, 
including Kerr black holes with extreme spin. Concerning the coupling with matter, modeled by 
the relativistic Euler equations, we perform some special relativistic Riemann problems, a clas-
sical test of spherical accretion onto a Schwarzschild black hole, as well as an evolution of a 
perturbed non-rotating neutron star, demonstrating the capability of our schemes to operate also 
on the full Einstein-Euler system. Altogether, these results provide a solid foundation for address-
ing more complex and challenging simulations of astrophysical sources through DG schemes on 
unstructured 3D meshes.

1.  Introduction

When dealing with the numerical solution of the Einstein equations, both their mathematical formulation as a system of partial 
differential equations (PDEs) and their numerical discretization play a crucial role. At the moment, there are two main successful 
families of formulations of the Einstein equations that are routinely adopted for the simulation of astrophysical sources: those that 
are based on the 3+1 foliation of spacetime (see the monographies by [1], [2], [3], [4] for an overview), and those that belong to 
the Generalized Harmonic (GH) approach, which dates back to the origin of general relativity [5]. Within the 3+1 framework, after 
the seminal works by [6,7], which gave birth to the so called BSSNOK formulation, there has been a steady effort over the years to 
obtain a better numerical control of the Einstein constraints. This has motivated the introduction of new versions such as Z4, CCZ4, 
Z4c, CFC [8–13]. Within the GH framework, there has been continuous progress as well, which, not only allowed to perform the first 
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$g$


$c=G=1$


$(-, +, +, +)$


$a, b, c, \ldots $


$i, j, k, \ldots $


$\Sigma _t=const$


\begin {equation}\label {eq:ds2_3p1} ds^{2} = g_{ab}\, dx^a\, dx^b= -(\alpha ^{2}-\beta _{i}\beta ^{i}) dt^{2}+ 2 \beta _{i} dx^{i} dt + \gamma _{ij} dx^{i}dx^{j} \,,\end {equation}


$\alpha $


$\beta ^i$


$\gamma _{ij}$


$n^a=(1/\alpha , -\beta ^i/\alpha )$


$n^a$


$g_{ab}$


\begin {align}\label {eq:fosh gh metric evolution} \partial _t g_{ab} &=\left (1+\gamma _1\right )\beta ^k\partial _k g_{ab} -\alpha \Pi _{ab}-\gamma _1\beta ^i\Phi _{iab}, \\ \label {eq:fosh gh metric derivative evolution} \partial _t\Phi _{iab} &=\beta ^k\partial _k\Phi _{iab} - \alpha \partial _i\Pi _{ab} + \alpha \gamma _2\partial _ig_{ab} +\frac {1}{2}\alpha n^c n^d\Phi _{icd}\Pi _{ab} \nonumber \\ &\quad + \alpha \gamma ^{jk}n^c\Phi _{ijc}\Phi _{kab} -\alpha \gamma _2\Phi _{iab},\\ \label {eq:fosh gh metric conjugate evolution} \partial _t\Pi _{ab} &=\beta ^k\partial _k\Pi _{ab} - \alpha \gamma ^{ki}\partial _k\Phi _{iab} + \gamma _1\gamma _2\beta ^k\partial _kg_{ab} \nonumber \\ &\quad +2\alpha g^{cd}\left (\gamma ^{ij}\Phi _{ica}\Phi _{jdb} - \Pi _{ca}\Pi _{db} - g^{ef}\Gamma _{ace}\Gamma _{bdf}\right ) \nonumber \\ &\quad -2\alpha \nabla _{(a}H_{b)} - \frac {1}{2}\alpha n^c n^d\Pi _{cd}\Pi _{ab} - \alpha n^c \Pi _{ci}\gamma ^{ij}\Phi _{jab} \nonumber \\ &\quad +\alpha \gamma _0\left (2\delta ^c{}_{(a} n_{b)} - g_{ab}n^c\right )\mathcal {C}_c -\gamma _1\gamma _2 \beta ^i\Phi _{iab} -16\pi \alpha \left (T_{ab} - \frac {1}{2}g_{ab}T\right ),\end {align}


\begin {align}\Phi _{iab}&=\partial _i g_{ab}\,,\\ \Pi _{ab} &= -n^c\partial _cg_{ab}\,, \label {Xeqn3-6}\end {align}


$T_{ab}$


\begin {equation}\label {eq:Tmunu} T_{a b} = \rho h u_a u_b + p g_{a b}\,,\end {equation}


$T$


$\delta _a^b$


$A_{(ab)}=(A_{ab}+A_{ba})/2$


$\gamma ^{ij}$


$\gamma ^{ij}\gamma _{jk} = \delta ^{i}_{k}$


$\gamma _0$


$\mathcal {C}_a=H_a+\Gamma _a$


$\gamma _1$


$\gamma _2$


$\mathcal {C}_{iab}=\partial _i g_{ab}-\Phi _{iab}$


$\Gamma _{abc}$


\begin {equation}\Gamma _{abc}=\frac {1}{2}(\partial _b g_{ac}+\partial _c g_{ab}-\partial _a g_{bc})\,,\qquad \Gamma _a=g^{bc}\Gamma _{abc}\,, \label {Xeqn4-7}\end {equation}


$H_{a}$


\begin {equation}H_{a} = g_{ab} \nabla _{c} \nabla ^{c} x^{b} = -\Gamma _{a}\,. \label {Xeqn5-8}\end {equation}


\begin {equation}\label {eq:Cgauge} \mathcal {C}_a=H_a+\Gamma _a\,.\end {equation}


$\Pi _{ab}$


\begin {equation}\label {eq:Pi-K} \Pi _{ij}= 2\,K_{ij} + \frac {\beta ^{k}}{\alpha } \partial _{k}\gamma _{ij} - \frac {1}{\alpha }(D_{i}\, \beta _{j} + D_{j}\,\beta _{i}) \,,\end {equation}


$D_{i}$


$\gamma _{ij}$


$p$


$\rho $


$h$


$u^{a}$


$v^{i}$


\begin {equation}u^{i} = W \left (v^{i} - \frac {\beta ^{i}}{\alpha }\right )\,, \label {Xeqn11-14}\end {equation}


$W$


\begin {equation}W = \frac {1}{\sqrt {1-v^{2}}} = \alpha u^{0}\,, \label {Xeqn12-15}\end {equation}


$v^{2} = \gamma _{ij}v^{i}v^{j}$


\begin {align}\label {eqn.rho} &\partial _t (\sqrt {\gamma }D)+\partial _i\left (\sqrt {\gamma }(\alpha v^i D - \beta ^i D)\right )=0\,,\\ \label {eqn.S} &\partial _t (\sqrt {\gamma } S_{j})+\partial _i\left (\sqrt {\gamma }(\alpha S^i_{\,\,j} - \beta ^i S_j)\right )=\sqrt {\gamma }\left (\frac {\alpha }{2} S^{ik}\partial _{j}\gamma _{ik} + S_i \partial _j \beta ^{i} - E \partial _{j}\alpha \right )\,,\\ \label {eqn.E} &\partial _t (\sqrt {\gamma }E)+\partial _i\left (\sqrt {\gamma }(\alpha S^i - \beta ^i E)\right )=\sqrt {\gamma }\left (\alpha S^{ij}K_{ij} - S^j \partial _{j}\alpha \right )\,,\end {align}


$\gamma $


$\gamma _{ij}$


$S_{ij}$


$T_{ab}$


\begin {equation}\label {eqn.cons.var} D = \rho W, \qquad S_{i} = \rho h W^{2} v_{i}, \qquad E = \rho h W^{2} - p\,.\end {equation}


\begin {equation}\label {eqn.pde.mat.preview} \frac {\partial \u }{\partial t} + \nabla \cdot \F (\u ) + \B (\u ) \cdot \nabla \u = \mathbf {S}(\u ),\end {equation}


$\mathbf {F}(\u )=(\f ^x(\u ),\f ^y(\u ),\f ^z(\u ))$


$\B (\u ) = ( \B ^x(\u ), \B ^y(\u ), \B ^z(\u ) )$


$\u $


$54+5=59$


$g_{ab}$


$\Pi _{ab}$


$\Phi _{iab}$


$H_a$


$\mathbf {u}_{i,j,k}$


$x$


\begin {equation}x_i = x_L + \frac {1}{2} \Delta x + (i-1) \Delta x, \qquad \Delta x = \frac {x_R - x_L}{N_{x}}, \label {Xeqn15-21}\end {equation}


$x_L$


$x_R$


$N_x$


$\mathcal {S}_{opt} = \left \{ i{-}\frac {N}{2} , \, \dots , i{-}1, \, i, \, i{+}1, \dots , \, i{+}\frac {N}{2} \right \}$


$N > 2$


$\mathcal {S}_{L} = \left \{ i{-}2,\, i{-}1, \, i \right \},\mathcal {S}_{C}=\left \{ i{-}1, \, i,\, i{+}1 \right \}, \mathcal {S}_{R} = \left \{ i, \, i{+}1, \, i{+}2 \right \}$


$N > 2$


$N = 2$


$\mathcal {S}_{L} = \left \{ i{-}1, \, i \right \}$


$\mathcal {S}_{R} = \left \{ i, \, i{+}1 \right \}$


$M = M(k)$


$\mathcal {S}_k$


$\x \mapsto \psi _m(x)$


\begin {equation}P^M_k(x) = \sum \limits _{m=0}^M \psi _m(x) \, \hat u^m_k\,, \qquad \textrm {with} \qquad k \in \left \{ opt, L, C, R \right \}, \label {Xeqn16-22}\end {equation}


$\hat u_k^m$


\begin {equation}\frac {1}{x_{j+\frac {1}{2}}-x_{j-\frac {1}{2}}} \int \limits _{x_{j-\frac {1}{2}}}^{x_{j+\frac {1}{2}}} P_k^M(x) dx = u_j, \qquad \forall j \in \mathcal {S}_k. \label {Xeqn17-23}\end {equation}


$P_0^N(x)$


\begin {equation}\label {eq.Popt} P_{opt}^N(x) = \lambda _0 P_0^N(x) + \lambda _L P_L^2(x) + \lambda _C P_C^2(x) + \lambda _R P_R^2(x),\end {equation}


$\lambda _0, \lambda _L, \lambda _C, \lambda _R$


$\lambda _0 = 10^8$


$\lambda _C = 10^4$


$\lambda _L = \lambda _R = 1$


$\sigma _{k}$


\begin {equation}\sigma _k = \sum _{\alpha =1}^{M} \int \limits _{x_{i-\halb } }^{x_{i+\halb }} \left ( \frac {\partial ^\alpha P^{M}_k(x)}{\partial x^\alpha } \right )^2 \Delta x^{2 \alpha -1} \, dx,\qquad \textrm {with}\qquad k \in \left \{ 0, L, C, R \right \}, \label {Xeqn19-25}\end {equation}


$P_0^N(x)$


\begin {equation}w_h(x) = \sum _k \omega _k P^{M}_k(x), \qquad \textnormal { with } \qquad k \in \{0, L, C, R\}, \label {Xeqn20-26}\end {equation}


$\omega _{k}$


\begin {equation}\label {WENOwr} {\omega }_k = \frac {\tilde {\omega }_k}{\sum _m \tilde {\omega }_m}, \qquad \textnormal { with } \qquad \tilde {\omega }_k = \frac {\lambda _k}{\left ( \sigma _k + \epsilon \right )^r},\end {equation}


$r = 4$


$\epsilon = 10^{-7}$


$w_h(x)$


$w^{\mp }_{i \pm \frac {1}{2},j,k} = w_h \left ( x_{i\pm \frac {1}{2}}\right )$


\begin {equation}\partial _x \u _{i,j,k} = \frac {\w ^-_{i + \frac {1}{2},j,k} -\w ^+_{i - \frac {1}{2},j,k}}{\Delta x}. \label {Xeqn22-28}\end {equation}


$y$


$z$


$\nabla \u _{i,j,k}$


$\partial _{x} \mathbf {u}_{i,j,k}$


$\mathbf {D}^x$


\begin {equation}\label {eq.Dterms} \mathbf {D}^x_{i + \frac {1}{2},j,k} = \frac {1}{2} \bar {\mathbf {B}}^x_{i+\frac {1}{2},j,k} \cdot \left ( \mathbf {w}^{+}_{i + \frac {1}{2},j,k} - \mathbf {w}^{-}_{i + \frac {1}{2},j,k} \right ),\end {equation}


$\bar {\mathbf {B}}^x$


$\bar {\mathbf {B}}^x_{i+\frac {1}{2},j,k}=\mathbf {B}^x\left (\frac {1}{2}(\mathbf {w}^{+}_{i + \frac {1}{2},j,k}+\mathbf {w}^{-}_{i + \frac {1}{2},j,k})\right )$


\begin {equation}\label {Rusanov} \f ^x_{i+\halb ,j,k}=\frac {1}{2}\left (\f ^{x,-}_{i + \halb ,j,k} + \f ^{x,+}_{i + \halb ,j,k} \right )-\frac {1}{2}\lambda ^{\max }_{i + \halb ,j,k}\left ( \w ^{+}_{i + \halb ,j,k} - \w ^{-}_{i + \halb ,j,k} \right ),\end {equation}


$\lambda ^{\max }_{i + \halb ,j,k}$


$y$


$z$


$\mathbf {u}_{e} = \mathbf {u}_{e}(x,y,z)$


$\partial _{t} \mathbf {u}_{e} = 0$


$\mathbf {u}_{e}$


$\tilde {\u } = [\u , \u _{e}]^{T}$


\begin {equation}\label {eqn.pde.mat.preview.aug} \frac {\partial \tilde {\u }}{\partial t} + \nabla \cdot \tilde {\F }(\tilde {\u }) + \tilde {\B }(\tilde {\u }) \cdot \nabla \tilde {\u } = \tilde {\mathbf {S}}(\tilde {\u }),\end {equation}


\begin {equation}\label {Xeqn28-35} {\tilde {\mathbf {F}}} = \begin {bmatrix} \mathbf {F}(\mathbf {u}) - \mathbf {F}(\mathbf {u}_{e}) \\ 0 \end {bmatrix}, \qquad {\tilde {\mathbf {B}}}({\tilde {\mathbf {u}}}) \cdot \nabla {\tilde {\mathbf {u}}} = \begin {bmatrix} \mathbf {B}(\mathbf {u}) \cdot \nabla \mathbf {u} - \mathbf {B}(\mathbf {u}_e) \cdot \nabla \mathbf {u}_e \\ 0 \end {bmatrix}, \qquad \tilde {\mathbf {S}} = \begin {bmatrix} \mathbf {S}(\mathbf {u}) - \mathbf {S}(\mathbf {u}_{e}) \\ 0 \end {bmatrix}.\end {equation}


\begin {equation}\label {Rusanov.wb} \tilde {\f }^x_{i+\halb ,j,k}=\frac {1}{2}\left (\tilde {\f }^{x,-}_{i + \halb ,j,k} + \tilde {\f }^{x,+}_{i + \halb ,j,k} \right )-\frac {1}{2}\lambda ^{\max }_{i + \halb ,j,k} \tilde {\mathbf {I}} \left ( \tilde {\w }^{+}_{i + \halb ,j,k} - \tilde {\w }^{-}_{i + \halb ,j,k} \right ),\end {equation}


\begin {equation}\mathbf {\tilde {I}} = \left ( \begin {array}{c|c} \mathbf {I} & -\mathbf {I} \\ 0 & 0 \end {array} \right ) \label {eqn.wb.id}\end {equation}


$\mathbf {I}$


$\tilde {\mathbf {u}} = [\mathbf {u}_e,\mathbf {u}_e]$


\begin {equation}\frac {d \tilde {\mathbf {u}}_{i,j,k} }{d t} = 0 \label {Xeqn31-38}\end {equation}


$P_i^{n}$


$i = 1, \dots , N_{P}$


$P_{i}^{n}$


$t^{n}$


$\mathbf {u}$


$N$


\begin {equation}\label {eqn.uh} \mathbf {u}_h^n(\x ,t^n) = \sum \limits _{\ell =0}^{\mathcal {N}-1} \varphi _\ell (\x ,t^n) \, \hat {\mathbf {u}}^{n}_{\ell ,i}, \qquad \mathbf {x} \in P_i^n,\end {equation}


$\x \mapsto \varphi _{\ell }(\mathbf {x}, t^n)$


$\mathcal {N}= \mathcal {L}(N,2)$


$\mathcal {L}(N,d) = \frac {1}{d!} \prod \limits _{m=1}^{d} (N+m)$


$N_{P}$


$x$


$N_{x}$


$y$


$N_{y}$


$N_{x}$


$\mathbf {q}_h^n$


$N$


\begin {equation}\mathbf {q}_h^n(\mathbf {x}, t) = \sum _{\ell =0}^{\mathcal {Q}-1} \theta _{\ell }(\mathbf {x}, t) \hat {\mathbf {q}}_{\ell }^n, \qquad (\mathbf {x}, t) \in C_i^n, \label {Xeqn33-40}\end {equation}


$(\x ,t) \mapsto \theta _{\ell }(\mathbf {x}, t)$


$\mathcal {Q}= \mathcal {L}(N,3)$


$C_i^n$


$P_i^{n}$


$P_i^{n+1}$


$(\x ,t) \mapsto \theta _{k}(\mathbf {x}, t)$


$C_i^n$


\begin {equation}\begin {aligned} \label {eqn.predictor.1} \int _{C_i^n} \theta _k(\mathbf {x} ,t) \frac {\partial \mathbf {q}_h^n}{\partial t} \, d \mathbf {x} \, d t \, & +\int _{C_i^n} \theta _k(\mathbf {x} ,t) \left ( \nabla \cdot \mathbf {F}(\mathbf {q}_h^n) + \mathbf {B}(\mathbf {q}_h^n) \cdot \nabla \mathbf {q}_h^n \right ) \, d\mathbf {x} \, d t \\ & = \int _{C_i^n} \theta _k(\mathbf {x} ,t) \mathbf {S}(\mathbf {q} _h^n) \, d \mathbf {x} \, d t\,, \quad \forall k \in \left \{0, \dots , \mathcal {Q}-1\right \}. \end {aligned}\end {equation}


$\q _h(\x ,t^{n}) \neq \mathbf {u}_h(\x ,t^n)$


$t^n$


\begin {equation}\begin {aligned} \label {eqn.predictor.2} & {\int _{P_i^{n}}} {\theta _k(\mathbf {x},t^{n}) \left ( \mathbf {q}_h^n(\mathbf {x},t^{n}) - \mathbf {u}_h^n(\mathbf {x},t^{n}) \right ) } \,d \mathbf {x} \, {+ \int _{C_i^{n}} \theta _k(\mathbf {x},t) \frac {\partial }{\partial t} \mathbf {q}_h^n(\mathbf {x},t) \,d \mathbf {x} \,d t} + \ \int _{C_i^{n}} \theta _k(\mathbf {x},t) \nabla \cdot \mathbf {F}(\mathbf {q}_h^n) \,d \mathbf {x} \,d t = \\ & \int _{C_i^{n}} \theta _k(\mathbf {x},t) \left ( \mathbf {S}(\mathbf {q}_h^n) - \mathbf {B}(\mathbf {q}_h^n) \cdot \nabla \mathbf {q}_h^n \right ) \,d \mathbf {x} \,d t\,, \quad \forall k \in \left \{0, \dots , \mathcal {Q}-1\right \}, \end {aligned}\end {equation}


$\hat {\mathbf {q}}_{\ell }^n$


\begin {equation}\label {eqn.pde.divform} \begin {aligned} \tilde \nabla \cdot {\tilde {\mathbf {F}}}(\mathbf {u}) + \tilde {\mathbf {B}}(\mathbf {u}) \cdot \tilde {\nabla } \mathbf {u} = \mathbf {S}(\mathbf {u}), \quad \text { with } {\tilde {\mathbf {F}}} = (\mathbf {u}, \mathbf {F}), \, \tilde {\mathbf {B}} = (\mathbf {0}, \mathbf {B}), \text { and } \tilde \nabla = \left ( \partial _t, \, \partial _\mathbf {x} \right )^T. \end {aligned}\end {equation}


$(\x ,t) \mapsto \tilde {\varphi }_{k}(\x ,t)$


$t=t^n$


$t=t^{n+1}$


$\tilde {\varphi }_k(\x ,t^n) = \varphi _k(\x ,t^n)$


$\tilde {\varphi }_k(\x ,t^{n+1}) = \varphi _k(\x ,t^{n+1})$


$C_i^n$


\begin {equation}\label {eqn.corrector} \begin {aligned} \int _{P_i^{n+1}} \tilde {\varphi }_k \mathbf {u}_h(\mathbf {x},t^{n+1}) \, d\mathbf {x} &= \int _{P_{i}^n} \tilde {\varphi }_k \mathbf {u}_h(\mathbf {x},t^{n}) \, d\mathbf {x} - \sum _{j=1}^{\lvert \mathcal {V}_i^{n} \rvert } \int _{\partial C_{ij}^n} \tilde {\varphi }_k \mathcal {D}(\mathbf {q}_h^{n,-},\mathbf {q}_h^{n,+}) \cdot \mathbf {\tilde {n}} \, dS \\ &\quad + \int _{C_i^{n}} \tilde \nabla \tilde {\varphi }_k \cdot {\tilde {\mathbf {F}}} (\mathbf {q}_h)\, d\mathbf {x} dt + \int _{C_i^{n}} \tilde {\varphi }_k(\mathbf {x},t) \left ( \mathbf {S}(\mathbf {q}_h^n) - \mathbf {B}(\mathbf {q}_h^n) \cdot \nabla \mathbf {q}_h^n \right ) \, d\mathbf {x} \, d t\,, \quad \forall k \in \left \{0, \dots , \mathcal {N}-1\right \}, \end {aligned}\end {equation}


$\mathcal {V}_i^{n}$


$P_i^{n}$


$\mathbf {\tilde {n}} = (\tilde {n}_{t}, \, \mathbf {\tilde {n}_{x}})$


$C_{i}^{n}$


$\tilde {\mathbf {F}}$


$\mathbf {q}_h$


$\mathcal {D}$


\begin {equation}\mathcal {D}(\mathbf {q}_h^{n,-},\mathbf {q}_h^{n,+}) \cdot \mathbf {\tilde {n}} = \frac {1}{2} \left ( {\tilde {\mathbf {F}}} (\mathbf {q}_h^+) {+} {\tilde {\mathbf {F}}} (\mathbf {q}_h^-) \right ) \cdot \mathbf {\tilde {n}} + \frac {1}{2} \bar {\mathbf {B}} \cdot \left ( \mathbf {q}_h^+ - \mathbf {q}_h^- \right ) - \frac {1}{2} s_{\max } \left ( \mathbf {q}_h^+ - \mathbf {q}_h^- \right ). \label {eqn.pc.rusanov}\end {equation}


$\q _h^{n,-}$


$\q _h^{n,+}$


$\partial C_{ij}^{n}$


$s_{\max }$


$\bar {\mathbf {B}}$


\begin {equation}\bar {\mathbf {B}} = \int \limits _0^1 \tilde {\mathbf {B}}(\psi (\xi )) \cdot \mathbf {\tilde {n}} \, d\xi , \qquad \psi = \mathbf {q}_h^- + \xi \left ( \mathbf {q}_h^+ - \mathbf {q}_h^- \right ). \label {Xeqn39-46}\end {equation}


$t^n$


$t^{n+1}$


$\mathbf {u}_h(\mathbf {x},t^{n+1})$


$\mathbf {u}_h(\mathbf {x},t^{n})$


$\mathbf {q}_h(\mathbf {x},t)$


$\mathbf {u}_{e}$


$\mathbf {u}_{f}$


$\mathbf {u}_{h}$


\begin {equation}\label {eq.recover.fluct} \mathbf {u}_{h}(\mathbf {x}, t) = \mathbf {u}_{e}(\mathbf {x}, t) + \mathbf {u}_{f}(\mathbf {x}, t),\end {equation}


$\mathbf {u}_e$


\begin {equation}\label {eq.recover.predict.fluct} \q _{f}(\x , t) = \q _{h}(\x , t) - \mathbf {u}_{e}(\x , t),\end {equation}


\begin {equation}\begin {aligned} \label {eqn.predictor.fluct} \int _{P_i^{n}} \theta _k(\x ,t^{n}) \, \q _f^n(\x ,t^{n}) \,d \x \, &+ \int _{C_i^{n}} \theta _k(\x ,t) \frac {\partial \q _f^n}{\partial t} \,d \x \,d t = \int _{P_i^{n}} \theta _k(\x ,t^{n}) \mathbf {u}_f^n(\x ,t^{n}) \,d \x - \int _{C_i^{n}} \theta _k(\x ,t) \left [ \nabla \cdot \mathbf {F}(\q _h^n) - \nabla \cdot \mathbf {F}(\mathbf {u}_e) \right ] \,d \x \,d t \\ &\quad +\int _{C_i^{n}} \theta _k(\x ,t) \left [ \left ( \mathbf {S}(\q _h^n) - \mathbf {B}(\q _h^n) \cdot \nabla \q _h^n \right ) - \Bigl ( \mathbf {S}(\mathbf {u}_e) - \mathbf {B}(\mathbf {u}_e) \cdot \nabla \mathbf {u}_e \Bigr ) \right ] \,d \x \,d t \,, \quad \forall k \in \left \{0, \dots , \mathcal {Q}-1\right \}, \end {aligned}\end {equation}


$\q _h$


$\mathbf {u}_e$


$\mathbf {u}_h$


$\mathbf {u}_e$


$\mathbf {u}_f = \mathbf {0}$


$\q _f = \mathbf {0}$


$\mathbf {u}_f$


\begin {align}\label {eqn.corrector.fluct} \int _{P_i^{n+1}} \tilde {\varphi }_k \, \mathbf {u}_f(\x ,t^{n+1}) \, d\mathbf {x} &= \int _{P_{i}^n} \tilde {\varphi }_k \, \mathbf {u}_f(\x ,t^{n}) \, d\mathbf {x} + \int _{C_i^{n}} \tilde \nabla \tilde {\varphi }_k \cdot \left ( {\tilde {\mathbf {F}}} (\mathbf {q}_h) - {\tilde {\mathbf {F}}} (\mathbf {u}_e) \right ) \, d\mathbf {x} dt - \sum _{j=1}^{\lvert \mathcal {V}_i^{n} \rvert } \int _{\partial C_{ij}^n} \tilde {\varphi }_k \left ( \mathcal {D}(\mathbf {q}_h^{n,-},\mathbf {q}_h^{n,+}) \cdot \mathbf {\tilde {n}} - \mathcal {D}(\mathbf {u}_e^{-},\mathbf {u}_e^{+}) \cdot \mathbf {\tilde {n}} \right ) \, dS\notag \\ &\quad + \int _{C_i^{n}} \tilde {\varphi }_k(\mathbf {x},t) \left [ \left ( \mathbf {S}(\mathbf {q}_h^n) - \mathbf {B}(\mathbf {q}_h^n) \cdot \nabla \mathbf {q}_h^n \right )- \Bigl ( \mathbf {S}(\mathbf {u}_e) - \mathbf {B}(\mathbf {u}_e) \cdot \nabla \mathbf {u}_e \Bigr ) \right ] \, d\mathbf {x} \, d t\,, \quad \forall k \in \left \{0, \dots , \mathcal {N}-1\right \},\end {align}
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stable numerical simulation of a binary black hole merger [14], but also made it possible to go beyond the rigidity of the original GH 
prescription regarding the gauge condition [15].

If we look at the PDE structure of the two families of formulations, a fundamental feature emerges. While 3+1 formulations 
naturally arise as second-order (in space derivatives) PDE systems, GH formulations are easily written as first-order systems, which 
makes their hyperbolic nature much cleaner and more transparent to prove. This has strong implications on the choice of the numerical 
scheme that can be adopted for their solutions. In fact, one of the most promising numerical schemes, considered to be the frontier of 
numerical relativity (NR), is represented by discontinuous Galerkin (DG) schemes, which, notoriously, require a first-order formulation 
of the underlying PDEs. From this perspective, GH formulations are favored with respect to 3+1 second order formulations, and in 
fact DG schemes have already been successfully used for GH simulations, reaching a number of relevant scientific results [16–19]. In 
general, the implementation of high order numerical schemes for first-order formulations of the Einstein equations is a fertile field 
of research. For example, within the 3+1 framework, a new first-order version of the BSSNOK formulation that could evolve a black 
hole binary system with different high order numerical schemes, including DG, has been recently proposed in [20,21].

In this paper, we aim to give a contribution to the numerical discretization of the Einstein equations under the GH formulation, 
which consider various different perspectives. First, we introduce a Central WENO Finite Difference (CWENO-FD) scheme on Cartesian 
grids, which has been successfully used within the first-order version of the BSSNOK formulation [20], but has never been adopted 
in the GH formulation. Second, we introduce an ADER (Arbitrary high order Derivatives) discontinuous Galerkin (DG) scheme on 2D 
unstructured polygonal meshes, which should be regarded as a preliminary implementation towards a truly 3D numerical relativity 
calculation under the GH framework. In both cases we follow the choice of using a single numerical scheme for the whole PDE system, 
which includes the Einstein sector for the spacetime and the Euler sector for the matter. Besides guaranteeing a clean computational 
structure, this approach presents the crucial advantage of avoiding any sort of interpolation between different meshes, which may 
become necessary if different numerical schemes are used for the two sectors.  Moreover, both the CWENO and the DG schemes are 
enriched by a well-balancing property, which allows to preserve the equilibrium of a priori known stationary (or quasi-stationary) 
configurations up to machine precision. This is an extra feature that can be activated according to user’s needs and it follows closely 
the pragmatic approach proposed in [21].

The plan of the paper is the following. In Section 2 we recall the GH formulation of the Einstein equations; in Section 3 we 
describe the two numerical schemes adopted in the paper, while Section 4 contains the validation of our approach through a wide 
set of numerical tests. Finally, Section 5 presents the conclusions of our work.

We work in a geometrized set of units, in which the speed of light and the gravitational constant are set to unity, i.e., 𝑐 = 𝐺 = 1, 
and we assume (−,+,+,+) as signature of the spacetime metric. Latin indices from the first part of the alphabet 𝑎, 𝑏, 𝑐,… denote 
spacetime indices ranging from 0 to 3, while Latin indices 𝑖, 𝑗, 𝑘,… are purely spatial, ranging from 1 to 3. We also use the Einstein 
summation convention of repeated indices.

2.  Basic features of the GH formulation

We assume the spacetime to be foliated through Σ𝑡 = 𝑐𝑜𝑛𝑠𝑡 hypersurfaces as [1–3]
𝑑𝑠2 = 𝑔𝑎𝑏 𝑑𝑥

𝑎 𝑑𝑥𝑏 = −(𝛼2 − 𝛽𝑖𝛽𝑖)𝑑𝑡2 + 2𝛽𝑖𝑑𝑥𝑖𝑑𝑡 + 𝛾𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗 , (1)

where 𝛼 is the lapse function, 𝛽𝑖 is the shift vector and 𝛾𝑖𝑗 is the metric of the three dimensional space, and where a natural observer 
is introduced with four velocity 𝑛𝑎 = (1∕𝛼,−𝛽𝑖∕𝛼). However, unlike 3+1 formulations where each vector or tensor is decomposed 
along directions parallel and perpendicular to 𝑛𝑎, in the Generalized Harmonic (GH) framework the splitting expressed by (1) does 
not represent a constitutive feature. In fact, the GH formulation of the Einstein equations involves the full four-dimensional metric 
tensor 𝑔𝑎𝑏 and takes the first-order form [19]

𝜕𝑡𝑔𝑎𝑏 =
(

1 + 𝛾1
)

𝛽𝑘𝜕𝑘𝑔𝑎𝑏 − 𝛼Π𝑎𝑏 − 𝛾1𝛽𝑖Φ𝑖𝑎𝑏, (2)

𝜕𝑡Φ𝑖𝑎𝑏 = 𝛽𝑘𝜕𝑘Φ𝑖𝑎𝑏 − 𝛼𝜕𝑖Π𝑎𝑏 + 𝛼𝛾2𝜕𝑖𝑔𝑎𝑏 +
1
2
𝛼𝑛𝑐𝑛𝑑Φ𝑖𝑐𝑑Π𝑎𝑏

+ 𝛼𝛾𝑗𝑘𝑛𝑐Φ𝑖𝑗𝑐Φ𝑘𝑎𝑏 − 𝛼𝛾2Φ𝑖𝑎𝑏, (3)

𝜕𝑡Π𝑎𝑏 = 𝛽𝑘𝜕𝑘Π𝑎𝑏 − 𝛼𝛾𝑘𝑖𝜕𝑘Φ𝑖𝑎𝑏 + 𝛾1𝛾2𝛽𝑘𝜕𝑘𝑔𝑎𝑏
+ 2𝛼𝑔𝑐𝑑

(

𝛾 𝑖𝑗Φ𝑖𝑐𝑎Φ𝑗𝑑𝑏 − Π𝑐𝑎Π𝑑𝑏 − 𝑔𝑒𝑓Γ𝑎𝑐𝑒Γ𝑏𝑑𝑓
)

− 2𝛼∇(𝑎𝐻𝑏) −
1
2
𝛼𝑛𝑐𝑛𝑑Π𝑐𝑑Π𝑎𝑏 − 𝛼𝑛𝑐Π𝑐𝑖𝛾 𝑖𝑗Φ𝑗𝑎𝑏

+ 𝛼𝛾0
(

2𝛿𝑐 (𝑎𝑛𝑏) − 𝑔𝑎𝑏𝑛𝑐
)

𝑐 − 𝛾1𝛾2𝛽𝑖Φ𝑖𝑎𝑏 − 16𝜋𝛼
(

𝑇𝑎𝑏 −
1
2
𝑔𝑎𝑏𝑇

)

, (4)

where we have used the definitions
Φ𝑖𝑎𝑏 = 𝜕𝑖𝑔𝑎𝑏 , (5)

Π𝑎𝑏 = −𝑛𝑐𝜕𝑐𝑔𝑎𝑏 , (6)

while 𝑇𝑎𝑏 is the energy momentum tensor (see Eq. (13) below), 𝑇  is its trace, and 𝛿𝑏𝑎 is the Kronecker delta. Regarding the notation, 
we recall that round brackets are used to indicate the symmetric part of a tensor, e.g. 𝐴(𝑎𝑏) = (𝐴𝑎𝑏 + 𝐴𝑏𝑎)∕2, and that 𝛾 𝑖𝑗 satisfies 
𝛾 𝑖𝑗𝛾𝑗𝑘 = 𝛿𝑖𝑘. In Eqs. (2)–(4) three damping coefficients are present: 𝛾0, which damps the 1-index or gauge constraint 𝑎 = 𝐻𝑎 + Γ𝑎; 𝛾1, 
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which controls the linear degeneracy of the system; 𝛾2, which damps the 3-index constraint 𝑖𝑎𝑏 = 𝜕𝑖𝑔𝑎𝑏 − Φ𝑖𝑎𝑏. Finally, Γ𝑎𝑏𝑐 are the 
spacetime Christoffel symbols of the first kind, i.e.,

Γ𝑎𝑏𝑐 =
1
2
(𝜕𝑏𝑔𝑎𝑐 + 𝜕𝑐𝑔𝑎𝑏 − 𝜕𝑎𝑔𝑏𝑐 ) , Γ𝑎 = 𝑔𝑏𝑐Γ𝑎𝑏𝑐 , (7)

and 𝐻𝑎 is a gauge source function which satisfies

𝐻𝑎 = 𝑔𝑎𝑏∇𝑐∇𝑐𝑥𝑏 = −Γ𝑎 . (8)

During a typical simulation, we will constantly monitor the so-called Einstein constraints, given by 

𝑎 =
(

𝑅𝑎𝑏 −
1
2
𝑔𝑎𝑏𝑅 − 8𝜋𝑇𝑎𝑏

)

𝑛𝑏 = 0 , (9)

where 

𝑅𝑎𝑏 = 𝑔𝑐𝑑𝑔𝑒𝑓 (𝜕𝑐𝑔𝑎𝑒)(𝜕𝑑𝑔𝑏𝑓 ) − 𝑔𝑒𝑐𝑔𝑓𝑑Γ𝑎𝑒𝑓Γ𝑏𝑐𝑑 −
1
2
𝑔𝑐𝑑 (𝜕𝑐𝜕𝑑𝑔𝑎𝑏) + ∇(𝑎Γ𝑏) , 𝑅 = 𝑔𝑎𝑏𝑅𝑎𝑏 , (10)

as well as the gauge constraints, given by

𝑎 = 𝐻𝑎 + Γ𝑎 . (11)

It is also worth mentioning that the spatial components of Π𝑎𝑏 are related to the usual extrinsic curvature tensor adopted within the 
classical 3+1 formulation through

Π𝑖𝑗 = 2𝐾𝑖𝑗 +
𝛽𝑘

𝛼
𝜕𝑘𝛾𝑖𝑗 −

1
𝛼
(𝐷𝑖 𝛽𝑗 +𝐷𝑗 𝛽𝑖) , (12)

where 𝐷𝑖 represents the three-dimensional covariant derivative associated with the 3-metric 𝛾𝑖𝑗 . In our setup, the matter-field content 
is given by a perfect fluid only, hence with an energy-momentum tensor of the form

𝑇𝑎𝑏 = 𝜌ℎ𝑢𝑎𝑢𝑏 + 𝑝𝑔𝑎𝑏 , (13)

where 𝑝 is the gas pressure, 𝜌 is the rest mass density and ℎ is the specific (per unit mass) enthalpy, all of them measured in the 
comoving frame of the fluid with associated four velocity 𝑢𝑎. The latter is related to 𝑣𝑖, the three velocity of the fluid as measured by 
the natural observer, by

𝑢𝑖 = 𝑊
(

𝑣𝑖 −
𝛽𝑖

𝛼

)

, (14)

where 𝑊  is the Lorentz factor satisfying the relation

𝑊 = 1
√

1 − 𝑣2
= 𝛼𝑢0 , (15)

with 𝑣2 = 𝛾𝑖𝑗𝑣𝑖𝑣𝑗 . The evolution equations for the fluid variables are the general relativistic Euler equations in conservation form [3,
22,23]

𝜕𝑡(
√

𝛾𝐷) + 𝜕𝑖
(√

𝛾(𝛼𝑣𝑖𝐷 − 𝛽𝑖𝐷)
)

= 0 , (16)

𝜕𝑡(
√

𝛾𝑆𝑗 ) + 𝜕𝑖
(

√

𝛾(𝛼𝑆𝑖𝑗 − 𝛽
𝑖𝑆𝑗 )

)

=
√

𝛾
(𝛼
2
𝑆𝑖𝑘𝜕𝑗𝛾𝑖𝑘 + 𝑆𝑖𝜕𝑗𝛽𝑖 − 𝐸𝜕𝑗𝛼

)

, (17)

𝜕𝑡(
√

𝛾𝐸) + 𝜕𝑖
(√

𝛾(𝛼𝑆 𝑖 − 𝛽𝑖𝐸)
)

=
√

𝛾
(

𝛼𝑆 𝑖𝑗𝐾𝑖𝑗 − 𝑆𝑗𝜕𝑗𝛼
)

, (18)

where 𝛾 is the determinant of 𝛾𝑖𝑗 , 𝑆𝑖𝑗 is the spatial part of 𝑇𝑎𝑏, and the remaining quantities in terms of the primitive physical variables 
read

𝐷 = 𝜌𝑊 , 𝑆𝑖 = 𝜌ℎ𝑊 2𝑣𝑖, 𝐸 = 𝜌ℎ𝑊 2 − 𝑝 . (19)

Using a compact vector notation, the Einstein-Euler equations in GH formulation can be written as first order hyperbolic system of 
balance laws

𝜕𝐮
𝜕𝑡

+ ∇ ⋅ 𝐅(𝐮) + 𝐁(𝐮) ⋅ ∇𝐮 = 𝐒(𝐮), (20)

where the purely conservative term is only contributed by the matter part, with 𝐅(𝐮) = (𝐟𝑥(𝐮), 𝐟𝑦(𝐮), 𝐟𝑧(𝐮)) the flux tensor, whereas 
the Einstein sector is entirely written in non-conservative form, with 𝐁(𝐮) = (𝐁𝑥(𝐮),𝐁𝑦(𝐮),𝐁𝑧(𝐮)). The state vector 𝐮 is composed of 
54 + 5 = 59 dynamical variables, i.e., 10 for the metric tensor 𝑔𝑎𝑏, 10 for the tensor Π𝑎𝑏, 30 for the tensor Φ𝑖𝑎𝑏 , 4 for the vector 𝐻𝑎
and finally 5 for the matter part. We remark that for the 54 variables of the Einstein sector the primitive and conservative variables 
coincide, while this is not the case for the 5 variables of the Euler sector. Further details on the GH formulation can be found 
in [15,24,25].
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3.  The numerical scheme

In our work, we consider two distinct families of numerical schemes: the Central WENO Finite Difference (CWENO-FD) scheme 
on Cartesian grids, and the ADER (Arbitrary high order Derivatives) discontinuous Galerkin (DG) scheme on 2D unstructured polyg-
onal meshes. In what follows, we provide an overview of the main concepts characterizing each of the two methods, including the 
techniques used to obtain the well-balancing property, which allows to preserve an a priori known equilibrium solution of the govern-
ing PDE system exactly at the discrete level. We recall that, since their first introduction by [26], well-balanced numerical methods 
have been extensively explored in the context of shallow water equations [27–30], and, more generally, within the framework of 
hyperbolic balance laws [31–39], eventually finding applications in numerical relativity as well [20,21,40,41]. For a more theoretical 
foundations of these methods, one can refer for instance to [42–44].

3.1.  A well-balanced path-conservative CWENO finite difference scheme

Central WENO (CWENO) schemes were introduced in a series of seminal works for the numerical solutions of hyperbolic systems 
of conservation laws in [45–47] and in the context of finite volume schemes in [48–51]. Their implementation is compatible with 
the more general framework of conservative WENO finite-difference methods [41,52–54], for which some extensions to nonlinear 
hyperbolic systems involving non-conservative products were proposed in [41,55,56], allowing for a broader range of applications, 
including numerical relativity. More recently, in the spirit of these studies, high order CWENO schemes have been successfully 
employed to tackle a novel first-order hyperbolic BSSNOK formulation, as presented in [20]. The interested reader can find in there 
a detailed description of this approach, which we briefly summarize below.

Central WENO reconstruction. We work with the discrete solution 𝐮𝑖,𝑗,𝑘 of the system (20), evaluated at the cell centers of a uniform 
Cartesian grid. For ease of explanation, we limit the description of the procedure to the 𝑥 direction only. Hence, discrete points are 
placed at

𝑥𝑖 = 𝑥𝐿 + 1
2
Δ𝑥 + (𝑖 − 1)Δ𝑥, Δ𝑥 =

𝑥𝑅 − 𝑥𝐿
𝑁𝑥

, (21)

where 𝑥𝐿 and 𝑥𝑅 are the left and right boundaries of the computational domain, while 𝑁𝑥 denotes the number of cells in that 
direction. We consider a large optimal stencil 𝑜𝑝𝑡 =

{

𝑖−𝑁
2 , … , 𝑖−1, 𝑖, 𝑖+1,… , 𝑖+𝑁

2

}

 , with 𝑁 > 2 the degree of the reconstructed 
polynomial, and three smaller sub-stencils 𝐿 = {𝑖−2, 𝑖−1, 𝑖},𝐶 = {𝑖−1, 𝑖, 𝑖+1},𝑅 = {𝑖, 𝑖+1, 𝑖+2} for polynomials of lower degree. 
Notice that, while we focus our description to the general case 𝑁 > 2, the 𝑁 = 2 case is treated analogously by employing only the 
side sub-stencils 𝐿 = {𝑖−1, 𝑖} and 𝑅 = {𝑖, 𝑖+1}.  We express a generic polynomial of degree 𝑀 =𝑀(𝑘) on 𝑘 with respect to a set 
of polynomial basis functions 𝐱 ↦ 𝜓𝑚(𝑥) as

𝑃𝑀𝑘 (𝑥) =
𝑀
∑

𝑚=0
𝜓𝑚(𝑥) 𝑢̂𝑚𝑘 , with 𝑘 ∈ {𝑜𝑝𝑡, 𝐿, 𝐶,𝑅}, (22)

where the degrees of freedom 𝑢̂𝑚𝑘  are obtained by imposing conservation over cells,

1
𝑥𝑗+ 1

2
− 𝑥𝑗− 1

2

𝑥
𝑗+ 1

2

∫
𝑥
𝑗− 1

2

𝑃𝑀𝑘 (𝑥)𝑑𝑥 = 𝑢𝑗 , ∀𝑗 ∈ 𝑘. (23)

We compute an additional a priori unknown polynomial 𝑃𝑁0 (𝑥) from the optimal polynomial decomposition
𝑃𝑁𝑜𝑝𝑡(𝑥) = 𝜆0𝑃

𝑁
0 (𝑥) + 𝜆𝐿𝑃 2

𝐿(𝑥) + 𝜆𝐶𝑃
2
𝐶 (𝑥) + 𝜆𝑅𝑃

2
𝑅(𝑥), (24)

where 𝜆0, 𝜆𝐿, 𝜆𝐶 , 𝜆𝑅 are arbitrary linear weights, which we set to 𝜆0 = 108, 𝜆𝐶 = 104, and 𝜆𝐿 = 𝜆𝑅 = 1, as in [57]. We then use the 
standard WENO-type oscillation indicators 𝜎𝑘

𝜎𝑘 =
𝑀
∑

𝛼=1

𝑥
𝑖+ 1

2

∫
𝑥
𝑖− 1

2

(

𝜕𝛼𝑃𝑀𝑘 (𝑥)
𝜕𝑥𝛼

)2

Δ𝑥2𝛼−1 𝑑𝑥, with 𝑘 ∈ {0, 𝐿, 𝐶,𝑅}, (25)

to carry out a non-linear WENO reconstruction in terms of the polynomial 𝑃𝑁0 (𝑥) and of the lower degree polynomials, so that the 
final CWENO reconstruction is

𝑤ℎ(𝑥) =
∑

𝑘
𝜔𝑘𝑃

𝑀
𝑘 (𝑥),  with 𝑘 ∈ {0, 𝐿, 𝐶,𝑅}, (26)

where 𝜔𝑘 denote the nonlinear WENO weights

𝜔𝑘 =
𝜔̃𝑘

∑

𝑚 𝜔̃𝑚
,  with 𝜔̃𝑘 =

𝜆𝑘
(

𝜎𝑘 + 𝜖
)𝑟 , (27)
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and where we set 𝑟 = 4 and 𝜖 = 10−7. See [20] for further details. To conclude, we evaluate 𝑤ℎ(𝑥) at the left and right interface of 
each interval defining 𝑤∓

𝑖± 1
2 ,𝑗,𝑘

= 𝑤ℎ

(

𝑥𝑖± 1
2

)

, and we use these reconstructed states to produce a high order accurate approximation 
of the first spatial derivative

𝜕𝑥𝐮𝑖,𝑗,𝑘 =
𝐰−
𝑖+ 1

2 ,𝑗,𝑘
− 𝐰+

𝑖− 1
2 ,𝑗,𝑘

Δ𝑥
. (28)

This type of reconstruction is repeated for the discrete derivatives along the 𝑦 and the 𝑧 directions, to obtain the discrete spatial 
gradient ∇𝐮𝑖,𝑗,𝑘, and it is also applied to the point values of the fluxes, again in each direction. Concerning the variables to be 
reconstructed, we mention that in principle one could try to adopt characteristic variables using the available form of the analytic 
eigenvectors. However, due to the excessive computational cost, it is virtually impossible to project repeatedly the entire system into 
that eigenspace. We therefore simply employ componentwise reconstruction in conservative variables. 

CWENO-FD discretization. The semi-discrete path-conservative FD scheme for system  (20) then reads

𝑑𝐮𝑖,𝑗,𝑘
𝑑𝑡

= −
𝐟𝑥
𝑖+ 1

2 ,𝑗,𝑘
− 𝐟𝑥

𝑖− 1
2 ,𝑗,𝑘

Δ𝑥
−

𝐟𝑦
𝑖,𝑗+ 1

2 ,𝑘
− 𝐟𝑦

𝑖,𝑗− 1
2 ,𝑘

Δ𝑦
−

𝐟𝑧
𝑖,𝑗,𝑘+ 1

2

− 𝐟𝑧
𝑖,𝑗,𝑘− 1

2

Δ𝑧
− 𝐁(𝐮𝑖,𝑗,𝑘) ⋅ ∇𝐮𝑖,𝑗,𝑘

−
𝐃𝑥
𝑖+ 1

2 ,𝑗,𝑘
+ 𝐃𝑥

𝑖− 1
2 ,𝑗,𝑘

Δ𝑥
−

𝐃𝑦
𝑖,𝑗+ 1

2 ,𝑘
+ 𝐃𝑦

𝑖,𝑗− 1
2 ,𝑘

Δ𝑦
−

𝐃𝑧
𝑖,𝑗,𝑘+ 1

2

+ 𝐃𝑧
𝑖,𝑗,𝑘− 1

2

Δ𝑧
+ 𝐒(𝐮𝑖,𝑗,𝑘), (29)

where 𝜕𝑥𝐮𝑖,𝑗,𝑘 is determined using the CWENO reconstruction reported above, and the numerical fluxes are obtained through a 
Rusanov-type Riemann solver. The jump terms involving 𝐃𝑥, which do not appear in traditional central FD schemes, affect the order 
of accuracy and the robustness of the overall method, see [41]. For the Rusanov-type scheme that we adopt, they are defined as

𝐃𝑥
𝑖+ 1

2 ,𝑗,𝑘
= 1

2
𝐁̄𝑥
𝑖+ 1

2 ,𝑗,𝑘
⋅
(

𝐰+
𝑖+ 1

2 ,𝑗,𝑘
− 𝐰−

𝑖+ 1
2 ,𝑗,𝑘

)

, (30)

where we use a simple midpoint rule for the 𝐁̄𝑥 term, namely 𝐁̄𝑥
𝑖+ 1

2 ,𝑗,𝑘
= 𝐁𝑥

(

1
2 (𝐰

+
𝑖+ 1

2 ,𝑗,𝑘
+ 𝐰−

𝑖+ 1
2 ,𝑗,𝑘

)
)

. The numerical flux reads

𝐟𝑥
𝑖+ 1

2 ,𝑗,𝑘
= 1

2

(

𝐟𝑥,−
𝑖+ 1

2 ,𝑗,𝑘
+ 𝐟𝑥,+

𝑖+ 1
2 ,𝑗,𝑘

)

− 1
2
𝜆max
𝑖+ 1

2 ,𝑗,𝑘

(

𝐰+
𝑖+ 1

2 ,𝑗,𝑘
− 𝐰−

𝑖+ 1
2 ,𝑗,𝑘

)

, (31)

with 𝜆max
𝑖+ 1

2 ,𝑗,𝑘
 an estimate of the maximum wave speed at the interface. Analogous formulae are used in the 𝑦 and 𝑧 directions, 

respectively.
For the temporal integration, we employ classical or TVD Runge-Kutta schemes of sufficiently high order of accuracy, consistent 

with the spatial discretization.

Well-balancing of the final CWENO-FD scheme. To make the numerical scheme well-balanced, we follow the approach described 
in [21], which is in turn inspired by [36,38,58]. The procedure is in principle quite simple: we subtract the equilibrium solution 
from the governing PDE system, thus removing the discretization errors introduced by the numerical scheme in the vicinity of the 
equilibrium. In other words, if 𝐮𝑒 = 𝐮𝑒(𝑥, 𝑦, 𝑧) denotes any a priori known stationary equilibrium solution of the PDE (20), so that 
𝜕𝑡𝐮𝑒 = 0, we subtract Eq. (20) evaluated at 𝐮𝑒 from its general form, thus obtaining the augmented system

𝜕𝐮
𝜕𝑡

+ ∇ ⋅ 𝐅(𝐮) − ∇ ⋅ 𝐅(𝐮𝑒) + 𝐁(𝐮) ⋅ ∇𝐮 − 𝐁(𝐮𝑒) ⋅ ∇𝐮𝑒 = 𝐒(𝐮) − 𝐒(𝐮𝑒), (32)

𝜕𝐮𝑒
𝜕𝑡

= 0. (33)

By introducing a new vector variable 𝐮̃ = [𝐮,𝐮𝑒]𝑇 , which is evolved by the code, and suitable extensions of the operators involved, 
the above system can be cast into the compact form of the original PDE, namely

𝜕𝐮̃
𝜕𝑡

+ ∇ ⋅ 𝐅̃(𝐮̃) + 𝐁̃(𝐮̃) ⋅ ∇𝐮̃ = 𝐒̃(𝐮̃), (34)

with the augmented flux tensor, non-conservative product, and source term given by

𝐅̃ =
[

𝐅(𝐮) − 𝐅(𝐮𝑒)
0

]

, 𝐁̃(𝐮̃) ⋅ ∇𝐮̃ =
[

𝐁(𝐮) ⋅ ∇𝐮 − 𝐁(𝐮𝑒) ⋅ ∇𝐮𝑒
0

]

, 𝐒̃ =
[

𝐒(𝐮) − 𝐒(𝐮𝑒)
0

]

. (35)

In order to obtain a well-balanced numerical dissipation, we emphasize that it is necessary to modify the numerical flux (31) for the 
system (34) as follows

𝐟𝑥
𝑖+ 1

2 ,𝑗,𝑘
= 1

2

(

𝐟𝑥,−
𝑖+ 1

2 ,𝑗,𝑘
+ 𝐟𝑥,+

𝑖+ 1
2 ,𝑗,𝑘

)

− 1
2
𝜆max
𝑖+ 1

2 ,𝑗,𝑘
𝐈̃
(

𝐰̃+
𝑖+ 1

2 ,𝑗,𝑘
− 𝐰̃−

𝑖+ 1
2 ,𝑗,𝑘

)

, (36)
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Fig. 1. An example of a rectangular 2D unstructured mesh covered by non-overlapping polygons 𝑃 𝑛
𝑖 . Above, a zoomed-in portion highlights the 

polygonal structure. 

with

𝐈̃ =
(

𝐈 −𝐈
0 0

)

(37)

being the so-called well-balanced identity matrix, while 𝐈 is the classical identity matrix. It is then obvious that for solutions that satisfy 
𝐮̃ = [𝐮𝑒,𝐮𝑒] we get by construction

𝑑𝐮̃𝑖,𝑗,𝑘
𝑑𝑡

= 0 (38)

exactly at the semi-discrete level. For further details, see  [21]. 

3.2.  A well-balanced path-conservative ADER discontinuous Galerkin scheme

The ADER approach was first introduced in [59] as a fully-discrete one-step procedure to achieve arbitrary high order of accuracy 
in both space and time. As shown in [60–62], it can be framed within the context of discontinuous Galerkin (DG) finite element 
methods, leading to the so called ADER-DG schemes. Its modern formulation [63,64], which consists in using a local predictor-
corrector technique, has demonstrated remarkable effectiveness and versatility on many different PDE systems [65–72], including 
some applications to general relativity [40,73–75]. In addition, it has also been extended to the Arbitrary-Lagrangian-Eulerian (ALE) 
framework on general unstructured polygonal meshes [76–81]. The latter is the setting that we assume here, although in the present 
paper we limit our attention to a fixed mesh configuration, leaving the much more challenging case of moving meshes with topology 
changes [81–83] to a future work.

Data representation. We consider a 2D domain covered by an unstructured mesh of non-overlapping polygons 𝑃 𝑛𝑖 , 𝑖 = 1,… , 𝑁𝑃  (see 
Fig. 1 for a representative illustration), that could be in principle rearranged at each time step 𝑡𝑛, where the vector variable 𝐮 for 
Eq. (20) is represented by a piecewise polynomial of degree 𝑁 ,

𝐮𝑛ℎ(𝐱, 𝑡
𝑛) =

−1
∑

𝓁=0
𝜑𝓁(𝐱, 𝑡𝑛) 𝐮̂𝑛𝓁,𝑖, 𝐱 ∈ 𝑃 𝑛𝑖 , (39)

with 𝐱 ↦ 𝜑𝓁(𝐱, 𝑡𝑛) local modal spatial basis functions, and  = (𝑁, 2) where (𝑁, 𝑑) = 1
𝑑!

𝑑
∏

𝑚=1
(𝑁 + 𝑚). In practice, to determine the 

total number of elements 𝑁𝑃  in the typical case of a rectangular domain, we fix a desired approximate number of elements in the 𝑥
direction 𝑁𝑥, and we then compute an optimal number of elements in the 𝑦 direction 𝑁𝑦, to ensure the resulting mesh is as uniform as 
possible. Consequently, in the numerical tests, we will use 𝑁𝑥 as an indicative measure of the mesh resolution as it directly controls 
the refinement process.

The space-time predictor. The main ingredient of the method is a local procedure consisting in solving a weak form of the governing 
PDE system to obtain a predictor 𝐪𝑛ℎ of the solution for each element, which is a space-time polynomial of degree 𝑁 described by

𝐪𝑛ℎ(𝐱, 𝑡) =
−1
∑

𝓁=0
𝜃𝓁(𝐱, 𝑡)𝐪̂𝑛𝓁 , (𝐱, 𝑡) ∈ 𝐶𝑛𝑖 , (40)
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where (𝐱, 𝑡) ↦ 𝜃𝓁(𝐱, 𝑡) are modal space-time basis functions,  = (𝑁, 3), and 𝐶𝑛𝑖  is the space-time control volume bounded by the 
elements 𝑃 𝑛𝑖  and 𝑃 𝑛+1𝑖 . In more detail, we multiply the PDE system (20) by time-dependent test functions (𝐱, 𝑡) ↦ 𝜃𝑘(𝐱, 𝑡) and we 
integrate over 𝐶𝑛𝑖 , obtaining

∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)

𝜕𝐪𝑛ℎ
𝜕𝑡

𝑑𝐱 𝑑𝑡 + ∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)

(

∇ ⋅ 𝐅(𝐪𝑛ℎ) + 𝐁(𝐪𝑛ℎ) ⋅ ∇𝐪
𝑛
ℎ
)

𝑑𝐱 𝑑𝑡

= ∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)𝐒(𝐪𝑛ℎ) 𝑑𝐱 𝑑𝑡 , ∀𝑘 ∈ {0,… , − 1}.

(41)

Since in a space-time DG approach in general 𝐪ℎ(𝐱, 𝑡𝑛) ≠ 𝐮ℎ(𝐱, 𝑡𝑛), we need to account for the jump at time 𝑡𝑛 in the sense of distributions. 
Making use of the causality principle, upwinding in time leads to the following weak form in space-time

∫𝑃 𝑛𝑖
𝜃𝑘(𝐱, 𝑡𝑛)

(

𝐪𝑛ℎ(𝐱, 𝑡
𝑛) − 𝐮𝑛ℎ(𝐱, 𝑡

𝑛)
)

𝑑𝐱+∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)

𝜕
𝜕𝑡
𝐪𝑛ℎ(𝐱, 𝑡) 𝑑𝐱 𝑑𝑡 + ∫𝐶𝑛𝑖

𝜃𝑘(𝐱, 𝑡)∇ ⋅ 𝐅(𝐪𝑛ℎ) 𝑑𝐱 𝑑𝑡 =

∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)

(

𝐒(𝐪𝑛ℎ) − 𝐁(𝐪𝑛ℎ) ⋅ ∇𝐪
𝑛
ℎ
)

𝑑𝐱 𝑑𝑡 , ∀𝑘 ∈ {0,… , − 1},
(42)

which translates to an element-local nonlinear system for the degrees of freedom 𝐪̂𝑛𝓁 , that we solve via a discrete Picard iteration [63,
84], whose convergence was proven in [85].

The corrector step. We start by rewriting Eq. (20) in a space-time divergence form,

∇̃ ⋅ 𝐅̃(𝐮) + 𝐁̃(𝐮) ⋅ ∇̃𝐮 = 𝐒(𝐮),  with 𝐅̃ = (𝐮,𝐅), 𝐁̃ = (𝟎,𝐁),  and ∇̃ =
(

𝜕𝑡, 𝜕𝐱
)𝑇 . (43)

We then multiply it by so-called moving test functions (𝐱, 𝑡) ↦ 𝜑̃𝑘(𝐱, 𝑡), which coincide with the basis function of Eq. (39) at 𝑡 = 𝑡𝑛 and 
at 𝑡 = 𝑡𝑛+1, i.e. 𝜑̃𝑘(𝐱, 𝑡𝑛) = 𝜑𝑘(𝐱, 𝑡𝑛) and 𝜑̃𝑘(𝐱, 𝑡𝑛+1) = 𝜑𝑘(𝐱, 𝑡𝑛+1) and automatically adapt to an eventual moving mesh framework. Next, 
we integrate over each 𝐶𝑛𝑖  applying the Gauss theorem to the flux-divergence term and splitting the non-conservative products into 
volume and surface contribution, to obtain

∫𝑃 𝑛+1𝑖

𝜑̃𝑘𝐮ℎ(𝐱, 𝑡𝑛+1) 𝑑𝐱 = ∫𝑃 𝑛𝑖
𝜑̃𝑘𝐮ℎ(𝐱, 𝑡𝑛) 𝑑𝐱 −

|𝑛𝑖 |
∑

𝑗=1
∫𝜕𝐶𝑛𝑖𝑗

𝜑̃𝑘(𝐪𝑛,−ℎ ,𝐪𝑛,+ℎ ) ⋅ 𝐧̃ 𝑑𝑆

+ ∫𝐶𝑛𝑖
∇̃𝜑̃𝑘 ⋅ 𝐅̃(𝐪ℎ) 𝑑𝐱𝑑𝑡 + ∫𝐶𝑛𝑖

𝜑̃𝑘(𝐱, 𝑡)
(

𝐒(𝐪𝑛ℎ) − 𝐁(𝐪𝑛ℎ) ⋅ ∇𝐪
𝑛
ℎ
)

𝑑𝐱 𝑑𝑡 , ∀𝑘 ∈
{

0,… , − 1
}

,

(44)

where 𝑛𝑖  is the set of neighbors of 𝑃 𝑛𝑖 , ̃𝐧 = (𝑛̃𝑡, 𝐧̃𝐱) denotes the outward pointing spacetime unit normal vector on the faces composing 
the boundary of 𝐶𝑛𝑖  , the 𝐅̃-term is simply the physical space-time flux evaluated at the discrete solution 𝐪ℎ and the -term is a path-
conservative Rusanov-type fluctuation that reads

(𝐪𝑛,−ℎ ,𝐪𝑛,+ℎ ) ⋅ 𝐧̃ = 1
2
(

𝐅̃(𝐪+ℎ )+𝐅̃(𝐪
−
ℎ )
)

⋅ 𝐧̃ + 1
2
𝐁̄ ⋅

(

𝐪+ℎ − 𝐪−ℎ
)

− 1
2
𝑠max

(

𝐪+ℎ − 𝐪−ℎ
)

. (45)

Here, 𝐪𝑛,−ℎ  and 𝐪𝑛,+ℎ  are the boundary-extrapolated data from the predictor in each shared lateral surface 𝜕𝐶𝑛𝑖𝑗 , 𝑠max is an estimate for 
the maximum signal speed at the cell interface and the average matrix 𝐁̄ is computed according to a path integral along a straight-line 
segment path as follows:

𝐁̄ =

1

∫
0

𝐁̃(𝜓(𝜉)) ⋅ 𝐧̃ 𝑑𝜉, 𝜓 = 𝐪−ℎ + 𝜉
(

𝐪+ℎ − 𝐪−ℎ
)

. (46)

Eq. (44) provides the final update from 𝑡𝑛 to 𝑡𝑛+1, since the unknown 𝐮ℎ(𝐱, 𝑡𝑛+1) can be computed from the solution at the previous 
time step, 𝐮ℎ(𝐱, 𝑡𝑛) by exploiting the predictor 𝐪ℎ(𝐱, 𝑡) when computing the various integrals appearing in the formulation.

Well-balancing of the final ADER-DG scheme. For the well-balancing of the scheme, we refer to the approach recently precisely de-
scribed in [86] and references therein. The underlying idea is to consider three groups of quantities: the equilibrium solution 𝐮𝑒, a 
priori known in space and time, which exactly satisfies the PDE system (20); the fluctuation 𝐮𝑓 , which accounts for the deviations 
from the equilibrium profile and is also represented following Eq. (39); and the complete numerical solution 𝐮ℎ, which corresponds 
to the variable involved in the original (non well-balanced) version of the scheme, that however here takes the form

𝐮ℎ(𝐱, 𝑡) = 𝐮𝑒(𝐱, 𝑡) + 𝐮𝑓 (𝐱, 𝑡), (47)

accounting for both the contributions of the equilibrium and its fluctuations. Based on these definitions, we proceed as follows.
We first subtract the predictor Eq. (42) evaluated at the equilibrium state 𝐮𝑒, to Eq. (42) itself, obtaining a system for the unknown 

fluctuation

𝐪𝑓 (𝐱, 𝑡) = 𝐪ℎ(𝐱, 𝑡) − 𝐮𝑒(𝐱, 𝑡), (48)
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namely

∫𝑃 𝑛𝑖
𝜃𝑘(𝐱, 𝑡𝑛)𝐪𝑛𝑓 (𝐱, 𝑡

𝑛) 𝑑𝐱 + ∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)

𝜕𝐪𝑛𝑓
𝜕𝑡

𝑑𝐱 𝑑𝑡 = ∫𝑃 𝑛𝑖
𝜃𝑘(𝐱, 𝑡𝑛)𝐮𝑛𝑓 (𝐱, 𝑡

𝑛) 𝑑𝐱 − ∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)

[

∇ ⋅ 𝐅(𝐪𝑛ℎ) − ∇ ⋅ 𝐅(𝐮𝑒)
]

𝑑𝐱 𝑑𝑡

+ ∫𝐶𝑛𝑖
𝜃𝑘(𝐱, 𝑡)

[

(

𝐒(𝐪𝑛ℎ) − 𝐁(𝐪𝑛ℎ) ⋅ ∇𝐪
𝑛
ℎ
)

−
(

𝐒(𝐮𝑒) − 𝐁(𝐮𝑒) ⋅ ∇𝐮𝑒
)]

𝑑𝐱 𝑑𝑡 , ∀𝑘 ∈ {0,… , − 1},
(49)

which we solve using a fixed point iteration as before. Notice that the systematic evaluation of differences between terms associated 
with 𝐪ℎ and 𝐮𝑒 significantly reduces the numerical errors when 𝐮ℎ is a small perturbation of 𝐮𝑒, which indeed represents the natural 
case of application of well-balancing techniques. Moreover, if 𝐮𝑓 = 𝟎 then 𝐪𝑓 = 𝟎, meaning that the resulting predictor is exact on 
equilibria.

To complete our well-balanced scheme, we then use the same subtraction strategy for the corrector Eq. (44) to derive the following 
update formula for the degrees of freedom of the fluctuation 𝐮𝑓 , again based on the relation (47),

∫𝑃 𝑛+1𝑖

𝜑̃𝑘 𝐮𝑓 (𝐱, 𝑡𝑛+1) 𝑑𝐱 = ∫𝑃 𝑛𝑖
𝜑̃𝑘 𝐮𝑓 (𝐱, 𝑡𝑛) 𝑑𝐱 + ∫𝐶𝑛𝑖

∇̃𝜑̃𝑘 ⋅
(

𝐅̃(𝐪ℎ) − 𝐅̃(𝐮𝑒)
)

𝑑𝐱𝑑𝑡 −
|𝑛𝑖 |
∑

𝑗=1
∫𝜕𝐶𝑛𝑖𝑗

𝜑̃𝑘
(

(𝐪𝑛,−ℎ ,𝐪𝑛,+ℎ ) ⋅ 𝐧̃ −(𝐮−𝑒 ,𝐮
+
𝑒 ) ⋅ 𝐧̃

)

𝑑𝑆

+ ∫𝐶𝑛𝑖
𝜑̃𝑘(𝐱, 𝑡)

[

(

𝐒(𝐪𝑛ℎ) − 𝐁(𝐪𝑛ℎ) ⋅ ∇𝐪
𝑛
ℎ
)

−
(

𝐒(𝐮𝑒) − 𝐁(𝐮𝑒) ⋅ ∇𝐮𝑒
)]

𝑑𝐱 𝑑𝑡 , ∀𝑘 ∈
{

0,… , − 1
}

, (50)

where, for smooth equilibria, the boundary extrapolated values of 𝐮𝑒 coincide. It is important to underline that the predictor 𝐪ℎ
to be used inside Eq. (50) should be obtained by summing up the equilibrium solution to the computed predictor of the fluctuation, 
specifically by rearranging Eq. (48).

As a final remark, we emphasize that the well-balancing properties described above for the predictor step are inherited by the 
corrector update, and consequently, the overall scheme is exact on equilibria and minimizes the numerical errors in presence of small 
fluctuations. 

A posteriori subcell finite volume limiter. We need to mention that high order discontinuous Galerkin (DG) schemes are linear in the 
sense of Godunov [87] and, consequently, are affected by the Gibbs phenomenon, producing detrimental oscillations in presence of 
discontinuities. A variety of techniques have been proposed over the years to address this issue, where a representative though non-
exhaustive selection includes slope [88], moment [89] and damping [90] limiters, artificial viscosity [91] and WENO-type [92,93] 
approaches, spectral filtering [94], gradient-based procedures [95], and a posteriori subcell finite volume (FV) limiters [72,81,86,96–
100]. We adopt the last approach, which is inspired by the Multi-dimensional Optimal Order Detection (MOOD) method [101,102] 
and has already been effectively applied in the context of numerical relativity, for instance in [71,73,103]. In the following, we 
provide only a summary of the key aspects related to our scheme, while referring to the cited literature for more comprehensive and 
detailed descriptions.

We first apply the ADER-DG scheme outlined above over the entire computational domain in order to obtain a candidate solution 
at time 𝑡𝑛+1, denoted by 𝐮𝑛+1,∗ℎ∕𝑓 , where the subscript refers either to the standard discrete solution or to the fluctuation when the 
well-balancing feature is activated.

For each polygon 𝑃 𝑛𝑖  we introduce a subtriangulation  (𝑃 𝑛𝑖 ) composed of |𝑛𝑖 | triangles, each of which is further divided into 𝑁2

smaller subtriangles 𝑠𝑛𝑖, 𝛼 , with 𝛼 = 1,… , |𝑛𝑖 | ⋅𝑁
2. We then define the quantities 𝐯𝑛+1𝑖, 𝛼  as the projections of 𝐮𝑛+1,∗ℎ  onto 𝑠𝑛+1𝑖, 𝛼  via

𝐯𝑛+1𝑖, 𝛼 = 1
|𝑠𝑛+1𝑖, 𝛼 |

∫𝑠𝑛+1𝑖, 𝛼

𝐮𝑛+1,∗ℎ (𝐱, 𝑡𝑛+1) 𝑑𝐱 , ∀𝛼 . (51)

At this stage, we check both the values of 𝐮𝑛+1,∗ℎ  on each vertex of 𝑠𝑛+1𝑖, 𝛼  and 𝐯𝑛+1𝑖, 𝛼  itself against several admissibility criteria of different 
nature: numerical ones, ensuring the absence of floating point errors; physical ones, requiring positive densities and pressures, and 
that no superluminal velocities arise; and bounds-preserving ones, enforcing a relaxed discrete maximum principle (DMP). Notice 
that in the well-balanced case we anyway check the solution 𝐮𝑛+1,∗ℎ , obtained via Eq. (47), and not the fluctuation 𝐮𝑛+1,∗𝑓 . On any 
polygon where the candidate solution meets the required conditions, we directly accept it as is by setting 𝐮𝑛+1ℎ∕𝑓 = 𝐮𝑛+1,∗ℎ∕𝑓 . On the other 
hand, if this is not the case, we mark the candidate solution as troubled, we discard it, and recompute it locally using a more robust 
approach, specifically a second order ADER-ENO finite volume (FV) scheme, applied this time to the subtriangulation. This detail is 
essential to retain as much as possible the accuracy provided by the DG method. More precisely, we use a projection analogous to 
Eq. (51) to compute the cell averages 𝐯𝑛𝑖,𝛼 from the available solution at time 𝑡𝑛, and we evolve them with the finite volume method 
to obtain the new 𝐯𝑛+1𝑖,𝛼 . This allows us to reconstruct a DG polynomial through

∫𝑠𝑛𝑖, 𝛼
𝐮𝑛+1ℎ (𝐱, 𝑡𝑛+1) 𝑑𝐱 = ∫𝑠𝑛𝑖, 𝛼

𝐯𝑛+1ℎ 𝑑𝐱 , ∀𝛼 , (52)

while imposing conservation over the whole 𝑃 𝑛+1𝑖  by means of

∫𝑃 𝑛+1𝑖

𝐮𝑛+1ℎ (𝐱, 𝑡𝑛+1) 𝑑𝐱 = ∫𝑃 𝑛+1𝑖

𝐯𝑛+1ℎ 𝑑𝐱 , (53)
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thus closing the algorithm.
We remark that these final steps do not destroy the well-balancing property of the scheme, provided that the cell averages 𝐯𝑛𝑖, 𝛼

are divided into equilibrium and fluctuation parts, and that a well-balanced finite volume scheme is used to evolve the fluctuations 
𝐯𝑛𝑓 , 𝑖, 𝛼 . 

4.  Numerical tests

In this Section, we present an extensive set of standard test cases in numerical relativity to assess the accuracy and robustness of 
the two numerical methods proposed in Section 3, namely the CWENO Finite Difference and ADER discontinuous Galerkin schemes, 
applied to the first-order hyperbolic Generalized Harmonic (GH) formulation of the Einstein-Euler system. In particular, the vacuum 
spacetime setups are taken from the widely used and well-established benchmark tests provided in [104]. In what follows, we 
briefly describe each test case and analyze the effectiveness of our numerical approaches, especially in achieving long-term stable 
simulations, which, unless otherwise specified, are all performed up to the canonical final time of 𝑡 = 1000. To this end, we monitor the 
time evolution of the Einstein and gauge constraints given by Eqs. (9) and (11), and referring to their components as 𝑀0,𝑀1,𝑀2,𝑀3, 
and 𝐶0, 𝐶1, 𝐶2, 𝐶3, respectively. We remark that, throughout all the tests, we show only the distinct components of the constraints 
when some coincide, and we omit from the plots any components that vanish identically. We also mention that we consider the 
components of the gauge source function 𝐻𝑎 to be fixed once specified on the initial data, even though one could provide evolution 
equations also for them if necessary [14,105,106]. Moreover, notice that in the tests where a matter-field is present, we convert the 
conservative variables given in Eq. (19) back to the primitive variables (𝜌, 𝑣𝑖, 𝑝) following closely the procedure detailed in [21].  For 
the test cases involving black hole spacetimes in horizon-penetrating coordinates, we employ the excision technique to remove the 
singularity from the computational domain, adopting those excision box sizes that led to long-time stable simulations. Regarding the 
boundary conditions at excision boundaries, we prescribe the exact solution in the interior of the excision box, so that we can apply 
the standard schemes in an unaltered fashion. Finally, concerning the damping parameters that are inherent in the GH formulation, 
we have decided to choose test-case-dependent constants. In all cases, we have tried to use the least possible amount of damping, 
starting always with zero values as first choice. 

4.1.  The robust stability test

A first validation procedure for numerical relativity codes is the so called robust stability test, as described in [104]. This test is 
designed to identify potential exponentially growing modes that could otherwise remain hidden for an extended evolution time, and 
therefore it is used to empirically verify the hyperbolicity of the governing system of equations. It is performed in a flat Minkowski 
spacetime without matter and it consists of applying small independent random perturbations to each evolved quantity of the PDE 
system. The amplitude of the perturbation is ±10−7∕𝜚2, where the parameter 𝜚 ∈ {1, 2, 4} serves as mesh refinement factor. We 
underline that the chosen amplitude is three orders of magnitude larger than the one reported in [104], producing in this way an 
even more challenging configuration. The computational domain is given by the unit square Ω = [−0.5, 0.5] × [−0.5, 0.5], which is 
discretized setting 𝑁𝑥 = 10𝜚 for the ADER-DG schemes, and by 50𝜚 × 50𝜚 grid points for the CWENO-FD schemes. At the boundary, 
we impose flat Minkowski spacetime. In Fig. 2 we show the evolution of the constraints for two sets of simulations, where we employ 
a fourth order ADER-DG and a fifth order CWENO-FD scheme. Here, no damping is used, i.e., we choose 𝛾0 = 𝛾1 = 𝛾2 = 0. Moreover, 
we evolve the data in harmonic gauge, setting 𝐻𝑎 = 0 everywhere. For a complete analysis, it is interesting to compare these results 
with those obtained using other first-order hyperbolic versions of well-known formulations, such as the Z4 system presented in [21], 
and the BSSNOK system detailed in [20].

4.2.  The linearized gravitational wave

The linearized gravitational wave is essentially a one-dimensional test, consisting of a small gravitational wave perturbation of the 
flat Minkowski spacetime without matter, for which the metric results in

𝑑𝑠2 = −𝑑𝑡2 + 𝑑𝑥2 + (1 + 𝑏) 𝑑𝑦2 + (1 − 𝑏) 𝑑𝑧2, with 𝑏 = 𝜖 sin (2𝜋(𝑥 − 𝑡)) , (54)

where 𝜖 = 10−8. This choice ensures that the model dynamics is linear and the terms depending on 𝜖2 can be neglected. As described 
in [104], this test is used to check the ability of a code to propagate a travelling gravitational wave, revealing possible sources of 
inaccuracy in the algorithms adopted.

The components of the spatial metric can be readily identified from Eq. (54) as 𝛾11 = 1, 𝛾22 = 1 + 𝑏, and 𝛾33 = 1−𝑏, as well as the 
ones of the shift vector, 𝛽𝑖 = 0, and the value of the lapse function, 𝛼 = 1. Other relevant non-zero quantities worth mentioning are 
Π22 and Π33, due to their direct relation with the extrinsic curvature 𝐾𝑖𝑗 , which in the no-shift case reduces to Π𝑖𝑗 = 2𝐾𝑖𝑗 , see Eq. (12). 
We consider a rectangular domain Ω = [−0.5, 0.5] × [−0.05, 0.05] with periodic boundary conditions in both directions, and we use the 
harmonic gauge condition 𝐻𝑎 = 0, while all damping parameters are set to zero.

In Fig. 3 we present the results obtained with the ADER-DG scheme of order four on a mesh where 𝑁𝑥 = 60. In particular, we 
monitor the time evolution of the constraints, and we report the profile of the variable Π22 over the entire 2D domain Ω, together 
with a one-dimensional cut that is compared against the exact solution.

Since the CWENO-FD schemes provide results similar to those of Fig. 3, we omit the corresponding plots. Instead, in Table 1, we 
perform a numerical convergence analysis at short time 𝑡 = 1 to show that they achieve the expected order of accuracy.
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Fig. 2. Time evolution of the constraints for the robust stability test case with a random initial perturbation of amplitude ±10−7∕𝜚2 applied to all 
variables, performed on a sequence of successively refined meshes on the unit square in 2D. Top panel from left to right: fourth order ADER-DG 
scheme with 10 (𝜚 = 1), 20 (𝜚 = 2), and 40 (𝜚 = 4) elements in the 𝑥 direction. Bottom panel from left to right: fifth order CWENO-FD scheme on 
50 × 50 (𝜚 = 1), 100 × 100 (𝜚 = 2), and 200 × 200 (𝜚 = 4) grid points. 

Table 1 
Numerical convergence results for the linearized wave test at 𝑡 = 1
for the variable Π22 using the CWENO-FD schemes.
 Scheme 𝑁𝑥 ×𝑁𝑦 𝐿2 Error Π22 (Π22)  Theoretical
 CWENO-FD ℙ4 8 × 8  3.9347E-10 −

16 × 16  1.3403E-11  4.88  5.00
24 × 24  1.7898E-12  4.97

 CWENO-FD ℙ6 8 × 8  5.0194E-11 −
16 × 16  4.3791E-13  6.84  7.00
24 × 24  2.6151E-14  6.95

 CWENO-FD ℙ8 10 × 10  9.4470E-13 −
16 × 16  1.4826E-14  8.84  9.00
24 × 24  3.9615E-16  8.93

In all the following convergence tables, we will use the notation ℙ𝑁  to denote, in the CWENO-FD case, the schemes obtained by 
reconstructing an optimal polynomial of degree 𝑁 , see Eq. (24), while in the ADER-DG case, the schemes obtained by representing 
the discrete solution by piecewise polynomials of degree 𝑁 , see Eq. (39).

4.3.  The gauge wave

Another significant test taken from [104] is the so called gauge wave test, which involves the evolution of a propagating wave on a 
flat Minkowski spacetime with a time-dependent spatial metric. A common choice, which we adopt here, is to consider a sinusoidal 
profile of amplitude 𝐴 propagating along the 𝑥-axis, leading to

𝑑𝑠2 = −𝐻(𝑥, 𝑡) 𝑑𝑡2 +𝐻(𝑥, 𝑡) 𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2, where 𝐻(𝑥, 𝑡) = 1 − 𝐴 sin (2𝜋(𝑥 − 𝑡)) . (55)
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Fig. 3. Solution of the linearized wave test using the fourth order ADER-DG scheme on an unstructured polygonal mesh. Left panel: time evolution 
of the constraints. Right panel: below, 2D color contour of Π22; above, comparison of the exact and numerical solution at final time 𝑡 = 1000 on a 
one dimensional cut at 𝑦 = 0. 

Consequently, we have 𝛾11 = 𝐻 and 𝛾22 = 𝛾33 = 1, with no shift, i.e. 𝛽𝑖 = 0, and a time-dependent lapse function 𝛼 =
√

𝐻 . The only 
non-zero components of the tensor Π𝑎𝑏 are Π00 and Π11, where Π00 = −Π11 with

Π11 = −2𝜋𝐴
cos (2𝜋(𝑥 − 𝑡))

√

1 − 𝐴 sin (2𝜋(𝑥 − 𝑡))
. (56)

We run our tests over a rectangular domain Ω = [−0.5, 0.5] × [−0.05, 0.05] with periodic boundary conditions in both directions. More-
over, we again use the harmonic gauge condition 𝐻𝑎 = 0, and no damping whatsoever, that is, 𝛾0 = 𝛾1 = 𝛾2 = 0.

At first glance, there seems to be no reason to consider this test particularly challenging. However, it is well-documented that 
its successful resolution is, in fact, quite involved. Although it depends on the specific formulation under analysis, difficulties typ-
ically become evident at high amplitude, i.e. 𝐴 = 0.1. This is the case for the BSSNOK system, which fails after a rather short time 
in both its first and second order classical formulations, as described in [10,107]. The original version of the CCZ4 system is stable 
only in its damped formulation [10], whereas the first-order formulation FO-CCZ4 presented in [73] provided the first stable un-
damped simulation with CCZ4. Conversely, this test can be effectively handled within the Z4 formulation [21] as well as the GH 
formulation [108–110], which is the object of study in this paper.

We first perform a simulation with large amplitude 𝐴 = 0.1 using the fifth order CWENO-FD scheme on a 64 × 16 grid, with 
corresponding results presented in Fig. 4. We then run a second simulation with an even higher amplitude 𝐴 = 0.5 employing the 
fourth order ADER-DG method on a mesh generated by 𝑁𝑥 = 60 elements in the 𝑥 direction, as shown in Fig. 5. In both cases, we 
notice that the constraints remain controlled throughout the time evolution, and the exact profile of the variable 𝑔00 is perfectly 
recovered at the final time 𝑡 = 1000, suggesting that both tests are well resolved.

To conclude our study, in Tables 2 and 3 we present a numerical convergence analysis at time 𝑡 = 1 and high amplitude 𝐴 = 0.5 for 
the CWENO-FD and ADER-DG schemes, respectively. In the latter case, we also provide the maximum diameter ℎ of the circumcircles 
over all elements as an additional characteristic measure of the mesh size.

4.4.  Single stationary black holes in two and three space dimensions

The first exact nontrivial solution of the Einstein equations is the Schwarzschild metric, derived by Karl Schwarzschild [111] shortly 
after Einstein published his foundational paper on the theory of general relativity. It describes the spacetime surrounding a static, 
spherically symmetric object, such as a non-rotating black hole. Then, almost fifty years had to pass before a generalization to rotating, 
stationary, axially symmetric black holes was proposed by Roy Kerr [112], reflecting the difficulties of its derivation. This solution is 
known as the Kerr metric.

Throughout the simulations reported here, the black hole mass is chosen as 𝑀 = 1𝑀⊙, and 𝑇𝑎𝑏 vanishes since we are indeed 
dealing with vacuum solutions. Moreover, we remark that the 2D tests are performed using the ADER-DG scheme, while for the 3D 
ones the CWENO-FD method is employed instead.

Non-rotating black hole in 2D. We begin by evolving a Schwarzschild black hole (𝑎 = 0) in Boyer-Lindquist coordinates (see, for 
instance, Appendix B of [113], or the more extended discussion on the different coordinate systems adapted to the Kerr spacetime 
in [114]). The two-dimensional computational domain (𝑟, 𝜃) ∈ [2.5, 5] × [𝛿, 𝜋 − 𝛿], with 𝛿 = 0.520796327, is discretized by 50 elements 
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Fig. 4. Solution of the gauge wave test with amplitude 𝐴 = 0.1 using the fifth order CWENO-FD scheme on a Cartesian mesh. Left panel: time 
evolution of the constraints. Right panel: comparison of the exact and numerical solution for the variable 𝑔00 at final time 𝑡 = 1000 on a one 
dimensional cut at 𝑦 = 0. 

Fig. 5. Solution of the gauge wave test with high amplitude 𝐴 = 0.5 using the fourth order ADER-DG scheme on an unstructured polygonal mesh. 
Left panel: time evolution of the constraints. Right panel: below, 2D color contour of 𝑔00; above, comparison of the exact and numerical solution at 
final time 𝑡 = 1000 on a one dimensional cut at 𝑦 = 0. 

Table 2 
Numerical convergence results for the gauge wave test with high 
amplitude 𝐴 = 0.5 at 𝑡 = 1 for the variable 𝑔00 using the family of 
CWENO-FD schemes on Cartesian grids. 

 Scheme 𝑁𝑟 ×𝑁𝜃 𝐿2 Error 𝑔00 (𝑔00)  Theoretical
 CWENO-FD ℙ4 32 × 32  1.3335E-05 −

64 × 64  4.5713E-07  4.87  5.00
96 × 96  6.1146E-08  4.96

 CWENO-FD ℙ6 32 × 32  1.6025E-06 −
64 × 64  1.5767E-08  6.67  7.00
96 × 96  9.6039E-10  6.90

 CWENO-FD ℙ8 32 × 32  3.4042E-07 −
64 × 64  1.0864E-09  8.29  9.00
96 × 96  3.8951E-11  8.21
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Table 3 
Numerical convergence results for the gauge wave test with high ampli-
tude 𝐴 = 0.5 at 𝑡 = 1 for the variable 𝑔00 using the family of ADER-DG 
schemes on unstructured polygonal meshes.
 Scheme 𝑁𝑥 ℎ 𝐿2 Error 𝑔00 (𝑔00)  Theoretical
 ADER-DG ℙ1 40  8.3140E-03  1.7907E-04 −

80  4.4844E-03  4.4628E-05  2.25  2.00
120  3.0898E-03  2.0248E-05  2.12

 ADER-DG ℙ2 40  8.3140E-03  2.0386E-06 −
80  4.4844E-03  2.6027E-07  3.33  3.00
120  3.0898E-03  7.7873E-08  3.24

 ADER-DG ℙ3 40  8.3140E-03  1.5630E-08 −
80  4.4844E-03  1.0416E-09  4.39  4.00
120  3.0898E-03  2.0965E-10  4.30

 ADER-DG ℙ4 20  2.0127E-02  5.5749E-09 −
40  8.3140E-03  1.7908E-10  3.89  5.00
80  4.4844E-03  9.9518E-12  4.68

Fig. 6. 2D Schwarzschild black hole subject to an initial Gaussian perturbation in the variable 𝑔00 using the well-balanced fourth order ADER-DG 
scheme. Left panel: time evolution of the constraints, which decay after a relatively short period of time. Right panel: comparison of the exact and 
numerical solution for the variable 𝑔00 at final time 𝑡 = 1000 on a one dimensional cut at 𝜃 = 𝜋∕2. 

in the 𝑟 direction, namely setting 𝑁𝑥 = 50. At both boundaries, we impose Dirichlet boundary condition for all variables, using the 
initial configuration. The gauge source function 𝐻𝑎 is computed directly from the analytical initial data as 𝐻𝑎 = −Γ𝑎, and we set the 
damping parameters to 𝛾0 = 𝛾2 = 1, 𝛾1 = −1. We introduce a small Gaussian perturbation on the 𝑔00 component of the initial spacetime 
metric with the aim of studying the well-balancing property of the scheme. More precisely, at time 𝑡 = 0, we set

𝑔̃00(𝑟, 𝜃) = 𝑔00(𝑟, 𝜃) + 𝐴 exp
(

−1
2
(𝑟 sin 𝜃 − 4)2 + (𝑟 cos 𝜃 − 0)2

𝜎2

)

, (57)

with 𝐴 = 10−4 and 𝜎 = 0.2. We present the results obtained with the well-balanced fourth order version of the ADER-DG scheme in 
Fig. 6. In line with our expectations, the perturbation gradually propagates out of the domain, so that at sufficiently large time the 
solution returns to the exact stationary equilibrium state.

We then provide a further setup, in which we fully exploit the ability of our ADER-DG code to operate on general unstructured 
polygonal meshes. To this end, we evolve a Schwarzschild black hole using the 3D Cartesian horizon-penetrating harmonic coordinates 
(𝑡, 𝑥, 𝑦, 𝑧) described in SpECTRE documentation [115], which are in turn based on [116]. To perform a 2D simulation, however, we 
restrict our attention to the evolution of the solution over the equatorial plane 𝑧 = 0. We emphasize that, in this configuration, we 
need to take special care of the 𝑧 direction by introducing an artificial source term in Eq. (20) to account for possibly non-zero terms 
arising from derivatives of the state variables with respect to the 𝑧 coordinate. More precisely, we modify the system (20) as follows

𝜕𝐮
𝜕𝑡

+ ∇ ⋅ 𝐅(𝐮) + 𝐁(𝐮) ⋅ ∇𝐮 = 𝐒(𝐮) + 𝐒𝑎(𝐱), (58)
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Fig. 7. 2D Schwarzschild black hole in 3D Cartesian harmonic coordinates evolved over the equatorial plane 𝑧 = 0 using the fourth order ADER-DG 
scheme. Top-left panel: time evolution of the constraints. Top-right panel: 2D color contour of 𝑔00 at final time 𝑡 = 1000, including a detail of the 
polygonal mesh elements. Bottom panels: comparison of the exact and numerical solution for the variable 𝑔00 and Π11 at final time 𝑡 = 1000 on a 
one dimensional cut at 𝑦 = 0. 

where the artificial source term 𝐒𝑎(𝐱) is based just on the knowledge of the exact equilibrium solution 𝐮𝑒(𝐱) and is given by

𝐒𝑎(𝐱) = −𝜕𝑧𝐟𝑧(𝐮𝑒(𝐱)) − 𝐁𝑧(𝐮𝑒(𝐱))𝜕𝑧𝐮𝑒(𝐱). (59)

Such term is evaluated at 𝑧 = 0 as we focus on the equatorial plane, and it accounts for all spatial derivatives in the 𝑧 direction that 
are not computed in a 2D code.  This passage is in fact crucial, otherwise the intrinsically 3D nature of the coordinate system would 
be inconsistent with the 2D nature of our code, and thus the Einstein equations would not be completely satisfied due to the omission 
of these contributions;  see also [40] for a similar approach in 1D. Notice that adding this artificial source term does not alter the 
structure of the principal part of the PDE, i.e. hyperbolicity remains guaranteed. 

As computational domain, we consider an annulus Ω with inner radius 𝑟min = 1.8 and external radius 𝑟max = 5.0, discretized by a 
total number of elements equal to 𝑁𝑃 = 2257, with characteristic mesh size of ℎ = |Ω|

𝑁𝑃
=

𝜋(𝑟2max− 𝑟
2
min)

𝑁𝑃
= 3.0288 × 10−2. At both bound-

aries, we impose the analytical initial data. Notice also how it is the mesh geometry itself that incorporates the excision zone, which 
is simply determined by the choice of 𝑟min. Since the coordinates are harmonic in time and space, we use the harmonic gauge condition
for 𝐻𝑎. Moreover, we set the damping parameters to 𝛾0 = 𝛾2 = 1, 𝛾1 = −1. Fig. 7 shows the results of this test case obtained using 
the fourth order version of the ADER-DG schemes, together with a visual representation of the computational domain Ω and the 
associated unstructured polygonal mesh.
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Fig. 8. 2D Kerr black holes subject to an initial Gaussian perturbation in the variable 𝑔00 using the well-balanced fourth order ADER-DG scheme. 
Time evolution of the constraints for spin 𝑎 = 0.5 on the left, and for extreme spin 𝑎 = 0.99 on the right. In both cases the perturbation decays so 
that the exact equilibrium state is recovered. 

Fig. 9. 3D Schwarzschild black hole in Cartesian Kerr-Schild coordinates using the seventh order CWENO-FD scheme. Left panel: time evolution of 
the constraints. Central panel: 2D cut on the equatorial plane 𝑧 = 0 at final time 𝑡 = 1000 with detail of the shift vector field near the singularity. 
Right panel: comparison of the exact and numerical solution for the variable 𝑔33 at final time 𝑡 = 1000 on a one dimensional cut along the 𝑧-axis. 

Rotating black hole in 2D. Next, we evolve two Kerr black holes, one with spin 𝑎 = 0.5, and the other one with extreme spin 𝑎 = 0.99, 
using the same coordinates, setting, and resolution as in the first 2D non-rotating test case described above. We also retain the same 
structure for the numerical test, that is, we apply a Gaussian perturbation to the variable 𝑔00 as in Eq. (57). Fig. 8 shows the time 
evolution of the constraints for the two cases, confirming again that the well-balancing feature allows the solutions to come back 
again to the correct equilibrium states up to machine precision.

Non-rotating black hole in 3D. We now turn to tests in three space dimensions using the 3D Cartesian Kerr-Schild coordinates [114], 
first by evolving a stationary Schwarzschild black hole (𝑎 = 0). Here the computational domain is defined by Ω = [−5, 5]3, from which 
we have excised a cubic volume with a half-edge length of unity, centered on the physical singularity at 𝑟 = 0, i.e. Ω𝑒 = [−1, 1]3. 
Fig. 9 shows the results obtained using the seventh order version of our CWENO-FD schemes with a resolution of 1323 grid points, 
and damping parameters set to 𝛾0 = 𝛾2 = 1, 𝛾1 = −1. Notice that the central panel, which represents a 2D cut on the equatorial plane 
𝑧 = 0 with detail of the shift vector field near the singularity, is mainly used as a visual representation, as the cube Ω𝑒 is not evolved, 
corresponding indeed to the excision region.

Rotating black hole in 3D. To conclude, we consider two Kerr black holes in three space dimensions, with spins 𝑎 = 0.5 and 𝑎 = 0.99. 
The domain, resolution, damping parameters, and scheme adopted are the same as in the 3D Schwarzschild case. Notice that, unlike 
the point singularity in the Schwarzschild metric, the Kerr singularity forms a ring with radius 𝑎 lying in the 𝑧 = 0 plane, the so called 
ring singularity, which we must enclose within the excision region. To this end, we excise cubic volumes with half-edge lengths of 1
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Fig. 10. 3D Kerr black hole in Cartesian Kerr-Schild coordinates using the seventh order CWENO-FD scheme. Top panels: spin 𝑎 = 0.5. Bottom 
panels: spin 𝑎 = 0.99. Left panels: time evolutions of the constraints. Central panels: 2D cuts on the equatorial plane 𝑧 = 0 at final time 𝑡 = 1000 with 
detail of the shift vector fields near the ring singularities. Right panels: comparisons of the exact and numerical solutions for the variable 𝑔33 at final 
time 𝑡 = 1000 on one dimensional cuts along the 𝑧-axis. 

and 1.5 for 𝑎 = 0.5 and 𝑎 = 0.99, respectively, both centered at the origin. In Fig. 10 we provide the results associated to the two spins 
discussed.

4.5.  Special relativistic Riemann problems in Cowling approximation

To evaluate the robustness of our numerical schemes in handling the matter evolution, we consider a series of Riemann prob-
lems within the Cowling approximation [117], which consists on neglecting the evolution of spacetime, here represented by a flat 
Minkowski metric in Cartesian coordinates. This approach provides a controlled framework to isolate the performance of the relativis-
tic hydrodynamic solvers, particularly in resolving strong shocks and discontinuities, without the additional complexity of spacetime 
dynamics. We therefore address three Riemann problems, previously studied for instance by [20,75], with the following initial con-
ditions and resulting wave structures:

• (𝜌, 𝑣𝑥, 𝑝)𝐿 = (1, −0.6, 10) and (𝜌, 𝑣𝑥, 𝑝)𝑅 = (10, 0.5, 20) with adiabatic index 𝛾 = 5∕3, as considered by [118]. We refer to this as 
the 2R problem, since it produces two rarefaction waves;

• (𝜌, 𝑣𝑥, 𝑝)𝐿 = (10−3, 0, 1) and (𝜌, 𝑣𝑥, 𝑝)𝑅 = (10−3, 0, 10−5) with adiabatic index 𝛾 = 5∕3, as considered by [119]. We refer to this as 
the RS problem, since it produces a rarefaction wave and a shock wave;

• (𝜌, 𝑣𝑥, 𝑝)𝐿 = (1, 0.9, 1) and (𝜌, 𝑣𝑥, 𝑝)𝑅 = (1, 0, 10) with adiabatic index 𝛾 = 4∕3, as considered by [120]. We refer to this as the 2S 
problem, since it produces two shock waves.

We run these tests over a rectangular computational domain Ω = [−0.5, 0.5] × [−0.05, 0.05] with periodic boundary conditions in 
the 𝑦 direction, using the harmonic gauge condition 𝐻𝑎 = 0, and all damping parameters set to zero. We use the third order CWENO-FD 
scheme on 512 × 8 grid points with the WENO parameters of Eq. (27) set to 𝑟 = 10 and 𝜖 = 10−14, and the third order ADER-DG scheme 
on a mesh generated by 𝑁𝑥 = 500 elements, combined with an a posteriori second order ADER-ENO subcell finite volume limiter. The 
results are presented in Figs. 11–13, where a comparison with the exact profiles at the final time 𝑡 = 0.4 shows that both classes of 
schemes effectively capture the challenging features of the proposed configurations. To better illustrate the behavior of the ADER-DG 
scheme on unstructured meshes, in particular when combined with the presented limiting technique, we also report in Fig. 14 a 
visualization of the a posteriori subcell FV limiter’s activation pattern for the solution of the 2S problem at the final time 𝑡 = 0.4. We 
compare the results obtained with the third and fifth order versions of the scheme over 𝑁𝑥 = 500 and 𝑁𝑥 = 200 elements, respectively, 
in order to have the same number of degrees of freedom. We notice that, apart from some spurious triggering, the limiter is indeed 
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Fig. 11. Solution of the 2R problem at final time 𝑡 = 0.4 using the third order ADER-DG and CWENO-FD schemes. Left, central, and right panels: 
comparison of the exact and numerical solutions for the primitive variables 𝜌, 𝑣𝑥, and 𝑝, respectively, along a one dimensional cut at 𝑦 = 0. 

Fig. 12. Solution of the RS problem at final time 𝑡 = 0.4 using the third order ADER-DG and CWENO-FD schemes. Left, central, and right panels: 
comparison of the exact and numerical solutions for the primitive variables 𝜌, 𝑣𝑥, and 𝑝, respectively, along a one dimensional cut at 𝑦 = 0. 

Fig. 13. Solution of the 2S problem at final time 𝑡 = 0.4 using the third order ADER-DG and CWENO-FD schemes. Left, central, and right panels: 
comparison of the exact and numerical solutions for the primitive variables 𝜌, 𝑣𝑥, and 𝑝, respectively, along a one dimensional cut at 𝑦 = 0. 

used mainly in the vicinity of the strong shock waves, while the unlimited high-order DG scheme is retained in the smooth regions 
of the solution.
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Fig. 14. 3D visualization of the a posteriori subcell FV limiter’s activation pattern for the solution of the 2S problem at final time 𝑡 = 0.4, with the 
profile of the density 𝜌 represented along the 𝑧 axis. Troubled elements, i.e. where the limiter is active, are shown in red, while unlimited elements are 
displayed in blue. Left panel: third order ADER-DG scheme. Right panel: fifth order ADER-DG scheme. The zoomed-in views highlight the underlying 
unstructured polygonal meshes. 

Table 4 
Numerical convergence results for the spherical accretion onto 
Schwarzschild black hole in 2D spheroidal Kerr-Schild coordinates 
at final time 𝑡 = 1 for the conserved variable 𝐷̃ ∶=

√

𝛾𝐷 =
√

𝛾𝜌𝑊
using the CWENO-FD schemes. 

 Scheme 𝑁𝑟 ×𝑁𝜃 𝐿2 Error 𝐷̃ (𝐷̃)  Theoretical
 CWENO-FD ℙ4 128 × 64  3.1814E-08 −

256 × 128  1.4794E-09  4.43  5.00
512 × 256  5.7317E-11  4.69

 CWENO-FD ℙ6 128 × 64  7.8714E-10 −
192 × 96  7.2139E-11  5.89  7.00
256 × 128  1.2307E-11  6.15

4.6.  Spherical Michel accretion

Accretion can be described as the accumulation of matter onto a compact object due to gravitational attraction, and it constitutes 
a well-studied problem in astrophysics. The simplest classical model in accretion theory is the spherically symmetric flow of an 
infinite gas cloud onto a Newtonian point-mass, suggested by Hermann Bondi [121]. A general-relativistic extension was proposed 
by F. Curtis Michel [122], who considered the spherical accretion of a stationary flow onto a Schwarzschild spacetime (see [3] for a 
modern presentation of the problem). This represents one of the first studies of spherical accretion onto black holes, and since then, 
it has inspired several extensions accounting for additional physical effects.

In our work, the fluid is modeled as an ideal gas with adiabatic index 𝛾 = 5∕3. The key parameters are the critical radius, where 
the flow becomes supersonic, which we set to 𝑟𝑐 = 8, and the critical density, defined as the density at the critical radius, that we 
choose as 𝜌𝑐 = 1∕16 according to [23]. All the details on how to construct the initial condition are presented in [123]. It is essential to 
emphasize that the Michel solution assumes a static spacetime, and consequently rather than solving the full Einstein-Euler equations, 
we evolve only the Euler part while keeping the background metric fixed. This approach, i.e. the Cowling approximation, is justified 
when the mass accretion rate is small enough that the growth of the black hole mass, potentially originating from the accreted matter, 
can be safely neglected.

We perform the numerical tests in Kerr-Schild spheroidal coordinates [113] on a computational domain (𝑟, 𝜃) ∈ [1, 10] × [𝛿, 𝜋 − 𝛿], 
with 𝛿 = 0.05. The gauge source function 𝐻𝑎 is computed from the initial metric as 𝐻𝑎 = −Γ𝑎, and we set all the damping parameters 
to zero. At the boundaries, we impose the Dirichlet initial data.

We show the results obtained using the fifth order CWENO-FD scheme in Fig. 15, where in the left panel we demonstrate mesh 
convergence by plotting the absolute errors for the density 𝜌 at the final time 𝑡 = 1000 for different radial resolutions. Additionally, 
in Tables 4 and 5 we present a convergence analysis at time 𝑡 = 1 for the CWENO-FD and ADER-DG schemes, respectively.

4.7.  Non-rotating neutron star in equilibrium

Neutron stars are extremely dense astrophysical objects that result from the gravitational collapse of massive star cores. Even 
though formulating comprehensive models of their structure is quite complex, there exist some relatively simple standard setups that 
are commonly used to test the ability of numerical relativity codes to evolve the full Einstein-Euler system, while also giving a first 
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Fig. 15. Spherical accretion onto Schwarzschild black hole in 2D spheroidal Kerr-Schild coordinates using the fifth order CWENO-FD scheme. Left 
panel: absolute errors (computed with respect to the exact solution) for the density 𝜌 at final time 𝑡 = 1000 while increasing the number 𝑁𝑟 of radial 
grid points. Right panel: comparison of the exact and numerical solution for the pressure 𝑝 at final time 𝑡 = 1000 on a one dimensional cut at 𝜃 = 𝜋∕2. 

Table 5 
Numerical convergence results for the spherical accretion onto 
Schwarzschild black hole in 2D spheroidal Kerr-Schild coordinates at fi-
nal time 𝑡 = 1 for the conserved variable 𝐷̃ ∶=

√

𝛾𝐷 =
√

𝛾𝜌𝑊  using the 
ADER-DG schemes.
 Scheme 𝑁𝑥 ℎ 𝐿2 Error 𝐷̃ (𝐷̃)  Theoretical
 ADER-DG ℙ1 80  4.2075E-02  6.1397E-03 −

120  2.7900E-02  2.6688E-03  2.03  2.00
160  2.1037E-02  1.5310E-03  1.97

 ADER-DG ℙ2 40  8.2836E-02  5.9163E-04 −
80  4.2075E-02  8.2674E-05  2.91  3.00
120  2.7900E-02  2.3864E-05  3.02

 ADER-DG ℙ3 40  8.2836E-02  1.4810E-05 −
80  4.2075E-02  9.9158E-07  3.99  4.00
120  2.7900E-02  1.8447E-07  4.09

 ADER-DG ℙ4 20  1.6567E-01  4.5139e-06 −
40  8.2836E-02  1.9273E-07  4.55  5.00
80  4.2075E-02  8.9232E-09  4.54

insight into real astrophysical applications. A representative one is the evolution of an equilibrium non-rorating neutron star over long 
timescales. We therefore consider the Tolman-Oppenheimer-Volkoff (TOV) equations [124,125]

𝑑𝑚
𝑑𝑟

= 4𝜋𝑟2(𝜌ℎ − 𝑝) , (60)

𝑑𝑝
𝑑𝑟

= −
𝜌ℎ(𝑚 + 4𝜋𝑟3𝑝)
𝑟(𝑟 − 2𝑚)

, (61)

𝑑𝜙
𝑑𝑟

= − 1
𝜌ℎ

𝑑𝑝
𝑑𝑟

, (62)

where 𝑚(𝑟) is the mass enclosed within the radius 𝑟, 𝜙 is the unknown metric function in the line element
𝑑𝑠2 = −𝑒2𝜙𝑑𝑡2 + 𝑒2𝜓𝑑𝑟2 + 𝑟2𝑑Ω2 , (63)

while 𝑒−2𝜓 = 1 − 2𝑚
𝑟 . When coupled with an equation of state (EoS), the TOV system completely determines the physical properties of a 

spherically symmetric body in equilibrium, such as the internal pressure and density profiles, as well as its total mass and radius. Here 
we consider the polytropic EoS 𝑝 = 𝐾 𝜌𝛾 , and we choose the model parameters according to [126], meaning a central rest mass density 
𝜌𝑐 = 1.28 × 10−3, 𝐾 = 100, and 𝛾 = 2. We then integrate numerically the ODEs (60)–(62) with a tenth order accurate discontinuous 
Galerkin scheme [68], obtaining a total mass 𝑀 = 1.4𝑀⊙ and a radius 𝑅 = 9.585𝑀⊙ = 14.15 𝑘𝑚. As described in [127], the standard 
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Fig. 16. Time evolution of the normalized central density for the perturbed non-rotating neutron star solved with the fifth order CWENO-FD scheme. 
Left panel: comparison of the well-balanced (WB) and non well-balanced (noWB) versions up to the final time 𝑡 = 1000. Right panel: profile up to 
the final time 𝑡 = 2000 only in the well-balanced case. 

approach is to introduce the isotropic radius 𝑟̄ = 𝑟̄(𝑟), and to apply the change of coordinates
𝑑𝑟̄
𝑟̄

=
(

1 − 2𝑚
𝑟

)−1∕2 𝑑𝑟
𝑟
, (64)

which makes the spatial part of the metric (63) conformally flat, i.e.
𝑑𝑠2 = −𝑒2𝜙𝑑𝑡2 + 𝑒2𝜓̄ (𝑑𝑟̄2 + 𝑟̄2𝑑Ω2) = −𝑒2𝜙𝑑𝑡2 + 𝑒2𝜓̄ (𝑑𝑥̄2 + 𝑑𝑦̄2 + 𝑑𝑧̄2) , (65)

where 𝑒2𝜓̄ 𝑟̄2 = 𝑟2. In the exterior of the star, the spacetime is that of a Schwarzschild solution produced by a mass 𝑀 , as a consequence 
of Birkoff’s theorem, while all the hydrodynamic variables vanish. We underline that, contrary to what is usually done, we do not 
impose any artificial atmosphere since we use the filter for the conversion from the conserved to the primitive variables introduced 
in [21]. To conclude the description of the construction of the solution, we recall that since we need the initial data at arbitrary 𝑟̄, 
interpolation is needed.

For our simulations, we consider a three-dimensional domain Ω = [−15, 15]3 discretized with 1283 points, and we use the fifth 
order version of the CWENO-FD schemes. The gauge source function 𝐻𝑎 is computed from the initial data through 𝐻𝑎 = −Γ𝑎, and 
we set the damping parameters to 𝛾0 = 0.1, 𝛾1 = −1, 𝛾2 = 0.5. We add a small perturbation of amplitude 10−4 to the initial pressure 
𝑝, so that 𝑝̃ = 𝑝 (1 + 10−4), and we compare the results obtained with and without well-balancing. More precisely, in the left panel 
of Fig. 16 we show the time evolution of the normalized central density up to final time 𝑡 = 1000, from which it is evident that the 
well-balanced approach leads to a much more stable dynamics, while in the right panel of the same figure we further extend the 
simulation up to 𝑡 = 2000 for the well-balanced case only, in order to highlight its long term robustness. Finally, in Fig. 17, we show 
the time evolution of the constraints.

5.  Conclusions

In this paper, we have tested two distinct families of high order numerical schemes for nonlinear hyperbolic systems of bal-
ance laws applied to the Generalized Harmonic (GH) formulation of the Einstein equations first introduced in [15]: a CWENO-FD 
scheme on Cartesian grids in two and three space dimensions, and an ADER-DG scheme on unstructured polygonal meshes in two 
space dimensions. Both approaches were endowed with a well-balancing feature, enabling the exact discrete preservation of known 
stationary solutions. The successful reproduction of a wide variety of standard vacuum benchmarks confirmed the robustness and 
accuracy of our schemes when applied to numerical relativity problems. Moreover, the inclusion of matter evolution through the 
general relativistic Euler equations allowed us to further validate our methods also in a more complete regime, namely coupling 
the spacetime and matter parts, through tests such as the spherical accretion onto a Schwarzschild black hole and the non-rotating 
neutron star in equilibrium.  In addition, relativistic Riemann problems were considered in order to assess the ability of our schemes 
to correctly capture strong shock waves and discontinuities.  For the test cases involving the proposed well-balancing techniques, 
a rather natural choice was to focus on small perturbations around stationary equilibria. However, for more relevant physical ap-
plications of these tools we mention the stability analysis of black hole horizons [128,129], as well as oscillation modes of neutron 
stars [130–132]. More dynamic simulations, such as binary neutron star mergers, as well as further developments concerning mycro-
physics and radiation transport will be the subject of future research.  Overall, the numerical results obtained in this paper establish 
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Fig. 17. Time evolution of the constraints for the perturbed non-rotating neutron star. Comparison between the well-balanced (WB) and non 
well-balanced (noWB) fifth order CWENO-FD schemes. 

a solid basis for the next stages of development of this work, for which it is appropriate to offer a few additional comments. A first 
natural extension consists in generalizing the ADER-DG scheme to a complete 3D framework on unstructured meshes, ultimately 
supporting the study of more realistic astrophysical sources beyond axisymmetric systems. Furthermore, the integration of moving 
meshes within an Arbitrary-Lagrangian-Eulerian (ALE) framework with topology changes [81] represents another key step towards 
accurate simulations of dynamical spacetimes, such as those encountered in rotating binary systems. We recall that, within the GH 
formulation, neutron star and black hole mergers have recently been simulated successfully with high order DG schemes in [19] 
and [110], respectively. The first of these two scenarios, in fact, constitutes the main target we aim to address in our future works, 
potentially including the extraction of gravitational waves.
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