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Sommario

Il crescente interesse nella comunita scientifica e industriale verso 1’informatica quantis-
tica ha portato a progressi significativi, rendendo questa tecnologia una scelta promettente
per risolvere alcuni problemi computazionali al di 1a delle capacita dei computer classici.
Tuttavia, nonostante questi avanzamenti, la piena comprensione del potenziale dei
dispositivi quantistici, sia dal punto di vista teorico che applicativo, rimane ancora
lontana. Questa lacuna diventa ancora piu evidente quando consideriamo I’applicazione

del calcolo quantistico per ottimizzare o accelerare 1 modelli di machine learning.

Numerose proposte sono state avanzate per sfruttare il calcolo quantistico in specifici
contesti, come il processamento di matrici sparse, le equazioni differenziali, I’analisi
dei dati topologici e I’ottimizzazione combinatoria. Questa tesi, invece, si concentra su
un’altra direzione, esaminando le potenzialita delle kernel machines implementate su

computer quantistici.

Le kernel machines sono modelli di apprendimento automatico che generalizzano i
modelli lineari, consentendo loro di catturare relazioni tra i dati di grande complessita.
Inizialmente proposte per la loro facilita di implementazione sui primi computer quantis-
tici, noti come ‘NISQ’, queste tecniche sono state soggetto di molteplici esperimenti
volti a mostrare 1 progressi tecnologici dell”’hardware stesso, mancando tuttavia di chiaro
vantaggio funzionale rispetto alle tecniche classiche. Questa tesi si propone di colmare

tale divario.

La prima parte della tesi si concentra sul miglioramento dei kernel per le macchine
NISQ. Inizialmente, proponiamo approcci automatici per la definizione dei kernel
quantistici tramite procedure di ottimizzazione, eliminando la necessita di definire
manualmente trasformazioni per ciascun caso d’uso. Inoltre, esploriamo I’introduzione
di non linearita nei modelli e il miglioramento delle prestazioni mediante tecniche
di ensemble, rendendo questi primi piu simili ai performanti modelli classici di deep

learning.



La seconda parte della tesi esplora il potenziale del calcolo quantistico fault-tolerant
nei metodi kernel. E’ noto come sia possibile sfruttare algoritmi quantistici per estrarre
proprieta algebriche dei dati, che quindi possono essere usate anche all’interno delle
kernel machines. Noi ci concentriamo in particolare sui kernel per 1’analisi di grafi e
dati topologici. Infine, presentiamo quask, il software open source di quantum machine
learning sviluppato specificatamente per semplificare il lavoro dei ricercatori nel campo

dei quantum kernel.



Abstract

The significant interest from the scientific and industrial community in quantum com-
puting has led to unprecedented progress, making this technology a realistic candidate
for addressing problems considered beyond the possibility of any computational device
today. Despite these advancements, a comprehensive understanding of the potential
of quantum devices remains elusive, both from theoretical and practical standpoints.
This gap becomes particularly apparent when considering using quantum computing to

enhance or accelerate machine learning models.

Numerous proposals have emerged in recent years, spanning from algorithms for
sparse linear algebra and solvers for dissipative partial differential equations to tools for
topological data analysis and combinatorial optimization. This thesis departs from these
paths by investigating kernel machines whose kernel functions are computed through

quantum circuits.

Kernel models expand upon linear models, enabling them to capture intricate
relationships within data. Initially proposed in the context of quantum computing as a
potential implementation on the first generation of quantum computers, known as ‘NISQ’,
numerous experiments have showcased technological advancements without yielding
clear applications or performance improvements compared to classical techniques. This

thesis seeks to bridge this gap.

The thesis first focuses on improving kernels for NISQ machines. Firstly, we
delve into automatic approaches for defining quantum kernels through optimization
procedures, thereby circumventing the need to customize transformations for each use
case manually. Secondly, we explore the introduction of non-linearity into these models
and its limitations. Thirdly, we boost performance using ensemble techniques, which
share significant connections with the over-parametrization employed in deep learning

models.

The second part of the thesis delves into the potential of fault-tolerant quantum
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computing in kernel methods. We can leverage quantum algorithms to extract the
algebraic properties of data for our machine learning models. Among these, we
concentrate on kernels tailored for graph analysis and topological data. Finally, we
discuss open-source machine learning software in quantum sciences, elucidating how

our software quask accelerates researchers’ work in kernels.
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Chapter 1
Introduction

The mass production and availability of semiconductor-based integrated circuits have
welcomed mankind into the third industrial revolution, pushing automatic computation
devices into most aspects of our society. However, a paradigm shift is imperative. The
cost of enhancing these devices is rising due to technological constraints, such as the
physical limitations of transistor miniaturization processes, and political factors, such
as the restricted access to advanced processes and materials currently held by a small
number of entities worldwide. Alternative approaches to building computational devices
are needed, and quantum computing has lately been the most popular one [[14].

Originally introduced to simulate quantum processes [[15]], a task widely believed
to be unfeasible for classical computers, the field has undergone a significant revival
with the introduction of the first noisy and imperfect prototypes of quantum computers.
This renewed interest has led to the discovery of numerous new applications for these
devices. These applications extend beyond simulation purposes and indicate potential
advantages in terms of speed and energy consumption across various tasks. One of
the most important applications is the enhancement of machine learning algorithms, in
both runtime and accuracy. This family of approaches is known as quantum machine
learning [|16, 17]] with various applications in chemistry [18]], nuclear [19], and high

energy physics Incudini et al. [7]].

A popular approach to quantum machine learning involves the use of quantum
kernels. In classical machine learning, a kernel function generalizes the notion of
similarity defined by the Euclidean inner product, allowing for the capture of complex
data properties. This task is often performed by defining a feature map, a function

mapping the data in the original feature space to another, more complex vector space.

27



On the other hand, quantum kernels leverage the Hilbert space description of a quantum
system’s state to calculate such a function. This technique was developed theoretically
by Schuld and Killoran [20], building upon the similarities between the mathematical
frameworks of kernel methods and quantum mechanics. However, it has gained even
more attention due to experimental work conducted by Havlicek et al. [21]] on a 5-qubit
superconducting-based quantum computer. To exploit these devices, hybrid techniques
are often employed. Implicit methods involve calculating the kernel on a quantum
computer and constructing the kernel machine using a classical algorithm, such as the
Support Vector Machine. Explicit methods, such as Variational Quantum Classifiers
(VQC), implement a quantum program that encodes both the data and a parametric model.
We choose the parameter values for these models using a classical optimization procedure,
such as stochastic gradient descent. They have proven that classical computation cannot
efficiently simulate these quantum programs, paving the way for a potential advantage.

Despite the wide interest in these techniques, little benefit has been found in real-
world tasks [22, 23]]. This is due to several reasons. From a theoretical standpoint,
using quantum transformations as data encoding methods may lead to classifiers that
are extremely complicated and unrealistic functions. For these functions, we have both
intuitive reasons and analytical proof of their lack of success in generalizing a ‘typical’
target function. The theory of expressivity and expressivity control aims to study this
aspect. From an application perspective, we often lack knowledge about individual
problems, thus making it difficult to assess whether any quantum kernel benefits a
specific task.

Within this conflicting context, the purpose of this thesis is to identify criteria,
structures, and problems for the evaluation, construction, and proficient application of
quantum kernels.

Firstly, since each kernel, whether classical or quantum, gives rise to a different
class of functions, the choice of the kernel itself is crucial for the model’s success.
This choice should be based on the problem’s inductive bias, which comprises a set
of assumptions and relationships between the data that are believed to hold within
the problem’s dataset. Many decisions regarding quantum kernels are made through
educated or random guesses, depending on whether insights into the problem’s structure
are available. In contrast, our focus has been on cases where we lack such insights into
the problem. We have formulated a set of criteria that determine the usefulness of a
quantum kernel in real-world tasks. These criteria include: designing quantum kernels

with underlying encodings that are not efficiently simulable using classical computation,
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as the lack of this condition renders the use of quantum devices superfluous; defining
transformations that are not overly expressible to avoid obtaining a predictor that is a
complex and unrealistic function that cannot generalize effectively; and considering and
modeling the kernel function to adapt to the dataset’s structure as closely as possible. We
have developed an optimization technique that automatically and heuristically identifies
a potentially good quantum kernel in cases where we lack prior knowledge about the
problem. The algorithm guides the optimization toward kernels satisfying the criteria
we have introduced. We tested this technique on one of the few problems for which there
is evidence of the benefits of using quantum kernels: anomaly detection in LHCb proton
events. The details of this work are presented in Chapter 3]

Secondly, we have tackled certain limitations associated with implementing more
powerful models within a quantum framework. Motivated by deep learning’s successes,
our goal is to create deep models on quantum devices. However, quantum dynamics
are inherently linear, and composing multiple unitary transformations still results in a
unitary transformation. This can lead to VQC lacking the hierarchical structure found in
deep neural networks. Nevertheless, the theory of Neural Tangent Kernel provides a tool
to analyze these quantum models. Such a theory concludes that the VQC is indeed a
nonlinear model in parameter space (not in the space of the quantum system’s amplitudes),
allowing for mild feature learning. We exploit this characteristic to define the Quantum
Path Kernel, which is obtained by integrating the Neural Tangent Kernel at specific
parameter instances during the gradient descent training. Each contribution corresponds
to a certain data representation. Our motivation stems from the study by Geiger et al.
[24], which establishes a connection between the concept of overparameterization, where
models have an abundance of parameters that result in a configuration after training that
perfectly interpolates the data while being regularized, thus achieving great performance,
and ensemble techniques. We suggest using these techniques to investigate the potential
for performance improvement. Furthermore, dividing a single large classifier into several
smaller ones allows the execution of such models on less demanding hardware, while
shorter circuits help minimize quantum noise. We have presented these latter points in
Chapter

Building on the evidence we have uncovered, we observed that satisfying these
conditions can be quite challenging for NISQ-based quantum kernels and has, so
far, been achieved for only a few physics-related problems. However, we have more
opportunities when employing fault-tolerant algorithms to construct such mappings.

Chapter [5|explores this direction by proposing a quantum algorithm for calculating the
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Graph Edit Distance (GED), a metric between graphs that can also be used to derive a
kernel function. Calculating the GED is NP-hard, and in general, we can only expect a
polynomial speedup compared to classical algorithms. Nonetheless, this task allows us
to immediately evaluate our work on NISQ devices and conjecture about the potential
advantages of fault-tolerant ones as heuristics. We achieved this by formulating the
GED as a quadratic optimization problem, which is feasible to run on the D-Wave
quantum annealer and, in general, on any NISQ device using the Quantum Approximate
Optimization Algorithm. Such a test does not lead to any particular speedup due to the
lack of guarantees of NISQ devices; however, the same algorithm executed on fault-
tolerant may lead to some speedup. These topics are explored in Chapter[5] Furthermore,
our formulation has inspired a quantum algorithm for epistasis detection, a paramount
problem in system biology and genetics. Although it doesn’t directly relate to kernel
machines, it shares intimate connections with the topic of graph edit distances, making
it a potential application for our approach. We focus on overcoming the difficulties of
dealing with such a large amount of data involved in solving this task and prove it is
feasible to tackle such a task on a quantum computer, leaving open the possibility of a
quantum advantage whenever a more solid platform becomes available. This topic is
explored in Chapter

Then, we explored the definition of kernel methods based on concepts borrowed
from topological data analysis, specifically the Betti numbers. The literature has already
proposed similar techniques. However, we have modified these approaches to work
with the LGZ algorithm, a quantum method used to estimate the low-lying part of the
spectrum of the combinatorial Laplacian associated with a certain abstract simplicial
complex (a graph and its cliques). Such a technique has implications for data analysis
tools such as time series analysis and anomaly detection. The details of this work are
presented in Chapter [6]

Finally, a significant amount of effort has gone into designing and implementing a
software solution specifically for quantum kernels. This effort is motivated by the need
to streamline the large number of experiments that involve repeating the same steps,
which can lead to time waste and a higher risk of errors. Our software, named quask, is

available under an open-source license and is presented in Chapter 8]
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Chapter 2
Preliminaries

This chapter briefly reviews some notions in classical machine learning and quantum
computation that will be discussed throughout the document. Section presents the
notation used. Section introduces machine learning, with a particular focus on
kernel methods. Section introduces the formalism of quantum computing and its

applications in machine learning.

2.1 Notation

This work uses lowercase alphabetical and Greek characters to indicate single-valued
functions (f, g, h, .. .) and scalar values (x, y,w, a, ...). Whenever possible, f will be

used for target functions, 4 for predictor functions, and x will denote a kernel function.

We will also use lowercase boldfaced characters (x, 0, ...) to indicate vectors.
Furthermore, x; will denote the i-th component of the vector, and D will denote the
i-th vector of an indexed sequence w(l), e w(i), .... Uppercase characters will denote

matrices and operators. Calligraphic letters, X, Y, H, ..., will denote Hilbert spaces.

Furthermore, we will use I and 1 for the identity matrix and the column vector of

I’s, respectively (their dimensions will be clear from the context).
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2.2 Classical machine learning

Machine learning develops statistical algorithms aiming to solve certain tasks by means
of given data instead of being explicitly programmedT These algorithms, named machine
learning models, can be dichotomized into various categories based on their learning
approach; the main categories are supervised learning (e.g., linear regression, support
vector machines), unsupervised learning (e.g., PCA, k-means, one-class support vector
machine), and reinforcement learning, although more finely grained dichotomies have
been proposed in the literature (cf. Figure 2.1)). In this thesis, we focus on supervised

and unsupervised learning tasks only.

Supervised learning models aim to reproduce the behavior of a target function
f:X > Yby selecting an appropriate candidate h € H from a hypothesis class H,
based on a set of labeled data {(z(®, y(i))}l’f:1 c X x Y. Regression and classification
are example of supervised learning tasks. We want to select the candidate minimizing

the true risk,

5 |(i@ - f@)’ R

x~X

Such a quantity is unfeasible to compute in most real-world scenario; however, it can be

approximated without bias by the empirical risk,

n

) (;l(wa)) _ yo'))z, (2.2)

i=1

defined the set of given data, denoted as training set, with &®) is a feature vector sampled
i.i.d. from an unknown distribution, y\¥) is the corresponding label possibly subject
to some noise €, y) = f(x?) + ). We often consider X = R, although they can
correspond to less structured data such as graphs. Regression problems have V = R
while classification problems have = {1, ..., n}. The training set can be arranged to a

matricial representation,

_p(D_ MO

X=| : |eR™andy=| : | eR™. (2.3)
() _ y(®

IThe definition is commonly attributed to Arthur L. Samuel as part of his algorithmic work on the
game of checkers [25].
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Figure 2.1: Different kinds of machine learning tasks.

The performance of the model can be estimated by calculating the empirical risk on a set
of items different from the training set, known as the testing set. Failing to differentiate
between the training and testing sets results in measuring only the memorization
capabilities of the model, rather than its generalization, meaning the ability to predict

the output of novel data.

Unsupervised learning models aim to discover patterns in unlabeled data, where the
training set is in the form {z'”}! , c X.

2.2.1 Linear regression

Linear regressors are supervised learning models that rely on candidate functions in the
hypothesis class

d
H=1h(x) = Z wizi=w x|weR Y. (2.4)

i=1

The learning problem consists of best fitting the data by minimizing the mean square

error, leading to the function
h = argmin||A(X) — y||*. (2.5)
heH
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This can be equivalently rewritten as finding the vector of weights satisfying
w = arg min || Xw — y|I%. (2.6)
weR4

The solution of this learning problem can be found analytically,

Vy [ Xw -y|]] =0 (2.7)
Vo [(Xw) ' Xw - (Xw) y-y (Xw)+y'y| =0 (2.8)
Vo [w X Xw - 2(Xw) y+y'y| =0 (2.9)
2X"Xw -2X"y=0 (2.10)
X" Xw =X"y (2.11)
leading to the weight vector
w=(X"X)"'X"y e R (2.12)

When solving this learning problem, calculating the inverse of X' X can lead to
numerical errors if the matrix has nearly singular values. To address this issue, we can
add positive values to the main diagonal, reducing the condition number and ensuring a

more stable inversion. In this case, the problem becomes
w = arg min || Xw — y||? + A||w]| (2.13)
weR4

with 4 € R( regularization constant, which is usually chosen heuristically. Such a

model is called Ridge regressor.

The solution to the Ridge regression problem can be found using the Lagrangian

multiplier method. This methodology is applied to problems in the following form:

min  g(w) (2.14)
w
subjectto c;(w) =0, forj=1,...,k (2.15)
assuming that g, ¢y, ..., c; are convex. The Lagrangian function is defined as
k
L(w, o) =g(w) + ) ajci(w) (2.16)
j=1
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where the parameters «; are called Lagrangian multipliers. The solution to this
optimization problem can be found by setting the partial derivatives to zero and
solving for w and «. In this case, we can solve two possible optimization problems:
min,, maxq L(w, &) or maxq, ming, £(w, o). In general, the solutions to the two
optimization problems are different, but under some assumptions, known as the KKT

conditions, they coincide. These assumptions hold for Ridge regression.

The learning problem of Ridge regression is not straightforwardly a constraint
optimization but can be turned into one with the introduction of some slack (auxiliary)
variables z; = wTx/) —y() 5o that we can have the constraint ¢ (z, w) = z;—w Tz +
y) =0for j = 1,...,n. By introducing z in the optimization and the multiplication of

the quantity by the term 1/24, which is positive and does not change the result, we obtain

1 1
arg Hgl’l ﬁ(z, z)+ E(w, w) (2.17)

subjectto  hj(w) =0, withj=1,...,n (2.18)
whose associated Lagrangian is

L(w, z,a) = %(z,z)+%('w,w)+aT(z—Xw+y). (2.19)

Solving the optimization problem in the form min,, maxq L(w, &) leads to the

solution in the primal form,
w=X"X+A)"XTy, (2.20)

for which the model  is expressed as a linear combination of its argument’s features.
However, we can express the model in an equivalent, though interesting, way by solving

the dual form of the optimization problem, maxq, min,, £ (w, @), via

0L .

_:w_aTX:():wT:X L. (221)
ow
0 1
—L:—z+a:0=>z:—/la. (2.22)
oz A

Once substituted w and z, the remaining objective takes the form:
1 1 T T T T
L) = ﬁ<—/la, -l + §<X aX a)+ta (-la-XX"'a+y) (2.23)

35



= %aTa + %aTXXTa —la'a-a'XXTa+a'y (2.24)
= SaTa-ja’XXa+aly (2.25)
= —%aT(/U)a - %aTXXTa +a'y (2.26)
= —%aT(XXT +A)a+a’y (2.27)
- —%aT(G +A)a+aly (2.28)

where G = XX is the Gram matrix of the inner products between o AL O By
setting Vo, L = —(G + A a +y = 0, we obtain the solution,

a=(G+aD)7y. (2.29)

In this case, we express the model with a linear combination of the inner products
between the argument of the model and the elements of the training set, instead of as a
linear combination of the argument’s features.

The primal form (Equation [2.20) exhibits a more favorable scaling for prediction,
particularly in scenarios of abundant data, where n > d. However, the dual form
(Equation allows us to work with kernel methods, as discussed in the following

section.

2.2.2 Kernel regression

When employing linear regression, we rely on specific assumptions, including the
linearity of the target function, the independent and identical distribution (i.i.d.) of
the data from some distribution, and a constant variance in the noise. If the target
function deviates from these assumptions, solving the learning task with a linear classifier
becomes challenging.

To create more powerful models, we can transform the data by embedding that to
some Hilbert space H with a richer structure compared by X according to a feature
map ¢ : X — H. Once fixed the feature map, we are considering solving the learning

problem of selecting candidates from the hypothesis class

dim(H)

H={h<m>: D w,~¢<az>,~=Zai<¢<m>,¢(m<">»}. (2.30)
i=1

i=1
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A linear model in 4, with inner products (¢ (), ¢(x?)), can capture the same nonlinear
relationship in the data introduced with ¢. It is clear that, for dim(#) > 1, the dual
form of regressors in Equation [2.30] is more convenient than the primal one, as the
optimization problem is kept n-dimensional and independent from the dimensionality of

the Hilbert space. A function in the form

k(x,x') = (¢(x), p(x')) (2.31)

is called a kernel function. Thanks to Mercer’s theorem, any positive semidefinite
function « is a kernel function for some underlying, unknown feature map ¢ and Hilbert
space H. This allows us to create complicated but efficiently-computable kernel functions

such as the Gaussian kernel,
’ 1 7112
k(z, ') = exp|——|lx — x'[|"|, (2.32)
o

whose underlying Hilbert space is the infinite-dimensional space L(R?) and ¢ maps
x to Gaussian functions centered in « with o a quantity proportional to the standard
deviation. While it is easy to compute Equation the corresponding feature map is
far from trivial and could be approximated after truncating and discretizing the Gaussians
with a large memory expensg? The theory of kernel methods can be applied to any
similarity-based model. Kernel regressors and classifiers are called kernel machines.
Kernel machines, thanks to the representation theorem, continue to guarantee that the

learning problem is low (n-) dimensional and convex, leading to an efficient, closed-form

solution,
a=(¢(X)¢p(X)" + D)y = (K+aD)y (2.33)
where (K);; = k(2@ ) is the Kernel gram matrix, and the kernel machine is in the
form
R k(™
h(x) =k(x)Té& = k(z)" (K + D)y, k(x) = | (2.34)
k(™)

Every kernel function defines a unique Reproducing Kernel Hilbert Space (RKHS)

‘H,., which is a vector subspace of functions from X — . The inner product and norm

2]t is worth noting that some techniques have been proposed in the literature to approximate a
kernel function with a low-dimensional feature map, such as Random Fourier Features [26]. If such
a representation is found, we can eliminate the dependency on the data and have a regression model
employing a powerful kernel, as allowed in the dual model of the regressor, while keeping the favorable
scaling of the primal mode.

37



of this space are denoted as (-, -)«, and ||-||«, respectively. Such space is characterized
by the fact that every evaluation functional, denoted with «, : H, — R is a linear
bounded functional such that the reproducing property holds, meaning «,[ f] = f(x) for
all f € H, and « € X. Therefore,

H, = 5pan {kx | € X}, (2.35)

where the span function allows us to obtain a pre-Hilbert space, essentially a vector
space with an inner product, while span denotes the closure of the span, ensuring that
the space is a proper Hilbert space and satisfies the completeness property. We can
decompose a kernel function in terms of an orthonormal (in L) set of functions {¢;} ,

solution of the eigenvalue problem

/X «(@, 2) 6i(2) dp(2) = A; () (2.36)

where {4;}7, is the set of corresponding real, non-negative eigenvalues, sorted in
descending order, and p probability distribution over X. The kernel function is then

expressed as

K@, @) = ) Aigi(@)di(). (2.37)
i=1

2.2.3 Support vector machine

Consider a classification problem with labels y/) = +1 and assume the dataset is linearly
separable. In such cases, a hyperplane exists, denoted by w ™« + b = 0, where w is the
normal vector to the hyperplane, and b is the offset from the origin, that separates the
two classes perfectly. We can define two parallel hyperplanes such that all elements of
one class, those with y(j ) = 1, remain in the region wTz) + b > 1, while all others,
with y) = —1, stay in the region w /) + b < —1. These conditions can be merged
into a single inequality:

y D (w Tz +b) > 1. (2.38)

Among all the possible pairs of parallel hyperplanes, we aim to select the best one,
which is the one that maximizes the margin between the two classes. Since the distance

between the two hyperplanes is 2/||w||, the problem can be formulated as maximizing
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this distance:
argmin (w, w) (2.39)
w,b
constrained to  y“ (w Tz +b) > 1,with j =1,...,n (2.40)

Once the weight vector w has been found, the model, which is called Support Vector
Machine (SVM), takes the form:

h(z) = sign(w Y + b). (2.41)

We can solve the learning problem using the method of the Lagrangian multipliers,

1 - N

Lw,e) = (ww) - Y [y<f> (a:<f>w+b) - 1]. (2.42)
2 S

We solve the dual form of this Lagrangian. Setting g—ﬁ =0leadstow = Z?:] o yDgl),

Similarly, 2£ = 0 leads to Sy ey = 0. Finally,
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The solution for & can be found using a quadratic optimization solver.

The points lying on the hyperplanes are referred to as support vectors, and they
correspond to nonzero coefficients ;. These support vectors are the only points that
contribute to the prediction. Due to the optimization problem we have defined, which
prefers a; = 0 as the optimal situation, the solution tends to be sparse. In other words,
SVMs typically have only a few support vectors. This characteristic enhances the
efficiency of predictions, particularly when compared to linear regression.

In situations where the data is not linearly separable or contains noise, achieving
perfect separation with a single hyperplane is not possible. In such cases, a classification

technique that accommodates a certain degree of error can be employed. This variant of
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SVM is referred to as the soft margin SVM, in contrast to the previous version known as
the hard margin SVM. The objective function is reformulated to include a set of slack

variables:
¢; =max(0, 1 -y (w 2 + b)) (2.44)

Here, for £; = 0, it indicates that the j-th point has been correctly classified and lies
beyond its class’s margin. If 0 < &; < 1, it means the point is correctly classified but
falls between its margin and the middle hyperplane separating the two margins. When

&, > 1, the point is misclassified. The problem can be reformulated as

n
: , + C , 245
ag min (w, w) ]Z:; '3 (2.45)
subjectto  y(wTx +b) > 1-¢;forj=1,...,n (2.46)

Here, C € [0, o) is a parameter that trades off between classification accuracy and
margin size. For C = oo, every error, no matter how small, results in a solution with
an infinite cost, effectively recovering the hard-margin SVM. This formulation can still
be solved using quadratic optimization techniques. This form is called C-SVM. The
dual form is identical to the hard-margin SVM, except for the additional constraint
0<a;<C.

We can reformulate the C-SVM using a normalized variant of its constant, denoted
as v and lying in the range [0, 1). The value v is always lower than fraction of support
vector and higher than the fraction of margin errors. The formulation in its primal form

is:

. 1 1 <&
arg min o S(ww) = vp+ s ; £ (2.47)
subjectto  y(w x4+ b) > p— & for j=1,...n (2.48)

Note that p substitutes 1 in the constraint, meaning the margins are not distant 2/||w||
anymore, but they are distant 2p/||w]||. The nu-SVM is equivalent to a C-SVM with
C=1/nv.

The primary use of SVM is tackling binary and n-ary classification tasks. However,
variants of this model have been defined as being employed for unsupervised learning
tasks. An example of such variants is the one-class SVM (OC-SVM). OC-SVM has been

successfully used to solve anomaly detection.
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The primary form of the optimization problem is

1 1
' 2 —pPr / 2.4
' 0.£20,050 5w w) = p+ ; & (2.49)
subjectto (w2 +b) > p—¢€; for j=1,...m, (2.50)

where d is the dimensionality of the feature vectors. Note that the y/) terms have been
omitted from the constraints, as the problem is unsupervised. The dual form of the

Lagrangian is:

arg min — Z ajak(a:(j),w(k)), (2.51)
Zjaj=1
whose solution is
h(x) = sign Z aj(:r:,zc(j)) -pl. (2.52)
jesv

where SV is the set of support vectors. We can use a kernel « instead of (-, -)pa

2.2.4 Neural networks

A neural network with ¢ layers, 49 is a model defined recursively via the equation

WOz, wy,...,wp) =x € R (2.53)
R (@, wy, ..., we) = o (WD (2, wy, ..., we), w;)) € RY (2.54)

where 7; is the number of neurons of the j-th layer, ny = d is the input size, and, without
loss of generality, we fix the output size to n, = 1. Furthermore, o is the activation
function applied elementwise to each element of the vector in input; some notable
examples of activation functions are tanh and ReLU (max 0, x). In Equation we have
absorbed the bias values b within the weights w.

The neural network differs significantly from the models we have previously en-
countered. While linear regression, kernel regression, and SVM are linear models,
most neural networks are nonlinear. This also implies that the training is non-convex,
providing no guarantees on the efficiency of the process or the optimality of the solution
found.

The training of a neural network typically involves stochastic gradient descent.
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Initially, random weights are chosen, and the gradient of the loss is calculated using:
w = -nVL(w), (2.55)

where £ (w) represents the loss function (e.g., mean square error as shown in Equa-
tion 2.2)), and n < 1 is the training step. Multiple training processes starting from
different initial guesses or evolving along different paths will likely result in different
suboptimal solutions.

Neural networks can be analyzed by approximating them as a linear model. If all
layers except the last one are untrained and fixed to their initial random values, the model
becomes a kernel machine. The feature map ¢ corresponds to the constant function,
mapping the input to the output of the penultimate layer.

Another approach involves truncating the Taylor expansion of the neural network in
Equation [2.53]to the first term, resulting in a linear model expressed as a kernel machine,
with the kernel named Neural Tangent Kernel (NTK):

knik(x, @) = Voh(x; 0) - Voh(x'; 0), (2.56)

Here, 0 represents a fixed value for the model’s weights, often the value at initialization.
Jacot, Gabriel, and Hongler [27] demonstrated that in certain cases, neural networks
are extremely easy to train, experiencing an exponentially fast decrease in loss and
independence from the choice of the initial point. These cases are referred to as the
large-width regime, occurring when the network is much wider than deeper (n; > ¢
forall j =1, ...,€). The wider the network, the closer it is to a linear model, making its
training convex. This special regime allows the study of neural networks using kernel
methods, providing upper bounds on the error. Further studies have also indicated that,
in many contexts, the performance of a neural network and its corresponding NTK, even
in finite width, may not diverge significantly. This raises questions about whether such

models are genuinely more powerful than kernel methods in many situations.

2.3 Quantum machine learning

2.3.1 Quantum mechanics
The framework of quantum mechanics is described by four postulates.
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The first postulate states that a quantum system is represented by a complex Hilbert
space, denoted as H, with an inner product (:|-). In the Dirac notation, a unitary vector
in H is denoted by |) (read as a “ket”), with the additional condition that two vectors
differing only by a global phase correspond to the same physical state. Any linear
functional over H corresponds to an element of the dual space H*, denoted with (|
(read as a “bra”).

Throughout this document, we will focus only on finite-dimensional spaces, H = C™,
for which kets and bras are interpreted in terms of column and row vectors, (/| = (|))".
The simplest system is the qubit, |y) = (§) € C2, with |e|* + |8]> = 1, uniquely
described up to an (irrelevant) global phase e’

The second postulate states that any closed quantum system, subject to no interaction
outside the system itself, evolves according to Schrodinger’s equation (a linear ODE),
i(d|y)/dt) = H|y), where H is a self-adjoint (Hermitian) operator known as the
Hamiltonian of the system. The solution to this equation is a unitary operator denoted
as U = exp(—itH) for some real constant ¢. The unitarity of the evolution implies its
reversibility.

The space of unitary operators over H, denoted as U (H), forms a Lie group which,
in the finite-dimensional case, is represented by the group of m X m unitary matrices,
U(m). Consider the Lie algebra of skew-Hermitian operators, denoted by u(H),
which is equipped with the bilinear Lie bracket operation [X,Y] = XY — YZ. In the
finite-dimensional case, this algebra is represented by the set of m X m skew-Hermitian
matrices, u(m). The Lie algebra and its group are related through the exponential map
exp : @ — G; in the case of matrix Lie groups this corresponds to the matrix exponential
exp(X) = 50, XK/ k!

The third postulate defines a quantum measurement. A finite POVM (Positive
Operator-Valued Measure) is described by an indexed collection of positive semi-definite
Hermitian operators on H, denoted by M = {y;}_,, where the elements sum up to the
identity. Each element y; is associated with a measurement outcome labeled by i. During
measurement, the process is probabilistic and destructive. The outcome i is observed
on the measurement device with a probability of p(i) = (¥|u;|¥). Subsequently, the
quantum state collapses according to [¢) +— u; [¢) /p(i).

A projective measurement is characterized by the property ,ul.2 = u;, and in such cases,
each element is denoted as IT;. An informationally complete POVM has at least s > m?
elements and spans the space of self-adjoint linear operators on . Measurement in the

computational basis is defined as M = {[i)i|},.
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An observable is represented by a Hermitian operator A, and its expectation value
for the state |¢) is denoted as (¥|A|¥). For finite-dimensional systems, we can (non-
uniquely) define a one-to-one correspondence between a POVM measurement and an
observable.

The last postulate is about how to compose systems. It states that multiple quantum
systems are combined through the tensor product operation. This makes the Hilbert
space dimensionality grow exponentially with the number of subsystems, in contrast
with classical systems that are combined via the Cartesian product, and explains why
it is so challenging to simulate a quantum system with a classical computer. A state
defined on H, ® Hp is separable if it can be written in the form |¥) = [y 4) ® |¥B);

otherwise, it is entangled.

Formalism of the Density matrices

Another important framework used throughout the document is the density matrix
formalism. A density operator and its representation, the density matrix, are probabilistic
mixtures of states in H, given by p = X, p; [¥iX¢i| € L(H). L(H) is the space of
linear operators on /. A pure state can be written as p = | Xi/|; otherwise, the state is
mixed. Note that mixed states are statistical mixtures of pure states. The time evolution
is described by the Liouville-Von Neumann equation, idp/dt = [H, p], which leads to
the evolution p — U'pU. The expectation value of the Hermitian operator A is defined
as Tr[Ap], while for a POVM M = {y;}}_,, we have p(i) = Tr[,uj'pui] and the state
collapses to p’ = ,ul.Tp,ui /p(i). If the measurement outcome is unknown the density
operator is described as ); ,u;fp,u,-. The partial trace of a state p € L(Hs ® Hp) is
denoted as p’ = Trg[p] € L(Ha).

The most general type of evolution allowed in this formalism is the quantum channel,
which is a completely positive, trace-preserving map (CPTP) ¥ : L(Ha) — L(Hp),
where Hy and Hp are Hilbert spaces. A CPTP can encompass various operations, such

as unitary evolution, partial trace, and even a POVM measurement.

2.3.2 Quantum computing
Quantum circuit model

A quantum computation can be described in terms of several computational models,

the most widely used being the quantum circuit model. In analogy with classical
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approximating unitary roots
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Sorting integers
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@ Combinatorial optimization
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Figure 2.2: Conjectured view of the complexity classes of classical and quantum
computation, with some notable examples of problems belonging to each region.

circuits, an n-qubit system is depicted with an n-wire, musical score-like diagram
whose time evolution goes from left to right. The system is initialized by convention to
|0Y®". A sequence of quantum gates, acting non-trivially on a subset of the available
qubits, is sequentially placed on the circuit. The fan-in, the number of input wires,
has to match the fan-out, the number of output wires. The computation terminates
with the measurement, which is often performed as a projective measurement over the

computational basis, M = {|iXi|}?7', and the circuit is executed finitely many times to

_O ]
estimate the distribution of each outcome.

Some notable quantum gates include oy = X = (1), oy =Y = (V7), 0; =
Z = () 9), their exponentiation R, (6) = exp(-i§o,) for a € {x y,z}, the identity

gate oy = I, the Hadamard gate H = \5(} !, ), the phase gate S = (}?), the T-gate

T = (0 _,,r/4) the controlled-NOT gate cNoT = |0X0| ® o + [1X1| ® 0.

Complexity-theoretical motivation for the quantum computation

The potential benefit of employing quantum computation resides in the ability to solve
certain problems faster than classical computation. Evidence of this potential can be
found in complexity theory.

A decision problem L belongs to the complexity class P if there is a uniformly
polynomial circuit family C = {C, },en such that for every x € L of size n, C,(x) =1,
and for every x ¢ L of size n, C,(x) = 0. The use of quantum computing may allow
us to solve a larger class of problems. A decision problem L is in the class BQP if
there exists a uniformly polynomial family of quantum circuits C = {Q,} such that for
all x € {0, 1}", the probability that Q,(x) = 1 is at least % if x € L, and at most % if
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x ¢ L. To prove that certain problems can be solved on a quantum computer while being
unfeasible on a classical one, we sometimes formulate them in the query model, where
the input is provided as a black-box oracle. This model is used because it is difficult to
prove lower bounds on the complexity of computing some functions over explicit input
data. For example, distinguishing a constant function from a balanced one (under the
promise that the function belongs to either of these families) requires exponentially many
(in n number of bits of the function) deterministic queries while only a single quantum
query is required using Deutsch-Jozsa’s algorithm. Furthermore, Shor’s algorithm has
demonstrated the efficiency of quantum computers in solving the integer factorization
problem which is believed to not be solvable in polynomial time on a classical computer,
having an exponential speedup over the best classical algorithm.

Some problems are believed not to be able to exhibit an exponential speedup on a
quantum computer. That is the case for black-box optimization problems: the lower
bound is O(\/N ) for N number of elements in the search space, which is matched by
Grover’s algorithm. BQP-complete problems, such as (sparse) matrix inversion and the
estimation of the unitary root of the Jones polynomial, encompass the full power of
quantum computation. It has been proven that a problem exists in BQP \ PH, where PH
is the polynomial hierarchy. The relationships between these classes are depicted in
Figure

The term quantum supremacy refers to problems for which there is a formal proof of
an exponential speedup guaranteed by a quantum algorithm compared to any classical
algorithm. The term quantum advantage refers to an exponential speedup of a quantum

algorithm compared to the best-known classical algorithm for a particular problem.

Fault tolerant and near-term quantum computers

The current generation of quantum computers does not behave exactly as postulated in
quantum mechanics. Various sources of error can affect computations, and the nature of
these errors varies significantly depending on the specific physical platform being used.
These devices are referred to as NISQ (Noisy Intermediate-Scale Quantum) systems.
Notably, one of the primary sources of error is decoherence, which is the tendency of
a quantum state to degrade into a classical state. Further limitations arise from the
characteristics of specific hardware platforms, such as the available gate set and qubit
topology (connectivity). These limitations make it necessary the transpilation of abstract

quantum circuits, meaning they are converted to equivalent circuits that are optimized
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for the given platform’s behavior and potentially add a significant overhead.

According to the Threshold Theorem, when a platform achieves a physical error
rate below a certain threshold, it can suppress the logical error rate to arbitrarily low
levels through the application of quantum error correction schemes. However, these
error correction schemes may entail a significant overhead in terms of both qubits and
quantum gates. The decoding of the physically measured results (involving many qubits)
to obtain logical results also adds overhead in terms of the required classical computation.
It might happen that for certain algorithms, despite guaranteeing a significant speedup in
terms of query complexity, such an advantage does not outweigh the overhead of error

correction upon a more detailed (non-asymptotic) analysis.

2.3.3 Machine learning algorithms for fault-tolerant quantum de-

vices
Sparse matrix inversion

Harrow, Hassidim, and Lloyd [28] proposed the HHL algorithm to solve linear systems
of equations. This approximate a solution a such that Ax = b with a real n X n sparse
matrix A and a vector b. The algorithm runs in time logarithmic in the number of
equations (n) and linear in the condition number of A, denoted as « = |Amax|/|Amin|-
This quantum approach brings about exponential speed-up compared to the best-known
classical algorithm. Nonetheless, this advantage holds under strict conditions [29]].
Each computational step must occur in logarithmic depth, including loading the vector
b, exponentiating the sparse matrix A, and approximately sampling the solution x.
Furthermore, the condition number has to grow linearly in n. These conditions make it
challenging to trivially apply HHL as one of the linear algebraic subroutines found in
many machine learning models such as Support Vector Machines (SVM) or Principal
Component Analysis (PCA).

Chia et al. [30], demonstrated that under the assumption of having the same oracles
assumed in HHL, such as the efficient loading of b and sampling of x, a process
called dequantization of HHL can be achieved. This process involves devising a
classical algorithm that performs comparably. The quantum acceleration of HHL can be
maintained in specific scenarios, for instance when b results from a quantum process
and is hence already loaded, and when only specific properties of the output vector need

estimation, such as its inner product with a reference state.
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Topological data analysis

Lloyd, Garnerone, and Zanardi [31] introduced the LGZ algorithm for conducting
topological data analysis using a quantum computer. This algorithm is designed to work
with a simplicial complex, which is a generalized form of a graph encompassing both
the pairwise relationships between vertices and any cliques present in the graph. In
this context, the Betti number of degree k refers to the count of k-dimensional voids
or holes within this complex. These Betti numbers hold significance as they serve as a
topological fingerprint of the simplicial complex, allowing inference.

The core concept behind LGZ is centered around approximating the eigenvalues of
the combinatorial Laplacian operator A;. The proportion of samples with zero values
is then interpreted as the Betti number for degree k, considering a specific form of
normalization. This strategy leverages quantum computation to achieve exponential
acceleration compared to classical counterparts. However, this quantum advantage is
subject to stringent conditions. Firstly, the loading of the simplicial complex must be
efficiently executed, even in the worst-case scenario taking up to n* time for k-th Betti

numbers. Secondly, the combinatorial Laplacian must have a sufficiently large [Amin].

Non-linear differential equations

Liu et al. [32] have presented an algorithm that offers an exponential speedup over the
best classical algorithm for simulating non-linear differential equations. However, this
speedup is contingent upon the condition that the problem is dissipative, where the degree
of dissipation is assessed using a measure akin to the Reynolds number. This approach
is based on the Carleman linearization technique. Nonetheless, this approach encounters
limitations and is not universally efficient in simulating all types of differential equations.
For instance, it struggles with chaotic systems, as discussed in [33].

Despite these limitations, the algorithm remains applicable to significant instances
within the realm of machine learning. An important example is the simulation of the
(stochastic) gradient descent dynamics during the training of a neural network, itself
a non-linear differential equation. In [34]], the authors have proposed the use of this
algorithm to facilitate the training of sparse neural networks. This specific type of
differential equation exhibits dissipative behavior during its initial stages, corresponding
to the phase of feature learning. This approach offers several advantages. Notably,
the imposition of sparsity functions as a form of regularization, enhancing both the

interpretability of the model and its overall performance.
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2.3.4 Machine learning algorithms for NISQ devices

In addition to algorithms that are supposed to run on a fault-tolerant quantum computer,
researchers have worked extensively to exploit the potential of the current generation
of small-scale, noisy quantum hardware, denoted as NISQ [35]]. Due to the hardware
limitation of NISQ devices, we cannot implement the resource-demanding, deep quantum
circuit required for the fault-tolerant algorithms. We instead rely on a parameterized set
of shallow circuit, denoted as parameterized quantum circuit.

Parameterized quantum circuit

A parameterized quantum circuit (PQC) is a quantum circuit U(0) that depends on a set

of free parameters 8. Formally, it is a function

4
U:0mU®) =] U, (2.57)
j=1

where each U; can be either a rotational gate acting on one qubit
Uj(6) = Ro(f;(8)) = exp(~i f;(8) o), (2.58)

or on two qubits

U;(0) = Ry g(f;(0)) = exp(—i f1(0) 0o ® 0p), (2.59)

or a constant gate, such as cNor; and @, 8 € {0,x,v,z}. The gates U; are supposed
to be elementary gates on the target hardware platform considered, or at least easily
implementable. The functions f; (@) determine the angle of rotation and can correspond

to either a single element of the vector, e.g.
fi(0) =06, (2.60)
or a non-linear function of one or more elements, e.g.
fi(0) = (7 —6;)(7—6;,). (2.61)

Note that the input to the problem, x, can equivalently be specified either in the input

model of a PQC U(x) or as a computational basis state |x) at the beginning of the circuit
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(with only a small overhead). Let | (6)) = U(0) |0"). The state [(6)) can be obtained
starting from the state |@) |0") by applying controlled-U(27¥), where each application is
controlled by a qubit in |@) from the most to the least significant.

Throughout the document, we consistently adopt the formalism of parameterized
quantum circuits, even though we can alternatively refer to their CPTP form when
needed. This flexibility becomes crucial when applying certain transformations, such as
the feature map of the projected quantum kernel (cf. Section|3.3.1), which necessitates
the use of the partial trace. Unlike a unitary transformation, the partial trace can be

expressed as a CPTP map.

Expressivity of a parameterized quantum circuit

An important property of a PQC U(8) is its expressivity, which can be interpreted in
many ways according to the definitions used, but informally can be thought of as how
large the set of unitaries {U(0) | 8 € ®} generated by randomly sampling 8. If the set
is particularly large, close to the unitary group U (2") with n number of qubits, then the

PQC is said to be as expressive.

To characterize this aspect, we need to employ tools from group theory. A Haar
measure for the unitary group U (N) is its unique left- and right-invariant probability

measure u:

ﬂmWWF/'fmeWF/'fwmwwx 2.62)
) U(N) U(n)

U(n

for all unitary V € U(N) and function f. A Haar random unitary is represented as:
U~ u, (2.63)

capturing the notion of sampling "uniformly’ from the unitary group. The Haar measure

is also used to define the mean value of a function over a unitary group:

E[ﬂ@h[%ﬂﬂ@@@) (2.64)

UeU(n)
This is further used to define the k-moment superoperator M® y:
MPu(0) = BE[U®*0(UT)®H]. (2.65)
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Implementing a Haar random unitary is extraordinarily expensive and requires
exponentially long circuits in N. However, we can generate a unitary that behaves
similarly to a Haar random unitary up to the k-th statistical moment. A unitary k-design

is a probability distribution v over a set of unitaries S € U (N) such that:

E [V O (VT)®*] = E [U®*0(UT)®"] (2.66)
~y ~H

for all linear operators O € L(CV). Furthermore, an e-approximate unitary k-design is

a probability distribution v such that:
IME = MP|lo < e (2.67)
Finally, the expressivity of a PQC is defined as the norm of the superoperator ‘A,
AU(0)) = /(V 0X0] V)2 dpu (V) — /0 @(U(O) 0X0| U(8))%%d6,  (2.68)
7 ~

quantifying how much the distribution of states generated by the PQC U(6) diverges
from the distribution of states generated by a unitary 2-design. If ||A||¢ is close to
zero, then the PQC is considered expressive. Note that this definition considers both the
reached states and their distribution. If a state is sampled by many € ~ ©, this aspect
will be considered to differ from Haar random behavior, where each state is uniformly

sampled.

Variational algorithms

Variational quantum algorithms [36] are optimization techniques that search for the set

of parameters that minimizes a cost function C,

0" = arg mein C(09), (2.69)

where the cost is a function of a set of input {pi}lle, a set of observables {Oi}le, and a
PQC U(0),
C(0) = g(p1. s p1: 01, 043 U(0)). (2.70)

A sub-optimal solution to Equation [2.69| can be obtained using stochastic gradient

descent. While the gradient of C can be calculated using the finite difference method,
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the computation can be greatly affected by noise. Instead, the parameter-shift rule [|37]]
is preferred, as it utilizes a much larger step size (/2 instead of € < 1), making it less
susceptible to the intrinsic noise of NISQ devices.

An important issue that arises when dealing with variational algorithms is the barren
plateau. This situation occurs when calculating the gradient of the cost function VoC

has values close to its average value; basically,
Var[VgC] « exp(27"), (2.71)

with n being the number of qubits. Practically, the barren plateau occurs when the
cost function flattens exponentially fast in n, making optimization challenging for both
gradient descent-based and gradient-free approaches [38]. The root causes of this
phenomenon are still the subject of investigation, although studies have shown that a
highly expressive unitary [[39], as well as noise [40] and global observables ([38]), are
correlated with the appearance of the phenomenon.

Proposition 1 ([41]). If the probability distribution v over the unitaries generated by a
n-qubit PQC, {U(0) }gco, is a unitary 2-design, then

E ()] =0,

Var[C(6)] € 0(27).

Quantum kernel

A quantum feature map is a mapping from classical data, € X (usually X = R%),
to a vector lying in the Hilbert space of an n-qubit quantum system, p(xz) € (C?)®".
Consequently, a quantum kernel |21}, 42] is a kernel function x whose underlying feature
map is effectively a quantum feature map, and whose encoded vectors belong to the
Hilbert space of the quantum system. Formally, it is represented as a mapping in the

form:
k(x,x') = Tt[pzpa]. (2.72)

Equation can be implemented using the overlap test (cf. Figure [3.2), whose

underlying quantum circuit performs the transformation:

k(z,a') = Tr[(UT(2")U(2)poU" (2)U (")) |0XO]]. (2.73)
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An alternative to the proposed approach is the ‘swap test’, whose quantum circuit is
shown in Figure In this case, the inner product is proportional to the probability of
reading outcome 0 when measuring in the computational basis over the topmost qubit

only,

k(z, ') =2Tr[VpoVTo] - 1 (2.74)
V=(HQRIL,®1L,)(cSWAP)(H® U(x) ® U(x'))
0 =10X0|®1, 1,

Additionally, note that the swap test allows us immediately to implement partial

measurement by applying CSWAP uniquely to the subset of qubits of interest.

Variational quantum classifier

A variational quantum classifier (VQC), sometimes referred to as a quantum neural

network (QNN), is a machine learning model defined via a quantum circuit:
h(x;0) = Te[U(O)V (x)poV (2)UT(0)0]. (2.75)

Here, pg is the initial state of the system; V() is a feature encoding unitary. As it
effectively maps a set of data = to some Hilbert space, in this case, the Hilbert space of
the quantum system, it is definitively a feature map; U (@) is a variational form or ansatz
and depends on the set of trainable parameters 0; finally, O is a Hermitian observable.
The training of this model is indeed an instance of variational algorithms, with the cost
function defined as:

C(0) = Z t(h(zD;0), y)). (2.76)
=1

Here, ¢ is a binary loss function, e.g., the mean square error (cf. Equation [2.2).

2.3.5 Quantum advantage in supervised learning

The boundaries between tasks that are feasible and convenient to solve using classical
machine learning and those that might benefit from quantum approaches are still blurry.
However, some limited evidence has been proposed in the literature.

A possible approach to this issue is offered by computational complexity. Classical

machine learning can effectively be modeled as the class BPP/samp of randomized
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computation with the ability to sample data (assuming the data itself cannot be computed
in BPP). Note that BPP/samp is contained in BPP/poly and thus is modeled as an advice
class; for a more detailed treatment of this aspect, we refer the reader to Marshall,
Gyurik, and Dunjko [43]. Huang et al. [44] has formalized such a class and proven that,
under reasonable complexity-theoretical assumptions, you can find 1. tasks that require
quantum computation whenever we have no data, but in the presence of data, they can be
efficiently solved (BQP N (BPP/samp \ BPP)), and 2. tasks that truly require quantum
computation even in the presence of data.

Here, we highlight a few of the most relevant works in the literature. Liu, Arunachalam,
and Temme [45]] has developed an approach based on the conjectured hardness of the
discrete logarithm and used such a problem to define a learning task that can be solved
efficiently only on a quantum computer: the task is obtained from a linearly separable
dataset, and then the data is obfuscated using exponentiation. Jager and Krems [46] has
extended the approach to BQP-complete tasks, which are beyond the discrete logarithm
in terms of hardness. Physically motivated applications have been shown in Gyurik and
Dunjko [47]] and Molteni, Gyurik, and Dunjko [48]]; the advantage is stated in terms of
the probably approximately correct (PAC) learning model. A related but not physically
motivated work has been proposed by Yamasaki, Isogai, and Murao [49].

These works suggest that a quantum advantage in learning tasks can be obtained
whenever the task itself can be reframed in terms of classically hard, quantumly easy
tasks; most of them being physically motivated, e.g., learning an observable, learning
properties of a time-evolved quantum state, or, in some limited scenarios, of ground
states [48]].
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Chapter 3

Automatic and effective discovery of

quantum Kkernels

This chapter delves into the promises and challenges of using the class of quantum kernels
designed for NISQ devices to tackle machine learning tasks. Section [3.1]introduces
kernel compatibility, the aspect that shows whenever a specific kernel function can
indeed capture the relations within the data at hand, and shows how to measure it.
Section |3.2|discusses common issues in using quantum kernels, for example, the ones
arising when using both overly expressive and overly simple quantum circuits as feature
encoding unitaries. Section [3.3|introduces techniques to control the expressivity of a
quantum circuit. In Section we propose an algorithm for the automatic discovery of
a quantum kernel that best fits the task at hand. In Section we test our approach to a
well-known problem in high-energy physics, the anomaly detection of beyond Standard
Model events. This chapter is based on [6, [7].

3.1 The Kernel Compatibility

Although diverse kernels have been proposed, one cannot expect to find a kernel function
that successfully fits all tasks (no free lunch theorem). Different tasks have different
relationships between data and output, requiring different kernels to work. A possible
measure for the *fitness’ of a kernel for a specific task is the kernel compatibility. In
the literature, different metrics have been proposed for assessing this aspect, which this

section Overviews.
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3.1.1 Kernel-target alignment

A fundamental measure of compatibility is the Kernel-Target Alignment (KTA), intro-
duced by Cristianini et al. [50]. The KTA quantifies the agreement between a kernel and
a particular learning task: given a set of labeled data (), y(f))';:l with y() = f(21)),
the KTA measure states that the kernel machine /(-) = a™k(-) learns the target function

f(-) well if, for 1 <i,j < n, we have
il(w(i))il(:c(j)) ~ y(i)y(j). 3.1

In the formula, this is quantified as the (normalized) inner product between the kernel

Gram matrix K and the label matrix ¥ = yy ',

<K’ Y)F
VK K) e (Y, Y)r

KTA(K,Y) = (3.2)

Here, the inner product (-, -)r denotes the Frobenius inner product. The KTA can be
equivalently interpreted as the cosine of the angle between the (vectorized) K and Y,
implying the KTA image being [—1, 1]. For values close to 1, we say the two models

have high kernel compatibility.

The work of Cortes, Mohri, and Rostamizadeh [51]] has proposed an improvement
over this metric. Noting that, in certain scenarios, the KTA does not correlate well
with the actual generalization error of the model, the authors have proposed to subtract
the mean value of each matrix, showing that the results more realistically capture the
performance of the model. Their metric, the Centered Kernel Alignment (CKA), is
defined as

CKA(K,Y) =KTA(HKH,HYH), (3.3)

where H is the centering matrix, H =T — (1/n)1-17.

3.1.2 Task-model alignment

Much more recently, the work of Canatar, Bordelon, and Pehlevan [52] has exploited
tools from statistical physics, the replica method, to recover important insight into the

performance of a kernel machine.

The basic idea behind this approach starts with Mercer’s theorem, which studies the

56



eigendecomposition of the kernel integral operator

/ «(@. @)¢; () du(@) = 4,0, (x). (3.4)

resulting in an infinite sequence of real, positive eigenvalues {4 };10 and eigenfunctions
{¢ j}‘J’.‘;O. Suppose the eigenvalues are sorted in non-descending order. As the set of
eigenfunctions is an orthonormal basis for the space of square-integrable functions on

X, we can use it to express the target function f and the kernel machine /,

[e9)

f@) = viae;), (3.5)
Jj=0

(x) = Z widjé (). (3.6)
Jj=0

We have avoided explicitly noting the dependency on the dataset and number of samples
for clarity of notation. In these equations, we have assumed A; > 0 for all jf}
We decompose the generalization error into the direct sum of errors for each individual

mode:

E= [ (F(@) = h@)du@) = Y 4100 - ) 3.7)
=0

This decomposition reveals that the components with larger A ; are indeed more important,
as they contribute more to the generalization error. Experiments in [52] have also shown
that these components can be learned with fewer samples compared to the components
with smaller eigenvalues.

To capture the idea of spectral bias, i.e., spectral compatibility between the target
function and the model, the task-model alignment has been introduced. It corresponds

to how much of the total power is concentrated in the first K components:

k 2

Clk)y ==
2= AJ’V?

(3.8)

The larger C(k), the more power is concentrated in the k easier-to-learn components,

making the training more efficient.

1If f has a non-negligible contribution from the eigenfunction ¢ 7» such a contribution will not be
learnt at all with the kernel machine (as 4; — 0 we have v; — o0). It is possible to take into account
these contributions, named the out-of-RKHS components.
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3.2 Challenges in the design of a quantum kernel

Kernel machines with quantum kernels give rise to a class of models with high complexity,
implying that the corresponding & will be complicated functions. While these functions
may interpolate the data, they may struggle to generalize. In this section, we discuss

these issues.

3.2.1 Expressible quantum Kernel cannot learn nearly all functions

Kiibler, Buchholz, and Scholkopf [53] decay of the eigenvalue distribution (linked to the

task-model alignment)

Proposition 2 (Theorem 3 in [53]]). Let (X, u) be a measure space with u(X) = 1.
Let k be a normalized kernel, i.e. k(x,x) =1 for all x € X, and A4 be the largest
eigenvalue of its integral operator. Let f be a square-integrable function. Let h be a
kernel Ridge regression model with an arbitrary regularization constant, trained on the
dataset {(x/), y(j))};?:] with x) i.i.d. sampled from y and y) = f(x)).

Then, for any € > 0, with probability at least 1 — € — Aypaen®, we have

A oA 2Amas®\ o A
IF =l > 1 - 222 . 39)
In practice, the theorem states that a kernel machine with a small A;,,,x Will have a
large error for nearly all functions. In contrast, if Ay is large, the bound is vacuous,
and nothing can be said about the error.
This bound is especially important when considering quantum kernels. Given the

mean density matrix as

pu= [ plouta. (3.10)

we can prove that A2, < Tr [p/%] (cf. [53, Appendix C]). This implies that the purity of
the mean density matrix provides insight into the magnitude of the largest eigenvalue.
When the purity is large, it means that any x is mapped to almost the same density matrix;
in such a case, the bound in Equation (3.9 becomes vacuous. Conversely, a small purity
indicates an expressive embedding that maps x to varying density matrices, leading to

the bound holding and resulting in a large error.

Proposition 3 (Theorem 1 in [53]]). Let 6 < 1 be an upper bound on the purity of the

mean embedding p,,. Let the training sample size n grow polynomially in the number of

58



qubits d. Then, there exists a dy such that for all d > dy(96), the kernel Ridge regressor
h using the d-qubit quantum kernel k (Equation xx) cannot learn any square-integrable

function f, meaning for any € > 0 and probability at least 1 — &,

I =Rl = (1= &) [ fll2. (3.11)

This strongly negative result highlights that an expressive kernel (indicated by a

purity of the mean embedding 6 < 1) will not scale with respect to the number of qubits.

3.2.2 Expressible quantum kernel cannot be calculated precisely

Another challenge may arise in the context of quantum kernels. An expressive quantum
kernel tends to distribute the encodings p(x) across the exponentially large Hilbert
space. Consequently, as the number of qubits grows, the inner product Tr[p(x)p(x)]
rapidly approaches zero exponentially, or more generally, becomes exponentially close
to its mean value pu.

The analysis conducted in Thanasilp et al. [54]] has demonstrated that, when this
phenomenon of exponential concentration occurs, it becomes practically impossible to
distinguish, for & # «’, whether k (x, x’) is equal to u or not. This is because estimating
such a value on a quantum computer would require an exponential number of samples or
shots.

Formally, a quantity X (), estimated as an observable on a quantum computer
operating with n qubits, is considered exponentially concentrated toward its mean value
E[X(a)] if

Var[X(a)] € O(27"). (3.12)

We can statistically estimate this quantity using a polynomial number of samples. With
N = poly(n) shots, the sampling error is € € O(1/VN), while the resolution needed to
distinguish the kernel values is much smaller, » € O(1/2"). Since r < &, the statistical
noise will ultimately corrupt the estimation of the quantity irreparably. Immediately, we
observe the barren plateau phenomenon in variational algorithms if we set & = 6 and
X(a) = C(0). In the case of quantum kernels, we must set o = (x, ') and X = «.
This approach enables the reiteration of the results obtained for the barren plateau in
variational algorithms within the realm of quantum kernels. Just as the barren plateau
emerges for expressible unitaries, highly entangled systems, global measurement use,

and in the presence of noise, similar challenges arise when dealing with quantum kernels.
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We refer to an important result concerning expressivity.

Proposition 4 (Theorem 1 in [54]). Let k be a quantum kernel as in Equation xx, and
A = AU(x), po) be a measure for its expressivity as in Equation xx (A < 1 for
expressible unitaries). Let x,x’ be i.i.d. sampled from u(X). Then,

2
[ 1
( Ty T ﬂ)

(52

Pr[|/<(a:, 2') — E[x(z. x)]| > 5] < (3.13)

3.2.3 Simple quantum kernels can be efficiently simulated

Although having an expressible quantum kernel is a primary source of issue, another
important problem is given by the fact that too simple unitaries are efficiently simulable
by a classical computer, and thus render the use of a quantum computer pointless. The
reason resides in the works of Somma et al. [55] and Larocca et al. [56] regarding the
dynamical Lie algebra of a parameterized quantum circuit.

A Lie algebra, denoted as g, is a vector space equipped with a binary operation called
the commutator, denoted as [-, -]. This operation satisfies the skew-symmetry condition
[x, y] = —[, x] and the Jacobi identity, [x, [y, z]] + [y, [z, x]] + [z, [x, ¥]] = 0. The Lie
group €9, which is both a group and a differentiable manifold, is obtained by means of
an exponential map exp : ¢ — €9, and the elements of this group are arbitrary products
over the exponentiated elements of g.

In the context of quantum mechanics and quantum optimal control, we deal with the
Lie algebra u(n) of skew-Hermitian complex n X n matrices, where the group product is
matrix multiplication and the commutator operation is defined as [A, B] = AB—BA. The
corresponding Lie group is the unitary group U (n), and the exponential map corresponds
to the matrix exponential. Now, consider a Lie algebra spanned by a set of parameterized

Hermitian operators H;(6) € C"™",
g = spang.g{—iH;(6)}. (3.14)

Then, g is called the dynamical Lie algebra (DLA, [57]]). Furthermore, if the set G = €9
is equal to the whole unitary group U(n), the system is said to be controllable.

The work by Larocca et al. [[56]] has demonstrated that an expressible PQC U(8),
where expressivity refers to U(0) being a unitary 2-design and thus a source of barren

plateau, is controllable, and vice versa. This implies that a DLA with dimension O (exp n)
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will result in a barren plateau (in variational algorithms) or exponential concentration
of values (in quantum kernels); conversely, a polynomially sized DLA will not be too
expressible, thus avoiding this problem, at least concerning the aspect of expressivity
(though issues may still arise due to factors such as noise).

However, previous works by Somma et al. [[55] have shown that a system with a
polynomially sized (in n) DLA is efficiently classically simulable. This is possible by
creating a Lie-algebraic model of computation with polynomially sized representations
of states and operators. This aspect significantly impacts our prospects for achieving
a quantum advantage because exponentially sized DLA leads to useless models, and
polynomially sized DLA are classically simulable. However, a window for an advantage
remains if we consider that we can indeed have a very large DLA while controlling the
expressivity by restricting the set of parameters ® in Equation to a fairly small

range. This intuition gives rise to the bandwidth approach for expressivity control (cf.

Section [3.3.2)).

3.2.4 Choosing the quantum kernel requires insight on the task

A last important aspect to consider is that even if we achieve a statistically favorable and
hard-to-simulate quantum kernel, we have no guarantee that such a similarity measure
will give us positive results. In contrast, many works that have applied quantum kernels
to real-world machine learning scenarios have shown degraded performances compared
to their classical counterpart [23]].

It has been proposed that quantum kernels might benefit learning physical processes,
which occur in many fields such as chemistry, material science, pharmacology, and
high-energy physics [58]. However, the quantum kernel should be designed to capture the
relationship between the input data and the output of such a process, and this requires at
least some knowledge of the nature of the task itself. An example of how to accommodate
these requirements is shown in Section [3.3.3]

3.3 How to control the expressivity of a quantum kernel

We have seen that expressivity causes several problems in using quantum kernels.

Fortunately, some techniques mitigate these problems, recovering a functional kernel.
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3.3.1 Projected quantum kernels

The projected quantum kernel was introduced by Huang et al. [44]]. It involves leveraging
a unitary operation on a large Hilbert space, making the transformation hard to simulate
classically. The encoded vector is then projected into a smaller Hilbert space by tracing

out most of the qubits. The function is defined as follows:

k(x, ') = Tr[pzpa], (3.15)

where
fz = Trg [UT (@) poU ()], (3.16)

represents the reduced density matrix obtained by tracing out a subset Q C {1, ...,n} of
the n qubits in the system. The Hilbert space of the reduced density matrix needs to be

relatively small, with a constant number of qubits, for the approach to scale as desired.

Huang et al. [44] has applied this technique to learn a quantum process and introduced
a test for quantifying potential quantum advantages when using a quantum kernel. The

quantum process is defined by the function
f(@) = Te[UT (®)poU ()0, (3.17)

where U(x) is a parameterized quantum circuit, pg is the initial state, and O is
an observable. The function f is accessible only through the (noiseless) dataset
{(x\), y(j))};?zl, where each label satisfies y/) = f(2/)). Let K be the kernel Gram
matrix of «x, and we normalize it such that Tr[K] = n or k(x, ') = 1; while & is the

kernel regression model using «.

The geometric test to verify a potential quantum advantage relies on two quantities:
the S-value s(K), a measure of the model’s complexity, and the geometric difference
g(K1, K>), a measure of how much two kernel functions diverge. The S-value is defined

as

s(K) = > (K ) F@) f(@). (3.18)
i,j=1

This value quantifies how well the kernel function captures the behavior of the quantum

process. The kernel can successfully capture the relationship within the data if
k@, 2) ~ f(2) f (). (3.19)
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It is important to note that s(K) = ||||, making it a measure of the model’s complexity.
Higher values of s(K) suggest that the kernel machine becomes a more complex function,
which can lead to overfitting and poor generalization performance. The geometric

difference of two normalized kernel Gram matrices is defined by

g(Ki,Kp) = \/|| KoK o, (3.20)

where ||-]|« is the spectral norm, i.e., the largest singular value.
The geometric test operates as follows. Let K¢ and K¢ be the kernel Gram matrix of

a classical kernel and a quantum kernel, respectively. Then,

* When g(K¢,Kp) < +/m, a classical kernel exhibits behavior similar to the

quantum kernel, rendering the use of the quantum computer not necessary.

* When g(Kc,Kp) ~ vm, the quantum kernel significantly deviates from all tested
classical kernels. The outcome depends on the complexity of classical kernel

machines:

— If the complexity of any classical kernel machine is low (s(K¢) < m),
classical kernels perform well, and the quantum kernel’s divergence from

classical K¢, doesn’t yield superior performance.

— When the complexity of all classical kernel machines is high (s(K¢) = m),

classical models struggle to learn the function f. In this scenario:

* If the quantum model’s complexity is low (s(Kp) < m), the quantum

kernel successfully solves the task while the classical models do not.

* If the quantum model’s complexity is high (s(Kp) =~ m), even the

quantum model struggles to solve the problem.

3.3.2 Bandwidth

Another technique, either used in conjunction with or as an alternative to projection, can
be employed to control expressivity.

This technique is rooted on the observation that any unitary U(8), no matter how
expressive it is, can be limited to an arbitrarily small portion of the Hilbert space. This
can be obtained relying to the interpretation of the unitary gate as a rotation of the

quantum state, and limiting this rotation to a certain portion of the possible angles.
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Operatively, we require to multiply @ by a small positive parameter 8 called bandwidth
that can be either constant or dependent by n number of qubits. In this way, we can
still employ "hard to simulate’ unitaries without dealing with how expressible it is, as
effectively the quantum states will be spread across a limited section of the Hilbert space.

Canatar et al. [59] demonstrated that the use of a bandwidth can render the bound in
Equation vacuous. It is important to notice that employing a bandwidth does not
necessarily result in a useful quantum kernel, as the bandwidth has no impact on kernel

compatibility.

3.3.3 Symmetries in the data

Whenever our tasks present certain kind of structures, we can design simpler models
that takes advantage of the corresponding inductive biases. That is the case for datasets
having some symmetries [60, 61]. An example of these is the label symmetry. The
effect of having a model that exploit the symmetries within the dataset result in a simpler
model with reduced expressivity. Although symmetries within the data is not relevant for
our modeling, for the sake of completeness we show an example based on the concept of
equivariance.

Formally, let 2 : X — Y be amapping, S be a symmetric group, and R : S — Aut(X)
be a representation of such a group, i.e. R(g; o g2) = R(g1) o R(g2). Then, h has a

label symmetry if and only if it is invariant under S,
h(R(g)(x)) = h(x) VgeSs. (3.21)

We often want to design a QNN hg(x) = Tr[Ug¥(x) U;O] invariant under S, just as
shown above. In this case, ¥ : X — H, ¥ (x) = p, is the feature map, Uy is the ansatz
and O the observable.

Then, W is equivariant under g € § if exists a unitary Ug(g) such that ¥(R(g)(x)) =
Ur(g)¥(x) U}; (g). Then, gate and observable are equivariant whenever they commute
with Ug(g) for all g € S. Combining an equivariant feature map, an ansatz made
of equivariant gates and an equivariant observable then we can obtain a QNN that is

invariant with respect to S:

h(R(g)(x);0) = Tr[U(8)¥(R(g)(x)UT(6)0] (3.22)
= Tr[U(0)Ur(g)¥(x)UL(g)UT(8)0] (3.23)
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= Tr[Ur(g)U}(5)U(8)¥(2)U"(8)0] (3.24)
=Tr[U(0)¥(x)U'(0)0] = h(x;0). (3.25)

3.4 Automatic procedure to build a quantum kernel

Extensive research has been devoted to developing automatic procedures to tailor a
quantum kernel for each specific task. The procedure mainly involves changing the
parameterized quantum circuit characterizing the feature map via an iterative, heuristic
process. Many approaches are possible, with the two major families are based on the
variational and combinatorial methods.

The variational method consists of having a parameterized quantum circuit depending
on a set of parameters that can be partitioned into parameters used to encode the input
and freely trainable parameters. In this sense, the quantum circuit is identical to those
of quantum neural networks. We train the free parameters with stochastic gradient
descent-based algorithms over a certain loss function. If we were training a QNN, the
output of the quantum circuit would be a label y, and we would be training a model; in
the case of the quantum kernel, the output is the kernel itself x(x, «’), and the process is
not training itself but hyperparameter optimization. This technique has been successfully
applied to two tasks. Lloyd et al. [62]] pioneered the approach and proposed kernel target
alignment as the loss function to minimize. Glick et al. [63] applied the approach to data
I possessing a group structure.

In contrast, the combinatorial method does not rely on free parameters to be trained,
but instead sets up a combinatorial optimization problem in which the variables are the
single gates to be chosen and placed on the quantum circuit. This kind of optimization
is discrete in nature, given that we have a discrete set of gates to be applied. Some
attempts to use this method have been seen in quantum chemistry-related tasks. Firstly,
Ostaszewski et al. [64] pioneered its use and solved the problem via reinforcement
learning, successfully applying it to find the ground state of the lithium hydride molecule.
Secondly, Meng et al. [65]] followed a similar approach but focused on using a Monte Carlo
Tree Search method for optimizing the quantum circuit that, in contrast to reinforcement
learning approaches, does not need to undergo a training phase. Again, Huang et al. [66]]
tested evolutionary algorithms. Finally, Du et al. [67] combined both variational and
combinatorial approaches in a single optimization process.

In regard to quantum kernels, the topic has not been as widely explored as VQE
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and QNNs. A first attempt in this direction is the work by Altares-Léopez, Ribeiro,
and Garcia-Ripoll [68]: a finite discrete set of gates comprising cNoT, Ry, Ry, and R,
is arranged on the quantum circuit according to a cost function that simultaneously
maximizes accuracy while minimizing the number of two-qubit gates. A limitation of
this approach consists of the optimization process finding efficiently classically simulable
circuits, due to the explicit penalization of two-qubit gates and the implicit penalization
from unfavorable statistical properties of expressible circuits. A similar approach has
been developed by Chen and Chern [69].

In this section, we provide our algorithm for the automated building of a quantum
kernel. Initially, we represent a quantum kernel with n qubits and m gates as a discrete
entity denoted by k,

keQKnn (3.26)

This quantum kernel belongs to the set QK ,,, representing the space of quantum kernels
with n qubits and m gates. The element of this set can be represented by matrices (or
vectors) of integers, represented by k € N+ where 6m + n indicates the number of
characteristics needed to characterize the kernel. Furthermore, we present a collection
of criteria represented by C = {C},Cy, ...}, where each C; : QK,,, — Rso. Each
of these criteria measures different characteristics of a quantum kernel, including its
ability to represent information, its efficiency in being simulated classically, and its
compatibility with the specific task being performed. Each of these criteria aligns with
distinct theoretical aspects that have been established in the literature. The criteria will
be utilized to establish a cost function based on a (potentially non-linear) mapping of

these variables,
C(x)=f(Ci(x),...,Ch(x)). (3.27)

Furthermore, we need to choose an initial candidate solution. Prior knowledge of the
task can help us make an initial guess, where we hypothesize that a candidate solution
may be close to a satisfactory one. Alternatively, it can also function as the identity

circuit. Ultimately, we utilize a heuristic optimization approach to resolve the task:

k* = in C(k). 3.28
arg min (k) (3.28)

n,m

The nonconvexity of the cost function necessitates the employment of a heuristic
technique, which, like other heuristics, does not provide any assurance of finding an

optimal solution. The scheme we have built, along with the accompanying software,
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Figure 3.1: Overview of the automatic process for constructing a quantum kernel. The
process starts with an initial guess, which can be an empty quantum circuit (identity
unitary) or an informed choice based on prior knowledge. Next, a cost function is defined
based on the training data and established criteria from the literature that provide insights
into the statistical properties of the kernel. This cost function becomes the objective of
an iterative optimization process; the specific optimization technique is selected by the
researcher from the available options. The same criteria used in the cost function can
also be employed to evaluate and debug the candidate solution at the end of the process.

enables the use of various heuristics. This is illustrated in Figure

3.4.1 Modeling quantum kernels

The method we present extends the approach demonstrated in [64]. Let d be the

dimensionality of the feature vector, & € R?, n the number of qubits in the quantum

circuit, and m the number of gates. The parameterized quantum circuit is defined as

a matrix of size 6 X m; each column corresponds to a gate and is characterized by

the generator, the qubit on which it is applied, the classical feature parameterizing the
operation, and the bandwidth. Formally, each operation corresponds to:

Bjxk ,
G =exp (_,Tag%,gq) =RV (B ). (3.29)
More specifically, x; denotes the k-th characteristic of the data point , which

belongs to the vector space RY. o, and op are the Pauli generators of the quantum
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Figure 3.2: The ‘overlap test’ quantum circuit is employed to estimate the inner product
of two vectors, (1) and ®, which are encoded using the unitary transformation U. The
likelihood of observing the string 0" as the result of the quantum circuit with unlimited
accuracy (infinite shots) is evaluated using the formula in Equationm

gate, specifically o, and o are elements of the set {00, 01, 0, 03}. When either o,
or og equals oy, the gate functions effectively on a single qubit. The parameters (p, q)
are the pair of qubits over which the quantum gates are applied; they must be distinct.
Furthermore, the value of §; lies between O and 1, and it serves as an optional scaling
factor known as the “bandwidth”. The potential bandwidth values are part of a discrete

set {B; ?;&, where 8,1 = 1. A tuple is used to describe each operation,

(a,B,p.q.k,]). (3.30)

Here, the symbols @ and 8 belong to the set {0, 1,2, 3} and represent one of the four
Pauli matrices. The transformation acts on the first qubit, denoted by p, where p is
an integer ranging from O to n — 1. The value of ¢ must be an integer between 0 and
n-2, inclusive, for the second qubit. Additionally, g cannot have the same value as the
first qubit. The feature parameterizing the transformation is denoted by k, which takes
values from O to d — 1. The bandwidth value is denoted by j, which takes values from 0
to b — 1. It is important to mention that certain studies do not directly utilize features
x; as the rotational angle of a parameterized gate, e.g. [21] utilizes angles denoted as
0;; = (x; — m)(x; — m). The desired outcome can be achieved in our framework by
incorporating the engineering features into the feature vector & as additional components.

Based on the provided information, we may now design the most fundamental type
of quantum kernel, which relies on the ’overlap test’ as described in Equation [2.73
The feature map U(x) is defined as the product of m functions RZ gﬁzg ) (Bj,®k,)- This
feature map encodes the two data points  and «’ for which we want to compute the
kernel. Figure shows the circuit that corresponds to this. To compute the inner
product, we do measurements in the computational basis and determine the likelihood of
obtaining the measurement outcome |0")X0"|. An alternate method for calculating the
inner product is the ‘swap test,” which is illustrated in Figure [3.3|(refer to Equation [2.73]).

Partial inner products allow us to verify similarity in a much smaller Hilbert space

than the n-qubit space, resulting in a kernel function with lower expressivity. Improved
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Figure 3.3: The ‘swap test’ quantum circuit is employed to estimate the inner product of
two vectors (1), z(?) that are encoded using the unitary transformation U. The overlap
test utilizes a total of 2n + 1 qubits, as opposed to n qubits, but nevertheless yielding
circuits with reduced depth. To calculate the inner product, we can use the method in
Equation [2.74] by estimating the chance of obtaining a measurement result of O on the
topmost qubit. In addition, by utilizing the controlled operation of the swap test on a
subset of the n target qubits in each data-related state, we may compute partial inner
products that can be understood as a projected quantum kernel (see to Equation .

generalization performance can result, as explained in Section A string s =0, 1"
identifies which qubits to measure, with s; = 1 for the i-th qubit. This approach is
comparable to the projected quantum kernel, introduced in [44]).

A quantum kernel, which has been simulated using our approach, is depicted in
Figure Each object is defined as a vector k belonging to the set QK ,, which is a

subset of N®+"_ The search space has a dimensionality

(Axd4xnx(n—1)xdxb)" x2". (3.31)

3.4.2 Criteria

In the preceding section, we emphasized the need of creating criteria for assessing a
quantum kernel kK € QK ,,. These criteria have a twofold function: they can offer
advice during the process of optimization, as seen in Equation and they can also be
utilized to evaluate potential solutions, either validating their efficacy or exposing their
deficiencies.

Three crucial factors have been found in the context of quantum kernels. The initial
aspect concerns the efficient classical simulability, which refers to transformations that
may be achieved on classical hardware. While these transformations may not be entirely
useless, they do not provide major advantages in the context of quantum computing. The
second issue is expressivity, as unitaries with a high degree of expressiveness might
result in undesirable statistical features and should be avoided (see Section [3.3). The

third aspect is kernel compatibility, which refers to the degree to which the selected
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Figure 3.4: Example of a quantum kernel implemented following the proposed approach.
The quantum kernel is defined by a feature map that acts on a Hilbert space with a total
of 3 qubits. It is composed of 3 operations. Each sample is denoted as € R> (just the
last two characteristics are utilized in this example). Although the specific values for
bandwidth are not mentioned, a typical approach is to assign 5; = i/10 fori € 1, ..., 10.
This is a projected quantum kernel, where the measurement is conducted on a subset of
the three qubits.
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kernel is suitable for the specific task being performed. It is important to mention that it
is fully possible to build quantum kernels that are difficult to simulate and have moderate
expressiveness, yet do not work for specific tasks, as stated by the ”no free lunch theorem”.
Indeed, numerous quantum kernels exhibit inferior performance compared to classical
ones across a range of activities. Despite demonstrating progress, understanding the
underlying reasons for the outcomes generated by a certain quantum circuit can be a
difficult task. An automated technique can provide a clear explanation for the exceptional
performance of a particular quantum kernel, demonstrating that the findings satisfy, to
a certain degree, all the important requirements we consider necessary for a practical
quantum kernel. In this context, we present a number of valuable criteria, elucidating

their objectives and providing a quantitative assessment of their computational burden.

Norm of the super-operator A

The norm of the super-operator A as defined in Equation [2.68| quantifies the ability of a
quantum transformation U(-) to express different quantum states. It can also serve as
a measure of the ability of a quantum kernel to express quantum information. When
specifically created, this operator has a size of 2" % 2" Even when 7 = 2 and for small

values of n, the computation of it is generally not possible.

Rank of the dynamical Lie algebra

The dynamical Lie Algebra (DLA) linked to the quantum transformation U(x) =
m  p(Peds)
g=1 @g.Bg

over C is formed with a bilinear operation called the commutator, represented by

[o,n] = on —no, by the span of generators of U, which consist of any 0'(55 g)O'[E,qg) a

8
well as generators obtained by repeatedly commuting these elements. Larocca et al.

(Bj, k) is associated with the quantum transformation. A vector space
S

[56] have demonstrated that a unitary system with a corresponding DLA of dimensions
O(exp(n)) exhibits a high level of expressiveness. This criterion serves as a rough
measure of expressivity. When the rotational angles of individual gates are constrained,
such as when employing a bandwidth, it is feasible to obtain a unitary that is only
moderately expressive but has a DLA with an exponentially large size. However, this
measure is highly valuable, as it allows for the quantification of expressivity and the
assessment of the computing complexity of classical simulation. Indeed, as proven in
the study by Somma et al. [S5], a quantum computation utilizing a DLA of polynomial

size can be effectively emulated on a classical device. The reason we decided to use
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generators instead of explicit gates like CNOT is that it is easier to manage the related
DLA in our approach.

From an algorithmic standpoint, it is currently unresolved to ascertain the rank of
a DLA in a polynomial time frame with respect to n, in a general sense. The iterative
strategy, which consists of continually applying previously identified generators until a
fixed point is reached, exhibits exponential growth with respect to 7, as there can be 4"~
potential generators. Nevertheless, we can coarse-granely approximate this quantity by
setting a predetermined threshold 7" and classifying every unitary as ‘hard to simulate’ if
its DLA surpasses the threshold.

(Centered) Kernel-target alignment

The Kernel-Target alignment (KTA), as proposed by Cristianini et al. [50], seeks to
measure the degree to which a kernel function is suitable for a certain job. Consider
the training set denoted by {(x/), yU ))};?’: - The KTA is determined by taking the
(normalized) Frobenius inner product between the kernel Gram matrix K, which is
composed of the kernel function values between pairs of data points, and the matrix
Y, which is the outer product of the label vector y. Cortes, Mohri, and Rostamizadeh
[51] subsequently improved the metric by introducing the centered KTA, which involves
subtracting the average value from both matrices. Their experiments have shown that
this altered measure displays a more pronounced link with the generalization error in
most tasks. Furthermore, this strategy provides a cost-effective and practically efficient

tool for measuring kernel compatibility.

Task-model alignment

The task-model alignment, as proposed by Canatar et al. (2021), presents a different
method for measuring the compatibility of kernels. The method is grounded in the
principle of spectral bias, which posits that a kernel function « can be broken down
into its real, non-negative eigenvalues {A4; }j'io (arranged in ascending order) and their
corresponding eigenfunctions {¢ j}‘;.‘;o. It suggests that the components linked to larger
eigenvalues are more amenable to learning and necessitate fewer samples. Therefore, by

decomposing the target function of our task into eigenvalues and eigenvectors,

(o]

F@) =) wiyig(x), (3.32)

J=0
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we can deduce that when the weight w; associated with the first components of f is
large, it suggests that the target function can be learned with greater ease. The idea
of task-model alignment measures the extent to which the target function’s power is

concentrated in the top k kernel eigenfunctions,

k
j=0 AW

2

T(k) = L (3.33)

o0 2

L= AW
It is crucial to note that the spectral bias can be utilized to elucidate the reasons behind
the success or failure of a certain kernel function by analyzing the contributions of its
separate components. If it is not feasible to perform the eigendecomposition analytically,
a numerical method can be employed by utilizing the kernel Gram matrix K and the

labels y. This process is illustrated in Canatar, Bordelon, and Pehlevan [52, Methods].

Validation error

An efficient way to evaluate the efficiency of a quantum kernel is by calculating the
accuracy of the classifier using a validation test of i.i.d. sampled data points and labels.
Although this strategy can yield positive results, it is not without its limitations. It
necessitates the training of the corresponding model, which can introduce excessive
overhead that may prove burdensome for the given task. Furthermore, it does not offer
any information about the classifier’s performance other than identifying the specific

group of samples that it fails to categorize accurately.

3.4.3 Optimization

The optimization phase finds a candidate solution for Equation As anticipated, due
to the cost function’s non-convexity, we can only apply heuristic optimization methods
with no guarantee of optimality. Independent of any optimization technique is our

approach. We implemented several in our software.

Greedy approach

Our simplest heuristic is the greedy optimization technique. The implementation begins
with the initial candidate given as input and proceeds by iterating through all the
operations indexed from i = 1 to m. During each iteration, we modify the initial cell of

the candidate solution and choose the one that minimizes the cost function. During this
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disturbance, the other cells stay unaltered. Afterwards, we proceed to stabilize the initial
cell and systematically disturb and stabilize the successive cells to their locally optimal
values.

Although this strategy is simple, it does not necessarily result in the optimal
solution. However, it is especially advantageous during the discovery phase, since
its small computing expense enables the examination of many configurations. The
greedy optimizer has been developed independently and does not require any external
dependencies apart from the Python3 library. The runtime may be calculated as the
product of (4+4+n+ (n—1)+d + b) and m, where n represents the number of qubits,
m represents the number of operations, d represents the number of features, and b
represents the number of bandwidth values. The runtime must be compounded by the

cost of evaluating the candidate solution, which ultimately relies on the selected criteria.

Genetic algorithms

Genetic algorithms are a nature-inspired optimization process. An initial population
of individuals is created randomly; then, this population undergoes a fixed number
of generational changes. This iterative process consists of three phases: selection,
crossover, and mutation. The selection process chooses a subset of the current generation
to be processed, which can either form the new generation or replace their parents in
the current generation. Selection is usually based on a fitness function (negative of a
cost). The crossover operation generates new individuals, or children, by combining
components from the selected individuals, or parents. Finally, the children can undergo
random perturbation in the mutation phase.

At the end of the iterative process, the candidate solution with the highest fitness
is considered the sub-optimal solution to the problem. Describing the variants of this
process is beyond the scope of this thesis; for further details, we refer the reader to the

review by Katoch, Chauhan, and Kumar [[70]].

Bayesian optimization

Bayesian optimization is a probabilistic method particularly suited for black-box, low-
dimensional optimization tasks where the target function is computationally expensive to
calculate (an example of this could be a loss function corresponding to the generalization
error of a model with respect to a validation set). It is composed of two elements: the

probabilistic model of the target function, such as a Gaussian process, which attempts
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to replicate the most probable target function given the pairs (x, y) of input and output
computed so far, and the acquisition function, which selects the most convenient unseen
input-output pairs to calculate. The decision made by the acquisition function is always
a compromise between exploration, i.e., visiting large unknown regions of the input
space in the hope of finding a more favorable solution, and exploitation, i.e., visiting
regions close to the sub-optimal solution found so far to identify the local minima in

such a neighborhood.

Reinforcement learning (RL)

Reinforcement learning-based optimization is a machine learning technique where
an agent explores an environment and makes informed choices according to a policy
determined during its training phase. Once trained, the agent’s actions resemble those of
a game player: each step places an additional gate on the quantum circuit (which can
also be an identity gate), and the process concludes once the m gates of the quantum
circuit are selected.

The success of the process depends, among many factors, on the choice of the
algorithm that determines the policy the agent will follow. Many possible approaches
have been proposed in the literature, as presented in the review by Matsuo et al. [[71]].
Our framework implements the SARSA (State-Action-Reward-State-Action) policy for

its simplicity of implementation.

3.5 Detection of beyond-Standard Model events

We employed a kernel-based HEP anomaly detection task as a benchmark. A paramount
task in high-energy physics is to determine the validity of new physical processes
that overcome the limitations of the so-called Standard Model (SM), the theoretical
framework developed in the 1970s for particle physics. Several models extending the
SM have been proposed, and they are collectively denoted as Beyond Standard Model
(BSM). Being able to recognize in experimental data which events can be related to
the SM and which are anomalous (not explained by the SM) will provide insight into
which BSM models best capture the actual physical processes (WoZniak et al. [72]). In
this section, we aim to automatically construct a quantum kernel machine to tackle the
anomaly detection task of identifying BSM events.

This task has been chosen because previous works by Wozniak et al. [72] and
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Schuhmacher et al. [73]] have shown statistical evidence of the superiority of quantum
kernels over classical ones[?l They have demonstrated sufficiently high accuracy in
identifying BSM events generated from certain selected BSM frameworks. In these
experiments, the model is always the One-Class SVM and only the choice of the kernel
function changes. Our goal here is to determine whether the automatic approach proposed
can obtain equally good or even superior solutions without having to perform the same

trial-and-error approach to identify the quantum kernel.

The task in detail After the discovery of the Higgs boson, which has fundamentally
motivated the LHC physics program, some theoretically predicted events have not been
observed in experimental data. This puzzle has further motivated the need to analyze
experimental data from the accelerator to identify anomalous events and to explain them
theoretically as well.

Working directly on experimental data is far from ideal, so current research has
focused on generating synthetic events from certain theoretically proposed BSM physical
processes using Monte Carlo-based techniques and comparing these data with those from
the SM. Here, we denote the BSM-generated data as the signal and the SM-generated data
as the background. The synthetic generation of events provides a significant advantage:
the dataset is labeled by construction, giving us a natural way to evaluate the efficacy of

machine learning models.

3.5.1 Dataset

The dataset is based on artificially generated data, sampled from a Monte Carlo-based
algorithm simulating the SM and some BSM processes. An autoencoder model then
converts the high-dimensional data into a lower-dimensional latent representation for
loading and analysis on quantum devices.

The datasets used in this study are available for public access via Pierini and Wozniak
[74]. They pertain to dijet collisions, where each jet has 100 particles with three
spatial coordinates, totaling 300 features. We have considered three BSM signals, or
“anomalies,” as benchmarks: 1) the decay of narrow and 2) broad Randall-Sundrum
gravitons into W-bosons, as well as 3) the decay of a scalar boson A into Higgs and
Z bosons (A—HZ). These events are generated with the software PYTHIA [75]]. To

2Note: in these experiments, machine learning models other than kernel machines are not taken into
account.
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simulate the effect of the detector, DELPHES [[76] is used.

In this form, the data is high-dimensional and challenging to tackle with both classical
and quantum machine learning models. Therefore, a dimensionality reduction technique
must be used. We avoid using PCA as it is considered too simplistic and unable to
preserve the complex, non-linear behavior of the task. Instead, a traditional autoencoder
is trained to compress particle jet objects without labels on the large dataset. The
autoencoder output is a vector living in the latent space R¢. The work by Wozniak et al.
[72] has considered multiple values of ¢; however, due to the computational cost of
simulating quantum models, only £ = 4 and £ = 8 are considered in our experiments.

Finally, the dataset is {(z,y®)}" , where @V represents the (autoencoded)

features of a di-jet (£ features per jet X2 jets colliding) and y®¥ is either sm or Bsm.

3.5.2 Experimental setup

Our experiment has two phases: discovery and assessment. The first phase consists of
running the automatic approach proposed beforehand, leading to the identification of a
function . The second phase involves using that kernel function to train and assess the
machine learning model’s performance.

Notably, all experiments were conducted using the quask framework [3] in a noiseless
environment. This setting allows for a fair evaluation of whether unsatisfactory results
arise from an unsuccessful optimization process. Introducing noise at this stage would
obscure the identification of such potential issues, making it difficult to pinpoint the
underlying causes. We emphasize that, since this work targets NISQ devices, it is crucial
to also evaluate performance in more realistic, noisy scenarios. However, we leave such

an analysis for future work.

Discovery

The kernel discovery phase is an iterative, heuristic optimization process, and the cost
function must be relatively inexpensive. While we anticipate that the assessment phase
can rely on a large amount of training data, the discovery phase must be significantly
more computationally efficient. Consequently, we use a reduced dataset during this
phase, which means that decisions about the kernel function may be based on limited
information. This trade-off is a necessary compromise to ensure that the overall runtime

remains feasible.
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Here, we employ a Bayesian optimization (BO) technique, which is well-suited
for complex black-box optimization problems such as the one considered. BO is
advantageous because it makes informed decisions about which data points to evaluate,
unlike, for example, genetic algorithms, which rely more heavily on exploratory sampling.
Since Bayesian optimization is itself an iterative process, we experimented with both 5

and 10 iterations. In each iteration, 5 points were sampled using the acquisition function.

The optimization is initialized with the identity matrix. Kernel discovery is guided
by a cost function based solely on classification accuracy over a small validation set 9,
though other cost functions incorporating multiple criteria could also be explored. The

cost is defined as .

1D’

Here, fi, denotes the kernel machine (OC-SVM) trained on a subset of 75 data points

C(k) =

D (@) =y). (3.34)

(z,y)eD’

sampled i.i.d. from the original dataset, and 1(-) denotes the evaluation of a predicate.

The optimization is parameterized by the number of qubits, the latent dimension (i.e.,
the number of features of the data points), and the number of operations. For simplicity,
we set the number of qubits equal to the latent dimension, which we recall are £ = 4 or
¢ = 8. The number of operations was fixed to either m = 8 or m = 12. These values were
chosen to balance the trade-off between expressiveness and optimization tractability,
given the exponential growth of the search space and the potential drop in fidelity on

NISQ devices when increasing the circuit depth.

A more extensive comparison using different optimization algorithms is provided in

Incudini et al. [[7, Supplementary Material 5].

Assessment

The second phase assesses the quality of the candidate solutions. The assessment will
compare the kernel machine with the identified kernel against all other classical and
quantum kernel machines, tested in the work by WoZniak et al. [[72]. In contrast to the
first phase, the second phase is not iterative and therefore we can use larger datasets
to thoughly evaluate the model. Specifically, we use the identified kernels to train an
instance of OC-SVM over a much larger dataset consisting of 200 elements for the
training set and 1500 elements for the testing set. These are divided into 5 sub-datasets

of 300 elements to calculate the mean and standard deviation of the accuracy.
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Dataset Dataset Dataset
Approach Narrow G A — HZ Broad G
Best classical kernel (in [72]) 99.54 £0.42 97.94+0.69 50.90 +3.97
Best quantum kernel (in [[72]) 99.65 +£0.23 98.05 £0.58 55.20 +3.96
This work (m = 8,1 = 5) 99.28 £0.58 97.66 £0.61 47.62 +4.17
This work (m = 8, = 10) 99.28 £ 0.58 97.66 £ 0.61 61.61 +4.67
This work (m = 12,1 =5) 99.37+0.46 94.57+1.60 58.70 +4.38
This work (m = 12,1 = 10) 99.73 +0.20 98.34 + 0.37 58.70 +4.38

Table 3.1: Comparison of kernel machines using classical kernels, quantum kernels
fixed a priori, and quantum kernels chosen via the discovery process in terms of accuracy
over a testing set (best results only). Here, the dataset has a latent dimension £. The
best-performing quantum kernel in WoZniak et al. [[72]] uses 2¢ rotational gates and £ — 1
cNor gates. The best-performing discovered kernel uses m two-qubit rotational gates,

m € {8, 12}, and is found after 5 or 10 iterations of BO. Best-performing classifier in
bold.

3.5.3 Results

We evaluate the performance of the models with respect to the Area Under the Curve
(AUC) of the Receiver Operating Characteristic (ROC) curve. Such a plot shows the
value of True Positive Rate (TPR) over the False Negative Rate (FNR) with respect to
the change in a certain criterion value, which in our case is the outlier proportions v.

The analysis focuses on a latent dimension of ¢ = 8, the number of operations
m € {8, 12}, and iterations of the BO process ¢ € {5, 10}. Table[3.1] presents the results.
We outperform classical and quantum kernels for the Narrow G and A—HZ datasets.
However, such a results are found when the number of gates is higher, m = 12, while for
m = § the performances are sub-optimal. Notably, Broad G dataset is problem that is
harder to analyse and also is the one that benefit the most from our approach, and get the
best results with fewer operations (m = 8). The motivation for holds in the fact that the
optimization for m = 8 is cheaper and more effective, despite the family of circuit being
less expressive, and is not unrealistic that the easiest optimization well compensate the
other aspects. Even with a higher value of m = 12, we have a higher AUC than both
methods being compared, despite the increased complexity.

ROC curves, as shown in Figures [3.5]and [3.6] can provide a more comprehensive
performance evaluation. Note that these results are compared to the one obtained by
analyzing these tasks with classical kernels and some fixed quantum kernels known in

the literature (we do not compare these results with other models, i.e., neural networks).
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Figure 3.5: Comparison of the performance of the automatically discovered quantum
kernels (solid line), the best-performing classical kernel (dashed line, plot on the left),
and the best-performing quantum kernel (dashed line, plot on the right) in terms of
the ROC-AUC curve over the evolving parameter v characterizing the one-class SVM.
The data points belong to the latent space with £ = 8, and the automatically discovered
kernels have quantum circuits with m = 8§ gates.
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Figure 3.6: Comparison of the performance of the automatically discovered quantum
kernels (solid line), the best-performing classical kernel (dashed line, plot on the left),
and the best-performing quantum kernel (dashed line, plot on the right) in terms of
the ROC-AUC curve over the evolving parameter v characterizing the one-class SVM.
The data points belong to the latent space with £ = 8, and the automatically discovered
kernels have quantum circuits with m = 12 gates.
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Testing more configurations

Up to now, we have tested the automatic discovery approach below its potential. In fact,
the optimization process has been guided by a cost function depending solely on the
model’s accuracy over a small validation set. However, we can gain many insights into the
kernel by focusing on other criteria. Furthermore, we have only tested the performance
of the Bayesian optimizer. While trying all possible configurations is infeasible and
beyond the scope of this work, trying and comparing more configurations might give us
novel insights into the tasks. Here, we test both cost functions: 1) validation accuracy
and 2) a linear combination of validation accuracy and task-model alignment, using the
optimizers A) Bayesian optimization and B) the reinforcement learning-based optimizer.
These four possible configurations are tested on all three datasets.

In Figure we show the results for the Narrow G dataset. We observe the RL
engine performing poorly for a small number of iterations; furthermore, there is a
performance difference of 1% to 3% between the two cost functions depending on the
specific configuration, for which we have not found a convincing explanation. Such
minor improvements could be the result of luckier training.

In Figure we show the results for the A — HZ dataset. Similar to the previous
case, the optimizers perform comparably once trained for a sufficiently high number of
epochs, and the difference between the criteria is negligible.

In Figure[3.9] we show the results for the Broad G dataset. Changing the configuration
has a negligible effect on kernels with m = 12 gates. However, the effect is much more
evident for smaller quantum circuits: BO and validation accuracy perform significantly
better. At the same time, RL is usually disadvantaged by the stochasticity of the
optimization and the small size of the validation set.

These experiments provide a partial answer regarding how to configure the automatic
discovery process. The choice of the number of gates m is essential. Still, we need to
find out a priori if our specific task should have fewer operations (more effective training,
lower expressivity) or a higher one (more flexibility). Bayesian optimization is the best
choice because it is relatively inexpensive and does not require extra configuration or
hyperparameter optimization. Using KTA and TMA instead of validation accuracy

might lead to slightly more efficient optimization with negligible adverse effects.
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Figure 3.7: Comparison of the performance of the automatically discovered quantum
kernels over different configurations of the optimization process on the Narrow G dataset.
The performance is stated in terms of AUC-ROC. The left column shows results for
m = §, and the right column shows results for m = 12. Experiments with RL (SARSA)
have been conducted for 25 and 100 iterations (episodes).
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Figure 3.8: Comparison of the performance of the automatically discovered quantum
kernels over different configurations of the optimization process on the A—HZ dataset.
The performance is stated in terms of AUC-ROC. The left column shows results for
m = 8, and the right column shows results for m = 12. Experiments with RL (SARSA)
have been conducted for 25 and 100 iterations (episodes).

Broad G, m=8 Broad G, m=12
60

§ - 4528 +4.83 46.64 + 3.28 47.62 + 4.17 61.61 + 4.67 g— 50.27 +£2.81 42.57 + 3.54 58.7 £ 4.38 58.7 + 4.38
§ § 55
© ©
3 E
© ©
o &g 50

= =

+ - 4528 +£4.83 46.64 + 3.28 47.62 = 4.17 49.82 + 3.83 + - 50.27 + 2.81 42,57 + 3.54 57.94 £ 5.56 57.94 £ 5.56

9 9 45

1) O

< <

RL 25 RL t100 BO t5 BO t10 RL t25 RL t100 BO t5 BO t10
Optimizer Optimizer

Figure 3.9: Comparison of the performance of the automatically discovered quantum
kernels over different configurations of the optimization process on the Broad G dataset.
The performance is stated in terms of AUC-ROC. The left column shows results for
m = 8, and the right column shows results for m = 12. Experiments with RL (SARSA)
have been conducted for 25 and 100 iterations (episodes).
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Chapter 4

Toward ‘“deep” quantum machine

learning models

A critical aspect of NISQ-related quantum machine learning research is determining
whether these models can be applied to a variety of popular real-world scenarios, as is
the case with classical machine learning, or whether they are only useful for a limited
number of particularly structured tasks. The path to answering this involves comparing
quantum kernel machines (and quantum neural networks) with the most commonly used

models, such as deep neural networks.

To explore this topic, we first identify the characteristics that contribute to the
unprecedented success of deep models. In Section we highlight three main points:
the ability to perform feature learning (i.e., changing the features during training), having
a hierarchical structure where features become more refined at each level of the model
or network, and being over-parameterized (i.e., able to easily interpolate the entire
training set). In Section to investigate feature learning capabilities, we introduce the
Neural Tangent Kernel (NTK). In Section {.3] to examine hierarchical feature learning,
we present the Path Kernel (PK). We then discuss their impact on quantum machine
learning, with the NTK demonstrating that QNNs perform feature learning (Section |4.4)
and the PK showing how to achieve a hierarchical representation in quantum models
(Section4.3). Finally, in Section we explore how to over-parameterize QNNs by
using ensembles of smaller models, thus avoiding the need for large, expensive models.
This chapter is based on [4, 2].
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4.1 Characteristics of deep machine learning models

4.1.1 Feature learning

The most important characteristic of popular deep learning models is their ability to
perform feature learning or representation learning. Feature learning refers to the
model’s capability to identify the best representation of data features during training. In
a feature learning model, the features are both learned and used to solve the task. This
contrasts with feature engineering, where the developer manually selects and encodes
the features used for the learning task. The archetype of a feature engineering model is
the kernel machine, where we manually choose the feature map, while the archetype of a
feature learning model is the neural network, which is fed with raw data and acts as a
black-box{1

The concept of feature learning is intertwined with the one of non-linearity in a
machine learning model. In simple terms, whenever a machine learning model exhibits
non-linearity, it is a feature learning model and vice versa. The kernel machine, often
referred to as a linear model, does not exhibit feature learning, while the neural network
is nonlinear (whenever its activation function is as such) and, for that, exhibit feature
learning. However, non-linearity is an overloaded term; for example, a kernel machine is
sometimes referred to as having non-linear boundaries in contrast to the linear regressor.

To better clarify these concepts, we delve into a more formal treatment of the subject
and present the definitions of linear model, nonlinear model, and feature learning. This
formalization was first presented in the book by Roberts, Yaida, and Hanin [77]].

A model is linear with respect to its trainable parameters 0 if it can be written in the
form:

P
F@:0) =) 0,6,(z), (4.1)
j=1

where {¢; : X — R}f.zo are the feature functions, whose values correspond to the
model features. Note that this model captures a kernel machine whenever the feature
functions correspond to ¢;(x) = k(x, x()) for (/) being an element of the training
set, j = 1,...,n. Furthermore, we might consider an additional feature ¢y = 1 that
incorporates the bias.

Equation4.T|depict a linear model, in the sense that the function is linear with respect

IClearly, this is an exaggerated simplification. In a real-world scenario, the feature engineering phase
is paramount even whenever neural network-based models are employed.
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to the parameter space, P = RP, and it can be rewritten as an inner product in such a
space,

f(m70) = <0’ d)(il’))% 4.2)

with @ = (61, ...,6,) and ¢(x) = (¢1(x), ..., #,(x)). In this sense (i.e., with respect
to the training parameters), kernel machines are linear. Whenever we refer to the fact
that kernel machines are non-linear, we intend that with respect to the input space: this
means that the inner product is in the form (-, -)p and not in the form (-, -)x.

A model is non linear with respect to its trainable parameters 0 if it can be written

in the form:
14 € 14 14
f(x:0) = jZl 06(x) + 5 ,;1 000074 () + 5 ijH (OO0 e (@) + oo (43)

The model is characterized by the first-order feature functions {¢; }le, but also the

p
k=1
unique up to a permutation of their variables (e.g., ¥ x = ¥, ;), thus the terms 1/n! in

second-order ones {¢/; x } and up to arbitrary orders. Note that these functions are
Equation [4.3|compensate for the elements counted multiple times. The strength of the
nonlinearity is controlled by a parameter € € (0, 1].

Now, we can define feature learning more rigorously. For the sake of simplicity, we
will concentrate on a basic example. Consider the quadratic model [78]], corresponding
to an instantiation of Equation {.3]truncated to the quadratic term. In this case, the loss
function is quartic and generally non-convex.

The parameter dynamics of the quadratic model are given by:
f(x,0+d0) (4.4)

P P p
= f(@.0)+ ) do; |¢;(@) +e ) Oyu@)|+ 57 D dO;dOwu(@)  (45)
=1 k=1 ’

Jj= J.k=1

P p
= f(@.0)+ ) do;0f (:0)+5 )" db;d0iy;i(@). (4.6)
j=1 J.k=1

In the last equation, we note that the first-order feature functions depend on and evolve
according to the parameters 0; in this case, we denote such functions with ¢* and
name them effective feature functions. This means that in the quadratic model, we are
able to have first-order feature functions learned during the optimization phase, while

the second-order ones remain constant. Clearly, we can generalize this reasoning to
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higher-order terms: having a degree-n term implies the model will have feature functions
of degree-n. Models enabling effective feature functions are said to exhibit feature

learning capabilities.

4.1.2 Hierarchical feature learning

While feature learning is a characteristic property of models nonlinear with respect
to the training parameters, without further assumptions on the architectural aspect
of the model itself, hierarchical feature learning is a characteristic property of deep,
layer-wise architectures [79,|80]]. The primary aim of such deep architectures is to learn
a complex target function as a composition of much simpler functions, their building
blocks, discovered during training.

This concept is illustrated beautifully when we focus on Convolutional Neural
Networks (CNNs), an extension of the multi-layer perceptron tailored for tasks such as
the analysis of images and videos. Zeiler and Fergus [81] has shown that, when applied
to image recognition, a CNN discovers patterns of different complexity during training.
Specifically, neurons closer to the raw inputs are activated by simpler patterns such as
lines and curves, neurons in the middle layers are activated by intermediate complexity
patterns such as eyes, petals, and wheels, and neurons closer to the output layer are
activated by patterns closely resembling the characteristics of the output signals of the

various classes. This concept is illustrated in Figure 4.1}

4.1.3 Over-parameterization

Another aspect typical of deep learning is that the model is overparameterized. To
explain this concept, we must first introduce the bias-variance tradeoff. In statistical
learning, the bias-variance tradeoff justifies the performance of a model in terms of its
complexity. Models that are too simple will underfit, meaning they will not be able to
express the target function, while models that are too complicated will overfit, meaning
they will interpolate the points perfectly according to an unrealistically complicated
learned mapping. According to this tradeoff, huge models such as deep learning ones
should tremendously overfit and thus generally show an unsatisfactory testing error.
However, in contrast, we experience unreasonably effective models. It turns out that,
with statistical learning tools, we can visualize only part of this picture: there is a

threshold after which the increased complexity of the model results in an improvement
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Figure 4.1: Layerwise inspection of the patterns activating the neurons of a convolutional
neural network. The model has been trained for image recognition tasks. From top to
bottom, the features learned by neurons from layers 2 to 5 are shown on the left, and
examples of images activating the neurons are shown on the right. Adapted from
Figure 2], reused with permission © 2014, Springer International Publishing Switzerland.
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of performance, a regime denominated overparameterized.

We can explain this concept more rigorously. In statistical learning, a model’s
performance can be decomposed into three components: MSE = Bias? + Variance +
Irreducible Error. Here, the bias refers to an error that arises when choosing an overly
simplistic model, leading to an inability to accurately capture the inherent relationships
within the data. Highly biased models are often termed as underfitting, exhibiting a
high training loss. The variance denotes an error connected to selecting an excessively
complex model, making it sensitive to even minor fluctuations in the data and potentially
capturing the noise in the dataset. High-variance models are known as overfitting,
characterized by low training loss but high testing loss, indicating poor generalization
capabilities. Finally, the irreducible error depends uniquely on the inherent noise within
the dataset and cannot be eliminated.

The bias-variance tradeoft suggests that a model achieves optimal performance when
the number of parameters strikes a balance between simplicity (few parameters, leading
to underfitting) and complexity (many parameters, resulting in overfitting). Within this
delicate equilibrium, the model performs best. However, modern deep learning practices
have challenged the traditional bias-variance tradeoff. These practices often intentionally
employ models with many parameters while achieving state-of-the-art performance.
Although efforts to formulate a new theory are ongoing, researchers have proposed a
phenomenon that explains the behavior of both small models (where the bias-variance
tradeoff applies) and large models. This phenomenon is known as double descent [82],
as illustrated in Figure

At the frontier of the traditional statistical regime, denoted as the interpolation
threshold, models become sufficiently complex to interpolate the data perfectly. However,
achieving perfect interpolation often involves employing intricate, unrealistic functions.
Even though these functions result in zero training error, they typically lead to a poor
generalization error. As we continue to increase the model size, the space of functions
capable of achieving zero training error becomes larger. Within this space, some
functions are ’simpler’ than others. We can still achieve a favorable generalization error
if we select the simpler function from this expanded space. Models to the left of the
interpolation threshold are called underparameterized, while those to the right are called
overparameterized.

According to the implicit regularization hypothesis, training the model via stochastic
gradient descent leads to a solution with the minimum L2 norm, representing the simplest

solution to the problem. This minimization helps prevent overfitting. However, as of
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now, we only have empirical evidence to support this hypothesis. Double descent has

been observed across various models, including kernel regression and neural networks.

Error

AN

under-parameterized over-parameterized

Test error

interpolation Model Capaci%y
threshold

Figure 4.2: Pictorial representation of the double descent phenomenon. In the classical,
under-parameterized regime, the test error follows the bias-variance tradeoff rule, which
has a sweet spot in model capacity (the model is neither too small nor too big) that exhibits
the best performance. At the interpolation threshold, the model can perfectly interpolate
the data (the training loss is zero), but in doing so, it overfits. A further increase in model
capacity will enter the over-parameterized regime, where the bias-variance tradeoff no
longer holds. Any increase in model size will help the optimization process lead, among
all the solutions having zero loss, to the one with the smallest norm, thus the simplest
function.

4.2 Neural Tangent Kernel

A possible direction for understanding the success of deep machine learning models is
by connecting them to kernel machines [[83|]. Kernel machines (Equation [2.37) are, at
least in principle, less powerful than other nonlinear models such as neural networks
(Equation 2.53)). For example, it was proven in the previous section that feature learning
is a characteristic unique to nonlinear models. Meanwhile, overparameterization and
double descent phenomena can appear in kernel machines, neural networks, and other
models [[82,|84]. Can we determine in which cases a linear model is sufficiently powerful
to solve a problem and, conversely, when a deep machine learning model is necessary?
A particular tool called the Neural Tangent Kernel (NTK, [27]), has been developed to
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address this question.

Consider a machine learning model f(x; @) and suppose it has undergone training
via a stochastic gradient descent optimization algorithm. Therefore, the model can be

approximated by a first-order Taylor expansion:
f(x:0) = f(x:60) + Vo f(2:60)(0 — 6p). 4.7)
This approximation allows f to be represented as a kernel machine via the NTK:
knk (@, 2 0) = Vo f(x:6) - Vo f(';0). (4.8)

Whenever f is a neural network in the form of Equation in the asymptotic
regime of ’infinite width’ (i.e., when the width of each layer is much larger than the
number of layers), the non-linear contribution of f becomes negligible. In this case, the
NTK is independent of 8, meaning the model itself becomes independent of its initial
value 6y, which is chosen randomly at the start of training. Furthermore, as an effectively
linear model, the landscape of its loss function becomes convex and easy to optimize to

its global optimal solution, a condition sometimes called lazy training [85].

It is relevant to understand when a nonlinear model, such as a neural network, is
necessary to solve a task or if it is possible to solve it using a linear model, such as a
kernel machine, or the linearization of a nonlinear model. From an empirical perspective,
this varies from task to task. A notable point is shown in the work of Ghorbani et al. [[86]:
the authors suggest that whenever a kernel function (the NTK or any other) is suffering
from the curse of dimensionality as its feature map is exploiting a large Hilbert space,
these will show worst performance compared to neural networks as the latter model
can learn a meaningful, low-dimensional feature representation. An example of such a
behavior has been noted in Refinetti et al. [87] on the Gaussian XOR mixture problem;
this particular task will be analyzed in the subsequent section. Another more concrete
example has been investigated by Bai and Lee [88]], showing that a neural network can
learn sparse polynomials with better sample complexity than its NTK. Finally, Bai et al.
[89] has compared the empirically compared performance of a wide neural network
and its linearization on the popular benchmark CIFAR-10, showing that the neural
network consistently outperforms its linearization for real-world tasks, motivating their
use; furthermore, the difference of performance between the two grows when decreasing
the width of the model (as expected).
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4.3 Path Kernel

The Path Kernel was introduced in [90] to allow any gradient descent-based machine
learning model to be transformed into one that (superficially) resembles kernel machines.
Its primary motivation is to investigate the role of feature learning: if any model can
be led back to a kernel machine, does feature learning exist at all? (This question is
ill-posed and a brief comment in this regard is found in Section[4.3.1)). Its secondary
motivation, which is the focus of our interest, is that the Path kernel induces a hierarchy
of parameters in the machine learning model during the training phase, possibly opening
the door for a different notion of hierarchical feature learning; the usual one is the

hierarchy of parameters from one layer of the neural network to the subsequent one.

More concretely, let 4 be a machine learning model working on data « € R” and
with parameters living in the space R”, i.e., h : R? x RP — R. The Path kernel is
defined as

Kok : RP xRP x ([0,T] —» R”) > R, (4.9)

T
Kkpk (T, i3 y) = /O knik (2, i3y (1)) dt, (4.10)

Here, 7 : [0,1] — R” denotes the parameter path, with the terminal parameter value

(1) = w. The Neural Tangent Kernel can similarly be expressed as a parametric kernel:

kot RP X RP xRF > R, 4.11)
Kntk (T, i3 w) = Vo h(; w) - Vo h(x; w). (4.12)

[90, Theorem 1] shows that /4 can equivalently rewritten as a function of the Path Kernel

m
h(m; @) = W (2,7) = ) (@) ke (T, 13 7) + (). (4.13)

i=1
Note that Equation 4.13|is not a kernel machine; the difference lies as the coeflicients
a; having a dependence on . Equation holds under the assumption that % is
differentiable with respect to w and is trained using gradient descent on the given

training dataset {(x;, y;)}7, < RP x R with a convex differentiable loss function
L(w) = le C(h(x;, w),y]).
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4.3.1 Path Kernel as a tool to investigate the role of feature learning

One of the motivations behind the use of the Path Kernel is to investigate the role of

feature learning:

“[...] the most significant implication of our result for deep learning is that it
casts doubt on the common view that it works by automatically discovering
new representations of the data, in contrast with other machine learning
methods, which rely on predefined features (Bengio et al., 2013). As it turns
out, deep learning also relies on such features, namely the gradients of a
predefined function, and uses them for prediction via dot products in feature

space, like other kernel machines.” (Domingos [90]])

In simpler terms, do we need feature learning at all if the trained model can be
expressed as a kernel machine?

To the best of the author’s knowledge, this question remains unanswered: even if, in
theory, we can well-approximate any model with a kernel machine, in practice, the direct
construction of such a kernel machine is possible only thanks to the feature learning
process that has discovered the best feature functions. This is because the Path Kernel
requires the prior training of the model f(x, @) and access to the sequence Oy, . . ., @7 of
parameters during stochastic gradient descent. This non-convex optimization generally
does not lead to the global optimum solution of the learning problem. Only once the
model f has been trained and feature learning has taken place can we use the Path
Kernel to define an approximately linear equivalent model, where the non-linear part is
negligible.

In conclusion, the theorem proves (or conjectures, taking into account the comments
in Section[4.3.4) that it exists a kernel machine that behaves approximately as the trained
model f. However, this does not imply that models exhibiting feature learning are
useless, as such a kernel machine cannot be constructed a priori without the knowledge
of the best features — it is constructed via the Path Kernel only because the training has

taken place. Therefore, this vision of the tool has to be considered limited.

4.3.2 Path Kernel as a tool to investigate the role of hierarchical

feature learning

Despite the interesting but unclear role of the Path Kernel in justifying the need for

feature learning, or the lack thereof, this tool provides us with means to investigate the
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role of hierarchical deep learning.

When considering deep machine learning models, we believe that hierarchical deep
learning is exhibited only spatially; for example, the features at the j-th layer are built
upon the features at the (j — 1)-th layer in neural network-based models. More precisely,
the chain rule obtained in the differentiation of % is the source of the hierarchical
dependencies among the parameters (it can be as well pictured by looking at the topology
of the network: the connection in the direction output to input indicates the dependencies).
We observe that, using the Path Kernel, we can also build a temporal hierarchy of features,
where the features at the j-th step of gradient descent depend on the features at the
(j — 1)-th step.

The hierarchy of parameters can be identified by looking at the curve vy, and its
morphological changes characterize whenever we have a simple or rich, complex
hierarchy. For linear models with vanilla gradient descent training on a convex loss
function L, the parameter path follows a linear trajectory: {(1 —1)8p +10 | t € [0, 1]},
where 8y € R” represents the initial parameters and 0 € R? represents the parameters
at convergence to the (ideally global, realistically it depends from case to case) minimum
of the convex loss function. In this scenario, it can be easily verified that the derivative
Vo f of the linear model is independent of 6, resulting in a constant NTK. For nonlinear
models, the loss function £ may be non-convex, leading to a non-linear parameter path

v. In this case, both V f and the NTK will change over the course of learning.

4.3.3 The Path Kernel is a Mercer kernel

A kernel function can be referred to as such only if it is symmetric and positive
semi-definite. In that case, Mercer’s theorem allows us to represent the kernel as a
(convergent) sum of eigenfunctions of the associated integral operator (cf. Equation[2.36
and Equation [2.37)); it is then a *well-behaved’ kernel function, and we can identify a
feature map accordingly. We can show that, for the Path kernel, Mercer’s theorem holds.

Consider the NTK at a fixed value of its parameters w, Ky (€, ') = ki (¢, ’; w).
Such a mapping is Mercer, as it is the kernel induced from the feature map = —
Vw f(x, w). Now, considering the parameter path y during its training, each infinitesimal
contribution y(¢) defines a valid NTK. The infinitesimal limit of the combination of
positive semi-definite Mercer kernels, as well as finite sums, is still Mercer and, therefore,
immediately valid for the Path kernel. The discrete approximation of the Path kernel, in

which the integral is replaced with a sum, is clearly Mercer too.

93



4.3.4 A mathematical caveat in the proof of [90, Theorem 1]

The literature acknowledges a mathematical caveat in [90, Theorem 1], which makes the
demonstration non-rigorous. Although not entirely resolved, [91]] has taken steps toward
addressing this issue by imposing stronger assumptions on the training process. We
comment on this caveat. Firstly, the dynamic of any machine learning model trained via
stochastic gradient descent takes the form of a first-order non-homogeneous differential
equation. Let h(zx;w) : RP x RP be the predictor at hand and let L be the convex,
differentiable loss. Then, the dynamic of the training is expressed as:

dh(z; w) Py on oL
— -y 4.14
dt Zaw] aw] (+14)
j=1
We can insert the NTK in this equation, leading to
d
dh(z;w(t)) oh(z;w) dw;
sk S Sl P . 4.15
dt ]Z:; ow; dt 15
d
; L
_ Z Oh(x; w) . _0 (w(t))) 4.16)
= Bwj 0Wj
d m *
Oh(x;w) ot(y;, h(xi;w))
= —2 7. |- 4.1
Z aWj Z éwj ( 7)
j=1
d m
; Al(y;, yi i
_ Z Oh(x;w) _ _Z i, yi) Oh(xp;w) 4.18)
= (9Wj e 8yl- aWj
m d . .
_ Z ot Z Oh(x;w) dh(x;; w) (4.19)
P 6yl- = aWj 8Wj
& A
- —Z— V., h(z;w) - Vo h(z:;w) (4.20)
i=1 0yi
m
ot
== 27— kuk(®@, ;W) (421
iz1 9
For e — 0 we have:
h(z) = h(z; (1) = h(z;(0) - / Z T sy(n) dr. (4.22)
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Representing such a function straightforwardly as a linear model is not possible. In
recovering such a form, the author performs multiplication and division by the Path
Kernel itself. This leads to a prediction that looks similar to a linear model, although it

has an undesired dependence of x in the model parameters:

m VO (@ @iy (1)dt
h(a; y (1)) = h(m;7(0) + ) o D
P pk(wﬂwla’)/)

kpk (T, xiyy)  (4.23)
= h(@:y(0) + ) (@) kpi(x. zi:7). (4.24)
i=1

4.4 Non-linearity in quantum neural networks

A crucial aspect of variational quantum classifiers involves the composition of multiple
unitary transformations and their collapse into a single unitary. This aspect is derived
from Schrodinger’s equation being a linear partial differential equation. Here, we assess
how this aspect influences this model’s feature learning and hierarchical feature learning
capabilities.

Initially, one might assume that a QNN behaves as a linear model, as per Equation
This assumption may also arise from the analogy with neural networks: when employing
a linear activation function, each layer collapses into a single one, making the overall
model linear. However, such an analogy is imperfect and can lead to misconceptions

regarding the capabilities of QNNss.

* In contrast to linearly activated neural networks, all QNNs can exhibit feature
learning, albeit with minimal intensity. This phenomenon arises due to the
non-linearity of measurement. Such a property can be confirmed by showing the

non-constant behavior of the NTK during training.

* In analogy with linearly activated neural networks, QNNs do not possess a
hierarchical feature learning structure. The collapse of its layers implies that we
cannot identify at which stage of the quantum system’s evolution we have a new

set of features (it could be any of them).

Finally, Schuld [92] have proven that the QNN is linear in the Hilbert space of the
quantum system. When this Hilbert space is considered the reference, the model can be

considered linear. It is essential to note that this space is distinct from the parameter
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space in which optimization is performed; thus, from an optimization perspective, the
QNN is definitively a non-linear model, as indicated by Equation 4.3 Throughout
the rest of this section, we briefly compare the model for a ’quantum’ neural network
proposed in the literature, which is not restricted to variational quantum classifiers. Then

briefly present the results related to the quantum NTK.

The authors’ arguments are based on the non-constancy of the NTK throughout
the training. However, we can show a simple example of a QNN to be nonlinear in its

parameter space by explicit construction. Consider any model in the form:
f(x:60) = Te[V(0)p2V (0)O]. (4.25)

Here, py = U;(a:) |OXO0| Ugs () is the output of the feature map over an input value x,
and O is a Hermitian observable. This function is linear only in the space of density
matrices of the quantum system H, as imposed by Schrodinger. In terms of the space of
parameter, the quantum model does not fit the form set out in Equation Consider,
for instance, a single-qubit quantum model that operates on a single input = € R! and

depends on a single parameter 8 € R':

f(x;0) =Tr

1 .cc.>s,2(9 +x) - sin(? zx) cos(+x)\ (1 O _ cos(2(60 +1).
5isin(2(6 +x)) sin“ (6 + x) 0 -1

(4.26)

With respect to 6, the function is clearly not linear. This implies that the model can

exhibit feature learning.

4.5 Quantum Path Kernel

This section aims to recover a hierarchical feature learning structure in quantum neural
networks using the Path kernel. Referring back to the aspects introduced in Section
we might speculate whether the hierarchical dependencies between parameters that occur
spatially (typically found in deep neural networks) could also exist temporally. In other
words, the dependencies among the parameters during learning, which arise from the
chain rule, might similarly apply to the dependencies between parameters at different
time steps, specifically from 6(z) to 8(z + 1).

The Quantum Path Kernel (QPK) is defined by explicitly substituting the quantum
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neural network into the definition of the Path Kernel, as follows:

Kapk (T, '3 )
- / Vo (OIVT (2)UT(0)0U(8)V (2)[0)T
Y

Vo (O|Vi(z)UT(8)0oU(8)V(x')]|0) dO (4.27)

~
—_

~
~

Vo (OIV (z)UT(8,)0U(6,)V(z)|0)"

NI =

1

Il
(]

Vo (OIVI (2 )U'(8,)0U(6,)V (x')|0) (4.28)

where T is the number of points sampled from the curve y, and t = i/T € [0, 1]. The

equation representing the corresponding kernel machine is given by:
n
FO) =) kgl ), (4.29)
i=1

where the coeflicients «; are determined during the training process and x; are the
elements of the training set. Note that, in contrast to the model depicted in Theorem 1 of
Domingos [90], the coefficients « in Equation do not depend on x, rendering such

a model a proper kernel machine.

Figure 4.3|illustrates how to implement a Path kernel. Supposing y is a morphologi-
cally rich, non-straight line, then in most of the points within these line the parameters
0 = y(t) depict a valid parameter value which induces a valid NTK « (x, 2’; ). Each
0 is correlated to the value appearing previously in the training, 8’ = y(¢ — 1) and
depends on it via the stochastic gradient descent rule. If we ’stack’ all the contribution
together, we obtain a hierarchy of kernels depending each one on the previous ones. The
single contributions can be put in analogy to the layer of a deep neural network, as the
contributions hold a different (despite correlated) representation and each is source of

representation learning.

The morphological evolution ¥ is crucial to understand whenever the Path kernel
may be of any use for the given task. In fact, if y is a straight line, i.e., in the form
{(1=1)0p+10; | t € [0,1]} (where 6 € RF and O € R? represent the parameters at
initialization and convergence to the local minima of £), the derivative of the linear
model Vg f is independent of 6. In this case, the NTK is constant, and the Path kernel

collapses into the NTK. However, non-linear models usually have a complex evolution
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Figure 4.3: Computation of the Path Kernel. Bottom left: A typical parameter trajectory
v is depicted, representing parametric evolution during the training phase. Top left:
As 0 evolves, it gives rise to differing NTK matrices corresponding to distinct data
representations. Such a sequence of matrices thus gives rise to a hierarchical stack
of representations in the feature learning regime. Middle: As the training approaches
convergence, subsequent matrices become similar, and thus their corresponding rep-
resentations are correlated. Right: The Path Kernel constitutes the average over these
representations.

due to the non-convexity of the optimization landscape. Therefore, y is not constrained
to a linear trajectory in general. In this latter case, Vg f and the NTK will vary over time
during learning.

An important factor to consider in the morphological evolution of iy and its impact
on the hierarchy of representation is the potential existence of biases. If the optimization
process converges rapidly, the contributions will be oversampled towards values that are
close to the NTK at the end of the process. To achieve this, the contributions must be
uniformly sampled over vy, rather than at fixed times y(0), ..., y(T), as the difference in
norm between consecutive values is expected to decrease due to convergence. Moreover,
the process is greatly influenced by the particular setup of the optimization, such as the
learning rate and the algorithm employed.

In order to address the issue of excessive bias in consecutive representation, we
can effectively depend on modifying the optimization process. Some optimizers have
the ability to automatically adjust the learning rate in locally convex regions of the
loss function, resulting in a diverse set of parameter values y(z). This leads to fewer
contributions in the path kernel and reduces the similarity between these contributions.
Another approach could involve perturbing parameters through stochastic or noisy
optimization. Additionally, non-gradient-descent-based optimization methods, such as

genetic algorithms, could be employed, even though they may lose all connection to the
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Figure 4.4: Instance of variational quantum classifier (d = 3 qubits and L = 2 layers)
contributing to the definition of the machine learning model leading to the QPK machine.

original definition and motivation of the Path kernel (the hierarchy induced by gradient
descent). The expectation is that causally-dependent but decorrelated contributions to
the QPK will still result in a hierarchical representation, while also being diverse enough
to avoid biasing the model. In addition, adopting an alternative viewpoint, other machine
learning methods, such as ensemble learning (e.g. bagging), leverage the decorrelation

of features to achieve superior performance.

4.5.1 Experimental evaluation

We want to investigate whether the use of the quantum path kernel brings the architecture
and the performance of quantum neural networks closer to the ones of deep learning
models due to their natural hierarchy of representation. To this end, our evaluation
focuses on the Gaussian XOR Mixture classification problem [93},94, 95]], which has
been shown by Refinetti et al. [87]] to be an important benchmark to highlight the need

of nonlinear models.

The steps of our experimental workflow are depicted in Figure 4.5 Initially, we
create the dataset for the specified problem. Subsequently, we proceed to train multiple
Quantum Neural Networks (QNNs) in order to achieve the most optimal fit with the
generated data. Next, we use the training data to create the QNTK and QPK matrices.
The QPK matrix is then employed to train a kernel machine for the final classifications.
The analysis continues by investigating the convergence of QNN as the number of layers
grows, emphasizing the influence of architectural parameters on QNNs. Ultimately,
we evaluate and compare the accuracy of the QNTK and QPK methodologies in both
testing (to capture the actual generalization performance) and training phases (to evaluate

improvement in the interpolation power).
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Figure 4.5: Experimental workflow overview. A random labeled dataset is generated for
the Gaussian XOR Mixture classification problem. Subsequently, a variational quantum
classifier is trained to compute both the Quantum Path kernel and the baseline kernel
(QNTK). Finally, the performance of the Quantum Path kernel is compared with that of
the QNTK.

Choice of the problem

The Gaussian XOR Mixture classification problem is a natural and paramount test
for layer-wise learning models. This is intuitively understood from the 2-dimensional
example: we need a first layer learning that the multiplication of the two coordinated
leads to a new, higher-order feature identifying the quadrant to which the point belongs,
either first-or-third or second-or-fourth. Then, the problem is linearly separable by
simply looking at the sign of the first-order feature. According to theoretical analyses by
Refinetti et al. [87], random features-based kernel methods struggle to accurately and

efficiently classify this dataset.

Dataset generation

The ground truth refers to the objective and accurate information or data that represents
the actual state of affairs or reality. The Gaussian XOR Mixture dataset is defined by
multiple parameters. The variables in the equation are as follows: d represents the
dimensionality of the features, d’ denotes the number of non-zero features representing
the multidimensional Gaussian XOR Mixture (where d” < d), € represents the variance
of the Gaussian noise, and n represents the number of data points. The composition is

structured in the following way:
Dd,d’,é,n = {([xl t+ €1, ... Xq + €q, O’ ET) O]T’ )’z) € Rd X {il}}?zl (430)

Here, the variables x; are independently and identically distributed as either +1 or
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—1. The variables ¢; are independently and identically distributed according to a normal
distribution with mean O and variance €, for i = 1,...,d’. Finally, the variable y; is
defined as the product of all x; for i = 1 to d’. The dataset is best classified using the

oracle function:
d/

Foracte(®) = | | (4.31)

i=1
Several datasets, denoted as Dy 4 ¢ 5, are created. The dimensionality of the features,
d, varies from 2 to 10. The noise, €, ranges from 0.1 to 1.0. The number of non-zero
features, d’, is fixed at 2, and the number of elements, n, is fixed at 32. The dataset is
divided into two sets: a training set, denoted as Dy,in, and a testing set, denoted as Dyeg.

The partitioning is done randomly.

Choice of the model

We generate a uniform family of parameterized quantum circuits in the form:

L
v(0) = [ Jexp{ (=i 210} exp{ (=i 030 @ et D)) (4.32)
j=1

Here, the variable L represents the hyperparameter that determines the number of
layers in the model. Selecting the appropriate trainable ansatz is essential in order to
prevent the occurrence of barren plateau problems. From a set of unitaries that are
not maximally expressive, a particular form is chosen, which has been shown to have
favorable trainability based on empirical evidence.

This characterizes the following quantum model:
f(@:0) = Trlpz90] = e[V (B)U; () poU, (x)V (6)0] (4.33)

where data encoding, Uy, is chosen for its simplicity, resulting in a constant-depth circuit,

d
Us(z) =] | exp{ (—ix jay@)} (4.34)
j=1
and the observable, O, is
0=c. (4.35)

The choice of the observable is driven by the need to prevent the barren plateau. Based
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on prior research, it is expected that global observables will have gradients with variance
oc 1/2".

We create an instance of a QNN with a variable number of layers, ranging from
L =1 to 20. The value of n is determined by the dimensionality of the datasets’ points.

The QNNss are initialized at @ = 0 in order to prevent problems with trainability.

Training process

Each QNN is trained using the ADAM algorithm for stochastic gradient descent, which
is executed for a total of 1000 epochs. The initial learning rate for adaptation is set to
0.1. The loss function used can be either Binary Cross-Entropy (BCE) or Mean Squared
Error (MSE). These loss functions are commonly used for classification and regression
tasks, with BCE being the natural choice and MSE tested for the sake of curiosity. The
batch size is adjusted to match the exact number of samples in the training set. We
examine the influence of different initialization parameters on the convergence of the
loss function during training, taking into account both the number of epochs and the
depth of the model.

4.5.2 Results

We evaluate two aspects. Firstly, we examine the depthwise convergence properties of the
respective f(a; @) models, specifically QPK and QNTK at their initialization stage. It is
crucial to consider that if models converge too quickly (in a lazy training regime), their
behavior becomes almost linear and the QPK converges to the QNTK. This implies that
there would be no advantage in using the kernel model. In classical machine learning,
lazy training refers to the phenomenon where very wide neural networks exhibit an
exponential decrease in loss, while the network parameters remain close to their initial
values throughout the training process. Secondly, we assess the training loss in relation
to the training epochs and for a progressively larger number of ansatz "layers”. The set
L consists of the integers from 1 to 20, inclusive. This feature enables us to ascertain
whether there is an enhancement in performance when utilizing the QPK. Nevertheless,
it is crucial to verify the impact of adding a greater number of layers. In addition, we
graph the discrepancy in magnitude between the parameters at the end of training and
their initial values. These will be utilized to assess the degree to which parameters
deviate from their initial values, with a larger norm indicating a more comprehensive

and active training process.
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Thirdly, we assess the resilience of the classifiers in relation to random fluctuations
during training. This will help us determine whether the noise in the dataset will result
in overfitting, where the model incorporates the noise excessively, or if we will instead
encounter “benign overparameterization” [96]], where the noise is incorporated but the
predictor remains simple and performs well in general. The measurement of such an
aspect is based on the performance of generalization.

Ultimately, we assess the overall ability of our approach to generalize by comparing it
to the performance of the QNTK after the training period. To accomplish this, we assess
the test accuracy score of the QPK and QNTK in comparison to the oracle. The QPK’s
superior performance in solving the Gaussian XOR Mixture problem can be attributed to
its hierarchical representations, which is the only distinguishing characteristic between
the QPK and the QNTK: note that the NTK has a fixed parameter value at the end of
the training process, unlike the work of Jacot, Gabriel, and Hongler [27] where the

parameter value is fixed at the beginning.

Depthwise convergence characteristics

In Figure4.6] the convergence behavior of evaluated quantum machine learning models
increases with more layers. The signal-to-noise ratio decreases row by row in Column

1, which shows training distribution examples. Column 2 displays training loss curves.

16(n)-0(0)l
el -

In this context, 8(0) represents the initial parameter value, while 6(n) represents their

Column 3 shows the difference in parameter vector size from its initial value:

value at the n-th epoch.

According to [82]], no model meets the interpolation threshold, which is the point
where training data is perfectly fitted with zero training error. At least 32 parameters are
needed to fit the training dataset. This yields 16 points with 2 non-zero coordinates each.
Even with 40 parameters in the most complex setup, we cannot meet the interpolation
threshold. The deliberate selection of a parametrically constrained U as a regularization

predicts this behavior. As with classical deep neural networks (DNNs), increasing the

number of parameters leads to reduced loss (see Figures [4.6bH4.6e14.6h). As shown
in Figures 4.61, the proximity between parameter vectors and initialization

increases.

No QNN model shows lazy training. In particular, models with more parameters
converge faster but have much greater parameter variation. Smaller models show

significant norm difference fluctuation before convergence. Significant differences in
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Figure 4.6: Behavior of quantum machine learning models f(x; @) during the training
phase. Figure (4.6a) displays the training dataset for the parameters d = 4,€ = 0.1.
The training loss progression for each of the 20 depthwise models (L = 1,...,20) is
illustrated in (4.6b). Figure (4.6c) quantifies how much the parameter vector deviates
from its initial state. For d = 4 and € = 0.4, the corresponding data is shown in (4.6d)-
(@.6¢)-(@.6f). Similarly, for d = 4 and € = 1.0, the relevant information is provided in
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Figure 4.7: Test accuracy scores for the Quantum Path Kernel model, the Quantum
NTK, and the oracle.. Error bars indicate the standard deviation across three identical
experiments with the following parameters: d =4, e = 0.1 (Figure[.7a); d =4, = 0.4

(Figure ; d =4,e=1.0 (Figure .

training characteristics between the QPK and QNTK suggest a complicated training

process.

Test and train accuracy of the Quantum Path Kernel versus the Quantum NTK

In Figure test accuracy results demonstrate the models’ ability to generalize to new
data. The QPK outperforms the Quantum NTK as hierarchical depth increases under
the highest signal-to-noise ratios, but both models perform similarly at lower ratios.
Figure 4.8 shows the training accuracy progression with depth upon convergence. The
QPK consistently outperforms the Quantum NTK across the signal-to-noise range, with
this difference increasing at higher noise levels (leading to overfitting relative to the
noise-free oracle in panel ¢). The QPK’s lower bias compared to the Quantum NTK is
expected. These results confirm the QPK’s expected performance advantage over the
Quantum NTK in the Gaussian XOR mixture.

4.5.3 Further directions

We developed the Quantum Path Kernel (QPK) to integrate complex learning behaviors
from classical multi-layer networks, such as hierarchical feature learning, into quantum
neural networks through training kernelization. Our benchmark for multilayer learning
is the Gaussian XOR mixture classification problem, which requires at least a two-layer

solution to approximate the Bayes optimal solution. In high-depth, low signal-to-noise
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Figure 4.8: Training accuracies of the Quantum Path Kernel model, the Quantum
NTK, and the oracle. Error bars represent the standard deviation across three identical
experiments with specifications d = 4, € = 0.1 (Figure[4.8a); d = 4, € = 0.4 (Figure[4.8b);

d =4,e=1.0 (Figure .

scenarios, our experiments outperform the Quantum Neural Tangent Kernel (NTK) in
generalization.

Our theory shows that the QPK converges to the Quantum NTK only in the lazy
training regime, where training loss rapidly decreases to zero and model parameters
remain close to their initial values. This is typical of infinitely wide neural networks,
which behave like linear models. However, our experiments suggest that quantum neural
networks (QNNs) operate differently and are not linear.

We discuss using stochastic, noisy, or non-gradient descent-based optimization
techniques to artificially perturb QPK parameter paths to promote more decorrelated
feature representations, but this study did not test this. We also suggest heuristic
weighting of kernel representations using Multiple Kernel Learning to extend the QPK
approach. We also briefly mention the QPK’s ensemble interpretation due to the

averaging operation over its kernel matrices.

4.6 From over-parameterization to ensembles in NISQ

machine learning models

Over-parameterization has been denoted as one of the characteristics leading to the
success of deep models: despite their complexity, having many more parameters to
interpolate the data perfectly via a large set of solutions will simplify the optimization and

reach minimum-normal solutions. Over-parameterization itself is not directly linked to
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deep models, as it may happen in kernel machines, too (consider, for example, a random
Fourier feature kernel with an arbitrary number of features), although it is particularly
relevant in deep models as it contributes to their effective training.

In a quantum machine learning context, however, it is still difficult to think we will be
able, in practice, to have such large models, at least in the NISQ regime. Therefore, an
over-parameterization of quantum neural networks or quantum kernels may be regarded
as unfeasible?l However, we might obtain the same performances of over-parameterized
models in different ways.

One idea has been proposed by Geiger et al. [24]]. The authors have studied the
relationship between double descent, some types of regularization, and ensembling
techniques in neural networks. Their work, displayed in Figure 4.9] shows that while
the average model performs the worst at the interpolation threshold, the regularization
can effectively suppress the peak. Most importantly, as it has motivated our work, an
ensemble of few models at the interpolation threshold (20 models with 825 parameters,
in their experiment) outperforms the biggest model tested (107 parameters).

Such a study motivates an investigation into the ensemble learning of QNNs. The

goals of the investigation are to address the following questions:

1. Can an ensemble of a few small QNNs exhibit superior performance compared
to a single larger quantum neural network in a noiseless setting? This question
is motivated by the success of overparameterization [98]] and its connection to
ensemble techniques depicted in Figure

2. Can ensemble learning be used to save resources (qubits, parameters, gates,
etc.) in a manner similar to divide-and-conquer techniques (e.g., quantum circuit
splitting [99])?

3. Can ensemble learning be employed as a high-level error mitigation technique?
This is motivated by Zhang et al. [[100], which demonstrates that ensembles can
enhance the performance of several noisy machine-learning tasks. In our NISQ
environment, such an improvement may be expected due to the shorter circuits

needed.

2Note that Larocca et al. [97]] has studied a notion of overparameterization for quantum neural networks.
Such a study focuses on navigating the lost landscape freely, i.e., without getting stuck in saddle points
that look like minima just because we do not have enough degrees of freedom to escape them. This notion
does not directly map to the classical machine learning idea of overparameterization, i.e., reaching and
surpassing the interpolation threshold.
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Figure 4.9: Comparison of testing error as a function of the number of model parameters
between a single deep neural network applied to MNIST classification and an ensemble
of few (20) deep neural networks trained on different datasets. As expected, the single
neural networks exhibit double descent behavior, with their worst performance occurring
at the interpolation threshold. Acting as a form of regularization itself, the ensemble
can mitigate peaks in loss at the interpolation threshold, leading to a monotonically
decreasing error with respect to the number of parameters. Remarkably, the ensemble
achieves performance comparable to the largest DNN at the interpolation threshold. This
is a schematized and simplified adaptation of the results shown in [24, Figure 2].
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Figure 4.10: Taxonomy of ensemble learning models.

4.6.1 Background on ensemble learning

Ensemble systems aim to reduce either model bias or deviation to increase generalization.
Such a goal is achieved by training multiple models and combining their outputs using a
specific rule. A comprehensive introduction to ensemble techniques is out of the scope;
for that, the reader can refer to Zhang and Ma [101]]. We briefly enumerate the main
points characterizing this family of approaches.

The foundational aspects of ensemble learning lie in Condorcet’s jury theorem [[102]].
Let a jury of k individuals, each having a probability to correctly judge p = % + € with
0 < € < 1. Then, the probability that the collegial (majority voting based) decision
is correct is pjury = ZZ’:W 2141 (’,’:) p*(1 = p)™*. Translating this concept to machine
learning, it is immediate to see that combining weak learners hy, . .., h,, can create a
strong learner heps with significantly improved performance. Any ensemble learning
model is characterized by three phases: data selection strategy, model composition,
training methods, and output combining rule. Figure schematizes these components.

The data selection method affects how data is allocated to each model. We need
to ensure that the individual instances contributing to the ensemble produce different,
uncorrelated outputs. To that end, the bootstrapping data selection method can be used,
providing each instance with a different subset of the samples, ensuring that the datasets

do not overlap. When we forbid overlapping between subsets, bootstrapping is referred
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Figure 4.11: Comparison of bagging (left) and ’standard’ boosting (right) techniques. In
bagging ensembles, models are trained in parallel on dataset subsets drawn uniformly, with
predictions combined using an averaging function. In contrast, boosting ensembles train
models sequentially: the first predictor draws samples uniformly, while subsequent models
draw samples from a probability distribution biased towards previously misclassified
items.

to as pasting. In these cases, the models are trained using all the features. However, even
this aspect can be considered: when we use a single dataset for all instances but perform
a vertical slicing of the features, i.e., different subsets of features are given to different
instances, the data selection method is known as random subspace. The combination of

bootstrapping and random subspace is known as the random patch technique.

The composition method determines the communication, or the lack of such, between
the instances. The most common method is bagging (i.e., bootstrap aggregation), in
which many instances are trained independently over different subsets of the data, and
it is usually used in combination with bootstrapping techniques. An example of this
approach is the random forest (a bagging ensemble of decision trees). In contrast,
boosting arranges the single instances in series. The initial predictor is trained on a subset
of data uniformly sampled, while the subsequent models are trained over a non-uniform
distribution that prioritizes the samples misclassified by the previous instances in the
chain. The most popular boosting algorithm is AdaBoost [103]]. These strategies are
illustrated in Figure Finally, a completely different approach is stacking, which

trains multiple heterogeneous models on the same dataset.

The combination rule combines the output of the single instances. Its choice depends
on the task we are solving. For classification tasks, where the labels are discrete
(y € C ={cy,...,cr}), majority voting is typically used. Alternatively, a weighted
majority voting or a ranking over the classifiers (Borda count) can be employed to
prioritize the output of certain instances considered more reliable. For regression tasks,
the mean, minimum, and maximum are usually the most popular choices, depending on

the specific task.
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4.6.2 Experimental evaluation

We have designed a series of experiments to address the open questions presented at
the beginning of this section. One aspect focuses on how to increase the performance
of the quantum model; for that, we need to determine whether quantum models overfit
and, therefore, could benefit from bagging techniques or if they underfit and thus could
benefit from boosting techniques. Another aspect concerns the amount of resources
needed to implement the quantum circuit; for that, we need to determine whether the use
of data selection techniques that minimize the number of features (e.g., random patch)
affects performance significantly negatively. A third aspect involves using ensembles as
a high-level error mitigation technique. For that, we empirically test the performance of
various ensemble configurations on noisy simulators and IBM quantum hardware and
verify the potential performance improvements of the ensembles compared to single

models.

Datasets

Here, we briefly introduce the dataset used to assess the performance of each approach.
We have focused on real-world tasks of various natures, including synthetic and real-world
datasets and regression and classification tasks.

The first dataset is a noisy linear regression task generated artificially. For this task,
we can easily create as many datasets as we want due to the procedural generation
method: we set a sample size n, a dimensionality d, and noise variance o ; then, randomly
sample from the uniform distribution a weight vector w € R4, w; € [—1, 1]; finally, the
dataset is defined as the set of pairs {(z?, y?)}* = where @ is uniformly sampled
from [—1,1]¢, €® is sampled from a normal distribution with mean zero and variance
o, and y(i) =w- -2 + e, We have fixed n = 250, d = 5, and o = 0.1.

The second dataset is denoted as Concrete Compressive Strength and is a multivariate
regression task whose goal is to predict the compressive strength of concrete based on
certain characteristics such as its age and its list of ingredients. It has 1030 samples,
each sample being ) € R3. Note that the target value, i.e., the concrete compressive
strength, is a highly nonlinear function of age and the composition of the material.

The third dataset is denoted as Diabetes and is a multivariate regression task whose
goal is predicting insulin levels from patients by relating their biological and lifestyle
characteristics. The dataset has 442 instances, each sample being ) € R'° (including

age, sex, body mass index, and blood serum measurements). Here, the target variable
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quantitatively assesses the progression of the disease one year after its diagnosis.

The fourth dataset is denoted as Wine and is a multivariate, three-class classification
task whose goal is determining the geographic origin of wine samples given their chemical
properties. The dataset has 178 samples, each sample being € R! (representing
various chemical properties, such as alcohol, malic acid, and ash content), and these
include the discrete target variable.

All these datasets are open-source; all but the procedurally generated ones are
well-documented in [[104, (105, |106]. Their characteristics are summarized in Table 4.1
Our experimental evaluation constantly undergoes the same preprocessing steps: firstly,
the data is split into 80% training and 20% testing sets; secondly, raw features are scaled

to the range [—1, 1] (the scaling is based on the values of the training set only).

Dataset ~ Source Nature # Features # Samples Task

Linear - Synthetic 5 250 Regression
Concrete UCI Real-world 8 1030 Regression
Diabetes Scikit-Learn Real-world 10 442  Regression
Wine UCl Real-world 13 178 Classification

Table 4.1: Characteristics of the datasets used to benchmark ensemble models. Note that:
"UCT refers to the open-source UCI Repository available at archive.ics.uci.edu;
Scikit-Learn is an open-source software library for Python3. The number of features
excludes the target variable.

Configurations of ensemble

The taxonomy of ensemble learning models in Figure 4.10| shows that we can create
an ensemble over many possible configurations whose exhaustive testing is beyond the
scope of this work. Instead, we focus on specific configurations that we find interesting a
priori.

We denote with BAG — [S] — [F] the configuration corresponding to a bagging
predictor. Such a configuration relies on bootstrapping (each base instance is trained
on a subset of data drawn with replacement), which is denoted by [S] and takes values
in {0.2, 1.0}; thus, either each base instance is trained on 20% of the training data, or
bootstrapping is disabled, and each base instance is trained on 100% of the training data.
Similarly, the configuration relies on a random subspace (each base instance is trained

on a subset of features per sample drawn without replacement), which is denoted by [ F]
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Data Loading
Ensemble
[F]  [S]

BASE - -
BAG-0.3-0.2 03 0.2 Bagging 10  Avg
BAG-0.3-1.0 0.3 1.0 Bagging 10  Avg
BAG-0.5-0.2 0.5 0.2 Bagging 10  Avg
BAG-0.5-1.0 0.5 1.0 Bagging 10  Avg
BAG-0.8-0.2 0.8 0.2 Bagging 10  Avg
BAG-0.8-1.0 0.8 1.0 Bagging 10  Avg
ADA (1.0) (1.0) AdaBoost 10  W.Avg

Model #BP Rule

Table 4.2: Summary of the ensemble configuration tested.

and takes values in {0.3, 0.5, 0.8}; in this case, the random subspace is always active,
and we work with at most 80% of the features of the dataset. The combination rule is

the average. The ensemble is based on ten base instances.

We denote with AD A the configuration corresponding to the boosting predictor. The
particular variant of boosting hereby considered is AdaBoost.R2 version [107] for the
regression tasks and AdaBoost SAMME.R [108] for the classification problem. This
configuration does not rely on bootstrapping, as it has its own protocol to draw samples
from the dataset depending on the misclassifications of other base instances; neither
does it use random subspace. Again, the ensemble is based on 10 base instances. We

repeat each experiment 5 times.

We denote with BASE the baseline instance trained on the dataset without reducing
either the number of samples or the number of features. The characteristics of these

configurations are summarized in Table

Choice of the quantum neural network

The model used here to construct the single instances of the ensemble are the QNNs used
throughout this section, i.e., a predictor in the form £ (x; 6) = Tr[UT(8)V' (x)poV (x)U(6)O].
The quantum states lie in a space of n qubits and, for these experiments, n has to match the
number of features. The feature map is fixed to be V(x) = ®?=1 RS) (x;) for simplicity
(we remark that according to Kiibler, Buchholz, and Scholkopf 53], more complex

ot

feature maps may lead to poor generalization). The observable is O = and operates

on a single qubit to mitigate the barren plateau [38]]. The variational form is structured
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Figure 4.12: Example of the quantum circuit used for the predictor solving the linear
regression dataset; in this case, the number of features is 5, corresponding to the number
of qubits. The number of layers is fixed at 1. The input feature vector (x;) is encoded in
the free parameters of the rotational gates in the feature map, while the optimization
parameters (6;) are encoded in the ansatz.

in “’layers”, each having 3n free parameters, and defined as:
{ n ' n—1 N
Ue(0) = n[ (® R)(cl)(GSkn+2n+i)) HCX(”H)
i=1 i=1

k=1
n—1
n CX(z’,i+l)
i=1

(®R§f><em”>)
i=1

The quantum circuit associated with such a model is depicted in Figure d.12]

(4.36)

((X) Ri”(egm)) ] (4.37)

i=1

Training

The training process is based on the stochastic gradient descent algorithm ADAM, with
a learning rate of 0.1. We use MSE as the loss function for regression tasks and CCE as
the loss function for the classification task, the latter generalizing BCE for more than two
possible labels. We compute the gradient of the predictor using the parameter-shift rule
introduced by Schuld et al. [37]; the motivation here lies in our experimental evaluation
over noisy simulators and IBM hardware, for which the finite difference method would

introduce an error large enough to render the gradient estimation impractical.

Devices

We begin by evaluating the ensemble on a noiseless simulator, covering all the configu-

rations introduced. The noiseless simulation is relatively inexpensive given the modest
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number of qubits in the quantum systems involved, allowing us to perform extensive
testing. We use Pennylane as the software framework. The noiseless simulation also
assumes an infinite number of shots. Each noiseless simulation is repeated ten times,
with the number of training epochs set to 150.

Next, we evaluate the ensemble on a noisy simulator. Here, the noisy simulation is
much more computationally challenging, so we focus on testing only the most promising
ensemble configuration, BAG — 0.2 — 1.0, and compare it with the baseline models. We
again rely on the Pennylane software, using the IBM Qiskit framework as the backend;
this choice allows us to use the noise model of a real QPU, specifically IBM Quantum
Lima (a 5-qubit superconducting-based quantum computer). The number of shots is
fixed at 1024, and the number of training epochs is set to 100.

Finally, we evaluate the ensemble on the IBM Lagos QPU (a 7-qubit superconducting-
based quantum computer). Again, we compare only the BAG — (0.2 — 1.0 configuration
with the baseline models. Due to practical and economical constraints in using the QPU,

we perform only 30 epochs of training.

4.6.3 Results

Results on noiseless simulator

We show the results of noiseless simulations in Figure 4.13]

More precisely, Figure presents the results over the linear regression datasets.
Notably, the graph is partitioned into two regimes: small base instances (£ < 2) and large
base instances. In the first regime, the bagging ensemble works best; this result can be
justified in terms of the limited capacity of the base instances and their inability to capture
the complexity of the task. The same argument holds for boosting; there is no need to
reduce the bias of a model that is underfitting, hence the similar performance between the
two. In the second regime, the base instances do not suffer from underfitting anymore,
allowing for better performance. The model is never underfitting, and thus, boosting
is unnecessary. In contrast, the bagging suffers from the partiality of the information
over each classifier due to the random subspace; in fact, the larger the cut, the larger the
error. Increasing the number of layers has no substantial effect, showing a plateau. A
positive note is that the bagging ensemble in the configuration BAG — 0.8 — 0.2 allows
for a reduction in resources with a fairly reasonable decrease in performance, which may

make a difference in noisy simulations.
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Figure 4.13: Performance of ensembles of QNN compared to the performance of their
base instances on a noiseless simulator, with respect to the number of layers. (#.13a)
refers to the linear regression dataset. (4.13b)) refers to the concrete strength dataset.
refers to the diabetes dataset. (4.13d) refers to the wine dataset. For regression
tasks (4.13aH4.13b1{4.13c)) the performance is measured in terms of MSE, lower is better.
For classification tasks (4.13d)), the performance is measured in terms of accuracy, higher
is better.
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Figure [4.13b| presents the results over the concrete strength regression datasets. The
results propose a transition between a small and high number of layers: whenever the
capacity of the model is too low, the bagging ensemble produces a much more successful
classifier. In this case, for ¢ < 3, all the bagging models, even with a random subspace
cutting 80% of the features and bootstrapping cutting 80% of the samples, perform better
than the base models. Again, the effect of boosting is negligible. At a higher number of
layers, the performance partially resembles that of the linear regression dataset; we still
experience a plateau with the bagging ensemble, however, if the random subspace is not
too strong (0.8), bagging can outperform the other models.

Figure presents the results over the diabetes regression datasets. For this
dataset, we observe a division into a low-layer regime where any bagging ensemble
outperforms the base models, and the considerations made for the previous datasets hold.
However, for a higher number of layers, the results become more complex. Bagging with
an aggressive random subspace still experiences a plateau, suffering from the inability to
capture complex patterns over multiple variables. The base models, however, encounter
the bias-variance tradeoff and find a sweet spot in performance at £ = 5 layers. This time,
bagging with a negligible random subspace applied has the best performance, and its
regularization effect suppresses the peak of decrement in performance when moving
away from configurations with ¢ = 5 layers.

Figure presents the results over the wine classification datasets. The measure
of performance is based on accuracy. For this dataset, it is evident that ensemble learning
is a winning strategy. We achieve up to 95% accuracy for a small number of layers
compared to the 75% maximum of the base instances, even with aggressive random
subspace involvement. This aspect also highlights that the task depends on patterns
expressed over a small number of variables. We reach a plateau at £ = 3 layers where
all but the most aggressive random patch reach 97.2% accuracy. In this case, bagging
helps convergence with significant resource savings, and these results are expected to be
enhanced for noisy simulations as shorter circuits will be less sensitive to NISQ-related

issues.

Results on noisy simulators

Now, we evaluate how ensemble techniques can positively influence performance in
the presence of noise. We justify this reasoning by noting that a bagging ensemble

reduces the number of features, therefore decreasing the circuit width and depth. Noisy
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