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Abstract. We consider the pricing and hedging of counterparty credit risk and funding when there is

no possibility to hedge the jump to default of either the bank or the counterparty. This represents the

situation which is most often encountered in practice, due to the absence of quoted corporate bonds

or CDS contracts written on the counterparty and the difficulty for the bank to buy/sell protection on

her own default. We apply local risk-minimization to find the optimal strategy and compute it via a

BSDE.

1. Introduction

In this paper we study pricing and hedging of counterparty credit risk and funding in absence of hedging

possibilities against the default of the bank or the counterparty. We tackle the market incompleteness

due to the presence of possible defaults with the well-known local risk-minimization approach extended

to a multi-curve setting. We describe the optimal strategy via the solution of a BSDE and use this

result to derive a decomposition of the price in terms of value adjustments.

The 2007-2009 financial crisis provided the motivation for a critical review of several assumptions

regarding the valuation of financial products. According to the market practice and the academic

literature the value of a product should account for the possibility of default of any agent involved in

the transaction. The presence of multiple interest rate curves for funding also represents a significant

shift with respect to a classical single-curve asset pricing theory. Such aspects are captured by value

adjustments (xVA), which are added or subtracted to an idealized reference price, in order to account

for the aforementioned frictions. The first contribution on counterparty risk is Duffie & Huang (1996).

Before the 2007–2009 financial crisis, Brigo & Masetti (2005) and Cherubini (2005) studied the credit

value adjustment (CVA). Subsequently, a debt value adjustment (DVA) was introduced in order to

account for the default of the trader in, among others, Brigo et al. (2011) and Brigo et al. (2014).

By funding costs/multiple curves we mean that nowadays it is recognized, in line with realistic market

conditions, that the trader can fund her trading activity by means of a multitude of sources of funding

involving different interest rates. In a Black-Scholes economy without default risk Piterbarg (2010)

provides valuation formulas in presence or absence of collateral agreements, introducing the so-called

funding value adjustment (FVA). Such results are generalized in Bielecki & Rutkowski (2015) and,

in a cross currency setting in Fujii et al. (2010), Fujii et al. (2011), and Gnoatto & Seiffert (2021).

Further discussions on the FVA are Pallavicini et al. (2011) and Brigo & Pallavicini (2014) where the

role of central counterparties is discussed as well.

Funding and counterparty risk have been simultaneously considered afterwards, giving rise to the so-

called xVAs, where the x represents a placeholder for different valuation adjustments. In a series of

papers, Burgard and Kjaer generalize the classical Black-Scholes replication approach to include many
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effects, see Burgard & Kjaer (2011) and Burgard & Kjaer (2013). However, their results are based

on replication arguments. The discounting approach of Brigo and co-authors does not assume market

completeness, see Brigo et al. (2019), Brigo et al. (2022) and, for a mathematical formalization of the

involved pricing equations Brigo et al. (2024). The inclusion of xVAs results in general in non-linear

pricing equations satisfying backward stochastic differential equations (BSDEs). Such an approach is

studied in Crépey (2015a), Crépey (2015b), Bichuch et al. (2018), Bichuch et al. (2020) and Biagini

et al. (2021).

In practice it is usually not possible to hedge against the default of the bank or the counterparty.

However, the vast majority of the literature assumes a complete market setting. This is particulary

evident in the initial contributions of Burgard and Kjaer, focusing on extensions of the classical Black-

Scholes-type replication argument. In concrete terms, computing e.g. CVA under market completeness

is based on the assumption that there exists some traded asset such as a corporate bond or a CDS,

such that the trading desk can hedge the jump to default of the counterparty. This assumption is

justified only for a very limited set of bigger corporates. For most counterparties instead there are

no hedging instruments against the jump to default. This has led to the introduction of different

methodologies for the construction of artificial term structure of risk neutral default probabilities, for

example Epperlein et al. (2013) or even the application of historical default probabilities. However

such approaches do not offer any protection against default events.

Regarding the hedging of the bank’s default this is also problematic from a practical point of view:

in concrete cases banks have been proxy-hedging their DVA by trading the CDS of peers i.e. of other

investment banks. Such a practice can lead to an approximate hedge before default but does not offer

protection against the jump to default. For a bank, buying protection on her own default could even

be prohibited under certain jurisdictions.

Looking again at the existing literature, the aforementioned discounting approach of Brigo does not

require market completeness: only the martingale property of certain cumulative discounted cashflows

is postulated. A similar route that does not postulate replication has been followed by Crépey and co-

authors from 2017 onward. In a series of papers, an analysis of xVA from the point of view of a stylized

model of the balance sheet of the bank has been proposed in Albanese et al. (2017) Albanese et al.

(2021) Crépey et al. (2020) Crépey (2022). An interesting approach based on local risk-minimization,

limited to CVA, is performed in Bo & Ceci (2020).

To summarize, default risk is in general difficult to hedge in concrete settings, up to the point where

counterparty credit risk is essentially similar to an actuarial risk that is warehoused by the bank, in a

fashion similar to an insurance company: the CVA is charged as an insurance policy premium to the

counterparty and the default events erode a risk margin.

In this paper we study xVA valuation under market incompleteness by means of the local risk-

minimization approach. The first study applying local risk-minimization to counterparty risk is Bo &

Ceci (2020), however the study is limited to CVA in a single curve framework. In our approach, we ob-

tain a pricing-hedging BSDE in a full multiple-curve setting with realistic collateral specifications and

bank defaultability, thus providing a full xVA framework. The system of possibly high-dimensional

BSDEs we obtain is amenable to numerical treatment by means of deep learning-based approaches, see

Han et al. (2018), E et al. (2017), Gnoatto et al. (2023) and Gnoatto et al. (2024). While in the present

paper we consider the pricing of a single contingent claim, our approach can be readily extended to

account for the presence of a portfolio of derivatives between the bank and the counterparty, as done

in Biagini et al. (2021), where xVA under arbitrary aggregation levels (margin sets and netting sets)

is analyzed. Our xVA metrics consider only two agents, the bank and the counterparty, in line with,
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among others, Bichuch et al. (2018) or Brigo et al. (2024) and the current market practice. We deliber-

ately adopt the perspective of a ring-fenced trading desk pricing a transaction at the netting-set level

with a specific counterparty. We acknowledge the ongoing debate in the literature regarding whether

valuation adjustments should be evaluated at the level of the bank’s entire portfolio to account for

embedded nonlinearities or wealth transfers between shareholders and bondholders as in Andersen

et al. (2019). A fully holistic approach requires modeling the bank’s central treasury explicitly, ac-

counting for the Treasury CVA and Treasury DVA incurred when borrowing externally to fund the

trading desk. Depending on the treasury’s net funding position, these treasury-level adjustments can

offset the trading desk’s DVA or reclassify it as a pure funding benefit. However, incorporating these

macro-level treasury dynamics and global debt networks shifts the focus from pricing a bilateral de-

rivative to solving a corporate finance and capital allocation problem. Because our primary objective

is to isolate and manage the unhedgeable risk of counterparty and bank default jumps, we restrict our

scope to the bilateral netting set. This reflects the market reality that a counterparty’s xVA charge

cannot depend on the bank’s opaque, firm-wide netting sets with third parties.

The paper is outlined as follows: in Section 2 we introduce the financial setting. Here we make the

explicit choice of presenting a canonical complete financial market model in the multiple curve setting

in order to isolate the fact that incompleteness is introduced only by means of the default events.

Section 3 presents local risk-minimization in the multiple curve setting as a tool to solve the pricing

problem, whereas Section 4 connects local risk-minimization to BSDEs and derives our all-inclusive

price decomposition in terms of an idealized clean price and valuation adjustments. Section 6 finally

provides a tentative definition of KVA arising from our approach.

2. The financial setting

We fix a time horizon T <∞ for the trading activity. We consider two agents named the bank (B) and

the counterparty (C). Unless otherwise stated, throughout the paper we assume the bank’s perspective

and refer to the bank as the hedger. All processes are modeled over a probability space (Ω,G,P).

Let W f = (W f
t )t∈[0,T ] be a d-dimensional Brownian motion on (Ω,G,P) and F = (Ft)t∈[0,T ] its natural

filtration. We denote by τB, respectively by τC , the time of default of the bank, respectively of the

counterparty, and by Hj = (Hj
t )t∈[0,T ] with Hj

t := 1{τ j≤t}, j ∈ {B,C}, the associated jump process.

Let Hj = (Hj
t )t∈ [0,T ], j ∈ {B,C}, be the natural filtration of HB, HC , respectively. On (Ω,G,P) we

consider the filtration G = (Gt)t∈[0,T ] given by

Gt = Ft ∨HB
t ∨HC

t , t ∈ [0, T ],

and set G := GT . All filtrations are required to satisfy the usual hypotheses of completeness and

right-continuity. Let

F j
t := P(τ j ≤ t|Ft), t ∈ [0, T ], j ∈ {B,C},

be the conditional distribution function of the default time τ j with F j
t < 1 for j ∈ {B,C} and

t ∈ [0, T ]. The associated hazard process Γj = (Γj
t )t∈[0,T ] of τ j under P is defined by

Γj
t := − ln

(
1 − F j

t

)
, t ∈ [0, T ], j ∈ {B,C}.

In particular, we assume that the hazard process Γj admits the following presentation

Γj
t =

∫ t

0
λjsds, t ∈ [0, T ], j ∈ {B,C},
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where λj = (λjt )t∈[0,T ] is an F-adapted, non-negative bounded process. Note that this guarantees that

the F-hazard process Γj is continuous and increasing and τ j is a G-stopping time. Furthermore, τB

and τC are assumed to satisfy P(τB = τC) = 0 and we introduce the first default time τ by

(2.1) τ := τB ∧ τC .

In the present paper we will make use of the so-called Immersion Hypothesis.

Hypothesis 2.1. Any (F,P)-martingale is a (G,P)-martingale.

Remark 2.2. For j ∈ {B,C} the process M j = (M j
t )t∈[0,T ] defined by

(2.2) M j
t := Hj

t − Γj
t∧τ j = Hj

t −
∫ t

0
λ̃judu, t ∈ [0, T ],

with λ̃ju := λju1{τ j≥u} for u ∈ [0, T ], is a (G,P)-martingale, see Lemma 9.1.1 in Bielecki & Rutkowski

(2004). Furthermore, in this framework the predictable representation property in G holds with respect

to W f ,MB,MC , see Corollary 5.2.4 in Bielecki & Rutkowski (2015). Moreover, by Hypothesis 2.1

W f is a G-martingale and by the optional stopping and Lévy’s theorem we conclude that W τ,f is a

Brownian motion on [0, τ ∧ T ].

Before presenting the market model in detail, we introduce some notation used throughout the paper.

Notation 2.3. (i) We denote by L2(FT ,P) the space of all FT -measurable random variables Y

such that EP
[
|Y |2

]
<∞.

(ii) We denote by L2(F,P) the space of all right-continuous, F-adapted, R-valued processes Y =

(Yt)t∈[0,T ], such that Yt ∈ L2(Ft,P) for all t ∈ [0, T ].

(iii) We denote by S2(F,P) the space of all R-valued square-integrable (F,P)-semimartingales Y =

(Yt)t∈[0,T ] that can be decomposed as follows

Yt = Y0 +MY
t +AY

t , t ∈ [0, T ],(2.3)

where Y0 ∈ R, MY = (MY
t )t∈[0,T ] is an R-valued, square-integrable (F,P)-martingale and

AY = (AY
t )t∈[0,T ] is an R-valued, F-predictable process of finite variation such that MY

0 =

AY
0 = 0. The corresponding space of Rd-valued semimartingales is denoted by S2

d(F,P).

The spaces L2(GT ,P), L2(G,P) and S2
d(G,P) are defined analogously, but with respect to GT and G.

2.1. Traded assets. For d ≥ 1, we denote by Si = (Si
t)t∈[0,T ], i = 1, . . . , d, the ex-dividend price (i.e.

the price) of the risky asset i, which is assumed to satisfy the following dynamicsdSi
t = Si

t

(
µi(t, St)dt+ σi(t, St)dW

f,i
t

)
Si
0 = si0 > 0

(2.4)

on [0, T ] with

µi :
(

[0, T ] × Rd,B
(

[0, T ] × Rd
))

→ (R,B(R)) ,

σi :
(

[0, T ] × Rd,B
(

[0, T ] × Rd
))

→ (R+,B(R+))

with σi ̸= 0 for i = 1, ..., d, and such that there exists a unique strong solution of (2.4). As we consider

an incomplete market model we do not assume that there exist risky bonds issued by the bank or the

counterparty, which would allow to hedge the jump to default.

In the following, we assume the existence of an indexed finite family of cash accounts (Bx)x∈I , where



INCOMPLETENESS AND XVA 5

the stochastic process rx = (rxt )t∈[0,T ] is bounded and F-adapted for all x ∈ I. In particular, we

assume that there exists a constant Kr > 0 such that for all x ∈ I

|rx| ≤ Kr P-a.s.(2.5)

Note that we can always define such a constant Kr as the supremum over the absolute value of all upper

and lower bounds for rx with x ∈ I. Moreover, in the following we denote by C(Kr) > 0 a generic

constant depending on Kr. The set of indices I embodies the type of agreement the counterparties

establish in order to mitigate the counterparty credit risk. We will specify the characteristics of the

aforementioned indices later on.

All cash accounts, with unitary value at time 0, are assumed to be strictly positive continuous processes

of finite variation of the form

Bx
t := e

∫ t
0 rxs ds, t ∈ [0, T ], x ∈ I.(2.6)

2.2. Repo-trading. In line with the existing literature, we assume that the trading activity on the

risky assets S, introduced in Subsection 2.1, is collateralized. This means that borrowing and lending

activities related to risky securities are financed via security lending or repo market, see Bichuch et al.

(2018). To model this market we introduce for every risky asset Si, i = 1, ..., d, a repo account

Bi = (Bi
t)t∈[0,T ] such that

(2.7) dBi
t = ritB

i
tdt, t ∈ [0, T ],

where ri = (rit)t∈[0,T ] denotes the repo rate for account i. Since transactions on the repo market are

collateralized by the risky assets, repo rates are lower than unsecured funding rates. As argued in

Crépey (2015a), assuming that all assets are traded via repo markets is not restrictive. In the setting

of this paper we always assume that the transactions are fully collateralized, i.e. that

ξitS
i
t + ψi

tB
i
t = 0, t ∈ [0, T ], i = 1, ..., d,(2.8)

where ξi and ψi denote the number of shares invested in the risky asset Si and the repo account Bi,

respectively. We refer to (2.8) as the repo-trading constraint.

It is worth noting that ξit, i = 1, . . . , d, may be either positive or negative. Here ξit > 0 means that we

are in a long position, which has to be financed by collateralization. On the other hand, ξit < 0 implies

that the i-th asset is shorted, so that the whole amount of collateral is deposited in the riskless asset.

2.3. Market model. From now on, we assume for the market model (S1, ..., Sd, B1, ..., Bd) that for

every i = 1, ..., d there exists a uniform constant Ki > 0 such that for all t ∈ [0, T ]∣∣∣∣µi(t, St) − rit
σi(t, St)

∣∣∣∣ ≤ Ki P-a.s.(2.9)

and

EP

[∫ T

0

(
|µi(u, Su)| +

(
σi(u, Su)

)2)
du

]
<∞.(2.10)

Next, we define the Rd-valued discounted asset price process S̃ = (S̃t)t∈[0,T ] by

S̃i
t :=

Si
t

Bi
t

, t ∈ [0, T ], i = 1, ..., d,(2.11)

which satisfies

dS̃i
t =

1

Bi
t

(
dSi

t − ritS
i
tdt
)

= S̃i
t

((
µi(t, St) − rit

)
dt+ σi(t, St)dW

f,i
t

)
.(2.12)
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For all i = 1, ..., d we choose µi, σi, ri such that S̃ ∈ S2
d(F,P). This means that for all i = 1, ..., d, S̃i

is an R-valued, square-integrable (F,P)-semimartingale with canonical decomposition

S̃i
t = S̃i

0 +M S̃i

t +AS̃i

t = S̃i
0 +

∫ t

0
S̃i
uσ

i(u, Su)dW f,i
u +

∫ t

0
S̃i
u

(
µi(u, Su) − riu

)
du, t ∈ [0, T ],(2.13)

where M S̃i
= (M S̃i

t )t∈[0,T ] is an R-valued, square-integrable (F,P)-martingale and AS̃i
= (AS̃i

t )t∈[0,T ]

is an R-valued, F-predictable finite variation process. By Remark 2.2 and as S̃ ∈ S2
d(F,P) we conclude

that the stopped process S̃τ = (S̃τ∧t)t∈[0,τ∧T ] is an element in S2
d(G,P).

Remark 2.4. Note that it is also possible to weaken the integrability conditions on S̃ by assuming

that S̃ is in the space of all locally square-integrable (F,P)-semimartingales, denoted by S2
loc,d(F,P).

However, to avoid technicalities we work with the space S2
d(F,P).

We denote by P2
F(S̃) the set of all equivalent probability measures Q on (Ω,FT ) such that for all

i = 1, ..., d the process S̃i defined in (2.11) is an (F,Q)-martingale and dQ
dP
∣∣
FT

∈ L2(Ω,FT ). The

conditions in (2.9) and (2.10) guarantee that P2
F(S̃) ̸= ∅.

On (Ω,GT ) we define the probability measure Q by the density process

Zt :=
dQ
dP

∣∣∣∣∣
Gt

= E

(
d∑

i=1

∫ ·

0
−µ

i(u, Su) − riu
σi(u, Su)

dW f,i
u

)
t

= exp

(
d∑

i=1

∫ t

0

µi(u, Su) − riu
σi(u, Su)

dW f,i
u − 1

2

d∑
i=1

∫ t

0

(
µi(u, Su) − riu
σi(u, Su)

)2

du

)
, t ∈ [0, T ].(2.14)

By (2.9) we obtain that Novikov’s condition holds, i.e.

EP

[
exp

(
1

2

∫ T

0

d∑
i=1

(
µi(u, Su) − riu
σi(u, Su)

)2

du

)]
≤ eTd(maxi=1,...,d K2

i ) <∞,

and thus Z is a positive (G,P)-martingale. As Z is F-adapted, Z is also a (F,P)-martingale.

Moreover, Z ∈ L2(F,P) ⊆ L2(G,P), as by (2.9) we have that

EP
[
|Zt|2

]
≤ d max

i=1,...,d
Ki, t ∈ [0, T ](2.15)

see e.g. Proposition 2.5.1 in Delong (2017). Moreover, Q is the minimal martingale measure1 for S,

see e.g. Schweizer (2001).

Remark 2.5. Condition (2.9) guarantees the existence of the minimal martingale measure for S. Fur-

thermore, it also establishes the existence and uniqueness of a BSDE later on, see Theorem 4.2.

2.4. Funding. Within the bank, the trading desk borrows and lends money from/to the treasury

desk. For simplicity, we assume that the borrowing and lending rates do not differ, i.e. the rate at

which the trading desk borrows from and lends to the treasury desk are the same and this rate is

denoted by rf = (rft )t∈[0,T ] and the associated treasury account by Bf = (Bf
t )t∈[0,T ] with

dBf
t = rft B

f
t dt, t ∈ [0, T ].

1A martingale measure for S̃, denoted by Q, which is equivalent to P such that dQ
dP ∈ L2(GT ,P) is called minimal for

S̃ if any square-integrable (G,P)-martingale, which is strongly orthogonal to the martingale part of S̃ under P is also a
(G,Q)-martingale.
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As we will discount also with the treasury account Bf we define the following Rd-valued process

X = (Xt)t∈[0,T ] by

(2.16) Xi
t :=

∫ t

0

Bi
u

Bf
u

dS̃i
u, t ∈ [0, T ], i = 1, ..., d,

which is continuous and in the space S2
d(F,P). This follows as S̃ ∈ S2

d(F,P) and thus for every i = 1, ..., d

we have

EP

[∫ T

0

(
Bi

u

Bf
u

)2

d⟨M S̃i⟩u +

(∫ T

0

∣∣∣∣Bi
u

Bf
u

dAS̃i

u

∣∣∣∣)2
]

= EP

[∫ T

0

(
Bi

u

Bf
u

)2 (
S̃i
uσ

i(u, Su)
)2
du+

(∫ T

0

∣∣∣∣Bi
u

Bf
u

S̃i
u

(
µi(u, Su) − riu

)
du

∣∣∣∣)2
]

≤ C(Kr)EP

[∫ T

0

(
S̃i
uσ

i(u, Su)
)2
du+

(∫ T

0

∣∣∣S̃i
u

(
µi(u, Su) − riu

)
du
∣∣∣)2
]
<∞,

where we use (2.5).

For i = 1, ..., d the dynamics of the stopped process Xτ,i are given by

Xτ,i
t = Xi

0 +AXτ,i

t +MXτ,i

t

= Xi
0 +

∫ t

0

Sτ,i
u

Bf
u

(
µi(u, Sτ

u) − riu
)
du+

∫ t

0

Sτ,i
u

Bf
u

σi(u, Sτ
u)dW τ,f,i

u , t ∈ [0, τ ∧ T ].(2.17)

As X is an element in S2
d(F,P) it follows by Remark 2.2 and as X ∈ S2

d(F,P) that the stopped process

Xτ = (Xτ∧t)t∈[0,τ∧T ] is an element in S2
d(G,P).

2.5. Financial contract and collateralization. In the following, we assume that the bank enters

into an over-the-counter derivative contract at time 0 with a counterparty in the market.

Definition 2.6. The payment stream of a non-defaultable and uncollateralized financial contract is

represented by an F-adapted càdlàg process of finite variation A = (At)t∈ [0,T ].

We use the notation ∆At := At −At− for the jumps of A. Note that Aτ− represents the last payment

before default, see also Brigo & Morini (2010).

The cash flow of A does not take into account the risk factors resulting from collateralization and the

possible default of the bank or the counterparty.

For what concerns financial contracts, collateralization is a method to minimize losses due to default

of the counterparty by using margins. In the financial jargon, a margin represents an economic value,

either in the form of cash or risky securities, exchanged between the counterparties of a financial

transaction, in order to reduce their risk exposures. To keep the notation simple we do not distinguish

between initial margin and collateral (or variation margin). This means that the collateral process

C = (Ct)t∈[0,T ] represents the overall collateralization. For a detailed study of the two different margins

we refer to Biagini et al. (2021).

A collateral is posted between the bank and the counterparty to mitigate counterparty risk. The

collateral process C is assumed to be F-adapted. We follow the convention of Brigo et al. (2022):

• If Ct < 0, we say that the bank is the collateral provider. It means that the counterparty

measures a positive exposure towards the bank, so it is a potential lender to the bank, hence

the bank provides/lends collateral to reduce its exposure. The bank is remunerated at interest

rate rc,l = (rc,lt )t∈[0,T ].
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• If Ct > 0, we say that the bank is the collateral taker. It means that the bank measures a

positive exposure towards the counterparty, so it is a potential lender to the counterparty,

hence the counterparty provides/lends collateral to reduce its exposure. In this case, the bank

has to pay instantaneous interest rate rc,b = (rc,bt )t∈[0,T ].

In this case, the effective collateral accrual rate r̄c = (r̄ct )t∈[0,T ] equals

r̄ct := rc,lt 1{Ct<0} + rc,bt 1{Ct≥0}, t ∈ [0, T ].

If there is a collateral agreement (or a multitude of agreements) between the bank and the counterparty,

in evaluating portfolio dynamics we need to make a distinction between the value of the portfolio and

the wealth of the bank, the two concepts being distinguished since the bank is not the legal owner of

the collateral (prior to default).

In this paper collateral is always posted in the form of cash, in line with standard current market

practice. Moreover, we assume rehypothecation, meaning that the holder of collateral can use the cash

to finance her trading activity. This is the opposite of segregation, where the received cash collateral

must be kept in a separate account and cannot be used to finance the purchase of assets.

We simply set r̄c = rc,l = rc,b in case there is no bid-offer spread in the collateral rate. Possible

choices for the collateral rate are e.g. eSTR for EUR trades, SOFR for USD and SONIA for GBP

trades. Such rates are overnight rates with a negligible embedded risk component. The choice of

such approximately risk-free rates as collateral rates is motivated by market consensus. However,

two counterparties might enter a collateral agreement that involves a remuneration of collateral at

any other risky rate of their choice. Here we do not assume any requirements on collateral rates.

This allows us to cover the quite common situation where the collateral rate agreed between the two

counterparties in the CSA is defined by including a real valued spread over some market publicly

observed rate, e.g. eSTR −50 bps, where bps stands for basis points.

In case of default, cashflows are exchanged between the surviving agent and the liquidators of the

defaulted agent. Here we use the term agent as a placeholder for the bank or for the counterparty.

Due to the exchange of cashflows at default time, agents need to perform a valuation of the position

at a random time represented by the close-out condition, see Bichuch et al. (2018) Section 3.4. The

object of the analysis can be the value in the absence of counterparty risk (referred to in the literature

as risk-free close-out) or the value of the trade including the price adjustments due to counterparty

risk and funding (risky close-out), see e.g. Brigo & Morini (2010). A risky close-out condition guar-

antees that the surviving counterparty can ideally fully substitute the transaction with a new trade

entered with another counterparty with the same credit quality. This comes at the price of a signifi-

cant increase of the complexity of the valuation equations. Current market practice and the existing

literature mainly focus on the case of risk-free close-out value.

We now introduce an auxiliary artificial interest rate process r = (rt)t∈[0,T ] which is assumed to be

right-continuous, F-adapted and bounded, i.e. (2.5) holds. The associated bank account is denoted

by Br = (Br
t )t∈[0,T ]. Following the approach of Biagini et al. (2021), we now introduce the definition

of the clean value and choose the minimal measure Q as a reference probability in this setting, as it

refers to the assets only and leaves the dynamics of the process associated to τ unaffected.

Definition 2.7. The clean value process V = (Vt)t∈[0,T ] of a financial contract A is defined by

Vt := EQ

[
−
∫
]t,T ]

Br
t

Br
u

dAu

∣∣∣Ft

]
= EP

[
−
∫
]t,T ]

Zu
Br

t

Br
u

1

Zt
dAu

∣∣∣Ft

]
, t ∈ [0, T ].
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The close-out valuation process Q = (Qt)t∈[0,T ] of the financial contract A is defined by

Qt := EQ

[∫
[t,T ]

Br
t

Br
u

dAu

∣∣∣Ft

]
= EP

[∫
[t,T ]

Zu
Br

t

Br
u

1

Zt
dAu

∣∣∣Ft

]
= −Vt + ∆At, t ∈ [0, T ].

Remark 2.8. (i) Note that it holds for t ∈ [0, T ]

Vt = EP

[
−
∫
]t,T ]

Zu
Br

t

Br
u

1

Zt
dAu

∣∣∣Gt

]
and Qt = EP

[∫
[t,T ]

Zu
Br

t

Br
u

1

Zt
dAu

∣∣∣Gt

]
.(2.18)

This follows directly by Hypothesis 2.1 and as
∫
[t,T ] Zu

Br
t

Br
u

1
Zt
dAu is FT -measurable, see e.g.

Lemma 3.2.1 in Bielecki et al. (2009).

(ii) On the event {τ ≤ T} we have

Qτ = EP

[∫
[τ,T ]

Zu
Br

τ

Br
u

1

Zτ
dAu

∣∣∣Gτ

]
= −Vτ + ∆Aτ = −Vτ ,(2.19)

where we use (2.18) and that ∆Aτ = 0 by Lemma 2.1 in Crépey (2015b).

In the intensity-based setting of this paper, ∆Aτ = 0. This would be restrictive in situations where

the link between credit exposures and default probabilities, known in practice as wrong-way risk, is

significant. An example of such situation would be the pricing of xVA for credit derivatives. This

problem has already been addressed in the literature via a variety of approaches: Brigo & Vrins

(2018) tackle wrong-way risk by means of measure change techniques, while Jeanblanc & Vrins (2018),

Vrins (2026) consider models where the Azéma supermartingale features a martingale part. This last

approach is explicitly linked in Vrins (2026) to the dynamic copula models used in Crépey & Song

(2016). However, the main purpose of our article is to study the impact of market incompleteness

due to the fact that hedging instruments against the jump to default do not exist in practice in most

cases, and for this purpose it is sufficient to use the standard reduced-form approach.

We set Ct := g(Vt), t ∈ [0, T ], where g : R → R is a Lipschitz function, which allows to cover realistic

collateral specifications, see e.g. Lichters et al. (2015) and Ballotta et al. (2019). Moreover, note that

Cτ∧T = CT1{τ>T} + Cτ1{τ≤T} = CT1{τ>T} + Cτ−1{τ≤T},(2.20)

as the collateral is not updated at the time of default.

Next, we provide the definition of a defaultable, collateralized contract.

Definition 2.9. A defaultable, collateralized contract (A,R,C, τ) is a contract with the promised

cashflow process A, collateral account C, and a close-out payoff ϑτ (R,C) occurring at the first default

time τ given by

ϑτ (R,C) := Rτ + Cτ−,(2.21)

where the recovery payoff Rτ is defined on the event {τ ≤ T} by

(2.22) Rτ := 1{τC<τB}(R
CY+ − Y−) + 1{τB<τC}(Y+ −RBY−),

with Y := Qτ −Cτ− and the recovery rates 0 < Rj < 1, j ∈ {B,C}, of the bank and the counterparty,

respectively. Equation (2.21) is known as close-out condition.

Note that we assume the recovery rates to be constant. However this can be extended to the more

general case of stochastic rates by imposing some additional measurability and integrability conditions

so that the following results continue to hold.
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Remark 2.10. We can rewrite the close-out condition ϑτ (R,C) in Definition 2.21 with Y = Qτ − Cτ−

as follows

ϑτ (R,C) = Rτ + Cτ−

= 1{τC<τB}(R
CY+ − Y−) + 1{τB<τC}(Y+ −RBY−) + Cτ−

= 1{τC<τB}(R
CY+ + Y − Y+) + 1{τB<τC}(Y + Y− −RBY−) + Cτ−

= −1{τC<τB}(1 −RC)Y+ + 1{τB<τC}(1 −RB)Y− + Y
(
1{τC<τB} + 1{τB<τC}

)
+ Cτ−

= −1{τC<τB}(1 −RC)(Qτ − Cτ−)+ + 1{τB<τC}(1 −RB)(Qτ − Cτ−)− +Qτ − Cτ− + Cτ−(2.23)

= Qτ − 1{τC<τB}(1 −RC)(Qτ − Cτ−)+ + 1{τB<τC}(1 −RB)(Qτ − Cτ−)−,(2.24)

where we use in (2.23) that P(τB = τC) = 0 and thus 1{τC<τB} + 1{τB<τC} = 1 P-a.s.

The cashflow process associated to a defaultable, collateralized contract (A,R,C, τ), denoted by

AR,C = (AR,C
t )t∈[0,τ∧T ], is given by

AR,C
t := AC

t + 1{t≥τ}Rτ , t ∈ [0, τ ∧ T ],(2.25)

with

AC
t = 1{t<τ}At + 1{t≥τ}Aτ− + 1{t<τ}Ct + 1{t≥τ}Cτ− −

∫ τ∧t

0
r̄cuCudu, t ∈ [0, τ ∧ T ],(2.26)

and the recovery payoff Rτ is defined in (2.22).

2.6. Portfolio and value process. We assume that the bank enters in a defaultable, collateralized

contract (A,R,C, τ) at time 0 and invests over the time horizon [0, τ ∧ T ] all its wealth fully collat-

eralized in the risky assets and the treasury account Bf . In particular, the contract A can only be

entered at time 0 and ends at time τ ∧ T.

Definition 2.11. We denote by

φ = (ξ, ψ, ψf ) = (ξt, ψt, ψ
f
t )t∈[0,τ∧T ]

the portfolio/strategy of the bank where

(i) ξ = (ξ1, ..., ξd) is an Rd-valued, G-predictable process, representing the number of basic traded

assets S1, ..., Sd,

(ii) ψ = (ψ1, ..., ψd) is an Rd-valued, G-predictable process, representing the shares of the repo

accounts B1, ..., Bd and ψ is uniquely determined by ξ due to the repo-trading constraint

(2.8),

(iii) ψf is an R-valued, G-adapted process denoting the shares in the treasury account Bf .

Definition 2.12. The value process of a portfolio φ for a defaultable, collateralized contract (A,R,C, τ),

denoted by V p(φ,AR,C) = (V p
t (φ,AR,C))t∈[0,τ∧T ], is given by

(2.27) V p
t (φ,AR,C) := ψf

t B
f
t +

d∑
i=1

(
ψi
tB

i
t + ξitS

i
t

)
= ψf

t B
f
t , t ∈ [0, τ ∧ T ],

where we use the repo-trading constraint in (2.8).

Note that while the value process V p(φ,AR,C) does not depend on the contract (A,R,C, τ), the dy-

namics of V p(φ,AR,C) do, see also Brigo et al. (2022).
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We now want to hedge a defaultable, collateralized contract (A,R,C, τ) with a suitable strategy

φ.

Definition 2.13. The value process V (φ,AR,C) = (Vt(φ,A
R,C))t∈[0,τ∧T ] of the bank’s wealth associ-

ated to a portfolio φ for a defaultable, collateralized contract (A,R,C, τ) is given on the event {t < τ}
for every t ∈ [0, τ ∧ T ] by

Vt(φ,A
R,C) := V p

t (φ,AR,C) − Ct = V p
t (φ,AC) − Ct,

and on the event {τ ≤ T} by

Vτ (φ,AR,C) := V p
τ (φ,AR,C) = V p

τ (φ,AC) +Rτ .

Remark 2.14. Note that we assumed boundedness for all interest rates for the sake of simplicity

in order to guarantee existence and uniqueness of the BSDEs we are going to consider in the sequel.

Boundedness can be dropped by resorting to the results of e.g. El Karoui & Huang (1997), Yong (2006)

or Gashi & Li (2019). Concerning the deep-learning-based numerical algorithms mentioned in the

Introduction, we remark that boundedness of the interest rates is not necessary to ensure convergence.

For example, if a short rate is modeled by a Vasicek model, the corresponding BSDE generator remains

Lipschitz in the solution variables, but the associated Lipschitz coefficient becomes stochastic rather

than uniformly bounded. Well-posedness and continuous dependence for BSDEs under stochastic

Lipschitz conditions are available under suitable integrability assumptions; see Li et al. (2023). This

suggests a natural localization procedure. More precisely, for rx,Nt := (−N) ∨ rxt ∧ N , the BSDE

corresponding to the truncated rate rx,N has a uniformly bounded rate-dependent Lipschitz coefficient

and, subject to the remaining assumptions, falls within the uniformly Lipschitz setting covered by

existing convergence results for deep BSDE schemes, such as Han & Long (2020). The general stability

results of Papapantoleon et al. (2023) then provide a framework, under suitable convergence and

integrability conditions, for passing from the localized BSDEs to the original stochastic-Lipschitz

BSDE asN → ∞. In this way, the numerical error can be separated into the deep BSDE approximation

error for the localized problem and the localization error controlled by BSDE stability.

3. Local risk-minimization in a multi-curve setting

Our goal is to address the market incompleteness due to the presence of possible defaults via local

risk-minimization extended to a multi-curve setting. According to this approach, also in the case of

an incomplete market a contingent claim or a payment stream is perfectly replicated via a portfolio

admitting a cost. In the sequel we define the cost process of a financial contract A, which is then used

to introduce the definition of a locally risk-minimizing strategy and a Föllmer-Schweizer decomposition

in the presence of multi-curves. We then link the existence of a locally risk-minimizing strategy to a

Föllmer-Schweizer decomposition.

3.1. Locally risk-minimizing strategies and Föllmer-Schweizer decomposition in a multi-

curve setting. Before providing the definition of a pseudo-locally risk-minimizing strategy in this

setting we introduce some further notation.

Notation 3.1. (i) We denote by ΘG,τ
X the space of all Rd-valued, G-predictable processes ξ =

(ξt)t∈[0,τ∧T ] such that for all i = 1, ..., d the integral
∫ ·∧τ
0 ξiu

Bi
u

Bf
u
dS̃i

u is well-defined and in

S2
d(G,P). Equivalently, ΘG,τ

X contains all Rd-valued, G-predictable processes ξ = (ξt)t∈[0,τ∧T ]
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such that

EP

[∫ τ∧T

0
ξ⊤u d⟨MX⟩uξu +

(∫ τ∧T

0

∣∣∣ξ⊤u dAX
u

∣∣∣)2
]
<∞.(3.1)

(ii) ΘF,τ
X is the space of all Rd-valued, F-predictable processes ξ = (ξt)t∈[0,τ∧T ] such that (3.1)

holds.

Locally risk-minimizing strategies are not self-financing. However, we rely on Definition 7 in Brigo

et al. (2022) of a self-financing strategy to define the cost process.

Definition 3.2. We say that a trading strategy φ = (ξ, ψ, ψf ) with ξ ∈ ΘG,τ
X is a self-financing strategy

inclusive of a defaultable, collateralized contract (A,R,C, τ), if the value process V p
t (φ,AR,C) = ψf

t B
f
t

satisfies on [0, τ ∧ T ]

dV p
t (φ,AR,C) = ψf

t dB
f
t +

d∑
i=1

(
ψi
tdB

i
t + ξitdS

i
t

)
+ dAR,C

t .(3.2)

For a self-financing strategy φ inclusive of a defaultable, collateralized contract (A,R,C, τ) it holds

dV p
t (φ,AR,C) = ψf

t dB
f
t +

d∑
i=1

(
ψi
tdB

i
t + ξitdS

i
t

)
+ dAR,C

t(3.3)

= ψf
t dB

f
t −

d∑
i=1

ξitS
i
t(B

i
t)

−1dBi
t +

d∑
i=1

ξitdS
i
t + dAR,C

t ,(3.4)

= ψf
t B

f
t

dBf
t

Bf
t

+

d∑
i=1

ξitB
i
t

1

Bi
t

(
dSi

t − ritS
i
tdt
)

+ dAR,C
t ,(3.5)

= V p
t (φ,AR,C)rft dt+

d∑
i=1

ξitB
i
tdS̃

i
t + dAR,C

t ,(3.6)

where we use the repo-trading constraint ψi
t = −(Bi

t)
−1ξitS

i
t in (3.4). Moreover, (3.5) follows by (2.12).

In (3.6) we use that V p(φ,AR,C) satisfies (2.27) and dBf
t = rft B

f
t dt. By setting

Ṽ p
t (φ,AR,C) :=

V p
t (φ,AR,C)

Bf
t

, t ∈ [0, τ ∧ T ],(3.7)

we conclude with (3.6)

dṼ p
t (φ,AR,C) =

1

Bf
t

dV p
t (φ,AR,C) − V p

t (φ,AR,C)

Bf
t

rft dt

=
1

Bf
t

(
V p
t (φ,AR,C)rft dt+

d∑
i=1

ξitB
i
tdS̃

i
t + dAR,C

t

)
− V p

t (φ,AR,C)

Bf
t

rft dt

=
1

Bf
t

(
d∑

i=1

ξitB
i
tdS̃

i
t + dAR,C

t

)
.(3.8)

This motivates the following definition of the cost process of a portfolio.

Definition 3.3. Let (
∫ t
0

1

Bf
u
dAR,C

u )t∈[0,τ∧T ] ∈ L2(G,P). The cost process of a portfolio φ = (ξ, ψ, ψf )

with ξ ∈ ΘG,τ
X for a defaultable, collateralized contract (A,R,C, τ), denoted by Cφ,AR,C

= (Cφ,AR,C

t )t∈[0,τ∧T ],
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is given by

Cφ,AR,C

t := −
∫ t

0

1

Bf
u

dAR,C
u + Ṽ p

t (φ,AR,C) −
d∑

i=1

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u , t ∈ [0, τ ∧ T ].(3.9)

In the previous definition we make use of a slight abuse of notation by stating (
∫ t
0

1

Bf
u
dAR,C

u )t∈[0,τ∧T ] ∈
L2(G,P), as processes in L2(G,P) are defined on [0, T ] and not on [0, τ ∧ T ].

Remark 3.4. (i) Note that ξ ∈ ΘG,τ
X guarantees that the stochastic integrals in (3.9) with respect

to S̃τ,i are well-defined.

(ii) By Theorem 3 in Chapter VIII in Dellacherie & Meyer (1982) for ξ ∈ ΘF,τ
X and ξ ∈ ΘG,τ

X it

holds

(3.10)

∫ t∧τ

0
ξiu
Bi

u

Bf
u

dS̃i
u =

∫ t

0
1{u≤τ}ξ

i
u

Bi
u

Bf
u

dS̃i
u =

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u , t ∈ [0, T ], i = 1, ..., d.

In general, we assume that the bank invests in the risky assets, repo accounts and the treasury account

according to the information available on the financial market and the occurrence of the defaults, i.e.

ξ is G-predictable and ψf is G-adapted.

Definition 3.5. (i) An L2
G-strategy for a defaultable, collateralized contract (A,R,C, τ) is a

portfolio φ = (ξ, ψ, ψf ) such that ξ ∈ ΘG,τ
X , ψ determined by the repo-trading constraint (2.8)

and ψf is an R-valued, G-adapted process such that the discounted value process Ṽ (φ,AR,C)

of the bank’s wealth in (3.7) is right-continuous and square-integrable on [0, τ ∧ T ].

(ii) An L2
G-strategy for a defaultable, collateralized contract (A,R,C, τ), denoted by φ, is called

pseudo-locally risk-minimizing, if φ

• is 0-achieving, i.e. Ṽτ∧T (φ,AR,C) = 0 P-a.s.,
• is mean-self-financing for (A,R,C, τ), i.e. the cost process Cφ,AR,C

in (3.9) is a (G,P)-

martingale, (which is then also square-integrable),

• Cφ,AR,C
in (3.9) is strongly orthogonal2 to the martingale part of Xτ .

(iii) Analogously, we define a pseudo-locally risk-minimizing L2
F-strategy φ = (ξ, ψ, ψf ) by substi-

tuting ξ ∈ ΘG,τ
X by ξ ∈ ΘF,τ

X in the definitions.

Remark 3.6. By Theorem 1.6 in Schweizer (2001) the definitions of a pseudo-locally risk-minimizing

L2
G-strategy and of a locally risk-minimizing L2

G-strategy are equivalent, see Definition 1.5 in Schweizer

(2001), if Xτ is continuous, satisfies the structure condition and the associated mean-variance tradeoff

process is also continuous, see Appendix A. In particular, as these conditions are satisfied in our

setting, see Proposition 3.9, we refer to a pseudo-locally risk-minimizing L2
G-strategy as locally risk-

minimizing, to avoid the introduction of the very technical definition of the latter one.

We introduce the notation L = (Lt)t∈[0,τ∧T ] for the payment stream

Lt :=

∫ t

0

1

Bf
u

dAR,C
u − Ct

Bf
t

1{t<τ} +
Rτ

Bf
τ

1{t≥τ},(3.11)

and assume from now on that L ∈ L2(G,P).

Our aim is to link the existence of a locally risk-minimizing L2
G-strategy for a defaultable collateralized

contract (A,R,C, τ) to the existence of a (stopped) Föllmer-Schweizer decomposition of the random

variable Lτ∧T in (3.11). In the following, we denote by M2
0(G,P) the space of all right-continuous

square-integrable (G,P)-martingales M = (Mt)t∈[0,τ∧T ] with M0 = 0.

2i.e. for all i = 1, ..., d the quadratic variation process
〈
Cφ,AR,C

,MXτ,i
〉
is equal to 0 P-a.s. Note that Xτ ∈ S2

d(G,P).
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Definition 3.7. The random variable Lτ∧T in (3.11) admits a (stopped) G-Föllmer-Schweizer de-

composition if it can be written as

−Lτ∧T = h0 +

d∑
i=1

∫ T

0
ξL,iu

Bi
u

Bf
u

dS̃τ,i
u +HL

τ∧T P-a.s.,(3.12)

where h0 ∈ R, ξL ∈ ΘG,τ
X , HL = (HL

t )t∈[0,τ∧T ] ∈ M2
0(G,P) and is strongly orthogonal to the martingale

component of Xτ . If we find a decomposition of Lτ∧T as in (3.12) with ξL ∈ ΘF,τ
X , then it is called a

(stopped) F-Föllmer-Schweizer decomposition.

Proposition 3.8. The defaultable, collateralized contract (A,R,C, τ) admits a locally risk-minimizing

L2
G-strategy φ = (ξ, ψ, ψf ) if and only if the random variable Lτ∧T in (3.11) admits a G-Föllmer-

Schweizer decomposition as in Definition 3.7. In that case φ = (ξ, ψ, ψf ) is given by

ξt = ξLt , ψi
t = −ξ

L,i
t Si

t

Bi
t

, t ∈ [0, τ ∧ T ], i = 1, ..., d,(3.13)

ψf
t = h0 +

d∑
i=1

∫ t

0
ξL,iu

Bi
u

Bf
u

dS̃τ,i
u +HL

t +

∫ t

0

1

Bf
u

dAR,C
u , t ∈ [0, τ ∧ T ].(3.14)

Proof. Suppose that the random variable Lτ∧T admits a G-Föllmer-Schweizer decomposition as in

Definition 3.7. This means that it can be written as

−Lτ∧T = −
∫ τ∧T

0

1

Bf
u

dAR,C
u +

CT

Bf
T

1{τ>T} −
Rτ

Bf
τ

1{τ≤T} = h0 +
d∑

i=1

∫ T

0
ξL,iu

Bi
u

Bf
u

dS̃τ,i
u +HL

τ∧T P-a.s.,

(3.15)

with h0 ∈ R, ξL ∈ ΘG,τ
X , HL = (HL

t )t∈[0,τ∧T ] ∈ M2
0(G,P) and strongly orthogonal to the martingale

component of Xτ . We now construct a locally risk-minimizing L2
G-strategy φ = (ξ, ψ, ψf ). We set

ξ := ξL and by the repo-trading constraint (2.8) it holds for ψ = (ψ1, ..., ψd)

ψi := −ξ
iSi

Bi
, i = 1, ..., d.

Moreover, we define

ψf
t := h0 +

d∑
i=1

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u +HL

t +

∫ t

0

1

Bf
u

dAR,C
u , t ∈ [0, τ ∧ T ],(3.16)

which is Gt-adapted. Obviously, it holds ξ ∈ ΘG,τ
X . With this choice of φ = (ξ, ψ, ψf ) by (2.27) and

Definition 2.13 it holds ψf
t = Ṽ p

t (φ,AR,C) = Ṽt(φ,A
R,C) + Ct

Bf
t

1{t<τ} − Rτ

Bf
τ
1{t≥τ} and thus

Ṽt(φ,A
R,C) = ψf

t − Ct

Bf
t

1{t<τ} +
Rτ

Bf
τ

1{t≥τ}

= h0 +
d∑

i=1

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u +HL

t +

∫ t

0

1

Bf
u

dAR,C
u − Ct

Bf
t

1{t<τ} +
Rτ

Bf
τ

1{t≥τ}

= h0 +
d∑

i=1

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u +HL

t + Lt,

which is again square-integrable and right-continuous as ξ ∈ ΘG,τ
X , HL = (HL

t )t∈[0,τ∧T ] ∈ M2
0(G,P)

and (Lt)t∈[0,τ∧T ] ∈ L2(G,P). This allows to conclude that φ is a L2
G-strategy. The corresponding cost
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process Cφ,AR,C
of the strategy φ = (ξ, ψ, ψf ) is given for t ∈ [0, τ ∧ T ] by

Cφ,AR,C

t = −
∫ t

0

1

Bf
u

dAR,C
u + Ṽ p

t (φ,AR,C) −
d∑

i=1

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u

= −
∫ t

0

1

Bf
u

dAR,C
u + h0 +

d∑
i=1

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u +HL

t +

∫ t

0

1

Bf
u

dAR,C
u −

d∑
i=1

∫ t

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u

= h0 +HL
t ,

from (3.9). Thus, by the definition of the process HL in the G-Föllmer-Schweizer decomposition the

cost process Cφ,AR,C
belongs to M2

0(G,P) and is strongly orthogonal to the martingale components of

Xτ . Hence, φ is mean-self-financing. Moreover, by combining (3.15) and (3.16) it follows

Ṽ p
τ∧T (φ,AR,C) = h0 +

d∑
i=1

∫ T

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u +HL

τ∧T +

∫ τ∧T

0

1

Bf
u

dAR,C
u =

CT

Bf
T

1{τ>T} −
Rτ

Bf
τ

1{τ≤T} P-a.s.,

i.e. φ is 0-achieving.

Conversely, let φ be a locally risk-minimizing L2
G-strategy for the defaultable, collateralized contract

(A,R,C, τ). As φ is 0-achieving it holds Ṽ p
τ∧T (φ,AR,C) = CT

Bf
T

1{τ>T} − Rτ

Bf
τ
1{τ≤T}. By using the

definition of Cφ,AR,C
in (3.9) we get

0 = Ṽ p
τ∧T (φ,AR,C) − CT

Bf
T

1{τ>T} +
Rτ

Bf
τ

1{τ≤T}

= Cφ,AR,C

τ∧T +

∫ τ∧T

0

1

Bf
u

dAR,C
u +

d∑
i=1

∫ T

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u − CT

Bf
T

1{τ>T} +
Rτ

Bf
τ

1{τ≤T} P-a.s,

or equivalently,

−Lτ∧T = Cφ,AR,C

0 +
(
Cφ,AR,C

τ∧T − Cφ,AR,C

0

)
+

d∑
i=1

∫ T

0
ξiu
Bi

u

Bf
u

dS̃τ,i
u P-a.s.

Thus choosing

ξLt := ξt, h0 := Cφ,AR,C

0 and HL
t := Cφ,AR,C

τ∧t − Cφ,AR,C

0 , t ∈ [0, τ ∧ T ],

provides a G-Föllmer-Schweizer decomposition. □

We now prove an existence result for a (stopped) G-Föllmer-Schweizer decomposition. For the reader’s

convenience we provide the definition of the so-called structure condition and the mean-variance

tradeoff process in Appendix A.2.

Proposition 3.9. Let Xτ = (Xτ
t )t∈[0,τ∧T ] and L = (Lt)t∈[0,τ∧T ] be as in (2.17) and (3.11), respec-

tively. Then, Xτ satisfies the structure condition and the associated mean-variance tradeoff process

KXτ
= (KXτ

t )t∈[0,τ∧T ] is uniformly bounded and continuous. Thus, there exists a unique G-Föllmer-

Schweizer decomposition for Lτ∧T and a unique locally risk-minimizing L2
G-strategy φ = (ξ, ψ, ψf ) for

the defaultable, collateralized contract (A,R,C, τ).

Proof. For i = 1, ..., d let MXτ,i
and AXτ,i

be given as in (2.17). Note that
〈
MXτ,i

,MXτ,j
〉
t

= 0 for

i ̸= j, t ∈ [0, τ ∧ T ] and

d
〈
MXτ,i

〉
t

=

(
Sτ,i
t

Bf
t

)2 (
σi(t, Sτ

t )
)2
dt for t ∈ [0, τ ∧ T ].
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Defining the process λi = (λiu)u∈[0,τ∧T ] by

λiu =
µi(u, Sτ

u) − riu

(σi(u, Sτ
u))2 S

τ,i
u

Bf
u

,

it follows for t ∈ [0, τ ∧ T ] that

AXτ,i

t =

∫ t

0

µi(u, Sτ
u) − riu

(σi(u, Sτ
u))2 S

τ,i
u

Bf
u

(
Sτ,i
u

Bf
u

)2 (
σi(u, Sτ

u)
)2
du =

∫ t

0
λiud

〈
MXτ,i

〉
u
.

The mean-variance tradeoff KXτ
is uniformly bounded in t and ω, as for t ∈ [0, τ ∧ T ]

KXτ

t =

d∑
i=1

∫ t

0

(
λiu
)2(Sτ,i

u

Bf
u

)2 (
σi(u, Sτ

u)
)2
du =

d∑
i=1

∫ t

0

(
µi(u, Sτ

u) − riu
σi(u, Sτ

u)

)2

du ≤ d

(
max

i=1,...,d
Ki

)2

T,

by using (2.9). Thus, Xτ satisfies the structure condition, see Definition A.1.

As Xτ is continuous, satisfies the structure condition and KXτ
is uniformly bounded, there exists a

unique G-Föllmer-Schweizer decomposition of Lτ∧T with respect to Xτ by Theorem A.2. The existence

and uniqueness of a locally risk-minimizing strategy follows immediately by Proposition 3.8. □

We now briefly discuss the case if we allow the bank to invest in the risky assets and the respective

repo accounts, based on the information from the financial market before the first default, i.e. ξ is

F-predictable and we allow to adjust with ψf , which is G-adapted.

Remark 3.10. The existence of a G-Föllmer-Schweizer decomposition of Lτ∧T implies the existence of

an F-Föllmer-Schweizer decomposition of Lτ∧T . Let ξL ∈ ΘG,τ
X as in Definition 3.7. Then, there exists

an F-predictable process ξ
L

such that

1{t≤τ}ξ
L
t = 1{t≤τ}ξ

L
t(3.17)

holds, see e.g. Bielecki et al. (2004). Therefore, we can rewrite a G-Föllmer-Schweizer decomposition

of Lτ∧T with respect to ξL as follows

−Lτ∧T = h0 +

d∑
i=1

∫ T

0
ξL,iu

Bi
u

Bf
u

dS̃τ,i
u +HL

τ∧T , P-a.s.,

= h0 +

d∑
i=1

∫ T

0
1{u≤τ}ξ

L,i
u

Bi
u

Bf
u

dS̃i
u +HL

τ∧T , P-a.s.,(3.18)

= h0 +
d∑

i=1

∫ T

0
1{u≤τ}ξ

L,i
u

Bi
u

Bf
u

dS̃i
u +HL

τ∧T , P-a.s.,(3.19)

= h0 +
d∑

i=1

∫ T

0
ξ
L,i
u

Bi
u

Bf
u

dS̃τ,i
u +HL

τ∧T , P-a.s.,(3.20)

where we use in (3.18) and (3.20) the equality (3.10) and (3.19) follows by (3.17). As ξ
L

satisfies

the integrability condition in (3.1), it follows that ξ
L ∈ ΘF,τ

X , and the F- and G-Föllmer-Schweizer

decompositions coincide. On the other hand, if there exists an F-Föllmer-Schweizer decomposition

of Lτ∧T with ξL ∈ ΘF,τ
X , then ξL is also an element in ΘG,τ

X , and provides a G-Föllmer-Schweizer

decomposition of Lτ∧T . Thus, Lτ∧T admits a G-Föllmer-Schweizer decomposition if and only if it

admits an F-Föllmer-Schweizer decomposition, and in this case the decompositions coincide.

By using similar arguments it also follows that the defaultable, collateralized contract (A,R,C, τ)
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admits a locally risk-minimizing L2
F-strategy φ if and only if the random variable Lτ∧T admits an

F-Föllmer-Schweizer decomposition as in Definition 3.7.

4. Characterization of the Föllmer-Schweizer decomposition via a BSDE

In this section we derive a BSDE whose unique solution provides components of the G-Föllmer-

Schweizer decomposition of Lτ∧T . To do so, we introduce some notation in order to define the solution

of a BSDE.

Notation 4.1. (i) We denote by H2,d
T (F,P) the subspace of all Rd-valued, F-adapted processes

X such that

∥X∥H2,d
T

:=

√
EP

[∫ T

0
|Xt|2 dt

]
<∞.

We set H2,d(F,P) := H2,d
T (F,P).

(ii) The subspace of all Rd-valued, F-adapted processes X = (Xt)t∈[0,T ] such that

∥X∥S2,dT
:=

√√√√EP

[
sup

t∈ [0,T ]
|Xt|2

]
<∞

is denoted by S2,dT (F,P). We set S2(F,P) := S2,1T (F,P).

(iii) We denote by H2,2
λ (F,P) the space of F-adapted processes X = (Xt)t∈[0,T ] with values in R2

such that

∥X∥H2,2
λ

:=

√
EP

[∫ T

0

∣∣X1
t

∣∣2 λBt +
∣∣X2

t

∣∣2 λCt dt] <∞.

We use similar notations with respect to the filtration G and the upper integral boundary τ ∧ T.

Theorem 4.2. Let Xτ = (Xτ
t )t∈[0,τ∧T ] and L = (Lt)t∈[0,τ∧T ] be as in (2.17) and (3.11), respectively.

Then the G-Föllmer-Schweizer decomposition of Lτ∧T

−Lτ∧T = Y0 +
d∑

i=1

∫ T

0
ξL,iu

Bi
u

Bf
u

dS̃τ,i
u +HL

τ∧T ,(4.1)

is given by

ξL,it :=
Zi
tB

f
t

Si
tσ

i(t, St)
and HL

t :=
∑

j∈{B,C}

∫ t

0
U j
udM

j
u, t ∈ [0, τ ∧ T ],(4.2)

where (Y,Z, UC , UB) ∈ S2(G,P) ×H2,d(G,P) ×H2,2
λ (G,P) is the unique solution to the G-BSDE

Yτ∧t = −Lτ∧T+

∫ τ∧T

τ∧t

d∑
i=1

f i(u, Zi
u)du−

d∑
i=1

∫ τ∧T

τ∧t
Zi
udW

f,i
u −

∑
j∈{B,C}

∫ τ∧T

τ∧t
U j
udM

j
u(4.3)

with f i : (Ω × [0, T ] × R,P ⊗ B(R)) → (R,B(R)) defined by

f i(ω, u, z) := −zu
µi(u, Su(ω)) − riu
σi(u, Su(ω))

.(4.4)

Here, P denotes the predictable σ-algebra on Ω × [0, T ].

Before proving this theorem we state an auxiliary result which guarantees existence and uniqueness

of a solution to the G-BSDE in (4.3) and we link this solution to the solution of an F-FBSDE.
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Proposition 4.3. Let Xτ = (Xτ
t )t∈[0,τ∧T ] and L = (Lt)t∈[0,τ∧T ] be as in (2.17) and (3.11), respec-

tively. Then, the G-BSDE in (4.3) has a unique solution (Y,Z, UC , UB) ∈ S2(G,P) × H2,d(G,P) ×
H2,2

λ (G,P). Moreover, let (Y , Z) ∈ S2(F,P) ×H2,d(F,P) be the unique solution of the F-BSDE

dY t = −
d∑

i=1

f
i
(t, Y t, Z

i
t)dt+

d∑
i=1

Z
i
tdW

f,i
t ,(4.5)

Y T = LT ,(4.6)

with f
i

: (Ω× [0, T ]×R×R,P ⊗B(R2)) → (R,B(R)), ϕC = (ϕCt )t∈[0,T ] ∈ L2(F,P), ϕB = (ϕBt )t∈[0,T ] ∈
L2(F,P) and LT ∈ L2(FT ,P) defined by

f
i
(ω, u, y, z) := f i(ω, u, z) + (ϕCu − y)λCu + (ϕBu − y)λBu ,

LT := −
∫ T

0

1

Bf
u

(dAu + dCu + r̄cuCudu) +
CT

Bf
T

,

ϕCt := −
∫ t

0

1

Bf
u

(dAu + dCu + r̄cuCudu) +
(RCY+ − Y−)

Bf
t

,

ϕBt := −
∫ t

0

1

Bf
u

(dAu + dCu + r̄cuCudu) +
(Y+ −RBY−)

Bf
t

,

and f i given in (4.4). On the one hand, the solution (Y, Z, UC , UB) ∈ S2(G,P)×H2,d(G,P)×H2,2
λ (G,P)

of the G-BSDE (4.3) can be represented as

Yt = Y t1{t<τ∧T} +
(
ϕCτC1{τC<τB∧T} + ϕBτB1{τB<τC∧T} + LT1{τ>T}

)
1{t=τ∧T},

Zi
t = Z

i
t1{t<τ∧T}, i = 1, ..., d,(4.7)

U j
t =

(
ϕjt − Y t

)
1{t<τ∧T}, j ∈ {B,C}.

On the other hand, the solution of the F-BSDE (4.5)-(4.6) is given by

Y t = Yt∧τ−,

Z
i
t = Zi

t1{t<τ∧T}, i = 1, ..., d.(4.8)

Proof. First note that the F-BSDE (4.5)-(4.6) has a unique solution (Y , Z) ∈ S2(F,P)×H2,d(F,P). This

follows directly by Theorem 3.1 in Delong (2017) as LT ∈ L2(FT ,P) and for (ω, t, y, z), (ω, t, ȳ, z̄) ∈
Ω × [0, T ] × R2 the driver satisfies∣∣∣∣∣

d∑
i=1

f
i
(ω, t, y, z) −

d∑
i=1

f
i
(ω, t, ȳ, z̄)

∣∣∣∣∣
2

=

∣∣∣∣∣
d∑

i=1

(
(f i(t, z) − f i(t, z̄)) + λCt (ȳ − y) + λBt (ȳ − y)

)∣∣∣∣∣
2

≤ 2d

d∑
i=1

(∣∣f i(t, z) − f i(t, z̄)
∣∣2 +

∣∣λCt + λBt
∣∣2 |y − ȳ|2

)

≤ 2d

d∑
i=1

(
max

i=1,...,d
K2

i |z − z̄|2 + 2 sup
t∈[0,T ]

∣∣λCt + λBt
∣∣2 |y − ȳ|2

)
,

and

EP

∫ T

0

∣∣∣∣∣
d∑

i=1

f
i
(t, 0, 0)

∣∣∣∣∣
2

dt

 = EP

∫ T

0

∣∣∣∣∣
d∑

i=1

(
f i(t, 0) + ϕCt λ

C
t + ϕBt λ

B
t

)∣∣∣∣∣
2

dt


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≤ d2 max
j∈{B,C}

sup
t∈[0,T ]

∣∣∣λjt ∣∣∣2 EP

[∫ T

0

∣∣ϕCt + ϕBt
∣∣2 dt]

<∞,

where we use (2.9), (Lt)t∈[0,τ∧T ] ∈ L2(G,P) and that the intensity processes λB, λC are bounded by

assumption.

Next, we rewrite the G-BSDE in (4.3) as

dYt = −
d∑

i=1

f i(t, Zt)dt+
d∑

i=1

Zi
tdW

f,i
t +

∑
j∈{B,C}

U j
t dM

j
t , t ∈ [0, τ ∧ T ],(4.9)

Yτ∧T = −
∫ τ∧T

0

1

Bf
u

dAR,C
u +

CT

Bf
T

1{τ>T} −
Rτ

Bf
τ

1{τ≤T}.(4.10)

To prove the equivalence of the F-BSDE in (4.5)-(4.6) up to τ− to the G-BSDE in (4.9)-(4.10), we

apply Theorem 4.3 in Crépey & Song (2015). To do so, we briefly verify that the necessary conditions

of this result are satisfied. By Hypothesis 2.1 the immersion property holds, which guarantees that

Condition (A) in Crépey & Song (2015) holds. Condition (J) is always satisfied and condition (B)

holds due to (3.17). Finally, by rewriting the terminal condition in (4.10) we have

−
∫ τ∧T

0

1

Bf
u

dAR,C
u +

CT

Bf
T

1{τ>T} −
Rτ

Bf
τ

1{τ≤T}

= −
∫ τ∧T

0

1

Bf
u

dAR,C
u +

CT

Bf
T

1{τ>T} − 1{τC<τB∧T}
(RCY+ − Y−)

Bf
τC

+ 1{τB<τC∧T}
(Y+ −RBY−)

Bf
τB

=

(
−
∫ τ∧T

0

1

Bf
u

dAR,C
u +

CT

Bf
T

)
1{τ>T} −

(∫ τ∧T

0

1

Bf
u

dAR,C
u +

(RCY+ − Y−)

Bf
τC

)
1{τC<τB∧T}

−

(∫ τ∧T

0

1

Bf
u

dAR,C
u +

(Y+ −RBY−)

Bf
τB

)
1{τB<τC∧T}

=

(
−
∫ T

0

1

Bf
u

dAC
u +

CT

Bf
T

)
1{τ>T} −

(∫ τC

0

1

Bf
u

dAC
u +

(RCY+ − Y−)

Bf
τC

)
1{τC<τB∧T}

−

(∫ τB

0

1

Bf
u

dAC
u +

(Y+ −RBY−)

Bf
τB

)
1{τB<τC∧T}

= LT1{τ>T} − ϕCτC1{τC<τB∧T} + ϕBτB1{τB<τC∧T}.

Thus, the representations in (4.7) and (4.8) follow immediately. □

We now prove Theorem 4.2.

Proof. By Proposition 3.9 there exists a unique G-Föllmer-Schweizer decomposition of Lτ∧T . We

start by proving that the decomposition of Lτ∧T in (4.1) and (4.3) satisfies the definition of a G-

Föllmer-Schweizer decomposition. First, we verify that ξL defined in (4.2) is in the space ΘG,τ
X . By

the regularity of Z as a control process, it follows that ξL is G-predictable. Thus, it remains to verify

that (3.1) holds. For fixed i = 1, ..., d it holds

EP

 d∑
i=1

∫ τ∧T

0

∣∣ξL,iu

∣∣2 d⟨MXi⟩u +

(
d∑

i=1

∫ τ∧T

0

∣∣∣ξL,iu dAXi

u

∣∣∣)2

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= EP

 d∑
i=1

∫ τ∧T

0

∣∣∣∣∣ Zi
uB

f
u

Si
uσ

i(u, Su)

∣∣∣∣∣
2 ∣∣∣∣ Si

u

Bf
u

∣∣∣∣2 ∣∣σi(u, Su)
∣∣2 du


+ EP

( d∑
i=1

∫ τ∧T

0

∣∣∣∣∣ Zi
uB

f
u

Si
uσ

i(u, Su)

Si
u

Bf
u

(
µi(u, Su) − riu

)∣∣∣∣∣ du
)2


= EP

 d∑
i=1

∫ τ∧T

0

(
Zi
u

)2
du+

(
d∑

i=1

∫ τ∧T

0

∣∣∣∣µi(u, Su) − riu
σi(u, Su)

Zi
u

∣∣∣∣ du
)2


≤ ∥Z∥2H2,d + d max
i=1,...,d

K2
i EP

[
d∑

i=1

∫ τ∧T

0

∣∣Zi
u

∣∣2 du]

≤
(

1 + d max
i=1,...,d

K2
i

)
∥Z∥2H2,d ,

where we use (2.9) and Jensen’s inequality.

Next, we show that HL is strongly orthogonal to the martingale part of Xτ . Note that by the regularity

of UC and UB the processes (
∫ t
0 U

C
u dM

C
u )t∈[0,τ∧T ] and (

∫ t
0 U

B
u dM

B
u )t∈[0,τ∧T ] are square-integrable G-

martingales and strongly orthogonal to each other, see e.g. similar arguments as in Section 5.2.2 in

Bielecki & Rutkowski (2015). This implies that (HL
t )t∈[0,τ∧T ] = (

∫ t
0 U

C
u dM

C
u +

∫ t
0 U

B
u dM

B
u )t∈[0,τ∧T ] is

strongly orthogonal to the martingale component of Xτ , as the martingale component of Xτ is driven

by W τ,f and Xτ is sufficiently integrable. Thus, it only remains to verify the decomposition. By

rearranging the G-BSDE in (4.3) we get

−Lτ∧T = Y0 −
∫ τ∧T

0

d∑
i=1

f i(u, Zi
u)du+

d∑
i=1

∫ τ∧T

0
Zi
udW

f,i
u +

∑
j∈{B,C}

∫ τ∧T

0
U j
udM

j
u

= Y0 +

∫ τ∧T

0

d∑
i=1

Zi
u

µi(u, Su) − riu
σi(u, Su)

du+
d∑

i=1

∫ τ∧T

0
Zi
udW

f,i
u +

∑
j∈{B,C}

∫ τ∧T

0
U j
udM

j
u

= Y0 +

∫ τ∧T

0

d∑
i=1

Zi
u

Bf
u

σi(u, Su)Si
u

Bi
u

Bf
u

[(
µi(u, Su) − riu

) Si
u

Bi
u

du+ σi(u, Su)
Si
u

Bi
u

dW f,i
u

]
du

+
∑

j∈{B,C}

∫ τ∧T

0
U j
udM

j
u

= Y0 +

∫ τ∧T

0

d∑
i=1

Zi
u

Bf
u

σi(u, Su)Si
u

Bi
u

Bf
u

dS̃i
u +

∑
j∈{B,C}

∫ τ∧T

0
U j
udM

j
u(4.11)

= Y0 +
d∑

i=1

∫ T

0
ξL,iu

Bi
u

Bf
u

dS̃τ,i
u +HL

τ∧T(4.12)

where (4.11) follows by (2.13) and ξL,i and HL in (4.12) are defined as in (4.2). □

Lemma 4.4. Let Xτ = (Xτ
t )t∈[0,τ∧T ] and L = (Lt)t∈[0,τ∧T ] be as in (2.17) and (3.11), respectively.

Then the locally risk-minimizing L2
G-strategy φ = (ξ, ψ, ψf ) for the defaultable, collateralized contract

(A,R,C, τ) is given by

ξit := ξL,it =
Zi
tB

f
t

Si
tσ

i(t, St)
, ψi

t = − Zi
tB

f
t

σi(t, St)Bi
t

, i = 1, ..., d, t ∈ [0, τ ∧ T ],
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ψf
t = Ṽ p

t (φ,AR,C) = Yt +

∫ t

0

1

Bf
u

dAR,C
u , t ∈ [0, τ ∧ T ],

where (Y,Z, UC , UB) ∈ S2(G,P) × H2,d(G,P) × H2,2
λ (G,P) is the unique solution to the G-BSDE in

(4.3).

Proof. By Theorem 4.2 Lτ∧T admits a unique G-Föllmer-Schweizer decomposition which is specified

by (4.1)-(4.4). Furthermore, by Proposition 3.8 the associated locally risk-minimizing L2
G-strategy

φ = (ξ, ψ, ψf ) is given by (3.13)-(3.14). Thus, by (2.27) it holds for t ∈ [0, τ ∧ T ]

ψf
t = Y0 +

d∑
i=1

∫ t

0
ξL,iu

Bi
u

Bf
u

dS̃τ,i
u +HL

t +

∫ t

0

1

Bf
u

dAR,C
u

= Y0 +
d∑

i=1

∫ t

0

Zi
uB

f
u

Si
uσ

i(u, Su)

Bi
u

Bf
u

dS̃τ,i
u +

∑
j∈{B,C}

∫ t

0
U j
udM

j
u +

∫ t

0

1

Bf
u

dAR,C
u

= Y0 −
∫ t

0

d∑
i=1

f i(u, Zi
u)du+

d∑
i=1

∫ t

0
Zi
udW

τ,f,i
u +

∑
j∈{B,C}

∫ t

0
U j
udM

j
u +

∫ t

0

1

Bf
u

dAR,C
u ,(4.13)

by using for the last equality the same arguments as in (4.11). For t ∈ [0, τ ∧ T ] we then derive by

(4.3) that

ψf
t = Yt +

∫ t

0

1

Bf
u

dAR,C
u .

□

4.1. Value adjustments. In this section we derive a decomposition of the price in terms of value

adjustments.

Assumption 4.5. We assume that the clean value process V ∈ S2(F,P), i.e.

EP

[
sup

t∈[0,T ]
|Vt|2

]
<∞.

Remark 4.6. (i) Note that Assumption 4.5 is a quite weak condition, as it can be shown that the

clean value process V is a solution of a F-BSDE and thus V ∈ S2(F,P), see e.g. Theorem 3.5

in Biagini et al. (2021).

(ii) Assumption 4.5 implies that

EP

[
sup

t∈[0,T ]
|Ct|2

]
<∞.(4.14)

This follows as

EP

[
sup

t∈[0,T ]
|Ct|2

]
= EP

[
sup

t∈[0,T ]
|g(Vt)|2

]
≤ EP

[
sup

t∈[0,T ]

∣∣∣Kg|Vt| + |f(0)|
∣∣∣2]

≤ 2(Kg)2EP

[
sup

t∈[0,T ]
|Vt|2

]
+ 2|f(0)|2 <∞,

where Kg denotes the Lipschitz constant of g.

Moreover, we introduce the processes V̂ (φ,AR,C) = (V̂t(φ,A
R,C))t∈[0,τ∧T ] and

V̂ p(φ,AR,C) = (V̂ p
t (φ,AR,C))t∈[0,τ∧T ] by

V̂t(φ,A
R,C) :=

Vt(φ,A
R,C)

Br
t

and V̂ p
t (φ,AR,C) :=

V p
t (φ,AR,C)

Br
t

,
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respectively.

Definition 4.7. We define the following valuation adjustment on {t < τ}

CVAt := EQ

[
1{τ≤T}1{τC<τB}

Br
t

Br
τ

(1 −RC)(Qτ − Cτ−)+
∣∣∣Gt

]
=
Br

t

Zt
EP

[
1{τ≤T}1{τC<τB}

Zτ

Br
τ

(1 −RC)(Qτ − Cτ−)+
∣∣∣Gt

]
,

DVAt := EQ

[
1{τ≤T}1{τB<τC}

Br
t

Br
τ

(1 −RB)(Qτ − Cτ−)−
∣∣∣Gt

]
=
Br

t

Zt
EP

[
1{τ≤T}1{τB<τC}

Zτ

Br
τ

(1 −RB)(Qτ − Cτ−)−
∣∣∣Gt

]
,

CollVAt := EQ

[∫ τ∧T

t
Cu

Br
t

Br
u

(
r̄cu − rfu

)
du
∣∣∣Gt

]
=
Br

t

Zt
EP

[∫ τ∧T

t
Zu

Cu

Br
u

(
r̄cu − rfu

)
du
∣∣∣Gt

]
,

FVAt := EQ

[∫ τ∧T

t
Vu(φ,AR,C)

Br
t

Br
u

(
rfu − rru

)
du
∣∣∣Gt

]
=
Br

t

Zt
EP

[∫ τ∧T

t
Zu

Vu(φ,AR,C)

Br
u

(
rfu − rru

)
du
∣∣∣Gt

]
.

Theorem 4.8. Let Xτ = (Xτ
t )t∈[0,τ∧T ] and L = (Lt)t∈[0,τ∧T ] be as in (2.17) and (3.11), respectively,

and Assumption 4.5 hold. Furthermore, we assume that

EP

[∫ τ∧T

0

∣∣∣∣∫ u

0

1

Bf
s

dAR,C
s

∣∣∣∣2 du
]
<∞.(4.15)

Denote by φ = (ξ, ψ, ψf ) the locally risk-minimizing L2
G-strategy for the defaultable, collateralized

contract (A,R,C, τ). Then it holds on {t < τ}

Vt(φ,A
R,C) = Vt + CVAt − DVAt + CollVAt − FVAt.(4.16)

Proof. By (4.13) we have on {t < τ}

Ṽ p
t (φ,AR,C) = Y0 +

d∑
i=1

∫ t

0
Zi
u

µi(u, Su) − riu
σi(u, Su)

du+

d∑
i=1

∫ t

0
Zi
udW

f,i
u +HL

t +

∫ t

0

1

Bf
u

dAR,C
u .

Moreover, by Itô’s formula it holds

dV p
t (φ,AR,C) = Bf

t dṼ
p
t (φ,AR,C) + rft V

p
t (φ,AR,C)dt

= Bf
t

(
d∑

i=1

Zi
u

µi(t, St) − rit
σi(t, St)

dt+
d∑

i=1

Zi
tdW

f,i
t + dHL

t +
1

Bf
t

dAR,C
t

)
+
(
rft − rt

)
V p
t (φ,AR,C)dt+ rtV

p
t (φ,AR,C)dt,(4.17)

and thus if follows

dV̂ p
t (φ,AR,C) =

1

Br
t

dV p
t (φ,AR,C) − 1

Br
t

rtV
p
t (φ,AR,C)dt

=
Bf

t

Br
t

d∑
i=1

Zi
u

µi(t, St) − rit
σi(t, St)

dt+
Bf

t

Br
t

d∑
i=1

Zi
tdW

f,i
t +

Bf
t

Br
t

dHL
t +

1

Br
t

dAR,C
t

+
(
rft − rt

) V p
t (φ,AR,C)

Br
t

dt.

Again by Itô’s formula we get

d
(
V̂ p
t (φ,AR,C)Zt

)
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= Zt

(
Bf

t

Br
t

d∑
i=1

Zi
u

µi(t, St) − rit
σi(t, St)

dt+
Bf

t

Br
t

d∑
i=1

Zi
tdW

f,i
t +

Bf
t

Br
t

dHL
t +

1

Br
t

dAR,C
t +

(
rft − rt

) V p
t (φ,AR,C)

Br
t

dt

)

+ V̂ p
t (φ,AR,C)Zt

(
d∑

i=1

−µ
i(t, St) − rit
σi(t, St)

dW f,i
t

)
+d
[
V̂ p
· (φ,AR,C),Z·

]
t
,

(4.18)

where Z is defined in (2.14). On {t < τ} we have

d
[
V̂ p(φ,AR,C),Z

]
t

= d

〈
h0 +

d∑
i=1

∫ ·

0

Bf
u

Br
u

Zi
u

µi(u, Su) − riu
σi(u, Su)

du+
d∑

i=1

∫ ·

0

Bf
u

Br
u

Zi
udW

f,i
u +

∫ ·

0

Bf
u

Br
u

dHL
u +

∫ ·

0

1

Br
u

dAR,C
u ,Z·

〉
t

+ d

〈∫ ·

0

(
rfu − ru

)
V̂ p
u (φ,AR,C)du,Z·

〉
t

= −Zt
Bf

t

Br
t

d∑
i=1

Zi
t

µi(t, St) − rit
σi(t, St)

dt+ d

〈∫ ·

0

1

Br
u

dAR,C
u ,Z·

〉
t

,

= −Zt
Bf

t

Br
t

d∑
i=1

Zi
t

µi(t, St) − rit
σi(t, St)

dt+ d

〈∫ ·

0

1

Br
u

dAu +

∫ ·

0

1

Br
u

dCu −
∫ ·

0

1

Br
u

r̄cuCudu,Z·

〉
t

= −Zt
Bf

t

Br
t

d∑
i=1

Zi
t

µi(t, St) − rit
σi(t, St)

dt+
1

Br
t

d⟨C,Z ⟩t,

(4.19)

by using in (4.19) that Ct(B
r
t )−1 +

∫ t
0 (Br

u)−1Curudu =
∫ t
0 (Br

u)−1dCu. By combining (4.18) and (4.19)

and using that φ is 0-achieving, i.e. V̂ p
τ∧T (φ,AR,C) = CT

Br
T
1{τ>T} − Rτ

Br
τ
1{τ≤T}, it follows(

CT

Br
T

1{τ>T} −
Rτ

Br
τ

1{τ≤T}

)
Zτ∧T − V̂ p

t (φ,AR,C)Zt

=

∫ τ∧T

t
Zu

(
Bf

u

Br
u

d∑
i=1

Zi
udW

f,i
u +

Bf
u

Br
u

dHL
u +

1

Br
u

dAR,C
u +

(
rfu − ru

) V p
u (φ,AR,C)

Br
u

du

)

+

∫ τ∧T

t
V̂ p
u (φ,AR,C)Zu

(
d∑

i=1

−µ
i(u, Su) − riu
σi(u, Su)

dW f,i
u

)
+

∫ τ∧T

t

1

Br
u

d⟨C,Z ⟩u.

By taking the conditional expectation under P w.r.t. Gt for t < τ we have

V̂ p
t (φ,AR,C) =

1

Zt
EP

[(
CT

Br
T

1{τ>T} −
Rτ

Br
τ

1{τ≤T}

)
Zτ∧T

∣∣∣Gt

]

− 1

Zt
EP

[∫ τ∧T

t
Zu

(
Bf

u

Br
u

d∑
i=1

Zi
udW

f,i
u

)∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t

Bf
u

Br
u

ZudH
L
u

∣∣∣Gt

]

− 1

Zt
EP

[∫ τ∧T

t
Zu

(
1

Br
u

dAR,C
u +

(
rfu − ru

) V p
u (φ,AR,C)

Br
u

du

) ∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t
V̂ p
u (φ,AR,C)Zu

(
d∑

i=1

−µ
i(u, Su) − riu
σi(u, Su)

dW f,i
u

)∣∣∣Gt

]

− 1

Zt
EP

[∫ τ∧T

t

1

Br
u

d⟨C,Z ⟩u
∣∣∣Gt

]
.(4.20)
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We define the following processes by

M 1,i
t :=

∫ t

0

Bf
u

Br
u

ZuZ
i
udW

f,i
u , M 2

t :=

∫ t

0

Bf
u

Br
u

ZudHL
u , i = 1, ..., d, t ∈ [0, T ],

M 3,i
t :=

∫ t

0
−V̂ p

u (φ,AR,C)Zu
µi(u, Su) − riu
σi(u, Su)

dW τ,f,i
u , i = 1, ..., d, t ∈ [0, T ],

and prove that they are martingales. To do so, we apply Theorem I.51 in Protter (2005), i.e. we show

that M for M ∈ {M 1,i,M 2,M 3,i} with i = 1, ..., d is a local (G,P)-martingale which satisfies

EP

[
sup

t∈[0,T ]
|Mt|

]
<∞.

For i = 1, ..., d we get for M 1,i∫ T

0

∣∣∣∣∣Bf
u

Br
u

ZuZ
i
u

∣∣∣∣∣
2

du ≤ T sup
t∈[0,T ]

∣∣Zi
t

∣∣2 sup
t∈[0,T ]

|Zt|2 sup
t∈[0,T ]

∣∣∣∣∣Bf
t

Br
t

∣∣∣∣∣
2

<∞ P-a.s.,

as Z ∈ H2,d(G,P), by (2.5) and by Doob’s maximum inequality it follows from (2.15)

EP

[
sup

t∈[0,T ]
|Zt|2

]
≤
(

2

2 − 1

)2

EP
[
|ZT |2

]
<∞.(4.21)

Thus, M 1,i is a local (G,P)-martingale. Furthermore, it holds

EP

[
sup

t∈[0,T ]

∣∣∣∣∣
∫ t

0

Bf
u

Br
u

ZuZ
i
udW

f,i
u

∣∣∣∣∣
]
≤ KEP


∣∣∣∣∣∣
∫ T

0

∣∣∣∣∣Bf
u

Br
u

ZuZ
i
u

∣∣∣∣∣
2

du

∣∣∣∣∣∣
1
2

(4.22)

≤ KTEP

[
sup

t∈[0,T ]

∣∣Zi
t

∣∣ sup
t∈[0,T ]

|Zt| sup
t∈[0,T ]

∣∣∣∣∣Bf
t

Br
t

∣∣∣∣∣
]

≤ KC(Kr)TEP

[
sup

t∈[0,T ]

∣∣Zi
t

∣∣2] 1
2

EP

[
sup

t∈[0,T ]
|Zt|2

] 1
2

(4.23)

<∞,(4.24)

where we use in (4.22) the Burkholder-Davis-Gundy inequality with a suitable constant K. We get

(4.23) by the Cauchy-Schwarz inequality. Moreover, (4.24) follows by (4.21) and Z ∈ H2,d(G,P) .

Note that

M 2
t =

∫ t

0

Bf
u

Br
u

ZudHL
u =

∑
j∈{B,C}

∫ t

0

Bf
u

Br
u

ZuU
j
udM

j
u,

and [M j ]u = Hj
u = 1{τ j≤u}. Thus, we get for j ∈ {B,C}∫ T

0

∣∣∣∣∣Bf
u

Br
u

ZuU
j
u

∣∣∣∣∣
2

d[M j ]u =

∫ T

0

∣∣∣∣∣Bf
u

Br
u

ZuU
j
u

∣∣∣∣∣
2

d1{τ j≤u}

= C(Kr)
(
Zτ jU

j
τ j

)2
1{τ j≤T} <∞ P-a.s.

and

EP

[
sup

t∈[0,T ]

∣∣∣∣∣
∫ t

0

Bf
u

Br
u

ZuU
j
udM

j
u

∣∣∣∣∣
]
≤ KEP


∣∣∣∣∣∣
∫ T

0

(
Bf

u

Br
u

ZuU
j
u

)2

d[M j ]u

∣∣∣∣∣∣
1
2


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= KEP

[
Bf

τ j

Br
τ j

Zτ jU
j
τ j
1{τ j≤T}

]

≤ KC(Kr)EP
[
Z 2

τ j1{τ j≤T}
] 1
2 EP

[
(U j

τ j
)21{τ j≤T}

] 1
2
<∞,

by (4.21) and U ∈ H2,2
λ (G,P).

It remains to prove that M 3,i is a (G,P)-martingale. For i = 1, ..., d we have∫ τ∧T

0

∣∣∣∣V̂ p
u (φ,AR,C)Zu

µi(u, Su) − riu
σi(u, Su)

∣∣∣∣2 du
≤ K2

i sup
t∈[0,τ∧T ]

|Zt|2
∫ τ∧T

0

∣∣∣V̂ p
u (φ,AR,C)

∣∣∣2 du

≤ K2
i sup
t∈[0,T ]

|Zt|2
2

∫ τ∧T

0

∣∣∣∣∣ψf
uB

f
u

Br
u

∣∣∣∣∣
2

du+ 2

∫ τ∧T

0

∣∣∣∣Cu

Br
u

∣∣∣∣2 du


(4.25)

≤ K2
i sup
t∈[0,T ]

|Zt|2
2

∫ τ∧T

0

∣∣∣∣∣Bf
u

Br
u

∣∣∣∣∣
2 ∣∣∣∣Yu +

∫ u

0

1

Bf
s

dAR,C
s

∣∣∣∣2 du+ 2T sup
t∈[0,T ]

|Ct|2 sup
t∈[0,T ]

∣∣∣∣ 1

Br
t

∣∣∣∣2


(4.26)

≤ K2
i C(Kr) sup

t∈[0,T ]
|Zt|2

(
sup

t∈[0,T ]

(
4T sup

t∈[0,τ∧T ]
|Yt|2 + 4

∫ τ∧T

0

∣∣∣∣∫ u

0

1

Bf
s

dAR,C
s

∣∣∣∣2 du
)

+ 2T sup
t∈[0,T ]

|Ct|2
)(4.27)

<∞,

(4.28)

where we use in (4.25) that

V̂ p
u (φ,AR,C) =

V p
u (φ,AR,C)

Br
u

+
Cu

Br
u

=
ψf
uB

f
u

Br
u

+
Cu

Br
u

,

and (4.26) follows by Lemma 4.4. Finally, we conclude that (4.28) holds by (4.14), (4.21), (4.15) and

Y ∈ S2(G,P). With similar arguments we get for i = 1, ..., d

EP

[
sup

t∈[0,T ]

∣∣∣M 3,i
t

∣∣∣]

= EP

[
sup

t∈[0,T ]

∣∣∣∣∫ t

0
V̂ p
u (φ,AR,C)Zu

µi(u, Su) − riu
σi(u, Su)

dW f,i
u

∣∣∣∣
]

≤ KK2
i EP

∣∣∣∣∫ τ∧T

0

∣∣∣V̂ p
u (φ,AR,C)Zu

∣∣∣2 du∣∣∣∣
1
2


≤ KK2

i EP

 sup
t∈[0,T ]

|Zt|
∣∣∣∣∫ τ∧T

0

∣∣∣V̂ p
u (φ,AR,C)

∣∣∣2 du∣∣∣∣
1
2


≤ KK2

i EP

[
sup

t∈[0,T ]
|Zt|2

] 1
2

EP

[∫ τ∧T

0

∣∣∣V̂ p
u (φ,AR,C)

∣∣∣2 du] 1
2
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≤ 4KK2
i TC(Kr)EP

[
sup

t∈[0,T ]
|Zt|2

] 1
2

EP

[
sup

t∈[0,τ∧T ]
|Yt|2 +

∫ τ∧T

0

∣∣∣∣∫ u

0

1

Bf
s

dAR,C
s

∣∣∣∣2 du+ sup
t∈[0,T ]

|Ct|2
] 1

2

≤ 4KK2
i TC(Kr)EP

[
sup

t∈[0,T ]
|Zt|2

] 1
2
(
EP

[
sup

t∈[0,τ∧T ]
|Yt|2

]
+ EP

[∫ τ∧T

0

∣∣∣∣∫ u

0

1

Bf
s

dAR,C
s

∣∣∣∣2 du
]

+ EP

[
sup

t∈[0,T ]
|Ct|2

]) 1
2

<∞.

Thus, (4.20) simplifies to

V̂ p
t (φ,AR,C) = V̂ p

t (φ,AC)

=
1

Zt
EP

[(
CT

Br
T

1{τ>T} −
Rτ

Br
τ

1{τ≤T}

)
Zτ∧T

∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t

1

Br
u

d⟨C,Z ⟩u
∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t
Zu

(
1

Br
u

dAC
u +

(
rfu − ru

) V p
u (φ,AC)

Br
u

du

) ∣∣∣Gt

]
,(4.29)

where we use that on {t < τ} it holds V̂ p
t (φ,AC) = V̂ p

t (φ,AR,C) as well as AR,C
t = AC

t .

Next, we rewrite the term
∫ τ∧T
t Zu

1
Br

u
dAC

u . To simplify the notation we set

Ãt := 1{t<τ}At + 1{t≥τ}Aτ−, C̃t := 1{t<τ}Ct + 1{t≥τ}Cτ−, t ∈ [0, τ ∧ T ],

and thus by (2.25) and (2.26) we have

AC
t := Ãt + C̃t −

∫ t

0
r̄cuCudu.(4.30)

It holds

∫ τ∧T

t

Zu

Br
u

dC̃u =
Zτ∧TCτ∧T
Br

τ∧T
− ZtCt

Br
t

−
∫ τ∧T

t
ZuCud(Br

u)−1 −
∫ τ∧T

t

Cu

Br
u

dZu −
∫ τ∧T

t

1

Br
u

d⟨C,Z ⟩u

(4.31)

=
Zτ∧TCτ∧T
Br

τ∧T
− ZtCt

Br
t

+

∫ τ∧T

t

ZuCuru
Br

u

du−
∫ τ∧T

t

Cu

Br
u

dZu −
∫ τ∧T

t

1

Br
u

d⟨C,Z ⟩u,(4.32)

where we use in (4.31) that by Itô’s formula

d
ZtCt

Br
t

= ZtCtd(Br
t )−1 + (Br

t )−1d(ZtCt) = ZtCtd(Br
t )−1 + (Br

t )−1(ZtdCt + CtdZt + d⟨C,Z ⟩t).

Combining (4.29), (4.30) and (4.32) yields

V̂ p
t (φ,AR,C) =

1

Zt
EP

[(
CT

Br
T

1{τ>T} −
Rτ

Br
τ

1{τ≤T}

)
Zτ∧T

∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t

1

Br
u

d⟨C,Z ⟩u
∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t
Zu

(
1

Br
u

d(Ãu + C̃u − r̄cuCudu) +
(
rfu − ru

) V p
u (φ,AC)

Br
u

du

) ∣∣∣Gt

]
,

=
1

Zt
EP

[(
CT

Br
T

1{τ>T} −
Rτ

Br
τ

1{τ≤T}

)
Zτ∧T −

∫ τ∧T

t

Zu

Br
u

dÃu

∣∣∣Gt

]
− 1

Zt
EP

[
Zτ∧TCτ∧T
Br

τ∧T
− ZtCt

Br
t

+

∫ τ∧T

t

ZuCuru
Br

u

du−
∫ τ∧T

t

Cu

Br
u

dZu

∣∣∣Gt

]
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+
1

Zt
EP

[∫ τ∧T

t

Zur̄
c
u

Br
u

du−
∫ τ∧T

t
Zu

(
rfu − ru

) V p
u (φ,AC)

Br
u

du
∣∣∣Gt

]
.(4.33)

By Definition 2.13, (2.20) and (4.33) it follows

V̂t(φ,A
R,C) = V̂ p

t (φ,AR,C) − Ct

Br
t

=
1

Zt
EP

[
−Zτ∧T

Rτ

Br
τ

1{τ≤T} −
∫ τ∧T

t

Zu

Br
u

dÃu

∣∣∣Gt

]
− 1

Zt
EP

[
Zτ∧T

Cτ−

Bf
τ

1{τ≤T} +

∫ τ∧T

t

ZuCuru
Bu

du−
∫ τ∧T

t

Cu

Bu
dZu

∣∣∣Gt

]
+

1

Zt
EP

[∫ τ∧T

t

Zur̄
c
u

Br
u

du−
∫ τ∧T

t
Zu

(
rfu − ru

) V p
u (φ,AC)

Br
u

du
∣∣∣Gt

]
.(4.34)

Furthermore, it holds

EP

[∫ τ∧T

t

Cu

Br
u

dZu

∣∣∣Gt

]
= EP

[∫ τ∧T

t

Cu

Br
u

Zu

(
d∑

i=1

−µ
i(u, Su) − riu
σi(u, Su)

dW f,i
u

)∣∣∣Gt

]
,

and we now show that

M 4,i
t := −

∫ t

0

Cu

Br
u

Zu
µi(u, Su) − riu
σi(u, Su)

dW τ,f,i
u , i = 1..., d, t ∈ [0, T ]

is a (G,P)-martingale. In particular, we have∫ τ∧T

0

∣∣∣∣Cu

Br
u

Zu
µi(u, Su) − riu
σi(u, Su)

∣∣∣∣2 du ≤ K2
i

∫ T

0

∣∣∣∣Cu

Br
u

Zu

∣∣∣∣2 du
≤ K2

i T sup
t∈[0,T ]

|Ct|2 sup
t∈[0,T ]

|Zt|2 sup
t∈[0,T ]

∣∣∣∣ 1

Br
t

∣∣∣∣2 <∞ P-a.s.

and

EP

[
sup

t∈[0,T ]

∣∣∣M 4,i
t

∣∣∣] = EP

[
sup

t∈[0,T ]

∣∣∣∣∫ t

0

Cu

Br
u

Zu
µi(u, Su) − riu
σi(u, Su)

dW τ,f,i
u

∣∣∣∣
]

≤ KK2
i EP

∣∣∣∣∫ τ∧T

0

1

|Br
u|2

|Cu|2|Zu|2du
∣∣∣∣
1
2


≤ KK2

i TC(Kr)EP

[
sup

t∈[0,T ]
|Ct| sup

t∈[0,T ]
|Zt|

]

≤ KK2
i C(Kr)EP

[
sup

t∈[0,T ]
|Ct|2

] 1
2

EP

[
sup

t∈[0,T ]
|Zt|2

] 1
2

<∞

by using (4.14) and (4.21) and similar arguments as before. This implies that EP

[∫ τ∧T
t

Cu
Br

u
dZu

∣∣∣Gt

]
= 0.

Thus, by (4.34) we get

V̂t(φ,A
R,C) =

1

Zt
EP

[
−Zτ

Br
τ

(Cτ− +Rτ )1{τ≤T} −
∫ τ∧T

t

Zu

Br
u

dÃu +

∫ τ∧T

t
Zu

Cu

Br
u

(r̄cu − ru) du
∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t
Zu

(
rfu − ru

) V p
u (φ,AC)

Br
u

du
∣∣∣Gt

]
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=
1

Zt
EP

[
−Zτ

Br
τ

(Cτ− +Rτ )1{τ≤T} −
∫ τ∧T

t

Zu

Br
u

dÃu +

∫ τ∧T

t
Zu

Cu

Br
u

(r̄cu − ru) du
∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t
Zu

(
rfu − ru

) Vu(φ,AC) + Cu

Br
u

du
∣∣∣Gt

]
=

1

Zt
EP

[
−Zτ

Br
τ

(Cτ− +Rτ )1{τ≤T} −
∫ τ∧T

t

Zu

Br
u

dÃu +

∫ τ∧T

t
Zu

Cu

Br
u

(
r̄cu − rfu

)
du
∣∣∣Gt

]
− 1

Zt
EP

[∫ τ∧T

t
Zu

(
rfu − ru

) Vu(φ,AC)

Br
u

du
∣∣∣Gt

]
,(4.35)

where we use that V p
u (φ,AC) = Vu(φ,AC) + Cu. Next, we study the term − 1

Zt
EP

[∫ τ∧T
t

Zu
Br

u
dÃu

∣∣∣Gt

]
.

Note that on {t < τ} it holds∫
]t,τ∧T ]

Zu

Br
u

dÃu =

∫
]t,T ]

Zu

Br
u

dAu − 1{τ≤T}

∫
[τ∧T,T ]

Zu

Br
u

dAu

and thus

Br
t

Zt
EP

[
−
∫ τ∧T

t

Zu

Br
u

dÃu

∣∣∣Gt

]
=
Br

t

Zt
EP

[
−
∫
]t,T ]

Zu

Br
u

dAu + 1{τ≤T}

∫
[τ∧T,T ]

Zu
1

Br
u

dAu

∣∣∣Gt

]

= Vt +
Br

t

Zt
EP

[
EP

[
1{τ≤T}

Zτ

Zτ

Br
τ

Br
τ

∫
[τ∧T,T ]

Zu

Br
u

dAu

∣∣∣Gτ

] ∣∣∣Gt

]

= Vt +
Br

t

Zt
EP

[
1{τ≤T}

Zτ

Br
τ

Qτ

∣∣∣Gt

]
(4.36)

where we use Remark 2.8 with Vt and Qτ given in Definition 2.7. Combining (4.35) and (4.36) yields

Vt(φ,A
R,C) = V̂t(φ,A

R,C)Br
t

= Vt +
Br

t

Zt
EP

[
1{τ≤T}1{τC<τB}

Zτ

Br
τ

(1 −RC)(Qτ − Cτ−)+
∣∣∣Gt

]
− Br

t

Zt
EP

[
1{τ≤T}1{τB<τC}

Zτ

Br
τ

(1 −RB)(Qτ − Cτ−)−
∣∣∣Gt

]
+
Br

t

Zt
EP

[∫ τ∧T

t
Zu

Cu

Br
u

(
r̄cu − rfu

)
du
∣∣∣Gt

]
− Br

t

Zt
EP

[∫ τ∧T

t
Zu

Vu(φ,AR,C)

Br
u

(
rfu − ru

)
du
∣∣∣Gt

]
= Vt + CVAt − DVAt + CollVAt − FVAt,

and thus

Vt(φ,A
R,C) = Vt + CVAt − DVAt + CollVAt

− Br
t

Zt
EP

[∫ τ∧T

t
Zu

Vu + CVAu − DVAu + CollVAu − FVAu

Br
u

(
rfu − ru

)
du
∣∣∣Gt

]
.

□

The result above provides the decomposition of the price in terms of valuation adjustments. To this

extent we prove a consolidated practice in banks’ risk management in a mathematically rigorous way

also for the case of incomplete markets.
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5. Two-Step valuation of xVAs

In this section we show that a slight modification of the assumptions underlying our approach based on

local risk-minimization provides a foundation to a version of the two-step valuation approach proposed

in Pelsser & Stadje (2014), Delong et al. (2019) and Barigou et al. (2023). This allows us to obtain a

formula for CVA (and similarly for other valuation adjustments) which is particularly convenient in

applications.

We consider W f = (W f
t )t∈[0,T ] and W⊥ = (W⊥

t )t∈[0,T ] to be d- resp. d′-dimensional Brownian motions

on (Ω,G,P) and FW f
= (FW f

t )t∈[0,T ] and FW⊥
= (FW⊥

t )t∈[0,T ] their associated natural filtrations. We

set F := FW f ⊗ FW⊥
, that is Ft := FW f

t ⊗FW⊥
t for every t ∈ [0, T ]. Let the stopping times τB, τC , τ

and the associated filtrations be as introduced in Section 2. On (Ω,G,P) we consider the filtration

G = (Gt)t∈[0,T ] defined by

Gt := Ft ∨HB
t ∨HC

t

= FW f

t ⊗FW⊥
t ∨HB

t ∨HC
t , t ∈ [0, T ],

and set G := GT . All filtrations are required to satisfy the usual hypotheses of completeness and

right-continuity.

In addition to the assumptions in Section 2, we assume that all coefficients µi, σi, repo rates ri for

i = 1, ..., d, collateral and funding rates are FW f
-adapted, so that completeness is preserved for the

clean market. With respect to the previous sections, we assume that the close-out valuation process

Q is FW f
-adapted by setting

Qt := EQ

[∫
[t,T ]

Br
t

Br
u

dAu

∣∣∣FW f

t

]
= EP

[∫
[t,T ]

Zu
Br

t

Br
u

1

Zt
dAu

∣∣∣FW f

t

]
t ∈ [0, T ].

Similarly, we also assume that the collateral process C is FW f
-adapted.

We allow the default intensities to be F-adapted, which introduces an additional dependence on the

Brownian motion W⊥. Recalling our previous assumption that intensity rates are bounded, a concrete

example that satisfies all the assumptions of the present setting is given by the Jacobi diffusion

dλjt = κj(θj − λjt )dt+

√
(λt − λjmax)(λt − λjmin)

(
ρjdW f,1

t +
√

1 − (ρj)2dW⊥,j

)
, t ∈ [0, T ],

where λjmax, λ
j
min are the upper and lower bound for the intensity respectively, κj , θj ∈ R+, ρj ∈ (−1, 1)

for j ∈ {B,C}. In this setting, let us consider the CVA which can be rewritten as

CVAt =
Br

t

Zt
EP

[
1{τ≤T}1{τC<τB}

Zτ

Br
τ

(1 −RC)(Qτ − Cτ−)+
∣∣∣Gt

]
= 1{τ>t}

Br
t

Zt
EP

[
(1 −RC)

∫ T

t

Zu

Br
u

e−
∫ u
t λC

s +λB
s dsλCu (Qu − Cu)+du

∣∣∣Ft

]
, t ∈ [0, T ],

by using Proposition 5.1.1 in Bielecki & Rutkowski (2004). Next, following Pelsser & Stadje (2014), we

condition on the full information on the market risk factors up to maturity and consider the two-step

valuation

CVAt = 1{τ>t}
Br

t

Zt
EP

[
(1 −RC)

∫ T

t

Zu

Br
u

EP

[
e−

∫ u
t λC

s +λB
s dsλCu

∣∣∣FW f

T ⊗FW⊥
t

]
(Qu − Cu)+du

∣∣∣Ft

]
,

where we apply Fubini’s theorem. We introduce the notation

ΛC
t,u := EP

[
e−

∫ u
t λC

s +λB
s dsλCu

∣∣∣FW f

T ⊗FW⊥
t

]
, u ∈ [t, T ],
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to represent this term that can be computed based on historical information regarding the defaults

and then switch to the risk-neutral measure to finally obtain

CVAt = 1{τ>t}B
r
tEQ

[
(1 −RC)

∫ T

t

1

Br
u

ΛC
t,u(Qu − Cu)+du

∣∣∣Ft

]
.

This allows the bank to calculate in a first step ΛC
t,u conditional on the market-factor information and

on t-conditional historical information from the internal rating system, as in the outlined setting the

bank cannot fall back on the dynamics of the intensity rates under Q. In a second step, the usual

approximation of the CVA can be performed either via American Monte Carlo or more advanced deep

learning methods. In particular, the local risk-minimization approach of the present paper provides

a sound mathematical foundation to this appealing computational strategy. Similar calculations hold

also for the remaining valuation adjustments.

6. Capital Value Adjustment (KVA)

In recent years, there has been a debate regarding the need to take into account the funding cost

generated by capital requirements on derivative transactions. According to Basel III a bank that is

holding a derivative portfolio must set aside capital that can be determined according to different

approaches: this could involve a standard model defined by the regulator or an internal model. A

first approach that includes the cost of capital in the valuation of derivatives can be found in Green &

Kenyon (2014). Later studies include, among many Kjaer (2017) and Kjaer (2018), who consider the

balance sheet model of Andersen et al. (2019) or Castagna (2019). There are other approaches in the

literature that see capital requirements as a consequence of market incompleteness, see Brigo et al.

(2017), Albanese et al. (2017), Arnsdorf (2020), Crépey et al. (2020) and Crépey (2022). The capital

is provided by the shareholders, who require in return a remuneration for the regulatory capital that

they are providing, which is typically termed hurdle rate. In line with other value adjustments, the

discussion has been about the possibility to charge such costs to the client by means of a suitable value

adjustment. In the following, we provide a tentative definition of a capital valuation adjustment that

arises from the approach presented in this work. We first consider the variation of the cost process of

the local risk-minimizing strategy given by

∆Cφ,AR,C

t := Cφ,AR,C

t − Cφ,AR,C

0 .

This process measures the variation of the cash capital that needs to be put aside or withdrawn. We

assume that the capital requirement at a certain point in time t is given by the expected shortfall with

confidence level α given by

ESPα
[
Cφ,AR,C

t+∆t − Cφ,AR,C

t

∣∣∣Gt

]
with ∆t a fixed time horizon, e.g. 1 year. When the shareholders provide such capital, they are

remunerated by means of a hurdle rate h. When applied to the whole lifetime of the transaction, this

gives rise to the following definition

KVAt := Br
tEQ

[∫ τ∧T

t

1

Br
u

huESPα
[
Cφ,AR,C

u+∆t − Cφ,AR,C

u

∣∣∣Gu

]
du

∣∣∣∣Gt

]
.

With this definition the KVA is then charged as a mark-up to the customer on top of the price

represented by Vt(φ,A
R,C). In case the market is complete, then we clearly have that the cost process

is a.s. constant, Cφ,AR,C

t − Cφ,AR,C

0 ≡ 0 dP ⊗ dt-a.s., so that KVAt ≡ 0 and the client is charged the
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price Vt(φ,A
R,C). In summary, the bank charges the amount V full

t (φ,AR,C) given by

V full
t (φ,AR,C) := Vt(φ,A

R,C) + KVAt.

This market practice in the banking sector essentially mimics the traditional insurance valuation,

where pricing is performed under the historical measure with the addition of a risk-charge, whose role

is taken by the KVA. Clearly, our valuation is performed under a risk neutral setting since we assumed

that market risk factors can be hedged. As already claimed in Crépey (2022) the idea of adding a KVA

mimics the valuation approach of Solvency II where the cost of capital is added to the best estimate

of the liability.

Remark 6.1. In the introduction, we mentioned that all xVA metrics in the present paper are computed

at the level of the portfolio of claims between the bank and the counterparty, under the standing

principle of bilateral contestability. We notice that capital requirements, under a bilateral contestable

framework are more conservative, provided that these are defined through a coherent risk measure.

In fact, let ρ be a coherent risk measure, and let (Ni)i denote the exposures associated with different

netting sets. By subadditivity, one has

ρ

(∑
i

Ni

)
≤
∑
i

ρ(Ni).

Thus, computing capital requirements at the level of individual netting sets and summing the results

yields an upper bound on the portfolio-level capital.

These observations show that restricting attention to bilateral netting sets does not lead to an un-

derestimation of risk. On the contrary, it produces a robust upper bound on capital adjustments

by deliberately ignoring diversification effects that are not bilaterally verifiable. In this sense, the

bilateral framework can be interpreted as a prudent approximation under information constraints.
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Appendix A. Föllmer-Schweizer decomposition

We briefly recall the definition of the structure condition for a process Y on a filtered probability space

(Ω,GT ,G,P), see Schweizer (2008).

Definition A.1. Let Y = (Yt)t∈[0,T ] be an Rd-valued continuous (G,P)-semimartingale with decom-

position Y = Y0 +AY +MY . We say that Y satisfies the structure condition (SC) if

(i) Y ∈ S2
loc,d(G,P),

(ii) AY is absolutely continuous w.r.t. the bracket process ⟨MY ⟩ = (⟨MY i
,MY j ⟩)i,j=1,...,d, i.e.

there exists a G-predictable process λ = (λt)t∈[0,T ] such that AY i

t =
∑d

j=0

∫ t
0 λ

j
ud
〈
MY i

,MY j
〉
u
,

for i = 1, . . . , d and t ∈ [0, T ],

(iii) the mean-variance tradeoff process KY = (KY
t )t∈[0,T ]

KY
t :=

∫ t

0
λ⊤u d

〈
MY

〉
u
λu =

d∑
i,j=1

∫ t

0
λiuλ

j
ud⟨MY i

,MY i⟩u(A.1)

satisfies KY
T <∞ P-a.s.

It is well-known that there exists a link between no arbitrage conditions and the structure condition for

continuous semimartingales. Denote by P loc
G (Y ) the set of all equivalent local G-martingale measures

Q of Y w.r.t. P. Then the following result holds, see Theorem 3.5 in Schweizer (2001) and Theorem

3.4 in Monat & Stricker (1995).

Theorem A.2. Let Y be a continuous process in S2
loc,d(G,P) and N a random variable in L2(GT ,P).

(i) If P loc
G (Y ) ̸= ∅, then Y satisfies (SC).

(ii) If Y satisfies (SC) and the mean-variance tradeoff process KY is uniformly bounded, then N

admits a unique G-Föllmer-Schweizer decomposition.
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