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1 Introduction

We are witnessing a change in the way countries approach trade policy. In the past, regional and

multilateral trade agreements were mostly ”shallow”, i.e. focused on the reduction of import

tariffs and export taxes. More recently, there has been a shift to ”deeper” agreements, which,

in addition to traditional trade policies, cover various domestic policies, such as production

subsidies, product and labor standards, intellectual property rights, competition policy, and

many other subjects (e.g., Horn, Mavroidis and Sapir, 2010; Dür, Baccini and Elsig, 2014;

Rodrik, 2018).1 Despite these fundamental changes in countries’ actual approach to trade

agreements, much of the theoretical literature still focuses on classical trade policies: import and

export taxes (see Bagwell and Staiger, 2016, for a survey). Moreover, it misses a common tool

to analyze the incentives for trade and domestic policies and to design deep trade agreements

within the standard trade framework featuring monopolistic competition and firm heterogeneity.

To fill this gap, in this paper we develop a welfare decomposition for policy analysis based

on efficiency principles from welfare economics that is valid in a broad class of trade models

and allows us to jointly analyze the incentives for trade and domestic policies. Our approach is

inspired by Arkolakis, Costinot and Rodŕıguez-Clare (2012) and Costinot, Rodŕıguez-Clare and

Werning (2020) who showed, respectively, that the effects of trade cost reductions and trade

policy have a common aggregate representation within a wide class of one-sector trade models.

We use a general version of the modern workhorse trade model with monopolistic competition

and free entry Krugman (1980), firms that are either homogeneous or heterogeneous in terms

of productivity Melitz (2003) and operate potentially in mutiple sectors with CES demand.

This model is particularly well suited for studying domestic policies (sector-specific production

taxes/subsidies) and thus deep trade agreements because it features a clear motive for domes-

tic regulation, even in the absence of international trade: without sector-specific production

1To illustrate the increasing depth and complexity of trade agreements, Rodrik (2018) compares the US
trade agreements with Israel and Singapore, signed two decades apart. The US-Israel Free Trade Agreement,
which went into force in 1985, was the first bilateral trade agreement the US concluded in the postwar period.
It contains 22 articles and three annexes, the bulk of which are devoted to free-trade issues such as tariffs,
agricultural restrictions, import licensing, and rules of origin. The US-Singapore Free Trade Agreement went
into effect in 2004 and contains 20 chapters (each with many articles), more than a dozen annexes, and multiple
side letters. Of its 20 chapters, only seven cover conventional trade topics. Other chapters deal with behind-the-
border topics such anti-competitive business conduct, electronic commerce, labor, the environment, investment
rules, financial services, and intellectual property rights.
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subsidies, market outcomes are distorted by monopolistic price setting due to multiple sectors

with different markups. At the same time, our setup allows us to study to what extent policies

might be affected by the presence of firm heterogeneity.

We proceed as follows. We first derive a welfare decomposition and use it to tackle the long-

standing theoretical debate on the motives for trade policy and trade agreements. A key

advantage of the decomposition is that it allows us to identify beggar-thy-neighbor incentives2

and to separate them clearly from efficiency considerations of policies. We then use our wel-

fare decomposition to study the relative performance of trade agreements with different levels

of integration: a shallow trade agreement (free trade but no coordination of domestic poli-

cies); a deep trade agreement (free trade and coordinated domestic policies); and a laissez-faire

agreement (free trade and a commitment to abstain from using domestic policies). We find

that achieving the full benefits of integration always requires signing a deep trade agreement

and that firm heterogeneity crucially affects the costs and benefits of a shallow relative to a

laissez-faire agreement.

The key idea of our approach is to rewrite the model in terms of aggregate CES bundles

and to express welfare (indirect utility) changes induced by policy instruments in terms of

the wedges between market prices and those that would implement the allocation chosen by

a social planner. These efficiency wedges are present whenever consumer prices of aggregate

bundles deviate from marginal production costs. In the context of our model, such wedges can

be either due to monopolistic markups or due to policy distortions. In the spirit of Meade

(1955) and Harberger (1971), we split these efficiency effects into consumption-efficiency (given

by wedges between consumer and producer prices due to trade taxes) and production-efficiency

terms (given by wedges between the marginal value product of labor at producer prices and its

marginal cost). The general-equilibrium welfare effects induced by trade or domestic policies can

then be exactly decomposed into (i) consumption-efficiency and (ii) production-efficiency effects

and (iii) terms-of-trade effects that operate via changes in international prices.3 Crucially, our

welfare decomposition is valid independently of whether the set of available policy instruments

2A beggar-thy-neighbor or zero-sum incentive means that one player/country is made better off at the expense
of the other player/country.

3The terms of trade are defined in terms of ideal price indices of exportables and importables. As a con-
sequence, the terms of trade are affected both by changes in the international prices of individual varieties
(intensive margin) and by changes in the set of firms active in foreign markets (extensive margin).
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is sufficient to implement the planner allocation, which makes it well suited for studying policy

in second-best environments.4

We show that the terms-of-trade motive is the only beggar-thy-neighbor incentive in our frame-

work and thus the only reason to sign a trade agreement, thereby extending the result from the

neoclassical framework (Grossman and Helpman, 1995; Bagwell and Staiger, 1999) to the ”new”

trade theory. This implies that the delocation effect5 (Venables, 1987) is not a policy motive

on its own. As discussed below, however, it can be at work when the set of available policy

instruments is limited. Unilateral and strategic policies are governed by production-efficiency

and terms-of-trade considerations, while consumption-efficiency effects are always an unwanted

consequence of using trade policy instruments.6

To clarify the trade-off between production-efficiency and terms-of-trade effects associated with

each policy instrument, the impact of firm heterogeneity in governing this trade off, as well

as the role of delocation effects, we first consider unilateral deviations from the laissez-faire

equilibrium in the two-sector CES framework with an outside good. When starting from this

equilibrium, production efficiency can be improved with a small import tariff, a small export

subsidy or a small production subsidy in the differentiated sector that triggers entry of firms

at home and increases the amount of labor allocated to this sector. However, this comes at the

expense of worsening the terms of trade via the extensive margin. When firms are homogeneous

and sell to all markets, production-efficiency considerations always prevail and countries gain

from such a policy. By contrast, when firms are heterogeneous and self-select into exporting,

this is no longer the case. There exists a sufficient statistic, the variable profit share of the

average active firm from sales in its domestic market, that determines which effect dominates.

When the profit share from domestic sales is larger than the one from export sales, the result is

qualitatively the same as in the case of homogeneous firms because the terms-of-trade motive is

weak relative to the production-efficiency motive: only relatively few firms select into exporting

4A similar decomposition is also valid under perfect competition, see Helpman and Krugman (1989), Chapter
2. Our welfare decomposition can also be used for applications not considered in the current paper, such
as unilaterally optimal policies or to study the welfare implications of other tax instruments, or changes in
fundamentals, such as trade costs.

5In models with free entry, the delocation effect (also called home-market effect) of policies can be used to
attract a larger share of a sector’s production by increasing local demand for the good.

6In the one-sector version of the model, production is always efficient so that policy makers’ choices are
only driven by terms-of-trade considerations. This is not the case with multiple sectors and different elasticities
across them.
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and most profits are made in the domestic market. By contrast, when the profit share from

domestic sales is smaller than the one from export sales, production efficiency is less important

to policy makers, so the terms-of-trade motive dominates. Consequently, countries can benefit

from a small unilateral import subsidy, a production tax, or an export tax in the differentiated

sector that delocates firms to the foreign market (an anti-delocation effect).

With an understanding of the theoretical mechanisms that govern policy makers’ incentives, we

then study the normative implications of trade agreements with different degrees of integration.

In the absence of any type of trade agreement, individual-country policy makers are free to set

both trade and domestic policies strategically. In this case, the targeting principle applies and

strategic outcomes are qualitatively independent of firm heterogeneity: in a symmetric Nash

equilibrium, production subsidies exactly offset monopolistic distortions, while trade policies

consist of import subsidies and export taxes. Thus, Nash trade policies aim at delocating

firms to the other economy in order to improve countries’ terms of trade via the extensive

margin. This result confirms the insight gained from our welfare decomposition: when policy

makers have sufficiently many instruments to deal with production distortions and terms-of-

trade effects separately, the terms-of-trade motive is the only international externality and thus

the only reason to enter a trade agreement.

One may thus think that a shallow trade agreement – which forbids the use of trade policies but

does not require any coordination of domestic policies – leads to an efficient outcome. We show

that this is not the case: when the set of policy instruments is limited, policies are governed

by the trade-off between improving production efficiency and manipulating the terms of trade,

and therefore strategic domestic policies are not set efficiently. When firms are homogeneous,

production-efficiency considerations always prevail and thus in the symmetric Nash equilibrium

policy makers set a production subsidy, albeit smaller than the efficient one. When instead firms

are heterogeneous, the relative importance of the two effects is endogenous. Like in the case

of unilateral deviations, whether production-efficiency or terms-of-trade effects prevail depends

on whether the profit share from domestic sales is larger than the one from export sales. When

it is larger, the first effect dominates, and the Nash policy is an (inefficiently low) production

subsidy. When it is smaller, the second effect dominates, and the Nash policy is a production

tax. Reaping the full benefits from international trade thus requires a deep trade agreement,
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in which member countries cooperate on trade and domestic policies. Such an agreement is

necessary and sufficient to achieve the first-best outcome: policymakers implement free trade

by setting trade taxes to zero and use production subsidies to completely offset monopolistic

distortions.

If, however, full cooperation on domestic policies is not feasible, countries may be able to

commit not to use domestic policies at all. We thus consider a laissez-faire agreement, which

forbids both the use of trade and domestic policies. We show that whether or not this dominates

a shallow agreement when firms are heterogeneous depends on whether the profit share from

domestic sales is smaller or larger than the one from export sales. Last but not least, we

show that, due to endogenous selection into exporting, the average variable profit share from

domestic sales is an increasing function of fixed and variable physical trade costs. When these

costs fall sufficiently, shallow agreements are more distortive than laissez-faire agreements.

The rest of the paper is structured as follows. In the next subsection we briefly discuss the

related literature. In Section 2 we describe a multi-sector Melitz (2003) model expressed in

terms of macro bundles. In Section 3 we then set up and solve the problem of a planner who is

concerned with maximizing world welfare. We separate it into a micro, a within-sector macro

and a cross-sector macro stage and compare outcomes of each stage to the market allocation

in order to identify the relevant efficiency wedges. We then show how the efficiency wedges are

affected by policy instruments. In Section 4 we solve the problem of a benevolent world policy

maker who is concerned with maximizing world welfare and disposes of sector-specific import,

export and production taxes. As an intermediate step of solving this problem, we derive a

welfare decomposition that decomposes welfare effects of policy instruments into a consumption-

efficiency effect, a production-efficiency effect and terms-of-trade effects. We then show that

for solving the world-policy-maker problem it is sufficient to set all efficiency wedges equal to

zero. Next, we turn to the problem of individual-country policy makers, derive individual-

country welfare and discuss welfare effects of unilateral policy deviations from the laissez-faire

equilibrium (5). Finally, in section 6 we consider strategic trade and domestic policies. We first

characterize the Nash equilibrium of the policy game where individual-country policy makers

set both trade and production taxes simultaneously and strategically. We then turn to the Nash

equilibrium of the policy game when only production taxes can be set strategically. Section 7
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presents our conclusions.

1.1 Related literature

Several theoretical contributions have studied the incentives for trade policy in specific versions

of the Krugman (1980) and Melitz (2003) models and have identified numerous mechanisms

through which trade policy affects outcomes.7 We add to the literature on trade policy in the

CES monopolistic competion framework by incorporating domestic policies and showing that

– since they all have the same aggregate representation – these models share a common set of

policy motives, which can be understood using our welfare decomposition. Studies investigating

trade policy in the two-sector version of Krugman (1980) with homogeneous firms typically find

that strategic tariffs are set due to a delocation motive (Venables, 1987; Helpman and Krugman,

1989; Ossa, 2011) that induces policy makers to increase the size of the domestic differentiated

sector. Recently, Campolmi, Fadinger and Forlati (2014) have shown that this result is a

consequence of limiting the number of policy instruments. When policy makers dispose of

production, import and export taxes, the Nash equilibrium is characterized by the first-best

level of production subsidies, import subsidies and export taxes that aim at delocating firms to

the foreign economy. This paper generalizes their results to heterogeneous firms and interprets

their finding in terms of production-efficiency and terms-of-trade effects. Also closely related

to our study is Costinot et al. (2020), who consider unilateral trade policy in a generalized

two-country version of Melitz (2003) with a single sector. They study optimal firm-specific

and non-discriminatory policies and investigate how optimal trade taxes are affected by firm

heterogeneity, emphasizing the role of terms-of-trade effects.

7Gros (1987) and Helpman and Krugman (1989) examine the one-sector version of the Krugman (1980)
model with homogeneous firms and identify a terms-of-trade motive for tariffs. Several studies have analyzed the
incentives for trade policy in the Melitz (2003) model with a single sector. Demidova and Rodŕıguez-Clare (2009)
and Haaland and Venables (2016) investigate optimal unilateral trade policy in a small-open-economy version
of Melitz (2003) with Pareto-distributed productivity. While Demidova and Rodŕıguez-Clare (2009) identify
a distortion in the relative price of imported varieties (markup distortion) and a distortion on the number
of imported varieties (entry distortion) as motives for unilateral policy, Haaland and Venables (2016) single
out terms-of-trade effects as the only reason for individual-country trade policy. Similarly, Felbermayr, Jung
and Larch (2013), who consider strategic import taxes in a two-country version of this model, identify the same
motives for tariffs as Demidova and Rodŕıguez-Clare (2009). Turning to models with firm heterogeneity, Haaland
and Venables (2016) investigate unilateral policy in the two-sector small-open-economy variant of Melitz (2003)
with Pareto-distributed productivities. They identify terms-of-trade externalities and monopolistic distortions
as drivers of unilateral policy.
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Our paper is also connected to the vast literature on trade policy in perfectly competitive

trade models (Dixit, 1985). We show that many insights from this literature carry over to the

framework with monopolistic competition and firm heterogeneity. Specifically, we find that the

result that trade agreements solve a terms-of-trade externality, which has been forcefully argued

by Grossman and Helpman (1995) and Bagwell and Staiger (1999), also applies in the CES

monopolistic competition context.8 Moreover, also the Bhagwati-Johnson principle of targeting,

which states that optimal policy should use the instrument that operates most effectively on the

appropriate margin, remains valid. Finally, our welfare decomposition establishes a tight link

between the policy incentives in the CES monopolistic competition framework and those in the

neoclassical model. Meade (1955) has developed a partial-equilibrium decomposition of welfare

incentives in neoclassical trade models that splits welfare effects of policies into efficiency wedges

and terms-of-trade effects. We show how to apply this decomposition to general-equilibrium

welfare effects of policies in CES monopolistic competition models.

Finally, we also contribute to the literature on trade and domestic policies. Within a model with

perfect competition and a local production externality, Copeland (1990) discusses the idea that

in the presence of a shallow trade agreement – that limits the strategic use of tariffs – individual-

country policy makers may use domestic policies to manipulate the terms of trade. Bagwell and

Staiger (2001) use a similar model to study the gains from integrating agreements on domestic

standards into trade agreements within a dynamic setup. They argue against integrating rules

on domestic policies into trade agreements since in their view WTO rules are sufficient to sustain

efficient levels of domestic policies: they prohibit changes in domestic policies that undo the

effects of previously granted tariff concessions. Differently, Ederington (2001), who considers the

optimal design of joint agreements on trade and domestic policies in the absence of commitment,

establishes that deep trade agreements should require full coordination of domestic policies,

while allowing countries to set positive levels of tariffs in order to reduce deviation incentives.

While our paper abstracts from these dynamic considerations and considers a situation with full

commitment, it is the first to study shallow and deep trade agreements within the workhorse

heterogeneous-firm model. In a recent contribution, Lashkaripour and Lugovsky (2019) analyze

a quantitative multi-sector Krugman (1980) model with trade policies and domestic production

8Maggi and Rodŕıguez-Clare (1998) show that in the presence of political-economy motives for protection,
commitment to abstain from using distortive policies may be an additional reason to sign a trade agreement.
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subsidies to assess welfare gains from a deep trade agreement relative to unilaterally optimal

policies. Grossman, McCalman and Staiger (2019) investigate deep trade agreements with a

focus on harmonization of horizontal production standards in a monopolistic competition model

with homogeneous firms, while Ossa and Maggi (2019) consider a political-economy model of

agreements on standards in the presence of consumption or production externalities.

2 The Model

The setup follows Melitz and Redding (2015). The world economy consists of two countries i:

Home (H) and Foreign (F). The only factor of production is labor which is supplied inelastically

in amount L in each country, perfectly mobile across firms and sectors and immobile across

countries. Each country has either one or two sectors. The first sector produces a continuum

of differentiated goods under monopolistic competition with free entry. If present, the other

sector is perfectly competitive and produces a homogeneous good.9 Labor markets are perfectly

competitive. Differentiated goods are subject to iceberg transport costs. Both countries are

identical in terms of preferences, production technology, market structure and size. All variables

are indexed such that the first sub-index corresponds to the location of consumption and the

second sub-index to the location of production.

2.1 Technology and Market Structure

2.1.1 Differentiated sector

Firms in the differentiated sector operate under monopolistic competition with free entry. They

pay a fixed cost in terms of labor, fE, to enter the market and to pick a draw of productivity

ϕ from a cumulative distribution G(ϕ).10 After observing their productivity draw, they decide

whether to pay a fixed cost f in terms of domestic labor to become active and produce for the

domestic market. Active firms then decide whether to pay an additional market access cost fX

(in terms of domestic labor) to export to the other country, or to produce only for the domestic

market. Therefore, labor demand of firm ϕ located in market i for a variety sold in market j is

9The generalization of the model to multiple monopolistically competitive sectors is straightforward.
10We assume that ϕ has support [0,∞) and that G(ϕ) is continuously differentiable with derivative g(ϕ).
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given by:

lji(ϕ) =
qji(ϕ)

ϕ
+ fji, i, j = H,F (1)

where

fji =


f j = i

fX j 6= i

Here qji(ϕ) is the production of a firm with productivity ϕ located in country i for market j.

Varieties sold in the foreign market are subject to an iceberg transport cost τ > 1. We thus

define:

τji =


1 j = i

τ j 6= i

2.1.2 Homogenous sector

In case the homogeneous-good sector is present, labor demand LZi for the homogenous good

Z, which is produced in both countries i with identical production technology, is given by:

LZi = QZi, (2)

where QZi is the production of the homogeneous good. Since this good is sold in a perfectly
competitive market without trade costs, its price is identical in both countries and equals the

marginal cost of production Wi. We assume that the homogeneous good is always produced in

both countries in equilibrium. This implies equalization of wages Wi = Wj for i 6= j (factor

price equalization).

We also consider a version of the model without the homogeneous sector. In this case, wages

across the two countries will not necessarily be equalized.

2.2 Preferences

Households’ utility function is given by:

Ui ≡ α logCi + (1− α) logZi, i = H,F , (3)

10



where Ci aggregates over the varieties of differentiated goods and α is the expenditure share of

the differentiated bundle in the aggregate consumption basket. When α is set to unity, we go

back to a one-sector model (Melitz, 2003). Zi represents consumption of the homogeneous good

(Krugman, 1980). The differentiated varieties produced in the two countries are aggregated with

a CES function given by:11

Ci =

 ∑
j=H,F

C
ε−1
ε

ij

 ε
ε−1

, i = H,F (4)

Cij =

[
Nj

∫ ∞
ϕij

cij(ϕ)
ε−1
ε dG(ϕ)

] ε
ε−1

, i, j = H,F (5)

Here, Cij is the aggregate consumption bundle of country-i consumers of varieties produced in

country j, cij(ϕ) is consumption by country-i consumers of a variety ϕ produced in country j,

Nj is the measure of varieties produced by country j. ϕij is the cutoff-productivity level, such

that a country-j firm with this productivity level makes exactly zero profits when selling to

country i, while firms with strictly larger productivity levels make positive profits from selling

to this market, so that all country-j firms with ϕ ≥ ϕij export to country i. Finally, ε > 1 is the

elasticity of substitution between domestic and foreign bundles and between different varieties.

2.3 Government

The government of each country disposes of the following fiscal instruments: a sector-specific

production tax/subsidy (τLi) on the fixed and marginal costs of firms in the differentiated

sector,12 a sector-specific tariff/subsidy on imports in the differentiated sector (τIi) and a sector-

specific tax/subsidy on exports in the differentiated sector (τXi).
13 Note that τmi indicates a

gross tax for m ∈ {L, I,X}, i.e., τmi < 1 indicates a subsidy and τmi > 1 indicates a tax.

11Notice that we can index consumption of differentiated varieties by firms’ productivity level ϕ since
all firms with a given level of ϕ behave identically. Note also that our definitions of Cij imply Ci =[
Ni
∫∞
ϕii

cii(ϕ)
ε−1
ε dG(ϕ) +Nj

∫∞
ϕij

cij(ϕ)
ε−1
ε dG(ϕ)

] ε
ε−1

i.e., the model is the standard one considered in the lit-

erature. However, it is convenient to define optimal consumption indices.
12Since the only production factor in the model is labor, this is equivalent to a sector-specific labor tax/subsidy.

We impose that the same production tax is levied on both fixed and marginal costs (including also the fixed
entry cost fE). This assumption is necessary to keep firm size unaffected by production taxes, which turns out
to be optimal, as we will show in Section 3.2.

13Note that we could easily allow for tax instruments in the perfectly competitive sector but these would be
completely redundant. We do not explicitly introduce sector-specific consumption taxes/subsidies but they can
be replicated with a combination of production subsidies and import tariffs.
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In what follows, we employ the word tax whenever we refer to a policy instrument without

specifying whether τmi is smaller or larger than one and we use the following notation:

τT ij =


1 i = j

τIiτXj i 6= j

(6)

Moreover, we assume that taxes are paid directly by the firms14 and that all government

revenues are redistributed to consumers through a lump-sum transfer. We use the term laissez-

faire allocation to refer to the market allocation in which both countries refrain from using any

of the policy instruments, i.e., τLi = τIi = τXi = 1 for i = H,F .

2.4 Equilibrium

Since the model is standard, we relegate a more detailed description of the setup and the

derivation of the market equilibrium to Appendix A. In a market equilibrium, households

choose consumption of the differentiated bundles and – when available –the homogeneous good

in order to maximize utility subject to their budget constraint; firms in the differentiated

sector choose quantities in order to maximize profits given their residual demand schedules and

enter the differentiated sector until their expected profits – before productivity realizations are

drawn – are zero; they produce for the domestic and export markets if their productivity draw is

weakly above the market-specific survival-cutoff level at which they make exactly zero profits; if

present, firms in the homogeneous-good sector price at marginal cost; governments run balanced

budgets and all markets clear. Similarly to Arkolakis et al. (2012), Campolmi et al. (2014) and

Costinot et al. (2020), we write the equilibrium in terms of sectoral aggregates. Specifically,

the one-sector model can be represented in terms of three aggregate goods: a good that is

domestically produced and consumed (non-tradable good); a domestic exportable good and a

domestic importable good. The two-sector model additionally features a homogeneous good.

This representation in terms of aggregate bundles (i) highlights that models with monopolistic

competition and CES preferences have a common macro representation and (ii) makes the

connection to standard neoclassical trade models visible. It will also be useful for interpreting

14In particular, following the previous literature (Venables (1987), Ossa (2011)), we assume that tariffs and
export taxes are charged ad valorem on the factory gate price augmented by transport costs. This implies that
transport services are taxed.
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the wedges between the planner and the market allocations and for our welfare decomposition.

Finally, the macro representation will make clear that the welfare-relevant terms of trade that

policy makers consider in their objective are defined in terms of ideal price indices of sectoral

exportables relative to importables.

The market equilibrium is described by the following conditions:

ϕ̃ji =

[∫ ∞
ϕji

ϕε−1 dG(ϕ)

1−G(ϕji)

] 1
ε−1

, i, j = H,F (7)

δji =
fji(1−G(ϕji))

(
ϕ̃ji

ϕji

)ε−1

∑
k=H,F

fki(1−G(ϕki))
(
ϕ̃ki
ϕki

)ε−1 , i, j = H,F (8)

ϕii
ϕij

=

(
fii
fij

) 1
ε−1
(
τLi
τLj

) ε
ε−1
(
Wi

Wj

) ε
ε−1

τ−1
ij τ

− ε
ε−1

T ij i = H,F, i 6= j (9)

∑
j=H,F

fji(1−G(ϕji))

(
ϕ̃ji
ϕji

)ε−1

= fE +
∑
j=H,F

fji(1−G(ϕji)), i = H,F (10)

Cij =
ε− 1

ε
(εfij)

−1
ε−1 τ−1

ij ϕij (δijLCj)
ε

ε−1 , i, j = H,F (11)

Pij =
ε

ε− 1
(εfij)

1
ε−1 τijτT ijτLjWjϕ

−1
ij (δijLCj)

−1
ε−1 , i, j = H,F (12)

L− LCi −
1− α
α

∑
k=H,F

PikCik + τ−1
Ij PjiCji = τ−1

Ii PijCij , i = H, j = F (13)

∑
i=H,F

(L− LCi) =
1− α
α

∑
i=H,F

∑
j=H,F

PijCij (14)

Zi =
1− α
α

∑
j=H,F

PijCij i = H,F (15)

Condition (7) defines ϕ̃ji, the average productivity of country-i firms active in market j, which

is given by the harmonic mean of productivity of those firms that operate in the respective

market. Condition (8) defines δji, the variable-profit share of a country-i firm with average

productivity ϕ̃ji arising from sales in market j – henceforth called domestic profit share.15

Equivalently, δji is also the share of total labor used in the differentiated sector in country i

that is allocated to production for market j. Condition (9) follows from dividing the zero-profit

conditions defining the survival-productivity cutoffs – which imply zero profits for a country-i

firm with the cutoff-productivity level ϕij from selling in market j – for firms in their domestic

15It can be shown that fji(1−G(ϕji))
(
ϕ̃ji

ϕji

)ε−1

are variable profits of a the average country-i firm active in

market j.
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market by the one for foreign firms that export to the domestic market. Condition (10) is the

free-entry condition combined with the zero-profit conditions. In equilibrium, expected variable

profits (left-hand side) have to equal the expected overall fixed cost bill (right-hand side).

Condition (11) can be interpreted as a sectoral aggregate production function Cij = QCij(LCj)

in terms of aggregate labor allocated to the differentiated sector, LCj, measuring the amount

of production of the aggregate bundle produced in country j for consumption in market i.

Condition (12) defines the equilibrium consumer price index Pij of the aggregate differentiated

bundle produced in country j and sold in country i.16

Importantly, condition (13) defines the trade-balance condition that states that the value of

net imports of the homogeneous good plus the value imports of the differentiated bundle (left-

hand side) must equal the value of exports of the differentiated bundle (right-hand side). Note

that imports and exports of differentiated bundles are evaluated at international prices (before

tariffs are applied). The model-consistent definition of the terms of trade then follows directly

from this equation.17 The international price of imports τ−1
Ii Pij defines the inverse of the terms

of trade of the differentiated importable bundle (relative to the homogeneous good), while the

international price of exports τ−1
Ij Pji defines the terms of trade of the differentiated exportable

bundle (relative to the homogeneous good). In addition, the terms of trade of the differentiated

exportable relative to the importable bundle are given by (τ−1
Ij Pji)/(τ

−1
Ii Pij), which is the only

relevant relative price when α = 1. Given that terms of trade are defined in terms of sectoral

ideal price indices of exportables relative to importables, they will be affected not only by

changes in the prices of individual varieties but also by changes in the measure of exporters

and importers and their average productivity levels. We will discuss this in detail in Section 5.

Finally, (14) is the market-clearing condition for the homogeneous good18 and condition (15)

defines demand for the homogeneous good, presented here for future reference.

We normalize the foreign wage, Wi, i = F , to unity. Thus, we have a system of 24 equilibrium

equations in 25 unknowns, namely δji, ϕji, ϕ̃ji, Cji, Pij, LCi, Zi for i, j = H,F and Wi for

16More precisely, if α < 1, Pij should be interpreted as a relative aggregate price index in terms of the
homogeneous good.

17This definition is also consistent with Campolmi, Fadinger and Forlati (2012) and Costinot et al. (2020),
who also define terms of trade in terms of aggregate international price indices of exportables and importables.

18Alternatively if α = 1 it states the domestic labor-market-clearing condition.
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i = H. Note that if α < 1, so that the homogeneous sector is present, Wi = 1 for i = H, since

factor prices must be equalized in equilibrium; by contrast, if α = 1, so that there is only a

single sector, LCi = L for i = F , since the domestic labor market must clear.

Observe that when α < 1 the equilibrium can be solved recursively. First, we can use conditions

(7), (9) and (10) to implicitly determine the four productivity cutoffs ϕji as well as the average

productivity levels in the domestic and export market for both countries ϕ̃ji, given the values

of the policy instruments. Then, we can determine the variable profit shares of the average

firm in each market δji, since they are a function of the productivity cutoffs only. Finally, given

both ϕji and δji, we can recover Cji and Pij and plug them into the trade-balance condition

and the homogeneous-good-market-clearing condition to solve for the equilibrium levels of LCj.

Moreover, note that under some additional assumptions the equilibrium equations also nest the

one-sector and the multi-sector versions of the Krugman (1980) model with homogeneous firms

and exogenous productivity level ϕ = 1. A sufficient set of assumptions is that fji = 0 for

i, j = H,F and that G(ϕ) is degenerate at unity. In this case, conditions (7), (8) (9) and (10)

need to be dropped from the set of equilibrium conditions and (11) and (12) are replaced by

Cij =
ε− 1

ε
L

ε
ε−1

Cj (εfE)
−1
ε−1

(τijτT ij)
−ε
[(

Wk
Wj

τLk
τLj

)ε
−
(
Wi
Wj

τLi
τLj

)ε
τ ε−1
ki τ εTki

]
τ−εT ikτ

1−ε
ki − τ εTkiτ

ε−1
ki

, i, j = H,F, k 6= i (16)

Pij =
ε

ε− 1
(εfE)

1
ε−1 τijτT ijτLjWjL

−1
ε−1

Cj , i, j = H,F. (17)

The remaining equilibrium conditions (13)-(15) remain valid.

3 The Planner Allocation

In this section we solve the problem of a social planner who maximizes total world welfare19

given the constraints imposed by the production technology in each sector and the aggregate

labor resources available to each country. The solution to this problem provides a benchmark

against which one can compare any market allocation. Moreover, and more importantly, it

identifies the wedges that need to be closed in order to implement the planner allocation in

a market equilibrium. As explained in Section 4, these wedges will exactly correspond to the

19World welfare is defined as the unweighted sum of individual countries’ welfare. In this way we single out
the symmetric Pareto-efficient allocation, which can then be compared with the symmetric market allocation.
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ones in our welfare decomposition.

We solve the planner problem in three stages,20 using the total-differential approach. First, we

determine the amount of consumption and labor allocated to each variety of the differentiated

good in each location. Next, we solve for the optimal average productivity of firms active

in the domestic and export markets, the optimal allocation of consumption and labor across

aggregate bundles within sectors, and the measure of differentiated varieties in each sector

given the allocation across sectors. Finally, in the third stage we find the optimal allocation of

consumption and labor across aggregate sectors. There are two main advantages in following

this three-stage approach: (i) it highlights the various trade-offs that the planner faces at the

micro and the macro level; (ii) it allows comparing the planner and the market allocation in

a transparent way by pointing to the specific wedges arising in the market allocation at each

level of aggregation.21

3.1 First Stage: Optimal Production of Individual Varieties

At the first stage the planner chooses cij(ϕ), lij(ϕ) and ϕij for i, j = H,F by solving the

following problem:

maxuij (18)

s.t. cij(ϕ) = qij(lij(ϕ)), i, j = H,F

LCij = Nj

∫ ∞
ϕij

lij(ϕ)dG(ϕ), i, j = H,F,

where uij ≡ Cij, Cij =
[
Nj

∫∞
ϕij
cij(ϕ)

ε−1
ε dG(ϕ)

] ε
ε−1

, qij(lij(ϕ)) = (lij(ϕ)−fij) ϕ
τij

, and where Nj

and LCij – defining the amount of labor allocated in country j to produce differentiated goods

consumed by country i – are taken as given since they are determined at the second stage. The

optimality conditions of the problem (18) imply the equalization of the marginal value product

(measured in terms of marginal utility) between any two varieties ϕ1 and ϕ2 ∈ [ϕij,∞).22

∂uij
∂cij(ϕ1)

∂qij(ϕ1)

∂lij(ϕ1)
=

∂uij
∂cij(ϕ2)

∂qij(ϕ2)

∂lij(ϕ2)
, i, j = H,F (19)

20Our approach is similar to the one of Costinot et al. (2020) for the unilateral optimal-policy problem.
21The results of this Section are derived in Appendix C.
22Equivalently, this condition sets the marginal rate of substitution between any two varieties equal to their

marginal rate of transformation.
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The solution to this problem also determines the consumption of individual varieties cij(ϕ),

the amount of labor allocated to the production of each variety lij(ϕ) and the optimal sectoral

labor aggregator LCij and allows us to obtain the sectoral aggregate production function23

QCij(ϕ̃ij , Ni, LCij) ≡
ϕ̃ij
τij

{
[Nj(1−G(ϕij)]

1
ε−1LCij − fij [Nj(1−G(ϕij)]

ε
ε−1

}
, i, j = H,F. (20)

3.2 Second Stage: Optimal Choice of Bundles Within Sectors

At the second stage, the planner chooses Cij, LCij, Ni and ϕ̃ij for i, j = H,F in order to solve

the following problem:

max
∑
i=H,F

ui (21)

s.t. LCi = NifE +
∑
j=H,F

LCji, i = H,F

Cij = QCij(ϕ̃ij , Ni, LCij), i, j = H,F,

where ui = logCi, Ci is given by (4) and QCij(ϕ̃ij, Ni, LCij) is defined in (20). The first-order

conditions of the above problem lead to the following conditions:

∂ui
∂Cii

∂QCii
∂LCii

=
∂uj
∂Cji

∂QCji
∂LCji

, i, j = H,F, i 6= j (22)

fE =
∑
j=H,F

∂QCji/∂Ni

∂QCji/∂LCji
, i = H,F (23)

∂QCji
∂ϕ̃ji

= 0, i, j = H,F (24)

Condition (22) states that the marginal value product of labor of the domestic non-tradable

bundle (measured in terms of domestic marginal utility) has to equal the marginal value product

of labor of the domestic exportable bundle (measured in terms of foreign marginal utility).24

Condition (23) captures the trade-off between the extensive and intensive margins of production.

Creating an additional variety (firm) requires fE units of labor in terms of entry cost. This

additional variety marginally increases output of the non-tradable and the exportable bundles

23Note that condition (19) is also satisfied in the case of homogeneous firms. In this case equation (20) holds
with ϕ̃ij = 1, (1−G(ϕij)) = 1 and fij = 0.

24Equivalently, this condition states that the marginal rate of substitution (in terms of home versus foreign
utility) between the domestic nontradable bundle and the domestic exportable bundle has to equal the marginal
rate of transformation of these bundles.
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at the extensive margin but comes at the opportunity cost of reducing the amount of production

of existing varieties (intensive margin), since aggregate labor has to be withdrawn from these

production activities.

Condition (24) reveals the trade-off between increasing average productivity and reducing the

number of active firms. From the aggregate production function (20), an increase in ϕ̃ji on the

one hand increases sectoral production by making the average firm more productive, on the

other hand it decreases sectoral production by reducing the measure of firms that are above the

cutoff-productivity level ϕji. At the margin, these two effects have to offset each other exactly.

By combining (20), (23) and (24), we obtain a sectoral production function for QCji in terms

of aggregate labor LCi:

QCji(LCi) =
ε− 1

ε
(εfji)

−1
ε−1 τ−1

ji ϕji (δjiLCi)
ε

ε−1 , i, j = H,F (25)

3.3 Third Stage: Allocation Across Sectors

The third stage is present only in the case of multiple sectors (α < 1). In this stage, the

planner chooses Cij and Zi for i, j = H,F , and the amount of aggregate labor allocated to the

differentiated sector LCi to solve the following maximization problem:25

max
∑
i=H,F

Ui (26)

s.t. Cij = QCij(LCj), i, j = H,F

QZi = QZi(L− LCi), i = H,F∑
i=H,F

QZi =
∑
i=H,F

Zi,

where Ui is given by (3) and (4), QZi(L− LCi) = L− LCi and QCij(LCj) is defined in (25).

25We state the third stage of the planner problem as a choice between Cij and Zi (instead of a choice between
Ci and Zi) because this enables us to identify the efficiency wedges in the welfare decomposition, as will become
clear below.
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The first-order conditions of this problem are given by:

∂Ui
∂Zi

=
∂Uj
∂Zj

, i = H, j = F (27)∑
j=H,F

∂Uj
∂Cji

∂QCji
∂LCi

= −∂Ui
∂Zi

∂QZi
∂LCi

, i = H,F (28)

Condition (27) states that the marginal utility of the homogeneous good has to be equalized

across countries, implying that Zi = Zj, so that there is no inter-industry trade due to sym-

metry. Since ∂QZi/∂LCi = −∂QZi/∂LZi, condition (28) states that the social marginal value

product of each country’s aggregate labor,26 (evaluated with the marginal utility of the consum-

ing country), has to be equalized across sectors. Note that since the aggregate representation

of the model does not depend on firm heterogeneity, the planner’s optimality conditions for the

third stage with homogeneous firms are identical to those above.

The following proposition characterizes the properties of the planner allocation.

Proposition 1 The planner allocation

The planner allocation is unique and symmetric.

Proof See Appendix C.5.

3.4 Relationship between Planner and Market Allocation

We now discuss whether the optimality conditions of the planner problem are fulfilled in the

market allocation. Observe that the optimality conditions of the first stage are satisfied in any

market allocation and are independent of policy instruments. This implies that the relative

production levels of individual varieties are optimal in any market allocation.

The second stage is more complicated. One can show that conditions (23)27 and (24) are

satisfied in any market allocation. Equation (25) also corresponds exactly to condition (11) for

the market allocation. Thus, consumption of the aggregate differentiated bundles is efficient

in any market allocation conditional on the cutoffs ϕji
28 and the amount of aggregate labor

26By construction, aggregate labor already incorporates the optimal split of labor in the differentiated sector
between the domestically produced and consumed and the exportable bundles.

27This condition is satisfied in any market allocation as long as the same production tax is charged on marginal
and fixed costs.

28Remember that, from (7) and (8), δji is pinned down once ϕji has been chosen.
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allocated to the differentiated sector LCi.
29 By contrast, even in a symmetric market allocation

condition (22) is not satisfied, i.e., there is a wedge between the marginal value product of labor

of the non-tradable bundle and the one of the exportable bundle (both evaluated in terms of

marginal utility of the consuming country) whenever τTji 6= 1:30

∂ui
∂Cii

∂QCii
∂LCii

=
∂uj
∂Cji

∂QCji
∂LCji

(τTji)
1−ε, i, j = H,F, i 6= j. (29)

Thus, a foreign tariff (τIj > 1) or a domestic export tax (τXi > 1) imply that the marginal value

product on the right-hand side must increase relative to the one on the left-hand side, which

happens when foreign consumers reduce imports or home consumers increase consumption of

the domestically produced bundle. As a result, production and consumption is inefficiently

tilted towards the domestically produced bundle. Note that condition (29) can be rewritten

as (9) evaluated at the symmetric equilibrium. Consequently, the cutoff-productivity levels ϕii

and ϕji are efficient whenever policymakers from both countries refrain from using trade taxes,

i.e., when τTji = 1 for i, j = H,F, i 6= j. If instead τTji > 1 for some country, then ϕii/ϕji

is too small compared to the efficient level, so that the marginal exporter is too productive

relative to the least productive domestic producer.

Turning to the third stage, condition (27) is satisfied in a symmetric market allocation while

condition (28) is in general violated. Specifically, in the market allocation the following condi-

tion holds: ∑
j=H,F

∂Uj
∂Cji

∂QCji
∂LCi

= −Ω3Pi
∂Ui
∂Zi

∂QZi
∂LCi

, i = H,F

where Ω3Pi is the wedge between the planner and the market allocation. In a symmetric

allocation Ω3Pi can be expressed as Ω3Pi = ε
ε−1

τLi
∑

j=H,F τT ijδij, i = H,F :31 The wedge

reflects the fact that the monopolistic markup in the differentiated sector depresses its relative

demand. It also indicates distortions induced by trade taxes and, potentially, domestic policies.

29Note that the planner’s optimality conditions are also valid for the case of homogeneous firms with ϕ̃ij = 1
exogenous, so that the first-order conditions are given by (22) and (23) only. Equation (25) also holds with

fij = fE , ϕij = 1 and δji = [1 + τε−1
ij (

Cj

Ci
)ε−1]

1−ε
ε .

30Observe that this wedge is present independently of firm heterogeneity.
31 In the Krugman model the wedge in a symmetric allocation is given by:

Ω3Pi = τLi
ε

ε− 1

∑
j=H,F

(τTijτij)
1−ε

[
1− τε−1

ij τεT ij
][

τ−εT ijτ
1−ε
ij − τεT ijτ

ε−1
ij

]

20



Thus, the allocation of labor across aggregate sectors is generally not efficient.

The next lemma summarizes all the conditions that need to be satisfied in order for the market

allocation to coincide with the planner allocation.

Lemma 1 Relationship between the planner and the market allocation

The market allocation coincides with the planner allocation if and only if in the market equilib-

rium:

(a)

∂ui
∂Cii

∂QCii
∂LCii

=
∂uj
∂Cji

∂QCji
∂LCji

, i, j = H,F i 6= j (30)

(b) and (for the multi-sector model only)

∂Ui
∂Zi

=
∂Uj
∂Zj

, i = H, j = F (31)∑
j=H,F

∂Uj
∂Cji

∂QCji
∂LCi

= −∂Ui
∂Zi

∂QZi
∂LCi

, i = H,F (32)

Proof See Appendix C.6.

Lemma 1 implies that the market allocation is efficient whenever the social marginal value

product of labor is equalized across markets within the differentiated sector as well as across

sectors.

3.5 Efficiency Wedges in the Market Equilibrium

We now investigate the efficiency wedges in the market equilibrium induced by (i) monopolistic

distortions, (ii) production taxes and (iii) trade policy at each side of the border in more detail.

This will allow us to give a clearcut interpretation of the terms in the welfare decomposition in

the next section. For this purpose it is useful to re-state the efficiency conditions of Lemma 1

in terms of efficiency wedges between consumer prices and aggregate marginal costs.

Proposition 2 Efficiency wedges

Conditions (30), (31) and (32) hold in the market equilibrium if and only if:
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(a) countries have the same level of income:

Ii = Ij j 6= i, (33)

(b) the consumer price indices of the differentiated importable bundles must correspond to

the monopolistic markup over the aggregate marginal costs of the differentiated exportable

bundles:
Pij −

ε

ε− 1
τLjWj

∂LCij
∂QCij

= 0, i = H,F, j 6= i, (34)

(c) and (for the multi-sector model only) the marginal value product of labor in the differen-

tiated sector evaluated at producer prices must equal the price of labor:∑
j=H,F

τ−1
TjiPji

∂QCji
∂LCi

−Wi = 0, i = H,F, (35)

Proof See Appendix C.7.

In general, conditions (34) and (35) are not satisfied in a market allocation. The corresponding

conditions in the market equilibrium are:

Pij = τT ij
ε

ε− 1
τLjWj

∂LCij
∂QCij

, i, j = H,F j 6= i,
∑
j=H,F

τ−1
TjiPji

∂QCji
∂LCi

=
ε

ε− 1
τLiWi, i = H,F (36)

Note that the terms on the left-hand side of conditions (34) and (35) can be interpreted as

efficiency wedges or distortions32 The wedge in (34) measures the distortions induced by trade

policies in the exportable and importable markets. It compares the market value of a marginal

unit of output of the aggregate tradable bundles in their destination market with the (markup

over the) marginal cost of producing them. The wedge in (35) measures the distortions induced

by production taxes and monopolistic competition in the allocation of labor across aggregate

sectors. It compares the marginal value product of labor measured at producer prices with its

cost. This wedge is present only in the multi-sector model.

In the one-sector model, imposing Ii = Ij for j 6= i and (34) is necessary and sufficient to

implement an efficient allocation. Comparing this with the corresponding condition in (36), this

implies that τT ij must equal unity, while monopolistic markups charged on aggregate marginal

costs do not impact on the allocation because they do not distort relative prices of tradables.

32This definition of distortions goes back at least to Harberger (1971).
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By contrast, in the multi-sector model, both (34) and (35) must hold together with Ii = Ij for

j 6= i. Together, these conditions imply that consumer prices must equal aggregate marginal

costs in all markets, i.e., Pij = Wj
∂LCij

∂QCij
for i, j = H,F and thus social marginal benefits have

to equal to social marginal costs for all aggregate bundles.33

The wedges in (34) and (35) represent distortions from the global perspective, capturing the

joint effects of trade and domestic policies of both countries. However, our analysis requires to

identify to what extent these wedges are affected by: (a) decisions of both home and foreign

policy makers; (b) the impact of individual policy instruments; (c) interaction effects between

policy instruments. We thus decompose them accordingly.

Lemma 2 The efficiency-wedge decomposition

The efficiency wedges in (34) and (35) can be decomposed into domestic and foreign components

as follows:

Pij −
ε

ε− 1
τLjWj

∂LCij
∂QCij

= (τIi − 1)︸ ︷︷ ︸
domestic

consumption-efficiency
wedge, home tariff

τ−1
Ii Pij + (τXj − 1) τ−1

T ijPij︸ ︷︷ ︸
domestic

consumption-effiency
wedge, foreign export tax

=
(

1− τ−1
T ij

)
Pij︸ ︷︷ ︸

domestic
consumption-efficiency

wedge

, i = H,F j 6= i

(37)∑
j=H,F

τ−1
TjiPji

∂QCji
∂LCi

−Wi =
ε

ε− 1
τLi − 1︸ ︷︷ ︸

domestic
production-efficiency

wedge

, i = H,F (38)

Moreover, the efficiency wedge induced by an export tax can be decomposed as:

(τXi − 1) τ−1
TjiPji

∂QCji
∂LCi

= (1− τXi)︸ ︷︷ ︸
domestic

consumption-efficiency
wedge, home export tax

Pii
∂QCii
∂LCi

+ (
ε

ε− 1
τLiτXi − 1)− (

ε

ε− 1
τLi − 1)︸ ︷︷ ︸

domestic
production-efficiency

wedges, home export tax

, i = H,F j 6= i

(39)

Proof See Appendix C.8.

Condition (37) decomposes the wedge between the consumer price and the markup over the ag-

gregate marginal production cost of the differentiated importable bundle into two components:

33Notice that in the market equilibrium Pij = ∂Ui

∂Cij
Ii for i, j = H,F , where Ii =

(
∂Ui

∂Ii

)−1

is the inverse of

the marginal utility of of income. Then condition (34) and (35) equate the marginal benefits of consuming an
additional unit of the differentiated bundles to the marginal costs of producing them.
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(i) the consumption-efficiency wedge induced by a domestic tariff, consisting of the difference

between the domestic consumer price and the international price of the imported bundle due to

the tariff;34 (ii) the consumption-efficiency wedge induced by a foreign export tax, consisting of

the difference between the international price and the foreign producer price of the importable

bundle due to the foreign export tax. A domestic tariff, or a foreign export tax both reduce

domestic imports of the foreign differentiated bundle inefficiently.

Condition (38) shows how the wedge between the marginal value product of aggregate labor

in the domestic differentiated sector and the wage depends on the monopolistic markup and

domestic production taxes. The domestic production-efficiency wedge is open whenever the

monopolistic markup is not completely offset by a production subsidy.

Finally, condition (39) decomposes the distortions induced by an export tax. According to the

left-hand side, an export tax induces a wedge between the marginal value product of labor in

the differentiated exportable market evaluated at the international price and at the domestic

producer price. The right-hand side of condition (39) decomposes this distortion into the

sum of two wedges: First, the consumption-efficiency wedge induced by an export tax in the

market of non-tradable differentiated goods. It implies a consumption distortion between the

differentiated non-tradable bundle and the importable bundle. Second, a production-efficiency

wedge induced by the domestic export tax τXi on aggregate production in the differentiated

sector.

Using condition (39) and summing the wedges in (37) and (38) we can then decompose the

overall welfare effects of a small policy change.

Proposition 3 Global and individual-country efficiency effects of a policy change

(a) The total efficiency effects of a small policy change can be decomposed as:

34In particular, Pij(1− τ−1
Ii ) =

∂Ui

/
∂Cij

∂Ui

/
∂Ii
− τ−1

Ii Pij , i = H,F j 6= i, and Pij(1− τ−1
Xj )τ

−1
Ii = τ−1

Ii (
∂Ui

/
∂Cij

∂Ui

/
∂Ii
−

τ−1
XjPij), i = H,F j 6= i.
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∑
i=H,F

dEi ≡
∑
i=H,F
j 6=i

(Pij − ε

ε− 1
τLjWj

∂LCij
∂QCij

)
dCij +

 ∑
k=H,F

τ−1
TkiPki

∂QCki
∂LCi

− 1

 dLCi



=
∑
i=H,F
j 6=i

(τIi − 1)τ−1
Ii PijdCij + (1− τXi)PiidCii︸ ︷︷ ︸

individual consumption-efficiency effect

+

(
ε

ε− 1
τLiτXi − 1

)
dLCi︸ ︷︷ ︸

individual production-efficiency effect


︸ ︷︷ ︸

dEi

(40)

=
∑
i=H,F
j 6=i

(τT ij − 1) τ−1
T ijPijdCij

︸ ︷︷ ︸
global consumption-efficiency effect

+
∑
i=H,F

(
ε

ε− 1
τLi − 1

)
dLCi︸ ︷︷ ︸

global production-efficiency effect

(41)

Condition (40) disentangles the efficiency effects of a small policy change in each country

as a function of the distortions induced by its own policy instruments. Condition (41)

expresses the same effects in terms of global distortions induced by trade and domestic

policies of both countries.

(b) The total effects of a small policy change are zero and the market allocation is efficient:

(i) if each wedge on the right-hand side of condition (40) is zero; (ii) if and only if Ii = Ij

for j 6= i and each wedge on the right-hand side of condition (41) is zero.

Proof See Appendix C.9.2.

Proposition 3 provides an overall measure of the efficiency effects caused by a small policy

change from the individual-country and from the global perspective. Specifically, condition

(40) breaks down the efficiency effects of policy according to the efficiency gains and distortions

a country imposes on itself by using its own instruments and shows that in the aggregate some

of the wedges of Lemma 2 cancel out. From the perspective of an individual country, both the

use of a tariff and an export tax cause distortions whenever they are used. In the presence of a

tariff (τIi > 1), the first consumption-efficiency wedge in (40) is positive. This implies that, in

general, the consumption of importables is inefficiently low. Thus, an increase in Cij (dCij > 0)

improves efficiency. By contrast, in the presence of an export tax, the second consumption-

effiency wedge in (40) is negative and then, everything else equal, the consumption of the

domestically non-tradable bundle is inefficiently high. As a result, a reduction in Cii potentially
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increases consumption efficiency. Finally, even in the absence of trade taxes, in the multi-sector

model the production-efficiency wedge is positive due to the monopolistic markup, which implies

that too little labor is employed in the aggregate differentiated sector. Hence, an increase in LCi

(dLCi > 0) improves production efficiency. Closing the production-efficiency wedge requires a

production subsidy equal to the inverse of the markup. At the same time, when τXi > 1 the

production-efficiency wedge in (40) is also positive (unless τXi is more than compensated by a

production subsidy) because an export tax shifts labor out of the differentiated sector. Then,

an increase in LCi (dLCi > 0) again improves efficiency. By contrast, in the one-sector model,

dLCi = 0, so production-efficiency effects are absent, as the monopolistic markup does not

induce any distortions in this case.

When instead considering the perspective of a global policy maker, who can control policy

instruments of both countries, the relevant efficiency effects of policies are given by (41). Indeed,

the global policy maker – who can set all policy instruments at once – realizes that what matters

in terms of consumption efficiency is the difference between the price in the producer country

and the one paid by consumers in the other country, i.e., what matters is τT ij.

4 Policy-Maker Problem and Welfare Decomposition

In the previous section we have derived the planner allocation and have compared it with the

market allocation. We now study two policy problems: the one faced by a benevolent world

policy maker and the one faced by individual-country policy makers. In doing so, we derive a

welfare decomposition which identifies policymakers’ incentives.

4.1 Policy and Welfare from the Global Perspective

We now solve the problem of the world policy maker who maximizes the sum of individual-

country welfare and has all three policy instruments (production, import and export taxes in the

differentiated sector) at her disposal. We show that, by solving the world-policy-maker problem

using the total-differential approach, we obtain a welfare decomposition that: (i) incorporates

all general-equilibrium effects of setting policy instruments under cooperation; (ii) and allows

separating policy makers’ incentives into efficiency effects and beggar-thy-neighbor motives.
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The world policy maker sets domestic and foreign policy instruments τLi, τIi and τXi in order

to solve the following problem:

max

{δji, ϕji, ϕ̃ji, Cji,Wi

Pij , LCi, τLi, τIi, τXi}i,j=H,F

∑
i=H,F

Ui (42)

subject to conditions (7)-(14).

where Ui is defined in (3), (4) and (15) with the additional restrictions that τT,i for i = H,F

is as defined in (6), Wi = 1 for i = H,F if α < 1 and that WF = 1 and LCi = L for i = H,F if

α = 1.35

As a first step, solving the world policy maker problem using the total-differential approach

involves taking total differentials of (42) and the equilibrium equations. We then substitute the

total differentials of the trade balance and the other equilibrium equations into the objective

function to obtain the following representation of world welfare changes induced by changes in

one or several policy instruments:36

Proposition 4 Decomposition of world welfare37

The total differential of world welfare in (42) in response to domestic or foreign policy changes

can be decomposed as follows:∑
i=H,F

dUi =
∑
i=H,F

dEi
Ii

+
∑
i=H,F
j 6=i

Cjid(τ−1
Ij Pji)− Cijd(τ−1

Ii Pij)

Ii︸ ︷︷ ︸
terms-of-trade effect

(43)

which, if Ii = Ij, implies that ∑
i=H,F

dVi =
∑
i=H,F

dEi (44)

where dVi ≡ dUi/
∂Ui

∂Ii
, dEi is defined in Proposition 3, and Ii = WiL+ Ti is household income.

Proof See Appendix D.1.

35In the case of homogeneous firms, conditions (7)-(10) need to be dropped and (11)-(12) are replaced by (16)
and (17).

36See Appendix B for an explanation how to solve constrained optimization problems using total differentials.
37A predecessor of this welfare decomposition can be found in Meade (1955) and in chapter 2 of Helpman

and Krugman (1989).

27



In general, changes in world welfare induced by policies consist of the sum of efficiency effects

and terms-of-trade effects in both countries. Changes in world welfare due to changes in pol-

icy instruments are given by the sum of the proportional differentials of individual countries’

welfare and can be written as the sum of three terms: (i) a consumption-efficiency effect ; (ii)

a production-efficiency effect and (iii) terms-of-trade effects. We have already discussed the

first two effects in detail, which correspond to efficiency wedges between the planner and the

market allocation. The only additional incentive – not driven by efficiency considerations – is

the terms-of-trade effect of policies. This term consists of the consumption of the differentiated

exportable bundle times the differential of its international price minus the consumption of the

differentiated importable bundle times the differential of its international price. An increase

in the price of exportables raises domestic welfare and decreases welfare of the other country,

while an increase in the price of importables has the opposite effects. The domestic and foreign

terms-of-trade effects exactly compensate each other because they are beggar-thy-neighbor ef-

fects and make one country better off at the expense of the other. Consequently, the differential

of world welfare consists exclusively of the consumption-efficiency and the production-efficiency

terms. Note that the welfare decomposition is valid (i) both for changes in world welfare in-

duced by changes in all policy instruments or just a subset of them and (ii) for the cases of

heterogeneous and homogeneous firms. The next Proposition characterizes the optimal policies

from the global perspective.

Proposition 5 Optimal world policies and Pareto efficiency

(a) When production, import and export taxes are available in the differentiated sector, solving

the world-policy-maker problem in (42) by using the total-differential approach is equivalent

to setting Ii = Ij and the efficiency wedges in (44) individually equal to zero.

(b) As a result, the world policy maker implements the planner allocation and the global policy

is optimal if and only if:

(i) when α = 1 (one-sector model): τT ij = τIiτXj = 1, τIi = τIj (or τXi = τXj) for

i = H,F and j 6= i.

(ii) when α < 1 (multi-sector model): τT ij = τIiτXj = 1, τIi = τIj (or τXi = τXj) and

τLi = ε−1
ε

for i = H,F and j 6= i.
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Proof See Appendix D.2.

The global policy maker realizes that the distortion of a domestic import tariff can be com-

pletely offset with a foreign export subsidy, so that only τT ij = τIiτXj needs to be set to unity

in order to avoid opening a consumption-efficiency wedge.38 This guarantees that consumer

prices indices of importable differentiated bundles are equal to the corresponding monopolistic

markup over aggregate marginal costs (condition (34)). Thus, zero trade taxes are sufficient

but not necessary to achieve consumption efficiency. Finally, the global policy maker can im-

plement global production efficiency by setting the production subsidy in both countries equal

to the inverse of the markup. This guarantees that the marginal value product of labor in the

differentiated sector evaluated at producer prices equals the price of labor (condition (35)).

4.2 Policy and Welfare from the Individual-country Perspective

We now turn to the welfare incentives of policy makers that are concerned with maximizing

the welfare of individual countries and have either all policy instruments (production and trade

taxes in the differentiated sector) orjust a subset of them available.

The individual-country policy maker sets domestic policy instruments Ti ⊆ {τLi, τIi, τXi} in

order to solve the following problem:

max

{δji, ϕji, ϕ̃ji, Cji,Wi

Pij , LCi}i,j=H,F , Ti

Ui (45)

subject to conditions (7)-(14).

where Ti ⊆ {τLi, τIi, τXi} for i = H,F and taking as given Tj ⊆ {τLj, τIj, τXj}, with j 6= i. Ui is

defined in (3), (4) and (15) with the additional restrictions that τT,i for i = H,F is as defined

in (6), Wi = 1 for i = H,F if α < 1 and that WF = 1 and LCi = L for i = H,F if α = 1.39

Again, as a first step for solving the individual-country policy maker problem given foreign

38Our formulation of the trade balance implies that tariffs are applied to the international value of exports
(including export taxes). This implies that also the level of trade taxes needs to be identical across countries
to avoid distortions. With the alternative assumption that tariffs are applied to the producer value of exports
just the product of the tariff and the export tax needs to equal unity, e.g. Costinot et al. (2020).

39In the case of homogeneous firms, conditions (7)-(10) need to be dropped and (11)-(12) are replaced by (16)
and (17).
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policy instruments, we take total differentials of the objective function and the constraints and

substitute them into the differential of the objective in order to obtain the welfare decomposition

for individual countries. We will then use this decomposition to analyze unilateral deviations

from the laissez-faire equilibrium in Section 5 and to solve for the Nash equilibria of the policy

games implied by different institutional arrangements in Section 6.

Proposition 6 Decomposition of individual-country welfare The total differential of

individual-country welfare in (45) can be decomposed as follows:

dVi = dEi + Cjid(τ−1
Ij Pji)− Cijd(τ−1

Ii Pij)︸ ︷︷ ︸
domestic terms-of-trade effect

=, j 6= i (46)

(1− τXi)PiidCii + (τIi − 1)τ−1
Ii PijdCij︸ ︷︷ ︸

domestic
consumption-efficiency effect

+

(
ε

ε− 1
τLiτXi − 1

)
dLCi︸ ︷︷ ︸

domestic
production-efficiency effect

+Cjid(τ−1
Ij Pji)− Cijd(τ−1

Ii Pij)︸ ︷︷ ︸
domestic

terms-of-trade effect

, j 6= i

where dVi ≡ dUi/
∂Ui

∂Ii
, dEi is defined in Proposition 3 and Ii = WiL+ Ti is household income.

Proof See Appendix D.3.

This welfare decomposition is again valid both with homogeneous and heterogeneous firms and

independently of the number of policy instruments that the individual-country policy makers

have at their disposal. Like the world policy maker, they care about domestic consumption

efficiency and production efficiency. Moreover, unlike the world policy maker, they also take

into account the terms-of-trade effects of their policy choice, as these are not zero.

From Proposition 5 (b) (i) we know that in the one-sector model the laissez-faire allocation is

optimal from the perspective of the world policy maker. It is implementable from the perspective

of the individual-country policy maker by abstaining from the use of trade taxes, which allows

setting the domestic consumption-efficiency wedges of both countries equal to zero. However,

from her perspective, this allocation is not optimal due to the presence of terms-of-trade effects.

It thus follows that: first, any deviation from the laissez-faire allocation must be due to terms-

of-trade effects; second, any such deviation is a beggar-thy-neighbor policy, defined as an increase

in domestic welfare that is compensated by an equal fall in the foreign one, i.e., a zero-sum

game, because foreign terms-of-trade effects equal the opposite of their domestic counterpart.40

40Costinot et al. (2020) also emphasize that in the one-sector heterogeneous-firm model terms-of-trade effects
are the only externality driving the incentives of individual-country policy makers.
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For the case of the multi-sector model, we know from Proposition 5 (b) (ii) that the world policy

maker can achieve the planner allocation by setting a production subsidy in the differentiated

sector while abstaining from the use of trade taxes. By contrast, the individual-country policy

maker not only has the objective of achieving domestic production efficiency but also tries to

manipulate domestic terms of trade in her favor. Thus, her incentives to deviate from the

laissez-faire equilibrium are due to a combination of production-efficiency and terms-of-trade

incentives.

The following Corollary summarizes these observations:

Corollary 1 Individual-country incentives

(a) In the one-sector model, deviations of individual-country policy makers from the laissez-faire

equilibrium are exclusively due to terms-of-trade effects.

(b) In the multi-sector model, individual-country policy makers’ deviations from the laissez-faire

equilibrium are driven by terms-of-trade and production-efficiency effects.

(c) Terms-of-trade effects are the only beggar-thy-neighbor effects.

Thus, the welfare decomposition in (46) provides a common framework for analyzing the in-

centives for trade and domestic policies in a general CES monopolistic competition setup. It

remains valid independently of the presence of firm heterogeneity and of the set of policy instru-

ments available to the individual-country policy maker. It clearly identifies the terms-of-trade

effect as the only beggar-thy-neighbor incentive arising in this class of models and thus as the

only reason to sign a trade agreement. This insight extends the result of the neoclassical frame-

work (Bagwell and Staiger, 1999) to the ”new” trade theory. Importantly, it also implies that

the delocation effect (Venables, 1987) is not a policy motive on its own. We will investigate

this in more detail in the next section.

5 How Policy Instruments affect the Terms of Trade and

Production Efficiency

Before studying strategic policies in Section 6, we first analyze how unilateral policy choices af-

fect the terms of trade and the efficiency wedges and thereby the welfare of individual countries.
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We are particularly interested in explaining the different micro channels through which policy

instruments impact on the terms of trade and production efficiency. As mentioned previously,

the terms of trade can be influenced both through changes in the international prices of indi-

vidual exportable and importable varieties and through changes in the measure of exporters

and importers.

Note that, when starting from a symmetric allocation, the impact of a unilateral policy change

on the terms of trade can be written as:

Cij [d(τ−1
Ij Pji)− d(τ−1

Ii Pij)] = (47)

τ−1
Ii PijCij

dτLiτLi
+
dτXi
τXi

+

(
dWi

Wi
− dWj

Wj

)
︸ ︷︷ ︸

(i)

+
1

ε− 1

dLCjLCj
− dLCi

LCi︸ ︷︷ ︸
(ii)

+
dδij
δij
− dδji

δji︸ ︷︷ ︸
(iii)

+

(
dϕij
ϕij
− dϕji

ϕji

)
︸ ︷︷ ︸

(iv)

 ,

where deviations are defined as dXi/Xi = ∂Xi

∂τmi

1
Xi
dτmi. We discuss the impact of tariffs

(i.e.,dτIi > 0, dτLi = dτXi = 0) in more detail and then provide results for the other in-

struments. A domestic tariff influences the terms of trade (i) by changing the relative wage; (ii)

by affecting the amount of labor allocated to the differentiated sector in both countries; (iii) by

impacting on the average variable profit share of domestic and foreign firms in their respective

export markets; (iv) by moving the cutoff productivity levels of domestic and foreign exporters.

Here, (i) corresponds to a a change in the price of individual varieties, while (ii)-(iii) correpond

to changes in the measure of exportables and importables. Finally, (iv), the change in the cutoff

productivity levels, impacts both on the average price of individual varieties and the measure

of domestic and foreign exporters.41 In particular, an increase in the domestic relative wage

raises the price of exported varieties relative to imported ones and improves the terms of trade.

By contrast, an increase in the amount of labor allocated to the domestic differentiated sector

worsens the terms of trade by reducing the price index of exportables via an increase in the

number of varieties, while an increase in foreign labor in this sector improves them by reducing

the price index of importables. Domestic terms of trade worsen with an increment in the profit

share of domestic firms from exports and improve in the corresponding share of foreign firms by

41An alternative decomposition splits the price index of exportables and importables into an extensive margin

[Ni(1 − G(ϕji))]
1

1−ε =
(
δjiLCi

εfji

) 1
ε−1
(
ϕji

ϕ̃ji

)
and an intensive margin τ−1

Ij pji(ϕ̃ji) = ε
ε−1 (τjiτXiτLi)

(
Wi

ϕ̃ji

)
. Thus,

δji and LCi only impact on the extensive margin, and Wi only impacts on the intensive margin, while ϕji affects
both margins.
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changing the measure of firms that export to each market. Finally, an increase in the domestic

cutoff-productivity level for exports worsens the terms of trade both by making the average

exportable variety cheaper and by affecting the measure of exporters, whereas an increase in

the foreign productivity cutoff has the opposite effect.

We first discuss the impact of a small unilateral tariff (i.e., dτLi = dτXi = 0) in the one-sector

model (i.e., dLCj = dLCi = 0), starting from the laissez-faire equilibrium. In the presence of a

single sector, the terms-of-trade effects of a small tariff are positive and given by42

PijCij


(
dWi

Wi
− dWj

Wj

)
︸ ︷︷ ︸

(i)>0

+(ε− 1)−1

(
dδij
δij
− dδji

δji

)
︸ ︷︷ ︸

(iii)>0

+

(
dϕij
ϕij
− dϕji

ϕji

)
︸ ︷︷ ︸

(iv)<0

 > 0. (48)

A tariff raises home’s demand for domestically produced varieties and thus, ceteris paribus,

home firms’ profits and the demand for domestic labor. Since labor supply is completely inelastic

in this model, home’s relative wage needs to adjust upward in response ((i)> 0), thereby

reducing equilibrium profits of domestic firms. Moreover, the increase in relative domestic

income increases the share of profit firms from both countries make in home’s domestic market,

which improves home’s terms of trade via the extensive margin by reducing the measure of

domestic exporters and increasing the measure of foreign exporters ((iii)> 0). Finally, the

increase in the relative domestic wage leads to tougher selection into exporting at home and

less selection in the other country, which negatively impacts on home’s terms of trade ((iv)< 0).

In the absence of firm heterogeneity, the tariff exclusively raises home’s relative wage. Firm

heterogeneity leads to two additional and opposing effects: if heterogeneity mostly affects the

profit share from exports, terms of trade respond more to tariffs compared to the case of

homogeneous firms; by contrast, if selection effects are large, firm heterogeneity tends to reduce

the response of the terms of trade by reducing the average price of exported varieties relative

to the one of imported varieties. Note also that in the one-sector model production efficiency

is always guaranteed, so the only incentive to deviate from the laissez-faire equilibrium is the

positive terms-of-trade effect of the tariff.

Finally, we consider the impact of a unilateral export tax. Differently from a tariff, an export

42In Appendix E, Lemma 8, we sign the contribution of each component to the terms-of-trade effect for the
one-sector model.
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tax increases the international price of individual varieties directly but reduces the demand for

domestic labor and thus home’s relative wage. In the presence of homogeneous firms, the first

effect dominates, leading to a terms-of-trade improvement. By contrast, with heterogeneous

firms the direct increase in the international price of individual varieties is completely offset by

a drop in home’s relative wage, while the impact on domestic and foreign export profit shares

and export cutoffs is symmetric, so that these effects compensate each other. Thus, the total

terms-of-trade-effect of an export tax is zero. The following Lemma summarizes these results.

Lemma 3 Unilateral deviations from laissez-faire in one-sector model

Consider a marginal unilateral increase in each trade policy instrument at a time, starting from

the laissez-faire equilibrium, i.e., with τIi = τXi = 1 and τLi = 1 for i = H,F . Then:

(a) the production-efficiency effect is zero for all policy instruments.

(b) the consumption-efficiency effect is zero for all policy instruments.

(c) the terms-of-trade effect is positive for τIi, positive for τXi when firms are homogeneous and

zero for τXi when firms are heterogeneous.

(d) the total welfare effect is positive for τIi, positive for τXi when firms are homogeneous and

zero for τXi when firms are heterogeneous.

Proof See Appendix E.3.

We now turn to the multi-sector model (i.e., dWi = dWj = 0). In this case the terms-of-trade

effect of a small tariff starting from the laissez-faire equilibrium is negative and given by:43

PijCij

(ε− 1)−1

(
dLCj
LCj

− dLCi
LCi

)
︸ ︷︷ ︸

(ii)<0

+(ε− 1)−1

(
dδij
δij
− dδji

δji

)
︸ ︷︷ ︸
(iii)<0⇔δii>1/2

+

(
dϕij
ϕij
− dϕji

ϕji

)
︸ ︷︷ ︸

(iv)>0⇔δii>1/2

 < 0 (49)

A small tariff increases home’s demand for domestically produced varieties and thus, ceteris

paribus, the profits of home firms and the demand for domestic labor. Since wages are pinned

down by the linear outside sector and workers can freely move across sectors, labor supply is

perfectly elastic. Therefore, home labor in the differentiated sector surges in response to the

43In Appendix E, Lemma 8, we sign the contribution of each component to the terms-of-trade effect for the
multi-sector model.
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increase in labor demand, raising the measure of domestic firms and reducing their equilibrium

profits. At the same time, foreign firms experience a drop in demand and profits, leading

to a reduction in foreign labor employed in the differentiated sector. These effects impact

negatively on home’s terms of trade via the extensive margin ((ii)< 0). Moreover, in the

presence of heterogeneous firms there are two additional effects, the sign of which depends on

whether firms make the larger share of profits in their domestic (δii > 1/2) or in their export

market (δii < 1/2).44

In the first case, the tariff increases the profit share of home firms and decreases the profit

share of foreign firm made in their respective export markets, which worsens home’s terms

of trade ((iii)< 0) (more home exporters and less foreign exporters). In addition, the tariff

leads to less stringent selection into exporting at home and more selection in the other country,

which positively impacts on home’s terms of trade ((iv)> 0). When δii < 1/2 the signs of the

last two effects switch, but the overall terms-of-trade effect of a small tariff deviation from the

laissez-faire equilibrium remains negative.

Because the tariff increases the amount of labor allocated to the differentiated sector, it induces

a positive production-efficiency effect when starting from the laissez-faire allocation and thus

creates a trade-off between increasing production efficiency and worsening the terms of trade.

Which of the two effects dominates in welfare terms depends again on δii: when δii is larger

than one half, so that the domestic market is more important in terms of profits, production-

efficiency effects are dominant. Intuitively, when firms sell mostly to their domestic market,

welfare gains from improving the terms of trade are relatively small and policy makers care

mostly about domestic production efficiency.

Analogous results hold for export and production taxes: they improve domestic terms of trade

by shifting labor away from the differentiated sector, which simultaneously worsens domestic

production efficiency. Again, the total welfare effect depends on the magnitude of δii. The

44 As made clear by Lemma 7 in Appendix E.1 if we impose the standard assumption fji > fiiτ
1−ε
ij then

in the laissez-faire allocation the export cutoff ϕji for j 6= i must be larger than the domestic survival cutoff
ϕii and also δii is always larger than 1/2. In general, in the presence of trade taxes, at a symmetric allocation
exporters might still be more productive than firms serving only the domestic market even when fji ≤ fiiτ1−ε

ij .

In this case ϕji > ϕii as long as fji > fiiτ
1−ε
ij τ−εT ij . By contrast, when this condition is not satisfied δii < 1/2 is

possible. In general, at a symmetric allocation exporters are not necessarily more productive than firms serving
only the domestic market even when fji > fiiτ

1−ε
ij . When τTij is close to zero (high import or export subsidies)

the export cutoff ϕji for j 6= i might smaller than the domestic survival cutoff ϕii .
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following Lemma summarizes these findings.

Lemma 4 Unilateral deviations from laissez-faire in multi-sector model

Consider a marginal unilateral increase in each policy instrument at a time starting from the

laissez-faire equilibrium, i.e., with τLi = τIi = τXi = 1 for i = H,F . Then:

(a) the production-efficiency effect is positive for τIi and negative for τXi and τLi.

(b) the consumption-efficiency effect is zero for all policy instruments.

(c) the terms-of-trade effect is negative for τIi and positive for τXi and τLi.

(d) the total welfare effect is positive for τIi and negative for τXi and τLi if and only if 1/2 <

δii < 1 or when firms are homogeneous.

Proof See Appendix E.4.

To summarize, the direction in which a particular policy instrument moves the terms of trade

depends crucially on the elasticity of labor supply. Moreover, when considering unilateral

deviations in the multi-sector model, the qualitative impact of policy instruments on welfare

also depends on firm heterogeneity. In particular, whether individual-country policy makers

benefit from a unilateral tariff or an import subsidy depends on the profit share from domestic

relative to export sales (analogous statements hold for the other policy instruments). This

results makes clear that policy makers may exploit the delocation effect to increase production

efficiency when the set of policy instruments is limited and the positive production-efficiency

effect of the policy dominates its negative terms-of-trade effect.45 As we show next, when

strategic policy makers have sufficiently many instruments to address production-efficiency and

terms-of-trade effects separately, they always optimally set trade policy instruments in a way

that shifts firms to the other economy (an anti-delocation effect) in order to improve the terms

of trade.

45This is the case in Ossa (2011), who considers the homogeneous-firm model and an import tariff in the
differentiated sector as the only available policy instrument.
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6 The Design of Trade Agreements in the Presence of

Domestic Policies

After having analyzed individual-country incentives to set taxes in the absence of retaliation,

we now move to strategic policies in order to study how trade agreements should be designed.

We know from the planner problem that in the one-sector model the laissez-faire allocation

is efficient. We thus focus here on the more interesting case of the two-sector model in which

production in the laissez-faire equilibrium is inefficient, so that there exists a motive for domestic

policy intervention even in the absence of international trade.

6.1 Trade and Domestic Policies in the Absence of a Trade Agree-

ment

We first consider a situation without any type of agreement, so that individual-country policy

makers can set both trade and domestic policies non-cooperatively. We thus allow domestic

policies τLi and trade policies τIi, τXi, for i = H,F to be set strategically and simultaneously

by the policy makers of both countries. Individual-country policy makers solve the problem

described in (45). Similarly to the world policy maker problem, the welfare decomposition in

(46) holds independently of the number of instruments at the disposal of the individual-country

policy maker and corresponds to the policy maker’s objective. After substituting additional

equilibrium conditions, it can be grouped into three terms that are all individually equal to

zero at the optimum. Proposition 7 states this more formally and characterizes the symmetric

Nash equilibrium of this policy game.

Proposition 7 Strategic trade and domestic policies

When production, import and export taxes are available in the differentiated sector,

(a) it is possible to rewrite (46) as follows:

dVi = [ΩCiidCii + ΩCijdCij + ΩLCidLCi] (50)

where dVi ≡ dUi/
∂Ui

∂Ii
and the wedges ΩCii, ΩCij and ΩLCi are defined in Appendix F.1.
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(b) Solving the individual-country policy maker problem stated in (45) by using the total-

differential approach requires setting ΩCii = ΩCij = ΩLCi = 0.

(c) As a result, any symmetric Nash equilibrium in the two-sector model with heterogeneous

firms when both countries can simultaneously set all policy instruments entails the first-

best level of production subsidies, and inefficient import subsidies and export taxes in the

differentiated sector. Formally,

τNL = ε−1
ε

, τNI < 1 and τNX > 1.

Proof See Appendix F.1

Our welfare decomposition allows us to interpret the Nash policy outcome stated in Proposition

7. Domestic policies are set efficiently even under strategic interaction and do not cause any

beggar-thy-neighbor effects, while trade policy instruments are set with the intention to manip-

ulate the terms of trade. As made clear in Section 5, an import subsidy or an export tax both

aim at improving the terms of trade by delocating firms to the other economy. Because there

are two international relative prices (the one of the differentiated exportable bundle and the

one of the differentiated importable bundle relative to the homogeneous good) two trade-policy

instruments are necessary to target both.

The result that production subsidies are set so as to completely offset monopolistic distortions

is an application of the targeting principle in public economics (Dixit, 1985). It states that

an externality or distortion is best countered with a tax instrument that acts directly on the

appropriate margin. If the policy maker disposes of sufficiently many instruments to deal with

each incentive separately, she uses the production subsidy to address production efficiency.

The trade policy instruments are instead used to exploit the terms-of-trade effect, which is the

only remaining incentive according to our welfare decomposition. Consequently, even in the

presence of domestic policies, terms-of-trade externalities remain the only motive for signing a

trade agreement.

Proposition 7 extends the result of Campolmi et al. (2014) – who find that in the two-sector

model with homogeneous firms strategic trade policy consists of first-best wage subsidies and

inefficient import subsidies and export taxes – to the case of heterogeneous firms. This implies

that firm heterogeneity neither adds further motives for signing a trade agreement beyond
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the classical terms-of-trade effect nor changes the qualitative results (import subsidies and

export taxes in the differentiated sector) of the equilibrium outcome compared to the case with

homogeneous firms. This finding is different from the unilateral case (Lemma 4), where the

sign of the welfare impact of unilateral deviations in individual instruments depends on the

domestic profit share. However, firm heterogeneity does play a role for the qualitative effects of

strategic policy when the set of policy instruments is limited, as we show in Section 6.2 below.

Our finding that domestic policies do not introduce new motives for trade policy coordination

is closely related to the conclusion of Bagwell and Staiger (1999) and Bagwell and Staiger

(2016), who uncover that in a large class of perfectly competitive trade models terms-of-trade

motives are the only reason for signing a trade agreement. Proposition 7 extends their result

(i) to models with monopolistic competition and heterogeneous firms; and (ii) the presence of

domestic policies.

6.2 A Deep Trade Agreement – Globally Efficient Trade and Do-

mestic Policies

Proposition 7 implies that some type of trade agreement is necessary to prevent countries from

trying to exploit the terms-of-trade effects of their policies. Thus, the question arises how

to design such an agreement and how much cooperation is necessary to achieve a globally

efficient outcome. Indeed, a deep trade agreement, which requires full coordination of trade

and domestic policies, is sufficient to implement the symmetric Pareto-optimal allocation. In

fact, this result is implied directly by Propostion 5.

Corollary 2 Efficiency of a deep trade agreement

In the two-sector model, a deep trade agreement with cooperation on trade and domestic policies

implements the symmetric Pareto-efficient allocation by forbidding the use of trade policy in-

struments (τIi = 1 and τXi = 1 for i = H,F ) and setting production subsidies in both countries

equal to the inverse of the monopolistic markup (τLi = ε−1
ε

for i = H,F ).46

46In principle, countries could alternatively continue to use tariffs and export taxes as long as they agree to set
τTij = 1 and τIi = τIj and τXi = τXj for i,j=H,F. Since this is not very practical, we focus on zero trade taxes.
In the one-sector model the laissez-faire allocation is Pareto optimal and individual-country policy makers’ only
incentive is to manipulate their terms of trade. Thus, the use of any type of policy instruments (both trade and
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Thus, a deep trade agreement is sufficient to achieve global efficiency. But is it also necessary

to achieve it, or would a shallow trade agreement, which only forbids the use of trade-policy

instruments but requires no coordination of domestic policies, achieve a similarly efficient out-

come?

6.3 A Shallow Trade Agreement – Strategic Domestic Policies

We now consider a shallow trade agreement that implements free trade but allows individual-

country policy makers to set domestic policies strategically.47 For simplicity, we focus on the

case of full trade liberalization (tariffs and export taxes are set to zero), as required, e.g.,

by a regional trade agreement under Article 24 of GATT-WTO, but one can also think of a

multilateral agreement that prevents countries from using trade instruments strategically, such

as GATT-WTO.48 In the case where only domestic policies can be set strategically, individual-

country policy makers face a missing-instrument problem and consequently a trade-off between

increasing production efficiency (calling for a production subsidy) and improving the terms of

trade (calling for a production tax). Thus, it is ex ante unclear which motive dominates in

equilibrium and one has to characterize the Nash-equilibrium policies.

Proposition 8 Strategic domestic policies in the presence of a shallow trade agree-

ment

When only production taxes in the differentiated sector are available,

(a) it is possible to rewrite (46) as follows:

dVi = ΩidLCi (51)

production taxes) should be restricted by a trade agreement.
47 GATT-WTO does not regulate domestic policies to the extent that they do not imply outright discrimi-

nation of foreign goods. GATT Article III (1): The contracting parties recognize that internal taxes and other
internal charges, and laws, regulations and requirements affecting the internal sale, offering for sale, purchase,
transportation, distribution or use of products, and internal quantitative regulations requiring the mixture, pro-
cessing or use of products in specified amounts or proportions, should not be applied to imported or domestic
products so as to afford protection to domestic production. (...) (8 b) The provisions of this Article shall not
prevent the payment of subsidies exclusively to domestic producers, including payments to domestic producers
derived from the proceeds of internal taxes or charges applied consistently with the provisions of this Article
and subsidies effected through governmental purchases of domestic products.

48GATT-WTO features tariff bindings and prohibition of export subsidies. The approximation of zero tariffs
is legitimate, since, at least for high-income countries, bound rates are close to zero in manufacturing.
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where dVi ≡ dUi/
∂Ui

∂Ii
and where the wedge Ωi is defined in Appendix F.2.

(b) Solving the individual-country policy maker problem in (45) by using the total-differential

approach when τIi = τXi = 1, i = H,F requires setting Ωi = 0.

(c) As a result, the symmetric Nash equilibrium of the two-sector model when trade taxes are

not available and both countries can simultaneously set production taxes in the differentiated

sector is characterized as follows: it exists, is unique and entails positive, but inefficiently

low, production subsidies when the domestic profit share, δii, is larger or equal than 1/2.

Otherwise, the Nash equilibrium entails positive production taxes. Formally:

(i) If δii ≥ 1
2
, then there exists a unique symmetric Nash equilibrium with ε−1

ε
≤ τNL ≤ 1;

(ii) If either 0 < δii <
1
2

and ε ≥ 3−α
2

or 2ε+α−3
2(ε+α−2)

≤ δii <
1
2

and ε < 3−α
2

, there exist a

unique symmetric Nash equilibrium with τNL > 1;

Proof See Appendix F.2.

The domestic profit share of firms’ from both countries, δii, is a sufficient statistic for the impact

of firm heterogeneity and selection. Proposition 8 says that if it is larger than their export

profit share strategic domestic policies feature positive production subsidies. From Lemma 4

we know that this outcome reflects that the (positive) production-efficiency effect dominates the

(negative) terms-of-trade effect. However, these subsidies are inefficiently low due the trade-off

between these motives.49 By contrast, when the domestic profit share is smaller than the export

profit share, strategic domestic policies feature production taxes, which worsen the allocation

compared to the laissez-faire allocation.50 In this case, the terms-of-trade effect dominates the

production-efficiency effect because firms make the bulk of their profits from exporting, so that

manipulating international prices is key. In the presence of firm heterogeneity, the relative

importance of the two effects thus depends on the size of the domestic profit share. Therefore,

when the set of policy instruments is limited, firm heterogeneity plays a crucial role in shaping

49Proposition 8 extends the result of Campolmi et al. (2014) – who find that in the two-sector model with
homogeneous firms strategic domestic policies feature positive but inefficiently low production subsidies – to the
case of heterogeneous firms.

50Observe that if we impose the assumption that the export cutoff ϕji for j 6= i must be larger than the

domestic survival cutoff ϕii at the symmetric Nash equilibrium, i.e.
(
ϕji

ϕii

)
=
(
fji
fii

) 1
ε−1

τij > 1, then δii is

always strictly greater than 1/2.
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the equilibrium policies, and thus the desirability of specific institutional arrangements, as we

show next.

Consequently, since coordination that is limited to trade policies does not lead to an efficient

outcome, reaping the full benefits of integration requires a deep trade agreement. However, full

cooperation on domestic policies may not be feasible in practice. Alternatively, countries may

be able to commit not to use domestic policies at all. We thus consider as an alternative scenario

a laissez-faire agreement, which forbids both the use of trade and domestic policies. Whether or

not such an arrangement dominates a shallow agreement when firms are heterogeneous depends

on whether the profit share from domestic sales is smaller or larger than the one from export

sales. This is straightforward: a Nash production subsidy improves equilibrium production

efficiency, and thus welfare, compared to the laissez-faire allocation, while a Nash production

tax worsens it. (Terms-of-trade effects of domestic policies offset each other in the symmetric

Nash equilibrium.)

Finally, in the presence of firm heterogeneity and selection effects, the domestic profit share

is endogenous to physical trade costs: one can show that δii is increasing in τij and fij for

j 6= i. Thus, as physical trade barriers fall, the domestic profit share falls and may even become

smaller than one half. Therefore, with sufficiently low physical trade barriers a laissez-faire

agreement can be better than a shallow trade agreement. These insights on the welfare effects

of shallow vs. laissez-faire agreements are summarized by the following Proposition.51

Proposition 9 Welfare effects of strategic domestic policies in the presence of a

shallow trade agreement

Assume that τIi = τXi = 1 for i = H,F and let firms’ average variable-profit share from sales

in their domestic market be given by δii.

(a) When δii <
1
2

the symmetric Nash equilibrium when countries can only set domestic policies

strategically is welfare-dominated by the laissez-faire allocation with τLi = 1, i = H,F .

51In numerical simulations with Pareto-distributed productivity we have obtained the robust result that when
physical trade barriers fall Nash-equilibrium production subsidies decrease smoothly until they turn into positive
taxes at a level of trade barriers that implies δii = 1/2. From that point on, production taxes strictly increase as
trade barriers fall further. These results imply that the proportional welfare gains from moving from a shallow
to a deep trade agreement rise as physical trade barriers fall.
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(b) δii is increasing in τij and fij, j 6= i.

Proof See Appendix F.3.

To summarize, when δii ≥ 1
2

or in the presence of homogeneous firms, a shallow trade agreement

that forbids the strategic use of trade policies and allows countries to set domestic policies freely

welfare-dominates a laissez-faire agreement that forbids countries to use domestic and trade

policies. When instead δii <
1
2

a laissez-faire agreement that forbids countries to use domestic

and trade policies welfare-dominates a shallow trade agreement that forbids the strategic use

of trade policies and allows countries to set domestic policies freely.

7 Conclusion

In this paper we have made progress on several fronts. Starting with the observation that

trade models with CES preferences and monopolistic competition have a common macro rep-

resentation, we have shown that this class of models also has common welfare incentives for

trade and domestic policies. Solving the problem of a world policy maker, we have derived a

welfare decomposition that decomposes world welfare changes induced by trade and domestic

policies into changes in consumption- and production-efficiency wedges. As long as the world

policy maker disposes of a sufficient set of instruments, she closes these wedges one by one and

implements the first-best allocation. In the multi-sector model this requires using production

subsidies to offset monopolistic markups.

From the individual-country perspective, welfare incentives for trade and domestic policies are

additionally governed by terms-of-trade incentives. This makes clear that the terms-of-trade

motive is the only pure beggar-thy-neighbor externality in this class of models.

Then we have discussed that using individual policy instruments always leads to a trade-off

between production-efficiency and terms-of-trade effects. Firm heterogeneity in combination

with physical trade costs matter for unilateral policies because they determine the profit share

from sales in each market. This variable governs how the trade-off between these motives plays

out: when physical trade barriers are high, firms make most of their profits domestically, and

thus production efficiency dominates.
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Finally, we have studied the design of trade agreements from the perspective of the multi-sector

heterogeneous-firm model. We have shown that in the absence of any trade agreement, the Nash

equilibrium entails the first-best level of production subsidies and inefficient import subsidies

and export taxes that aim at improving the terms of trade. Thus, even in the presence of firm

heterogeneity and domestic policies terms-of-trade motives remain the only reason for signing

a trade agreement. Moreover, when a shallow trade agreement prevents countries from using

trade policy strategically, domestic policies are set to balance a trade-off between improving

the terms of trade and increasing production efficiency. In this case, Nash-equilibrium domestic

policies depend on firm heterogeneity via the profit share from domestic sales: when it is larger

than the one from export sales, the Nash equilibrium features positive (albeit inefficiently low)

production subsidies. By contrast, when it is smaller, the Nash equilibrium is characterized by

positive production taxes. This result implies that achieving the full benefits of globalization

requires a deep trade agreement that allows countries to coordinate both trade and domestic

policies. Moreover, it means that shallow trade agreement are more distortive when physical

trade costs are lower.
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APPENDIX - FOR ONLINE PUBLICATION

A The Model

In this appendix we first we lay out the general model set-up. Then, we explain how to recover the set of
equilibrium conditions (i) in the presence and in the absence of the homogeneous sector and (ii) for the cases of
heterogeneous and homogeneous firms. Finally, we derive the free-trade allocation for the two-sector model.

A.1 Households

Given the Dixit-Stiglitz structure of preferences in (4), the households’ maximization problem can be solved in
three stages. At the first two stages, households choose how much to consume of each domestically produced
and foreign produced variety, and how to allocate consumption between the domestic and the foreign bundles.
The optimality conditions imply the following demand functions and price indices:

cij(ϕ) =

[
pij(ϕ)

Pij

]−ε
Cij , Cij =

[
Pij
Pi

]−ε
Ci, i, j = H,F (A-1)

Pi =

 ∑
j∈H,F

P 1−ε
ij

 1
1−ε

, Pij =

[
Nj

∫ ∞
ϕij

pij(ϕ)1−εdG(ϕ)

] 1
1−ε

, i, j = H,F (A-2)

Here Pi is the price index of the differentiated bundle in country i, Pij is the country-i price index of the
bundle of differentiated varieties produced in country j, and pij(ϕ) is the country-i consumer price of variety ϕ
produced by country j.

In the last stage, households choose how to allocate consumption between the homogeneous good and the
differentiated bundle. Thus, they maximize (3) subject to the following budget constraint:

PiCi + pZiZi = Ii, i = H,F

where Ii = WiL+Ti is total income and Ti is a lump sum transfer which depends on the tax scheme adopted by
the country-i government. The solution to the consumer problem implies that the marginal rate of substitution
between the homogeneous good and the differentiated bundle equals their relative price:

α

1− α
Zi
Ci

=
Pi
pZi

, i = H,F (A-3)

Then following Melitz and Redding (2015), we can rewrite the demand functions as

cij(ϕ) = pij(ϕ)−εAi, Cij = P−εij Ai, Ci = P−εi Ai, i, j = H,F, (A-4)

where Ai ≡ P ε−1
i αIi. Ai can be interpreted as an index of market (aggregate) demand.

A.2 Firms

A.2.1 Firms’ behavior in the differentiated sector

Given the constant price elasticity of demand, optimal prices charged by country-i firms in their domestic
market are a fixed markup over their perceived marginal cost (τLi

Wi

ϕ ), and optimal prices charged to country-j
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consumers for varieties produced in country i equal country-i prices augmented by transport costs and trade
taxes

pji(ϕ) = τjiτTjiτLi
ε

ε− 1

Wi

ϕ
, i, j = H,F (A-5)

The optimal pricing rule implies the following firm revenues:

rji(ϕ) ≡ τ−1
Tjipji(ϕ)cji(ϕ) = τ−1

Tjipji(ϕ)1−εAj = ετ1−ε
ji τ−εTjiτ

1−ε
Li W 1−ε

i ϕε−1Bj , i, j = H,F, (A-6)

where Bi ≡
(

ε
ε−1

)1−ε
1
εAi. Profits are given by:

πji(ϕ) ≡ Bj
(
τLiWi

ϕ

)1−ε

τ1−ε
ji τ−εTji − τLiWifji =

rji(ϕ)

ε
− τLiWifji, i, j = H,F (A-7)

A.2.2 Zero-profit conditions

Firms choose to produce for the domestic (export) market only when this is profitable. Since profits are
monotonically increasing in ϕ, we can determine the equilibrium productivity cutoffs for firms active in the
domestic market and export market, ϕji, by setting πji(ϕji) = 0, namely:

πji(ϕji) = 0⇒ rji(ϕji)

ε
= τLiWifji, i, j = H,F (A-8)

As in Melitz (2003), we call these conditions the zero profit (ZCP) conditions. Using (A-7) we rewrite (A-8) as
follows:

Bj = τε−1
ji τεLiτ

ε
TjiW

ε
i ϕ

1−ε
ji j = H,F, i 6= j (A-9)

A.2.3 Free-entry conditions (FE)

The free entry (FE) conditions require expected profits (before firms know the realization of their productivity)
in each country to be zero in equilibrium:∑

j=H,F

∫ ∞
ϕji

πji(ϕ)dG(ϕ) = τLiWifE , i = H,F

Substituting optimal profits (A-7), we obtain

∑
j=H,F

∫ ∞
ϕji

[
Bj

(
τLiWi

ϕ

)1−ε

τ1−ε
ji τ−εTji − τLiWifji

]
dG(ϕ) = τLiWifE , i = H,F (A-10)

A.2.4 Firms’ behavior in the homogeneous sector

Since the homogeneous good is sold in a perfectly competitive market without trade costs, price equals marginal
cost and is the same in both countries. We assume that the homogeneous good is produced in both countries
in equilibrium. Given the production technology, this implies factor price equalization in the presence of the
homogeneous sector:

pZi = pZj = Wi = Wj = 1, i = H, j = F
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A.3 Government

The government is assumed to run a balanced budget. Hence, country-i government’s budget constraint is given
by:

Ti = (τIi − 1)τ−1
Ii PijCij + (τXi − 1)τ−1

TjiPjiCji+

+ (τLi − 1)NiWi

 ∑
k=H,F

∫ ∞
ϕki

(
qki(ϕ)

ϕ
+ fki

)
dG(ϕ) + fE

 , i = H,F, j 6= i (A-11)

Government income consists of import tax revenues charged on imports of differentiated goods gross of transport
costs and foreign export taxes (thus, tariffs are charged on CIF values of foreign exports), export tax revenues
charged on exports gross of transport costs, and production tax revenues.

A.4 Equilibrium

A.4.1 Equilibrium of the two-sector model

Substituting ZCP (A-9) into FE (A-10), we obtain:

∑
j=H,F

fji(1−G(ϕji))

(
ϕ̃ji
ϕji

)ε−1

= fE +
∑
j=H,F

fji(1−G(ϕji)), i = H,F, (A-12)

where

ϕ̃ji =

[∫ ∞
ϕji

ϕε−1 dG(ϕ)

1−G(ϕji)

] 1
ε−1

, i, j = H,F, (A-13)

which correspond to (10) and (7) in the main text. Moreover, dividing the ZCP conditions (A-9), we obtain
condition (9) in the main text:

ϕii
ϕij

=

(
fii
fij

) 1
ε−1
(
τLi
τLj

) ε
ε−1
(
Wi

Wj

) ε
ε−1

τ−1
ij τ

− ε
ε−1

Tij , i, j = H,F (A-14)

The remaining equilibrium equations are then given as follows:

Consumption sub-indices, which can be determined using (A-4) jointly with (A-9):

Cij = P−εij

(
ε

ε− 1

)ε−1

ετεLjτ
ε−1
ij τεT ijϕ

1−ε
ij W ε

j fij , i, j = H,F (A-15)

Price sub-indices, which emerge from substituting (A-5) into (A-2):

P 1−ε
ij =

(
ε

ε− 1

)1−ε

Nj(1−G(ϕij))(τijτTijτLj)
1−εϕ̃ε−1

ij W 1−ε
j , i, j = H,F (A-16)

Aggregate profits Πi are given by Πi = Ri − τLiWiLCi + τLiWiNifE , where Ri is aggregate revenue, Ri ≡
Ni
∑
j=H,F

∫∞
ϕji

rji(ϕ)dG(ϕ). From the FE condition (A-10) it then follows that Πi = τLiWiNifE and thus
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Ri = τLiWiLCi. Substituting the definition of optimal revenues (A-6) into the previous condition, we get

τLiWiLCi = εNi
∑

j=H,F

∫ ∞
ϕji

Bjτ
1−ε
ji τ−εTjiτ

1−ε
Li W 1−ε

i ϕε−1dG(ϕ), i = H,F

Combining this condition with (10) and (A-9), we obtain:

Labor market clearing in the differentiated sector

LCi = εNi
∑

j=H,F

fji(1−G(ϕji)) + εfENi, i = H,F (A-17)

This can be solved for the equilibrium level of Ni:

Ni =
LCi

ε
∑
j=H,F fji(1−G(ϕji)) + εfE

, i = H,F (A-18)

Combining this last condition with (10), plugging into (A-15) and (A-16) and taking into account the definition
(7), allows us to recover (11) and (12) in the main text.

In the presence of the homogeneous sector, the trade-balance condition is given by:52

QZi − Zi + τ−1
Ij PjiCji = τ−1

Ii PijCij , i = H, j = F (A-19)

We can use the fact that
∑
j=H,F PijCij = PiCi to rewrite (A-3) as:

Zi =
1− α
α

∑
j=H,F

PijCij , i = H,F

We can combine this equation with the trade-balance condition above and the aggregate labor market clearing
L = LCi + LZi to obtain:

Trade-balance condition

L− LCi −
1− α
α

∑
k=H,F

PikCik + τ−1
Ij PjiCji = τ−1

Ii PijCij , i = H, j = F,

which corresponds to condition (13).

Finally, when the homogeneous sector is present, we also require equilibrium in the market for the homogenous
good, i.e.

∑
i=H,F QZi =

∑
i=H,F Zi. Combining this condition with aggregate labor market clearing and

demand for the homogeneous good (A-3) we obtain:

Homogeneous-good market clearing condition∑
i=H,F

(L− LCi) =
1− α
α

∑
i=H,F

∑
j=H,F

PijCij ,

which coincides with condition (14).

52Import taxes are collected directly by the governments at the border so they do not enter into this condition.
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A.4.2 Equilibrium of the one-sector model

When there is no homogeneous sector, i.e., when α = 1, then from (15) Zi = 0 for i = H,F , and LCi = L for
i = H from the labor market clearing L = LCi + QZi . Conditions (7)-(12) remain the same. Condition (13)
simplifies to:

τ−1
Ij PjiCji = τ−1

Ii PijCij , i = H, j = F (A-20)

Then, LCi = L for i = F from (14).

Finally note that, as well known, in the one-sector model the allocation of labor is efficient. Thus, we assume
that policymakers abstain from strategically using the labor subsidy. For convenience, we assume that in any
symmetric allocation the labor cost is equal across countries i.e., labor subsidies are such that τLiWi = τLjWj

for i = H and j = F . As it will become clear in the following sections, this assumption will simplify the
comparison between the planner and the market allocation.

A.4.3 From Melitz to Krugman (1980)

The Melitz model encompasses the Krugman (1980) model with homogeneous firms under the assumptions that
there are no fixed market access costs (i.e, fij = 0 for i, j = H,F ) and that G(ϕ) is a degenerate distribution.
Then, without loss of generality, we normalize ϕ̃ = ϕ = 1. Under this parametrization, conditions (7), (8), (9)
and (10) should be dropped from the set of equilibrium conditions.

In addition, the free-entry conditions are given by:∑
j=H,F

πji = τLiWifE , i = H,F,

and profits are given by:

πji ≡ Bj (τLiWi)
1−ε

τ1−ε
ji τ−εTji, i, j = H,F

By combining these two last conditions we can solve for Bi and Bj as functions of Wi, Wj and the policy
instruments:

Bi = fEW
ε
j

τεLj − τεLiτ
ε−1
ij τεTji

(
Wi

Wj

)ε
τ−εT ijτ

1−ε
ij − τεTjiτ

ε−1
ij

, i = H,F, j 6= i

Moreover, by substituting the optimal pricing decision into the definition of the price indices and observing that
Nj = LCj/(εfE) we get:

Pij =
ε

ε− 1
(εfE)

1
ε−1 τijτTijτLjWjL

−1
ε−1

Cj , i, j = H,F (A-21)

At the same time, from the definition of Cij , it follows that:

Cij = P−εij

(
ε

ε− 1

)ε−1

εBi, i, j = H,F

Substituting the expressions above for Pij and Bi into the above condition, leads to:

Cij =
ε− 1

ε
L

ε
ε−1

Cj (εfE)
−1
ε−1

(τijτTij)
−ε
[(

Wk

Wj

τLk

τLj

)ε
−
(
Wi

Wj

τLi

τLj

)ε
τε−1
ki τεTki

]
τ−εT ikτ

1−ε
ki − τεTkiτ

ε−1
ki

, i, j = H,F, k 6= i (A-22)

Thus, if the homogeneous sector is present (α < 1), the equilibrium is given by equations (A-21) and (A-22)
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together with (13),(14) and (15) and the fact that Wi = 1 for i = H. By contrast, in the absence of the
homogeneous sector (i.e., when α = 1), the equilibrium is determined by conditions (A-20), (A-21), (A-22) and
the fact that LCj = L for j = H,F .

A.4.4 The allocation under the laissez-faire agreement in the two-sector model

Using equations (11) and (12), we find that

PijCij = δijLCjτTijτLjWj , i, j = H,F

Substituting into the trade-balance condition (13), we obtain:

L− LCi −
1− α
α

∑
k=H,F

δikLCkτTikτLkWk + δjiLCiτXiτLiWi = δijLCjτXjτLjWj , i = H, j = F

Under the laissez-faire agreement, τLi = τIi = τXi = 1 for i = H,F . Since the countries are symmetric, the
equilibrium is also symmetric and thus LCi = LCj , Wi = Wj = 1, δij = δji for i = H,F and j 6= i.

Substituting these conditions, we find that

LLFCi = αL, i = H,F

Using this result together with (A-17) and (A-12), we obtain

NLF
i =

αL

ε
∑

j=H,F

[
fji(1−G(ϕji))

(
ϕ̃ji

ϕji

)ε−1
] , i = H,F

B The Total-Differential Approach

We use the total-differential approach to optimization to solve both the planner and the optimal-policy prob-
lems.53 In this way, we can use the same methodology to derive all the main results of the paper: the welfare
decomposition and the efficiency wedges; the world, the unilateral and the strategic policies.

We first discuss how we apply this approach to find the optimal deviations of domestic and trade policies.
Then, we explain how to employ it to solve constrained optimization problems. Finally, we derive a number of
preliminary results that we will use in the rest of the appendix.

B.1 How to apply the total-differential approach

B.1.1 Unilateral policy deviations

The unilateral deviations of each policy instrument can be determined following these steps:

(1) Take the total differential of the objective function and the equilibrium conditions.
53Observe that using this approach implies restricting our analysis to interior solutions.
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(2) Use the total differential of the equilibrium conditions to solve for the total differentials of the endogenous
variables as linear functions of the total differentials of the policy instruments. Since we consider each policy
instrument at a time, set the total differentials of the policy instruments that are not of interest to zero.

(3) Substitute the solution of the total differentials of the endogenous variables into the total differential of the
objective function and evaluate it at the laissez-faire allocation. Collect all the terms and sign the coefficient
multiplying the total differential of the policy instrument to determine the direction of the optimal deviations
from the laissez-faire allocation.

B.1.2 Constrained optimization problems

A constrained optimization problem in n variables given m constraints with n > m can be solved using the
total-differential approach according to the following steps:

(1) Take the total differential of the objective function and the constraints.

(2) Use the total differential of the constraints to solve for m total differentials as a function of the n−m other
total differentials.

(3) Substitute the solution of the m total differentials into the total differential of the objective function. Then
the total differential of the objective function must be zero for any of the n−m total differentials (i.e., for any
arbitrary perturbation of the n−m relevant variables). Collect the terms multiplied by the n−m differentials
to find the n−m conditions that need to be zero at the optimum.

(4) The n−m conditions found in (3) jointly with the m constraints determine the solution of the n variables.

B.2 Preliminary steps for applying the total-differential approach

In this section, we derive some preliminary results that will be useful to derive the results of Sections 3 to 6.

As explained above, the first steps to apply the total-differential approach – independently of whether the
optimal policy problem or unilateral deviations are considered – is to take the total differential of the equilibrium
equations (7)-(14), which we do in Section B.2.1 below. Then, we evaluate the total differentials at a symmetric
allocation. Moreover, when considering policies from the individual-country perspective, as analyzed in Section
5, we set dτLj = dτIj = dτXj = 0, and combine the equations so as to be left with 3 equations, which are linear
functions of 6 differentials: dLCi, dCii, dCij , dτLi, dτIi and dτXi. We can then use these 3 equations to express
3 differentials as functions of the remaining 3. For the unilateral deviations considered in Section 5, we solve for
dLCi, dCii and dCij as linear functions of the deviations of the policy instruments dτLi, dτIi and dτXi. Then,
we allow only a single policy instrument to vary at a time, while setting the deviations for the other two to zero.
Differently, for the cases of strategic interaction in Section 6 we use the 3 equations to write the differentials of
the tax instruments, dτLi, dτIi and dτXi as linear functions of the other 3 differentials, dLCi, dCii and dCij .
Finally, for the case of strategic interaction when only production taxes are available (shallow trade agreement)
we set the deviations for dτIi and dτXi to zero. This allow us to express dτLi as a function of dLCi only.

B.2.1 Total differentials of some equilibrium conditions

Since the total differentials of the equilibrium equations (7)-(11) are extensively used in the proofs of Sections
3 to 6, and since they hold for both the one-sector and the two-sector models, we present them here for future
reference in their general formulation.
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The total differential of (7) gives:

dϕ̃ji =
1

ε− 1

g(ϕji)

[1−G(ϕji)]
ϕ̃ji

[
1−

(
ϕji
ϕ̃ji

)ε−1
]
dϕji, i, j = H,F (B-1)

Substituting this condition into the total differential of (10), we get:

dϕji = − fii[1−G(ϕii)]ϕ
−ε
ii ϕ̃

ε−1
ii

fji[1−G(ϕji)]ϕ
−ε
ji ϕ̃

ε−1
ji

dϕii, i = H,F, i 6= j (B-2)

Using (8) and (10), this condition can be rewritten as

dϕji = − δii
1− δii

ϕji
ϕii

dϕii, i = H,F, i 6= j, (B-3)

which expresses the total differential of the productivity cut-offs for the domestically produced goods in the
export markets as a function of the cut-offs in the domestic markets. Taking the total differential of (8) combined
with (10) and substituting (B-1) and (B-2) into the resulting condition, we get:

dδji = − δji
ϕji

(Φi + (ε− 1)) dϕji, i, j = H,F (B-4)

where Φi ≡ δii
g(ϕji)ϕ

ε
jiϕ̃

1−ε
ji

1−G(ϕji)
+ δji

g(ϕii)ϕ
ε
iiϕ̃

1−ε
ii

1−G(ϕii)
> 0, i = H,F and j 6= i. Condition (B-4) states that as the

productivity cut-off rises, the corresponding variable-profit share shrinks.

Moreover, by totally differentiating (11), we obtain:

dϕij =
ϕij
Cij

dCij −
ε

ε− 1

ϕij
δij

dδij −
ε

ε− 1

ϕij
LCj

dLCj , i, j = H,F, (B-5)

which, using the symmetric condition of (B-4) to substitute out dδij , becomes:

dϕij =
εϕij

LCj(ε− 1)
(
ε− 1 + ε

ε−1Φj

)dLCj − ϕij

Cij

(
ε− 1 + ε

ε−1Φj

)dCij , i, j = H,F (B-6)

For future use, we substitute the symmetric condition of (B-6) into (B-4):

dδji =
δji(ε− 1 + Φi)

Cji

(
ε− 1 + ε

ε−1Φi

)dCji − δjiε(ε− 1 + Φi)

LCi(ε− 1)
(
ε− 1 + ε

ε−1Φi

)dLCi, i, j = H,F (B-7)

Finally, taking the total differential of (9), we have:

dϕij =
ϕij
ϕii

dϕii +
ε

ε− 1
ϕij

[
dτLj
τLj

− dτLi
τLi

+
dWj

Wj
− dWi

Wi
+
dτTij
τTij

]
, i, j = H,F, i 6= j (B-8)

where dτTji = 0 if i = j while dτTji = τXidτIj + τIjdτXi if i 6= j.

B.2.2 Total differentials of the two-sector model

In this section we restrict ourself to the case α < 1. Hence we can use the simplification Wi = 1 for i = H,F .
Under this restriction we combine the total differentials of the equilibrium equations to find 3 conditions that
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can be expressed as functions of dLCi, dCii, dCij , dτLi, dτIi and dτXi only.54

(1) The first condition can be derived in the following way. Taking the symmetric condition of (B-8), using
(B-3) to substitute out dϕji, solving for dϕjj and finally using (B-6) to substitute out dϕii, we obtain:

dϕjj = − ϕjj
ε− 1 + ε

ε−1Φi

δii
1− δii

(
ε

ε− 1

dLCi
LCi

− dCii
Cii

)
− ε

ε− 1
ϕjj

(
dτLi
τLi
− dτLj

τLj
+
dτIj
τIj

+
dτXi
τXi

)
(B-9)

Using (B-3) to substitute out dϕjj from (B-9) we find the following expression for dϕij :

dϕij = − δjjϕij
1− δjj

[
ε

ε− 1

(
dτLj
τLj

− dτLi
τLi
− dτTji

τTji

)
− δii

1− δii
1

ε− 1 + ε
ε−1Φi

(
ε

ε− 1

dLCi
LCi

− dCii
Cii

)]
(B-10)

Moreover, we combine (B-6), (B-8) and (B-10) to obtain:

−dτTij
τTij

(1− δjj) +
dτTji
τTji

δjj +
dτLi
τLi
− dτLj

τLj
+

1− δii − δjj
(1− δii)

(
ε− 1 + Φi

ε
ε−1

) (ε− 1

ε

dCii
Cii
− dLCi

LCi

)
= 0

Finally we impose symmetry as well as dτLj = dτXj = dτIj = 0. This means that dτTji = τIjdτXi and
dτTij = τXjdτIi. Under these restrictions, we can rewrite the last equation as:

dτLi
τLi
− (1− δii)

dτIi
τIi

+ δii
dτXi
τXi

+
1− 2δii

(1− δii)
(
ε− 1 + Φi

ε
ε−1

) (ε− 1

ε

dCii
Cii
− dLCi

LCi

)
= 0 (B-11)

(2) The second condition can be found as follows. First, we combine (11) and (12):

PijCij = LCjδijτTijτLj i, j = H,F (B-12)

Second, we use (B-12) to rewrite (13) as follows:

LCj =
αL− LCi(α+ (1− α)δiiτLi − α(1− δii)τLiτXi)

(1− δjj)τLjτXj(α+ (1− α)τIi)
(B-13)

Third, using (B-4) to find an expression for dδjj and combining it with (B-9) we get:

dδjj = δjj(ε− 1 + Φj)

[
ε

ε− 1

(
dτLi
τLi
− dτLj

τLj
+
dτIj
τIj

+
dτXi
τXi

)
− 1(

ε− 1 + ε
ε−1Φi

) δii
1− δii

(
dCii
Cii
− ε

ε− 1

dLCi
LCi

)
(B-14)

Taking the total differential of (B-13), using (B-7) and (B-14) to substitute out dδii and dδjj , imposing symmetry

54For the sake of brevity we omit to specify for which countries the equations hold.
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and dτLj = dτXj = dτIj = 0, we obtain:

dLCj
LCj

=

(
α

(1− α)τIi + α
+
δiiε(ε− 1 + Φi)

(1− δii)(ε− 1)

)
dτXi
τXi

+
δii(ε− 1 + Φi)

(1− δii)
(
ε− 1 + εΦi

ε−1

) ( δii
1− δii

+
1− α+ ατXi

τXi((1− α)τIi + α)

)
dCii
Cii

− α+ (1− α)δiiτLi − α(1− δii)τLiτXi
(1− δii)τLiτXi((1− α)τIi + α)

dLCi
LCi

+
εδii(ε− 1 + Φi)

(1− δii(ε− 1)(ε− 1 + εΦi

ε−1 )

(
δii

1− δii
+

1− α+ ατXi
τXi((1− α)τIi + α)

)
dLCi
LCi

− 1− α
α+ (1− α)τIi

dτIi −
(

(1− α)δii − α(1− δii)τXi
(1− δii)τXi(α+ (1− α)τIi)

− δiiε(ε− 1 + Φi)

(1− δii)(ε− 1)

)
dτLi
τLi

(B-15)

In addition, we combine (B-12) with (14), we take its total differential, and then we substitute out dδii and dδjj
using (B-7) and (B-14), respectively. We then impose symmetry and dτLj = dτXj = dτIj = 0 to get:

− (1− α)LCi

(
δii + (1− δii)τIIτXi +

δiiε(1− τIiτXI)(ε− 1 + Φj)

ε− 1

)
dτLi

− (1− α)LCi

(
(1− δii)τLi +

δiiετLi(1− τIiτXi)(ε− 1 + Φj)

(ε− 1)τIiτXi

)
τIidτXi − (1− α)LCi(1− δii)τLiτXidτIi

+
(1− α)LCiδii

ε− 1 + εΦi

ε−1

(
δiiτLi(1− τIiτXi)(ε− 1 + Φj)

1− δii
− τLi(1− τIjτXi)(ε− 1 + Φi)

)(
dCii
Cii
− ε

ε− 1

dLCi
LCi

)
− (α+ (1− α)τLi(δii + (1− δii)τIiτXi))dLCj − (α+ (1− α)τLi(δii + (1− δii)τIiτXi)) dLCi = 0 (B-16)

We can then use condition (B-15) to substitute out dLCj from (B-16) and to rewrite (B-16) as follows:

− (1− α)(α+ (1− α)δiiτLi − α(1− δii)τLiτXi)
α+ (1− α)τIi

dτIi

− (1− α)δii − α(1− δii)τXi
(1− δii)(α+ (1− α)τIi)τXi

(α+ (1− α)δiiτLi + (1− α)(1− δii)τLiτIiτXi)
dτLi
τLi

+

(
(1− α)(δii + (1− δii)τIiτXi) +

δiiε(α+ (1− α)τLi)(ε− 1 + Φi)

(ε− 1)(1− δii)τLi

)
dτLi

+
α(α+ (1− α)δiiτLi + (1− α)(1− δii)τLiτIiτXi)

(α+ (1− α)τIi)τXi
dτXi

+

(
(1− α)(1− δii)τLiτIi +

δiiε((1− α)τLi + α)(ε− 1 + Φi)

(ε− 1)(1− δii)τXi

)
dτXi

+
δii(ε− 1 + Φi)

(1− δii)(ε− 1 + εΦi

ε−1 )

(
−δii(α+ (1− α)τLi)

1− δii
+ (1− α)τLi(1− τIiτXi)(1− δii)

− (1− α+ ατXi)(α+ (1− α)δiiτLi + (1− α)(1− δii)τLiτIiτXi)
(α+ (1− α)τIi)τXi

)
dCii
Cii

−
[(

α+ (1− α)δiiτLi − α(1− δii)τLiτXi
(1− δii)(α+ (1− α)τIi)τLiτXi

− 1

)
(α+ (1− α)τLi(δii + (1− δii)τIiτXi))

− δiiε(ε− 1 + Φi)

(1− δii)(ε− 1)(ε− 1 + εΦi

ε−1 )

(
(α+ (1− α)δiiτLi + (1− α)(1− δii)τLiτIiτXi)

1− α+ ατXi
(α+ (1− α)τIi)τXi

+
δii(α+ (1− α)τLi)

1− δii
− (1− δii)(1− α)τLi(1− τIiτXi)

)]
dLCi
LCi

= 0 (B-17)

(3) The third condition can be retrieved as follows. First, we use (11) to solve for ϕii. Second, we substitute the
expression for ϕii into (9) and solve for ϕij . Finally, we employ this expression for ϕij together with δij = 1−δii,
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and (B-13) to rewrite (11) as follows:

Cij = Cii

(
LCiδiiτIi(Lα− LCi(α+ (1− α)δiiτLi − α(1− δii)τLiτXi))

τLi(α+ (1− α)τIi)

) ε
ε−1

(B-18)

Taking the total differential of (B-18), using (B-7) to substitute out dδii and (B-13) and (B-18) to define,
respectively, LCj and Cij , we have:

0 =
ε− 1

ε

dCij
Cij

−
(
dCii
Cii

ε− 1

ε
− dLCi

LCi

)(
1− ε(ε− 1 + Φi)

(ε− 1)(ε− 1 + εΦi

ε−1 )

(
1 +

LCiδiiτLi
Λi

(1− α+ ατXi)

))

+
dLCi

Λi
(α+ (1− α)δiiτLi − α(1− δii)τLiτXi)−

dτIi
τIi

α

α+ (1− α)τIi
− dτXiα

LCi(1− δii)τLi
Λi

+ dτLi

(
LCi
Λi

((1− α)δii − (1− δii)ατXi) +
1

τLi

)
where Λi ≡ αL− LCi(α+ (1− α)δiiτLi − α(1− δii)τLiτXi). Using (B-13), under symmetry we can rewrite the
previous expression as follows:

0 =
ε− 1

ε

dCij
Cij

− α

α+ (1− α)τIi

(
dτIi
τIi

+
dτXi
τXi

)
+

(
1 +

(1− α)δii − α(1− δii)τXi
(1− δii)τXi(α+ (1− α)τIi)

)
dτLi
τLi

−

(
1− ε(ε− 1 + Φi)

(ε− 1)(ε− 1 + εΦi

ε−1 )

(
1 +

δii(1− α+ ατXi)

(1− δii)τXi((1− α)τIi + α)

))(
ε− 1

ε

dCii
Cii
− dLCi

LCi

)
+
α+ (1− α)δiiτLi − α(1− δii)τXiτLi

(1− δii)τXiτLi((1− α)τIi + α)

dLCi
LCi

(B-19)

Conditions (B-11), (B-17), and (B-19) can be used to find an explicit solution for either dLCi, dCii and dCij as
linear functions of dτLi, dτIi, and dτXi (i.e., the solution for the unilateral deviations) or for dτLi, dτIi, and dτXi
as linear functions of dLCi, dCii and dCij(i.e., the solution for the Nash problem with all policy instruments).
Conditions (B-11), (B-17), and (B-19) also allow us to retrieve the solution for the Nash problem with only the
production tax. All these expressions are available upon request.

B.2.3 Total differentials of the one-sector model

The total differentials computed in this section will be used only to study unilateral deviations. For this reason
we can apply some simplifications to the total differentials defined in B.2.1. As explained in section A.4.2, when
α = 1 we get Zi = 0, LCi = L and dτLi = 0 for i = H,F so that dZi = dLCi = 0 for i = H,F . Also, Wj = 1 so
that dWj = 0 for j = F and dτIj = dτXj = 0 for j = F . After taking the differentials, we evaluate them at the
laissez-faire allocation (τLi = τIi = τXi = 1 for i = H,F )

First, consider the case of heterogeneous firms. In this case, our objective is to retrieve 3 conditions as a function
of dWi, dCii, dCij , dτIi and dτXi.

(1) To find the first condition, recall that (B-8) simplifies to:

dϕij =
ϕij
ϕii

dϕii −
ε

ε− 1
ϕijdWi +

ε

ε− 1
ϕijdτTij , i, j = H,F, i 6= j (B-20)

Second, from (B-6) we have:

dϕii = − ϕii

Cii

(
ε− 1 + ε

ε−1Φi

)dCii, i = H,F (B-21)
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Third, from (B-20) we have dϕjj =
ϕjj

ϕji
dϕji − ε

ε−1ϕjjdτTji which, using (B-3), (B-21), and dτTji = dτXi when

i = H, j = F , can be written as:

dϕjj =
ϕjj

Cii

(
ε− 1 + ε

ε−1Φi

) δii
1− δii

dCii −
ε

ε− 1
ϕjjdτXi, i = H, j = F (B-22)

Finally, using (B-3) to express dϕij together with (B-22) to substitute out dϕjj we have:

dϕij =
δjj

1− δjj
ϕij

 1

Cii

(
ε− 1 + ε

ε−1Φi

) δii
1− δii

dCii +
ε

ε− 1
dτXi

 , i = H, j = F (B-23)

Using (B-21), (B-23), δjj = δii, and dτTij = dτIi when i = H, j = F , we can rewrite (B-20) as follows:

(1− δii)dWi − (1− δii)dτIi + δiidτXi +
1− 2δii

(1− δii)
(
ε− 1 + ε

ε−1Φi

) ε− 1

ε

dCii
Cii

= 0, i = H, j = F (B-24)

(2) To retrieve the second condition, recall that (13) simplifies to (A-20) which, using (11) and (12) together
with LCi = L for i = H,F , δji = 1− δii for i, j = H,F , τIj = τXj = 1 for j = F can be rewritten as:

L(1− δii)τXiτLiWi − L(1− δjj)τLj = 0, i = H, j = F (B-25)

Using (B-4) for i = j together with (B-22) we can write:

dδjj = δii(ε− 1 + Φi)

 ε

ε− 1
dτXi −

δii
1− δii

1(
ε− 1 + ε

ε−1Φi

) dCii
Cii

 (B-26)

Taking the total differential of (B-25) and using (B-26) to substitute out dδjj , and (B-4) to substitute out dδii,
and evaluating it at the laissez-faire, we have:

dWi +

(
1 +

δiiε(ε− 1 + Φi)

(ε− 1)(1− δii)

)
dτXi −

δii(ε− 1 + Φi)

Cii(1− δii)2(ε− 1 + ε
ε−1Φi)

dCii = 0, i = H, j = F (B-27)

(3) We can rewrite (B-5) by imposing dLCj = 0, using (B-23) to substitute out dϕij , and δij = 1−δjj (implying
dδij = −dδjj) together with (B-26) to substitute out dδij we obtain:

ε− 1

ε

dCij
Cij

+
δii

1− δii

(
ε(ε− 1 + Φi)

ε− 1
− 1

)
dτXi +

δ2
ii

(1− δii)2

1

ε− 1 + ε
ε−1Φi

(
ε− 1

ε
− ε+ 1− Φi

)
dCii
Cii

= 0

i = H, j = F (B-28)

Conditions (B-24), (B-27), and (B-28) can be used to derive an explicit solution for Wi, dCii and dCij as linear
functions of dτIi and dτXi. These expressions are available upon request.

Finally, consider the case with homogeneous firms. In this case, we need to express dWi as a function of dτIi
and dτXi. For this purpose, we can substitute conditions (16) and (17) into the trade balance (A-20). Taking
the total differential of this condition and evaluating it at the free-trade allocation we get:

dWi =
ετε

τ + (2ε− 1)τε
dτIi −

τ + (ε− 1)τε

(τ + (2ε− 1)τε)
dτXi (B-29)
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C The Planner Allocation

In this appendix we first set up the planner problem and solve it using a three-stage approach. Next, we prove
the Lemmata and Propositions of Section 3.

C.1 The Planner Problem

The full planner problem can be written as follows. The planner maximizes:

∑
i=H,F

Ui =
∑
i=H,F

α log

 ∑
j=H,F

C
ε−1
ε

ij

 ε
ε−1

+ (1− α) logZi


with respect to Cij ,LCij , Zi, Ni, cij(ϕ), lij(ϕ), ϕij , for i, j = H,F and subject to:

Cij =

[
Nj

∫ ∞
ϕij

cij(ϕ)
ε−1
ε dG(ϕ)

] ε
ε−1

, i, j = H,F

lij(ϕ) =
τijcij(ϕ)

ϕ
+ fij , i, j = H,F

LCij = Nj

∫ ∞
ϕij

lij(ϕ)dG(ϕ), i, j = H,F

LCi = NifE +
∑

j=H,F

LCji, i = H,F

∑
i=H,F

Li =
∑
i=H,F

LCi +
∑
i=H,F

Zi

Notice that by combining LCij and lij(ϕ) we get:

LCij = τijNj

∫ ∞
ϕij

cij(ϕ)

ϕ
dG(ϕ) +Njfij(1−G(ϕij)), i, j = H,F

This problem can be split into three separate stages. The proof that this approach is equivalent to solving the
full planner problem in a single stage is available on request.

C.2 First stage

Here, we derive the results used in Section 3.1.
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C.2.1 First-stage optimality conditions

At the first stage, the planner solves the problem stated in (18). Taking total differentials with respect to cij(ϕ),
lij(ϕ) and ϕij :

duij =

∫ ∞
ϕij

∂uij
∂cij(ϕ)

dcij(ϕ)dG(ϕ) +
∂uij
∂ϕij

dϕij = 0 (C-1)

dcij(ϕ) =
∂qij(ϕ)

∂lij(ϕ)
dlij(ϕ) (C-2)

Nj

∫ ∞
ϕij

dlij(ϕ)dG(ϕ) +
∂LCij
∂ϕij

dϕij = 0 (C-3)

for i, j = H,F . By using (C-2) and (C-3) to substitute out dϕij from (C-1) we get:

∫ ∞
ϕij

 ∂uij
∂cij(ϕ)

−
∂uij

∂ϕij

∂LCij

∂ϕij

Nj
∂qij(ϕ)
∂lij(ϕ)

 dcij(ϕ)dG(ϕ) = 0, i, j = H,F (C-4)

This condition holds for every dcij(ϕ) and therefore:

∂uij
∂cij(ϕ)

∂qij(ϕ)

∂lij(ϕ)
=

∂uij
∂LCij

Nj , i, j = H,F

for all ϕ ∈ [ϕij ,∞). As a consequence:

∂uij
∂cij(ϕ1)

∂qij(ϕ1)

∂lij(ϕ1)
=

∂uij
∂cij(ϕ2)

∂qij(ϕ2)

∂lij(ϕ2)
,

for any ϕ1 ∈ [ϕij ,∞) and ϕ2 ∈ [ϕij ,∞) which coincides with condition (19) in the main text.

C.2.2 First-stage aggregate production function

Using the functional forms, we get:

∂uij
∂cij(ϕ)

= NjC
1
ε
ijcij(ϕ)−

1
ε

∂uij
∂ϕij

=
ε

ε− 1
NjC

1
ε
ijcij(ϕij)

ε−1
ε

∂qij(ϕ)

∂lij(ϕ)
=

ϕ

τij
∂LCij
∂ϕij

= Nj lij(ϕij)

Plugging in these functional forms into (C-4) we obtain:∫ ∞
ϕij

(
cij(ϕ)−1/ε − ε

ε− 1

τij
ϕ

cij(ϕij)
ε−1
ε

lij(ϕij)

)
dcij(ϕ)dG(ϕ) = 0, i, j = H,F (C-5)
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This condition holds for every dcij(ϕ) and therefore:

cij(ϕ) =

(
ε

ε− 1

)−ε
cij(ϕij)

1−ε

lij(ϕij)−ε
τ−εij ϕ

ε, i, j = H,F (C-6)

Substituting (C-6) into the definition of Cij , using the definition of ϕ̃ij , and noting that Nij = [1−G(ϕij)]Nj ,
we get:

cij(ϕij)
1−ε = N

− ε
ε−1

ij Cij

(
ε

ε− 1

)ε
lij(ϕij)

−ετεijϕ̃
−ε
ij , i, j = H,F

If we substitute this back into (C-6) we obtain:

cij(ϕ) = N
− ε

ε−1

ij Cij

(
ϕ̃ij
ϕ

)−ε
, i, j = H,F (C-7)

Finally, we can aggregate the production function as follows:

LCij = Nj

∫ ∞
ϕij

lij(ϕ)dG(ϕ) = τijNij

∫ ∞
ϕij

cij(ϕ)

ϕ

dG(ϕ)

1−G(ϕij)
+ fijNij

= τijN
− 1

ε−1

ij

Cij
ϕ̃ij

+ fijNij , i, j = H,F (C-8)

This leads to the aggregate production function (20) in the main text:

QCij(ϕ̃ij , Nj , LCij) ≡
ϕ̃ij
τij

{
[Nj(1−G(ϕij)]

1
ε−1LCij − fij [Nj(1−G(ϕij)]

ε
ε−1

}
, i, j = H,F,

where QCij(ϕ̃ij , Nj , LCij) = Cij .

C.2.3 First-stage comparison between planner and market allocation

We want to verify that the consumption of individual varieties chosen by the planner coincides with the one
of the market allocation conditional on Cij , Nij and ϕ̃ij being the same. Recall that the demand function is

cij(ϕ) =
(
pij(ϕ)
Pij

)−ε
Cij . Since the price index is given by Pij = N

1
1−ε

ij pij(ϕ̃ij), it follows that
pij(ϕ)
pij(ϕ̃ij) =

ϕ̃ij

ϕ .

Thus, we can conclude that condition (C-7) holds also in the market equilibrium.

C.2.4 First-stage optimality conditions with homogeneous firms

In this case, the problem stated in (18) simplifies to choosing cij(ω) and lij(ω) for i, j = H,F under the
assumptions that G(ϕ) is a degenerate distribution and that fij = 0 for i, j = H,F .

Solving this problem gives the same condition as derived with heterogeneous firms:

∂uij
∂cij(ω1)

∂qij(ω1)

∂lij(ω1)
=

∂uij
∂cij(ω2)

∂qij(ω2)

∂lij(ω2)

This implies that all firms will employ the same quantity of labor and produce the same amount of each variety,
i.e., lij(ω) = lij and cij(ω) = cij ∀ω ∈ [0, Nj ].
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C.2.5 First-stage aggregate production function with homogeneous firms

Following the same steps as with heterogeneous firms we can derive the aggregate level of consumption

Cij = N
ε

ε−1

j cij , i, j = H,F, (C-9)

Hence, the aggregate production now simplifies to:

QCij(Nj , LCij) ≡
1

τij
N

1
ε−1

j LCij , i, j = H,F, (C-10)

where QCij(Nj , LCij) = Cij .

C.2.6 First-stage comparison between planner and market allocation with homo-
geneous firms

As for the case of heterogeneous firms, it is sufficient to recall that when firms are homogeneous cij =
(
pij
Pij

)−ε
Cij

and Pij = N
1

1−ε

ij pij , which implies that condition (C-9) holds also in the market equilibrium.

C.3 Second Stage

Here we derive the results of Section 3.2.

C.3.1 Second-stage optimality conditions

At the second stage the planner solves the problem described in (21). Taking total differentials:∑
i=H,F

∑
j=H,F

∂ui
∂Cij

dCij = 0

dNi = − 1

fE

∑
j=H,F

dLCji, i = H,F

dCij =
∂QCij
∂Nj

dNj +
∂QCij
∂ϕ̃ij

dϕ̃ij +
∂QCij
∂LCij

dLCij , i, j = H,F

Substituting the differentials of the constraints into the objective, we obtain:

∑
i=H,F

∑
j=H,F

∂ui
∂Cij

∂QCij
∂ϕ̃ij

dϕ̃ij +
∂QCij
∂LCij

dLCij −
∂QCij
∂Nj

1

fE

∑
k=H,F

dLCkj

 = 0

Collecting terms:

∑
j=H,F

∑
i=H,F

∂ui
∂Cij

∂QCij
∂ϕ̃ij

dϕ̃ij +
∑

j=H,F

∑
i=H,F

 ∂ui
∂Cij

∂QCij
∂LCij

−
∑

k=H,F

∂uk
∂Ckj

∂QCkj
∂Nj

1

fE

 dLCij = 0 (C-11)
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Since (C-11) should hold for any dϕ̃ij and dLCij it follows that:

∂QCij
∂ϕ̃ij

= 0, i, j = H,F (C-12)∑
k=H,F

∂uk
∂Ckj

∂QCkj
∂Nj

= fE
∂ui
∂Cij

∂QCij
∂LCij

, i, j = H,F,

which leads to conditions (22), (23) and (24) in the main text.

C.3.2 Second-stage aggregate production function

Using the functional forms, we obtain the following derivatives:

∂ui
∂Cij

=
C
−1
ε
ij∑

k=H,F C
ε−1
ε

ik

=

(
Cij
Ci

)−1
ε

C−1
i , i, j = H,F (C-13)

∂QCji
∂Ni

=
ϕ̃ji
τji

[Ni(1−G(ϕji))]
2−ε
ε−1

LCji
(ε− 1)

(1−G(ϕji))−
ϕ̃ji
τji

fji[Ni(1−G(ϕji))]
1

ε−1

(
ε

ε− 1

)
(1−G(ϕji)), i, j = H,F

∂QCji
∂ϕ̃ji

=
1

τji

{
[Ni(1−G(ϕji)]

1
ε−1LCji − fji[Ni(1−G(ϕji)]

ε
ε−1

}
− [Ni(1−G(ϕji)]

2−ε
ε−1

τji(ϕ̃
ε−1
ji − ϕ

ε−1
ij )

LCji(1−G(ϕji))ϕ̃
ε−1
ji Ni

+
fji[Ni(1−G(ϕji))]

1
ε−1

τji(ϕ̃
ε−1
ji − ϕ

ε−1
ji )

ε(1−G(ϕji))ϕ̃
ε−1
ji Ni, i, j = H,F

∂QCji
∂LCji

=
ϕ̃ji
τji

[Ni(1−G(ϕji))]
1

ε−1 , i, j = H,F

Then, these conditions can be substituted into (24) to obtain:

LCji

(
1−

ϕ̃ε−1
ji

(ϕ̃ε−1
ji − ϕ

ε−1
ji )

)
= fji[Ni(1−G(ϕji))]

(
1−

εϕ̃ε−1
ji

(ϕ̃ε−1
ji − ϕ

ε−1
ji )

)
, i, j = H,F

It follows that:

LCji = fjiNi(1−G(ϕji))

(
ϕε−1
ji + (ε− 1)ϕ̃ε−1

ji

ϕε−1
ji

)
, i, j = H,F (C-14)

Moreover, combining the derivatives above with condition (23) we obtain:

fE =
∑

j=H,F

[
LCji

Ni(ε− 1)
− ε

(ε− 1)
fji(1−G(ϕji))

]
(C-15)

This implies that

εNifE +
∑
j=H,F

ε(1−G(ϕji))Nifji = fENi +
∑

j=H,F

LCji, i = H,F. (C-16)

Using (C-14) and LCi = fENi +
∑
j=H,F LCji to substitute out LCji and fENi in (C-16), we find:

LCi =
∑
j=H,F

εfjiNi(1−G(ϕji))

(
ϕ̃ji
ϕji

)ε−1

, i = H,F (C-17)
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We use this last condition to solve for Ni:

Ni =
LCi

ε
∑
j=H,F

[
fji(1−G(ϕji))

(
ϕ̃ji

ϕji

)ε−1
] , i = H,F (C-18)

We now substitute (C-14) and (C-18) into the definition (20) to obtain (25) in the main text.

C.3.3 Second-stage comparison between planner and market allocation

Next, we check if the optimality conditions of the second stage are satisfied in the market allocation. First,
consider condition (22). Plugging the relevant derivatives in (C-13), we obtain:

1

Ci

(
Cii
Ci

)−1
ε ϕ̃ii
τii

[Ni(1−G(ϕii)]
1

ε−1 =
1

Cj

(
Cji
Cj

)−1
ε ϕ̃ji
τji

[Ni(1−G(ϕji)]
1

ε−1 , i = H,F, j 6= i (C-19)

Now consider the market allocation. Using (8) jointly with (9), (11) and (A-18) after some manipulations we
get:

1

Ci

(
Cii
Ci

)−1
ε ϕ̃ii
τii

[Ni(1−G(ϕii)]
1

ε−1 =
1

Cj

(
Cji
Cj

)−1
ε ϕ̃ji
τji

[Ni(1−G(ϕji)]
1

ε−1

(
Cj
Ci

τji
τii

ϕii
ϕji

) ε−1
ε
(
fii
fji

)−1
ε

i = H,F, j 6= i

Thus, in the market allocation:

∂ui
∂Cii

∂QCii
∂LCii

= ΩP2ji
∂uj
∂Cji

∂QCji
∂LCji

, i = H,F, j 6= i,

where ΩP2ji is the wedge between the planner and the market allocation. Under symmetry:

ΩP2ji =

(
τji
τii

ϕii
ϕji

) ε−1
ε
(
fii
fji

)−1
ε

, i = H,F, j 6= i

Using condition (9), this can be written as ΩP2ji = τ−1
Tji. This leads to condition (29).

Next, consider the planner’s optimality condition (23). Using the functional forms from (C-13), this corresponds
to (C-15).

We now want to check if this condition is also fulfilled by the market allocation. Recalling the labor market
clearing condition in (A-17) and that LCi =

∑
j=H,F LCji +NifE , we obtain condition (C-15) and this proves

that (23) is satisfied in any market allocation.

Finally, consider the planner’s optimality condition (24). As shown in Section C.3.2, this condition can be
rewritten as (C-14). Now consider the market allocation. Appendix C.2.3 shows that condition (C-7) holds in
the market equilibrium. As a consequence, also condition (C-8) holds in the market equilibrium. We can then
use (C-8) and substitute it in equation (11) to obtain (C-14). This confirms that this condition and then (24)
always holds both in the planner and in the market allocation.

C.3.4 Second-stage optimality conditions with homogeneous firms

In this case, the problem is stated in (21) where Cij = QCij(Nj , LCij) simplifies to (C-10) and the planner
chooses Cij , LCij , Ni for i, j = H,F only, leading to conditions (22) and (23).
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C.3.5 Second-stage aggregate production function with homogeneous firms

We can use the functional forms to find the aggregate production function. As a first step, we obtain the
following derivatives:

∂ui
∂Cij

=
C
−1
ε
ij∑

k=H,F C
ε−1
ε

ik

=

(
Cij
Ci

)−1
ε

C−1
i , i, j = H,F

∂QCji
∂Ni

=
1

τji
N

2−ε
ε−1

i

LCji
ε− 1

, i, j = H,F

∂QCji
∂LCji

=
1

τji
N

1
ε−1

i , i, j = H,F

Substituting these functional forms into (22) and (23), we obtain:

Cji = τ−εij

(
Ci
Cj

)ε−1

Cii, i, j = H,F (C-20)

and

fE =
∑
j=H,F

LCji
Ni(ε− 1)

, i = H,F (C-21)

Using LCi = fENi +
∑
j=H,F LCji to substitute out the term

∑
j=H,F LCji we obtain:

Ni =
LCi
εfE

, i = H,F (C-22)

We can then substitute the first-stage aggregate production function (C-10) into (C-20) to get:

LCji = τ1−ε
ji

(
Ci
Cj

)ε−1

LCii, i = H,F, j 6= i (C-23)

Substituting this into the labor market clearing LCi = fENi +
∑
j=H,F LCji and using condition (C-22), we

find that:

LCji = τ1−ε
ji

(
Ci
Cj

)ε−1

LCi
ε− 1

ε

 ∑
k=H,F

τ1−ε
ki

(
Ci
Ck

)ε−1
−1

, i, j = H,F

Using again the definition of the first-stage aggregate production function (C-10), we get

Qij(LCi, LCj) =
ε− 1

ε
τ−εij (εfE)

−1
ε−1L

ε
ε−1

Cj

(
Cj
Ci

)ε−1
 ∑
k=H,F

τ1−ε
kj

(
Cj
Ck

)ε−1
−1

, i, j = H,F (C-24)

where Qij(LCi, LCj) = Cij .
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C.3.6 Second-stage comparison between planner and market allocation with ho-
mogeneous firms

Next, we check if the optimality conditions of the second stage are satisfied in the market allocation.

First, consider condition (C-20), which can be written as:

1

Ci

(
Cii
Ci

)−1
ε

=
1

Cj

(
Cji
Cj

)−1
ε 1

τji
, i = H,F, j 6= i (C-25)

Now consider the market allocation. From the demand functions we get

Cii
Cji

=

(
Pii
Pji

)−ε(
Ci
Cj

)1−ε(
PiCi
PjCj

)ε
, i = H,F, j 6= i

This can also be written as:

1

Ci

(
Cii
Ci

)−1
ε

=
1

Cj

(
Cji
Cj

)−1
ε 1

τji
τji

Pii
Pji

PjCj
PiCi

, i = H,F, j 6= i

In other words, in the market allocation:

∂ui
∂Cii

∂QCii
∂LCii

=
∂uj
∂Cji

∂QCji
∂LCji

ΩP2ji, i = H,F, j 6= i

where ΩP2ji ≡ τ−1
Tji

PjCj

PiCi
is the wedge between the planner and the market allocation. Under symmetry ΩP2ji =

τ−1
Tji.

Next, consider the planner’s optimality condition (C-21). We now want to check if this condition is also
fulfilled in the market allocation. Recalling the labor market clearing requires LCi = εfENi and that LCi =∑
j=H,F LCji +NifE , we obtain condition (C-21) and this proves that this condition is satisfied in any market

allocation.

C.4 Third stage

Here we derive the results of Section 3.3.

C.4.1 Third-stage optimality conditions

In the third stage, the planner chooses Cij , Zi and LCi for i, j = H,F to solve the maximization problem in
(26). Taking total differentials of the objective function and of the constraints, we get:∑

i=H,F

dUi =
∑
i=H,F

∑
j=H,F

∂Ui
∂Cij

dCij +
∑
i=H,F

∂Ui
∂Zi

dZi

dCij =
∂QCij
∂LCj

dLCj , i, j = H,F

dQZi =
∂QZi
∂LCi

dLCi, i = H,F∑
i=H,F

dQZi =
∑
i=H,F

dZi
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Substituting the total differentials of the constraints into the total differential of the objective and rearranging
terms, we obtain:

∑
k=H,F

dUk =
∑

k=H,F

 ∑
l=H,F

∂Ul
∂Clk

∂QClk
∂LCk

+
∂Uk
∂Zk

∂QZk
∂LCk

 dLCk +

[
∂Ui
∂Zi
− ∂Uj
∂Zj

]
dZj , i = H, j = F

It follows that at the optimum each term needs to equal zero, which leads to conditions (27) and (28) in the
main text.

C.4.2 Third-stage comparison between planner and market allocation

Here, we compare the market allocation with the allocation emerging from the third stage of the planner
problem. Using the functional forms, we obtain:

∂Ui
∂Zi

=
1− α
Zi

, i = H,F (C-26)

∂Uj
∂Cji

= αC
−1
ε
ji C

− ε−1
ε

j i, j = H,F

∂QCji
∂LCi

=
ε

ε− 1

Cji
LCi

, i, j = H,F

∂QZi
∂LCi

= −1, i = H,F

First consider condition (27). Using (C-26) we get that (1 − α)Zj = (1 − α)Zi. This condition is satisfied in
any symmetric market allocation.

Next consider condition (28). Using (C-26) we obtain:

∑
j=H,F

α

1− α
Zi
LCi

1

Cj

(
Cji
Cj

)− 1
ε ε

ε− 1
Cji = 1, i = H,F (C-27)

From (A-1) and (A-3) the price of the differentiated bundle in the market allocation is given by:

Pji =
α

1− α
Zj

(
Cji
Cj

)− 1
ε 1

Cj

Substituting the price into (C-27) we have:∑
j=H,F

ε

ε− 1

PjiCji
LCi

Zi
Zj

= 1, i = H,F (C-28)

Finally recall that from (11) and (12) in the two-sector model we have:

PjiCji = δjiLCiτTjiτLi

so that (C-28) can be further rewritten as:

ε

ε− 1
τLi

[
1 + δjiτTji

Zi
Zj

]
= 1, i = H,F, j 6= i
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We can thus define the third stage wedge between the planner and the market allocation as follows:

Ω3Pi ≡
ε

ε− 1
τLi

[
δii + δjiτTji

Zi
Zj

]

In the symmetric allocation Ω3Pi = 1 if τL = ε−1
ε and τTij = 1.

C.4.3 Third-stage optimality conditions with homogeneous firms

In the third stage, the planner chooses Cij , Zi and LCi for i, j = H,F to solve a problem akin to problem (26)
with the only difference that QCij(LCi, LCj) is implicitly defined in (C-24). Taking total differentials of the
objective function and of the constraints we obtain conditions (27) and (28), like in the heterogeneous-firm case.

C.4.4 Third-stage comparison between planner and market allocation with homo-
geneous firms

As a first step, we show that at the optimum the derivatives implied by the functional forms are identical
to those of the case with heterogeneous firms. While this is obvious for the first, the second and the fourth
condition in (C-26), it needs to be proven for ∂QCji/∂LCi.

Taking total differentials of condition (C-24):

dQCij =

(
ε

ε− 1

)
Cij
LCj

dLCj

+ Cij(ε− 1)

(Cj
Ci

)−1

d

(
Cj
Ci

)
−

 ∑
k=H,F

τ1−ε
kj

(
Cj
Ck

)ε−1
−1 ∑

k=H,F

τ1−ε
kj

(
Cj
Ck

)ε−2

d

(
Cj
Ck

) , i, j = H,F,

d

(
Ci
Cj

)
=

(
Ci
Cj

) 1
ε

C
1−ε
ε

j

(
C
−1
ε
ii dCii + C

−1
ε
ij dCij

)
−
(
Ci
Cj

) 2ε−1
ε

C
1−ε
ε

i

(
C
−1
ε
jj dCjj + C

−1
ε
ji dCij

)
, i, j = H,F

Notice that at the planner optimum, where the allocation is symmetric, this last condition equals zero not only
for i = j but also for i 6= j.

It follows that under symmetry
∂QCji
∂LCi

=

(
ε

ε− 1

)
Cji
LCi

, i, j = H,F,

while ∂QCji/∂LCj = 0 as in the heterogeneous-firm case. We can now turn to the comparison between the
planner and the market allocation.

Condition (27) is satisfied like in the case for heterogeneous firms. For condition (28) we have to compare the
expression

Zi
α

1− α
= LCi

ε− 1

ε
, i = H,F

with the corresponding condition in the market allocation. We know that in the market allocation the following
holds:

Zi
α

1− α
= PiCi =

∑
j=H,F

PijCij , i = H,F
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Moreover, from (A-21) and (A-22), we get:

PijCij = LCjWj (τijτTij)
1−ε

τLj

(
Wk

Wj

τLk

τLj

)ε
−
(
Wi

Wj

τLi

τLj

)ε
τε−1
ki τεTki

τ−εT ikτ
1−ε
ki − τεTkiτ

ε−1
ki

, i, j = H,F, k 6= i

Hence:

Zi
α

1− α
= LCi

ε− 1

ε

∑
j=H,F

ε

ε− 1

LCj
LCi

Wj (τijτTij)
1−ε

τLj

(
Wk

Wj

τLk

τLj

)ε
−
(
Wi

Wj

τLi

τLj

)ε
τε−1
ki τεTki

τ−εT ikτ
1−ε
ki − τεTkiτ

ε−1
ki

= LCi
ε− 1

ε
Ω3Pi, i = H,F, k 6= i

where Ω3Pi is the wedge between the planner and the market allocation. In any symmetric allocation:

Ω3Pi =
ε

ε− 1
τL

∑
j=H,F

(τijτTij)
1−ε 1− τε−1

ki τεTki
τ−εT ikτ

1−ε
ki − τεTkiτ

ε−1
ki

, i = H,F, k 6= i

which implies that Ω3P = 1 if τL = ε−1
ε and τTij = 1 for i, j = H,F since:

Ω3Pi =
1− τε−1

τ1−ε − τε−1

∑
j=H,F

τ1−ε
ij =

1− τε−1

τ1−ε − τε−1
(1 + τ1−ε) = 1, i = H,F

C.5 Proof of Proposition 1

Proof For future convenience note that the minimum set of conditions determining the Pareto efficient allocation
for the multi-sector model consists of: i) the conditions that hold in both the homogeneous and the heterogeneous
firm model, namely conditions (4), (27), (28), and the labor constraint, Zi + Zj = 2L − LCi − LCj ; ii) the
conditions which are model specific, namely conditions (C-24) and (C-25) in the case of homogeneous firms,
and conditions (10) (obtained properly combining (C-16) and (C-17)), (7) and (8), and the following the zero
cut-off condition:

ϕii
ϕji

=

(
fii
fji

) 1
ε−1 Ci

Cj

1

τji
i = H,F j 6= F (C-29)

recovered by first using the first constraint in (18) and condition (C-6) evaluated at the cut-offs to substitute
out c(ϕij) and l(ϕij) in condition (C-7) and then combining this condition with (20) and (C-19). When there
is only one sector we drop (27) and (28) while the labor constraint simplifies to LCi = LCj = L.

What we need to show is that the planner problem has a unique and symmetric solution. We do that for
all model versions considered, i.e., homogeneous and heterogeneous firms models with either one or multiple
sectors. It is easy to verify that the symmetric allocation is always a solution of the above conditions. Thus, we
only need to prove uniqueness.

C.5.1 Homogenous firms - one-sector model

First, note that by substituting (C-22) into (C-10) the second-stage aggregate production function can be written
as:

Cji = τ−1
ji L

1
ε−1

Ci (εfE)
1

1−εLCji, i, j = H,F (C-30)
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Substituting this into (C-20), we obtain:

LCji = τ1−ε
ji LCii

(
Ci
Cj

)ε−1

, i = H,F j 6= i (C-31)

Using (4) and substituting again (C-30), we find:

LCji = τ1−ε
ji LCii

L 1
ε

CiL
ε−1
ε

Cii + τ
1−ε
ε

ij L
1
ε

CjL
ε−1
ε

Cij

L
1
ε

CjL
ε−1
ε

Cjj + τ
1−ε
ε

ji L
1
ε

CiL
ε−1
ε

Cji

ε , i = H,F j 6= i (C-32)

Combining the labor resource constraint with (C-21) and recalling that with a single sector LCi = L, we have

LCji =
ε− 1

ε
L− LCii, i = H,F, j 6= i

This last equation can be used to substitute out LCji and LCij from (C-32) in order to obtain a system of two
equations in two variables:

Fi(LCii, LCjj) ≡

L ε−1
ε

Cii + τ
1−ε
ε

ij [ ε−1
ε L− LCjj ]

ε−1
ε

L
ε−1
ε

Cjj + τ
1−ε
ε

ji [ ε−1
ε L− LCii]

ε−1
ε

ε

−
ε−1
ε L− LCii
τ1−ε
ji LCii

= 0, i = H,F j 6= i (C-33)

Note that FH() is monotonically increasing in LCHH and monotonically decreasing in LCFF , while exactly the
opposite is true for FF (). This implies that the functions FH() and FF () cross only once, i.e., there is a unique
solution. More specifically, the unique solution is given by

LCji =
ε− 1

ε

τ1−ε
ji

1 + τ1−εL, i, j = H,F (C-34)

The remaining variables and their symmetry follow immediately.

C.5.2 Homogenous firms - multi-sector model

For the multi-sector model, we also need to consider the third-stage optimality conditions (27) and (28). Using
(C-26) they can be written as follows:

Zi = Z, i = H,F (C-35)

LCi =
α

1− α
ε

ε− 1
Z
∑
j=H,F

(
Cji
Cj

) ε−1
ε

, i = H,F (C-36)

The second-stage aggregate production function (C-30) can be substituted in order to express this equation as:

C
ε−1
ε

i =
α

1− α
ε

ε− 1
Z(εfE)−

1
εL
− ε−1

ε

Ci

[
L

ε−1
ε

Cii +

(
Ci
Cj

) ε−1
ε

τ
1−ε
ε

ji L
ε−1
ε

Cji

]
, i = H,F j 6= i (C-37)
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Taking the ratio of this expression for both countries:

(
Ci
Cj

) ε−1
ε

=

(
LCj
LCi

) ε−1
ε L

ε−1
ε

Cii +
(
Ci

Cj

) ε−1
ε

τ
1−ε
ε

ji L
ε−1
ε

Cji

L
ε−1
ε

Cjj +
(
Cj

Ci

) ε−1
ε

τ
1−ε
ε

ij L
ε−1
ε

Cij

, i = H,F j 6= i (C-38)

From (C-31) we get: (
Ci
Cj

) ε−1
ε

=

(
LCji
LCii

) 1
ε

τ
ε−1
ε

ji , i = H,F j 6= i (C-39)

Substituting this into (C-38), and using the fact that from (C-21) and (C-22) we have
∑
j=H,F LCji = ε−1

ε LCi,
we get:

LCji = τ1−ε
ij

LCi
LCj

LCjj , i = H,F j 6= i (C-40)

Substituting this expression again into (C-39) to write this equation in terms of LCii and LCjj , we get:(
Ci
Cj

) ε−1
ε

=

(
LCi
LCj

LCjj
LCii

) 1
ε

, i = H,F j 6= i (C-41)

Combining instead (C-38) with (C-40), we obtain:(
Ci
Cj

) ε−1
ε

=

(
LCj
LCi

LCii
LCjj

) ε−1
ε

, i = H,F j 6= i (C-42)

From (C-41) and (C-42) it follows that LCii

LCjj
= LCi

LCj
for i = H,F , j 6= i. Substituting this back into (C-41) it

follows that Ci = C for i = H,F .

Then from (C-40), we find:
LCji = τ1−ε

ji LCii, i = H,F j 6= i (C-43)

Using LCii + LCji = ε−1
ε LCi together with (C-40) and LCii

LCjj
= LCi

LCj
, we get:

LCji =
ε− 1

ε

τ1−ε
ji

1 + τ1−εLCi, i, j = H,F (C-44)

Using this with (C-30):

Cji =
ε− 1

ε
(εfE)

1
1−ε

τ−εji
1 + τ1−εL

ε
ε−1

Ci , i, j = H,F (C-45)

Substituting (C-45) into (4) and using the fact that Ci = C for i = H,F , we have that LCi = LC for i = H,F .
It then follows easily that LCii = LCjj , LCij = LCji, Cii = Cjj , and Cij = Cji for i = H,F and j 6= i. From
the aggregate resource constraint it then follows that Z = L− LCi. From (C-45) is also follows that Cii

Cji
= τεji

for j 6= i.

Imposing Ci = C, Cij = Cji, and Cii

Cji
= τεij for i = H,F and j 6= i in (C-36) we have:

LCi =
α

1− α
ε

ε− 1
Z

[
1

1 + τ1−ε +
1

1 + τε−1

]
=

α

1− α
ε

ε− 1
Z, i = H,F

Combining this last equation with Z = L − LCi, we find that LCi = αε
ε+α−1L for i = H,F , i.e., there ex-
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ists a unique symmetric solution for LCi. Uniqueness and symmetry of the remaining variables then follow
immediately.

C.5.3 Heterogeneous firms - one-sector model

Using the first constraint in (18) and condition (C-6) evaluated at the cut-offs to substitute out c(ϕij) and l(ϕij)
in condition (C-7), and then combining this condition with (20) and (C-19) we obtain the following 2 equations:

Ci
Cj

= τji
ϕii
ϕji

(
fji
fii

) 1
ε−1

, i, j = H,F j 6= i (C-46)

Combining these two equations to eliminate Ci/Cj we obtain the following set of two equations in four variables:

ϕii
ϕji

ϕjj
ϕij

τ2
ji

(
fji
fii

) 2
ε−1

− 1 = 0, i = H,F j 6= i (C-47)

Using the definition of Ci, (4), and the second-stage aggregate production function, (25), we obtain:

(
Ci
Cj

) ε−1
ε

=
f
−1
ε
ii ϕ

ε−1
ε

ii LCiδii + f
−1
ε
ij τ

1−ε
ε

ij ϕ
ε−1
ε

ij LCjδij

f
−1
ε
jj ϕ

ε−1
ε

jj LCjδjj + f
−1
ε
ji τ

1−ε
ε

ji ϕ
ε−1
ε

ji LCiδji

, i, j = H,F j 6= i (C-48)

Combining (C-46) with (C-48) we obtain:

τ
ε−1
ε

ji

(
ϕii
ϕji

) ε−1
ε
(
fji
fii

) 1
ε

=
f
−1
ε
ii ϕ

ε−1
ε

ii LCiδii + f
−1
ε
ij τ

1−ε
ε

ij ϕ
ε−1
ε

ij LCjδij

f
−1
ε
jj ϕ

ε−1
ε

jj LCjδjj + f
−1
ε
ji τ

1−ε
ε

ji ϕ
ε−1
ε

ji LCiδji

, i, j = H,F j 6= i (C-49)

Given that δji = 1 − δii, δij = 1 − δjj , that from (C-47) ϕij = ϕii

ϕji
ϕjjτ

2
ji

(
fji
fii

) 2
ε−1

, and that in the one-sector

model LCi = L for i = H,F , (C-49) implies that:

2δii − 1

2δjj − 1
− τ

ε−1
ε

ji

(
ϕjj
ϕji

) ε−1
ε]
(
fji
fii

) 1
ε

= 0, i, j = H,F j 6= i (C-50)

We now want to show that there is a unique symmetric solution to (C-47) and (C-50). We do this by expressing
these equations as implicit functions of ϕii and ϕjj and showing that one relationship has a positive slope and
the other one a negative slope, so that there is a unique intersection. In order to do this we use equation (B-3)
that relates dϕji to dϕii for i = H,F , j 6= i, and equation (B-4) that relates dδji to dϕji, for i, j = H,F .

Taking the total differential of (C-47) and using (B-3) we obtain:

dϕii
dϕjj

= −(1− δii)

(
δjj

1− δjj
ϕijϕji
ϕ2
jjτ

2
ji

(
fji
fii

)− 2
ε−1

+
ϕii
ϕjj

)
< 0, i, j = H,F j 6= i

Similarly, taking the total differential of (C-50) and using (B-3) and (B-4) we obtain:
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dϕii
dϕjj

=

ϕii

ϕjj

1−δii
δii

τ
ε−1
ε

ji

(
fji
fii

) 1
ε
(
ϕjj

ϕji

) ε−1
ε (

ε− 1 + 2δjj((ε− 1)2 + εΦj)
)

2(1− δii)ε(ε− 1 + Φi) + (ε− 1)(2δjj − 1)τ
ε−1
ε

ji

(
fij
fjj

) 1
ε
(
ϕjj

ϕji

) ε−1
ε

, i, j = H,F, j 6= i

The numerator is unambiguously positive. As for the denominator, it is also positive, as becomes clear when
further simplifying it using (C-50):

dϕii
dϕjj

=

ϕii

ϕjj

1−δii
δii

τ
ε−1
ε

ji

(
fji
fii

) 1
ε
(
ϕjj

ϕji

) ε−1
ε (

ε− 1 + 2δjj((ε− 1)2 + εΦj)
)

(1− δii)((ε− 1)(2ε− 1) + 2εΦi) + δjj(ε− 1)
> 0, i, j = H,F j 6= i

Hence, while (C-47) is continuous and monotonically decreasing in the (ϕii, ϕjj) space, the opposite is true for
(C-50), implying that there exists a unique intersection and thus a unique combination of ϕii and ϕjj consistent
with the planner solution. From (B-3) and (B-4) we know that there is a monotonic relationship between ϕji
and ϕii and between δij and ϕij . Therefore, there is a unique and symmetric solution for ϕij and δij with
i, j = H,F . From (C-48) it then follows that Ci = Cj for i = H, j = F . Uniqueness and symmetry of the
remaining variables follows immediately.

C.5.4 Heterogeneous firms - multi-sector model

Observe that (C-47) holds also in the case of multiple sectors. Instead, this is not the case for (C-50) which was
derived under the assumption that LCi = L for i = H,F . Thus, we need to consider the third-stage optimality
conditions, (C-35) and (C-36), to derive a second relationship between ϕii and ϕjj .

Combining them with the second-stage aggregate production function Cij (25), we find:

C
ε−1
ε

i =
α

1− α

(
ε

ε− 1

) 1
ε

Zε−
1
ε

[
f
− 1

ε
ii ϕ

ε−1
ε

ii δii + f
− 1

ε
ji τ

1−ε
ε

ji ϕ
ε−1
ε

ji δji

(
Ci
Cj

) ε−1
ε

]
, i = H,F j 6= i

Dividing this by the corresponding equation for the other country:

(
Ci
Cj

) ε−1
ε

=
f
− 1

ε
ii ϕ

ε−1
ε

ii δii + f
− 1

ε
ji τ

1−ε
ε

ji ϕ
ε−1
ε

ji δji

(
Ci

Cj

) ε−1
ε

f
− 1

ε
jj ϕ

ε−1
ε

jj δjj + f
− 1

ε
ij τ

1−ε
ε

ij ϕ
ε−1
ε

ij δij

(
Cj

Ci

) ε−1
ε

, i = H,F j 6= i (C-51)

Substituting (C-46) into (C-51) and using the fact that δii = 1− δji for i = H,F , j 6= i we find:

ϕji
ϕjj

= τji

(
fji
fii

) 1
ε−1

, i = H,F j 6= i (C-52)

Taking the total differential of (C-52) and using (B-3) we have:

dϕii
dϕjj

= −τji
(
fji
fii

) 1
ε−1 1− δii

δii

ϕii
ϕjj

< 0, i, j = H,F , j 6= i (C-53)

Similarly to the one-sector model, the planner solution needs to satisfy two equations, (C-47) and (C-52), both
of which can be expressed as implicit functions of (ϕii, ϕjj). We showed that both functions monotonically
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decrease in the (ϕii, ϕjj) space, implying that they cross at most once, i.e., there is a unique solution. The
remaining steps are the same as in the one-sector model.

C.6 Proof of Lemma 1

Proof We prove this proposition in two steps.

First, observe that conditions (22) and (27) and (28) (when α < 1) are optimality conditions of the planner
problem, and therefore are necessary conditions for the market equilibrium to coincide with the planner alloca-
tion.
Second, we prove that if (22) and (27) and (28) (when α < 1) hold, then the market allocation coincides with
the planner allocation. If (22) holds, then as shown in Appendices C.2.3 and C.3.3 for the heterogeneous-firm
model and Appendices C.2.4 and C.3.6 for the homogeneous-firm model, all the optimality conditions of the
first and second stage of the planner problem are satisfied in the market equilibrium. Moreover, if for the case
α < 1 also conditions (27) and (28) are satisfied, then – as shown in Appendices C.4.2 and C.4.4 – all the
optimality conditions of the third stage hold. As a consequence, the market equilibrium coincides with the
planner allocation.

C.7 Proof of Proposition 2

Proof We prove Proposition 2 in two steps.

First we show that conditions (33) and (34) and – for the case of the multi-sector model – condition (35) are
sufficient conditions for (30), (31) and (32) to hold in the market equilibrium. It is evident that with log utility
condition (33) (Ii = Ij , j 6= i) implies condition (31). Moreover, utility maximization implies

Pij =
∂Ui
∂Cij

/
∂Ui
∂Ii

=
∂Ui
∂Cij

Ii, i, j = H,F (C-54)

Using this result with (34), we get:

∂Ui
∂Cij

Ii =
ε

ε− 1
τLjWj

∂LCij
∂QCij

i, j = H,F.

Taking ratios of this condition for i 6= j and using condition (33), we obtain:

∂uj
∂Cjj

∂QCjj
∂LCjj

=
∂ui
∂Cij

∂QCij
∂LCij

j = H,F, i 6= j

which proves that (30) holds.

Finally, by condition (34), condition (35) can be rewritten as follows:∑
j=H,F

τ−1
TjiPji

∂QCji
∂LCi

= Wi,⇔
∑

j=H,F

Pji
∂QCji
∂LCi

= 1⇒
∑

j=H,F

∂Uj
∂Cji

∂QCji
∂LCi

= −∂Ui
∂Zi

∂QZi
∂LCi

, i = H,F

where the last implication follows from conditions (33) and (C-54). This proves that (32) holds.

Second, we show that (33) and (34) and – in the multi-sector model – condition (35) are necessary conditions
for (30), (31) and (32).

First, we consider condition (33). For the multi-sector model, it is straightforward to see that this is a necessary
condition for the market equilibrium to be efficient: if condition (33) is not satisfied, condition (31) cannot be
satisfied either. In the one sector model, showing necessity of condition (33) is a bit more involved. Suppose the
market allocation is efficient. Then, by proposition (1), this allocation must be symmetric. This implies that we
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can use the assumption for the one-sector model that τLiWi

τLjWj
= 1 for i 6= j. Consider first the heterogeneous-firm

case: it must be that by condition (9) τ−1
Tij = 1 for i = H,F and j 6= i since only under these conditions the

market cutoffs correspond to the efficient cutoffs determined by conditions (8), (7), (10), and (C-29) under
symmetry. At the same time, it must be that δij = δji for i, j = H,F . This allows us to conclude that:

Ii =
∑

k=H,F

PikCik = τLiWiδiiL+ τLjWjδijL = τLiWiL =

= τLjWjL = τLiWiδjiL+ τLjWjδjjL =
∑

k=H,F

PjkCjk = Ij

Consider now the homogeneous firm case. By conditions (C-30) and (C-34) if the market allocation is efficient

it must be that in equilibrium Cji = ε−1
ε (εfE)

1
1−ε

τ−ε
ji

1+τ1−εL
ε

ε−1 for i, j = H,F . Then, by conditions (16) it must
also be that:

1

1 + τ1−ε =
τ−εT ij

[
1− τεTkiτε−1

]
τ−εT ikτ

1−ε − τεTkiτε−1
, i, j = H,F k 6= i

As a consequence, 1 + τ1−ε = τ−εT ikτ
1−ε + τεTki and τ−εT ik = τεTki for i = H,F and k 6= i Hence we can conclude

that the market equilibrium is efficient only if τTij = 1 for i = H,F and j 6= i. Therefore, by condition (16) and

(17) PijCij = τLjWj
τ1−ε
ij

1+τ1−εL for i, j = H,F and thus Ii =
∑
k=H,F PikCik =

∑
k=H,F PjkCjk = Ij for i 6= j.

We next prove that condition (34) is necessary for condition (30) to hold in the market equilibrium. Without
loss of generality, at this point we can assume that Ii = Ij in the market equilibrium. From (29), the following
condition must hold in a symmetric market allocation:

∂uj
∂Cjj

∂QCjj
∂LCjj

=
∂ui
∂Cij

∂QCij
∂LCij

τ−1
Tij j = H,F i 6= j (C-55)

Using condition (C-54), this equation can be written as
Pjj

Pij
=

∂LCij/∂QCij

∂LCjj/∂QCjj
τ−1
Tij . Imposing that (34) must hold,

it follows that condition (30) is satisfied in the market equilibrium only if τ−1
Tij = 1 for both j = H,F and i 6= j.

Thus, condition (30) holds only if conditions (34) is satisfied in equilibrium. Finally, suppose that (33) and (34)
hold in the market equilibrium. Then, in the multi-sector model it follows that:∑
j=H,F

Pji
∂QCji
∂LCi

=
ε

ε− 1
τLiWi,⇔

∑
j=H,F

Pji
∂QCji
∂LCi

=
ε

ε− 1
τLi ⇔

∑
j=H,F

∂Uj
∂Cji

∂QCji
∂LCi

= − ε

ε− 1
τLi

∂Ui
∂Zi

∂QZi
∂LCi

with i = H,F . Hence, condition (31) holds in the market equilibrium only if ε
ε−1τLi = 1 for both j = H,F .

Put differently, condition (31) holds only if conditions (35) is satisfied in equilibrium.

C.8 Proof of Lemma 2

To prove (37) it suffices to add and subtract τ−1
Ii Pij and then use (36):

Pij −
ε

ε− 1
τLjWj

∂LCij
∂QCij

= Pij − τ−1
Ii Pij + τ−1

Ii Pij −
ε

ε− 1
τLjWj

∂LCij
∂QCij

i = H,F j 6= i

= (τIi − 1)τ−1
Ii Pij + τ−1

Ii Pij − τ
−1
TijPij i = H,F j 6= i

= (τIi − 1)τ−1
Ii Pij + (τXj − 1) τ−1

TijPij i = H,F j 6= i

=
(

1− τ−1
Tij

)
Pij i = H,F j 6= i
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Condition (38) follows directly from (36) and the fact that in the multi-sector model Wi = 1. Finally, to prove
(39) first notice that from (36) we have:

τ−1
TjiPji

∂QCji
∂LCi

= −Pii
∂QCii
∂LCi

+
ε

ε− 1
τLiWi i = H,F j 6=

If we multiply everything by τXi − 1 and recall that in the multi-sector model Wi = 1, we obtain (39).

C.9 Two Lemmata and the Proof of Proposition 3

We first introduce two lemmata that will be useful for several proofs below and then we prove Proposition 3.

C.9.1 Lemmata 5 and 6 and their proofs

Lemma 5 In the market equilibrium:

τXiPiiCii
LCi

+
τ−1
Ij PjiCji

LCi
= τXiτLiWi, i = H,F, j 6= i (C-56)

Proof In the case of heterogeneous firms, using (11) and (12), we obtain:

PjiCji
LCi

= τTjiτLiδjiWi, i, j = H,F,

which leads to C-56 once you recall that δii = 1− δji. Similarly, for the case of homogeneous firms, one can use
(16) and (17) to compute PiiCii and PjiCji and recover (C-56).

Lemma 6 In the market equilibrium the following condition holds:

τXiPiidCii + τ−1
Ij PjidCji −

ε

ε− 1
τLiτXidLCi = 0, i = H,F j 6= i (C-57)

Proof we show that in equilibrium condition (C-57) is always satisfied. We first consider the case of firm
heterogeneity and then turn to the case of homogeneous firms.

With heterogeneous firms, first, notice that equation (11) implies:

dCji =
∂Cji
∂LCi

dLCi +
∂Cji
∂δji

dδji +
∂Cji
∂ϕji

dϕji i, j = H,F

Therefore, we can write

τXiPiidCii + τ−1
Ij PjidCji =

(
τXiPii

∂Cii
∂LCi

+ τ−1
Ij Pji

∂Cji
∂LCi

)
dLCi + τXiPii

∂Cii
∂ϕii

dϕii + τXiPii
∂Cii
∂δii

dδii+

+ τ−1
Ij Pji

∂Cji
∂ϕji

dϕji + τ−1
Ij Pji

∂Cji
∂δji

dδji i = H,F j 6= i (C-58)

Notice that by condition (C-56) and the fact that by (11)
∂Cji

∂LCi
= ε

ε−1
Cji

LCi
, we get:(

τXiPii
∂Cii
∂LCi

+ τ−1
Ij Pji

∂Cji
∂LCi

)
dLCi =

ε

ε− 1
τLiτXidLCi, i = H,F j 6= i (C-59)

Therefore, in order for (C-57) to hold for the case of heterogeneous firms, it must be that in equilibrium:
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τXiPii
∂Cii
∂δii

dδii + τXiPii
∂Cii
∂ϕii

dϕii + τ−1
Ij Pji

∂Cji
∂δji

dδji + τ−1
Ij Pji

∂Cji
∂ϕji

dϕji = 0, i = H,F j 6= i

To prove this result, first consider that by (B-4):

∂Cji
∂δji

dδji +
∂Cji
∂ϕji

dϕji =
Cji
ϕji

[
1− ε

ε− 1
(Φi + (ε− 1))

]
dϕji, i, j = H,F

Hence:

τXiPii
∂Cii
∂δii

dδii + τXiPii
∂Cii
∂ϕii

dϕii + τ−1
Ij Pji

∂Cji
∂δji

dδji + τ−1
Ij Pji

∂Cji
∂ϕji

dϕji

=

[
1− ε

ε− 1
(Φi + (ε− 1))

](
τXiPii

Cii
ϕii

dϕii + τ−1
Ij Pji

Cji
ϕji

dϕji

)
, i = H,F j 6= i,

which by (11) and (12) can be rewritten as:

τXiPii
∂Cii
∂δii

dδii + τXiPii
∂Cii
∂ϕii

dϕii + τ−1
Ij Pji

∂Cji
∂δji

dδji + τ−1
Ij Pji

∂Cji
∂ϕji

dϕji

= τXiτLiWiLCi

[
1− ε

ε− 1
(Φi + (ε− 1))

](
δii
ϕii

dϕii +
1− δii
ϕji

dϕji

)
i = H,F j 6= i

Finally, recalling (B-3), we can conclude that, as postulated, this last condition is equal to zero in equilibrium
for all 0 ≤ α ≤ 1.

Similarly, in the presence of homogeneous firms first condition (16) leads to:

dCji =
∂Cji
∂LCi

dLCi +
∂Cji
∂Wj

dWj +
∂Cji
∂τLi

dτLi +
∂Cji
∂τLj

dτLj

+
∂Cji
∂τIi

dτIi +
∂Cji
∂τXj

dτXj +
∂Cji
∂τIj

dτIj +
∂Cji
∂τXi

dτXi i, j = H,F

where we already used the normalization Wi = 1. Hence, in this case

τXiPiidCii + τ−1
Ij PjidCji =

(
τXiPii

∂Cii
∂LCi

+ τ−1
Ij Pji

∂Cji
∂LCi

)
dLCi +

(
τXiPii

∂Cii
∂Wj

+ τ−1
Ij Pji

∂Cji
∂Wj

)
dWj

+

(
τXiPii

∂Cii
∂τLi

+ τ−1
Ij Pji

∂Cji
∂τLi

)
dτLi +

(
τXiPii

∂Cii
∂τLj

+ τ−1
Ij Pji

∂Cji
∂τLj

)
dτLj

+

(
τXiPii

∂Cii
∂τIi

+ τ−1
Ij Pji

∂Cji
∂τIi

)
dτIi +

(
τXiPii

∂Cii
∂τIj

+ τ−1
Ij Pji

∂Cji
∂τIj

)
dτIj

+

(
τXiPii

∂Cii
∂τXi

+ τ−1
Ij Pji

∂Cji
∂τXi

)
dτXi +

(
τXiPii

∂Cii
∂τXj

+ τ−1
Ij Pji

∂Cji
∂τXj

)
dτXj i = H,F j 6= i

Note that condition (C-56) and by (16)
∂Cji

∂LCi
= ε

ε−1
Cji

LCi
hold in equilibrium also in the case of homogeneous

firms, implying that (C-59) is valid too. Thus, (C-57) hold since by (16) and (17):

τXiPii
∂Cii
∂Wj

+ τ−1
Ij Pji

∂Cji
∂Wj

= τXiPii
∂Cii
∂τLi

+ τ−1
Ij Pji

∂Cji
∂τLi

= τXiPii
∂Cii
∂τLj

+ τ−1
Ij Pji

∂Cji
∂τLj

= τXiPii
∂Cii
∂τIi

+ τ−1
Ij Pji

∂Cji
∂τIi

= τXiPii
∂Cii
∂τIj

+ τ−1
Ij Pji

∂Cji
∂τIj

= τXiPii
∂Cii
∂τXi

+ τ−1
Ij Pji

∂Cji
∂τXi

= τXiPii
∂Cii
∂τXj

+ τ−1
Ij Pji

∂Cji
∂τXj

= 0 i = H,F j 6= i

77



C.9.2 Proof of Proposition 3

Proof We prove Proposition 3 point by point.

(a) To show why condition (40) holds first consider that by conditions (37) and (38) (39):

(Pij −
ε

ε− 1
τLjWj

∂LCij
QCij

)dCij = (τIi − 1)τ−1
Ii PijdCij + (τXj − 1)τ−1

TijPijdCij i = H,F j 6= i (C-60)∑
i=H,F

(τ−1
TijPij

∂QCij
LCij

− 1)dLCj = (
ε

ε− 1
τLj − 1)dLCj

= (
ε

ε− 1
τXjτLj − 1)dLCj + (1− τXj)

ε

ε− 1
τLjdLCj

= (
ε

ε− 1
τXjτLj − 1)dLCj − (τXj − 1)τ−1

TijPijdCij + (1− τXj)PjjdCjj , (C-61)

where last equality follows from condition (C-57). Summing (C-60) and (C-61) we obtain:

(Pij −
ε

ε− 1
τLjWj

∂LCij
QCij

)dCij +
∑
i=H,F

(τ−1
TijPij

∂QCij
LCij

− 1)dLCj

= (τIi − 1)τ−1
Ii PijdCij + (

ε

ε− 1
τXjτLj − 1)dLCj + (1− τXj)PjjdCjj , j = H,F i 6= j (C-62)

Finally, we can sum the two conditions in (C-62) to obtain condition (40).
To show that condition (41) holds, recall that by condition (C-57) it follows that

(1− τXi)PiidCii = (1− τXi)
ε

ε− 1
τLidLCi − (1− τXi)τ−1

TjiPjidCji, i = H,F j 6= i (C-63)

Substituting this condition into condition (40) we get:∑
i=H,F

dEi =
∑
i=H,F
j 6=i

(τIi − 1)τ−1
Ii PijdCij −

∑
i=H,F
j 6=i

(1− τXj)τ−1
TijPijdCij +

∑
i=H,F

(
ε

ε− 1
τLi − 1)dLCi

which then leads to condition (41).

(b)(i) If all wedges in (40) are zero, i.e., τIi = τXi = 1 – and in the multi-sector model also τLi = ε−1
ε –

for i = H,F .55 the allocation determined by the conditions listed at the beginning of Appendix C.5 is also
the solution of the set of equilibrium conditions listed in Section 2.4. As a consequence, if τIi = τXi = 1 and
τLi = ε−1

ε for i = H,F the market allocation is efficient.

(b)(ii) Conditions (36) state the equations that correspond to (34) and (35) in the market equilibrium. It is
obvious from these equations that (34) and (35) are satisfied in the market equilibrium if and only if τTij = 1
and - in the multiple sector model - τLi = ε−1

ε for i, j = H,F , namely if and only if all wedges in (41) are zero.
Then by Proposition 2, it must be that the market allocation is efficient if and only if Ii = Ij and all the wedges
in (41) are zero.

55Note that if α = 1 then dLC = 0 for = H,F and only the wedges in dCij are present in (40).
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D The Policy Maker’s Problem and the Welfare Decom-

position

Here we prove the Propositions of Section 4. For these proofs it is useful to recall that ε > 1, 0 < α ≤ 1,
0 < δii < 1, Φi > 0, and LCi > 0.

D.1 Proof of Proposition 4

Proof The proof is organized in two steps. First, we derive the total differential of individual-country welfare
by using the total differential of the trade-balance condition (13) and we show that this total differential leads
to condition (43) given Lemma 6 Second, we show that if Ii = Ij for i 6= j, condition (43) leads to condition
(44).

(1) Substituting the definition of the consumption aggregator (4) into the utility function (3), we get:

Ui = α
ε

ε− 1
log

 ∑
j=H,F

C
ε−1
ε

ij

+ (1− α) logZi, i = H,F

Taking the total differential of this objective function, we obtain:

dUi = α
∑
j=H,F

C
− 1

ε
ij

C
ε−1
ε

i

dCij +
1− α
Zi

dZi, i = H,F (D-1)

Note that 1−α
Zi

= 1
Ii

and α
C
− 1

ε
ij

C
ε−1
ε

i

=
(
Ci

Cij

)1/ε
Pi

Ii
=

Pij

Ii
since

(
Ci

Cij

)1/ε

=
Pij

Pi
for i, j = H,F . As a result, condition

(D-1) can be rewritten as:

dUi =
1

Ii

∑
j=H,F

PijdCij +
1

Ii
dZi, i = H,F (D-2)

Then, we can take the total differential of condition (13) and of its foreign counterpart56 and use the fact that
Zi = 1−α

α

∑
j=H,F PijCij to get:

−dZi − dLCi + Cjid(τ−1
Ij Pji) + τ−1

Ij PjidCji − Cijd(τ−1
Ii Pij)− (τ−1

Ii Pij)dCij = 0, i = H,F j 6= i

Dividing this condition by Ii and adding it to (D-2), we obtain:

dUi =
Pii
Ii
dCii +

Pij
Ii
dCij +

1

Ii
dZi −

1

Ii
dZi −

1

Ii
dLCi +

Cji
Ii
d(τ−1

Ij Pji) +
τ−1
Ij Pji

Ii
dCji −

Cij
Ii
d(τ−1

Ii Pij)−
τ−1
Ii Pij
Ii

dCij

=
Pii
Ii
dCii + (τIi − 1)

τ−1
Ii Pij
Ii

dCij −
1

Ii
dLCi +

Cji
Ii
d(τ−1

Ij Pji)−
Cij
Ii
d(τ−1

Ii Pij) +
τ−1
Ij Pji

Ii
dCji, i = H,F j 6= i

56This condition can be recovered by combining (13) with (14).
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Adding and subtracting terms, this can be rewritten as:

dUi = (1− τXi)
Pii
Ii
dCii + (τIi − 1)τ−1

Ii

Pij
Ii
dCij +

(
ε

ε− 1
τLiτXi − 1

)
dLCi
Ii

+
Cji
Ii
d(τ−1

Ij Pji)−
Cij
Ii
d(τ−1

Ii Pij)

+ τXi
Pii
Ii
dCii + τ−1

Ij Pji
dCji
Ii
− ε

ε− 1
τLiτXi

dLCi
Ii

, i = H,F j 6= i

Recall that by Lemma 6 in equilibrium the following condition holds:

τXiPiidCii + τ−1
Ij PjidCji −

ε

ε− 1
τLiτXidLCi = 0, i = H,F j 6= i

If this is true, then:

dUi = (1− τXi)
Pii
Ii
dCii + (τIi − 1)τ−1

Ii

Pij
Ii
dCij +

(
ε

ε− 1
τLiτXi − 1

)
dLCi
Ii

+
Cji
Ii
d(τ−1

Ij Pji)−
Cij
Ii
d(τ−1

Ii Pij)

=
dEi
Ii

+
Cji
Ii
d(τ−1

Ij Pji)−
Cij
Ii
d(τ−1

Ii Pij), i = H,F j 6= i (D-3)

where dEi is defined in Proposition 3. Summing the total differentials for both countries condition (D-3) leads to
condition (43). It also leads to the decomposition of individual-country welfare in (46). Notice that if condition
(C-57) holds, condition (D-3) holds even with homogeneous firms and when considering the one-sector model
in which α = 1 and dLCi = 0.

(2) Finally, if Ii = I for i = H,F so that (43) leads to:

I
∑
i=H,F

dUi =
∑
i=H,F

dEi +
∑
i=H,F
j 6=i

(
Cjid(τ−1

Ij Pji)− Cijd(τ−1
Ii Pij)

)

=
∑
i=H,F

dEi

which by Proposition 3 point (a) corresponds to condition (44) and where the last equality follows from the fact
that terms of trade effects exactly cancel out.

D.2 Proof of Proposition 5

Proof We prove Proposition 5 point by point.

(a) In appendix B.1.2 we explained how to apply the total differential approach to solve a constrained opti-
mization problem. In this case we have 28 variables (22 endogenous variables plus 6 policy instruments) and 22
constraints (conditions (7) -(14)).57. To show point (a) we the proceed as follows: (i) we show how to express
the total differential in (42) in terms of 6 differentials and then 6 wedges. Setting these wedges to zero gives us
6 additional conditions to determine the optimal policies; (ii) we make clear that these conditions correspond
to setting Ii = Ij and the wedges in (44) individually equal to zero.

57When α = 1 there are 26 endogenous variables and 22 constraints. Indeed, as made clear in Appendix A.4.2,
in the one-sector model we assume that policymakers abstain from using labor subsidies. In the homogeneous
firm model, there are 16 variables and 10 constraints if α < 1 and 14 variables and 10 constraints if α = 1.
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(i) In order to rewrite the differential in (42), we combine it with condition (40) to obtain

∑
i=H,F

dUi =
∑
i=H,F
j 6=i

(τIi − 1)τ−1
Ii PijdCij + (1− τXi)PiidCii +

(
ε
ε−1τLiτXi − 1

)
dLCi + Cjid(τ−1

Ij Pji)− Cijd(τ−1
Ii Pij)

Ii

Then, we use this condition and condition (C-63) to get

∑
i=H,F

dUi =
∑
i=H,F
j 6=i

(τIi − 1)τ−1
Ii PijdCij − (1− τXi)τ−1

TjiPjidCji +
(

ε
ε−1τLi − 1

)
dLCi + Cjid(τ−1

Ij Pji)− Cijd(τ−1
Ii Pij)

Ii

=
∑
i=H,F
j 6=i

(
1− τ−1

Ij

Ij
−
τ−1
Tji − τ

−1
Ij

Ii

)
PjidCji +

∑
i=H,F

(
ε
ε−1τLi − 1

)
Ii

dLCi +
∑
i=H,F
j 6=i

(Ii − Ij)
IiIj

Cijd(τ−1
Ii Pij) (D-4)

which confirms that the differential in (42) can be expressed as a function of dCij , dLCi, d(τ−1
Ij Pji), d(τ−1

Ii Pij)
for i = H,F and j 6= i only.
(ii) Setting the wedges in (D-4) individually equal to zero leads to:

τLi =
ε− 1

ε
i = H,F Ii = Ij i = H j = F τTji = 1 i = H,F j 6= i

which, as claimed, is equivalent to imposing Ii = Ij and to setting to zero the wedges in (44). Finally, notice
how by (D-4) we can impose only 5 restrictions, and we are thus left with 1 degree of freedom in the choice of
the 6 policy instruments, consistently with point (b).

(b) By point (a) above, the global policy {τLi, τIi, τXi}i=H,F solves the world-policy-maker problem if and
only if all the following conditions hold for i = H,F , j 6= i: (1) Ii = Ij ; (2) τTij = 1; (3) τLi = ε−1

ε when α < 1.
At the same time, by Proposition 3 point (b) (ii) the market allocation is efficient if and only if all conditions
(1) to (3) hold. Thus, at the optimum the global policy maker implements the planner allocation.

What remains to prove is that the global policy is optimal if and only if τIi = τIj (or equivalently if and only
if τXi = τXj). Put differently, we need to show that condition Ii = Ij can be substituted away with condition
τIi = τIj (or equivalently condition τXi = τXj). More specifically, we need to prove that:

(b1) If Ii = Ij , τTij = 1, and when α < 1 τLi = ε−1
ε , then τIi = τIj ;

(b2) If τIi = τIj , τTij = 1, and when α < 1 τLi = ε−1
ε , then Ii = Ij .

We start from (b1). If Ii = Ij , τTij = 1, and, when α < 1, τLi = ε−1
ε , then by Proposition 3 point (b) (ii) the

market allocation is efficient and by Proposition (1) also symmetric. Under these restrictions condition 12 (and
condition(17) for the case of homogeneous firms) implies that Pij = Pji both in the one sector58 and in the
multiple sector model. As a consequence, condition (14) can be simplified as L − LCi = 1−α

α

∑
j=H,F PijCij .

Thus, since Pij = Pji and Cij = Cji the trade balance condition (13) can hold in equilibrium only if τIi = τIj .

We now move to (b2). First, recall that from the second stage of the Planner’s problem we know that when
τTij = 1 and τLi = ε−1

ε when α < 1 (or τLiWi

τLjWj
= 1 when α = 1) then in equilibrium the cutoffs ϕij for i, j = H,F

are efficient. When this is the case, conditions (7) to (10) can be used to find the efficient allocation for ϕij ,
ϕ̃ij , δij for i, j = H,F . Recall again from Proposition 1 that the efficient allocation is unique and symmetric.
For the case of homogeneous firms we simply have ϕij = 1 for i, j = H,F . When α = 1 we have LCi = L for
i = H,F and it thus follows from (11) and (12) (and from (16) and (17) for the case of homogeneous firms)
that the solution for Pij and Cij is also symmetric. This implies that Ii = PiCi = PjCj = Ij . When α < 1

58Recall that in A.4.2 we assumed τLiWi

τLjWj
= 1 in any symmetric allocation.
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instead, we can use (11) and (12) to get PijCij = δijLCj when firms are heterogeneous, and (16) and (17) to

get PijCij = LCjτ
1−ε
ij

1−τε−1
ki

τ1−ε
ki −τ

ε−1
ki

with i, j = H,F and k 6= i when firms are homogeneous. In both case we can

think of PijCij as being a linear function of LCj . We can thus use the two equations (13) and (14) to solve for
LCi and LCj . Note that this is a linear system in the two variables, and thus has a unique solution. It thus
suffices to recall that the symmetric allocation is a possible solution when τTij = 1 and τIi = τIj . Therefore,
the unique solution is symmetric and LCi = LCj . It then follows symmetry of Pij , Cij , Pi, Ci, Zi and thus
Ii = PiCi + Zi.

D.3 Proof of Proposition 6

Proof We derived the total differential of the individual-country policy maker (condition (46)) in the proof of
Proposition 4. More specifically see point 1 of Proof D.1.

E How Policy Instruments affect the Terms of Trade and

Production Efficiency

First we state and prove two Lemmata. The first one identifies conditions for δij ≥ 1/2 with i, j = H,F . The
second one signs the contribution of each component to the terms-of-trade effect of condition (46).

E.1 Lemma 7 and its proof

Lemma 7 Let fji > fiiτ
1−ε
ij for i 6= j and i = H,F . Then at any symmetric allocation:

(i) δii ≥ 1/2 if trade taxes are not used, namely such that τTij = 1 for i, j = H,F .

(ii) δii < 1/2 only if there are export or import subsidies such that τTij < 1 for i, j = H,F .

Proof We prove this lemma point by point.

(i) Using equations (7), (8) and (9), imposing symmetry of the allocation and of taxes and τTij = 1, we obtain

δii =

[
1 + τ1−ε

ij

∫∞
ϕji

ϕε−1dG(ϕ)∫∞
ϕii

ϕε−1dG(ϕ)

]−1

and
(
ϕji

ϕii

)
=
(
fji
fii

) 1
ε−1

τijτ
ε

ε−1

Tij . Since
(
ϕji

ϕii

)
=
(
fji
fii

) 1
ε−1

τij > 1 by assumption

it follows that

∫∞
ϕji

ϕε−1dG(ϕ)∫∞
ϕii

ϕε−1dG(ϕ)
< 1. Thus 1 + τ1−ε

ij

∫∞
ϕji

ϕε−1dG(ϕ)∫∞
ϕii

ϕε−1dG(ϕ)
< 2 and δii > 1/2.

(ii) We prove this point by contradiction. Suppose that τTij ≥ 1. Combining again conditions (7), (8)

and (9) and imposing symmetry we get δii =

[
1 + τ1−ε

ij τ−εT ij

∫∞
ϕji

ϕε−1dG(ϕ)∫∞
ϕii

ϕε−1dG(ϕ)

]−1

and
ϕji

ϕii
=
(
fji
fii

) 1
ε−1

τijτ
ε

ε−1

Tij .

Then if τTij ≥ 1, ϕji > ϕii since fji > fiiτ
1−ε
ij . As a result,

∫∞
ϕji

ϕε−1dG(ϕ) <
∫∞
ϕii

ϕε−1dG(ϕ) and thus

1 + τ1−ε
ij

∫∞
ϕji

ϕε−1dG(ϕ)∫∞
ϕii

ϕε−1dG(ϕ)
< 2 and hence δii > 1/2. Therefore, δii < 1/2 only if τTij < 1.

E.2 Lemma 8 and its proof

Lemma 8 Consider a marginal unilateral increase in each trade policy instrument at a time, starting from the
laissez-faire equilibrium, i.e., with τLi = τIi = τXi = 1 for i = H,F . Then:
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(a) In the one-sector model deviating from the laissez-faire equilibrium induces:

(i) dWi

Wi
− dWj

Wj
> 0 when dτIi > 0 and dτXi = 0;

dWi

Wi
− dWj

Wj
< 0 when dτIi = 0 and dτXi > 0;

(ii)
dδij
δij
− dδji

δji
> 0 when dτIi > 0 and dτXi = 0;

dδij
δij
− dδji

δji
= 0 when dτIi = 0 and dτXi > 0;

(iii)
dϕij

ϕij
− dϕji

ϕji
< 0 when dτIi > 0 and dτXi = 0;

dϕij

ϕij
− dϕji

ϕji
= 0 when dτIi = 0 and dτXi > 0.

(b) In the multi-sector model deviating from the laissez-faire equilibrium induces:

(i)
dLCj

LCj
− dLCi

LCi
< 0 when dτIi > 0 and dτXi = 0;

dLCj

LCj
− dLCi

LCi
> 0 when dτIi = 0 and dτXi > 0;

(ii)
dδij
δij
− dδji

δji
< 0 iff δii > 1/2 when dτIi > 0 and dτXi = 0;

dδij
δij
− dδji

δji
> 0 iff δii > 1/2 when dτIi = 0 and dτXi > 0;

(iii)
dϕij

ϕij
− dϕji

ϕji
> 0 iff δii > 1/2 when dτIi > 0 and dτXi = 0;

dϕij

ϕij
− dϕji

ϕji
< 0 iff δii > 1/2 when dτIi = 0 and dτXi > 0.

Proof We prove Lemma 8 point by point.

(a) In the case of the one-sector model we can prove points (i), (ii) and (iii) as follows:

(i) Combining conditions (B-28), (B-27) and (B-24) we find at the laissez-faire equilibrium:

dWi = AτIidτIi +AτXidτXi (E-1)

where AτIi = δiidτIiε(Φi+ε−1)
δiiΦiε+(ε−1)(1−δii+δii(ε−1)) > 0 and AτXi = −1 < 0;

(ii) Recall that dδji = −dδii for i, j = H,F and j 6= i . Then we can use (B-26) and its symmetric counterpart
to obtain:

dδij
δij
− dδji

δji
= BτIidτIi, (E-2)

where BτIi = − δiiεφij(ε−1+Φi)
δiiΦiε+(ε−1)(1−δii+δii(ε−1)) < 0;

(iii) Using the solution for dCii found in point (a), condition (B-23) and their symmetric counterparts we
obtain:

dϕij
ϕij
− dϕji

ϕji
= ΓτIidτIi (E-3)

where ΓτIi = − δiiεφij

δiiΦiε+(ε−1)(1−δii+δii(ε−1)) < 0

(b) In the case of the two-sector model we can show points (i), (ii) and (iii) in the following way.

(i) Combining (B-15), (B-11), (B-17) and (B-19) together with the restrictions τLi = τIi = τXi = 1 and
dτLi = dτLj = dτIj = dτXj = 0 we obtain:

dLCj
LCj

− dLCi
LCi

= ∆τIidτIi + ∆τXidτXi (E-4)

where ∆τIi ≡ − (1−δii)[(ε−1)(1−α+2δii(ε−1+α))+2δiiεΦi]
(1−2δii)2(ε−1) < 0 and ∆τXi ≡ (1−δii)[(1−αδii+α(1−δii)+2δii(ε−1))(ε−1)+2δiiεΦi]

(1−2δii)2(ε−1) >
0.
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(ii) Recall that δji = 1− δii, implying that dδji = −dδii and dδij = −dδjj . Using (B-7) and (B-14) to compute
dδii and dδjj , and combing them with (B-11), (B-17) and (B-19) together with the restrictions τLi = τIi =
τXi = 1 and dτLi = dτLj = dτIj = dτXj = 0 we obtain:

dδij
δij
− dδji

δji
= ZτIidτIi + ZτXidτXi (E-5)

where ZτIi = −ZτXi ≡ − (1−δii)δiiε(ε−1+Φi)
δij(ε−1)(2δii−1) < 0 iff δii > 1/2;

(iii) First, we use (B-3) and (B-6) to compute dϕji and (B-10) to compute dϕij and we impose symmetry.
Second, combining these conditions with (B-11), (B-17) and (B-19) together with the restrictions τLi = τIi =
τXi = 1 and dτLi = dτLj = dτIj = dτXj = 0 we get:

dϕij
ϕij
− dϕji

ϕji
= HτIidτIi +HτXidτXi (E-6)

where HτIi = −HτXi ≡ δiiε
(2δii−1)(ε−1) > 0 iff δii > 1/2.

E.3 Proof of Lemma 3

Proof We prove Lemma 3 point by point.

(a) In the one-sector model dLCi = 0 in (46) so that the production-efficiency effect is zero for all policy
instruments.

(b)When τIi = τXi = 1, the consumption-efficiency effect in (46) is zero for any dCii and dCij .

(c) In the case of heterogeneous firms, we can substitute conditions (E-1), (E-2) and (E-3) into (47) and impose
dLCi = 0 and τIi = τXi = 1 for i = H,F and dWj = 0 for j 6= i to obtain:

Cij [d(τ−1
Ij Pji)− d(τ−1

Ii Pij)] = ΘτIi dτIi,

where ΘτIi = L(1−δii)δiiε((ε−1)2+εΦi)
(ε−1)[(ε−1)(1−δii+δii(ε−2))+εδiiΦi]

> 0.

Similarly, in the case of homogeneous firms, condition (47) can be simplified by setting dLCi = dδij = dϕij = 0
and τIi = τXi = 1 for i = H,F and dWj = 0. Then, we can use condition (B-29) to get:

Cij [d(τ−1
Ij Pji)− d(τ−1

Ii Pij)] = IτIidτIi + IτXi dτXi,

where IτIi = ετε

τ+(2ε−1)τε > 0 and IτIi = ετε

τ+(2ε−1)τε > 0.

(d) This follows from the previous points.

E.4 Proof of Lemma 4

Proof We prove Lemma 4 point by point.
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(a) Using conditions (B-11), (B-17) and (B-19) we can rewrite the production-efficiency effect in (46) as(
ε

ε− 1
τLi − 1

)
dLCi = EτIidτIi + EτXidτXi + EτLidτLi,

where EτIi ≡ LCi(1−δii)δii
(1−2δii)2(ε−1)2 [(ε− 1)((1− α)(1− 2δii) + ε) + εΦi], EτXi ≡ − LCi(1−δii)

(1−2δii)2(ε−1)2 [(ε − 1)(1 + δii(α +

2δii(1−α) + ε− 3)) + δiiεΦi] and EτLi ≡ LCi (ε−1)[2δ2ii(ε+α−2)−1−δii(2ε+α−4)]−2(1−δii)δiiεΦi

(1−2δii)2(ε−1)2 . To see why EτIi > 0

it is sufficient to notice that (1− α)(1− 2δii) + ε = (1− α)(1− δii) + ε− (1− α)δii. What remains to show is
that: (i) EτXi < 0 and (ii) EτLi < 0.

(i) A sufficient condition for EτXi < 0 is EτXi(δii) ≡ 1 + δii(α+ ε− 3) + 2δ2
ii(1−α) > 0 for all 0 ≤ δii ≤ 1. In

what follows we show that this is the case.

First, consider that EτXi(δii) is quadratic in δii with E
′′
τXi(δii) = 4(1 − α) > 0 (i.e., the function has a

minimum) and the minimum is equal to minEτXi(δii) ≡ E
M

τXi(ε, α) = − (1+α)2−2(3−α)ε+ε2

8(1−α) . Second, note that

EτXi(δii) > 0 for both δii = 0 and δii = 1 since EτXi(0) = 1 and EτXi(1) = ε − α > 0. This implies that

if E
′
τXi(0) ≥ 0 (E

′
τXi(1) ≤ 0), then EτXi(δii) is monotonically increasing (decreasing) and always positive for

0 ≤ δii ≤ 1. Therefore, the two necessary conditions for EτXi(δii) < 0 for 0 < δii < 1 are E
′
τXi(0) = ε+α−3 < 0

and E
′
τXi(1) = ε + 1 − 3α > 0, i.e., max{1, 3α − 1} < ε < 3 − α. Hence, the last step to demonstrate that

EτXi(δii) > 0 for all 0 ≤ δii ≤ 1 is to show that E
M

τXi(ε, α) > 0 always when max{1, 3α− 1} < ε < 3−α. Let’s

call E
M ′
τXi(ε) the partial derivative of E

M

τXi(ε) w.r.t. ε. Note that E
M ′
τXi(ε) = 3−ε−α

4(1−α) decreases in ε and is greater

than zero as long as ε < 3− α. This implies that E
M

τXi(ε, α) increases in ε in the admissible parameter range.

What remains to do is then to evaluate the sign of E
M

τXi(ε, α) at the minimum admissible range for ε. There
are two cases. If α > 2

3 , then ε = max{1, 3α− 1} = 3α− 1. Instead if α < 2
3 , then ε = max{1, 3α− 1} = 1. In

the first case, E
M

τXi(3α− 1, α) = 2α− 1 > 0 always for α > 2
3 . In the second case, E

M

τXi(1, α) = 4−α(4+α)
8(1−α) . Note

that E
M

τXi(1, α) > 0 for α1 < α < α2 where α1 = −2 −
√

2 < 0 and α2 = −2 + 2
√

2 > 2
3 . As a consequence,

E
M

τXi(1, α) > 0 in the relevant parameter range 0 < α < 2
3 . We can thus conclude that if EτXi(δii) has a

minimum for 0 < δii < 1, such a minimum is always positive.

(ii) A sufficient condition for EτLi < 0 is EτLi(δii) ≡ −1−δii(2ε+α−4)+2δ2
ii(ε+α−2) < 0 for all 0 ≤ δii ≤ 1.

In what follows we show that this is always the case.

First, note that EτLi(δii) is quadratic in δii with E
′′
τLi(δii) = 4(ε − 2 + α) and its critical point is equal

to E
M

τLi(ε, α) = − ε2 −
α2

8(−2+α+ε) . Second, observe that EτLi(0) = −1 < EτLi(1) = −(1 − α) < 0. As a

consequence, if E
′′
τLi(δii) > 0, EτLi(δii) has a minimum for 0 ≤ δii < 1 and it is always negative in this range.

Thus, what remains to show is that EτLi(δii) < 0 even when E
′′
τLi(δii) < 0 i.e., when ε < 2 − α and EτLi(δii)

has a maximum. Two scenarios are possible. If ε ≥ 2 − 3
2α, then E

′
τLi(1) = −4 + 3α + 2ε ≥ 0. As a result,

EτLi(δii) is monotonically increasing and thus always negative for 0 < δii ≤ 1. Instead, when 1 < ε < 2− 3
2α,

EτLi(δii) has a maximum for 0 < δii < 1. Hence, the last step is to show that such a maximum is always

negative. Notice that E
M

τLi(ε, α) = 0 for ε1 = 1−
√

1− α − α
2 and ε2 = 1 +

√
1− α − α

2 . It is easy to see that

ε1 < 1 and that ε2 > 2− 3
2α, i.e., E

M

τLi(ε, α) never changes sign in 1 < ε < 2− 3
2α and 0 < α < 1. To complete

the proof it is then enough to show that E
M

τLi(ε, α) < 0 at one point in our interval. For example, if α = 0.5,

ε = 1.2 < 2− 3
2α and E

M

τLi(1.2, 0.5) = −0.49 < 0.

(b) It is easy to see that the consumption-efficiency effect in (46) is zero for all policy instruments when
τIi = τXi = 1.
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(c) At the laissez-faire allocation we can use conditions (E-4), (E-5) and (E-6) and impose dWi = 0 and
τIi = τXi = 1 for i = H,F to rewrite terms of trade effects in (47) as:

Cij [d(τ−1
Ij Pji)− d(τ−1

Ii Pij)] = ΣτIidτIi + ΣτXidτXi + ΣτLidτLi, (E-7)

where ΣτIi ≡ −LCi(1−δii)[(1−δii)(ε−1)(1−α+(ε−1+α)2δii)+δiiεΦi]
(1−2δii)2(ε−1)2 , ΣτLi ≡ LCi(1−δii)[(ε−α(2δii−1))(ε−1)+ε2δiiΦii]

(1−2δii)2(ε−1)2 and

ΣτXi ≡ LCi(1−δii)[(ε−1)(δii+2δ2ii(ε−1)+(ε+α(1−δii))(1−2δii))+δiiεΦi]
(1−2δii)2(ε−1)2 . If is easy to show that ΣτIi < 0 in the relevant

parameter range. To see why ΣτLi > 0 it is sufficient to observe that ε − α(2δii − 1) > 0 for all 0 < δii < 1.
Therefore, what remains to demonstrate is that ΣτXi > 0.

A sufficient condition for ΣτXi > 0 is ΣτXi(δii) ≡ δii + 2δ2
ii(ε− 1) + (ε+α(1− δii))(1− 2δii) > 0 for 0 ≤ δii ≤ 1.

First, consider that ΣτXi(δii) is quadratic in δii with Σ
′′
τXi(δii) = 4(ε − 1 + α) > 0 i.e., the function has a

minimum and this minimum is equal to min ΣτXi(δii) ≡ Σ
M

τXi(δii) = 4ε(α+ε−1)−(1+α)2

8(ε−1+α) . Second, observe that

ΣτXi(0) = ε + α > ε − 1 = ΣτXi(1) > 0 i.e., ΣτXi(δii) is positive at both ends of the relevant interval.

Then, there are two cases. If ε ≤ 3−α
2 , Σ

′
τXi(1) = 2ε + α − 3 < 0 implying ΣτXi(δii) is monotonically

decreasing and always positive for 0 ≤ δii ≤ 1. By contrast, if ε > 3−α
2 , then Σ

′
τXi(1) > 0 implying ΣτXi(δii)

reaches a minimum for 0 ≤ δii ≤ 1. However, when ε > 3−α
2 then Σ

M

τXi(δii) > 0. Indeed, in this case
4ε(α+ ε− 1)− (1 + α)2 > 4 3−α

2 (α+ 3−α
2 − 1)− (1 + α)2 = 2(1− α2) > 0.

(d) Combining the effects found at point (a), (b) and (c) we find that (46) can be rewritten as:

dUi =
1

Ii

[(
ε

ε− 1
− 1

)
dLCi + Cji

(
d(τ−1

Ij Pji)− d(τ−1
Ii Pij)

)]
=

1

Ii
[EτIidτIi + EτXidτXi + EτLidτLi + ΣτIidτIi + ΣτXidτXi + ΣτLidτLi]

=
1

Ii
[ΩτIidτIi + ΩτXidτXi + ΩτLidτLi] , (E-8)

where ΩτIi ≡ LCi(1−δii)[δiiε−(2δii−1)(1−α)]
(2δii−1)(ε−1) dτIi > 0, ΩτXi ≡ LCi(1−δii)[(1−2δii)(1−α)−(1−δii)ε]

(2δii−1)(ε−1) < 0 and ΩτLi ≡
LCi[(1−2δii)(1−α)−(1−δii)ε]

(2δii−1)(ε−1) < 0 iff δii > 1/2. To see why this is the case first note that the denominators of all

these coefficients are positive iff δii > 1/2. Moreover, the numerator of ΩτIi is always positive since δii > 2δii−1
for δii < 1, while the numerators of ΩτXi and ΩτLi are always negative since 1 − 2δii < 1 − δii and 1 − α < ε
and as a consequence (1− 2δii)(1− α)− (1− δii)ε < 0.

F The Design of Trade Agreements in the Presence of

Domestic Policies

In this section we prove Propositions 7, 8 and 9, which state the main results on strategic policies when all policy
instruments (Proposition 7) or only production taxes (Propositions 8 and 9) are available. In both cases, we
solve the Nash problems using the total-differential approach described in Appendix B. We focus on symmetric
Nash equilibria in the two-sector model for which α < 1 and Wi = Wj = 1 for i, j = H,F .

F.1 Proof of Proposition 7

Proof We prove Proposition 7 point by point.

(a) First, we write the differential of the terms-of trade effect in (46) in terms of dLCi, dCii, dCij . For this
purpose, we use the differentials of the equilibrium conditions derived in Appendix B.2.2 – imposing symmetry
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and the restrictions dτLj = dτIj = dτXj = 0 – to evaluate each component of the terms-of-trade effects as
decomposed in (47). In particular, we use: conditions (B-15) and (B-16) for term (ii) (differential of the amount
of labor in both countries allocated to the differentiated sectors); conditions (B-7) and (B-14) jointly with
the fact that dδji = −dδii for term (iii) (differential of the average-profit shares in the export markets) and
conditions (B-3), (B-6) and (B-10) for term (iv) (differentials of the export productivity cut-offs). Finally, we
employ (B-11), (B-17) and (B-19) to substitute out dτLi, dτIi and dτXi to obtain:

Cjid(τ−1
Ij Pji)− Cijd(τ−1

Ii Pij) = ΣCiidCii + ΣCijdCij + ΣLCidLCi (F-1)

where:

ΣCii =− (εfij)
1

ε−1 τLiτXi

(LCiδii)
1

ε−1 δii(ε− 1)2

(ε− 1)[(1− α)(ε− δii)τLi(δii + (1− δii)τIiτXi) + αδii(ε− 1) + αε(1− δii)τLiτXi] + δiiε[α+ (1− α)τLi]Φi

δii[α+ (1− α)δiiτLi]− (1− δii)τLiτXi[α+ (1− α)(1− δii)τIi]− (ε−1+Φi)ε
ε−1 δii[α+ (1− α)τLi]

ΣCij =
(εfij)

1
ε−1 τijτLiτXi

(LCi(1− δii))
1

ε−1 ϕij

[(ε− 1 + δii)(α+ (1− α)δiiτLi)− (1− δii)(αε+ (1− α)(1− δii)τIi)τLiτXi − δiiε(ε−1+Φi)
ε−1 ((1− α)τLi + α)]

(δiiH −Π)(ε− 1)− δiiε[(1− α)τLi + α](ε− 1 + Φi)

ΣLCi =
τLiτXi

[
(ε− δii) 1−α

ε−1 τLi(δii + (1− δii)τIiτXi) + αδii + α ε
ε−1 (1− δii)τLiτXi + δii

ε
(ε−1)2 (α+ (1− α)τLi)Φi

]
δii(α+ (1− α)δiiτLi)− (1− δii)τLiτXi(α+ (1− α)(1− δii)τIi)− δiiε

ε−1 (α+ (1− α)τLi)(ε− 1 + Φi)

where ΣCii, ΣCij , and ΣLCi have been simplified using equations (8)-(14). Moreover, Π = (1 − δii)(α + (1 −
α)τIi)τLiτXi and H = α+ (1− α)τLi[δii + (1− δii)τIiτXi]. Condition (F-1) allows us to write (46) as follows:

dVi =(1− τXi)PiidCii + (τIi − 1)τ−1
Ii PijdCij +

(
ε

ε− 1
τLiτXi − 1

)
dLCi + Cjid(τ−1

Ij Pji)− Cijd(τ−1
Ii Pij)

=ECiidCii + ECijdCij + ELCidLCi + ΣCiidCii + ΣCijdCij + ΣLCidLCi

=ΩCiidCii + ΩCijdCij + ΩLCidLCi (F-2)

where ECii ≡ (1 − τXi)Pii, ECij ≡ (τIi − 1)τ−1
Ii Pij , ELCi ≡

ε
ε−1τLiτXi − 1, ΩCii ≡ ECii + ΣCii, ΩCij ≡

ECij + ΣCij , and ΩLCi ≡ ELCi + ΣLCi. Condition (F-2) corresponds to condition (50) in the main text.

(b) In appendix B.1.2 we explained how to apply the total differential approach to solve a constrained opti-
mization problem in n variables with m constraints. In this case we have 25 variables (22 endogenous variables
plus 3 policy instruments) and 22 constraints i.e., exactly 3 degrees of freedom to choose the policy instruments
so has to maximize world welfare.59. In point (a) we show how to rewrite the total differential of (50) as function
of 3 total differentials (dCii, dCij , dLCi with i = H,F and i 6= j). As explained in B.1.2, at the optimum the
wedges multiplying each differential needs to be individually equal to zero, i.e., ΩCii = ΩCij = ΩLCi = 0. This
gives a set of 3 additional equations which can be used to solve for the optimal policy instruments. Once we
have the solution for the instruments we can use the 22 constraints to determine the solution of the remaining
22 variables.

Before moving to point (c) we simplify each of these wedges to make them tractable.

First, consider ΩCij ≡ ECij +ΣCij . Using (12) and imposing symmetry, the consumption-efficiency wedge ECij

59When α = 1 we have 24 variables and 21 constraints while for the model with homogeneous firms we have
13 variables and 10 constraints.
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in (F-2) can be written as:

ECij =
(τIi − 1)(εfij)

1
ε−1 ετijτLiτXi

(LCi(1− δii))
1

ε−1 (ε− 1)ϕij

Then, recalling condition (F-1) we obtain

ΩCij =
ΩCijτijτLiτXi(εfij)

1
ε−1

ϕij(ε− 1)(LCi(1− δii))
1

ε−1 [(δiiH −Π)(ε− 1)− δiiε((1− α)τLi + α)(ε− 1 + Φi)]
,

where

ΩCij = (ε− 1)((ε− 1)(1− δii)H + ετIi(δiiH −Π))− δiiε(ε− 1 + Φi)((1− α)τLi + α)(ετIi − ε+ 1). (F-3)

Second, consider ΩCii ≡ ECii + ΣCii. Again using (12), the consumption-efficiency wedge ECii in (F-2) can be
simplified as:

ECii =
(τXi − 1)(εfii)

1
ε−1 ετLi

(LCiδii)
1

ε−1 (ε− 1)ϕii

Therefore, by (F-1)

ΩCii =
ΩCii(εfii)

1
ε−1 τLi(LCiδii)

− 1
ε−1 (ε− 1)−2ϕ−1

ii

δii(α+ (1− α)δiiτLi)− (1− δii)τLiτXi(α+ (1− α)(1− δii)τIi)− (ε−1+Φi)ε
ε−1 (α+ (1− α)τLi)

,

where

ΩCii ≡ (1− τXi)[ε(ε− 1)(δii(α+ (1− α)δiiτLi)− (1− δii)τLiτXi(α+ (1− α)(1− δii)τIi))
− (ε− 1 + Φi)ε

2δii(α+ (1− α)τLi)]

− τXi[(ε− 1)(ε(1− α)τLi(δii + (1− δii)τIiτXi)− (1− α)δiiτLi(δii + (1− δii)τIiτXi)
+ αδii(ε− 1) + αε(1− δii)τLiτXi) + δiiε(α+ (1− α)τLi)Φi] (F-4)

Finally, consider ΩLCi ≡ ELCi+ ΣLCi. Combining the production-efficiency wedge in (F-2) and condition (F-1)
we obtain:

ΩLCi =
ΩLCi(ε− 1)−1

δii(α+ (1− α)δiiτLi)− (1− δii)τLiτXi(α+ (1− α)(1− δii)τIi)− δiiε
ε−1 (α+ (1− α)τLi)(ε− 1 + Φi)

where

ΩLCi ≡ δii(ε− 1)τLiτXi[α+ (1− α)τLi(δii + (1− δii)τIiτXi)− ε(α+ (1− α)τLi)]

− (ε− 1)[δii(α+ (1− α)δiiτLi)− (1− δii)τLiτXi(α+ (1− α)(1− δii)τIi)− δiiε(α+ (1− α)τLi)]

− (τLiτXi − 1)δiiε(α+ (1− α)τLi)Φi (F-5)

Notice that from (F-3), (F-4) and (F-5) we can conclude that ΩLCi = ΩCii = ΩCij = 0 iff ΩLCi = ΩCii =
ΩCij = 0.

(c) First recall that from point (b) in the Nash equilibrium

ΩLCi = ΩCii = ΩCij = 0, (F-6)

where ΩLCi, ΩCii, and ΩCij are defined in (F-3), (F-4), and (F-5). These wedges are functions of 8 variables only:
τLi, τIi, τXi, ϕii, ϕij , ϕ̃ii, ϕ̃ij , and δii. Observe that once we impose symmetry and we take into account that
δji = 1− δii also conditions (7) -(10) are functions of these variables only. Therefore, we can fully characterize
the symmetric Nash equilibrium using the 3 conditions in (F-6) jointly with the 5 equilibrium equations (7)-(10).
In what follows we use the superscript N to indicate that a variable is evaluated at the Nash equilibrium.
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To prove point (c), we proceed in 3 steps. First, we show that in the Nash equilibrium it must be the case
that τNL = ε−1

ε . Second, we show that ΩLCi > 0 always when τX < 1 and τL = τNL . Therefore, when a Nash

equilibrium exists it must be such that τNX > 1. Finally, we show that ΩCij < 0 always when τI > 1, τX > 1
and τL = τNL . Hence, when a Nash equilibrium exists it must be such that τNI < 1.

(1)We use ΩLCi = ΩCii = 0 to solve for τL and τI and we obtain two sets of solutions, (τ1
L, τ

1
I ) and (τ2

L, τ
2
I ):

τ1
L =

ε− 1

ε

τ1
I =

(1− α)δ2
ii(ε(1− τX) + τX)− αετX + δiiε((ε− 1 + α)τX − ε)
(1− α)(1− δii)τX [ε(1− δii) + δiiτX(ε− 1)]

+
δiiε(ε− 1 + α)(ε(τX − 1)− τX)Φi

(1− α)(1− δii)(ε− 1)2τX [ε(1− δii) + δiiτX(ε− 1)]

τ2
L = −α 1 + ε(ε− 2 + Φi)

(ε− 1)[(1− α)(ε− δii) + α(1− δii)τX ] + (1− α)εΦi

τ2
I = − α

1− α

Note that τ2
I < 0, which is outside the admissible range for τI . Thus, the only possible solution is (τ1

L, τ
1
I ),

implying that when a Nash equilibrium exists, it must be that τNL = ε−1
ε . We can thus substitute τNL into ΩLCi,

ΩCii, and ΩCij (labeling these expressions Ω
N

LCi, Ω
N

Cii, and Ω
N

Cij respectively) to obtain:

Ω
N

LCi = Ω
N
LCi + Ω

Φ

LCi

Ω
N

Cii = −Ω
N

LCi

ε

Ω
N

Cij = Ω
N
Cij + Ω

Φ

Cij

where

Ω
N
LCi ≡ (ε− 1)2[δii(ε− (ε− 1)τX)(ε− (1− α)δii) + δii(ε− 1)τX((1− α)(1− δii)τIτX)

+ ε((1− δii)(α+ (1− α)(1− δii)τI)τX)]

Ω
Φ

LCi ≡ δiiε(ε− 1 + α)(ε− (ε− 1)τX)Φi

Ω
N
Cij ≡ (ε− 1)

[
δii(ε− 1 + α)(ε(1− τI)− 1) + δiiτI(αε+ δii(ε− 1)(1− α)) + (1− δii)(ε− 1)

(
α+ ε−1δii(1− α)(ε− 1)

)
+(1− δii)(ε− 1)τIτX

(
ε−1(1− α)(ε− 1)(1− δii)− α− (1− α)(1− δii)τI

)]
Ω

Φ

Cij ≡ δii(ε− 1 + α)(ε(1− τI)− 1)Φi

Note that Ω
N

Cii and Ω
N

LCi are collinear. In the next steps we thus use only Ω
N

LCi and Ω
N

Cij to characterize the

Nash equilibrium for the remaining two instruments, τNX and τNI .

(2) First, observe that ε− (ε− 1)τX > 0 iff τX < ε
ε−1 . This implies that when τX < ε

ε−1 then both Ω
N
LCi > 0

and Ω
Φ

LCi > 0. Therefore, Ω
N

LCi > 0 for all τX < ε
ε−1 , implying that there cannot be a Nash equilibrium in

this region as it will never be the case that Ω
N

LCi = 0. Thus, in the Nash equilibrium it must be the case that
τNX > ε

ε−1 > 1.

(3) What remains to show is that τNI < 1. We prove this by contradiction. Assume τNI > 1. In the previous

point, we already showed that τNX > 1, thus if τNI > 1 also τNI τ
N
X > 1. First, consider that Ω

Φ

Cij < 0 when

τNI > 1. As a consequence, a necessary condition for the Nash equilibrium to exist in the region τI > 1

is that there exist a τI > 1 such that Ω
N
Cij > 0. To see whether this is the case, observe that Ω

N
Cij is
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linear in α since δii (as implicitly determined by conditions (7)-(10)) is independent of α. Moreover, when

α = 0 Ω
N
Cij = (ε− 1)2

[
−δii(1− δii + ε(τI − 1)(ε− δii))− (1− δii)2(1 + ε(τI − 1))τIτX

]
< 0 while when α = 1,

Ω
N
Cij = −(ε− 1)2[(τIτX − 1)(1− δii) + δiiε(τI − 1)] < 0. This implies that Ω

N
Cij < 0 for all τI > 1. Therefore,

Ω
N

Cij < 0 for all τI > 1 which contradicts our original hypothesis of a Nash equilibrium with τNI > 1. Thus, if a

Nash equilibrium exists it must be such that τNI < 1.

F.2 Proof of Proposition 8

Proof We prove Proposiiton 8 point by point.

(a) When only production taxes are available τIi = τXi = 1 for i = H,F . Therefore, the consumption-
efficiency wedges in (46) are absent. Hence, to prove this point it is sufficient to rewrite the term-of-trade effect
as a function of dLCi only, and then add it to the production-efficiency term.

For this purpose, we follow the same approach used in point (a) of Proof F.1. We use the differentials of the
equilibrium conditions derived in Appendix B.2.2 to evaluate each component of the terms-of-trade effects as
decomposed in (47) with the difference that in this case we do not only impose symmetry and dτLj = dτIj =
dτXj = 0 but also the restrictions dτIi = dτXi = 0. Moreover, given the system of 3 equations ((B-11),
(B-17), and (B-19)) in 6 variables (dτLi, dτIi, dτXi, dLCi, dCii, dCij) and given that here we are imposing
dτIi = dτXi = 0, we are able to express dτLi, dCii, dCij as a function of dLCi only. This allows us to obtain:

CjidPji − CijdPij = ΣidLCi

with:

Σi ≡
(1− δii)(α+ (1− α)τLi)[(α(2δii − 1)(1 + ε(τLi − 1))− ετLi)− 2δiiε(α+ (1− α)τLi)Φi]

(ε− 1)Σdi
(F-7)

Σdi ≡ (ε− 1) [(1− δii)(1 + 2δii(ε− 1))(α+ (1− α)τLi) + (1− α)(1− 2δii)(α(τLi − 1)− δiiτLi)]
+ 2(1− δii)δiiε(α+ (1− α)τLi)Φi (F-8)

Then, in this case condition (46) can be simplified as:

dVi =

(
ε

ε− 1
τLi − 1

)
dLCi + CjidPji − CijdPij

=EidLCi + ΣidLCi

=ΩidLCi (F-9)

where Ωi ≡ Ei + Σi and Ei ≡ ε
ε−1τLi − 1. Condition (F-9) corresponds to condition (51) in the main text.

(b) Characterizing the Nash problem when only production taxes are available means solving the constrained
problem in (45) imposing τIi = τXi = 1. We follow the same steps explained in general terms in Appendix
B.1.2. The problem can be reduced to a maximization problem in 23 variables (22 endogenous variables plus
1 policy instrument) subject to the equilibrium conditions (7)-(14). In the previous point we showed how to
rewrite the total differential of (45) as in (51) namely as a function of one total differential only, dLCi. The
number of policy instruments available to the individual-country policy maker is also one. This implies that at
the optimum condition (51) must be equal to zero, i.e., Ωi = 0. Note how we can rewrite Ωi as:

Ωi =
Ωi

(ε− 1)Σdi
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where

Ωi ≡ (ε− 1) [(1 + ε(τLi − 1))((1− δii)(1− α+ 2δii(ε− (1− α)))(α+ (1− α)τLi)

+(1− α)(1− 2δii)(α(τLi − 1)− δiiτLi))− (1− δii)(α+ (1− α)τLi)ετLi]

+ 2(1− δii)δiiε(α+ (1− α)τLi)(ε− (1− α))(τLi − 1)Φi (F-10)

Given this last condition we can conclude that Ωi = 0 iff Ωi = 0.

(c) First, note that Ωi is a function of 6 variables: τLi, ϕii, ϕij , ϕ̃ii, ϕ̃ij , and δii. Second, under symmetry and
when τIi = τXi = 1, the equilibrium equations (7)-(10) give us 5 conditions, which provide a solution for ϕii,
ϕji, ϕ̃ii, ϕ̃ji, and δii independently from τLi. Hence, condition

Ωi = 0 (F-11)

jointly with conditions (7)-(10) allows us to fully characterize the Nash equilibrium when only the production
tax is available.

For what follows, note that Ωi can be conceived as a quadratic polynomial in τLi (called Ωi(τLi)). Differently
from the Nash problem with all instruments, the symmetric Nash-equilibrium policy will not affect the profit-
share from sales in the domestic market and thus δii can be determined independently of τLi. Moreover,
Ωi(0) < 0 for 0 < δii ≤ 1 and Ωi(0) = 0 when δii = 0 since Ωi(0) = −(ε−1)2α [(1− δii)(1− α+ 2δii(α+ ε− 1))
−(1− 2δii)(1− α)]−2α(1−δii)δiiε(α+ε−1)Φi and both 1−δii > 1−2δii and 1−α+2δii(α+ε−1) > 1−α. In
addition, Ωi(

ε−1
ε ) = −(1− δii)(α+ ε− 1)

[
(ε− 1)2 + 2δii(α+ ε− 1)Φi

]
ε−1. Hence, Ωi(

ε−1
ε ) < 0 for 0 ≤ δii < 1

and Ωi(
ε−1
ε ) = 0 when δii = 1. Moreover, observe that Ωi(1) = (2δii−1)(ε−1) [(1− δii)(ε− 1 + α) + δii(1− α)].

As a consequence, Ωi(1) ≥ 0 iff δii ≥ 1
2 . Finally, take into account that Ω

′′
i (τLi) = 2(1 − α)δiiε[(ε − 1)$i(δii)

+2(1− δii)(α+ ε− 1)Φi] where $i(δii) ≡ 2δii(2− α− ε) + 2ε+ α− 3 is linear in δii and can be characterized
as follows: $i(0) = 2ε+ α− 3 ≥ 0 iff ε ≥ 3−α

2 , $i(1) = 1− α > 0 and $i(δii) ≥ 0 iff δii ≥ 2ε+α−3
2(ε+α−2) . Now, we

are ready to prove points (i) and (ii) point by point.

(i) Consider the case δii ≥ 1
2 . This implies that Ωi(1) ≥ 0. Recall that Ωi(τLi) is quadratic, implying that it has

at most two zeros. Note that Ωi(0) < 0 and Ωi(
ε−1
ε ) < 0. If Ω

′′
i (τLi) ≥ 0 then Ωi(τLi) is convex, and the zeros

must be such that τ1
L < 0 and ε−1

ε ≤ τ2
L ≤ 1. However, τLi ≥ 0 by assumption. Hence, as long as δii ≥ 1

2 and

Ω
′′
i (τLi) ≥ 0, there exist a unique symmetric Nash equilibrium, namely ε−1

ε ≤ τNL = τ2
L ≤ 1 . Therefore, what

remains to show in order to prove point (c) (i) is that Ω
′′
i (τLi) ≤ 0 when δii ≥ 1

2 . The second derivative is given

by Ω
′′
i (τLi) = 2(1−α)δiiε [(ε− 1)$i(δii) + 2(1− δii)(α+ ε− 1)Φi] where $i(δii) ≡ 2δii(2−α− ε) + 2ε+α− 3.

Note that if ε ≥ 3−α
2 , then by linearity $i(δii) ≥ 0 for all 0 ≤ δii ≤ 1. Instead, if ε < 3−α

2 , then $i(δii) ≥ 0
for all 2ε+α−3

2(ε+α−2) ≤ δii ≤ 1. However, we can show that 2ε+α−3
2(ε+α−2) <

1
2 when ε < 3−α

2 . Indeed, 2ε+α−3
2(ε+α−2) <

1
2 iff

2ε+α−3
ε+α−2 < 1 and ε+ α − 2 < 0 when ε < 3−α

2 . Therefore, in this case 2ε+α−3
2(ε+α−2) <

1
2 iff 2ε+ α − 3 > ε+ α − 2.

This inequality holds since ε > 1. As a consequence, $i(δii) ≥ 0 for all 1
2 ≤ δii ≤ 1, which implies that Ωi(τLi)

is convex in this parameter range.

(ii) Now consider the case δii <
1
2 . In this case Ωi(1) < 0. In the previous point we have already argued that

Ωi(τLi) is convex when either ε ≥ 3−α
2 or when 2ε+α−3

2(ε+α−2) ≤ δii <
1
2 and ε < 3−α

2 . Since Ωi(τLi) is quadratic

Ωi(0) ≤ 0 and Ωi(
ε−1
ε ) < 0, there exist two zeros of Ωi(τLi) such that τ1

L ≤ 0 and τ2
L > 1. Again, we can exclude

τ1
L ≤ 0 since τLi > 0 by assumption. As a consequence, there exists a unique symmetric Nash equilibrium with
τNL = τ2

L ≥ 1 .

F.3 Proof of Proposition 9

Proof I We prove Proposition 9 point by point.
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(a) First, consider the case of heterogeneous firms. According to Proposition 8, when δii ≥ 1
2 and only domestic

policies are available any symmetric Nash equilibrium is such that ε−1
ε ≤ τ

N
L ≤ 1. Hence, a sufficient condition

for the Nash allocation to entail higher welfare than the free-trade allocation is that in a symmetric equilibrium
individual-country welfare is monotonically decreasing in τLi. In other words, we need to demonstrate that in a
symmetric equilibrium dUi

dτLi
≤ 0 as long as τLi ≥ ε−1

ε . To show this result, first observe that dUi

dτLi
= dUi

dLCi

dLCi

dτLi
.

Second, consider that the total differential of the utility in (3) can be written as in condition (D-2). Then, if we
combine this total differential with the total differential of (13) and (14) departing from a symmetric allocation
we get:

dUi = −Pii
Ii
dCii −

Pij
Ii
dCij +− 1

Ii
dLCi

Moreover, it can be shown60 that under symmetry dCij =
Cij

LCi

ε
ε−1dLCi for i, j = H,F . By substituting these

conditions into the differential above and taking into account conditions (11) and (12) we obtain:

dUi =
1

Ii

(
ε

ε− 1
τLi − 1

)
dLCi (F-12)

This last result follows directly from the fact that symmetric deviations of the production subsidy from a
symmetric allocation do not have an impact on the cut offs ϕij and on the market shares δij , implying that
terms-of-trade effects are zero. Moreover, consumption-efficiency wedges are also zero since import tariffs and
export taxes are absent. Hence, changes in welfare in condition (46) are equal to the production-efficiency effects
only. Finally, it can be shown that:

dLCi
dτLi

= − (1− α)LCi
α+ τLi(1− α)

< 0

This allows us to conclude that dUi

dτLi
= −LCi

Ii

(
ε
ε−1τLi − 1

)
1−α

α+τLi(1−α) ≤ 0 if and only if τLi ≥ ε−1
ε . Moving

to the homogeneous-firm set up, it is easy to show that when starting from a symmetric allocation condition
(F-12) still holds. Moreover, Campolmi et al. (2014) have already proved that also in this case dLCi

dτLi
= dNi

dτLi
< 0.

Therefore with both homogeneous and heterogeneous firms, dUi

dτLi
≤ 0 ⇐⇒ τLi ≥ ε−1

ε and independently of the

value of δii. We know from Proposition 8 that ε−1
ε ≤ τNL ≤ 1 when δii ≥ 1

2 . As a consequence, when δii <
1
2

the symmetric Nash equilibrium is welfare dominated by the free-trade allocation.

(b) By taking the the differential of conditions (7), (8) and (9) with respect to fij and τij , it can be shown
that:

dδii =
(ε− 1 + Φi)δii(1− δii)

τij
dτij +

Φiδii(1− δii)ϕ̃1−ε
ij ϕε−1

ij

(ε− 1)fij
dfij ,

which confirms that δii is monotonically increasing in both τij and fij .

60The proof is available on request.
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