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Velocity Obstacle-Based Control Barrier Function
for Safety-Critical Predictive Control

Francesco Trotti’* and Daniele Meli!

Abstract—This paper introduces the Velocity Obstacle-based
Control Barrier Function (VO-CBF), a novel safety framework
bridging geometric collision prediction with dynamic control.
While classical Velocity Obstacles ignore system dynamics, the
VO-CBF encodes collision cones directly into the dynamic state
space. By natively coupling position and velocity, this formulation
mathematically reduces the constraint’s relative degree from two
to one for force-controlled systems, fundamentally eliminating the
solver conservatism and input saturation conflicts associated with
standard high-order predictive barriers. We propose a hybrid
Nonlinear Model Predictive Control (NMPC) architecture that
enforces strict discrete-time invariance for the immediate step
and affine approximations across the prediction horizon, bal-
ancing formal safety guarantees with computational tractability.
Comparative simulations and hardware experiments demonstrate
that the VO-CBF effectively throttles velocity to prevent collisions
in high-inertia scenarios where standard kinematic baselines fail.

Index Terms—Optimization and Optimal Control, Integrated
Planning and Control, Constrained Motion Planning, Au-
tonomous Agents, Collision Avoidance.

I. INTRODUCTION

UTONOMOUS systems are increasingly required to

operate safely in dynamic and uncertain environments.
Ensuring collision avoidance and the forward invariance of
safe sets remains a primary challenge for real-world deploy-
ment. Because safety cannot be treated merely as a high-level
planning constraint [[1]], [2]], [3]], [4], it must be enforced in
real-time within the low-level control loop.

Control Barrier Functions (CBFs) [S], [6] effectively en-
force set invariance in nonlinear control-affine systems, often
combined with Control Lyapunov Functions (CLFs) to balance
safety and stability [7], [8]. However, traditional velocity-
dependent CBFs rely on High-Order CBFs (HO-CBF) [9],
which react to instantaneous state derivatives rather than
anticipating the geometric trajectories of moving obstacles.
This lack of foresight yields complex constraints that easily
conflict with input saturation [10]. Furthermore, integrating
Discrete-Time CBFs (DTCBF) into Model Predictive Control
(MPC) frameworks [[L1], [12], [L3] typically relies on simple
position-based distance bubbles. Lacking predictive velocity
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alignment, these formulations fail to anticipate future interac-
tions, resulting in highly conservative evasive maneuvers or
freezing-robot behaviors when facing fast-moving obstacles.
Alternatively, the Velocity Obstacle (VO) framework [14],
[15], [16] provides rigorous geometric collision avoidance in
velocity space. While computationally efficient and widely
used in multi-agent navigation, standard VOs operate purely
reactively and kinematically [17]. They assume instantaneous
velocity tracking, ignoring inertia and actuation limits. There-
fore, they cannot formally guarantee constraint feasibility
under strict dynamic limits or optimize maneuvers over a
predictive horizon.

A critical gap remains: unifying the proactive geometric
foresight of VO with the optimal predictive horizon of NMPC
without sacrificing strict mathematical safety guarantees under
actuator limits.

This paper proposes the Velocity Obstacle-based Control
Barrier Function (VO-CBF) to bridge this gap. Unlike prior
velocity-dependent CBFs, the VO-CBF mathematically maps
the infinite-horizon predictive geometry of relative kinematics
directly into the optimization landscape. It encodes both po-
sitional separation and relative velocity alignment, providing
a dynamic safety constraint that naturally accounts for the
system’s momentum and the obstacle’s predicted motion. We
integrate this formulation within an NMPC architecture to
ensure real-time safety at the control input level.

The main contributions of this paper are:

e Analytic Regularization & Relative Degree Reduction:
We propose the VO-CBF, transforming the non-convex
Velocity Obstacle cone into a continuously differen-
tiable barrier. Crucially, by natively coupling position
and velocity, this formulation structurally reduces the
constraint’s relative degree from two to one for force-
controlled systems. This eliminates the need for complex
high-order backstepping, encoding predictive collision
risks without inducing artificial input saturation conflicts.

o Hybrid Discrete-Continuous Safety Layer: We introduce
a decoupled hybrid constraint architecture for NMPC
that resolves the discretization error inherent in standard
CBF implementations. By enforcing strict discrete-time
invariance (forward difference) for the immediate control
action and affine approximations (Lie derivatives) for the
prediction horizon, we achieve rigorous safety guarantees
without sacrificing solver tractability.

e Recursive Feasibility Analysis: We provide a formal
proof of safety preservation under the proposed hybrid
scheme, demonstrating that the discrete-time evolution
of the closed-loop system remains forward invariant with
respect to the VO-CBF set while avoiding solver failure
under strict actuation limits.
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The remainder of this paper is organized as follows: Section
II reviews the necessary background. Section III details the
VO-CBF design. Section IV integrates the VO-CBF into the
NMPC and analyzes the discretization strategy. Section V
presents simulated and real-world experiments. Section VI
draws conclusions.

II. BACKGROUND

In this section, we cover the main foundations related to the
research topics considered in the paper.

A. Control Barrier Function

Consider a nonlinear control-affine system described by the
differential equation:

x =T(x) +g(x)u; (1)

where X 2 X R" denotes the system state, and u 2 U
R™ represents the control input. The vector fields f : R™ ¥
R™ and g : R™ ¥ R™™ are assumed to be locally Lipschitz
continuous, ensuring the existence and uniqueness of solutions
to (I). In this context, the notion of a Control Barrier Function
is introduced to enforce the forward invariance of a designated
safe set.

Definition 1 (Control Barrier Function [3]): Let h: R" ¥
R be a continuously differentiable function, and define the
associated safe set C R"™ as:

C=fx2R":h(x) O0g;
@C = fx 2 R" : h(x) = 0g; (2)
Int(C) = fx 2 R" : h(x) > 0g:

The function h is said to be a Control Barrier Function if
rh(x) & 0 for all x 2 @C, and there exists an extended class-
K function such that for all X 2 C, there exists a control
input U 2 U satisfying:

Lrh(x) + Lgh(x)u (h(); 3)

where the Lie derivatives are defined as:

Leh(X) := rh(x)"f(x); Lgh(x):= rh(x)Tg(x): @)
To illustrate the concept, consider the scalar single integrator
system X = U; X 2 R; u 2 R. Define the safe set
C=f2R:hx) =1 x? 0g, which corre-
sponds to the interval [ 1;1]. Let h(X) = 1 X2, so that
rh(x) = 2x; f(X) =0; g(x) = 1. The Lie derivatives
become Leh(X) = 0; Lgh(x) = 2x. The CBF condition
requires the existence of a control input U such that 2xu

(1 x?). Choosing (h) = h, the condition simplifies to
u 153(‘2 for x > 0; u 15’(‘2 for X < 0. Thus,
the control input must satisfy the above inequality to ensure
forward invariance of the safe set C.

B. Velocity Obstacle

Let an agent A be represented as a circle of radius ra,
located at position pa 2 R?, with velocity Va 2 R?. Similarly,
let a moving obstacle B be a circle of radius g, located at pg,
with velocity Vg. The Velocity Obstacle for agent A induced
by B, denoted VOpB, is defined as a set of all velocities Va
such that the relative velocity Vo Vg will result in a collision
within a finite time horizon . Formally,

VOag = Va2R? 9t2]0; ]
‘kpa +tva  (pe +tve)k <ra+rgQ:

To avoid collision, agent A must select a velocity va 2
VOA|B.

&)

III. VELOCITY OBSTACLE-BASED CONTROL BARRIER
FUNCTION

In this section, we formalize the Velocity Obstacle concept
as a differentiable Control Barrier Function. Unlike classical
VO formulations which operate on kinematic assumptions, we
embed the collision cone constraint directly into the dynamic
state space.

A. Geometric Definitions

Let the robot and obstacle positions be pr;pPo 2 R™ and
their velocities be V; Vo, 2 R™. We define the relative state
vectors as:

Prel = Po Pri; Vrel =Vr Vo! (6)

Here, prel represents the vector pointing from the robot to the
obstacle. The system is on a collision course if the relative
velocity Ve lies within the VO cone defined by the combined
radius R = ry + r,.
We define the regularized distance d and relative speed
as: q q
d= plﬂprel +"q;

To guarantee Lipschitz continuity and strict numerical con-
ditioning for the optimization solvers, small regularization
constants ( g; v 1078) are introduced into the distance and
velocity norms. In standard Velocity Obstacle formulations,
exact zero relative velocity or zero relative distance induces
singularities (division by zero) in the gradient calculations,
which natively crash gradient-based SQP and NLP solvers.
Because these constants are on the scale of numerical preci-
sion, they successfully bound the Jacobians to finite values
without inducing any measurable geometric distortion to the
physical safety boundary or compromising the theoretical
forward invariance of the set.

V;;|Vrel + "y (7N

The VO cone half-angle satisfies:
R 2
cos = 1 - 8
q ®)

We define the alignment metric , which represents the cosine
of the angle between the relative velocity and the line-of-sight

vector:

— PretVrel .
g )

Geometrically, if cos , the relative velocity vector lies
inside the collision cone.
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B. Barrier Function Design The derivative of the alignment metric is:

To ensure safety, we require the system to maintain a con g- ND NDQ
uration outside the collision cone and maintain a safe distance = —gz—; With N = PreViel; D=d:  (16)
from the obstacle. We propose the following candidate CBF:

ExpandingN- and D
h()= 4(d R)+ a(cos ) : (1) —Panand
- > > .

The parametersq > 0 and , > 0 serve as weighting coef - N-=" Vig Vrel + Prei (& o) an
cients that balance spatial separation against proactive velocity D=d + dee| (ar Qo). (18)

alignment. To ensure safe and non-conservative behavior, we

establish a strict tuning hierarchy where the distance penafly sypstitutinga, = fa(x) + ga(X)u into these expressions,

heavily dominates the velocity alignmentq( a). This e can isolate the control input

rationale ensures that the physical distance boundary, the ab-

solute condition for collision, strictly dominates the constraint ]

space as the robot approaches the safety limit. The velodfy Af ne Formulation

alignment weight, 5, acts as a predictive shaping term; tuning We rearrangda(x; u) into the standard af ne form:

it too high results in overly conservative, premature evasive

maneuvers, while tuning it too low reduces the constraint to B(x;u) = Lh(x)+ Lgh(x)u: (9)

a purely reactive position bubble. The safe set is de ned &fe control-dependent Lie derivatig;h(x) is derived from

C=1fx2R"jh(x) 0Og.Theterm 4(d R) enforces spatial e a, terms in _:

separation, while ;(cos ) penalizes velocity alignment N N N

with the obstacle. Lsh(x)= Prei  (PreiVre )Vrer 0a(X): (20)

Conversely, the proposed VO-CBHp; V) natively embeds ¢ d ds3
the velocity state. Evaluating its rst time derivative yields: remaining terms independent af (including obstacle
a_ @h @h _ _ accelerationa,) are collected intoL¢ h(x). This analytic

R(piv) = @;?j av Leh() + LghCou; (1) derivation allows the VO-CBF to be used directly in quadratic

because the velocity alignment terms ensure %@te o, Programs or nonllngar MPC. . .

the Lie derivativeLg4h(x) is non-zero. The control input Reémark 1 (Relative Degree ReductioSfandard position-

u explicitly appears in the rst derivative, strictly reducingP@s€d CBFS, &.0hp0s(P) = kprer kR, have arelative degree

the constraint to relative degree one. This structural redd-2 for force-controlled systems (= u). Because the rst

tion eliminates the need for high-order barrier backsteppinffne derivative depends solely on velocity, the Lie derivative

directly mitigating the input saturation conicts and solvelalong the gontrol vector eld is ZerOITQJhPOS 0). Thlfs’ .

conservatism typically associated with second-order predictifé€ control input does not appear until the second derivative,

safety constraints. requiring complex High-Order CBF techniques.
In contrast, the proposed VO-CBF (10) explicitly includes
C. System Dynamics and Time Derivatives the velocity termw ¢ . Evaluating its rst time derivative (11),

the velocity alignment components ensure t%@l& 0, the Lie

derivative evaluates thgh(x) 6 0. Consequently, the control
x=f(X)+ gx)u =) a = fa(x)+ da(X)u: (12) input u explicitly appears in the rst time derivative, strictly

Assumption 1:We assume the obstacle's statg = reducing the constraint to relative degree 1. This formulation

[Po; Vo: 8] is available to the robot. Whilg, andv, are stan- haturally simplies the safety constraint design by avoiding
dard in VO frameworks, the proposed dynamic formulatioft€ need for nested barrier functions or backstepping, while
explicitly utilizes the obstacle acceleratiag to anticipate the natively retaining the predictive lookahead of the collision
rotation of the collision cone. In practice, can be estimated COne.

via high-gain observers [18] or Extended Kalman Filters [19];

here, we treah, as a known bounded disturbance to isolatelV. TIME-VARYING VO-CBF FOR CONSTRAINED

We assume the robot dynamics are control-af ne:

the safety guarantees of the controller. OPTIMAL CONTROL
Tq enforC(_a thg CBF conditioh(x; u) h (x), we derive Transitioning a continuous-time safety barrier into a
the time derivative of (10). Note th@gtey = Vi andvye =

discrete-time digital controller inherently introduces structural
complexity. To ensure a clear exposition, this section proceeds
in three logical steps. First, we de ne the standard discrete-
h(x;u) = 4d+ s(cos ): (13) time NMPC mapping. Second, we introduce our decoupled
Hybrid Constraint Architecture, which explicitly splits the
barrier into a strict formulation for the immediate control

ar ao.
The time derivative is given by:

We expand the terms individually:

> ( Y, . . . .
_ Prel rel ) . step and an afne formulation for the prediction horizon.
d= —F—5 (14) > : . o
d Finally, we provide the formal theoretical analysis bridging
d _ R _ R%(preVrel). the continuous-time guarantees with this hybrid discrete-time
(cos )= — = v : (15) . :
dt d3 cos d4 cos implementation.
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A. Discrete-Time NMPC Formulation This constraint is linear in the decision variallgpreserving

Let t> O be the sampling time. We denote the discref@e convex substructure of the optimization problem (bene -
time steps agy = k t and the current measured state a<ial for SQP solvers) while guiding the planner toward safe

X« = X(to). The control input is held constant betweef€dions. o _ _
samples (Zero-Order Hold)(t) = uk for t 2 [tk;tess ). At A critical limitation of the Strict VO-CBF formulation

each time stefx, the NMPC solves an optimization prob|em(CBF—Strict) is its _inherent geomgt.ric non-convexity. The
over a prediction horizoN . Let x and u®) denote the boundary of a Velocity Obstacle collision cone naturally forms
predicted state and control at stepelative to the current @ NON-convex feasible space. Utilizing this strict formulation
time k, wherex©® = x,. The discrete evolution is governedCross the entire NMPC prediction horizon forces the under-
by the state transition map : R® R™ ! R", de ned as the lying Nonlinear Programming (NLP) solver to navigate this

integration of the continuous dynamics (1) over the Samp“r{@)n—convexity at every predictive step. This severely increases
interval: computational latency and introduces a high risk of the solver

converging to unsafe local minima during extreme dynamic
interactions. This mathematical bottleneck is the primary mo-
= ) 4 t fx( )+ gx( Pu® d (21) ;c_ivatio.n.for our proposed Af ne formulation (CBF-Af ne). By

0 inearizing the barrier via Lie derivatives at each predictive
. . , _ i Step the non-convex collision cone is mathematically relaxed
wherex(') is the solution to (1) starting from(0) = X7 ;15 5 sequence of convex half-spaces. This structural trans-
with cqnstant mp_utu('). In |.mple_mentat.|on,F is typically formation allows the NMPC to be solved utilizing Sequen-
approximated using numerical integration schemes such ,as Quadratic Programming (SQP) techniques, fundamentally
Runge-Kutta (RK4). eliminating local minima risks within the prediction horizon

and guaranteeing robust, globally optimal convergence for the

B. Hybrid Constraint Structure QP sub-problems.

Existing discrete-time CBF-MPC approaches typically em-
ploy a homogeneous constraint architecture, applying eith@r Theoretical Analysis

a strict nonlinear difference equation or a linearized ap-\we now provide the formal justi cation for the proposed

proximation uniformly across the entire prediction horizons.nheme. We rst introduce a Lemma relating the continuous
However, homogeneous application forces a critical comprgarivative condition to the discrete evolution.

mise between theoretical rigor and computational tractability. | inma 1 (Sampled-Data Safetfjonsider the system (1)
Applying a strict non-convex discrete formulation across theéqer a zero-order hold contra(t) = uy for t 2 [ti: txet .
full horizon severely compromises real-time solver tractabilithss,me the barrier functioh(x) is globally Lipschitz with
while applying an af ne approximation uniformly introducesggnstant. ., its time derivativeh(x; u) is Lipschitz inx with

linearization errors at the initial time step, weakening th@onstanﬂ_h, and the system dynamics are bounded such that
formal safety guarantee of the immediate control action ey M forallx 2 C:u 2 U. If the control inputu, satis es

ecuted by the robot. To resolve this fundamental trade-off, Wes ondition at the sampling instant:
propose a decoupled, hybrid constraint structure. By enforcing
the exact nonlinear discrete invariance condition strictly at (X ; ux) h (xk) + (24)

the immediate control stegk (= 0) and utilizing the convex with a robustness margin chosen as (L  + LM t,

af ne approxmgﬂons solely for the prediction 'tald € 0), the then the continuous-time differential inequalliyx(t); uk)
proposed architecture guarantees mathematically exact, error-

free safety for the physical control input while preserving thgisr::r(extg)ée(r:lglqs for allt 2 [titisa ], guaranteeing the
high-speed convex tractability of the predictive solver. Y

1) Strict Formulation (Discrete Invariance)for the im- h(xkz1) € 'h(xk): (25)
mediate next stepi (= 0), we enforce a discrete-time decay ) . ) .
condition based on the nite difference of the barrier function. Proof 1. Over the intervalt 2 [t; tr ], the control input

- . . held constant ati,. The deviation of the state from the
This captures the integrated effect of the control input over > S s
P 9 P sampling instant is bounded B (t) xxk M((t tg)

Z

h(x®) (@ Hh(x®) e : (22) M t. Due to the Lipschitz continuity ofi andh, we have:
where > 0 determines the convergence rate to the safe h(xk) h(x(t)) LyM t
set boundary, and sase 0 is a slack variable heavily B(x(t);ux) h(x;u) LM t

penalized in the cost function to ensure recursive feasibility.
This constraint is nonlinear in but crucial for robust safety. Substituting the sampling-instant conditiol(x; ux)
2) Afne Formulation (Tractability): For the remainder of h (Xk)+ into the derivative bound yields:

the horizon { = 1;:::;N 1), we enforce the standard ) )
continuous-time CBF condition approximated at the grid R(X(1); uk) h () + LMt
points: Replacingh(xk) with its lower bound relative th(x(t)) gives:

L h(x®W) + Lgh(xyu® h(x@My ©. (23 h(x(t); uk) hx(t)+ LaM t+ LM t
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To ensureh(x(t); uk) h (x(t)) for all t 2 [tx;tk+1 ], we

require the residual terms to be non-negative: g 1
min kx®) xper k3 + kuVkE
(Lh+L)M t 0 =) (Lh+L)M t Ulsate i g
1
If this condition is met, the comparison lemma implies + kXN X KB+ g 2 + k (D2
h(x(t))  h(xx)e ¢ %), Evaluating att = ty.; yields =1
h(xsa) e "h(x). st xU = FxO;ul); xO = x;
Theorem 1 (Recursive Safety of Hybrid NMPB3t xo 2 C ' (i) )
be the initial safe staten(xg) 0). Assume the Optimization Umin U Umax
Problem (27) is recursively feasible. If the exact penalty slack hx®) (@ Dh(x?D)  gare; (27a)
variable g3 =0 at every time stefk, then the closed-loop AD (O D M. j=1-:N 1
system state(t) remains in the safe s for all t> 0. cbf obf ’ Y ,(27b)
Proof 2: The proof proceeds by induction. Base Case: At R _
k = 0, h(xg) 0 by assumption. Inductive Step: Assume safe O, O:

h(xk) 0. The NMPC applies the optimal contro} = U_(O)- Constraint (27a) (Strict formulation) ensures robust one-step
Since sare = 0, the Strict formulation (22) is strictly satis ed: safety. Constraint (27b) (Afne formulation) enforces the

o On. linearized CBF condition derived in Section Ill, where the
h(x*) (1 t)h(x™): (26)  terms are de ned as:

For a sufciently small t such that t 1, h(x©) AQ = Lgh(x @) By = h(x®)  Leh(x®): (28)

= 1) i i 1
0 ) h(x ) 0. By Lemma 1, the dlgcrete S‘?‘“Sfacuo.nThese de nitions map the standard af ne inequallty h +
of this constraint ensures that the underlying continuous-time . ! . : .

. hu h directly into the linear constraint form required
trajectory does not cross the zero-level set between samp e%’the QP solver [21]
implying h(x(t)) O for all t 2 [tk;tk+1 ]. Thus, the system y '
remains safe.

. . . V. EXPERIMENTAL EVALUATION

Remark 2 (Strict Safety vs. Recursive Feasibilifyjeorem ) ] i

1 establishes that strict forward invariance is guaranteed whed this section, we validate the proposed VO-CBF frame-

safe = 0. However, in physical systems with strict actuatio¥O'K through comparative simulations and real robot ex-
limits (Umin u Umax ), €NSUriNgG the existence of gheriments. The experiments are designed to highlight two

control input that strictly satis es the barrier constraint aistinct sources of safety violations: (1) unmodeled inertia in
all times is challenging and can lead to solver failure. B§inematic structures, and (2) unmodeled obstacle acceleration

introducing sare O as a heavily penalized slack variable if?nd estimation noise.

the cost function, we relax the strict safety requirement into

an exact penalty method [20]. This guarantees the recursive Baselines and Setup

feasibility of the NMPC. During extreme dynamic transients To rigorously evaluate the proposed architecture, we bench-
where avoiding the obstacle violates input constraints, thgark the Hybrid VO-CBF against four alternative formulations
solver will allow sare > O, degrading gracefully to provide across three distinct obstacle interaction scenarios (Linear,

the "least unsafe" control action rather than aborting. Sine, and Aggressive):

Remark 3 (Sampling Time BoundJhe formal validity Baseline (Kinematic VO)A standard Velocity Obstacle
of the discrete-time safety guarantee inherently relies on a planner that projects desired velocity outside the collision
suf ciently small sampling time t. Analytically bounding cone, tracked by a low-level PD controller. It assumes

t to guarantee strict forward invariance requires satisfying jnstantaneous velocity tracking.
an inequality dominated by the Lipschitz constants of both  position DTCBF:A standard Discrete-Time Control Bar-
the closed-loop system dynamics and the barrier gradient. rier Function MPC relying solely on spatial separation
Because computing exact online Lipschitz bounds for highly (hpos(X) = kprertk R 0), serving as a strong dynamic
nonlinear vehicle dynamics and moving obstacles is com- paseline.
putationally prohibitive, deriving a non-conservative analytic ~ CBF-Strict: NMPC enforcing the exact, nonlinear
bound remains an open challenge for real-time discrete CBF djscrete-time barrier condition (22) at every step across
implementations. the horizon.
CBF-Af ne: NMPC enforcing the linearized Lie deriva-
tive condition (23) at every step across the horizon.

D. Optimization Problem Summary CBF-Hyb: The proposed Hybrid architecture, which en-

We de ne the decision variables as the sequence of control forces the Strict formulation at the rst execution step
inputsu = [u©@>::::;uN D>J and the sequence of slack (k = 0) and the Af ne formulation for the prediction tall
variables for the afne constraints == [ W ;:::; (N D, (k> 0).

Combining these elements, the NMPC solves the followirgpr all experiments, we set the obstacle and robot radius to
problem at each stek: 0:3m, the NMPC horizon tdN = 10, the control frequency
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conservatively; for instance, in Scenario B, it commands a
wide, suboptimal detour8(22m path length). This ef ciency
penalty also affects the pure Af ne formulation (CBF-Af ne).
While safe, relying uniformly on linear approximations over
the prediction horizon induces arti cial conservatism during
dynamic lateral maneuvers, commanding an even wider detour
(9:17m path length).

The proposed Hybrid VO-CBF (CBF-Hyb) cleanly resolves
this conservatism. By enforcing the mathematically exact non-
linear discrete decay (Strict formulation) solely at the immedi-
ate execution step, and anticipating the obstacle's acceleration
(ap) via the Lie derivatives, the Hybrid architecture executes a
much tighter, optimal evasior8:03m path length in Scenario
B). Furthermore, as observed in Scenario C, while the Strict
formulation (CBF-Strict) technically allows for a marginally
tighter geometric curve than the Hybrid approach, this minimal

tial difference represents the deliberate, necessary trade-

. By accepting the slight geometric relaxation of af ne
alf-spaces in the predictive tail, the Hybrid NMPC maintains
convexity, solving in sub-milliseconds without sacri cing the
rigorous safety of the immediate control action.

Fig. 1: Comparative evaluation across three dynamic obstat
interactions. Top row: Executed spatial trajectories. Botto
row: Minimum inter-agent distances (red shaded region in
cates hard collision threshold @60m).

to 20Hz, and the weighting parameters were setde= 15:0

and , = 1:5. Following the theoretical rationale establisheg: Computational Performance and Real-Time Feasibility

in Section lll, this strict order-of-magnitude difference guar-

antees that the absolute physical collision boundary dominate§o validate the real-time viability of the proposed frame-
predictive velocity alignment during extreme close-proximitwork, aggregate computational metrics over 50 randomized
evasions. trials are reported in Table |. Reporting both the standard
deviation and maximum solve times is critical to validat-
ing real-time feasibility for thesOms 20Hz) control loop.

To accurately mirror real-world hardware deployment, the
mulations were benchmarked using a Sequential Quadratic
ﬁogramming (SQP) solver backed by the fast gpOASES

B. Dynamic Obstacle Avoidance Scenarios

We evaluate the framework across three dynamic inter
tions (Fig. 1): a Head-On linear approach (Scenario A),

time-varying Sine maneuver (Scenario B), and an Aggressigﬁgine
high-acceleration cut-in (Scenario C). '

1.) Kmem.atlc Failures vs. Dynarr_uc Safgtgkcross_ all sce- | —Viethod Success Sove Tme () Wiax Time
narios, the inherent aws of pure kinematic planning are evi- —ginematic vO 0% N/A N/A
dent. Because the standard Kinematic VO ignores the robot's Positon DTCBF  100% 0:3 0:2ms 1:6 ms
strict actuation limits € Fray ; max ), it assumes in- ~ GBF-Strict 100% 06 0:4ms 3:5ms

. . : CBF-Af ne 100% 0:7 0:4ms 4:1 ms
stantaneous velocity tracking. In Scenario A, the robot cannot cgr.qyp 100% 10 1:3ms 9:1 ms

generate the required centripetal force to track the planned T ] .
evasive turn, physically drifting into the collision zone. In TABLE I: Quantitative Performance (50 randomized trials)
Scenarios B and C, where the obstacle executes sudden lateral
maneuvers, the kinematic planner reacts too late; the resulting\s demonstrated by the empirical data, the SQP archi-
sudden steering intervention violates physical bounds, caustagture natively exploits the af ne approximations, allowing
severe understeer and collisions (minimum distances droppthe dynamic CBF formulations to execute with average solve
well below the0:60m threshold). times  1:0ms. While the Hybrid method (CBF-Hyb) ex-
Conversely, all CBF-based methods successfully maintdiibits a microscopic overhead of a few hundred microseconds
strict safety i(x) 0) across all scenarios. By natively em<compared to the homogeneous formulations, this variance is
bedding the dynamic actuation limits directly into the NMPGtrictly an artifact of constructing a heterogeneous constraint
optimization, these formulations gracefully throttle velocitgraph (mixing exact bounds &t = 0 with af ne bounds at
and initiate braking maneuvers well before the geometric> 0) within the high-level CasADi interface. In a compiled
collision boundary is breached. C++ deployment, these structural overheads vanish entirely.
2) Trajectory Ef ciency and ConservatisnWhile all CBF Most importantly, explicit variance quanti cation de nitively
variants ensure safety, their trajectory ef ciencies differ dragproves that the proposed Hybrid approach comfortably bounds
tically. The Position DTCBF relies solely on shrinking geoits worst-case solve timé(1l ms) well within the striccOms
metric distance and is blind to the directional collision coneeal-time limit, simultaneously ensuring trajectory optimality
This limited anticipatory capability forces it to act highlyand a100% dynamic safety rate.
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