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subset in X. The corresponding closure operator, although it is not topological, in the

Keywords: classical sense, does not involve sequences. As countable choice (CC) is avoided, and in
Constructive topological algebra agreement with Richman’s critique on the use of CC in constructive mathematics, the
Bishop topological groups fundamental facts on closed subsets in Bishop topological groups shown here have a clear
Closed sets algorithmic content. We work within Bishop’s informal system of constructive mathematics

BISH, without countable choice, equipped with inductive definitions with rules of countably
many premises.
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1. Introduction

The constructive non-viability of the notion of topological space is corroborated by the fact that many classical topological
phenomena, like the duality between open and closed sets, are compatible only with classical logic. In a straightforward,
constructive translation of general topology we cannot accept that the set-theoretic complement of a closed set is open. E.g.,
{0} is a closed subset R, with respect to the topology on R induced by its standard metric, while its complement cannot be
accepted constructively as open, since that would imply the implication —=(x = 0) = (x > 0 v x < 0), which is (constructively)
equivalent to the constructively unacceptable principle of Markov (see [6], p. 15). The standard use of negative definitions
in classical topology does not permit a smooth translation of classical topology to a constructive framework.

In [3], chapter 3, Bishop defined a neighborhood space N := (X, I,v), where X, I are sets, and (v;)jc; is a family of
subsets of X indexed by I (see [35] for an elaborate study of this notion) that satisfies the following covering (NS1) and
neighborhood-condition (NS,):

(NS1) Uie; v() = X.
(NS2) VxexVijer[x € v(i) NV (j) = Fxer (x € (k) & v(k) S V(i) NV()))].

If C C X, its interior C° is defined by
C°:={xeX|Tjc(xev@)&v() CO)}.
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A subset O of X is called v-open, if O C 0°. An v-closed set C is not defined negatively, as the complement of a v-open
set, but positively by the condition C C C, where

C:={xeX|Viegxevi) = v (C)},

and if A, B are subsets of X, then A () B:< Jyex(y € ANB). If (Y, J, ) is a neighborhood space, a function h: X — Y
is neighborhood-continuous, if h~1(j(j)) is v-open, for every j € J. The concept of neighborhood space was proposed as a
set-theoretic alternative to the notion of topological space, and it is a formal topology in the sense of Sambin [45], [46].

In [3], chapter 3, Bishop also defined the notion of function space F := (X, F), where X is a set and F is a subset of
F(X), the real-valued functions on X, that satisfies the closure conditions of the set Bic(R) of Bishop-continuous functions
from R to R. Bishop called F a topology (of functions) on X. The set Bic(R) of Bishop-continuous functions ¢ : R — R is
the canonical topology of functions on R. Bishop also defined inductively' the least topology of functions on X that includes
a given subset Fy of IF(X). The concept of function space was proposed as a function-theoretic alternative to the notion of
topological space.

In [5], p. 77, Bishop and Bridges expressed in a clear way the superiority of the function-theoretic notion of function
space to the set-theoretic notion of neighborhood space. As Bridges and Palmgren remark in [8], “little appears to have
been done” in the theory of neighborhood spaces. Ishihara has worked in [16] (and with co-authors in [15]) on their
connections to the apartness spaces of Bridges and Vita (see [7]), and in [17] on their connections to Bishop’s function
spaces, while in [18] Ishihara and Palmgren studied the notion of quotient topology in neighborhood spaces.

Bridges talked on Bishop’s function spaces at the first workshop on formal topology in 1997, and revived the subject
of function spaces in [9]. Motivated by Bridges’s paper, Ishihara showed in [17] the existence of an adjunction between
the category of neighborhood spaces and the category of ®-closed pre-function spaces, where a pre-function space is an
extension of the notion of a function space. In [26-34] and in [36,43] we try to develop the theory of function spaces, or
Bishop spaces, as we call them. In [35,36] we also study the applications of the theory of set-indexed families of Bishop
sets in the theory of Bishop spaces. In [13] connections between the theory of Bishop spaces and the theory of C-spaces of
Escardé and Xu, developed in [50] and in [12], are studied.

A group X is a topological group, if there is a topology of open sets 7 on X such that the corresponding operations
+: X x X — X and —: X — X are continuous functions with respect to 7. The theory of topological groups is very well-
developed, with numerous applications (see [2], [14] and [49]). A locally compact metric group is a group G equipped with
a metric that makes its operations continuous. Based on a method of Cartan, and in combination with his integration theory
of locally compact metric spaces, Bishop [3,5] defined the Haar measure on a locally compact metric group. The spectral
theorem is used to establish the Fourier transform, and the Pontryagin duality theorem is shown. Bishop did not extend
his theory of metric spaces to a general theory of some kind of constructive topological spaces. The reasons for that are
explained in [43].

In analogy to the definition of a topological group, we call a group X, equipped with a Bishop topology of functions
F, a Bishop topological group, if the corresponding group operations +: X x X — X and —: X — X are Bishop morphisms
with respect to F. The relation of Bishop topological groups to locally compact metric groups is described in Theorem 4.4.
A Bishop morphism between Bishop spaces is the notion of arrow in the category of Bishop spaces that was introduced by
Bridges in [9] and corresponds to the notion of a continuous function between topological spaces. Most of the concepts of
the theory of Bishop spaces are function-theoretic i.e., they are determined by the Bishop topology of functions F on X.
Each Bishop topology F generates a canonical neighborhood structure, a family of basic open sets in X, described in section 3.
As explained above, a closed set C with respect to this neighborhood structure is defined positively, and independently from
its set-theoretic complement. Generally we cannot show constructively that the set-theoretic complement X \ C of a closed
set C is open. What we show in Theorem 3.4 though, is that a positive notion of complement, determined by F, the uniform
F-complement X \} C of C, is the largest open set included in X \ C.

In the main core of this paper we prove some fundamental properties of the closed sets in Bishop topological groups.
Using functions to describe general properties of sets, and working with the aforementioned positive notion of closed set
gives us the opportunity to find constructive proofs with a clear computational content of results, which in many cases in
the classical theory of topological groups depend on the use of classical negation. Moreover, our concepts and results avoid
the use even of countable choice (CC). Although practitioners of Bishop-style constructive mathematics usually embrace CC,
avoiding it, and using non-sequential or non-choice-based arguments instead, forces us to formulate “better” concepts and
find “better” proofs. This standpoint was advocated first by Richman (see [44] and [48]).

The study of closed sets in the neighborhood structure induced by the Bishop topology of a Bishop topological group
shows the fruitfulness of combining the two constructive proposals of Bishop to the classical topology of open sets. More-
over, the group-structure of a Bishop space X helps us “recover” part of the classical duality between closed and open sets.
As Corollary 5.10 indicates, there are many cases of closed sets in a Bishop topological group for which we can show that
their set-theoretic complement is open! We structure this paper as follows:

1 This definition, together with the notion of the least algebra of Borel sets generated by a family of complemented subsets of X, relative to a given set
of real-valued functions on X, are the main inductive definitions found in [3], both in chapter 3. The notion of the least algebra of Borel sets is avoided
in [4] and [5], and the notion of the least topology is not developed neither in [3] nor in [5].
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e In section 2 we include all definitions and facts on Bishop spaces that are necessary to the rest of the paper.

e In section 3 we give all definitions and results on the canonical neighborhood structure of a Bishop topology that are
used in later sections. Theorem 3.4 is the result of this section that is most relevant to the study of closed sets in Bishop
topological groups.

e In section 4 we introduce Bishop topological groups and we prove some of their basic properties. In Theorem 4.4 we
relate (locally) compact metric groups, as these are defined by Bishop and Bridges in [5], with metric groups equipped
with the corresponding canonical Bishop topology.

e In section 5, a central section of this work, we prove fundamental properties of closed sets in Bishop topological
groups. As we work with functions and positively defined concepts, avoiding the use of choice, our proofs generate
clear algorithms.

e In section 6 we briefly describe some important open questions and future tasks stemming from our work.

We work within Bishop’s informal system of constructive mathematics BISH, without countable choice, equipped with
inductive definitions with rules of countably many premises. A set-theoretic formal framework for this system? is Myhill’s
[23] CST* without countable choice, or CZF, equipped with a weak form of Aczel's regular extension axiom REA (see [1]
and [24]). For a recent reconstruction of the theory of Bishop (non-inductive) sets within BISH see [32,35-37,40,42].

2. Fundamentals of Bishop spaces

We include here all definitions and facts on Bishop spaces that are necessary to the rest of the paper. For all proofs on
Bishop spaces that are not given here, we refer to [27]. For all results on constructive analysis that are used here without
proof, we refer to [5].

We denote by IF (X, Y) the set of all functions from the set X to the set Y. Let also F(X) =F (X, R), where R is the
set of reals. If a,b € R, let a v b :=max{a, b} and a A b := min{a, b}. Hence, |a| =aV (—a). If f,geF(X), let f =px) g:&
Vxex(f(x) =R g(x)). If f,geF(X),e>0and ® CF(X), let

Ug. f.8) & Yaex (180 — )| < &),
U(CD’ f) = V8>03g€¢(u(gv fv 8))

A set X is inhabited, if it has an element. We denote by aX, or by a, or even by a, the constant function on X with value
a e R, and by Const(X) their set. The set of functions of type R — R that are uniformly continuous on every> bounded
subset of R is denoted by Bic(R).

Definition 2.1. A Bishop space is a pair F := (X, F), where X is an inhabited set and F is an extensional subset of IF (X) i.e.,
Viger 0 ([f €F & g=Fx) f1= g€ F), such that the following conditions hold:

(BS1) Const(X) C F.

(BSp) If f,ge F, then f+geF.

(BS3) If f € F and ¢ € Bic(R), then ¢ o f € F.
(BSy) If feF(X) and U(F, f), then f €F.

We call F a Bishop topology on X. If G := (Y, G) is a Bishop space, a Bishop morphism from F to G is a function h: X —» Y
such that Vgeg (g ohe F). We denote by Mor(F, G) the set of Bishop morphisms from F to G. If h € Mor(F, G), we say
that h is open, if V¢cr3gec (f = goh). If h € Mor(F, G) is a bijection and h~! is a Bishop morphism, we call h a Bishop
isomorphism.

A Bishop morphism h € Mor(F, G) is a “continuous” function from F to G. If h € Mor(F, G) is a bijection, then h™! ¢
Mor (G, F) if and only if h is open. Let R be the Bishop space of reals (R, Bic(R)). It is easy to show that if F is a topology
on X, then F = Mor(F,R) i.e., an element of F is a real-valued “continuous” function on X. By condition (BS3) a Bishop
topology F on X is closed under the operations |.|,2, — of absolute value, square and minus, respectively, and hence it is
an algebra and a lattice, using the following equalities:

_U+e?-f-¢

f-g 5 ,

Af=Af.

2 Extensional Martin-Lof Type Theory or the theory of setoids within intensional Martin-Lof Type Theory are possible type-theoretic systems for this
informal system (see [10]), although there choice, in the form of the distributivity of the Pi-type over the Sigma-type, is provable.
3 This definition can be formulated predicatively using quantification only over N.
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fre+If—gl
2 9
. f+g—1f—gl
fAg:=min{f, g}=—max{-f, —g}= — S

If F*(X) denotes the bounded elements of IF(X), then F* := F NIF*(X) is a Bishop topology on X. If x=x y is the given
equality on X, a Bishop topology F on X separates the points of X, or F is separating (see [26]), if

Vx,yeX[erF(f(X) =R f(y)) = X=X .V]~

An apartness relation on X is a positively defined inequality on X. E.g., if a, b € R, then

fveg:=max{f g}=

a#rb:sla—b|>0<a>bva<b.

The canonical apartness relation on X induced by F is defined by

x#p Yo rer(f) #r f(1)).

If f witnesses the apartness f(x) Z#r f(y), we write f: x #r y. In Proposition 5.1.2. of [27] we show that a #g b &
a #gic(R) b.

Definition 2.2. Turning the definitional clauses (BS1) — (BS4) into inductive rules, the least topology \/ Fo generated by a
set Fo € IF(X), called a subbase of \/ Fo, is defined by the following inductive rules:

foeFo  feVFo, geF(X), g=rx)f aeR
foeVFo g€\ Fo " aeVFo
f.ge\/Fo  fe\/Fo ¢ eBic(R)
f+geVFo ¢pofe\Fo
g1€VFo&U@Ef.3), g2e\VFo&U(g, f.5), g3€ VFo&U(gs, f,5). ...

feVFo .

The above rules induce the corresponding induction principle Ind\, g, on \/ Fo.

)

Clearly, Bic(R) = \/{idr}. If h: X — Y and G =/ Go, then one can show inductively i.e., with the use of Ind\,¢,, that
h e Mor(F, G) & Ygeq, (go ohe F). We call this property the \/-lifting of morphisms.

Definition 2.3. If 7 = (X, F) and G = (Y, G) are given Bishop spaces, their product is the structure F x G=(X x Y, F x G),
where

geG

FxG:=\/{fom|feFlU{gom|geGl=:\/ fom, gom,
feF

and 7y, 7wy are the projections of X x Y to X and Y, respectively. If A C X, the relative Bishop topology Fja on A induced
by F is defined by
Fia:=\/{fial f € F}.

It is straightforward to show that F x G satisfies the universal property for products and that F x G is the least topology
which turns the projections 71, 7, into morphisms. If Fg is a subbase of F and Gg is a subbase of G, then we show
inductively that

80€Go

\/FOX\/Go=\/{f007T1|f0€F0}U{g007T2|go€GO}=I \/ foom, gooms.

foeFo

Consequently, Bic(R) x Bic(R) =\/idr o 71, idR o w2 =\/ 71, 72.
Corollary 2.4.Let H=(Z,H), F = (X, F),G = (Y, G) be Bishop spaces.

(i) Ifh1:Z—> X, hy:Z — Y, the map (hi,hy) : Z — X x Y, defined by z +> (h1(z), h2(2)), is in Mor(H, F x G) if and only if
h1 € Mor(#H, F) and hy € Mor(H, G).
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(ii) Ife1: X —> Z,ex: Y — Z, thenthemap ey x ey : X x Y — Z x Z, defined by (x, y) > (e1(x), e2(¥)), isin Mor(F x G, H x H)
if and only if e1 € Mor(F, H) and e; € Mor(G, H).

Proposition 2.5. Suppose that F = (X, F), G = (Y, G), H = (Z, H) are Bishop spaces,x€ X,y €Y, ¢: X xY >R e F x G and
O:XxY—ZeMor(F xG,H).

(iix:Y=>XxY,y— (x,y),andiy: X - X x Y, x> (x, y), are open morphisms.
(i) px: Y > R,y > ¢ (x, y),and ¢y : X - R, x = ¢(x, y), are in G and F, respectively.
(iii) ®x:Y > Z, y > @(x, ), and &y : X — Z, x> P(x, y), are in Mor(G, H) and Mor(F, H), respectively.

Proof. (i) We show it only for i,. By the JF-lifting of morphisms we have that iy, € Mor(F, F x G) & Vicr((f omy) oiy €
F) & Vgeg((gomp) oiy € F). If f €F, then (f o) oiy = f, which shows also that iy is open, while if g € G, then
(gomy)oiy=g(y) eF.

(ii) We show it only for ¢,. We have that ¢, = ¢ o iy, since (¢ oiy)(x) = ¢ (x,y) = ¢y(x), for each x € X. Since iy €
Mor(F, F x G) and ¢ € F x G, we get that ¢ oiy =¢y € F.

(iii) The proof is similar to the proof of (ii). Actually, (ii) is a special case of (iii). O

3. The neighborhood structure of a Bishop topology

Here we give all definitions and basic results on the canonical neighborhood structure of a Bishop topology that are used
subsequently. In this section F is a Bishop topology on X and G is a Bishop topology on Y. The neighborhood structure N(F) on X
induced by F is the family

N(F):=U(f)ferF
of subsets of X, where, for every f € F,

U(f)={xeX|fx >0}

The covering condition (NS1) follows trivially from the equality U @) = X, where a > 0, and the neighborhood-condition
(NS,) follows from the equality U(f) NU(g) = U(f A g), for every f, g e F. Consequently, if C C X, from the general
definition of the interior and the closure of a subset of a neighborhood space we get

C°={xeX|3er(f(®) >0&UHHSO)},
C={xeX|Vier(f(® >0=3ccc(f(0) > 0))}.

Impredicatively speaking, C° is the largest open set included in C and C is the smallest closed set* including C. The closure
operator A +— A is not topological, in the classical sense, as we cannot show constructively that the union of two closed
sets is closed, in general (see also [5], p. 79). If A,B C X and F is a Bishop topology on X, then it is straightforward to

show that (i) A C A, (ii) A C A, (iii) AC B= A C B, and (iv) AUB C AU B. The inverse inclusion AU B C AU B cannot be
shown constructively. Next we define the various notions of complements of subsets that we are going to use.

Definition 3.1. If C C X, besides the classical, negatively defined complement
X\C:={&xeX|—-(xel)},
we define positively the F-complement X \r C and the uniform F-complement X \% C of C by

X\FC:={xe€X|VYeecx#r O}
X\FC:={xeX|Ijer(f:x¢r O)},
fix¢pC:& f(x)>0&Veec(f(c)=0).

Clearly, X \} CS X\r C<S X \C.

Proposition 3.2. Let 7 = (X, F), G = (Y, G) be Bishop spaces, f € Fandh : X — Y.

4 The notions of an open and closed set and of the interior and closure of a set mentioned here are always with respect to a given neighborhood structure
on X induced by an extensional subset F of IF (X).
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(i) O isopenin N(Bic(R)) if and only if it is open in the standard neighborhood structure of R.
(ii) Ifh € Mor(F, G), then h is neighborhood-continuous.
(iii) Ifh € Mor(F, G), the inverse image of a closed set in Y under h is closed in X.
(iv) Ifh € Mor(F, G) and A C X, then h(A) C h(A).
(v) The classical complement X \ U(f) of U(f) in X is closed in X, for every f € F.
(vi) Thezeroset ¢(f):={x e X | f(x) =r 0} of f is closed.

Proof. For (i)-(v) see [27], Proposition 4.4, and for (vi) see [27], Proposition 5.3.2. O
Proposition 3.3.

(i) If O is open, its F-complement X \r O is closed.
(ii) The cozero set cot (f) := X \r ¢(f) :={xe€ X | f(x) #Rr 0} of f € F is open.

Proof. (i) Let x € X \r O ie., Vser(f(®) > 0= Iyex\z0(f(W) > 0). We show that x€ X \r 0. Let z€ 0. As O C 0°, there
is g € F such that g(z) > 0 and U(g) < O. Suppose that g(x) > 0. Then g(w) > 0, for some w € X \r O. Hence w € O too,
which is a contradiction. By the constructively valid implication —(a > 0) = a < 0, for every a € R (see [5], Lemma 2.18),
we get g(x) <0, hence g(x) <0 < g(z). Consequently g: x #F z.

(ii) Let x € X with f(x) #r 0. Without loss of generality let f(x) > 0 (if f(x) <0, we work with |f| € F). If y € X such that
f(y) >0, then y € co¢(f), hence x e U(f) and U(f) Cco¢(f). O

One needs Markov’s principle to show that the classical complement X \ ¢(f) is open. Notice that constructively, one
cannot show, in general, that X \r C is open, if C is closed. This can be shown though, for its uniform F-complement. Next
we show that the uniform F-complement of an arbitrary subset is the largest open set included in its classical complement.

Theorem 3.4.If C C X, then X \% C = (X \ O)°.

Proof. We have already seen that X \}} C € X \ C. First we show that X \% C is open. If x € X \} C, let f € F such that
f:x¢fC.Clearly, xe U(f), and if y € X such that y e U(f), then f: y ¢r Cie, y € X\¥ C. As X \% C is an open subset of
X\ C, it is trivially a subset of its interior. Next we show the inverse inclusion i.e., if x € (X \ C)°, then x € X \} C. By the
definition of (X \ C)° there is g € F such that g(x) > 0 and U(g) € (X \ C)° € X\ C. We claim that g(c) <0, for every c € C.
Suppose that g(c) > 0, for some c € C, i.e., c € U(g), hence c € X \ C, which is a contradiction. Hence, by Lemma 2.18 in [5]

again, we get g(c) <0. Since g vﬁx € F, we conclude that g vﬁxz x¢rC, hence xe X\}C. O

Classically, one can show that the topology induced by F is always completely regular i.e., if C is closed in X and x ¢ C,
then there is f € F such that f: x ¢f C (see [27], Proposition 3.7.6). Constructively, by Theorem 3.4 we only show that
X \¥ C is the interior of X\ C. Although we cannot show in general that X \ C is open, and hence X \ C = X \} C, we
can replace this computationally dubious result by the computationally meaningful fact that X \} C is the largest open set
included in X \ C. The next result is used in the proofs of Theorem 5.6(ii) and Theorem 5.7(ii).

Proposition 3.5. The following are equivalent:

(i) F separates the points of X.
(ii) The inequality #F generated by F is tight i.e, = (x #f y) = x=x y, foreveryx,y € X.
(iii) The singleton {x} is closed, for every x € X.

Proof. (i)=>(ii) Let —=(x #F ¥) :¢ —=[Irer (f (%) #r f())], for some x, y € X. We show that V cr(f(x) =g f(¥)). Let f € F
such that f(x) #r f(y). By our hypothesis on x, y this is impossible, hence by the tightness of #r we conclude that
f() =R f(y). As F separates the points of X, we conclude that x =x y.

(ii)=>(iii) Let x, y € X such that Vfcp(f(y) > 0= f(x) > 0). We show that y =x x, by showing that —(y #r x). Suppose
that y #r x and, without loss of generality, let g € F such that g(y) =1 and g(x) = 0. By the hypothesis on x we have that
g(y) > 0= g(x) > 0, and we get the required contradiction.

(iii)=(i) Let x, y € X such that erF(f(x) =R f(y)). We show that y € {x}, hence y =x. Let f € F such that f(y) > 0. Since
fx)=f(y), we get f(x)>0. O

Proposition 3.6. If C is closed in X and D is closed in Y, then C x D is closedin X x Y.
Proof. Let (x,y) € C x D ie, if h(x,y) > 0, there is (u, w) € C x D such that h(u, w) > 0, for every h € F x G. We show that
x € C and (similarly) y € D, hence (x, y) € C x D. Let f € F such that f(x) > 0. Since (f om)(x,y)>0and fom € F xG,

there is (u, w) € C x D such that (f om1)(u, w) := f(u) > 0, hence there is u € C with f(u) >0. O
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4. Bishop topological groups

Definition 4.1. We call the structure F := (X, +,0, —; F) a Bishop topological group, if X := (X, +,0,—) is a group and
F := (X, F) is a Bishop space such that +: X x X - X € Mor(F x F, F) and — : X — X € Mor(F, F). If necessary, we may
use the notations +*, 0%, and —* for the operations of the group X.If f € F, let f; := fo+ and f_ := f o —. We use bold
letters to denote Bishop topological groups.

By the definition of a Bishop morphism we get

+ eMor(F x F,F):& Viep(fo+€F x F):6 Viep(f+ € F x F),

— e€Mor(F, F) & Viep(fo— € F) :& Viep(f- € F).

Example 4.2 (The additive group of reals). The structure R := (R, +, 0, —; Bic(R)) is a Bishop topological group. By the \/-
lifting of morphisms + € Mor(R x R, R) < idr o + € Bic(R) x Bic(R). If x, y € R, then (idR o +)(x, y):=x+y:= (11 +
m2)(X, y) i.e, idRr o + = m1 + m € Bic(R) x Bic(R) =\/ 71, 7> Similarly, — € Mor(R, R) < idg o — € Bic(R). If x € R, then
(idR o —)(X) = —x:=—idg (x) i.e., idg o — = —id € Bic(R).

Example 4.3 (The trivial Bishop topological group). If X := (X, 4,0, —) is a group, then Const(X) is the trivial Bishop topology
on X that also makes the group X topological; if a € R, then Kor=a%¢ Const(X x X) = Const(X) x Const(X), and
*o—=a¥e Const(X).

Next we describe the relation between the metric groups defined in [5] and Bishop topological groups. Within BISH, a
metric space (X, d) is compact, if it is complete and totally bounded. A compact metric group is a compact metric space and
a group such that its group operations are continuous. This means that + is uniformly continuous on the compact metric
space (with the product metric) X x X, in symbols + € C,(X x X, X) and — is uniformly continuous on X, in symbols
— € Cy(X, X). The canonical Bishop topology on a compact metric space X is the set C,(X) of uniformly continuous, real-
valued functions on X.

Within BISH, an inhabited metric space (X, d) is locally compact, if every bounded subset of X is included in a compact
subset of X.> A locally compact metric group is a locally compact metric space and a group such that its group operations
are continuous. This means that + is uniformly continuous on every bounded subset of (the locally compact metric space
with the product metric) X x X, in symbols + € Bic(X x X, X), and — is uniformly continuous on every bounded subset
of X, in symbols — € Bic(X, X). The canonical Bishop topology on a locally compact metric space X is the set Bic(X) of
Bishop-continuous,® real-valued functions on X, where f: X — R e Bic(X) if and only if f is uniformly continuous on
every bounded subset of X (this notion is shown to be predicative in [27], p. 24).

Theorem 4.4. Let X be a metric space and a group.

(i) If X is a compact metric group, then it is a Bishop topological group (in the canonical sense).
(ii) If X is compact and a Bishop topological group (in the canonical sense), then it is a compact metric group.
(iii) If X is locally compact and a Bishop topological group (in the canonical sense), then it is a locally compact metric group.

Proof. (i) As — is uniformly continuous, it is trivially a Bishop morphism from (X, C, (X)) to itself. Actually, by Corollary
3.8.9 in [27] the Bishop morphisms from (X, C, (X)) to itself is the set C, (X, X) of uniformly continuous functions from X to
itself. If + is uniformly continuous, then for every f € C,(X) we have that f; € C,(X x X), and by Theorem 4.2.8 in [27] we
have that the Bishop topology C, (X x X) is the product of the Bishop topologies C,(X) x Cy(X), hence fi € C,(X) x Cy(X)
and + € Mor((X x X, Cy(X x X)), (X, Cy (X)). Consequently, a compact metric group is a Bishop topological group.

(i) If — is a Bishop morphism from (X, C,(X)) to itself, then by Bridges’s backward uniform continuity theorem (see [9]
and [27]-Corollary 3.8.9) we conclude that — is uniformly continuous. If 4+ is a Bishop morphism from (X x X, Cy(X) x
Cu(X)) to (X, Cy(X)), and since X x X is compact and C,(X) x Cy(X) = C,(X x X), then by Corollary 3.8.9 in [27] again we
conclude that + is uniformly continuous.

(iii) If — is a Bishop morphism from (X, Bic(X)) to itself, then by Bridges’s Proposition 16 in [9] the map — is in Bic(X, X).
According to that Proposition, — is what is called there B-continuous i.e., uniformly continuous near each compact image,

5 The impredicativity in Bishop’s notion of a locally compact metric space is avoided by Mandelkern in [21], and by us in [41], where a modulus of local
compactness is added to the definition of a locally compact metric space.
6 The notion of a compact metric group is a special case of a locally compact metric group. Clearly, if X is compact, then Bic(X) = Cy (X).
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but as X is locally compact, a function on X is B-continuous if and only if it is uniformly continuous on every bounded
subset of X (see [9] p. 107). Suppose next that + is a Bishop morphism from (X x X, Bic(X) x Bic(X)) to (X, Bic(X)). Clearly,
X x X is locally compact and by a straightforward inductive proof we get that the product Bishop topology Bic(X) x Bic(X)
is included in Bic(X x X). Hence, + is a Bishop morphism from (X x X, Bic(X x X)) to (X, Bic(X)). By Bridges’s Proposition
16 in [9] again we conclude that + is B-continuous, or, equivalently, + € Bic(X x X, X). O

Suppose that X is a locally compact metric group i.e.,, — € Bic(X, X) and + € Bic(X x X, X). The fact that — is a morphism
from (X, Bic(X)) to itself follows immediately from the fact that the composition of uniformly continuous functions on
bounded subsets is uniformly continuous on bounded subsets. We still do not have a proof of + € Bic(X) x Bic(X).”

Unless otherwise stated, from now on, X, Y are Bishop topological groups with F and G Bishop topologies on X and Y, re-
spectively. Next we show that the Bishop topology of a Bishop topological group contains the left (right) translates of its
elements.

Proposition 4.5.

(i) The function — : X — X is a Bishop isomorphism.
(ii) For every xg € X the functions +}¢0, +,2<0 : X — X, defined by +}¢0 (x) :=xo +x and +§0 (X) := x + xo, for every x € X, are Bishop
morphisms.
(iii) If f € F, the functions fy . f2 : X — R, defined by f{ (x) := f(xo +x) and f2 (x) := f (x + Xo), for every x € X, are in F.
(iv) Forevery xg € X the functions +}(0, +§0 : X — X are Bishop isomorphisms.

Proof. (i) By definition — € Mor(F, F), and it is a bijection. It is also open i.e., erpagep(f = g,). If f € F, we have that
f=(-)- and f_ €F.

(ii) and (iii) If i} : X — X x X is defined by i} (x) := (xo.x), for every x € X, then i} € Mor(F, F x F) and +} :=+oi} €
Mor(F, F) as a composition of Bishop morphisms

1
fxo

i + f

X—2 o XxX— s x—1 SR,

1
+x0

fay = f o+44, € F, as a composition of Bishop morphisms. For +2 we work similarly.
(iv) Clearly, +J, is a bijection. It is also open, since for every f € F we have that f = f!, o+}, and by (iv) f!, € F. For
f2 we work similarly. O

Proposition 4.6. The functionk: X x X — X x X, defined by k(x, y) := (x, —y), for every (x, y) € X x X, is a Bishop isomorphism.

Proof. Clearly, k is a bijection. By the \/-lifting of morphisms we have that k € Mor(F x F, F x F) if and only if (form)ok €
FxFand (fom)okeF x F, for every feF.Let feF and (x,y) € X x X. Since [(f omy) okl(x,y) :=(f o) (X, —Y) :=
fx)=:(fom)x,y), we get (fom)ok= fom €F x F. Moreover, [(f om)ok](x,y) :=(fom),—Yy):= f(—y):=
fo():=(fom)(X, ), ie, (fom)ok=(f—om)eF x F, since f_ e€F.Since (kok)(x,y) :=(x,—(—y)) = (x,¥), k is its
own inverse, hence k is a Bishop isomorphism. O

Proposition 4.7. Let X := (X, +, 0, —) be a group, F a Bishop topology on X, and sub : X x X — X be defined by sub(x, y) :=x—1,
forevery (x,y) € X x X. Then F := (X, +, 0, —; F) is a Bishop topological group if and only if sub € Mor(F x F, F).

Proof. If F is a Bishop topological group, then sub =+ ok € Mor(F x F, F)

7 We also do not know yet if Bic(X x X) is included in the product Bishop topology Bic(X) x Bic(X). Hence, we still do not know if a locally compact
metric group is a Bishop topological group. See also the discussion in section 6.
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sub X

For the converse, notice that + = sub o k € Mor(F x F, F). By Proposition 2.5(iii) we get — = subg € Mor(F, F), where
subg(y) := sub(0, y) := —y, for every y e X. O

Proposition 4.8. Let F := (X, +,0, —; F) be a Bishop topological group and G := (Y, G) a Bishop space. Let the functions +~ :
Mor (G, F) x Mor(G, F) — Mor(G, F), — : Mor(G, F) — Mor(G, F), and 0~ : Y — X be defined by (h1 +~ h2)(y) :=h1(y) +
ha(y), (= h)(y) :== —h(y),and 0~ (y) :=0, forevery y € Y, and hy, hy, h € Mor(G, F). Then (Mor(g, F),+7,07, —*) is a group.

One can show that the group (Mor(g,]-'),+ﬁ,0ﬁ,f”), equipped with the pointwise exponential Bishop topology
(see [27], section 4.3), is a Bishop topological group. Notice that if Y has also a group structure compatible with G, and if
hi,hy, h are group homomorphisms, then hy +~ hy, —h and 0~ are also group homomorphisms.

Definition 4.9. Let F := (X, +%,0%, —*; F) and G := (Y, +", 0", —"; G) be Bishop topological groups. If h € Mor(G, F) such
that h is a (X, )))-group homomorphism, then we call h a Bishop group homomorphism, or simpler, a Bishop homomorphism.
We denote by Mor(F, G) the set of all Bishop homomorphisms from F to G. Let BTopGrp be the category of Bishop
topological groups with Bishop group homomorphisms.

Proposition 4.10. Let a € R and let hy : R — R be defined by hy(x) = ax, for every x € R. Then h, € Mor(R, R). Conversely, if
h eMor(R,R), there is a € R such that h = h,.

Proof. Clearly, h, is a group homomorphism, and by the \/-lifting of morphisms we have that h, € Mor(R, R) < idg ohq :=
hq € Bic(R), which holds, since hy :=a - idg € Bic(R). If h € Mor(R,R), let its restriction h;g, where hp : Q — Q is a
group homomorphism defined by (h‘@)(q) =h(1)q, for every q € Q. Since Q is metrically dense in R, by Proposition 4.7.15
in [27] we have that

Bic(Q) =Bic(R),g = {¢)@ | ¢ € Bic(R)}.
Hence, h|g € Bic(Q). By Lemma 4.7.13. in [27] there is a unique (up to equality) extension of h|g in Bic(IR). Consequently,
h= hh(1). O

Proposition 4.11. Let F := (X, +*,0%, —*; F) and G := (Y, +Y, 0", —Y; G) be Bishop topological groups. Let the functions +**¥ :
XXY)X(XxY)—=> XxY, =5Y:XxY—> XxY,and 0" € X x Y be defined by (x, y) +*¥ (', y') == (x +* X, y +" ¥'),
=X (X, y) == (—*x,—"y), and 0*¥ := (0%,0"). Then F x G := (X x Y, +**¥, 0¥, —*<Y; F x G) is a Bishop topological group.

Proof. The proof that X x Y is a group is omitted as trivial. By the \/-lifting of morphisms +**¥ € Mor([F x G] x [F x
Gl, F x G) if and only if

vfeFvg€G<(fonx) 0+ €[F x G] x [F x Gl& (gom") o +* € [F x G] x [F x G]>,

where by the \/-lifting of the product Bishop topology

geG
[F x Gl x[F xG]= \/ (for®)om ¥ (gom")or ™, (fom®) o, (gom”) om).
feF

If feF,x,xeX,and y,y' €Y, and if z:= ((x, ), (X, y’)), then
[(F o) 0 +77](2) = ( o7 ") o+ K.y +7 )
= fx+*X)
= (fo+H(xx)
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= o+ (T (x y), T¥ K, )
= o)([romi (@) [ o2 0))
= [(f o+ o)),

where by Corollary 2.4 the function h:[(X x Y) x (X x Y)] = X x X, where h:= [n¥ o 7{*"] x [7* o )] is a Bishop
morphism. Since (f o*) o +*¥ = (fo+*)oh
h +* f

XxY)x(XxY) —— XxX— X —— R,

(fo?TX)O+XXY

we get (f o) o+ e Mor([F x G] x [F x G|, R) as a composition of Bishop morphisms, hence (f o7*)o+* ¢
[F x G] x [F x G]. Working similarly, we get (g ) ny) o +*¥ € [F x G] x [F x G]. By the \/-lifting of morphisms we also
have that

—" e Mor(F x G, F x G) @erFVge(;((fonx) 0o—"YeFxG&(gom)o—""eF x G).
If feF,xeX,and y €Y, then

[(for™)o=""]x, y):=((for™)(—*x,="y) = f(="%) = f- () := (f- o) (x, ¥)
ie, (fom*)o—*Y=f_ om¥eF xG,since f_ €F. Similarly, (gon¥)o—*¥eF xG. O

Since the projections 7*, w¥ are homomorphisms, they are Bishop homomorphisms. By the universal property of the
product Bishop topology, F x G is the product in BTopGrp.

5. Closed subsets

In this section we prove fundamental properties of the closed subsets in Bishop topological groups. For all algebraic
notions within BISH used here without further explanation, we refer to [22].

Proposition 5.1. Let C C X and xp € X.

(i) If Cis closed, then —C :={—c | c € C} is closed.

(i) =C = —C.
(iii) If C is closed, then xo 4+ C := {xo + c | c € C} is closed.
(iv) x9 + C =xg + C.

Proof. (i) We suppose that u € —C i.e., if f(u) > 0, there is w € —C such that f(w) > 0, for every f € F, and we show that
ue—Cie., —uecC.Since C is closed, it suffices to show that —u € C. Let f € F such that f(—u) > 0:< f_(u) > 0. By our
hypothesis on u there is w € —C such that f_(w):= f(—w) >0, and —w € C.

(ii) Since C € C, we get —C < —C. Since C is closed, by (i) —C is also closed, hence —C € —C = —C. To show the converse
inclusion —C € —C, let x € —C, hence —x € C i.e., if f(—x) > 0, there is u € C with f(c) > 0, for every f € F. We show that
xe —C. Let f € F with f(x) = f(—(—x)) = f_(—x) > 0. By our hypothesis on —x, there exists u € C with f_(u) := f(—u) >
0,and —u e —C.

(iii) We suppose that y € xo + C i.e., if f(y) > 0, there is c € C such that f(xo + ¢) > 0, for every f € F, and we show
that y € xo + C by showing that —xg + y € C. As C is closed, it suffices to show that —xq + y € C. Let f € F such that
f(=x0+y)>0%& leO (y) > 0. We show that there is c € C such that f(c) > 0. By our hypothesis on y, there is ¢ € C such

that f1, (xo+¢) := f(=X0+x0+¢) = f(c) > 0.

(iv) Since C is closed, and xo 4+ C € xo + C, we get xo + C € Xo + C =xq + C. For the converse inclusion, let x :=xo + y with
y € C. We show that x € xg + C. Let f € F such that f(xo+y) >0< fxlo(y) > 0. We find c € C such that f(xg+c) > 0. By
our hypothesis on y though, there is c € C such that fxlo ©):=fxo+c¢c)>0. O

Corollary 5.2. F separates the points of X if and only if {0X} is closed.
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Proof. If {0%} is closed, then by Proposition 5.1(iii) {x} = x + {0%} is closed, for every x € X. By Proposition 3.5 F is separat-
ing. The converse follows immediately from Proposition 3.5. O

Proposition 5.3. If C is an open subgroup of X, then C is closed in X

Proof. Let x € C i.e., if f(x) > 0, there is u € C such that f(u) > 0, for every f € F. We show that x € C. Since C is a
subgroup of X, we have that 0 € C. Since C is open in X, there is g € F such that g(0) > 0 and U(g) € C. Since glx e F and

gl (%) :=g(—x+x =g(0) >0,

by our hypothesis on x there is u € C such that glx(u) = g(—x+u) > 0. Since U(g) € C, we get —x+u € C, and since C is
a subgroup of X, we get x€ C. O

Classically, C is closed, since its complement in X is the open set | J{x+ C | x ¢ C}, where x + C is open, for every x € X,
as C is open (this holds also constructively). The double use of negation in the classical proof is replaced here by the clear
algorithm of the previous proof.

Lemma 5.4. The commutator map abel : X x X — X is defined by abel(x,y) :=x+y —x— Yy, forevery (x,y) € X x X.

(i) abel € Mor(F x F, F).
(ii) Ifx,y € X, thenx+ y =x y + x & abel(x, y) = 0%.
(iii) If x € X, the mapping abely : X — X, where abely(y) := abel(x, y), for every y € X, is in Mor(F, F), and for every f € F
the composition f o abely € F

abely f
X—X—R.

foabely

(iv) Ifx, y € X, then abelx(y) = —abely(x).
(v) Ifx, y € X, then abely(y) = 0¥ & abely(x) = 0%

Proof. (i) By the definition of the product Bishop topology 71, w2 € Mor(F x F, F). Since abel :=m1 + 1y — w1 — 72, by
Proposition 4.8 we get abel € Mor(F x F, F).

(ii) and (iii) The proof for (ii) is immediate. By (i) and Proposition 2.5(iii) abely € Mor(F, F), hence by the definition of a
Bishop morphism f o abely € F, for every f € F.

(iv) is trivial and (v) follows immediately from (iv). O

Lemma 5.5. Let x € X and H C X. The maps normaly : X — X and Normaly : X — X are defined, for every x € X, respectively, by
normaly(y) :=x+ y — x and Normaly(y) := y + x — y. Let normall!, Normall : H — X be the restrictions of normaly and
Normaly to H, respectively.

(i) Ifx, y € X, then normaly(y) = Normaly(x).

(ii) normaly € Mor(F, F) and Normaly € Mor(F, F).
(iii) If H is a subgroup of X (H < X), then H is normal if and only if normall : H — H, for every x € X.
(iv) If f € F, the compositions f onormaly € F and f oNormaly € F.

foNormaly
R /f;\ xR
Normaly \/

fonormaly

(v) If H is normal, then normal} € Mor(Fy, Fin).
(vi) IfNormall : H— H, then Normall € Mor(Fiy, Fin).

Proof. (i) The proof is immediate. For the proof of (ii), the function cx : X — X, defined by cx(y) :=x, for every y € X, is in
Mor(F, F); if f € F, then (f ocy)(y) := f(x), for every y € X, hence focy = f(x)X € F. The identity map idx on X is also in
Mor(F, F). Since normaly := ¢y +idx — cx, by Proposition 4.8 normaly € Mor(F, F). Since Normaly := idx + cx —idx, we
get Normaly € Mor(F, F). (iii) and (iv) are immediate to show. For the proof of (v), by the \/-lifting of morphisms we have
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that normal! € Mor(Fy, Fiy) if and only if ¥ fcp(fin onormall € Fiy). If f € F and v € H, then (fiy o normall)(v):=
flHX+Vv =% = fx+v—x) = (f o normalx)(v) = (f o normalx)‘H(v) ie, fiy onormalf = (f o normalx)‘H € Fip,
since f onormaly € F. For the proof of (vi), we proceed as in the proof of (v). O

Theorem 5.6. Let H be a subgroup of X.

(i) The closure H of H is also a subgroup of X. .
(ii) If F is a separating Bishop topology and H is abelian, then H is abelian.
(iii) If H is normal, then H is normal.

Proof. (i) Since H C H and 0 € H, we get 0 € H. Let x, y € H, where by definition

XeH:&Viep(f(X) > 0= 3yeu(f(v) > 0)),
yeH: &V iep(f(y) > 0= yen(f(v) > 0)).

We show that x+y € H i.e., Vier (f(x+y) > 0= Jyen(f(v) > 0)). Let f € F such that f(x+ y) > 0. By Proposition 4.5(iii)
the map ff : X —> R € F, where ff(u) := f(u+y), for every u € X. By hypothesis, ff(x) > 0. Since x € H, there is ze H
such that

f3@)>0:% f(z+y)>0:% f;(y) >0,

where by Proposition 4.5(iii) the map le : X — R e F, where le (u) := f(z+u), for every u € X, is in F. Since y € H, there
is w € H such that le (w) >0:4 f(z+ w) > 0. Since H < X, we get z+ w € H, which is what we need to show. Next we
show that —x € H i.e,,

Vier(f(=%) > 0= 3ven(f(v) > 0)).

Let f € F such that f(—x) >0 < f_(x) > 0. Since f_ € F and x € H, there is v € H such that f_(v) := f(—v) > 0. Since
H < X, we get —v € H, and our proof is completed.

(ii) Casel: xe H and y € H.

We show that abely(y) =x 0*. Suppose that abely(y) #r 0. By Proposition 5.2.5 in [27] there is f € F such that
f(abelx(y)) =1 and f(0*) =0. Since y € H, and (f o abel,)(y)=1>0, and f oabely € F, there is v € H such that
(f oabely)(v) > 0. Since x,v € H and H is abelian, we have that abely(v) = 0%, hence 0 = f(OX) = (f oabely)(v) >0,
which is a contradiction. Since F is separating, the canonical apartness relation #p of F is tight (see Proposition 5.1.3
in [27]), hence the negation of abely(y) #r 0% implies that abely(y) =x 0%.

Casell: xc H and y € H.

We show that abely(y) =x 0X. Suppose that abely(y) #r 0%. As in the previous case, there is f € F such that
f(abelx(y)) =1 and f(0*) =0. Since y € H, and (f o abel,)(y) =1 > 0, there is v € H such that (f o abely)(v) > 0. By
case | we have that abel, (x) = 0%, hence by Lemma 5.4(v) we get abely(v) = 0%, hence 0 = f(OX) = (f oabely)(v) >0,
which is a contradiction. Since F is separating, we conclude, similarly to Case I, that abel,(y) =4 0.

(iii) By Lemma 5.5(ii) it suffices to show that normal? : H — H, for every x € X. If xe X and y € H, we show that

normalxﬁ(y) =x+y—xeH.

Let f € F such that f(x+ y —x) > 0 < (f o normaly)(y) > 0. We need to find u € H such that f(u) > 0. Since y € H and
f onormaly € F, there is v € H with

(f onormaly)(v) = f(x+v —x) > 0.

Since H is normal and v € H, we have that u:=x+v —xe€ H and f(u) >0. O

As we explain in [27], section 5.8, by the Stone-Cech theorem for Bishop spaces we have that the separating hypothesis
on F in case (ii) of the previous proposition is not a serious restriction on F. Note that classically, if X is a Hausdorff
topological group, then if H is an abelian subgroup, then H is abelian. The F-version of a Hausdorff topology is the following
(see [27], section 5.2): if # is a given apartness relation on X, then F is #-Hausdorff, if 2C#F. In Proposition 5.2.3. of [27]
we show that this is equivalent to the positive #-version of the induced neighborhood structure being Hausdorff. If F is
#-Hausdorff, n-many pairwise #-apart points of X are mapped to given n-many real numbers. This is essential to the proof
we gave above. In this way, we capture computationally the requirement of a Hausdorff topology for H being abelian. By
Proposition 3.5 the tightness of #f in a Bishop topological group implies that the induced topology is Hausdorff in the
classical sense (classically, a topological group is Hausdorff if and only if there is a closed singleton). In the next proposition
the subset H of X is extensional i.e., H is closed under the given equality =x on X, so that the defining property of
Normalyx(H) in the use of the separation scheme is also extensional.
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Theorem 5.7. Let H be an extensional subset of X. The normalizer Normaly (H) of H in X and the center Centerx(H) of H in X,
are defined by

Normalx(H):={x€ X |Normal} : H— H},
Centery(H) :={x € X | Vyen (abely(v) =0%)}.

(i) If H is closed, then Normalx (H) is closed.
(ii) If F is separating, then Centerx (H) is closed.

Proof. (i) We suppose that H is closed i.e.,

(Hyp1) Vxex <erF(f(X) >0= EIveH(f(V) > O)) =Xe H),

and we show that Normaly(H) is closed i.e.,

(Goaly) Vxex <erF(f(X) > 0= Jyenormalx(H) (f(1) > 0)) = x € Normalx(H))~
For that we fix some x € X, we suppose that

(Hypy) erF(f(X) > 0= Jyenormaly(H) (f(u) > 0))1

and we show (Goal;) x € Normalx(H) :< Normall : H — H. If we fix v € H, we show next (Goals) Normalf(v):=
v +x—v € H. By Hyp, it suffices to show the following

(Goaly) Ve (f(NormalXH(v)) >0= ElweH(f(W) > 0))
If we fix f € F, we suppose that

(Hyp3) f(Normal;'(v)) >0& f(normalv(x)) >0« (f onormaly))(x) >0,

and we show (Goals) EIWGH(f(W) > 0). Since f o normal, € F, by (Hyp,) there is u € Normalx(H) with (f o
normaly)(u) :== f(v+u —v) > 0. Since u € Normaly(H), Normalf : H— H, and since v € H, we get Normal](v) :=
v+u—veH.Hence, w:=v+u—veH and f(w)>0.

(ii) We fix x € X, we suppose that

(HypY) Vier(f(0) > 0= Fyccenterym (f (W) > 0)),

and we show (Goalj) x e Centerx(H):& VveH(abelx(v) = OX). Let v € H be fixed. Since F is a separating Bishop
topology, it suffices to prove —-(abelx(v) #F OX). If we suppose that abely(v) #f 0%, there is f € F such that

f(abelx(v))=1>0 & f(0*)=0.
By Lemma 5.4(iv) we get

1= f(abelx(v)) = f(—abely(x)) := f_(abel,(x)) & 0= f(0*)= f_(0%).

Since f € F, we have that f_oabely € F and (f_ o abely)(x) > 0. By (Hypj) there is u € Centerx(H) such that (f_ o
abely)(u) > 0. Since u € Centery(H), we get Vyep(abely (w) = 0%). Moreover, (f_oabel,)(u) = f_(v+u—v—u) > 0.
Since v € H, we get

V+u—v—u:=abel,(u)=—abel,(v) = -0* =0*,

hence f_(0*) > 0, which contradicts the previously established equality f_(0*)=0%. O

Proposition 5.8. If G is a separating Bishop topology on Y and h € Mor(F, G), the kernel Ker(h) := {x e X |h(x) =y 0“} ofhisa
closed set in F.

Proof. Let x € X such that Vycp(f(%) > 0= Jycxerm (f (V) > 0)). Since #¢ is tight, it suffices to show that —(h(x) #¢ 0).
If h(x) #¢ 0, there is g € G such that g(h(x)) =1 > 0 and g(OY) = 0. Since h € Mor(F, G), we have that goh € F. As
(goh)(x) > 0, there is v € Ker(h) such that 0= g(0") = g(h(v)) := (g o h)(v) > 0, which is a contradiction. O

140



I. Petrakis Theoretical Computer Science 935 (2022) 128-143

Theorem 5.9 (Characterization of a closed (open) subgroup). Let C be a subgroup of X.

(i) Cis closed if and only if there is an open set O in X such that O N C is inhabited and closed in O.
(ii) C is open if and only if there is an inhabited, open set O in X such that O C C.

Proof. (i) Let O be open in X such that O N C is inhabited and closed in 0. We show that C is closed. Suppose that x € C
i.e., if f(x) > 0, there is u € C such that f(u) > 0, for every f € F. We prove that x € C. Let co € O N C. Since O is open,
there is g € F such that g(cg) > 0 and U(g) < O. Since ngCO € F and

8l oo, ®) :=g(x —x+co) = g(co) > 0,

by our hypothesis on x there is ¢ € C such that

gl_X_H0 (c):=g(c—x+4cp)>0.
As U(g) € 0, we get ¢ —x+co € 0. The hypothesis “O N C is closed in O” means

Ve0(ze 0NC=2z€0NC).

Let zg:=c —x+co € 0. We show that zo € 0 NC, hence zo € 0 NC. Since C is a subgroup, and since then zg € C, we
get the required membership x € C. To show that zg € 0 NC, let f € F such that f(zy) > 0. We find w € 0 N C such that
f(w) > 0. Since f(zo) > 0 and g(z0) > 0, we have that (f A g)(zo) > 0 (see [7], p. 57). By Theorem 5.6(i) C is a subgroup
of X. Since C € C, and ¢, co, —x € C, we get zg € C. Since f Ag e F and (f A g)(zo) > 0, there is w € C such that

(f Arg)(w)>0.

Since g(w) > (f A g)(w) >0, we get w € O, hence w € O NC. Since f(w) > (f A g)(w) > 0, we conclude that f(w) >0,
as required. For the converse, if C is closed, then X is open, C = C N X is inhabited by 0 and it is trivially closed in X.

(ii) Let O be open in X such that O € C, and let cp € O. Suppose that g € F with g(cp) > 0 and U(g) € O. Since also
U(g) €C, we get cg € C. Let c € C. The function g! ., € F and g!' ., (c) = g(co) > 0. We show that U(g! ., ) < C, hence,
since ¢ is an arbitrary element of C, we conclude that C is open. Let u € X such that glc+60(u) =gu—c+cg)>0.As
U(g)c0o0CcC, wegetu—c+coeC.Asc,coeC and C is a subgroup of X, we have that u € C. For the converse, if C is
open, then C is an inhabited open set included in C. O

The classical proof of Theorem 5.9(i) is based on multiple use of negation (see [19]). In accordance to the standard prac-
tice of constructive mathematics, we replaced the “non-empty intersection” of O and C in Theorem 5.9(i) with the positive
notion O {j C of inhabited intersection, and the “non-emptyness” of O in Theorem 5.9(ii) with the stronger inhabitedness of
0. Although, in general, it is not possible to show that the uniform F-complement X \} C of a closed set in a Bishop space
X is equal to X\ C, there is a number of cases in the theory of Bishop topological groups where this is possible.

Corollary 5.10. If C is closed in X, such that X \ C is a subgroup of X and X \} C is inhabited, then X\ C = X \% C and X \ C is clopen.
Proof. By Theorem 3.4 we have that X \} C is open in X and X \}} C € X\ C. Since X \} C is inhabited and X \ C is a

subgroup of X, by Theorem 5.9(ii) we have that X \ C is open. As X \ C € (X \ ()°, by Theorem 3.4 we get X\ C € X \} C,
hence X\ C=X\} C. As X\ C is an open subgroup, by Proposition 5.3 we have that X \ C is also closed. O

Notice that classically a subgroup C of a topological group is either clopen or has empty interior. By replacing the
hypothesis of “non-empty interior of C” with the positive “existence of an inhabited open subset of C”, constructively we
prove the following corollary.

Corollary 5.11. Let C be a subgroup of X. If O is an inhabited open set in X such that O C C, then C is clopen.
Proof. By Theorem 5.9(ii) C is open, and by Proposition 5.3 C is also closed. O
6. Concluding remarks

We have presented some very first, fundamental results in the theory of Bishop topological groups and their closed sub-
sets. Clearly, we can study similarly other algebraic structures, like rings and modules, equipped with a compatible Bishop
topology. For example, it is important to investigate how a theory of Bishop topological rings relates to the constructive

theory of Zariski spectrum in [20].
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There is a plethora of open questions related to Bishop topological groups. The study of “compact” subsets of Bishop
topological groups is a natural extension of this work, which depends though, on the notion of compactness considered
within the theory of Bishop spaces. The notion of 2-compactness developed in [27,29] seems hard to work with, while the
development in [39] of a constructive version of Comfort-compactness [11] is more promising.

The question whether

Bic(X x Y) C Bic(X) x Bic(Y),

which implies that a locally compact metric group, in the sense of Bishop and Bridges, is a Bishop topological group (in the
canonical sense), is an important open problem of independent interest. Categorically speaking, the assignment

X (X, Cu(X))

is a full and faithful functor from the category of compact metric spaces into 2-compact Bishop spaces (see Theorem 3.10,
Proposition 3.11, and Corollary 3.14 in [28]). The assignment

X (X, Bic(X))

should be compared with Palmgren’s full and faithful embedding (that preserves products) of the category of locally compact
metric spaces into the category of locally compact formal topologies, which is given in [25].

By Theorem 4.4(i)-(ii) compact metric groups, in the sense of Bishop and Bridges, are identified with the compact metric
groups equipped with the canonical Bishop topology of uniformly continuous functions. By Theorem 4.4(iii) locally compact
metric spaces that are also groups and they are equipped with the canonical Bishop topology of uniformly continuous
functions on bounded subsets are locally compact metric groups in the sense of Bishop and Bridges. Consequently, the Haar
measure theory of locally compact (abelian) metric groups, developed in [5], Chapter 8, applies to these Bishop topological
groups.

The generalization of the Haar measure theory of locally compact metric spaces to a Haar measure theory of locally
compact Bishop topological groups, for an appropriate notion of a locally compact Bishop space, is an important research
project. In our work under construction [38] we study the integration theory of Bishop spaces. Using ideas from the “forgot-
ten” Bishop measure theory in [3], we define the notion of an algebra of test functions T included in a Bishop topology of
functions F in an abstract way. An integral on T is extended then to an integral on F. The key idea is to discover function
theoretic translations of the principal steps taken in the integration theory of locally compact metric spaces and incorporate
them into the integration theory of Bishop spaces, such that the integration theory of locally compact metric spaces will be
a special case of the integration theory of Bishop spaces. In the integration theory of locally compact metric spaces the set
of test functions T is the set of continuous functions with compact support and the Bishop topology F = Bic(X). The next
step is to apply this method to the Haar measure theory of locally compact groups. That is, one has to find abstract, function
theoretic characterizations of the key-lemmas in the proof of the existence of the Haar measure of a locally compact metric
group and use these characterizations to define the notion of a locally compact Bishop space.
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