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We analyse the minimization of error in finite samples when estimat-
ing the integrated squared volatility of a Lévy process with Y-stable jumps
from discrete, regularly spaced observations on a fixed time interval, through
the truncation method. This process is a semimartingale with infinite activ-
ity jumps, and when Y > 1 the jumps are even of infinite variation; the
volatility is constant. Our choice for the optimization criterion is to look
for the uniform truncation level minimizing the mean squared error condi-
tional to the jump process, because it allows to find the best estimator for
the jump path we have at hand, rather than on average over all possible
jump paths. We extend results obtained previously in the presence of finite
activity jumps. Our findings are that for any observation step h, an opti-
mal uniform threshold ε̄h exists and the sequence (ε̄h)h is asymptotically

unique. The leading term of (ε̄h)h, when h is small, is
√

(2− Y )σ2h ln 1
h ,

and coincides with the one obtained under the mean squared error crite-
rion. We also characterize the second order term of the expansion of ε̄h :

as h→ 0, ε̄h =
√

(2− Y )σ2h log 1
h + (Y − 1)σ2h log log 1

h , up to higher
order terms.

1. Introduction. Many models for log asset prices are Itô semimartingales (SM) with
jumps

(1) dXt = atdt+ σtdWt + dJt, t ∈ [0, T ],

defined on a filtered probability space (Ω,F ,Ft∈[0,T ], P ), where a,σ are adapted càdlàg
processes, W is a standard Brownian Motion (BM), J a pure jump SM, and X0 is given. The
inclusion of the jump component is empirically relevant (e.g. [10]; [9]; [1]) and extensively
studied in the literature, since it allows to better explain some features of the data, such
as fat tails of the returns and steep implied volatility smiles at short maturities. See, e.g.,
monographs [4] and [8] for more details.

As often happens in practice, it is assumed that we have at our disposal discrete obser-
vations of X on a finite and fixed time horizon [0, T ].1 One important reason to construct a
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1Actually, semimartingales are not compatible with financial asset prices if these are observed in “continu-

ous"; i.e., at an ultra fine scale the microstructure noises are not negligible and prevent the prices to follow a
semimartingale. However, Itô SM are considered accurate models at medium-high, but still intraday, frequencies
such as for minute data.

1



2 FIGUEROA-LÓPEZ AND MANCINI

model is to measure the asset’s price risk or latent uncertainty, i.e., how large are the fluctu-
ations of the logarithmic price around its local or short-term predictable trend atdt. Denot-
ing Xt1 ,Xt2 , ...Xtn the log-return observations taken at equally spaced times ti = ih, with
i= 1, ..., n and h= T/n, and

∆iX :=Xti −Xti−1
, ∆Xt :=Xt −Xt− = Jt − Jt− = ∆Jt,

then, the so-called realized variance or quadratic variation
∑n

i=1(∆iX)2 is an estimate of
the global risk during the time period [0, T ]. For the Itô SM model (1), it is well-known that,
when h→ 0 (equiv., n→∞), we have

n∑
i=1

(∆iX)2 P→
∫ T

0
σ2
sds+

∑
0≤t≤T

(∆Jt)
2.

Disentangling the Integrated Variance measure IV :=
∫ T

0 σ2
sds of the Brownian risk from the

measure
∑

0≤t≤T (∆Jt)
2 of the jump risk is very important from a practical point of view, for

many reasons. First, the Brownian risk can in principle be perfectly hedged, while the jump
risk typically cannot ([8], Ch. 10). Second, the referred disentanglement enables to better
estimate the so-called spot volatility σt, the impact of W on the price model at an instant t
(see e.g. [1]; [21]). Third, separately estimating IV and the jumps allows to construct formal
model selection tests for a given record of empirical data: testing for the presence of jumps
(e.g. [5]), testing for the presence of a Brownian component ([7], [2]), testing for whether
the jumps have finite or infinite variation (citeConMan11), finite or infinite activity ([3]),
whether common jumps in the prices of two financial assets are present ([16]), estimating the
integrated covariance between the prices of two financial assets ([20]), estimating the jump
activity index ([1]). Fourth, if we believe that the model is proper also for a short future,
knowing the magnitude of the jump component allows to better assess jump risk premia for
an asset ([23]), or its Value at risk ([27]), and to compute the amount of not hedged jump risk
in a derivative product ([8]). Fifth, disentangling allows improving volatility forecasts (e.g.
[9]).

However, disentanglement of jumps can be very difficult using only discrete observations.
We concentrate here on the threshold (or truncation) method, which is efficient at least when
the jumps have finite variation, and which is one of the most used techniques in financial
econometrics. The method is based on the fact that the maximal increment of (almost) any
Brownian motion path cannot be, for small h, larger than a known quantity. In fact (as implied

by [17], p. 114, Theorem 9.25), a.s., limh→0

(
maxi=1,...,n |∆iW |/

√
2h log 1

h

)
≤ 1, and from

this it follows that ([18]), under mild regularity conditions on the coefficient processes a and
σ, a.s., for small enough h,

(2) max
i∈{1,...,n}

|
∫ ti
ti−1

asds+
∫ ti
ti−1

σsdWs|√
2h log 1

h

≤ Λ(ω),

where Λ(ω)≈ lim sup
h→0

supi

√
1
h

∫ ti
ti−1

σ2
sds.Note that if σ(ω) is constant in t, the latter limsup

coincides with σ(ω). If we have an idea on an upper bound σ̄(ω) for the whole path σ(ω) on
[0, T ], we can compare ∆iX with εh = σ̄wh where wh is a deterministic function of h larger

than
√

2h log 1
h . So if |∆iX| > εh, then it is likely that ∆iX contains at least one jump.

In fact, it turns out that a.s., for small h, if |∆iX| ≤ εh then basically all the jumps within
]ti−1, ti] have small size |∆Js| ≤ 2εh ([18]), and as h→ 0,

TRV (εh) :=

n∑
i=1

|∆iX|I{|∆iX|≤εh}
P→ IV.
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If we have no idea on the magnitude order of σ, we can recursively use TRV as in ([9]; [12]).
When wh is a power hγ of h, with γ ∈ (0, 1

2), the convergence speed of TRV is known, at
least when the jump process is Y -stable Lévy, for any Y . When Y ≥ 1 the speed depends on
the jump activity index Y . In fact the higher the index, the more frenetic the jumps, both in
frequency and in size, and the more difficult the identification of IV.

The asymptotic consistency holds for a wide variety of threshold levels ε, however, in
finite samples the performance of TRV strongly depends on the specific truncation choice.
The estimation error can be large when ε is either too small or too large.

In the literature, mainly exogenous choices for the threshold or truncation level ε have been
considered; for instance, the power function ε ∼ hγ we mentioned above (e.g. [1], [3];[7]);
Bonferroni type truncation ε2 ∼ σ̂2c · h ln 1

h ([14]); a recursively estimated ε using thresh-
old estimation ([9]); bipower variation based ε2 = 3BPVT · hγ ([16]). Endogenous optimal
choices are more recent and, for fixed (small) h, they consist in firstly looking for a thresh-
old ε minimizing a suitable IV estimation error and secondly characterizing its short-time
(h→ 0) behavior. For instance, in the case of finite activity (FA) jumps and constant σ, [13]
considered the minimization of E[

∑n
i=1(I{|∆iX|>ε,∆iN=0} + I{|∆iX|≤ε,∆iN>0})], the total

number of subintervals that are being ‘jump misclassified’, where Nt =
∑

s≤t I{|∆Js|>0}. As
shown therein, this measure is equivalent to the loss function E[| ˆIV − IV |2 + |N̂T −NT |2],
where N̂ =

∑n
i=1 I{|∆iX|>ε}. They found that an optimal threshold, ε??h , exists, the sequence

{ε??h }h is unique and, as h→ 0,

ε??h =

√
3σ2h log

1

h
+ oP

(√
h log

1

h

)
,

i.e., proportional to the BM’s modulus of continuity. An extension to the case where X is a
SM with deterministic local characteristics was subsequently performed. [12] minimized the
MSE E[| ˆIV − IV |2], when X is Lévy with possibly an infinite activity (IA) Y -stable jump
component. Also in this case a unique optimal threshold ε?h exists, for any Y ∈ (0,2), and, as
h→ 0,2

ε?h =

√
(2− Y )σ2h ln

1

h
+ oP

(√
h ln

1

h

)
.

But MSE is an average error over ‘all’ paths ω, while it is desirable to minimize the error
for the specific path J· of the jump component as if we had access to it. This is an idealized
situation that provides us with a target for the best possible behavior we could hope for a
uniform thresholding scheme. More specifically, a conditional MSE (cMSE)

min
εh>0

E[(TRV (εh)− IV )2|a,σ,J ]

was proposed in [12]. The interpretation is the following: if, ideally, we knew the true a,σ,J,
how large the estimation error of the truncated realized variation TRV (εh) would be?3 Note
that, in principle, cMSE could allow for a lower error, since

E
[

min
εh(ω)

E[(TRV (εh(ω))− IV )2|a,σ,J ]
]
≤min

vh
E[(TRV (vh)− IV )2].

[12] minimized cMSE assuming any drift coefficient, any FA jump process, and constant σ,
and the result is that a unique optimal threshold ε̄h exists, and, as h→ 0,

2[12] also considered a Lévy process with FA jumps. They showed that the optimal threshold is asymptotically

equivalent to the BM’s modulus of continuity; i.e., the first order term is
√

2σ2h log 1
h .

3Note that the considered problem is not to find the best possible estimator for IV assuming that we knew
a,σ,J , but rather what the best possible threshold level εh, uniform in i, we can take for TRV (εh), even if we
allowed it to depend on a, σ, and J .
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ε̄h =

√
2σ2h ln

1

h
+ oa.s.

(√
h ln

1

h

)
.

In particular, the cMSE criterion allows for much less restrictive assumptions on the model
than the MSE criterion. Moreover the cMSE justifies a recursive numerical scheme to tuneup
the threshold, which has superior performance in estimating IV than alternative methods
used in previous literature.

For the general SM model, the quantity cMSE(ε) = E[(TRV (ε) − IV )2|a,σ,J ] is a
complicated but explicit deterministic function of ε, the increments of the drift part of X, and
the increments σ2

i :=
∫ ti
ti−1

σ2
sds and mi := ∆iJ. As a function of ε, cMSE(ε) is continuous

and continuously differentiable. Through the sign of cMSE′(ε) at 0 and +∞, it has been
established that cMSE(ε) has at least a minimizer on (0,+∞). Thus the optimal threshold
ε̄ has to be a zero of the first derivative. Such zero condition can be simplified in an equation
of type F (ε̄) = 0, with a complicated but known F presented below.

The difference with the FA jump case is substantial. First, with FA jumps the analysis for
F (εh) could be done pathwise since, for any ω, the terms in F (εh) containing a jump are at
most NT (ω)<∞, and their sum turns out to be negligible with respect to the other n−NT

terms, which are deterministic. Thus the leading term of εh turns out to depend only on σ
as if no jumps existed at all4. In the presence of IA jumps, instead, each one of the n terms
of F (εh) contains infinitely many jumps, and the leading terms are found through results for
triangular arrays of increments of a process and rather technical tricks (see below for more
about this). The larger terms, then, are leading in probability rather than a.s.. In particular,
the analysis cannot be restricted to a class of threshold sequences which are deterministic
functions of h.

The aim of this paper is the minimization of cMSE in the presence of IA Y -stable Lévy
jumps and constant σ. The solution to the optimality equation exists and is asymptotically
unique, but it is not explicit. There are a few subtleties we need to tackle that has not pre-
viously been considered in the literature. The optimal threshold ε̄ is a deterministic func-
tion of the increments (m1,m2, . . . ,mn) (recall mi = ∆iJ ). This creates a strong depen-
dence of the terms in TRV (εh) :=

∑n
i=1 |∆iX|I{|∆iX|≤ε̄h}, which impede the direct use

of martingale difference CLTs due to, among other, lack of adaptability. Instead we have
to rely on novel bounds given by suitably chosen thresholds that are deterministic func-
tions of h. For that, we first expand the function F by looking for the leading terms when
h→ 0, then we deduce the specific and necessary properties to express ε̄h. The leading

term, as h→ 0, of (ε̄h)h is
√

(2− Y )σ2h ln 1
h , and coincides with the one obtained un-

der the MSE criterion. We also identify the second order term of an expansion of ε̄h as√
(2− Y )σ2h log 1

h + (Y − 1)σ2h log log 1
h . In particular the optimal sequence ε̄h is higher

than the leading term
√

(2− Y )σ2h log 1
h when Y < 1, while it is lower when Y > 1. This

is intuitive, because the identification of the continuous part of the Realized Variance of X is
more difficult when the small jumps are more frenetic, and the choice of a lower threshold is
needed to better exclude the small jumps. It is somehow surprising that, up to the leading or-
der terms, the optimal uniform threshold only depends on σ and Y, even if we knew the whole
jump path (Jt(ω))t∈[0,T ]. Further extensions are possible (such as a stochastic σ driven by an

4This was in fact one of the surprising facts of the results in [12]: even in the absence of jumps, the optimal

ε is not ∞ and behaves asymptotically as
√

2σ2h ln 1
h . This fact resembles Stein’s shrinkage phenomenon for

mean estimation of independent normal observations.
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independent Brownian noise and more general jump processes), but we leave this to future
research.

If we look at the model considered in this paper as a time series, conditional on J , our data
consists of independent normal observations with means mi’s and constant variance σ2h.
Normalizing, we actually have:

(3) ∆iX :=
∆iX√
h

indp.∼ N
(
m̄i, σ

2
)
, i= 1, . . . , n,

where m̄i := mi/
√
h. Therefore, our data follows a mean mixture normal distribution. Our

estimation target is σ2 and we see the means m̄i’s as unknown nuisance parameters. Even
though each individual m̄i vanishes (see the explanation after (9) below), in finite samples,
they are heavy tailed and some of those could take quite large values. In this case, the thresh-
olding procedure serves as a method to eliminate those large values. The estimation of the
variance of normal observations with unknown means has a long history that dates back to
Stein [26], who showed the inadmissibility of the sample variance even if the means were
all constant, but unknown. Our results shed some more light on this problem by providing
the optimal vanishing rate of the threshold (namely, proportional to

√
h ln(1/h)), when the

means m̄i’s have pareto type of tails. Once the estimation of σ has been effectively carried
out, we can proceed to estimate the parameters of the mean distribution using, e.g., EM es-
timation (see, e.g., [22]). There is yet another interesting interpretation or application of our
results if we consider the following slight extension of (3):

(4) ∆iX :=
∆iX√
h

= g

(
i

n

)
+N

(
m̄i, σ

2
)
, i= 1, . . . , n,

where g : [0,1]→ R is a smooth regression or drift function. In that case, the N
(
m̄i, σ

2
)
-

variables serve as regression errors that follow a heavy tailed distribution.
The rest of the paper is organized as follows. In Section 2 we introduce the setting, fur-

ther notation and some useful known results. In Section 3 we provide a first property of the
optimal threshold ε̄ and analyse the asymptotic behaviour of the components of the function
F (εh) as h→ 0. In Section 4 we derive the first order term of ε̄h when h→ 0. In Section 5 we
obtain the second-order term of ε̄h when h→ 0, and we then proceed to analyze the asymp-
totic behavior of F ′(εh). This allows us to deduce the uniqueness of the optimal threshold
sequence. The proof of the main results are in Appendix A, while some further technical
lemmas are detailed in the Supplement to this article posted online [? ].

2. The framework and some preliminary results. Throughout this paper we assume
the following

A1. We assume Xt = σWt + Jt, t≤ T , where W is a Brownian motion, σ > 0 is a con-
stant, J is a pure-jump symmetric Y -stable Lévy process. We have discrete observations of
X ,Xti , with evenly spaced ti = ti,n = i ·h, where h= hn = T

n , and for simplicity we assume
T = 1.

We define
ÎVn(ε) :=

n∑
i=1

(∆iX)2I{|∆iX|≤ε},

where ∆iX =Xti −Xti−1
, for any i= 1 . . . n. We look for ε > 0 minimizing

cMSE(ε) :=E

[∣∣∣ÎV n(ε)− σ2T
∣∣∣2∣∣∣∣J] :
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this quantity only depends on J because the conditional expectation integrates the contribu-
tion of W.

Remark. J is independent on W , and the support of any jump size ∆Jt is R.

Theorem 1 in [12] states what follows.Under A1, for fixed h, we have that

(5) cMSE′(ε) = ε2F (ε), F (ε) :=

n∑
i=1

ai(ε)
(
ε2 + 2

n∑
j=1
j 6=i

bj(ε)− 2IV
)
,

where

(6) ai(ε) :=
e
− (ε−mi)

2

2σ2
i + e

− (ε+mi)
2

2σ2
i

σi
√

2π
, σ2

i = σ2h, mi := ∆iJ,

bi(ε) :=E[(∆iX)2I{(∆iX)2≤ε2}|σ,J ]

(7) =−
(
e
− (ε−mi)

2

2σ2
i (ε+mi) + e

− (ε+mi)
2

2σ2
i (ε−mi)

) σi√
2π

+
m2
i + σ2

i√
2π

∫ mi+ε

σi

mi−ε
σi

e−
x2

2 dx.

As a consequence of the above result, we can write F (ε) =
∑n

i=1 ai(ε)gi(ε), with gi(ε) :=
ε2 + 2

∑
j 6=i bj − 2IV.

For fixed ω,h,n : σ2
i and mi also are fixed, and we have F (0) = −2IV

∑n
i=1 ai < 0,

F (+∞) = 0+ and continuity of F in ε. Thus for any fixed ω,h,n, a solution exists and
solves5

(8) F (ε) =

n∑
i=1

aigi = 0.

We call the solution ε̄hn(ω), sometimes abbreviated as ε̄hn , ε̄h, or ε̄. Note that for each i, gi
is a function of the b′js, j 6= i and the terms ai, bi only depend on constants and m1, . . . ,mn.
Thus the solution ε̄ of (8) can be random, but only in the form of a deterministic function
of m1, . . . ,mn, because the Brownian contribution has been integrated out, i.e. we necessar-
ily have ε̄= fn(m1, . . . ,mn), with f := fn a deterministic function. Moreover, note that the
second expression in (5) and the equation (8) defining the optimal ε̄ are invariant with respect
to permutations of the mi’s and, thus, f can be assumed to be invariant on any permutation
of the order of the increments mi

6. Further, as in our case the mi’s are iid, we have that
(ε̄hn ,m1)

D
= (ε̄hn ,mi), for each i.

Remarks. Since the support of any jump size ∆Jt is R, then a.s., if ε̄ minimizes cMSE it has
to be true that ε̄→ 0, as h→ 0 (see Remark 3 in [12]).

By contrast with a finite activity jump process, for a Y -stable Lévy process all the incre-
ments mi = ∆iJ are non-zero. In fact, for any t the law of Jt has a density, and thus, for any
n ∈ N, the number N 6=0 of non-zero increments satisfies P ({N 6=0 < n}) = P (∪ni=1{mi =

5In order to only guarantee the existence of an optimal threshold, it is proved in [12] that the presence of non
null jumps on the time interval [0, T ] is not necessary.

6This fact holds true whether the distribution of the vector of increments (m1, . . . ,mn) is invariant to permu-
tations or not.
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0})≤ nP ({Jh = 0}) = 0.

Some further notation. For brevity we sometimes omit to precise the dependence on ε in
ai(ε) and bi(ε), as well as the dependence on h in εh and ε̄h.
For a function f(ε) we sometimes use f(+∞) for limε→+∞ f(ε).
For two functions f(x), g(x) of a non-negative variable x which tends to 0 (resp. to +∞):
by f � g, we mean that f = o(g) as x→ 0 (respectively x→+∞),
by f � g we mean that both f =O(g) and g =O(f) as x→ 0 (respectively x→+∞), while
by f ∼ g we mean that f(x)/g(x)→ 1 as x→ 0 (respectively x→+∞).

Given two random variables Z and U, Z d∼ U means that they have the same distribution.

U denotes a standard Gaussian rv with density φ(x) = e−
x2

2√
2π

. We also denote:

Φ̄(x) =

∫ +∞

x
φ(s)ds, Φ(x) = 1− Φ̄(x).

Throughout, hot means higher order terms.
We split Jt = at+Lt +Mt, where, denoting the jump measure of J by µ, ν(dx) = D

|x|1+Y dx

the Lévy measure of J, µ̃(dx,ds) = µ(dx,ds)− ν(dx)ds :

Lt :=

∫ t

0

∫
|x|>1

xµ(dx,ds), Mt :=

∫ t

0

∫
|x|≤1

xµ̃(dx,ds), Ns :=
∑
u≤s

I{|∆Lu|6=0}.

C always denotes a strictly positive constant, and the same name is used even when from
one expression to another the constant changes.

Recall {ε̄h}h is the sequence of optimal thresholds that we are going to approximately iden-
tify. Hereafter, we set

s̄h =
e−

ε̄2
h

2σ2h

√
2π

, sh = φ(
εh

σ
√
h

) =
e−

ε2
h

2σ2h

√
2π

, θ = hε−Y ,

where above εh is a generic sequence of thresholds. We shall also consider several sequences
of deterministic thresholds that will help us to control ε̄.

Remark. Finally, we use often the following relations:
∀x≥ 0, Φ̄(x)≤Kφ(x),
for x→+∞ then Φ̄(x)≤ φ(x)

x ,

E[W 2
1 IW1>x] =

∫ +∞
x s2φ(s)ds= xφ(x) + Φ̄(x)

3. A first property of any optimal threshold ε̄h and asymptotic properties of the
terms within F (ε̄h). Firstly, there is a lower bound for the rate of convergence of the
optimal threshold ε̄h as stated by our next result, which is proved in Appendix A. The result
holds in a more general setting, as shown in the proof therein.

PROPOSITION 1. Suppose Xt = σWt + Jt. Then, a.s., ε̄hn/
√
hn→∞, as n→∞.

Remarks.
i) For each i, we have

(9)
mi

ε̄

P→ 0.
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In fact, mi

ε = mi√
h

√
h
ε , where the second factor vanishes by Proposition 1, and mi√

h
= ∆iJ√

h

P→ 0

because for any pure-jump Lévy process J we have Jh/
√
h

P→ 0.7 In particular we also have
for all i that

∆iM√
h

P→ 0,
∆iL√
h

P→ 0.

ii) Define

(10) εmc = εmc,h :=

√
2σ2h log

1

h
, smc = smc.h :=

e−
ε2mc
2σ2h

√
2π

= h.

and, for a fixed p ∈ (0,2− Y ),

(11) ε̃p = ε̃p,h :=

√
(2− Y − p)σ2h log

1

h
, s̃p = s̃p,h :=

e−
ε̃2p

2σ2h

√
2π

= h1−Y
2
− 1

2 .

Then, for any sequence ε̄h of optimal thresholds, the following two properties hold true:

• A.s., if for any sufficiently small h we have {ε̄h ≥ εmc}, then s̄h ε̄h√h = oa.s.

(
ε̄2−Y
h

)
.

Indeed,

(12)
s̄h

ε̄h√
h

ε̄2−Y =
s̄h

ε̄Yh√
h

ε̄
≤
h ε̄

Y
h√
h

ε̄
= ε̄Y

√
h

ε̄
→ 0 a.s.

• For any fixed p ∈ (0,2 − Y ), a.s., if for any sufficiently small h it holds
√
h ≤ ε̄h ≤√

(2− Y − p)σ2h log 1
h , then ε̄2−Y = oa.s.

(
s̄h

ε̄h√
h

)
. In fact,

(13)
s̄hε̄h√
h
> e−

2−Y−p
2

log 1

h
ε̄√
h
≥ h1−Y

2
− p

2 ,

and, thus,

ε̄2−Y

s̄h
ε̄h√
h

≤C ε̄2−Y

h1−Y
2
− p

2

√
h

ε̄h
≤C

(
h log 1

h

)1−Y
2

h1−Y
2
− p

2

= h
p

2

(
log

1

h

)1−Y
2 → 0.

Next, we introduce some important notation. Starting from (7), we write

(14) gi = ε2 + 2
∑
j 6=i

bj − 2σ2 = ε2 + 2
[
σ2
∑
j 6=i

E[(∆jW )2I{|∆jX|≤ε}|J ]− σ2
]

+4σ
∑
j 6=i

mjE[∆jWI{|∆jX|≤ε}|J ] + 2
∑
j 6=i

m2
jP ({|∆jX| ≤ ε|J}=:ε2 +

3∑
m=1

H̃m.

Note that for all i the single term bi(ε̄) is negligible wrt ε̄2, i.e. we have

bi(ε̄)

ε̄2

P→ 0,

7The result is explicitly stated in [25] for a Y -stable Lévy process J, however more in general, for any infinitely
divisible distribution ρ with Gaussian component σ2 ∈ [0,∞) it holds 1

s2
ln ρ̂(sz)

s→∞−→ −1
2σ

2 ([25], p. 40).

Taking h = 1/s2, it follows that h ln ρ̂(z/
√
h)

h→0−→ −1
2σ

2. Thus for a pure-jump Lévy process J, which has

σ = 0, with ρ= J1(P ) we obtain that E(e
iz 1√

h
Jh)→ 1 and, thus, 1√

h
Jh

P→ 0.
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since, due to the boundedness of
∫ mi+ε

σ
√
h

mi−ε
σ
√
h

φ(x)dx by 1, the second term on the right hand

side of (7) is bounded, up to a constant, by m2
i

ε̄2 + σ2h
ε̄2 , which converges to 0 in proba-

bility due to Proposition 1 and (9). Regarding the first term on the right hand side of (7),

σ
√
h
ε̄2

∣∣∣∣e− (ε̄−mi)
2

2σ2h (ε̄+mi) + e−
(ε̄+mi)

2

2σ2h (ε̄−mi)

∣∣∣∣≤C√hε̄ [∣∣1 + mi

ε̄

∣∣+ ∣∣1− mi

ε̄

∣∣] P→ 0.

It follows that

(15)

gi(ε̄) = ε̄2 + 2

n∑
j=1

bj(ε̄)− 2σ2 − bi(ε̄) = ε̄2 + 2

n∑
j=1

bj(ε̄)− 2σ2 + oP (ε̄2)

=: ε̄2 +

3∑
m=1

Hm(ε̄) + oP (ε̄2),

where each Hm is defined similarly to the corresponding H̃m in (14), but contains also the i-
th term. In what follows, we study the asymptotic behavior of each term Hm(ε) for a general
sequence of possibly random thresholds {εhn}n satisfying the following properties:

(16)

(i) εhn
a.s.→ 0,

εhn√
hn

a.s.→ +∞, as n→∞;

(ii) εhn ∈ σ(m1, . . . ,mn), for each n;

(iii) (εhn ,m1)
D
= (εhn ,mi), for any i= 1, . . . , n.

As mentioned above, the optimum ε̄ satisfies the above properties. We are now ready to
characterize the asymptotic behavior of each Hm. The proof can be found in Appendix A.

THEOREM 1. Suppose that {εhn}n satisfies (16). The following assertions hold as h↘
0:

a) 1{εh≥εmc,h}H1 = 1{εh≥εmc,h}oP (ε2−Y
h );

a’) 1{εh<εmc,h}H1 = 1{εh∈(ε̃p,h,εmc,h)}

(
−4σ shεh√

h
+ oP

(
shεh√
h

)
+ oP (ε2−Y

h )
)

;

b) 1{εh≥εmc,h}H2 = 1{εh≥εmc,h}oP (ε2−Y
h );

b’) 1{εh∈(ε̃p,h,εmc,h)}H2 = 1{εh∈(ε̃p,h,εmc,h)}

(
oP

(
shεh√
h

)
+ oP (ε2−Y

h )
)

;

b”) 1{εh≤ε̃p,h}H2 = 1{εh≤ε̃p,h}oP

(
shεh√
h

)
;

c) 1{εh≤ε̃p,h}H3 = 1{εh≤ε̃p,h}oP

(
shεh√
h

)
.

4. Asymptotic behaviour of ε̄h: first order term. We start with a corollary of Theorem
1, which allows us to establish a lower bound for any sequence of optimal thresholds. The
proof can be found in the Supplement to this article posted online [? ].

COROLLARY 1. For P-almost every ω ∈Ω, there exists a sequence h1(ω)> h2(ω)> . . .
such that, for all k,

ε̄hk >

√
(2− Y − p)σ2hk log

1

hk
.
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Define now, as a reference value, ε̃= ε̃h :=
√

(2− Y )σ2h log 1
h . This was shown in [12]

to be the MSE-optimal threshold in the presence of infinite activity Lévy stable jumps.

REMARK 1. Note that with ε̃ and s̃= s̃h := e
− ε̃2

2σ2h√
2π

= h1−Y
2 , we reach

s̃hε̃√
h

= σ

√
2− Y

2π
h1−Y

2

(
log

1

h

) 1

2

,

which has not the same order of

ε̃2−Y =
(

(2− Y )σ2
)1−Y

2

h1−Y
2

(
log

1

h

)1−Y
2

.

However, with ε2
h = σ2h

[
(2− Y ) log 1

h − (1− Y ) log log 1
h

]
, the two expressions reach the

same order h1−Y
2

(
log 1

h

)1−Y
2

, but the first order term of the latter ε2
h is (2− Y )σ2h log 1

h .

Something similar happened in [12] in the case of FA jumps:
√

2σ2h log 1
h was the first order

term of the solution to an equation where the left term was Oa.s.( shε√h ) and the right one was

Oa.s.(ε
2). By contrast, the function ε2

2,h = σ2h
[
2 log 1

h − log log 1
h

]
< 2σ2h ln 1

h makes the

two terms shε√
h

and ε2−Y of the same order, and in fact σ2h
[
2 log 1

h − log log 1
h

]
∼ 2σ2h ln 1

h .

PROPOSITION 2. For any deterministic sequence {εh}h such that εh → 0 and εh√
h
→

+∞, we have

H3(εh)

`ε2−Y
h

=

∑n
i=1m

2
iP{|∆iX| ≤ εh|J}
`ε2−Y
h

P→ 1,

where `=

∫
|x|≤εh

x2ν(dx)

ε2−Y
h

= 2D
2−Y , ν(dx) is the Lévy measure of J.

The Proposition above extends the validity of a result obtained within Theorem 2.1 in
[19] (namely, the asymptotic behavior of the fourth term of the estimation error ˆIV − IV in
(6) therein). The proof of Proposition 2 is provided in the Supplement to this article posted
online [? ]. In particular, the conclusion of the Proposition 2 holds with both the sequence

ε̃p =
√

(2− Y − p)σ2h log 1
h and εmc =

√
2σ2h log 1

h .

COROLLARY 2. A.s., there exists a random subsequence hk↘ 0 such that, for all k,

ε̄hk < εmc,hk =
√

2σ2hk log 1
hk
.

See the proof of the above Corollary in the Supplement to this article [? ].

REMARK 2. From Corollaries 1 and 2, we have

P{ω : ε̄h ∈ (ε̃p,h, εmc,h) i.o.}= 1.

Sequences εh as in the previous remark have the useful property below, which is proved in
the Supplement to this article [? ].

LEMMA 1. P{ω : ε̄h ∈ (ε̃p,h, εmc,h) i.o.}= 1 implies that, as h→ 0,

P{ε̄h < ε̃p,h}+ P{ε̄h > εmc,h}→ 0.
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We find now that the first order term of the asymptotic expansion of any sequence of optimal
thresholds ε̄h, as h→ 0, is

ε̃=

√
(2− Y )σ2h log

1

h
,

as h→ 0, exactly as in the case when, in [12], the selection criterion was MSE rather than
cMSE. It is somehow surprising that, up to the leading order terms, the optimal uniform
threshold only depends on σ and Y , even if we knew the whole jump path (Jt(ω))t∈[0,T ]. The
proof of the proposition is written in Appendix A.

PROPOSITION 3. Any random function εh satisfying (16) and such that, a.s., F (εh) = 0
for all h, can be written as

εh =

√
(2− Y )σ2h log

1

h
+ oP

(√
h log

1

h

)
.

5. Second-order expansion of ε̄h and uniqueness. The following result sharpens the
bounds ε̃p, εmc, established in Corollaries 1 and 2, to any sequence of optimal thresholds. It
is proved in the Supplement to this article [? ]:

LEMMA 2. If (ε̄h)h is a sequence of optimal thresholds, then for any p > 0, a.s. we have

(17) ε̄h ∈ (ε∗p, ˜̃εp),

for sufficiently small h, where

ε∗p = ε∗p,h :=

√
(2− Y )σ2h log

1

h
+ (Y − 1− 2p)σ2h log log

1

h
,(18)

˜̃εp = ˜̃εp,h :=

√
(2− Y )σ2h log

1

h
+ (Y − 1 + 2p)σ2h log log

1

h
.(19)

That is, a.s., there exists h1(ω) such that for all h≤ h1, ε̄h(ω) ∈ (ε∗p, ˜̃εp).

Note that the quantities ε∗p, ˜̃εp are deterministic. These bounds are tight enough to reveal
the second-order term in the expansion of the optimal threshold. Indeed, we can conclude
that

εor :=

√
(2− Y )σ2h log

1

h
+ (Y − 1)σ2h log log

1

h

is the second order expansion of the optimal threshold. Note that in ([11]) the same second
order expansion appears when the error minimization criterion is the MSE in place of cMSE,
and Y > 1. This is consistent with Remark 1. In particular the optimal sequence ε̄h is higher
than ε̃h when Y < 1, while it is lower when Y > 1. This is intuitive, because the identifica-
tion of the continuous part of the Realized Variance of X is more difficult when the small
jumps are more frenetic, and the choice of a lower threshold is needed to better exclude the
small jumps.

Next, we characterize the asymptotic behavior of
∑n

i=1 āi =
∑n

i=1 ai(ε̄). This result (The-
orem 2) is proved in Appendix A, and will be used to obtain the uniqueness of the optimal
threshold sequence.
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REMARK 3. Note that if a.s. ε̄h ∈ (ε∗p, ˜̃εp) for sufficiently small h, then a.s. ε̄h ∈ (ε∗p, ˜̃εp)
i.o., but then, similarly as in Lemma 1, we obtain that, as h→ 0

P{ε̄h ≤ ε∗p}+ P{ε̄h ≥ ˜̃εp}→ 0.

THEOREM 2. For any sequence of optimal thresholds (ε̄h)h, let

āi :=
e−

(ε̄h−mi)
2

2σ2h + e−
(ε̄h+mi)

2

2σ2h

σ
√

2πh
.

Then

(20)
n∑
i=1

āi = 2
sor

h
√
h

(1 + oP (1)), where sor = sor,h :=
1√
2π
e−

ε2or
2σ2h =

h1−Y
2

√
2π log

Y−1

2
1
h

.

The next two corollaries will allow us to conclude uniqueness of the optimal threshold,
which is the main result of this section. Both Corollaries are proved in the Supplement to this
article posted online [? ].

COROLLARY 3. Asymptotic behavior of F ′(ε̄). Let {ε̄h}h be a sequence of optimal
thresholds. Then a.s.,

(21)
d

dε
F (ε̄) =

8

h2

(
sorε̄√
h

)2

(1 + oP (1)) .

We are ready to conclude uniqueness.

COROLLARY 4. Under (16), any sequence minimizing cMSE is asymptotically unique,
i.e. for any two optimal sequences ε̄(1)

h , ε̄
(2)
h we have, a.s. for sufficiently small h, ε̄(1)

h = ε̄
(2)
h .

APPENDIX A: MAIN PROOFS

The following notation will be used throughout the appendix:

s∗p = s∗p,h := 1√
2π
e−

(ε∗p)2

2σ2h = h1−Y
2 log

1−Y
2

+p 1
h = sor logp 1

h ,

˜̃sp = ˜̃sp,h := 1√
2π
e−

˜̃ε2p

2σ2hh1−Y
2 log

1−Y
2
−p 1

h = sor log−p 1
h .

A.1. Proof of Proposition 1.

PROOF. Let us recall that

ai,hn(ε) =
e−

(ε−mi)
2

2σ2hn + e−
(ε+mi)

2

2σ2hn

σ
√
hn
√

2π
, bi,hn(ε) = ci,hn(ε) + di,hn(ε) + ei,hn(ε),

where

ci,hn(ε) :=−
(
e−

(ε−mi)
2

2σ2hn (ε+mi) + e−
(ε+mi)

2

2σ2hn (ε−mi)
)σ√hn√

2π
,

di,hn(ε) :=
m2
i√

2π

∫ mi+ε

σ
√
hn

mi−ε

σ
√
hn

e−
x2

2 dx, ei,hn(ε) :=
σ2hn√

2π

∫ mi+ε

σ
√
hn

mi−ε

σ
√
hn

e−
x2

2 dx.
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For simplicity, write εhn for ε̄hn and recall that hn = 1/n (i.e., T = 1). We also need the
following notations:

vn = n(n− 1)/(2
√

2πhn), ηi,hn =

∫ −mi+ε

σ
√
hn

−mi−ε

σ
√
hn

e−
x2

2

√
2π
dx,(22)

so
ei,hn = σ2hnηi,hn , di,hn =m2

i ηi,hn .

Let us start by writing the equation
∑n

i=1 ai,hn

(
ε2
hn

+ 2
∑

j 6=i bj,hn(εhn)− 2σ2
)

= 0 as

(23)

1

vn

n∑
i=1

ai,hn

ε2
hn

hn
+ 2

∑
j 6=i

(
cj,hn(εhn)

hn
+
dj,hn(εhn)

hn

)
=

2σ2

vn

n∑
i=1

ai,hn +
2σ2

vn

n∑
i=1

ai,hn
∑
j 6=i

(1− ηj,hn(εhn)).

Using the simple inequality e−
(a±b)2

2 ≥ e−a2−b2 , which holds true for any reals a, b, we can
deduce that

∫∞
a+b e

−x2/2dx/
√

2π ≥ e−b2
∫∞
a e−x

2

dx/
√

2π and, thus, we get

1− ηj,hn(ε)≥ 2

∫ +∞

|mj |+ε

σ
√
hn

e−
x2

2

√
2π
dx≥ 2e−

ε2

σ2hn

∫ ∞
|mj |

σ
√
hn

e−x
2

√
2π
dx,

ai,hn ≥
2

σ
√

2πhn
e−

ε2

σ2hn e−
m2
i

σ2hn .

Therefore, the right-hand side of (23) can be lower bounded as follows

2σ2

vn

n∑
i=1

ai,hn +
2σ2

vn

n∑
i=1

ai,hn
∑
j 6=i

(1− ηj,hn(εhn))

≥ e−
2ε2

σ2hn
8σ2

σn(n− 1)/2

n∑
i=1

e−
m2
i

σ2hn

∑
j 6=i

∫ ∞
|mj |

σ
√
hn

e−x
2

√
2π
dx.

Using a Weak Law of Large Numbers for triangular arrays as, e.g., Section 2.2.4 in [15] and
that mi/

√
hn→ 0, we can show (see Lemma B in the Supplemental Material of the article

[? ] for a more general result):

1

n(n− 1)/2

n∑
i=1

e−
m2
i

σ2hn

∑
j 6=i

∫ ∞
|mj |
σ
√
hn

e−x
2

√
2π
dx

P−→ 1

2
√

2
.

Therefore, definingQ(ω) := lim infn→∞ εhn(ω)/
√
hn, on Ω̃ := {ω :Q(ω)<∞}, the lim inf

of the right-hand side of (23) is bounded from below by 8e−
2

σ2Q
2 σ√

2
> 0. Note thatQ denotes

a strictly positive random number which does not depend on s ∈ [0, T ], nor on any index
j = 1, . . . ,NT of the partition j ∈ {1, . . . , n} : ∆jN 6= 0, and the same name is used even
when from one expression to another the constant changes.
We are going to show that, on Ω̃, the left-hand side of (23) is upper-bounded by a quantity
whose lim inf vanishes. This will suffice to conclude that P(Q<∞) = 0.

Let us first note that

(24) −
(
mie

− (ε−mi)
2

2σ2hn −mie
− (ε+mi)

2

2σ2hn

)
=−e−

ε2

2σ2hn
− m2

i
2σ2hnmi

(
e
εmi
σ2hn − e−

εmi
σ2hn

)
≤ 0,
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since the function H(x) := x(ex − e−x)/2 = x sinh(x)≥ 0, for all x. Thus ci,hn ≤ 0 for all
i, and using also that

∑n
i=1 ai,hn/vn ≤ 4/[σ(n− 1)] we obtain

(25)

1

vn

n∑
i=1

ai,hn

ε2
hn

hn
+ 2

∑
j 6=i

(
cj,hn(εhn)

hn
+
dj,hn(εhn)

hn

)
≤

(
ε2
hn

hn

)
4

σ(n− 1)
+

2

vn

n∑
i=1

ai,hn
∑
j 6=i

dj,hn(εhn)

hn
.

To deal with dj,hn , we upper bound ηi,hn as follows:
(26)

ηi,hn(ε) =

∫ −mi+ε

σ
√
hn

−mi−ε

σ
√
hn

e−
x2

2

√
2π
dx≤

∫ ∞
|mi|−ε

σ
√
hn

e−
x2

2

√
2π
dx
(
1{|mi|>2ε+2σ2

√
hn} + 1{|mi|≤2ε+2σ2

√
hn}

)
≤ C√

2π
e−(|mi|−ε)2/2σ2hn1{|mi|>2ε+2σ2

√
hn} + 1{|mi|≤2ε+2σ2

√
hn}

≤ 1√
2π
e−ε

2/(2σ2hn)e−|mi|/
√
hn + 1{|mi|≤2ε+2σ2

√
hn}.

Therefore, up to some deterministic constants C1 and C2 (that may be different from line
to line) and some α ∈ (0,2), the second term on the rhs in (25) can be upper bounded as
follows:
(27)

2

vn

n∑
i=1

ai,hn
∑
j 6=i

dj,hn(εhn)

hn
≤ 8

σn(n− 1)

n∑
i=1

∑
j 6=i

dj,hn(εhn)

hn
=

8

σn

n∑
j=1

dj,hn(εhn)

hn

=
8

σn

n∑
j=1

m2
j

hn
ηj,hn(εhn)≤ C1

n
e−

ε2
hn

2σ2hn

n∑
j=1

m2
j

hn
e
− |mj |√

hn +
C2

n

n∑
j=1

m2
j

hn
1{ |mj |√

hn
≤2

εhn√
hn

+2σ2}

=
C1

n
e−

ε2
hn

2σ2hn

n∑
j=1

m2
j

hn
e
− |mj |√

hn +
C2

n

n∑
j=1

∣∣∣∣ mj√
hn

∣∣∣∣2−α ∣∣∣∣ mj√
hn

∣∣∣∣α 1{ |mj |√
hn
≤2

εhn√
hn

+2σ2}

≤ C1

n
e−

ε2
hn

2σ2hn

n∑
j=1

m2
j

hn
e
− |mj |√

hn +C2

∣∣∣∣2 εhn√hn + 2σ2

∣∣∣∣2−α 1

n

n∑
j=1

∣∣∣∣ mj√
hn

∣∣∣∣α 1{ |mj |√
hn
≤2

εhn√
hn

+2σ2}

≤C1e
−

ε2
hn

2σ2hn
1

n

n∑
j=1

(
m2
j

hn
∧ 1

)
+C2

(
εhn√
hn

+ σ2

)2−α 1

n

n∑
j=1

∣∣∣∣ mj√
hn

∣∣∣∣α.
Both summations 1

n

∑n
j=1

(
m2
j

hn
∧ 1
)

and 1
n

∑n
j=1

∣∣∣ mj√
hn

∣∣∣α converge to 0 in probability in light
of Theorem 3.4.1 in [15], case (a) therein) in the degenerate case that c≡ 0. Then we obtained
that on Ω̃ = {ω : Q(ω) = lim infn→∞ εhn/

√
hn <∞}, the lim inf of the left-hand side of

(23) is dominated by 0, while the right-hand side of (23) keeps greater than a strictly positive
constant. It follows that P(Q<∞) = 0, and our claim follows.

A.2. Proof of Theorem 1.

PROOF. Note that for each m = 1,2,3, the terms Hm defined in Eq. (15) contain a sum
either of type

∑n
i=1E

[
ψ

(m)
i,n I{|∆iX|≤ε}

∣∣J] or of type
∑n

i=1E
[
ψ

(m)
i,n I{|∆iX|>ε}

∣∣J], and our
aim is to identify which term has the slowest speed of convergence to 0.
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Now, for each ω, we take h̄ω, depending on N and W, such that for all h≤ h̄ω we have:

(28)


• ∆iN ∈ {0,1}, ∀i,
• |∆iW | ≤ 3

√
h ln 1

h , ∀i,
• ε > 2

√
h,

Note that

(29) P(h > h̄ω) = P

(
{∃ i : ∆iN ≥ 2} ∪

{
∃ i : |∆iW |> 3

√
h ln

1

h

}
∪ {ε≤

√
h}

)

≤ nP{∆iN ≥ 2}+ P

sup
i

|∆iW |

3
√
h ln 1

h

> 1

+ P{ε≤
√
h}→ 0,

as P{∆iN ≥ 2} = O(h2); the Paul Lévy result holds on the modulus of continuity of the
Brownian motion paths (see e.g. [24], Remark 49.15); and Proposition 1 holds.

For any, possibly random, speed function wh, and for any m, we can split

1

wh

n∑
i=1

E
[
|ψ(m)
i,n |I{|∆iX|≤ε}

∣∣J]=
1

wh

n∑
i=1

E
[
|ψ(m)
i,n |I{|∆iX|≤ε}

[
I{h≤h̄ω} + I{h>h̄ω}

]∣∣J] .
As for the second term note that, for any r.v. Z ≥ 0, if E[Z|J ] 6= 0 then P (Z > 0) > 0,
because for any A ∈ σ(J) we have

∫
AZdP =

∫
AE[Z|J ]dP . Thus,

P

{
1

wh

n∑
i=1

E
[
|ψ(m)
i,n |I{|∆iX|≤ε}I{h>h̄ω}

∣∣J] 6= 0

}

= P

{
E

[
1

wh

n∑
i=1

|ψ(m)
i,n |I{|∆iX|≤ε}I{h>h̄ω}

∣∣J] 6= 0

}

≤ P

(
1

wh

n∑
i=1

|ψ(m)
i,n |I{|∆iX|≤ε}I{h>h̄ω} > 0

)
≤ P(h > h̄ω)→ 0.

In the same way

P

{
1

wh

n∑
i=1

E
[
|ψ(m)
i,n |I{|∆iX|>ε}I{h>h̄ω}

∣∣J] 6= 0

}
→ 0,

meaning that what determines the speed of each Hm is the set where h ≤ h̄ω. From now
on we only need to deal with each Hm as the sum of conditional expectations on the event
{h≤ h̄ω}.

Firstly, the finite activity jump part L of J has no impact on the speed of convergence
to zero of the terms Hm above: we show that for any, possibly random, speed function wh,
and, for each m= 1,2,3, we have

(30)
1

wh
E

[
n∑
i=1

|ψ(m)
i,n |I{∆iN 6=0,|∆iX|≤ε,h≤h̄ω}

∣∣∣J] P→ 0.

In fact a.s. we have |∆iM + ∆iL + ah| − σ|∆iW | ≤ |∆iX| ≤ ε, and, thus, on {h ≤
h̄ω} ∩ {∆iN 6= 0, |∆iX| ≤ ε}, for all i, |∆iL| − |∆iM | − |a|h ≤ |∆iL + ∆iM + ah| ≤
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ε + 3σ
√
h ln 1

h . Note that, since εh → 0, while 1 − |a|h − εh − 3
√
h ln 1

h → 1, then for

possibly a smaller h we also have 1 − |a|h − ε − 3σ
√
h ln 1

h > ε. Thus, since ∆iN = 1

and L has only jumps bigger than 1, then for all i we have |∆iM | ≥ |∆iL| − |a|h − ε −
3σ
√
h ln 1

h ≥ 1 − |a|h − ε − 3σ
√
h ln 1

h > ε. It follows that, a.s., for sufficiently small h,∑n
i=1 |ψi,n|I{∆iN 6=0,|∆iX|≤ε} ≤

∑n
i=1 |ψi,n|I{∆iN 6=0,|∆iM |>ε} and, in particular, we have

P

{
1

wh

n∑
i=1

E
[
|ψi,n|I{∆iN 6=0,|∆iX|≤ε,h≤h̄ω}|J

]
6= 0

}

≤P

{
1

wh

n∑
i=1

E
[
|ψi,n|

∣∣∣J]I{∆iN 6=0,|∆iM |>ε,h≤h̄ω} 6= 0

}
≤nP{∆iN 6= 0, |∆iM |> ε,h≤ h̄ω}.

Since for h≤ h̄ω we have, by definition of h̄ω, ε >
√
h, the latter probability is upper bounded

by

nP{∆iN 6= 0, |∆iM |>
√
h} ≤CnhP{|∆iM |>

√
h} ≤Ch1−Y

2 → 0,

having used the independence between ∆iN and ∆iM. Therefore (30) follows.

Therefore in the remaining part we can consider {∆iN = 0, |∆iX| ≤ ε} in place of
{|∆iX| ≤ ε}, for each i, and on {∆iN = 0, |∆iX| ≤ ε}, we will have mi = ∆iJ =
∆iM + ah.

Let us now deal with H1 = 2
[
σ2
∑n

i=1E[(∆iW )2I{|∆iX|≤ε}|J ]− σ2
]
. We write it as

H1 = T1 + T2,
where

T1 := 2σ2

(
E

[
n∑
i=1

(∆iW )2I{|σ∆iW |≤ε}

∣∣∣J]− 1

)
(31)

T2 = 2σ2

(
E

[
n∑
i=1

(∆iW )2I{|∆iX|≤ε}

∣∣∣J]−E [ n∑
i=1

(∆iW )2I{|σ∆iW |≤ε}

∣∣∣J]) .(32)

We have

(33)

T1 = 2σ2
[
nhE[U2I{|U |≤ εh

σ
√
h
}|J ]− 1

]
=−2σ2E

[
U2I{|U |> εh

σ
√
h
}|J
]

=−4σ2E
[
U2I{U> εh

σ
√
h
}|J
]

=− 4σ2

√
2π

[
e−

ε2

2σ2h
ε

σ
√
h

+

∫ +∞

ε

σ
√
h

e−
x2

2 dx
]

=−4σ
shε√
h

+ oa.s.

(shε√
h

)
,

where the last equality holds true because as ε/
√
h→∞ we have Φ̄( ε

σ
√
h

)≤ φ( ε
σ
√
h

)σ
√
h

ε =

sh
σ
√
h

ε .
Now we deal with the second part in (32). Recall that we are working on the set {h≤ h̄ω},
and we can take

∑n
i=1(∆iW )2 I{|∆iX|≤ε,∆iN=0} in place of

∑n
i=1(∆iW )2I{|∆iX|≤ε}. In

that case, we decompose T2 as follows:

T2 = 2σ2E
[ n∑
i=1

(∆iW )2[I{|∆iX|≤ε,∆iN=0} − I{|σ∆iW |≤ε,∆iN=0}]
∣∣∣J],
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= 2σ2E

[
n∑
i=1

(∆iW )2[I{|∆iX|≤ε,∆iN=0,|σ∆iW |>ε}

∣∣∣J]

− 2σ2E

[
n∑
i=1

(∆iW )2I{|∆iX|>ε,∆iN=0,|σ∆iW |≤ε}

∣∣∣J]=: 2σ2T21 − 2σ2T22.(34)

For the first term T21, we have:

(35) T21 ≤E

[
n∑
i=1

(∆iW )2I{|σ∆iW |>ε} |J

]
=E

[
U2I{|U |> ε

σ
√
h
}|J
]

=Oa.s.

(
shεh√
h

)
.

For T22, we disjointly split the event appearing therein as follows:

(36) {|∆iX|> ε,∆iN = 0, |σ∆iW | ≤ ε}=E1i ∪E2i ∪E3i,

where

E1i = {|∆iX|> ε,∆iN = 0, |σ∆iW | ≤ ε, |∆iM |>
ε

2
},

E2i = {|∆iX|> ε,∆iN = 0, |σ∆iW | ≤
ε

4
, |∆iM | ≤

ε

2
},

E3i = {|∆iX|> ε,∆iN = 0,
ε

4
< |σ∆iW | ≤ ε, |∆iM | ≤

ε

2
}.

The second set will turn out to be empty for sufficiently small h for any i, as |∆iX| =
|σ∆iW + ∆iM + ah| ≤ |σ∆iW | + |∆iM | + |a|h. On the first set we prove that for all
ε > 2

√
h and sufficiently small h, we have

(37)
E[
∑n

i=1(∆iW )2IE1i

∣∣J ]

ε2−Y
P→ 0.

Indeed,

(38)

E[
∑n

i=1(∆iW )2IE1i
|J ]

ε2−Y ≤
E[
∑n

i=1(∆iW )2I{∆iN=0,|∆iM |> ε

2
}|J ]

ε2−Y

=

(√
h

ε

)2−Y

h
Y

2

n∑
i=1

I{∆iN=0,|∆iM |> ε

2
},

where h
Y

2

∑n
i=1 I{∆iN=0,|∆iM |> ε

2
} is bounded in probability. In fact, P{∆iN = 0, |∆iM |>

ε
2} ≤ P{∆iN = 0, |∆iM |>

√
h}= P{∆iN = 0, |∆iJ − ah|>

√
h} ≤ P{|∆iJ |>

√
h

2 }+

P{|ah| >
√
h

2 } = P{|∆iJ | >
√
h

2 }. Since J is self similar 8, then P{|∆iJ | >
√
h

2 } =

P{|h
1

Y J1| >
√
h

2 } = P{|J1| > h
1
2
− 1
Y

2 } = Ch1−Y
2 + hot ≤ Ch1−Y

2 . Therefore, for n suffi-
ciently large,

E

[
h
Y

2

n∑
i=1

I{∆iN=0,|∆iM |>
√
h}

]
≤Ch

Y

2

n∑
i=1

h1−Y
2 =C,

which implies boundedness in probability of h
Y

2

∑n
i=1 I{∆iN=0,|∆iM |> ε

2
} and then (37). Fi-

nally, on the third set E3i above, we have

(39) E
[ n∑
i=1

(∆iW )2IE3i
|J
]
≤ nhE[U2I|U |> ε

4σ
√
h
] =Oa.s.

(
shεh√
h

)
.

8Here, we use that P (|J1|> x)∼Ax−Y for some constant A (see [24], and also Lemma 13 in the Supple-
mental Article to [6], posted online).
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So far, we have concluded that

H1 =−4σ
shεh√
h

+Oa.s.

(
shεh√
h

)
+ oa.s.

(
shεh√
h

)
+ oP (ε2−Y ).

a) On the set ε≥
√

2σ2h log 1
h , we have shεh√

h
= oa.s.(ε

2−Y
h ) (see (12)) and we conclude

that

H1 =−4σ
shεh√
h

+ oP (ε2−Y ) = oP (ε2−Y ).

a’) H1 when ε < εmc.
Let us start with term T22 in (34). In order to deal with the case ε < εmc, 1consider next
inequality:
(40)

T22 =

n∑
i=1

E[(∆iW )2I{|σ∆iW+∆iM+ah|>ε,|σ∆iW |≤ε,∆iN=0}|J ]

≤ h
n∑
i=1

[
I{∆iM+ah>0}

∫ ε

σ
√
h

ε−∆iM−ah
σ
√
h

x2φ(x)dx+ I{∆iM+ah<0}

∫ −ε−∆iM−ah
σ
√
h

−ε
σ
√
h

x2φ(x)dx
]

= h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dx=: T̄22.

We then use the following decomposition:

(41) T̄22 := U1 +U2 +U3

where γ > 2
1−Y/2 ∈ (2,+∞) and

U1 := h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dx, I{|∆iM+ah|≤
√
h

log 1
h

}

U2 := h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dx, I{
√
h

log 1
h

<|∆iM+ah|≤
√
h

γ
}

U3 := h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dxI{|∆iM+ah|>
√
h

γ
}.

As for U1, on the set where |∆iM+ah| ≤
√
h

log 1

h

, we have ε−|∆iM+ah|
σ
√
h

> 1
σ

(
ε√
h
− 1

log 1

h

)
> 0

and, thus,

(42)

1

shε/
√
h
h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dxI{|∆iM+ah|≤
√
h

log 1
h

}

≤ 1

shε/
√
h
h

n∑
i=1

∫ ε

σ
√
h

1

σ

(
ε√
h
− 1

log 1
h

) x2φ(x)dxI{|∆iM+ah|≤
√
h

log 1
h

}.

We now bound the indicators with 1, so the terms do not depend on ∆iM anymore. We
further use that x2φ(x) is decreasing for x >

√
2 and, for any optimal threshold ε, both

the extremes a = 1
σ

(
ε√
h
− 1

log 1

h

)
and b = ε

σ
√
h

of our integral tend to +∞, thus a.s., for
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sufficiently small h, we have
∫ b
a x

2φ(x)dx≤ a2φ(a)(b− a), with a, b >
√

2, and the above
is bounded by

C

√
h

ε

1

sh

(
ε√
h
− 1

log 1
h

)2

φ

(
1

σ

( ε√
h
− 1

log 1
h

)) 1

log 1
h

≤C ε√
h
e

ε

σ2
√
h log 1

h

− 1

2σ2 log2 1
h

1

log 1
h

.

Now, for ε ≤ C
√
h log 1

h , for any C > 0, we have ε
σ2
√
h log 1

h

≤ C√
log 1

h

→ 0 and ε√
h
≤

C
√

log 1
h , thus the above display is dominated by

√
log 1

hC
1

log 1

h

, and tends a.s. to 0.

In order to deal with

(43) U2 = h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dxI{
√
h

log 1
h

<|∆iM+ah|≤
√
h

γ
},

let us recall that we only need to consider the intervals where ∆iN = 0, and we notice
that, reasoning as just after (38), we also obtain that P

{
∆iN = 0, |∆iM + ah|>

√
h

log 1

h

}
≤

P
{
|∆iJ |>

√
h

log 1

h

}
≤Ch1−Y

2 logY 1
h , when h→ 0.

Now we argue similarly as below (29). Since
√
h
ε

P→ 0, for any r.v. X we have for any δ > 0

(44) P{|X|I{ε<√h} > δ} ≤ P{|X|I{ε<√h} 6= 0} ≤ P{ε <
√
h}→ 0.

We thus only need to deal with U2 on {ε >
√
h}. Calling βi,h := ε−|∆iM+ah|

σ
√
h

, and noting that

on the considered set βi,h ≥ ε
σ
√
h
− 1

γσ →+∞, we obtain, a.s. for sufficiently small h,
(45)∫ ε

σ
√
h

ε

σ
√
h
− |∆iM+ah|

σ
√
h

x2φ(x)dx≤
∫ +∞

βi,h

x2φ(x)dx= βi,hφ(βi,h)+Φ̄(βi,h)≤ βi,hφ(βi,h)+Kφ(βi,h)

≤Cβi,hφ(βi,h)≤C ε

σ
√
h
e−

ε2

2σ2h
+
ε|∆iM+ah|

σ2h
− |∆iM+ah|2

2σ2h .

Thus,

U2 ≤Ch
n∑
i=1

ε

σ
√
h
e−

ε2

2σ2h
+
ε|∆iM+ah|

σ2h
− |∆iM+ah|2

2σ2h I{
√
h

log 1
h

<|∆iM+ah|≤
√
h

γ
}.

Now, on {|∆iM + ah| ≤
√
h
γ }, since

√
h
γ < ε

γ , we have e
ε|∆iM+ah|

σ2h < e
ε2

γσ2h , and, thus, the
above display is dominated by

(46) Ch

n∑
i=1

ε

σ
√
h
e−

ε2

2σ2h
+ ε2

γσ2h I{
√
h

log 1
h

<|∆iM+ah|≤
√
h

γ
}.

It follows that

U2

shε/
√
h
≤Ch

n∑
i=1

e
ε2

γσ2h I{
√
h

log 1
h

<|∆iM+ah|≤
√
h

γ
},

but, for ε < εmc, we have e
ε2

γσ2h < e
2

γ
log 1

h = h−
2

γ and, so the above display is dominated by

Ch

n∑
i=1

h−
2

γ I{
√
h

log 1
h

<|∆iM+ah|},
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whose expectation is bounded from above by

Ch−
2

γP

{ √
h

log 1
h

< |∆iM + ah|

}
≤Ch1−Y

2
− 2

γ logY
1

h
→ 0.

Finally,

(47) U3 = h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dx · I{|∆iM+ah|>
√
h

γ
} ≤ h

n∑
i=1

I{|∆iM+ah|>
√
h

γ
}.

As soon as ε√
h
→∞, the above term is negligible wrt ε2−Y , because

h

ε2−Y

n∑
i=1

I{|∆iM+ah|>
√
h

γ
} =

h1−Y
2

ε2−Y · h
Y

2

n∑
i=1

I{|∆iM+ah|>
√
h

γ
}
P→ 0,

having used that h
Y

2

∑n
i=1 I{|∆iM+ah|>

√
h

γ
} is bounded in probability as for (38). We then

conclude that, on {ε < εmc}, we have

T22 ≤ T̄22 = oP

(
sh
εh√
h

)
+ oP

(
ε2−Y ) .

On the other hand, we have T21 ≤ T̄22 + oP (ε2−Y ), because

T21 =E

[
n∑
i=1

(∆iW )2[I{|∆iX|≤ε,∆iN=0,|σ∆iW |>ε}

∣∣∣J]

= h

n∑
i=1

∫ ε+|∆iM+ah|
σ
√
h

ε

σ
√
h

x2φ(x)dx
(
I{ ε−|∆iM+ah|

σ
√
h

≤
√

2} + I{ ε−|∆iM+ah|
σ
√
h

>
√

2}

)
.

The second term is dominated by

h

n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dxI{ ε−|∆iM+ah|
σ
√
h

>
√

2} ≤ h
n∑
i=1

∫ ε

σ
√
h

ε−|∆iM+ah|
σ
√
h

x2φ(x)dx= T̄22,

while for the first term we have { ε−|∆iM+ah|
σ
√
h

≤
√

2} ⊂ {|∆iM +ah|≥
√
h
(
εh√
h
−
√

2σ
)
} ⊂

{|∆iM + ah|>
√
h}, thus

1

ε2−Y
h

h

n∑
i=1

∫ ε+|∆iM+ah|
σ
√
h

ε

σ
√
h

x2φ(x)dxI{ ε−|∆iM+ah|
σ
√
h

≤
√

2} ≤
h

ε2−Y
h

n∑
i=1

1 · I{|∆iM+ah|>
√
h}

which tends to 0 in probability as argued below (47).
Thus T21 ≤ T̄22 + oP (ε2−Y

h ), and it follows that on {ε < εmc} we also have

T21 = oP

(
sh
εh√
h

)
+ oP

(
ε2−Y ) ,

and then, using (33), H1 = T1 + T22 + T21 is as announced in a’) within the statement of the
Theorem.

b”) Term H2 on εh ≤ ε̃p. Note that

(48) H2 =− 4σ√
2π

√
h

n∑
i=1

mi

(
e−

(ε−mi)
2

2σ2h − e−
(ε+mi)

2

2σ2h

)
, and
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(49)
|H2|
shεh√
h

≤ C
shεh√
h

√
h

n∑
i=1

|mi|e−
(ε−|mi|)

2

2σ2h

≤
√
h

ε
h

n∑
i=1

e−
m2
i

2σ2h
|mi|√
h
e

1

σ2
ε|mi|
h I{|mi|≤

√
h

log 1
h

} +

√
h

ε
h

n∑
i=1

e−
m2
i

2σ2h
|mi|√
h
e

1

σ2
ε|mi|
h I{|mi|>

√
h

log 1
h

}.

Recalling (44), we obtain that also
√
h

ε
h

n∑
i=1

e−
m2
i

2σ2h
|mi|√
h
e

1

σ2
ε|mi|
h I{ε≤

√
h}

P→ 0.

So we only need to deal with
√
h
ε h
∑n

i=1 e
− m2

i
2σ2h

|mi|√
h
e

1

σ2
ε|mi|
h I{|mi|≤

√
h

log 1
h

} on the restriction of

{ε >
√
h}.

Note now that for any C > 0 on {ε <
√
Cσ2h log 1

h , |mi| ≤
√
h

log 1

h

} we have ε|mi|
h < C. It

follows that, since (ε,mi)
d∼ (ε,mj), we have

(50)

E

[√
h

ε
h

n∑
i=1

e−
m2
i

2σ2h
|mi|√
h
e

1

σ2
ε|mi|
h I{ε<

√
Cσ2h log 1

h
, |mi|≤

√
h

log 1
h

, ε>
√
h}

]

=E

[√
h

ε
e−

m2
1

2σ2h
|m1|√
h
e

1

σ2
ε|m1|
h I{ε<

√
Cσ2h log 1

h
, |m1|≤

√
h

log 1
h

, ε>
√
h}

]
≤E

[
e−

m2
1

2σ2h
|m1|√
h
eC
]
→ 0.

Consider now the terms in (49), where |mi| >
√
h

log 1

h

, ε ≤ ε̃p and ε >
√
h. With u :=

2− Y − p ∈ (0,2− Y ) we have ε≤
√
uσ2h log 1

h , and

(51)

E

[√
h

ε
h

n∑
i=1

e−
m2
i

2σ2h
|mi|√
h
e

1

σ2
ε|mi|
h I{ε≤

√
uσ2h log 1

h
, |mi|>

√
h

log 1
h

, ε>
√
h}

]

≤E

[√
h

ε
e−

m2
1

2σ2h
|m1|√
h
e

1

σ2

√
uσ2 log 1

h

|m1|√
h I{ε≤

√
uσ2h log 1

h
, |m1|>

√
h

log 1
h

, ε>
√
h}

]

≤E
[
e−

m2
1

2σ2h
|m1|√
h
e

1

σ2

√
uσ2 log 1

h

|m1|√
h I{ε≤

√
uσ2h log 1

h
, |m1|>

√
h

log 1
h

}

]
.

Define

(52) f1(x) := e−
x2

2σ2 +
√
uσ2 log 1

h

x

σ2 x.

The first derivative in x of f1 is positive iff −x2 + x
√
uσ2 log 1

h + σ2 > 0, which on R+

happens iff

x < x1 :=

√
uσ2 log

1

h

(
1

2
+

1

2

√
1 +

4

u log 1
h

)
.

This means that x1 is the only maximizer of f1 on R+, thus for any value of |m1| we have

f1

(
|m1|√
h

)
≤ f1(x1) = h−

u

2

√
uσ2 log

1

h
· γh,
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where

γh = ch · h
u

8

(
1+
√

1+ 4

u log 1
h

)2

−u
2

√
1+ 4

u log 1
h = chh

u

4

(
1−
√

1+ 4

u log 1
h

+ 2

u log 1
h

)

is a deterministic sequence with first factor ch→ 1 and second factor equal to

h

u

8

 4(
u log 1

h

)2 +o

 1(
u log 1

h

)2


→ e−1,

as h→ 0. It follows that (51) is dominated by

(53) CE

[
h−

u

2

√
uσ2 log

1

h
I{|m1|>

√
h

log 1
h

}

]
≤Ch−

u

2

√
log

1

h
P

{
|m1|>

√
h

log 1
h

}

≤Ch−
u

2

(
log

1

h

) 1

2

h1−Y
2 logY

(1

h

)
=Ch

p

2 logY+ 1

2

(
1

h

)
→ 0.

It follows that

E

[
|H2|
shεh√
h

I{ε≤ε̃p}

]
→ 0, i.e. H2I{ε≤ε̃p} = oP

(
shεh√
h

)
.

b) Term H2 on {ε≥ εmc}. Using (48),

|H2|I{ε≥εmc} ≤Ch
n∑
i=1

|mi|√
h
φ

(
ε− |mi|
σ
√
h

)
I{ε≥εmc}

·
[
I{|mi|≤

√
dh} + I

{|mi|∈
(√

dh,b
√
h log 1

h

)
}

+ I{|mi|≥b
√
h log 1

h
}

]
,

where d := 4(2− Y )σ2 and b is any fixed constant satisfying b <
√

2σ2 −
√
qσ2 with q ∈

(0,2).We first show that

E

[
h

ε2−Y

n∑
i=1

|mi|√
h
φ

(
ε− |mi|
σ
√
h

)
I{ε≥εmc}I{|mi|≤

√
dh}

]

=CE

[
e−

m2
1

2σ2h
|m1|√
h

e−
ε2

2σ2h
+
ε|m1|
σ2h

ε2−Y I{ε≥εmc}I{|m1|≤2σ
√

(2−Y )h}

]
tends to 0. For that we define

(54) f2(ε) =
e−

ε2

2σ2h
+
ε|m1|
σ2h

ε2−Y .

Then, we have

d

dε
f2(ε) =

f2(ε)

ε

[
ε
(
− ε

σ2h
+
|m1|
σ2h

)
− (2− Y )

]
=
f2(ε)

σ2hε

[
−ε2 + |m1|ε− (2− Y )σ2h

]
.

The discriminant of −ε2 + |m1|ε− (2− Y )σ2h= 0 is ∆ =m2
1 − 4σ2h(2− Y ). On {m2

1 ≤
4σ2(2 − Y )h} we have ∆ ≤ 0 and d

dεf2(ε) ≤ 0 for all ε. Thus f2 is decreasing, and on
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ε≥ εmc we have a.s. f2(ε)≤ f2(εmc). It follows that

(55)

E

[
e−

m2
1

2σ2h
|m1|√
h

e−
ε2

2σ2h
+
ε|m1|
σ2h

ε2−Y I{ε≥εmc}I{|m1|≤2σ
√

(2−Y )h}

]

≤E
[
e−

m2
1

2σ2h
|m1|√
h
f2(εmc)I{|m1|≤2σ

√
(2−Y )h}

]

=CE

[
e−

m2
1

2σ2h
|m1|√
h

h

h1−Y
2 (log 1

h)1−Y
2

e
1

σ2
|m1|√
h

√
2σ2 log 1

h I{|m1|≤2σ
√

(2−Y )h}

]

=CE

[
f1

( |m1|√
h

) h
Y

2

(log 1
h)1−Y

2

I{|m1|≤2σ
√

(2−Y )h}

]
,

where we used the function f1 defined in (52) with u= 2. The function f1 is increasing on

[0, x1] and decreasing on [x1,+∞) and note that for small h, 2σ
√

2− Y <<
√

2σ
√

log 1
h ≤

x1, thus on [0,2σ
√

2− Y ] the function f1 is increasing and f1(x)≤ f1(2σ
√

2− Y ). It fol-
lows that on |m1| ≤ 2σ

√
(2− Y )h, since |m1|√

h
≤ 2σ

√
2− Y , f1

(
|m1|√
h

)
≤ f1(2σ

√
2− Y ) =

CeC
√

log 1

h and, thus, the above display is dominated by

(56) CeC
√

log 1

h
h
Y

2

(log 1
h)1−Y

2

<CeC
√

log 1

hh
Y

2 =CeC
√

log 1

h
−Y

2
log 1

h → 0.

Secondly, we show that

(57) E

[
h

ε2−Y

n∑
i=1

|mi|√
h
φ

(
ε− |mi|
σ
√
h

)
I{ε≥εmc}I{|mi|≥b

√
h log 1

h
}

]
→ 0.

Note that we have {ε≥ εmc} ⊂ {ε≥ ε̃p}, and we show (57) in the more general case where

ε ≥ ε̃p and where, for any fixed C > 0, all the |mi| satisfy |mi| ≥ C
√
h log 1

h . That is we
show that the limit is 0 for

(58)

E

[
h

ε2−Y

n∑
i=1

|mi|√
h
φ

(
ε− |mi|
σ
√
h

)
I{ε≥ε̃p}I{|mi|≥C

√
h log 1

h
}

]

=E

[
1

ε2−Y
|m1|√
h
φ

(
ε− |m1|
σ
√
h

)
I{ε≥ε̃p}I{|m1|≥C

√
h log 1

h
}

]
.

For that we write

(59)
e−

ε2

2σ2h e−
m2

1
2σ2h

+
ε|m1|
σ2h

ε2−Y
|m1|√
h

=
e−

ε2

2σ2h

ε2−Y f3

( |m1|√
h

)
,

where

f3(x) := e−
x2

2σ2 + ε

σ2
√
h
xx.

It holds that for x > 0, we have f ′3(x) ≥ 0 ⇐⇒ x ≤ ε√
h

(1 + ψh), where 1 + ψh =

1
2

(
1 +

√
1 + 4σ2h

ε2

)
> 1. In fact f ′3(x) = e−

x2

2σ2 + ε

σ2
√
h
x
[(
− x

σ2 + ε
σ2
√
h

)
x+ 1

]
≥ 0 ⇐⇒

−x2 + ε√
h
x+ σ2 ≥ 0. In particular ψh→ 0 and, thus,

max
R+

f3 = f3

(
ε√
h

(1 +ψh)

)
≤Ce

− ε2

σ2h

[
− 1

2
+
ψ2
h
2

]
ε√
h
,
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so (59) is dominated by

(60) C
e−

ε2

σ2h

ψ2
h
2

ε2−Y
ε√
h

=C
e−

ε2

2σ2h
ψ2
h

ε1−Y
√
h
.

By expliciting ψ2 and then using Taylor expansion for
√

1 +Cx with x= h
ε2 → 0, we obtain

that ψ2 = σ4
(
h
ε2

)2
+ hot, and thus on {ε > ε̃p} the above display becomes

(61) C
e−

σ2

2

h

ε2
+hot

ε1−Y
√
h
≤C e

−σ2

2

h

ε2
+hot

ε̃1−Y
p

√
h
≤ C

h1−Y
2

(
log 1

h

) 1

2
−Y

2

.

But then the right hand side of (58) coincides with
(62)

E

e− ε2

2σ2h e−
m2

1
2σ2h

+
ε|m1|
σ2h

ε2−Y
|m1|√
h
I{ε≥ε̃p,|m1|>C

√
h log 1

h
}



≤ C

h1−Y
2

(
log 1

h

) 1

2
−Y

2

P

{
|m1|>C

√
h log

1

h

}
≤C

h1−Y
2

(
log 1

h

)−Y
2

h1−Y
2

(
log 1

h

) 1

2
−Y

2

=C
(

log
1

h

)− 1

2→ 0.

It remains to deal with

h

n∑
i=1

|mi|√
h
φ

(
ε− |mi|
σ
√
h

)
I{ε≥εmc}I

{|mi|∈
(√

dh,b
√
h log 1

h

)
}
,

where b <
√

2σ2 −
√
qσ2, q ∈ (0,2), and d = 4(2 − Y )σ2. Since |mi| ≤ b

√
h log 1

h <

(
√

2σ2 −
√
qσ2)

√
h log 1

h = εmc −
√
qσ2h log 1

h , then εmc − |mi| ≥
√
qσ2h log 1

h > 0 and

(εmc − |mi|)2 ≥ qσ2h log 1
h . It follows that φ

(
ε−|mi|
σ
√
h

)
≤ Ce−

qσ2h log 1
h

2σ2h = Ch
q

2 . Therefore,

using again that P{|mi|>
√
dh} ≤Ch1−Y

2 , we obtain

(63)

E

 h

ε2−Y

n∑
i=1

|mi|√
h
φ

(
ε− |mi|
σ
√
h

)
I{ε≥εmc}I

{|mi|∈
(√

dh,b
√
h log 1

h

)
}


≤CE

[
1

ε2−Y
|m1|√
h
h
q

2 I{|m1|∈(
√
dh,b
√
h log 1

h ]}

]
≤CE

[
1

ε2−Y

√
log

1

h
h
q

2 I{|m1|>
√
dh}

]

≤CE

[
1

h1−Y
2 log1−Y

2
1
h

√
log

1

h
h
q

2 I{|m1|>
√
dh}

]
≤Ch

q

2 log−
1

2
+Y

2
1

h
→ 0.

b’) H2 on ε ∈ (ε̃p, εmc). Recall that, from (48), |H2| ≤ C
√
h
∑n

i=1 |mi|e−
(ε−|mi|)

2

2σ2h and we
can decompose the upper-bound as follows:

|H2| ≤C
√
h

n∑
i=1

|mi|e−
(ε−|mi|)

2

2σ2h

(
I
{|mi|≥

√
σ2

K
h log 1

h
}
+I
{|mi|∈(

√
h

log 1
h

,
√

σ2

K
h log 1

h
)}

+I{|mi|≤
√
h

log 1
h

}

)
=:H2,1 +H2,2 +H2,3
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On the set where ε ≥ ε̃p, we already know that H2,1 = oP (ε2−Y ) from (58). Similarly, on
the set where ε < εmc, we have H2,3 = oP ( shε√

h
) analogously as in (50). We now show that

H2,2 = oP ( shε√
h

). For the given jump index Y, take r ∈ (0,1− Y
2 ), then define K = 2

r2 , and

choose C =
√

σ2

K . Since ε < εmc and |mi|<
√

σ2

K h log 1
h then

e
ε|mi|
σ2h ≤ e

σ2h log 1
h

√
2
K

σ2h = e
√

2

K
log 1

h = h−
√

2

K := h−r.

Moreover, since ε > ε̃p, then, with a > 0 a generic constant,

|mi|
ε
≤ a |mi|√

h log 1
h

≤ a

√
σ2

K

√
h log 1

h√
h log 1

h

= a.

It follows that

E

[
h
shε√
h

n∑
i=1

|mi|√
h
φ

(
ε− |mi|
σ
√
h

)
I{
ε∈
(
ε̃p,εmc

)}I
{|mi|∈

( √
h

log 1
h

,
√

σ2

K
h log 1

h

)
}

]

≤CE

[
1

shε

√
h
|m1|√
h
she

ε|m1|
σ2h e−

|m1|
2

2σ2h I
{ε∈(ε̃p,εmc),|m1|∈

( √
h

log 1
h

,
√

σ2

K
h log 1

h

)
}

]

≤CE
[
|m1|
ε
h−rI{ε>ε̃p,|m1|>

√
h

log 1
h

}

]
≤Ch−rP

{
|m1|>

√
h

log 1
h

}
≤Ch1−Y

2
−r logY

1

h
→ 0.

c) H3 on {εh ≤ ε̃p}. For fixed p ∈ (0,2 − Y ) we take α ∈ (Y,Y + p), because in this way

we have E[|J1|α] <∞, and then E[|mi|α] = E[|h
1

αJ1|α] ≤ Ch. Let us first note that for
εh ≤ ε̃p, as in (13), we have shεh√

h
> h1−Y

2
− p

2 and, thus, a.s.,

(64)
ε2−α

shεh√
h

≤C
(
h log 1

h

)1−α
2

h1−Y
2
− p

2

≤Ch
Y

2
+ p

2
−α

2

(
log

1

h

)1−α
2

→ 0.

Let us now proceed to show that H3 = oP

(
sh

ε√
h

)
. Recall that

H3 = 2

n∑
i=1

m2
iE[1{|∆iX|≤ε}|J ] = 2

n∑
i=1

m2
i ηi,h(ε),

where ηi,h = E[1{|∆iX|≤ε}|J ] =
∫ −mi+ε

σ
√
h

−mi−ε
σ
√
h

e−
x2

2√
2π
dx is defined as in (22). Due to (27), second

line, recalling that nhn =C, we have

H3
shεh√
h

=C

∑n
i=1m

2
i ηi,h(ε)

shεh√
h

≤
C1e

− ε2
h

2σ2h
1
n

∑n
j=1

(
m2
j

h ∧ 1
)

+C2

(
εh√
h

+ σ2
)2−α

1
n

∑n
j=1

∣∣∣mj√
h

∣∣∣α
shεh√
h

≤C
√
h

ε
· 1

n

n∑
j=1

(
m2
j

h
∧ 1

)
+C

1
shεh√
h

(
εh√
h

)2−α
h−α/2

1

n

n∑
i=1

|mi|α.
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As explained after (27), the second factor of the first term is oP (1) and, thus, also the first term
is such. Moreover, by the above inequality, E[|mi|α]≤Ch and we obtain that

∑n
i=1 |mi|α is

bounded in probability, thus the second term above is treated as follows:

1
shεh√
h

(
εh√
h

)2−α
h−α/2

1

n

n∑
i=1

|mi|α =
ε2−α
h
shεh√
h

1

h1−α
2

h1−α/2
n∑
i=1

|mi|α =
ε2−α
h
shεh√
h

n∑
i=1

|mi|α,

and by (64) the latter tends to 0 in probability.

A.3. Proof of Proposition 3.

PROOF. Recall the definition of εmc, smc, ε̃p and s̃p given in (10) and (11). For simplicity,
within this proof sometimes we omit h in εh and Hm. A.s. we have

0 = F (ε) = Iε∈(ε̃p,εmc)

n∑
i=1

ai

(
ε2 +H1 +H2 +H3 − bi

)
+

I{ε6∈(ε̃p,εmc)}

n∑
i=1

ai

(
ε2 +H1 +H2 +H3 − bi

)
,

where 0≤ bi ≤ ε2 for all i, and thus ε2 +H1 +H2 +H3 − bi =H1 +H2 +H3 +Op(ε
2),

and the second term of the above display coincides with

I{ε6∈(ε̃p,εmc)}

(
H1 +H2 +H3 +Op(ε

2)
) n∑
i=1

ai.

Now, I{ε6∈(ε̃p,εmc)}

(
H1 +H2 +H3 +Op(ε

2)
)

is negligible with respect to ε̃2−Y
p , because

(65)

P


(
H1 +H2 +H3 +Op(ε

2)
)
I{ε6∈(ε̃p,εmc)}

ε̃2−Y
p

6= 0

≤ P{ε < ε̃p}+ P{ε > εmc}→ 0.

Thus we remain with

(66) 0 = F (ε) = Iε∈(ε̃p,εmc)

n∑
i=1

ai

(
ε2 +H1 +H2 +H3 − bi

)
+ oP

(
ε̃2−Y
p

) n∑
i=1

ai.

Now we deal with

(67) F (εh)Iε∈(ε̃p,εmc) = I{ε∈(ε̃p,εmc)}

n∑
i=1

ai

(
ε2 +H1 +H2 +H3 − bi

)
:

note that H3(ε) =
∑

im
2
iE[I{(∆iX)2≤ε}|J ] is an increasing function of ε and, thus, using

Proposition 2, on ε ∈ (ε̃p, εmc), we have

(68) Cε̃2−Y
p ≤H3(ε̃p)≤H3(ε).

Moreover bi ≤ ε2 ≤Cε2
mc = oa.s.((ε̃p)

2−Y ), so for all i

(69) bi, ε
2 = oa.s.

(
H3(ε)

)
,

and (67) becomes

Iε∈(ε̃p,εmc)

n∑
i=1

ai

(
H1 +H2 +H3 + oa.s.(H3)

)
,
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so (66) means

Iε∈(ε̃p,εmc)

(
H1 +H2 +H3 + oa.s.(H3)

) n∑
i=1

ai + oP (ε̃2−Y
p )

n∑
i=1

ai = 0.

Since
∑n

i=1 ai > 0 for all h, the latter equality is possible iff

Iε∈(ε̃p,εmc)(H1 +H2 +H3 + oa.s.(H3)) +
[
Iε∈(ε̃p,εmc) + Iε6∈(ε̃p,εmc)

]
· oP

(
ε̃2−Y
p

)
= 0,

or, using Theorem 1 and that on {ε ∈ (ε̃p, εmc,h)} we have ε2−Y ≤ ε2−Y
mc,h ≤ Cε̃2−Y

p ≤
CH3(ε),

(70) Iε∈(ε̃p,εmc)

(
−4σ

shε√
h

+oP

(shε√
h

)
+H3(ε) + oP

(
H3(ε)

))
+Iε 6∈(ε̃p,εmc)oP

(
ε̃2−Y
p

)
= 0.

However, analogously as in (65), we obtain

Iε6∈(ε̃p,εmc)oP
(
ε̃2−Y
p

)
= oP

(
shε√
h

)
= oP

(
shε√
h

)[
Iε 6∈(ε̃p,εmc) + Iε∈(ε̃p,εmc)

]
,

and

oP

(
shε√
h

)
Iε6∈(ε̃p,εmc) = oP

(
shε√
h

)
= oP

(
shε√
h

)
Iε∈(ε̃p,εmc).

Therefore, we can also write (70) as

Iε∈(ε̃p,εmc)

[
−4σ

shε√
h

+ oP

(shε√
h

)
+H3(ε) + oP

(
H3(ε)

)]
= 0.

Now, keeping in mind, in what follows, that we are on {ε ∈ (ε̃p, εmc)}, we divide by ε,

(71)
H3(ε)

ε
+ oP

(H3(ε)

ε

)
= 4σ

sh√
h

+ oP

( sh√
h

)
,

and obtain

log

(
H3(ε)

ε
· [1 + oP (1)]

)
= log

(
4σ

sh√
h
· [1 + oP (1)]

)
.

Now on the rhs we have log
(

4σ sh√
h

)
=− ε2

2σ2h + log
(

4σ√
2π

)
− log(

√
h), so we obtain

log

(
H3(ε)

ε

)
+ log (1 + oP (1)) =− ε2

2σ2h
+ log

(
4σ√
2π

)
− log(

√
h) + log (1 + oP (1)) ,

or
log

(√
hH3(ε)

ε

)
+ oP (1) =− ε2

2σ2h
+ log

(
4σ√
2π

)
+ oP (1),

having also used that log [1 + oP (1)] = o(1). Now we divide by ε2

σ2h , which tends a.s. to +∞,
and obtain

(72)
log
(√

hH3(ε)
ε

)
ε2

σ2h

+ oP (1) =−1

2
+ oP (1).

Now we observe that

log

(√
hH3(ε)

ε

)
= log

(√
hH3(ε)

ε3−Y ε2−Y

)
= log

(√
hH3(ε)

ε

1

ε2−Y

)
+ log

(
ε2−Y ) ,
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thus (72) becomes

(73)
log
(√

hH3(ε)
ε

1
ε2−Y

)
+ log

(
ε2−Y )

ε2

σ2h

+ oP (1) =−1

2
+ oP (1).

Further,

C1h
1−Y

2

(
log

1

h

) 1−Y
2 ≤C

√
h
ε̃2−Y
p

εmc
≤C
√
hH3(ε̃p)

εmc

≤C
√
hH3(ε)

ε
≤C
√
hH3(εmc)

ε̃p
≤C
√
h
ε2−Y
mc

ε̃p
=C2h

1−Y
2

(
log

1

h

) 1−Y
2

,

therefore
√
hH3(ε)
ε

1
ε2−Y in (73) satisfies

C1

( h
ε2

)1−Y
2
(

log
1

h

) 1−Y
2

=C1h
1−Y

2

(
log

1

h

) 1−Y
2 1

ε2−Y ≤
√
hH3(ε)

ε

1

ε2−Y

≤C2h
1−Y

2

(
log

1

h

) 1−Y
2 1

ε2−Y =C2

( h
ε2

)1−Y
2
(

log
1

h

) 1−Y
2

thus

log(C1) +
(

1− Y

2

)
log
( h
ε2

)
+ log

((
log

1

h

) 1−Y
2

)
≤ log

(√
hH3(ε)

ε

1

ε2−Y

)

≤ log(C2) +
(

1− Y

2

)
log
( h
ε2

)
+

1− Y
2

log log
1

h
.

However, as a.s. for sufficiently small h we have ε2 ≥ C1h log 1
h , within the latter

display all the terms log(C), −
(

1 − Y
2

)
log
(
ε2

h

)
, 1−Y

2 log log 1
h , are o

(
ε2

σ2h

)
, thus

log
(√

hH3(ε)
ε

1
ε2−Y

)
= oa.s.

(
ε2

σ2h

)
, and in (73) we remain with

(74)
log
(
ε2−Y )
ε2

σ2h

+ oP (1) =−1

2
+ oP (1).

Now we rewrite

log
(
ε2−Y )= log

(
ε2−Y

h1−Y
2

· h1−Y
2

)
= log

(( ε√
h

)2−Y
)

+ log
(
h1−Y

2

)
,

and (74) becomes

log

((
ε√
h

)2−Y
)

+ log
(
h1−Y

2

)
ε2

σ2h

+ oP (1) =−1

2
+ oP (1),

but
1
ε2

σ2h

log

((ε2

h

)1−Y
2

)
→ 0,

then
log
(
h1−Y

2

)
ε2

σ2h

+ oP (1) =−1

2
+ oP (1)
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i.e.
−2

(1− Y
2 ) logh
ε2

σ2h

+ oP (1) = 1 + oP (1)⇒
(2− Y )σ2h log 1

h

ε2
+ oP (1) = 1 + oP (1),

i.e., recalling that we are on {ε ∈ (ε̃p, εmc)},

Iε∈(ε̃p,εmc)

(2− Y )σ2h log 1
h

ε2

P→ 1.

However, similarly as in (65), Iε6∈(ε̃p,εmc)(2− Y )σ2h log 1
h = oP (ε2), thus

(2− Y )σ2h log 1
h

ε2

P→ 1.

A.4. Proof of Theorem 2.

PROOF. We here simplify some notations and introduce some new notation. We set

ε∗ = ε∗p, ε= ε̄h, ˜̃ε= ˜̃εp,h, s∗ = s∗p, ˜̃s= ˜̃sp

φ∗i = φ∗−,i = φ

(
ε∗ −mi

σ
√
h

)
, φ̄i = φ̄−,i := φ

(
ε−mi

σ
√
h

)
,

˜̃
φi =

˜̃
φi,− := φ

(
˜̃ε−mi

σ
√
h

)
,

φ∗+,i = φ

(
ε∗ +mi

σ
√
h

)
, φ̄+,i := φ

(
ε+mi

σ
√
h

)
,

˜̃
φi,+ := φ

(
˜̃ε+mi

σ
√
h

)
,

and for simplicity, in what follows, we sometimes omit the subscript i in mi, so that

a∗i =
φ∗− + φ∗+

σ
√
h

, āi =
φ̄− + φ̄+

σ
√
h

, ˜̃ai =
˜̃
φ− +

˜̃
φ+

σ
√
h

.

Exactly as we did within the proofs of Proposition 3 and Lemma 2, since P{ε ≤
ε∗} + P{ε ≥ ˜̃ε} → 0, we can simply analyse the asymptotic behaviour of

∑n
i=1 āi on the

sets {ε̄ ∈ (ε∗, ˜̃εp)}.

STEP 1. We are going to prove that a.s. for any fixed p ∈ (0, 1
2), we have

(75)
n∑
i=1

āi ∈

[
2˜̃s

h
√
h

+ oP

(
sor

h
√
h log log 1

h

)
,

2s∗

h
√
h

+ oP

(
sor

h
√
h log log 1

h

)]
,

for any h≤ h1(ω), where h1(ω) is defined within the statement of Lemma 2.

STEP 2. From the result of STEP 1 we then arrive to conclude that a.s.

(76)
n∑
i=1

āi =
2

h
√
h
sor(1 + oP (1)).

STEP 1. We proceed through the following schedule. We start from the decomposition

(77)
n∑
i=1

āi =
1

σ
√
h

(
n∑
i=1

φ̄−
[
I{ε∗>mi}+I{ε∗≤mi}

]
+

n∑
i=1

φ̄+

[
I{ε∗>−mi} + I{ε∗≤−mi}

])
.

First, the terms containing the factors I{ε∗≤mi} (resp., I{ε∗≤−mi}) are negligible in prob-
ability. In fact, when ε̄ ∈ (ε∗, ˜̃ε) it holds ε� h1/Y , then we can apply the estimate P{ε ≤
|m|} ≤Chε−Y (see, e.g., Lemma B.6 in [6]). Then, by Lemma 1 in [12],

E[φ̄−I{ε∗≤mi}]
sor

log log 1

h

≤ P{ε∗ ≤mi}
sor

log log 1

h

≤C
h1−Y

2 log−
Y

2
1
h · log log 1

h

h1−Y
2 log

1

2
−Y

2
1
h

=C
log log 1

h

log
1

2
1
h

→ 0,
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and, thus,

φ̄−I{ε∗≤mi} = oP

(
sor

log log 1
h

)
,

and the same holds true for φ̄+I{ε∗≤−mi}, due to the symmetry of the law of the i.i.d. mi.
Thus,

n∑
i=1

āi =
1

σ
√
h

n∑
i=1

φ̄−I{ε∗>mi} +
1

σ
√
h

n∑
i=1

φ̄+I{ε∗>−mi} + oP (uh)

=
1

σ
√
h

n∑
i=1

φ̄∓I{ε∗>±mi}

[
I{ε≤ε∗} + I{ε∈(ε∗,˜̃ε)} + I{ε≥˜̃ε}

]
+ oP (uh) ,

where uh := sor
h
√
h log log 1

h

. Second,

1

σ
√
h

n∑
i=1

φ̄∓I{ε∗>±mi}

[
I{ε≤ε∗} + I{ε≥˜̃ε}

]
= oP (uh) ,

because
(78)

P
{ 1
σ
√
h

∑n
i=1 φ̄∓I{ε∗>±mi}

[
I{ε≤ε∗} + I{ε≥˜̃ε}

]
uh

6= 0
}
≤P ({ε̄≤ ε∗})+P ({ε̄≥ ˜̃ε})→ 0.

Then,

(79)
n∑
i=1

āi =
1

σ
√
h

n∑
i=1

φ̄∓I{ε∗>±mi,ε∈(ε∗,˜̃ε)} + oP (uh) ,

Let us now deal with the terms

φ̄−I{ε∗>mi, ε∈(ε∗,˜̃ε)} = φ̄−I{ε∗>mi}

[
I{ε∈(ε∗,˜̃ε),ε≤m} + I{ε∈(ε∗,˜̃ε),ε>m}

]
.

Notice that ε∗ >mi and ε ∈ (ε∗, ˜̃ε) imply m< ε∗ < ε < ˜̃ε, thus the first summand is null.
Then obviously we have

1

σ
√
h

n∑
i=1

φ̄I{ε∗>m} ∈
1

σ
√
h

[
n∑
i=1

φ̄I{ε∗>mi}I{ε∈(ε∗,˜̃ε),ε>m} + oP (uh) ,

n∑
i=1

φ̄I{ε∗>m}I{ε∈(ε∗,˜̃ε),ε>m} + oP (uh)

]
,

However, on {ε >m} the function φ( ε−m
σ
√
h

) is decreasing in ε, thus∑n
i=1 φ̄I{ε∗>m}I{ε∈(ε∗,˜̃ε),ε>m} ≥

∑n
i=1

˜̃
φI{ε∗>m}I{ε∈(ε∗,˜̃ε),ε>m},

and∑n
i=1 φ̄I{ε∗>m}I{ε∈(ε∗,˜̃ε),ε>m} ≤

∑n
i=1 φ

∗I{ε∗>m}I{ε∈(ε∗,˜̃ε),ε>m} ≤
∑n

i=1 φ
∗I{ε∗>m}.

Thus,

1

σ
√
h

n∑
i=1

φ̄I{ε∗>m} ∈
1

σ
√
h

[
n∑
i=1

˜̃
φI{ε∗>m}I{ε∈(ε∗,˜̃ε),ε>m} + oP (

sor

h log log 1
h

),
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n∑
i=1

φ∗I{ε∗>m} + oP (
sor

h log log 1
h

)

]
.

However,

1

σ
√
h

n∑
i=1

˜̃
φI{ε∗>m}I{ε∈(ε∗,˜̃ε),ε>m} =

1

σ
√
h

n∑
i=1

˜̃
φI{ε∗>m}I{ε∈(ε∗,˜̃ε)} =

1

σ
√
h

[ n∑
i=1

˜̃
φI{ε∗>m} −

n∑
i=1

˜̃
φI{ε∗>m}I{ε6∈(ε∗,˜̃ε)}

]
=

1

σ
√
h

n∑
i=1

˜̃
φI{ε∗>m} + oP (uh) ,

by (78). Therefore

1

σ
√
h

n∑
i=1

φ̄I{ε∗>m}∈
1

σ
√
h

[
n∑
i=1

˜̃
φI{ε∗>m}+oP (

sor

h log log 1
h

),

n∑
i=1

φ∗I{ε∗>m}+oP (
sor

h log log 1
h

)

]

Analogous reasonings can be done for the terms
∑n

i=1 φ
(
ε+m
σ
√
h

)
I{ε∗>−m}, to obtain

1

σ
√
h

n∑
i=1

φ̄+I{ε∗>−m}

∈ 1

σ
√
h

[
n∑
i=1

˜̃
φ+I{ε∗>−m} + oP (

sor

h log log 1
h

),

n∑
i=1

φ∗+I{ε∗>−m} + oP (
sor

h log log 1
h

)

]
,

and conclude that
n∑
i=1

āi ∈

[
1

σ
√
h

n∑
i=1

˜̃
φI{ε∗>m} +

1

σ
√
h

n∑
i=1

˜̃
φ+I{ε∗>−m} + oP (

sor

h
√
h log log 1

h

),

1

σ
√
h

n∑
i=1

φ∗I{ε∗>m} +
1

σ
√
h

n∑
i=1

φ∗+I{ε∗>−m} + oP (
sor

h
√
h log log 1

h

)

]
.

Now, we can properly approximate
∑n

i=1
˜̃
φ∓I{ε∗>±m},

∑n
i=1 φ

∗
∓I{ε∗>±m} with sums of

expectations; that is,

(80)

1

σ
√
h

n∑
i=1

˜̃
φ−I{ε∗>m} +

1

σ
√
h

n∑
i=1

˜̃
φ+I{ε∗>−m}

=
1

σ
√
h

n∑
i=1

Ei−1

[
˜̃
φ−I{ε∗>m}

]
+ ˜̃R2,− +

1

σ
√
h

n∑
i=1

Ei−1

[
˜̃
φ+I{ε∗>−m}

]
+ ˜̃R2,+,

1

σ
√
h

n∑
i=1

φ∗−I{ε∗>m} +
1

σ
√
h

n∑
i=1

φ∗+I{ε∗>−m}

=
1

σ
√
h

n∑
i=1

Ei−1

[
φ∗−I{ε∗>m}

]
+R∗2,− +

1

σ
√
h

n∑
i=1

Ei−1

[
φ∗+I{ε∗>−m}

]
+R∗2,+,
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where

(81)

˜̃R2,∓ =
1

σ
√
h

(
n∑
i=1

˜̃
φ∓I{ε∗>±m} −

n∑
i=1

Ei−1

[
˜̃
φ∓I{ε∗>±m}

])
,

R∗2,∓ =
1

σ
√
h

(
n∑
i=1

φ∗∓I{ε∗>±m} −
n∑
i=1

Ei−1

[
φ∗∓I{ε∗>±m}

])
,

are shown to be oP

(
sor

h
√
h log log 1

h

)
within the DETAILS FOR STEP 1 in the Supplement [?

] to this article (see (2.26) and (2.28) therein).

Further, in Eq. (2.19) in the Supplement [? ], it is shown that

(82)

E
[

˜̃
φ∓I{ε∗>m}

]
=E

[
˜̃
φ∓

]
+ oP

(
sor

log log 1
h

)
,

E
[
φ∗∓I{ε∗>m}

]
=E

[
φ∗∓
]

+ oP

(
sor

log log 1
h

)
.

Finally, using the following relations: for any p > 0,

(83) E
[

˜̃
φ
]

= ˜̃s+ oP (
sor

log log 1
h

), and E [φ∗] = s∗ + oP (
sor

log log 1
h

),

proved in (2.16) and (2.17) in the Supplement, we obtain our statement [? ], i.e. for any p > 0,
a.s., for sufficiently small h,
(84)
n∑
i=1

āi =
1

σ
√
h

n∑
i=1

(φ̄−+ φ̄+) ∈

[
2˜̃s

h
√
h

+ oP (
sor

h
√
h log log 1

h

),
2s∗

h
√
h

+ oP (
sor

h
√
h log log 1

h

)

]
.

STEP 2. Expression (84) means

2
˜̃sp

h
√
h

+wp,h ≤
n∑
i=1

āi,h ≤ 2
s∗p

h
√
h

+ vp,h,

or

(85) 2˜̃sp +wp,hh
√
h≤ h

√
h

n∑
i=1

āi,h ≤ 2s∗p + vp,hh
√
h,

where, as h→ 0,

(86)
wp,h
sor

h
√
h log log 1

h

,
vp,h
sor

h
√
h log log 1

h

P→ 0, or
wp,hh

√
h log log 1

h

sor
,
vp,hh

√
h log log 1

h

sor

P→ 0.

Then there exists a deterministic subsequence hm such that, as m→∞,

wp,hmhm
√
hm log log 1

hm

sor
,
vp,hmhm

√
hm log log 1

hm

sor

a.s.→ 0.

Note that a.s. ˜̃sp,hm = sor,hm log−p
(

1
hm

)
and s∗p,hm = sor,hm logp

(
1
hm

)
tend to 0, as m→

+∞, uniformly in p < 1
2 . Also wp,hmhm

√
hm

sor
, vp,hmhm

√
hm

sor
→ 0 do, because, for sufficiently
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small h,

|wp,hm |hm
√
hm

sor
,
|vp,hm |hm

√
hm

sor
≤ 1

log log 1
hm

,

which tends to 0 and does not depend on p.
Then in (85) and in (86) we can exchange the limits in p and hm. Passing to the limit in p in
(85), we obtain

2sor +whmhm
√
hm ≤ hm

√
hm

n∑
i=1

āi,hm ≤ 2sor + vhmhm
√
hm,

where
wh := lim sup

p→0
wp,h, vh := lim sup

p→0
vp,h,

and thus

2sor

hm
√
hm

+whm ≤
n∑
i=1

āi,hm ≤
2sor

hm
√
hm

+ vhm .

Further, exchanging the limits in p and hm in (86), we obtain

0 = lim
p

lim
hm

(
|wp,hm |
sor

hm
√
hm

+
|vp,hm |
sor

hm
√
hm

)
= lim

hm
lim
p

(
|wp,hm |
sor

hm
√
hm

+
|vp,hm |
sor

hm
√
hm

)

= lim
hm

(
|whm |
sor

hm
√
hm

+
|vhm |
sor

hm
√
hm

)
.

Therefore whm , vhm = oP

(
sor

hm
√
hm

)
, and (76) is proved.

SUPPLEMENTARY MATERIAL

Supplement to “Filtering Out Infinite Activity Jumps Using Uniform Thresholding,
Under Conditional Mean Square Error"
Additional technical proofs for auxiliary lemmas are provided.
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