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We analyse the minimization of error in finite samples when estimat-
ing the integrated squared volatility of a Lévy process with Y-stable jumps
from discrete, regularly spaced observations on a fixed time interval, through
the truncation method. This process is a semimartingale with infinite activ-
ity jumps, and when Y > 1 the jumps are even of infinite variation; the
volatility is constant. Our choice for the optimization criterion is to look
for the uniform truncation level minimizing the mean squared error condi-
tional to the jump process, because it allows to find the best estimator for
the jump path we have at hand, rather than on average over all possible
jump paths. We extend results obtained previously in the presence of finite
activity jumps. Our findings are that for any observation step h, an opti-
mal uniform threshold &, exists and the sequence (£,)y, is asymptotically

unique. The leading term of (£3,),, when h is small, is /(2 — Y)o2hIn %,
and coincides with the one obtained under the mean squared error crite-
rion. We also characterize the second order term of the expansion of &y, :
ash—0,&, = \/(2 — Y)Uthog% + (Y — 1)o2hloglog %, up to higher
order terms.

1. Introduction. Many models for log asset prices are Ito semimartingales (SM) with
jumps

() dX; = aidt + opdWy +dJy, t€ [O,T],

defined on a filtered probability space (£2,.F, ]:tE[O,T]aP)’ where a,o0 are adapted cadlag
processes, W is a standard Brownian Motion (BM), J a pure jump SM, and X is given. The
inclusion of the jump component is empirically relevant (e.g. [10]; [9]; [1]) and extensively
studied in the literature, since it allows to better explain some features of the data, such
as fat tails of the returns and steep implied volatility smiles at short maturities. See, e.g.,
monographs [4] and [8] for more details.

As often happens in practice, it is assumed that we have at our disposal discrete obser-
vations of X on a finite and fixed time horizon [0, T].! One important reason to construct a
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model is to measure the asset’s price risk or latent uncertainty, i.e., how large are the fluctu-
ations of the logarithmic price around its local or short-term predictable trend a;dt. Denot-
ing Xy, , X4,,...X¢, the log-return observations taken at equally spaced times ¢; = ¢h, with
i=1,..,nand h=T/n,and

AZX = Xti - Xti—l’ AXt = Xt - Xt* = Jt - Jt_ = AJt,

then, the so-called realized variance or quadratic variation » . | (A; X )2 is an estimate of
the global risk during the time period [0, 7. For the 1td SM model (1), it is well-known that,
when h — 0 (equiv., n — 00), we have

n T
Z(Aixfi/ olds+ > (AJ)%
i=1 0

0<t<T

Disentangling the Integrated Variance measure I'V := fOT o2ds of the Brownian risk from the
measure » <t<T(AJt)2 of the jump risk is very important from a practical point of view, for
many reasons. First, the Brownian risk can in principle be perfectly hedged, while the jump
risk typically cannot ([8], Ch. 10). Second, the referred disentanglement enables to better
estimate the so-called spot volatility oy, the impact of W on the price model at an instant ¢
(see e.g. [1]; [21]). Third, separately estimating IV and the jumps allows to construct formal
model selection tests for a given record of empirical data: testing for the presence of jumps
(e.g. [5]), testing for the presence of a Brownian component ([7], [2]), testing for whether
the jumps have finite or infinite variation (citeConManl11), finite or infinite activity ([3]),
whether common jumps in the prices of two financial assets are present ([16]), estimating the
integrated covariance between the prices of two financial assets ([20]), estimating the jump
activity index ([1]). Fourth, if we believe that the model is proper also for a short future,
knowing the magnitude of the jump component allows to better assess jump risk premia for
an asset ([23]), or its Value at risk ([27]), and to compute the amount of not hedged jump risk
in a derivative product ([8]). Fifth, disentangling allows improving volatility forecasts (e.g.
[9D.

However, disentanglement of jumps can be very difficult using only discrete observations.
We concentrate here on the threshold (or truncation) method, which is efficient at least when
the jumps have finite variation, and which is one of the most used techniques in financial
econometrics. The method is based on the fact that the maximal increment of (almost) any
Brownian motion path cannot be, for small A, larger than a known quantity. In fact (as implied

by [17], p. 114, Theorem 9.25), a.s., limy,_,q (maxl-:17.,_,n |A;W|/1/2h1og %) <1, and from

this it follows that ([18]), under mild regularity conditions on the coefficient processes a and
o, a.s., for small enough h,
|5 asds + [} o dW|

t;

2)  max = < A(w),
i€{L,n} \/2hlog +

where A(w) ~ limsupsup; /3 ftt o2ds. Note that if o(w) is constant in ¢, the latter limsup
0 i—1

h—
coincides with o(w). If we have an idea on an upper bound &(w) for the whole path o(w) on

[0, 7], we can compare A; X with £, = Gwy, where wy, is a deterministic function of h larger

than 4/2hlog % So if |[A; X| > e, then it is likely that A; X contains at least one jump.

In fact, it turns out that a.s., for small h, if |A; X| < e}, then basically all the jumps within
Jti—1,t;] have small size |[AJg| < 2¢p, ([18]), and as h — 0,

TRV (gp) := Z |AX T, x|<en} Sav.
i—1
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If we have no idea on the magnitude order of o, we can recursively use TRV as in ([9]; [12]).
When wy, is a power h” of h, with v € (0, %), the convergence speed of TRV is known, at
least when the jump process is Y -stable Lévy, for any Y. When Y > 1 the speed depends on
the jump activity index Y. In fact the higher the index, the more frenetic the jumps, both in
frequency and in size, and the more difficult the identification of I'V.

The asymptotic consistency holds for a wide variety of threshold levels e, however, in
finite samples the performance of T'RV strongly depends on the specific truncation choice.
The estimation error can be large when ¢ is either too small or too large.

In the literature, mainly exogenous choices for the threshold or truncation level € have been
considered; for instance, the power function € ~ h” we mentioned above (e.g. [1], [3];[7]);
Bonferroni type truncation £2 ~ 62¢ - hln% ([14]); a recursively estimated ¢ using thresh-
old estimation ([9]); bipower variation based g2 = 3% - hY ([16]). Endogenous optimal
choices are more recent and, for fixed (small) A, they consist in firstly looking for a thresh-
old € minimizing a suitable IV estimation error and secondly characterizing its short-time
(h — 0) behavior. For instance, in the case of finite activity (FA) jumps and constant o, [13]
considered the minimization of E[} ;" | (I{a,x|>e,a,N=0} T I{|a, X|<c,a,N>0})], the total
number of subintervals that are being ‘jump misclassified’, where Ny = > s<t 1{|ag.|>0)- AS
shown therein, this measure is equivalent to the loss function E[|IV — IV |? + | Ny — Np|?],

where N = oI {|A, X|>¢}- They found that an optimal threshold, €}*, exists, the sequence
{€3*}1 is unique and, as b — 0,

1 1
ey = \/302hlogﬁ +op < hlogh> ,

i.e., proportional to the BM’s modulus of continuity. An extension to the case where X is a
SM with deterministic local characteristics was subsequently performed. [12] minimized the
MSE E|[|IV — IV|?], when X is Lévy with possibly an infinite activity (IA) Y -stable jump
component. Also in this case a unique optimal threshold 7 exists, for any Y € (0,2), and, as

h—0,2
1 1
* _ 2 - =
eh—\/(2 Y)o hlnh+0p(q/hlnh>.

But M SE is an average error over ‘all’ paths w, while it is desirable to minimize the error
for the specific path J. of the jump component as if we had access to it. This is an idealized
situation that provides us with a target for the best possible behavior we could hope for a
uniform thresholding scheme. More specifically, a conditional MSE (cMSE)

min E[(TRV (e,) — IV)?|a, 0, J]

en>0

was proposed in [12]. The interpretation is the following: if, ideally, we knew the true a, o, J,
how large the estimation error of the truncated realized variation TRV (¢},) would be?* Note
that, in principle, cMSE could allow for a lower error, since

E m(in) E[(TRV (ep(w)) — IV)?|a, 0, J]| < min E[(TRV (vy) — V).

[12] minimized cMSE assuming any drift coefficient, any FA jump process, and constant o,
and the result is that a unique optimal threshold &, exists, and, as h — 0,

2 [12] also considered a Lévy process with FA jumps. They showed that the optimal threshold is asymptotically
equivalent to the BM’s modulus of continuity; i.e., the first order term is \/202h log %
3Note that the considered problem is not to find the best possible estimator for IV assuming that we knew

a, o, J, but rather what the best possible threshold level €}, uniform in i, we can take for TRV (p,), even if we
allowed it to depend on a, o, and J.
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1 1
Ep = \/202h1nﬁ —}—oa,s,(\/hlnﬁ).

In particular, the cMSE criterion allows for much less restrictive assumptions on the model
than the MSE criterion. Moreover the cMSE justifies a recursive numerical scheme to tuneup
the threshold, which has superior performance in estimating /V than alternative methods
used in previous literature.

For the general SM model, the quantity cM SE(e) = E[(TRV (¢) — IV)?|a,0,J] is a
complicated but explicit deterministic function of £, the increments of the drift part of X, and
the increments o2 := ftt,l o2ds and m; := A;J. As a function of ¢, cM SE(e) is continuous

and continuously differentiable. Through the sign of ¢cMSE’(e) at 0 and +o0, it has been
established that cM SE(¢e) has at least a minimizer on (0, 4+00). Thus the optimal threshold
€ has to be a zero of the first derivative. Such zero condition can be simplified in an equation
of type F'(£) = 0, with a complicated but known F' presented below.

The difference with the FA jump case is substantial. First, with FA jumps the analysis for
F'(ep,) could be done pathwise since, for any w, the terms in F'(¢j) containing a jump are at
most N7 (w) < 0o, and their sum turns out to be negligible with respect to the other n — Np
terms, which are deterministic. Thus the leading term of 5 turns out to depend only on ¢
as if no jumps existed at all*. In the presence of IA jumps, instead, each one of the n terms
of F'(e}) contains infinitely many jumps, and the leading terms are found through results for
triangular arrays of increments of a process and rather technical tricks (see below for more
about this). The larger terms, then, are leading in probability rather than a.s.. In particular,
the analysis cannot be restricted to a class of threshold sequences which are deterministic
functions of h.

The aim of this paper is the minimization of cMSE in the presence of A Y -stable Lévy
jumps and constant ¢. The solution to the optimality equation exists and is asymptotically
unique, but it is not explicit. There are a few subtleties we need to tackle that has not pre-
viously been considered in the literature. The optimal threshold € is a deterministic func-
tion of the increments (mi,ma,...,my) (recall m; = A;J). This creates a strong depen-
dence of the terms in TRV (¢) := > ;| |Ai X |I{ja, x|<z,}» Which impede the direct use
of martingale difference CLTs due to, among other, lack of adaptability. Instead we have
to rely on novel bounds given by suitably chosen thresholds that are deterministic func-
tions of h. For that, we first expand the function F' by looking for the leading terms when
h — 0, then we deduce the specific and necessary properties to express &p,. The leading

term, as h — 0, of (&), is \/ (2—Y)o?hIn 4, and coincides with the one obtained un-
der the MSE criterion. We also identify the second order term of an expansion of & as

\/(2 —Y)o?hlog + + (Y — 1)o2hloglog +. In particular the optimal sequence &, is higher

than the leading term \/(2 —Y)o2hlog + when Y < 1, while it is lower when Y > 1. This

is intuitive, because the identification of the continuous part of the Realized Variance of X is
more difficult when the small jumps are more frenetic, and the choice of a lower threshold is
needed to better exclude the small jumps. It is somehow surprising that, up to the leading or-
der terms, the optimal uniform threshold only depends on ¢ and Y, even if we knew the whole
Jjump path (Ji(w)),e (0,1 Further extensions are possible (such as a stochastic o driven by an

“This was in fact one of the surprising facts of the results in [12]: even in the absence of jumps, the optimal

€ is not oo and behaves asymptotically as 4/202h1n % This fact resembles Stein’s shrinkage phenomenon for
mean estimation of independent normal observations.
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independent Brownian noise and more general jump processes), but we leave this to future
research.

If we look at the model considered in this paper as a time series, conditional on .J, our data
consists of independent normal observations with means m;’s and constant variance o2h.
Normalizing, we actually have:

3) AX =22 BN (i, 0?), i=1,...n,

where m; :=m;/ V'h. Therefore, our data follows a mean mixture normal distribution. Our
estimation target is o2 and we see the means m;’s as unknown nuisance parameters. Even
though each individual m; vanishes (see the explanation after (9) below), in finite samples,
they are heavy tailed and some of those could take quite large values. In this case, the thresh-
olding procedure serves as a method to eliminate those large values. The estimation of the
variance of normal observations with unknown means has a long history that dates back to
Stein [26], who showed the inadmissibility of the sample variance even if the means were
all constant, but unknown. Our results shed some more light on this problem by providing
the optimal vanishing rate of the threshold (namely, proportional to \/hIn(1/h)), when the
means m;’s have pareto type of tails. Once the estimation of o has been effectively carried
out, we can proceed to estimate the parameters of the mean distribution using, e.g., EM es-
timation (see, e.g., [22]). There is yet another interesting interpretation or application of our
results if we consider the following slight extension of (3):

= A\}%( :g(i) +N(mi,02), 1=1,....n,
where ¢ : [0,1] — R is a smooth regression or drift function. In that case, the N/ (mi, 02)—
variables serve as regression errors that follow a heavy tailed distribution.

The rest of the paper is organized as follows. In Section 2 we introduce the setting, fur-
ther notation and some useful known results. In Section 3 we provide a first property of the
optimal threshold £ and analyse the asymptotic behaviour of the components of the function
F(ep,) as h — 0. In Section 4 we derive the first order term of £;, when 4 — 0. In Section 5 we
obtain the second-order term of £, when h — 0, and we then proceed to analyze the asymp-
totic behavior of F’(ey,). This allows us to deduce the uniqueness of the optimal threshold
sequence. The proof of the main results are in Appendix A, while some further technical
lemmas are detailed in the Supplement to this article posted online [? ].

4) AX:

2. The framework and some preliminary results. Throughout this paper we assume
the following

Al. We assume X; = oW, + J;, t < T, where W is a Brownian motion, o > 0 is a con-
stant, J is a pure-jump symmetric Y -stable Lévy process. We have discrete observations of
X, Xy,, with evenly spaced t; =t; , =i - h, where h = h,, = %, and for simplicity we assume
T=1.

We define e n )
IVo(e) == (DNiX)’Ija, x| <e}
i=1
where A; X = X, — X; for any ¢ =1...n. We look for € > (0 minimizing

i—17

cMSE(e) = E “I/‘\/n(s) - aQTﬂ J] :
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this quantity only depends on J because the conditional expectation integrates the contribu-
tion of W.

Remark. J is independent on W, and the support of any jump size AJ; is R.

Theorem 1 in [12] states what follows.Under A1, for fixed h, we have that

) cMSE'(e)=2F(e),  F(e):= Zn: a;(e) (52 +2 zn: bi(e) — QIV) ,
i=1 j=1

where J#

_ (etmy)?
2 2
e 2oi _|_ e 2‘71' 9

, O
oV 2T

bi(e) == E[(AiX)QI{(AiX)zgaz}b, J]

(6) ai(e) = U2h, m; = AiJ,

P =

mite

em? teamp? o mito? [UE L
7 :—(e 27 (e4+my)+e > (e—my ) L4 : e zdr. [
( ) ( Z) ( 1) \/ﬂ m g—e

aq

As a consequence of the above result, we can write Fi(e) = > 1" a;(¢)gi(e), with g;(e) :=
2423, ,,0; —21V.

For fixed w,h,n : o and m; also are fixed, and we have F(0) = —2IV > "  a; <0,
F(+00) = 0" and continuity of F in e. Thus for any fixed w, h,n, a solution exists and
solves®

(8) F(s):Zaigi:O.
i=1

We call the solution &5, (w), sometimes abbreviated as &, , &, or . Note that for each 4, g;
is a function of the b;,s, j # i and the terms a;, b; only depend on constants and my, ..., m,,.
Thus the solution £ of (8) can be random, but only in the form of a deterministic function
of mq,...,my,, because the Brownian contribution has been integrated out, i.e. we necessar-
ily have € = f,,(mi,...,my), with f := f,, a deterministic function. Moreover, note that the
second expression in (5) and the equation (8) defining the optimal € are invariant with respect
to permutations of the m;’s and, thus, f can be assumed to be invariant on any permutation
of the order of the increments m;%. Further, as in our case the m;’s are iid, we have that

(€n, ,m1) 2 (€n,, ,mi), for each i.

Remarks. Since the support of any jump size AJ; is R, then a.s., if £ minimizes cMSE it has
to be true that £ — 0, as h — 0 (see Remark 3 in [12]).

By contrast with a finite activity jump process, for a Y -stable Lévy process all the incre-
ments m; = A;J are non-zero. In fact, for any ¢ the law of J; has a density, and thus, for any
n € N, the number N7 of non-zero increments satisfies P({N7? < n}) = P(UL,{m; =

>In order to only guarantee the existence of an optimal threshold, it is proved in [12] that the presence of non
null jumps on the time interval [0, 77 is not necessary.

OThis fact holds true whether the distribution of the vector of increments (m1,...,mp) is invariant to permu-
tations or not.
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0}) <nP({J,=0})=0.

Some further notation. For brevity we sometimes omit to precise the dependence on ¢ in
ai(¢) and b;(e), as well as the dependence on & in €, and &j,.

For a function f(¢) we sometimes use f(+o0) for lim._, f(€).

For two functions f(z), g(x) of a non-negative variable x which tends to 0 (resp. to +00):
by f < g, we mean that f = 0(g) as x — 0 (respectively x — +00),

by f =< g we mean that both f = O(g) and g = O(f) as = — 0 (respectively = — +00), while
by f ~ g we mean that f(z)/g(z) — 1 as x — 0 (respectively z — +00).

. . d C
Given two random variables Z and U, Z ~ U means that they have the same distribution.

2

U denotes a standard Gaussian rv with density ¢(z) = e\;% . We also denote:
O(x) = o(s)ds, @(x)=1—d(x).

xT

Throughout, hot means higher order terms.
We split J; = at + L, + M;, where, denoting the jump measure of .J by u, v(dz) = m%dx
the Lévy measure of J, fi(dx,ds) = u(dz,ds) — v(dx)ds :
t t
L;:= / / xu(de,ds), M;:= / / xfi(dz,ds), Ns:= ZI{IALuIﬂ)}'
0 Jlz|>1 0 J)z|<1 u<s
C' always denotes a strictly positive constant, and the same name is used even when from

one expression to another the constant changes.

Recall {£},}}, is the sequence of optimal thresholds that we are going to approximately iden-
tify. Hereafter, we set

_ __
_ e 202h Eh e 202h _y
Sy, = s Sy = = , 0 - h/g 5
" V2T h qb(aﬂ) V2T

where above ¢, is a generic sequence of thresholds. We shall also consider several sequences
of deterministic thresholds that will help us to control £.

Remark. Finally, we use often the following relations:
Ve >0,0(x) < K¢(x),

for z — 400 then ®(z) < @,

BW}hw,sa] = [ 8°6(s)ds = x6(z) + ()

3. A first property of any optimal threshold &; and asymptotic properties of the
terms within F'(&5,). Firstly, there is a lower bound for the rate of convergence of the
optimal threshold &;, as stated by our next result, which is proved in Appendix A. The result
holds in a more general setting, as shown in the proof therein.

PROPOSITION 1.  Suppose X; = oW, + J;. Then, a.s., &, //hn — 00, as n — o0.

Remarks.
i) For each i, we have

) i

(O] ‘
1=
je)
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—>0

mz — m £
In fact, = e where the second factor vanishes by f \F

because for any pure-jump Lévy process J we have J;, / \/E — 0.7 In particular we also have
for all ¢ that

AZM P AzL P

S
S

ii) Define

1 e ;;gch
(10) Emec = Eme,h = \/ 202h10g E’ Sme = Sme.h ' \/% =h

and, for a fixedp € (0,2 —-Y),

. r _¥y_1
(1D Ep=Ephi= \/(Q—Y—p)a2hlogh, Sp=358pp = NeT —pl=7-3.
Then, for any sequence &, of optimal thresholds, the following two properties hold true:

* A.s., if for any sufficiently small A we have {&}, > e, }, then Eh% = 0q4.. (5}21 Y) .
Indeed,

= =Y =Y
gh En ghaih hah
(12) LS ’Y\F—>0 a.s.

* For any fixed p € (0,2 —Y), a.s., if for any sufficiently small % it holds Vh <&, <
\/(2 —Y —p)o2hlog %, then e27Y = 0,5 (sh \?) In fact,

SKER _2=Y-piye L 1_Y_»r
13 >e z tlogy >h "2 2,
(13) NG ff
and, thus,
22—y 2V (hlog})'TE O, 1 v
S <O pgﬁc(?giﬁ)p:iﬁ(log—)l T 0.
v hlmzs h

Next, we introduce some important notation. Starting from (7), we write

(14) gi=e>+ 22()]' —20%=¢%+2 {02 ZE[(AjW)QI{|AjX|§€}]J] - 02}
J#i J#i 3
+o > miE[AWIga, xi<eplJ] +2Y miP({|AX| <elJ}=:e>+ Y H
J# JFi m=1
Note that for all 4 the single term b; (&) is negligible wrt £2, i.e. we have
bi(€)

52

P
— 0,

"The resultis explicitly stated in [25] for a Y'-stable Lévy process .J, however more in general, for any infinitely

divisible distribution p with Gaussian component o € [0,00) it holds 5 In j(s2) "=~ —$o? (1251, p. 40),

Taking h =1/ s2, it follows that hln p(z/VR) h=0 7%02. Thus for a pure-jump Lévy process J, which has

1

P

1
. . —=J
o =0, with p = J (P) we obtain that E(elz VE“M) - 1 and, thus,
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m;+e

since, due to the boundedness of [,7”" ¢(z)dz by 1, the second term on the right hand

oh
side of (7) is bounded, up to a constant, by = + %, which converges to 0 in proba-

bility due to Proposition 1 and (9). Regarding the first term on the right hand side of (7),
<OV |1+ | +]1—2|] So.

2
mi

2 etmy)?
O'g e~ T (E+mi)+e” S (e—my)

It follows that

gi(8) = +2) bj(e) — 20" —b;(e) =22 +2) b;(€) — 20” + op(¢?)
j=1 j=1

(15) .

= &+ Hu(d) +op(8),

m=1

where each H,, is defined similarly to the corresponding ﬁm in (14), but contains also the ¢-
th term. In what follows, we study the asymptotic behavior of each term H,,(¢) for a general
sequence of possibly random thresholds {}, },, satisfying the following properties:

. 8. €h, as.
(i) en, 20, - 400, as n — 00;
Vha
(16) (ii) ep, € o(my,...,my), for each n;
(iii) (ep,,m1) 2 (en,,mi), foranyi=1,... n.

As mentioned above, the optimum & satisfies the above properties. We are now ready to
characterize the asymptotic behavior of each H,,. The proof can be found in Appendix A.

THEOREM 1. Suppose that {ey, }n, satisfies (16). The following assertions hold as h
0:
Y l{ehzamc’h}Hl = 1{5h26mc,h,}0P(5}2;Y)§

Sh€h Sh€hn

) Lo 1= Here@enen)) (—40 wr top ( NG ) + OP(527Y)> ;

b) Le,senonyHa =1, 52, yop(er V)

b) ec@ment B2 = Lioeuencny (00 (282) +or(E )

b)) Lezs, g = L <z, gor (22

Sh€h

2 1{€h§€p=h}H3 = 1{5hS§p,h}0P<W> .

4. Asymptotic behaviour of &5 first order term. We start with a corollary of Theorem
1, which allows us to establish a lower bound for any sequence of optimal thresholds. The
proof can be found in the Supplement to this article posted online [? ].

COROLLARY 1. ForP-almost every w € S, there exists a sequence hi(w) > ha(w) > ...
such that, for all k,

1
En, > \/(2 —Y —p)o2hylog P
k
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Define now, as a reference value, € = &, := \/(2 —Y)o2hlog % This was shown in [12]
to be the MSE-optimal threshold in the presence of infinite activity Lévy stable jumps.

2
202h

. L. _x
REMARK 1. Note that with € and § = §j, := & wor i h'~ =, we reach

§né 2-Y ,_v ( 1 ) 3
g f

Vh 2
which has not the same order of

2Y - ((2 - Y)02>1§h1_§ (log ;)12.

However, with €3 = 2h [(2 —Y)log3 — (1 —Y)loglog ﬂ the two expressions reach the
Y

-5
same order h'~ = <log %) , but the first order term of the latter 5% is (2—Y)o%hlog %

Something similar happened in [12] in the case of FA jumps: \/202hlog % was the first order

term of the solution to an equation where the left term was O 5. (%) and the right one was

Ou.s.(€%). By contrast, the function 6%7,1 =o2h [2 log% — loglog H < 202hln% makes the

SKhE

two terms - and €*=Y of the same order, and in fact o>h {2 log % —loglog ﬂ ~20%hln %

PROPOSITION 2.  For any deterministic sequence {ep,}, such that e, — 0 and % —
400, we have

Hs(ep) Yo miP{|AX| <eylJ} Py

-V 2V )
ley ley
Sio1<e, T°v(dz) . ,
where { = ”Sg’gfy = %, v(dx) is the Lévy measure of J.

h

The Proposition above extends the validity of a result obtained within Theorem 2.1 in
[19] (namely, the asymptotic behavior of the fourth term of the estimation error IV — I'V in
(6) therein). The proof of Proposition 2 is provided in the Supplement to this article posted
online [? ]. In particular, the conclusion of the Proposition 2 holds with both the sequence

&= \/(2 -Y —p)thlog% and €,,,. = \/202hlog%.

COROLLARY 2. A.s., there exists a random subsequence hy 0 such that, for all k,
Ehi, < Eme,hy, = 4/ QO'Qhk log é

See the proof of the above Corollary in the Supplement to this article [? ].

REMARK 2. From Corollaries 1 and 2, we have

P{w 1Ep € (ép,hygmc,h) 7,0} =1.

Sequences €y, as in the previous remark have the useful property below, which is proved in
the Supplement to this article [? ].

LEMMA 1. P{w:&y € (éphsEmen) i.0.} = 1 implies that, as h — 0,

P{en <épn}+ P{enh >emen} — 0.
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We find now that the first order term of the asymptotic expansion of any sequence of optimal
thresholds &5, as h — 0, is

1
£= \/(2 — Y)J2hlogﬁ,

as h — 0, exactly as in the case when, in [12], the selection criterion was MSE rather than
cMSE. It is somehow surprising that, up to the leading order terms, the optimal uniform
threshold only depends on o and Y, even if we knew the whole jump path (Jy (W))te[o,T}- The
proof of the proposition is written in Appendix A.

PROPOSITION 3. Any random function e}, satisfying (16) and such that, a.s., F(ep) =0
for all h, can be written as

1 1
Ep = \/(2 —Y)JthogE +op (\/hlogh> .

5. Second-order expansion of £;, and uniqueness. The following result sharpens the
bounds &, £y,¢, established in Corollaries 1 and 2, to any sequence of optimal thresholds. It
is proved in the Supplement to this article [? ]:

LEMMA 2. If (8,)p is a sequence of optimal thresholds, then for any p > 0, a.s. we have

(17 e € (€5, 2p),

for sufficiently small h, where

(18) €, =Epp = \/(2 - Y)Jthog% + (Y —1—2p)o2hloglog %,
(19) Ep=—Eppi= \/(2 — Y)Uthog% + (Y — 14 2p)o2hloglog %

That is, a.s., there exists hy(w) such that for all h < hy,&p,(w) € (&}, £p).

Note that the quantities ), §p are deterministic. These bounds are tight enough to reveal
the second-order term in the expansion of the optimal threshold. Indeed, we can conclude
that

Eor 1= \/(2 — Y)a%log% +(Y — 1)a2hloglog%

is the second order expansion of the optimal threshold. Note that in ([11]) the same second
order expansion appears when the error minimization criterion is the MSE in place of cMSE,
and Y > 1. This is consistent with Remark 1. In particular the optimal sequence &, is higher
than £, when Y < 1, while it is lower when Y > 1. This is intuitive, because the identifica-
tion of the continuous part of the Realized Variance of X is more difficult when the small
jumps are more frenetic, and the choice of a lower threshold is needed to better exclude the
small jumps.

Next, we characterize the asymptotic behavior of > 7" | @; = >\ ; a;(€). This result (The-
orem 2) is proved in Appendix A, and will be used to obtain the uniqueness of the optimal
threshold sequence.
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REMARK 3.  Note that if a.s. &, € (g, &p) for sufficiently small h, then a.s. &), € (ps &)
i.0., but then, similarly as in Lemma 1, we obtain that, as h — 0

Plep <epl+Plep,>&,} —0.

THEOREM 2. For any sequence of optimal thresholds (g)y, let

_ (Ep—=my)? _ GEptmy)?
_ e 202h 4 € 202h
a; ‘=
h oV 2mh
en
- S 1 <2 K3
(20) a;=2—"=(1+o0p(1)), where Sor = Sop.p, := et = ———— .
2P T T T e

The next two corollaries will allow us to conclude uniqueness of the optimal threshold,
which is the main result of this section. Both Corollaries are proved in the Supplement to this
article posted online [? ].

COROLLARY 3. Asymptotic behavior of F’(2). Let {},}1, be a sequence of optimal
thresholds. Then a.s.,

2n

d 8 <sors_

2
4 @) (1 +op(1)).

FE)=—
==
We are ready to conclude uniqueness.

COROLLARY 4. Under (16), any sequence minimizing cMSE is asymptotically unique,

i.e. for any two optimal sequences E’gll) , égf) we have, a.s. for sufficiently small h, 5511) = 522).

APPENDIX A: MAIN PROOFS

The following notation will be used throughout the appendix:
(e5)?
*

* . 1 _—-h-_ 71-% Xipl _ p1l
8p = Spn = gnt w=h"2log 2 5 = Sorlog? 1,

=

=2
= __p 1_XY 1-v _
p = Sp,h i= /127?6 =T log™= 7" % = Sorlog™®

D

A.1. Proof of Proposition 1.

PROOF. Let us recall that

_ (52_;”}’1’)2 n (62-%—;7:1-)2
[ o“hn e g% hn
i, (€)= s bin,(e)=cin,(e) +dipn,(e) +ein,(e),

where

_(5—7ni)2 _(5+mi)2 1/ h
_<e 202hy, (g_i_ml) _|_e 202hy, (5—77%)) g 2 n7
V &T

m;+e
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For simplicity, write 5, for &5, and recall that h,, = 1/n (i.e., T'=1). We also need the
following notations:

—mjte 22
22) vo=n(n—1)/(2v/27hn),  Tip, = / Ve
’ oy Vor

g/ h

dzx,

SO
2 2
€ih, =0 hnNin,, din, =minin,.

Let us start by writing the equation ) \" | a; (sﬁn +23 4 0in, (En,) — 202> =0as

Uanai,hn "—i—QZ(CJh Eh.,) d h(nh)>

-
23) ‘ i7
20
o 2 b +7Zazh > (A= njn,(en,))-
=1 =1 j#i

Using the simple inequality e~ 5 > ¢~ %*~b which holds true for any reals a,b, we can
deduce that faoib e~ 2dx/\2m > eV [ e~*" dx/\/2m and, thus, we get

+o0 6_% o2 0o 67332
1 —njn,(e) > 2/ dx > 2 7% / dz,

N

Imjlte /21 Amil 27
or/hn or/hn
L2 mi
Aip. > —————€ o%hne o2hn,
' 2mhy,

Therefore, the right—hand side of (23) can be lower bounded as follows

202
Z 1(11}1 +7Zalh Z 1_nj7hn(€hn))
=

i=1 J#i

Ze_dz;hn n—l /2 Ze i Z/ gl

J#Z hn

\/ﬂ

Using a Weak Law of Large Numbers for triangular arrays as, e.g., Section 2.2.4 in [15] and
that m;/+/hy, — 0, we can show (see Lemma B in the Supplemental Material of the article
[? ] for a more general result):

n(n—1 /226 Z/ 1 F 2\f

Therefore, defining Q(w) := liminf, o0 &p, (w)/v/Fin,on Q= {w : Q(w) < 0o}, the lim inf
of the right-hand side of (23) is bounded from below by 8e™ =@ % > (0. Note that () denotes

a strictly positive random number which does not depend on s € [0, 7], nor on any index
j=1,...,Np of the partition j € {1,...,n}: AjN # 0, and the same name is used even
when from one expression to another the constant changes.
We are going to show that, on Q, the left-hand side of (23) is upper-bounded by a quantity
whose lim inf vanishes. This will suffice to conclude that P(Q) < co) = 0.

Let us first note that

7(5—7n,i)2 7(E+mi)2 . 2 - 7n% em, _emy
(24) — [ mye 202 hy, —mge 262hy, — —e 202hp 202k, m; eolhn — e oZhn SO’
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since the function H(z) := 2(e” — e™")/2 = xsinh(z) > 0, for all . Thus ¢; , <0 for all
i, and using also that > , ai,hn/vn <4/[o(n — 1)] we obtain

1 & . C]h (en,) dj,hn(fhn)
L oy
et hn,

25) J#
2
h., i (Eha)
<(B) it 2 S )
n =1 j#i n
To deal with d; 5, , we upper bound 7; 5, as follows:
(26)
—m;+te z2 z2
o/hm €2 e
Mipa (€)= [ " \/ﬂdw S o Tﬂdx (1{|mi\>2s+2az\/ﬁ} + 1{|mi|gzs+2a2\/ﬂ}>
o/fm on/hn
<« O —(mil-o72/20%h,
S 5 Limi>2e+202vAny T Limi <2e 420200}
—2/(202h,,) —|mi| /B
o [E I 1 oo 200y

Therefore, up to some deterministic constants C; and C (that may be different from line
to line) and some « € (0,2), the second term on the rhs in (25) can be upper bounded as
follows:

(27) .
(Eh ) ]h Eh . 8
*Zazh e n_1 oy Gl —;Z
=1 j#i " i=1 j#i n j=
2 Imj| " om2
< —— 2022 — \/7 J e e
Z h, 77] ho(€n,) e Z € T Z I, L }5132\/%+202}
:Cle—;zz”zn:m?{%Jr@zn: my |7 my 1T
n = hn n = /R, /b {\/;7<2\/h4+202}
Ci _ chn m? _1myl € Zop X omy
< e 20%h, —Jeo Vi L Oy |2 4962 - 3 . ,
~n jzl b, 2 Vhn njz1 Vhn {\ﬁ<2\hﬁ+20}
G 1 [ m? S @
< Cre 2% — —ZAl)+C ~
=€ nj:1<hn >+ 2<\/h +0> nz::

2 (0%
Both summations % Z?Zl (% A 1) and % Z?Zl 7—| converge to 0 in probability in light
of Theorgm 3.4.11in[15], case (a) therein) in the degenerate case that ¢ = 0. Then we obtained
that on = {w : Q(w) = liminf,,_, €p, /Vhn < 00}, the liminf of the left-hand side of

(23) is dominated by 0, while the right-hand side of (23) keeps greater than a strictly positive
constant. It follows that P(Q) < oo) = 0, and our claim follows. O

A.2. Proof of Theorem 1.

PROOF. Note that for each m = 1,2, 3, the terms H,, defined in Eq. (15) contain a sum

either of type Y. | E WEZLL)I{\AiX\ga}‘J] or of type Y | E [wgz)f{mi){bg}‘ﬂ, and our
aim is to identify which term has the slowest speed of convergence to 0.
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Now, for each w, we take h,,, depending on N and W, such that for all h < h., we have:
e A;N €{0,1}, Vi,
(28) o |A;W|<3y/hIn%, Vi,

05>2\/E,
Note that
29) P(h>hy,) ({32 AN>2}U{E@ ]AW!>3\/hln}U{5<\F}>
AW
<nP{A;N>2}+P sup¥>1 +P{E§\/E}—>O,
© 34/hIny

as P{A;N > 2} = O(h?); the Paul Lévy result holds on the modulus of continuity of the
Brownian motion paths (see e.g. [24], Remark 49.15); and Proposition 1 holds.
For any, possibly random, speed function wy,, and for any m, we can split

*ZE |¢m I{a,x1<e3| ] = ZE [l%n 18, x <oy Ugn<noy + Lo, }”J}

As for the second term note that, for any r.v. Z > 0 if E[Z]J] # 0 then P(Z > 0) > 0,
because for any A € o(J) we have [, ZdP = [, E[Z|J]dP. Thus,

1 « m
PL LS B e o] 0}
i=1

:p{E

1 o~ (m _
<P <wh S A x < sy > 0> <P(h>hy) =0
i=1

1 o, (m
wh;|¢§,n)|l{|AiX|§€}I{h>hw}’J] 750}

In the same way

1 & .
" {wh > B[ 1 gaxisa Ipsna ) # O} o0,
=1

meaning that what determines the speed of each H,, is the set where h < h,,. From now
on we_only need to deal with each H,,, as the sum of conditional expectations on the event
{h <hy}.

Firstly, the finite activity jump part L of J has no impact on the speed of convergence
to zero of the terms H,,, above: we show that for any, possibly random, speed function wy,,
and, for each m = 1,2, 3, we have

1 " m P
(30 uThE ZWji(,n)|I{AiN7£0,|A7¢X|§a,h§Bw} ‘J] = 0.
=1

~ In fact as. we have |A;M + AL + ah| — o| AW < |A; X[ < ¢, and, thus, on {h <
hw} N {AZN 75 0, |A1X‘ < E}, for all 7, ‘A1L| — |AZM| — |a|h < |AZL + A;M + ah| <
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e + 304/hIn}. Note that, since e, — 0, while 1 — |a|h — e, — 3y/hIn§ — 1, then for

possibly a smaller h we also have 1 — |a|lh — & — 30y/hIn+ > e. Thus, since A;N = 1
and L has only jumps bigger than 1, then for all ¢ we have |A;M| > |A;L| — |alh — e —

30\/hln% >1—lalh—e— 3m/h1n% > ¢. It follows that, a.s., for sufficiently small h,

it Vil a nzo,a, x| <e} < 2imq [YinlI1a,N+0,|A; M|} and, in particular, we have

1 n
P{wth “wi,n’I{AiN;éO,\AiX\gs,hgﬁw}‘J} 7’50}
P

1 n

Since for h < h,, we have, by definition of h,,, € > \/h, the latter probability is upper bounded
by

nP{A;N #0,|A;M| > Vh} < CnhP{|A;M| > Vh} < Ch'~% 0,
having used the independence between A; N and A; M. Therefore (30) follows.
Therefore in the remaining part we can consider {A; N = 0,|A;X| < e} in place of
{|]A;X| < €}, for each 7, and on {A;N = 0,|A;X| < e}, we will have m; = A;J =
AiM + ah.

Let us now deal with H; = 2 {02 i1 BI(AW)?Ia, x1<o3] ] — 02} . We write it as

Hy =T + 15,
where
(B1)  Ty:=20> <E > (AW Tonwi<ey |7 —1)
=1
(32) Tp=20° (E S AW Iga,xi<ep || = E | D (AW I paw<e) JD

i=1 i=1

We have
T1 :20'2 [nhE[U21{|U|§:—\’/‘ﬁ}|J] — 1] = _QJQE[U21{|U|>G;\}/LE}|J}

2 2 402 2 € oo e
=—40 E|:U I Eh_ Ji| = —7[6_20% +/ e_dei|
(33) (>3l N N
SKHE SKHE
=—40——=+ o,. (—),
vVh VR
where the last equality holds true because as £/v/h — oo we have @(U \E/E) < (j)(as h)" \E/E =
sh—”‘/ﬁ.
g

Now we deal with the second part in (32). Recall that we are working on the set {h < Bw},
and we can take Z?ZI(AZ-VV)2 If|a,x|<e,A;N=0} in place of Z?:l(AiW)QI{|A7¢X|§6}' In
that case, we decompose T5 as follows:
n
T, = QUQE[Z(AiW)Q[I{\AiX\gs,AiNZO} — Ifjonw|<e, 0, N=0}] M ;
i=1
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=20°F

Z(AiW)2 (A X |<e,0,N=0 |0 A, W[>e} J]
i1

n

D (AW)PI( A X 56,8, N=0,0 0, W|<e}

=1

(34) —20%E

J] = 202T21 - 202T22.

For the first term 757, we have:

n

ShEh
©5) In=& ;(AiW)ZI{IoAine} 7| =B [U 15 y17] = Oas < NG ) ’
1=
For T»9, we disjointly split the event appearing therein as follows:
(36) {‘AlX| >€,AZ’N:O,’0'AZ'W| Sé}:EliUEQiUEgi,
where

Fus = {|8:X] > 2, AN =0, | AW| < &, |A:M] > 5},
Bai = {|AX| > £, AN =0, | AV| < =, [A;M] < S},

Fs; = {|AX|>e, A;N =0, Z < |oAW| < e, |AM]| < %}.

The second set will turn out to be empty for sufficiently small & for any i, as |A; X | =
o AW + A M + ah| < |cA;W/| + |A;M| + |alh. On the first set we prove that for all
e > 2v/h and sufficiently small &, we have

7 = = e2-Y ] —0
Indeed,

e, (AW) i | < B (AW) LA, v=oa,11>53 1]

ey N 2-Y
(38) vy
AN
e b ZI{AiNZO,lA,;M|>§},
i=1

where h> 37| (A, N—0,|a, > £} is bounded in probability. In fact, P{A;N =0, |A; M| >
£} < P{AN = 0,|A;M| > VR} = P{AN = 0,|AiJ — ah| > Vh} < P{|A] > Y} +
P{lah| > ¥} = P{|A;J| > ¥}, Since J is self similar 8, then P{|A;J| > ¥} =

Y

P{|hv Ji| > ¥} = P{|J1| > 222} = Ch'~% 4 hot < Ch'~%. Therefore, for n suffi-
ciently large,

E

Yo v ¥
h ZI{AiN:O,\AiMp\/E} <Ch= Zh 2 =C,
i=1 i=1

which implies boundedness in probability of h Sl {AN=0,]A;M|>£} and then (37). Fi-
nally, on the third set F3; above, we have

n ShE
(39) E{Z(A’LW)QIE?”‘J} < nhE[U2[|U|>ﬁ\/ﬁ} - Oa.s. (\h/ﬁh) .
=1

8Here, we use that P(|Jy| > x) ~ Az =Y for some constant A (see [24], and also Lemma 13 in the Supple-
mental Article to [6], posted online).
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So far, we have concluded that

Hy=—-40 % + Og.s. <ih/%h> + 0g.s. (i}}?) +0p(€2*y).

a) On the set ¢ > |/202hlog %, we have S\’I/%h = Og.s. (E,Qlfy) (see (12)) and we conclude
that

ShEn _ _
Hl = —40’W -+ OP(E’2 Y) = OP(€2 Y)
a’) H; when ¢ < g,,c.
Let us start with term 755 in (34). In order to deal with the case € < &,,,c, 1consider next

inequality:
(40)

n

Tor =)  E[AW)* Ljjonw s tanf>e onw]<eaN=0} /]
i=1
< hz [I{AiM+ah>0} ﬂA‘MW x2q§(m)dw + I{A, M+ah<0} /6 x2¢(x)dx}
=1 077\/5 ovh
)da; = TQQ
\A M+ah\

We then use the following decomposition:
(41) Tao:=U1+ Uz + Us

where v > ﬁ € (2,400) and

solaiMtah) M+ah\ ()dz, I{\AiMJrahKIOf%}
Uzi= e \A ]M+ah\ )dl‘,[{ <|A M+ah\<‘r}
\A 1W+ah )dxl{\quM+ah|>§}'
As for Uy, on the set where |A; M +ah| < ‘Fl , we have %\J‘/ﬂ{“h‘ > 1 (ﬁ - 10g171l> >0
and, thus,
sha/f cisrsan © OO 8 ani< )
42)
i 2
5h€/\F Z/ >x qﬁ(m)dxf{m M+ah| < h}

\/L log 1

We now bound the indicators with 1, so the terms do not depend on A; M anymore. We
further use that 22¢(x) is decreasing for x > /2 and, for any optimal threshold ¢, both

—1( = _ — i
the extremes a = - ( Jh " ol h) and b = f of our integral tend to +oo, thus a.s., for
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sufficiently small &, we have f; 22¢(x)dz < a®p(a)(b — a), with a,b > /2, and the above
is bounded by

2
\/E 1 & 1 1 & 1 1 € 52\/{log 2021i82 1 1
ey S Y e I
e sp \vVh logz o\vh logz/ ) logs Vh log +
Now, for ¢ < C\/hlog%, for any C' > 0, we have 02\/551%1 < \/lfgl — 0 and 7
h

Cy/log %, thus the above display is dominated by 4/log %C é, and tends a.s. to 0.
h

In order to deal with

43) U, = (2)dx], o

e— |A 1W+ah| { Tog 1 <|A; M+ah\<f}’

let us recall that we only need to consider the intervals where A; N = 0, and we notice
that, reasoning as just after (38), we also obtain that P{ lgfl } <
h

Now we argue s1m11ar1y as below (29). Since \F — 0, for any r.v. X we have for any § > 0

}<C’h1 zlog 7> When i — 0.

(44) P{|X|I(,ymy >0} < PUX|I 5y # 0} < P{e <V} = 0.

We thus only need to deal with Us on {e > v/h}. Calling 3; 5, := %\Af{ah', and noting that

on the considered set 3; , > Uf/g
(45)

v oo -
[ o gola)de < [ a0(a)dn = 5 (5u) +B(6in) < Bind(Bu) + K (B

=

ovh  ovh “h

&2 e|A;M+ah| |A;M+ah|?
< CBing(Bin) < C—me 2ot~ o
Thus,
n
U, < Ch IS _ Ez +5\A131»21+ah\7\A,31V1;ah\2I
7 < E e 202h o2h 202h N . V-
A 0\/E {log%<\A,M—|—ah|§ S }

c|A; M+ah| &2

Now, on {|A;M + ah| < @}, since Q < £, we have e” =7 < e7?, and, thus, the
above display is dominated by

20‘2h o‘2h
e ! [{ e <IA M+ah| <Yk}

(46) C’hz

It follows that

ChZew - )
shs/\f g% <|A,iM+ah|§T}

2 2 1 _2 . . .
but, for £ < £,,e, we have 7777 < e+ %% = h ™~ and, so the above display is dominated by

Chzh_”{ Ty <|A M+ah|}’
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whose expectation is bounded from above by
2 h Y_ 2 1
Ch ~P £1< |A;M + ah| < Ch'" 2 7 log¥ — —0.
10g n h

Finally,

n

@47  Us= (z)dz - T

< .
crsprian (At anl> 2y S 0D A v van)s 23y
1=

As soon as ﬁ — 00, the above term is negligible wrt €27, because

h & hlfy

o YZ (1AM tah|>2E) = e me M+ah|>f}_>0

having used that hs Yo {l AsM-tah]> Y} is bounded in probability as for (38). We then

conclude that, on {€ < &,,,. }, we have

_ € B
Too <Thy =o0p (Sh\/%> +op (62 Y) .

On the other hand, we have Ty < The + 0 p(gQ—Y), because

Iy =FE Z(AiW)Q[I{\AiX\Se,AiN:0,|aAiW|>s} J]
=1
a+\A M+ah\
2
= hz ¢($)d$ <I{E—|A;\1;lﬁ+ah\ Sﬁ} + I{s \A J\l+ah\ >\[})

The second term is dominated by

‘A M+ah‘ )de‘I{ \A Iw+ah\ \f} )dx = TQQ,

\A 1vI+ah\

while for the first term we have {E‘Aiy{ah' < \f} C{lA; M+ah|>\f< \[0>}
{|A;M + ah| > V/h}, thus

n e+|A; M+ah|

1 oV 9 h —
—vh) r ¢($>dﬂ{7€“fyg“h‘§\/§} < le Toa v ran> vy
hooim1

€

h =17 578
which tends to 0 in probability as argued below (47).
Thus T2 < Ths + op(e7 "), and it follows that on {e < £,,,c} we also have

To1 =op <3h\€/%> +op (827Y) s

and then, using (33), Hy =11 + 152 + 153 is as announced in a’) within the statement of the
Theorem.

b”’) Term H> on ¢}, < &,. Note that

40’ n (sfrni)2 (5+7ni)2
(48) Hy= =T VR m, <e i _ - ) and
\/ﬁ i=1
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H,)| (O
(49) |Sh€h <9 hZ|ml|e
vh vh

n w2 il 1 eimg - my o] 1 eim
N T Ly
e = Vh ' ¢ = vh l

- log

Recalling (44), we obtain that also

Vi O~ | el P
hz \/5662 h {ES\/TZ}*)O

1 e|lmy]|

VA n _LQ? Ima| 2 elmal .
So we only need to deal with ¥2h ) " | e”2e%h Jneh 1 (s ) on the restriction of
{e>Vh}.

Note now that for any C' > 0 on {¢ < \/CUthog%,

follows that, since (¢, m;) i (e,m;), we have

<o

8|mi|
dmil < ¢ xe

(50)
h, '”2 LE\mL\
Ze 2on ed " {€<\/Co2hlog = mal< hl , e>Vh}
s
m2 glm
=F \/Ee_mjh ‘ml‘ > ol

- es2 " n [ <FE 6_%@60 —0
c Vh {e<y/Cohlog I, |m1|< ,e>xf} Vi :

Consider now the terms in (49), where |m;| > ‘C ,€<épand € > Vh. With u :=

2—-Y —pe(0,2—Y) wehavee < 1/uo2hlogﬁ,and

n 2

\/Ehze_zozzh m, 01 ah;: il _

€ — \/E {s<1/uo hlog +, |m,|> 1 , €>\f}
1=

51 \/E 727”217 ’m1| o2 uUQIOgl -
( ) SE 76 o IW \/7 hI{€<\/W7 |m1|> os T E>\/7}
_ "’2% |m1| 2 \/uc?log = Lyl
§E|:€ 20 hﬁed \/7}1 \/EI{8<\/W7 |m1‘>10g } .
Define
(52) fi(z) =2 2+\/02170g%%

The first derivative in 2 of f; is positive iff —2% + 21/uc?log + + 2 > 0, which on R,

happens iff
x < x1:=1/uc?lo 1 1—4—1 1+L
b Shlz "2 ulogy |’

This means that 2 is the only maximizer of f; on R, thus for any value of |m1| we have

fi <‘%> < fi(w) = h_%\/UUZIOg% “Yh
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where

2
1+, /1+ —u [Ty 1- [+
,yh_ch h ( ulogh> 2 ulogh _Chh < 1logl ulogh>

is a deterministic sequence with first factor ¢, — 1 and second factor equal to

L L o -
h ((ulog,{) ((“logllz) )) —)671,

as h — 0. It follows that (51) is dominated by
1 h
<Ch 5y/log— P{ |ma| > Ll
h log h

h™ \/ua loghI{lm > B ;}

< C’h_g(log;f Kl log¥ (;) =Chs logy+% <;L> — 0.

It follows that

83) CFE

H. . ShE
FE [thJ [{E<€ }] — 0, 1.e. HQI{ESEP} =op ( \h/ﬁh> .
Vh

b) Term H; on {€ > £,,.}. Using (48),

— |my

Im z|
‘HQ,I{E>EmC} < Chz f Of I{szsmc}

1 iy iy -,
< timate (Varoy /Mo T ) (2 T

where d := 4(2 — Y)o? and b is any fixed constant satisfying b < /202 — \/qo? with ¢ €
(0,2).We first show that

|mz| — |l
= YZ Jf Lieset Ly, j<vam)
e|mq|

2
mf ‘m1’ 6_ 202h o2h

R A I{€>8~w}]{|m1|sza\/<2—y>h}]

=CE

tends to 0. For that we define

2 m
e elmq |
+

-

e 202n Zh

(54) fa(e) = Qv

Then, we have

20 0o ) -] 4 i)

The discriminant of —&2 + |m1|e — (2 — Y)o?h =0is A =m? — 40%h(2 - Y). On {m} <
402(2 — Y)h} we have A <0 and defg( ) <0 for all e. Thus f, is decreasing, and on
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€ > eme We have a.s. fa(g) < fa(eme). It follows that

2
. ___¢€ e|mq]|
m?2 ’m1| e 5.Zn T on

FE |e 2o2n \/E EZ_Y I{8>E7,LC}I{|m1|§20\/m}]
_ 3 |my
=F [6 ’ thQ(SmC)I{lmug?a\/m}
(55) I Im | h
wi |y 3l oiog T
=CFE |e 22 Y et v o
R g i)

[ma |

_ L
=CE fl( \/E)(Iogill)l};l{mﬂSQU\/m}] ’
where we used the function f; defined in (52) with u = 2. The function f; is increasing on

[0, 1] and decreasing on [21,+00) and note that for small &, 20v/2 —Y << v/204/log ¢ <
x1, thus on [0,20+/2 — Y] the function f; is increasing and fi(x) < f1(20v/2 —Y). It fol-
lows that on |m1| < 20+/(2 —Y')h, since ‘L\/%L' <20V2-Y.,f1 (%) < fi2ov2-Y)=

CeCVioes; and, thus, the above display is dominated by

Y
(56) Ce® logi(lhl;l_y < 0efVET s = 0eCV s —Flos5 ),
Og E 2
Secondly, we show that

(57

Note that we have {¢ > Emc} Cc{e> ép}, and we show (57) in the more general case where

e > &, and where, for any fixed C' > 0, all the |m;| satisfy |m;| > C'y/hlog . That is we
show that the limit is O for

h [mil (€= |mil
g2-Y Zl \/E ¢ < O’\/E I{Ezép}l{\m,;\zcw/hlog%}
(58) =

_ 1 [my e — |my]
- [521/ \/H¢< ovh Heze  {jmy >0 /hlog T} | -
For that we write

mi | el

&2 1l e2
e 507h ez T o |m1| e 202n <|m1‘>
)

2-Y Jh e Y NG

(59)

where
1,2
f3 (_j(;) c— e 202 + aiﬁxx_

It holds that for z > 0, we have fi(z) >0 <= z < 7(1 + 1), where 1 + v, =

;<1+ 1+4‘€’§h>>1.lnfactf§()—e2v2+2f ( )x+1}zo<:>

—x? 4 ﬁx +02>0.In particular 1y, — 0 and, thus,

Yfllﬁxf:a f3<\/~(1+¢h>) <Ce " %7
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0 (59) is dominated by
(60)

By expliciting 1[)2 and then using Taylor expansion for v/1 + Cz with x = 2 — 0, we obtain
that 2 = o ( ) + hot, and thus on {€ > £, } the above display becomes

— 2 thot

e T e 6_7§+h0t C
(61) C <C .
1-Y ~1-Y 1Y
el-Y\/h & Yvh hl_*<logh>z
But then the right hand side of (58) coincides with
(62)
g2-Y NG Lese, Jmi|>0y/Rlog T}
1-X 1 7%
c 0 0 (les) et
< — {|m1|>C hlogh}gc — :C<logg) 0.
hlfg(log%)z : h17%<10g%)2 2

It remains to deal with

Zn [l <€—!mz‘\)

h ¢ I > me I Y

—~ Vh ovh {e2eme} {\mi\e(\/dh,b,/hlog%)}

where b < V202 — \/qo2, q € (0,2), and d = 4(2 — Y)o>. Since |m;| < b hlog 3 <

(V202 — \/qo2)\/hlog } = eme — 1/qo2hlog 3, then epe — [m;| > 4/qo?hlog + > 0 and

qo2hlog +

(eme — |m4])? > qo?hlog +. It follows that ¢ ( 1;3‘) < Ce "z = Ch?. Therefore,
using again that P{|m;| > v/dh} < Ch'~ %, we obtain

h < |mil (s—|mi|>
I I
82_Yizl \/E(ZS J\/E fezened {|mi|€<\/d7b hlog )

~\/ IOg h21 m1|>\/E}]

q 1 Y 1
<Chzlog 272 7 0.

1 |m1|
(63) <CE[ =y ImﬂE(xﬁhMJ OB

[ 1 4
logﬁh21{|m1‘>m}
b’) Hyone € (£p,eme)-

can decompose the upper-bound as follows

<CE

h'=% log' % 1

;)2

| <CVRY Y Imile” S5 and we

n
(e—m;D?
Hyl < CVRYS Imyle™ = (I ~ iy, .
|Hy| < ;l il ({mig,/;mog;} {\mi\e(lo‘g%,‘/%hlog%)} Lim, <o }>

=:Hy1+ Hs2+ Hy3
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On the set where € > £, we already know that Hs 1 = OP(EQ_Y) from (58). Similarly, on

the set where ¢ < &,,c, we have Hy 3 = oP(%) analogously as in (50). We now show that

Hj o Op(f}f) For the given jump index Y, take r € (0,1 — ), then define K = 2, and

choose C' = \/?. Since € < gy and |m;| < 1/%hlogﬁ then
. o2hlog L/ 2
esc‘:zn}lll S e# =eV %10g% = h_\/% = h—’f'.
Moreover, since € > &, then, with a > 0 a generic constant,
|m | w/ Z\/hlogi 5
\/hlogh \/hlogh

=a.

It follows that

|m!< Wg
Sh; Zz; (J'\/» I{ (ap,amc)}l{|ml|6< 0\?}7\/<;(2T0g;)}]

1 |m | elmyl _ |my|2
<CE | —Vh' = spe = e 2bn [
Sl P S {ee<5wemc>,lmlle(loﬁM"ﬁTogi)}]
h Y 1
<cp Ml <on > P cop-irigy Lo
c 6>€p7|m1|> 1 } log% h

¢) Hs on {e}, <&p,}. For fixed p € (0,2 — Y') we take o € (Y,Y + p), because in this way

we have E[|J1]|%] < oo, and then E[|m;|*] = E[|h= J1|*] < Ch. Let us first note that for
en < €p, as in (13), we have % >pl=53% and, thus, a.s.,

a

2-a hlog+) 2 Yip a =%
(64) iht’:‘] S C( o ‘x]}) P S Ch?"‘a_z <log 1) — O
Vi [ h

Let us now proceed to show that H3 = op (sh%). Recall that

n n
Hy =2 miE[lga xi<eylJ) =2D minin(e),
i=1 i=1
—m;te

where 7; 5 = E[14|a, x|<c}|J] = ,ff e\;i dz is defined as in (22). Due to (27), second
h

line, recalling that nh,, = C, we have

Hy _ 2o mimin(e)

Sh€hn Sh€hn
vh vh
e2 2—a a
—h 1 m3 e 2 1 | my
<01€ mﬁZj:l (T]/\1>+C'2<7%+0> ﬁZj:l 7,];

<C£ lz /\1 +C Eh 2_ah—a/21zn:’ |
e n h $nn \ \/h n < il

Jj=1
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As explained after (27), the second factor of the first term is op (1) and, thus, also the first term
is such. Moreover, by the above inequality, E[|m;|*] < C'h and we obtain that " | |m;|* is
bounded in probability, thus the second term above is treated as follows:

L () Yl = S S -y
=) " ma|* = h'™ [m [mal®,
Sh€hn ShEh 1—7 ShEh
v \WVh Vi M Vi ot
and by (64) the latter tends to O in probability. O

A.3. Proof of Proposition 3.

PROOF. Recall the definition of &;,,¢, S, €p and 5, given in (10) and (11). For simplicity,
within this proof sometimes we omit A in €, and H,,. A.s. we have

n

0= F(2) = Lec(, ) 3 i3+ Hy + Hy + Hy — by )+
=1

n
I{ag(ép,a,nc)} Z a; (52 + Hl + H2 + H3 — bz),
=1

where 0 < b; < 2 for all ¢, and thus €2 + H; + Hy + H3 — bj = H; + Hy + H3 + Op(52),
and the second term of the above display coincides with

Iieg(e,eme)} <H1 + Hy + H3 + Op( ) Z a;.

Now, Itg, c..)} <H1 + Hy + H3 + Op(52)) is negligible with respect to £27Y, because
(65)
P (Hl +H2 +H3 +Op(€2)>l{5€(ép767nc

& #0 | <Ple<épt+ Pl{e>eme} —0.

gy
Thus we remain with
n
66)  0=F() = Lo S i (52 Y Hy+ Hy+ Hs — b, ) +op Z a.
i=1
Now we deal with
n
(67) F(€h)I€€(§p,€mc) = I{ee(ép,emc)} Zai <82 + H1 + H2 + H3 — bl) :
i=1

note that Hs(e) = Y., m?E[If(a,x)2<¢}|J] is an increasing function of ¢ and, thus, using
Proposition 2, on € € (€}, €mc), We have

(68) C&2™Y < Hs(&,) < Hs(e).
Moreover b; < &2 < Ce2, . = 04.5.((55)?7Y), so for all i
(9) biv2? = 00, (Hs(2))
and (67) becomes

n

L, em) Z a; (Hl + Hy + H3 + 0a.s.<H3)>7
=1
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so (66) means
n n
Lec(ey e (H1 + Ha 4 Hy + 00, (H3) ) S i+ 0p(E27Y) D" ai =0,
i=1 i=1
Since > ; a; > 0 for all h, the latter equality is possible iff
Lez,en)(Hi+ Ho+ Hs + 0a.5.(H3)) + [Lcz, o) + Leg(z, e 0P (E277) =0,

or, using Theorem 1 and that on {e € (£,,&mc)} We have e27Y < 572716},/1 < CeY <
CH3(6),

70) I 4o 2hE ShEN L. H I 2-Y) _
(70) Lee(e, eme) o mtorlp)t 3(e) +op(Hs(e) ) |+ Lgz, ey0p (€, ) =0.

However, analogously as in (65), we obtain

ShE

Leg(e, eme) 0P (5§_Y) =op (\/ﬁ) =op <\/E> [Ief@?(fm&mu) + IEG(fp@mc)] ’

SHE ShE Sh&
op ﬁ leg(z, eme) = OP ﬁ =op ﬁ Lee(yeme)-

Therefore, we can also write (70) as

Iee(gp,em)[ 40\/5 p(%)+ﬂ3(€)+0p(ff3(€)>]=0.

Now, keeping in mind, in what follows, that we are on {¢ € (£, )}, we divide by ¢,

and

and obtain

o (2221 007 e (102 1401

Vh
Sh — e? 4o .
Now on the rhs we have log (40\/}7) = —gg2y, T 1og (\/—27> —log(v/h), so we obtain
Hs(e) e 4o
log <€> +log(1+o0p(1)) = ~ 9525 + log Jan) log(Vh) +log (14 op(1)),
or \/EHg(E) 82 4o
log <€ +op(l)= To52h log Vo +op(1),

having also used that log [1 + op(1)] = o(1). Now we divide by ;Tzh, which tends a.s. to 400,
and obtain

(WH3(5)>

&2
o2h

log

+op(1) = —% + op(1).

(72) 5

Now we observe that

log (@) =log (%523/) =log <\/EH3(E)521Y> +log (ngY) 7

9
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thus (72) becomes
10g<st( )52 Y> +log (2Y)

(73) +0P(1):—1+0P(1).

a€2h 2
Further,
1 hH;3(é
Cihi=3 (log—) oVt o go\r 3(5p)
h mc 6’I"I’LC
H Hj(eme 2 1\ 5
_c‘/E 3(2) gc\/ﬁ 3(Eme) o /pEme _ oyp1 (log ) ,
€ €p €p h
therefore %Eiy in (73) satisfies
h\1-% 1\ 5" - | VhH3(e) 1
¢ (?) (1og E) =Cih (log h) g2-Y = € g2-Y
1—2Y 1 h 1_% 1 1—2Y
< 1= — il -
Coh (10g h> g2-Y s <52> (log h)
thus

e (1 Yo () e (e ) ) e (21 )

<log(Cq) + (1 - g) log (E%) + %loglog%.

However, as a.s. for sufficiently small & we have g2 > Clhlog%, within the latter
display all the terms log(C), —(1 — %) log (%), %loglog%, are 0(%), thus

log (f o) 1 Y) - (ﬁ) _and in (73) we remain with
log (27 1
(74) (52)+0P(1)__2+0P(1)'
o?h

Now we rewrite

) e (25 0 () ).

and (74) becomes

1

e +op(l)=—5 +op(l),

but )
1 ei\1-%

% log ((h) ) — 0,

then
log (hk?) 1
=i +0P(1)——§+0P(1>
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1
(2—-Y)o?hlog &

ie. w+op(l):1+0P(l):> 5 +op(l)=1+op(1),

E;h -
i.e., recalling that we are on {e € (£, &mc) },
2—Y)o?hlog
( )C; Og £> 1
€
eme) (2 Y)O’thog% = op(e?), thus

2 —Y)o2hlog
( )o %%h P4

Iz-:e(ép,emc)

However, similarly as in (65), I¢z,

A.4. Proof of Theorem 2.

PROOF. We here simplify some notations and introduce some new notation. We set

o e _ e* —my 7 e—mi\ = E—m;
gbi_qb—,z ¢< O'\/E >7 d)’L gb*,z- gb(g‘ h)v §Z57, (bl,f- ¢<O’ h>7

. e* +my - e+m; = E+my
P ¢< i ) Prs’ ¢< i > Pirt ¢< v >
and for simplicity, in what follows, we sometimes omit the subscript ¢ in m;, so that

O — PL + ¢4 G — ¢+ oy . O— + o4
Yoovh T evh T oV
Exactly as we did within the proofs of Proposition 3 and Lemma 2, since P{e <
e*} + P{e > &} — 0, we can simply analyse the asymptotic behaviour of )" , @; on the
sets {€ € (¢*,6,)}.

STEP 1. We are going to prove that a.s. for any fixed p € (0, %), we have

(75) zn:de 2, Sor 25 L op | B
vk \nhloglogt ) /e \ Whloglog L ) |

for any h < hy(w), where h;(w) is defined within the statement of Lemma 2.

STEP 2. From the result of STEP 1 we then arrive to conclude that a.s.

(76) Zaz = oo sr(LFor (1))

STEP 1. We proceed through the following schedule. We start from the decomposition

) Zaz <Z¢ [Liersmiy e <m.) +Z¢+ Trees iy + 1< m,}]>

=1
Flrst, the terms containing the factors Iy .<p,,) (resp., If.-<_,,}) are negligible in prob-

ability. In fact, when & € (£*,€) it holds £ >> h'/Y | then we can apply the estimate P{e <
|m|} < Che™Y (see, e.g., Lemma B.6 in [6]). Then, by Lemma 1 in [12],

E[(;_S,I{s*gml ] P{g < mz} 1-3 10g_§ % . loglog% B Cloglog%

— 0,

Sor — Sor

1- 1 11
loglog + loglog + h z 10g2 B % log? %
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I Sor
i = — |,
otz =or i

and the same holds true for ¢, I {e*<—m,}» due to the symmetry of the law of the i.i.d. m;.
Thus,

and, thus,

n 1 n B 1 n B
a; = ——= B Iiovs_mr+op(u
; U\/EEQS (e >mi} Uﬂ;m (e*>—m,} T op (un)

= 70-\/5 ; ¢¥I{5*>:|:mi} |:I{5§a*} + I{EE(E*,E:)} + I{EZE}} +op (Uh) R

where uy, := —=2¢=—— Second
h hv/hloglog % i

1 -
U\TE ; Gxl{er>qm,) [I{ggg*} + 1{825}] =op (up),

because
(78)
1 L
721.:(;5[6*:5,7% Iea*+15€: 5
P{"‘/ﬁ 195 e }[{s } {>}]#O}SP({ES;;*})JFP({ezé})—>0-
Up
Then,
) S = D o )

Let us now deal with the terms
qE_I{s*>m;,, e€(e*8)} = (ZE_I{E*>mi} [I{se(s*,g),sgm} + I{se(s*,g),s>m}] :

Notice that £* > m; and € € (¢*,£) imply m < £* < & < &, thus the first summand is null.
Then obviously we have

1 - 1 L
ovh ;M{E*M} S ovh LZI Plie>mt (ee(er 5 e>my T 0P (Un),

Z Q/_)I{E* >m}I{EE(E*,EZ),E>m} +op (uh)] )

=1

However, on {¢ > m} the function ¢(= f> is decreasing in &, thus

Z(z‘izl Slicsmyl e 3 eom) 2 Dot VLo smi (ce (e By esmys
an

St Wl smy e B eomy < i1 O e smi e (- B esmy S 2oiet @ s my-
Thus,

SOT’

Uf Zd) {e*>m} c—= \/E ZQSI{E >m}I{ge(s *&),e>m} +o (hlog log%)’
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n S
*Iio. — .
;¢ e >m}+op(h10glogi)]

However,

1 = Lo
Ui\/ﬁ ZX; e >m}I{6€(s*,§),e>m} = m ; ¢I{€*>m}]{6€(€*’§)} —

1 Ly no 1 no.
ovh {; Pl{e->m} — ; Oyl (ege- )| = ovh ; Ol (c-smy +op (un).,

by (78). Therefore

So
Is mE Is m Iz—: m 71 11
fzd){ o f[z¢{ > }+Op(hlogl I i:1¢ ter>m}+o P(hloglogh)]

&h

Analogous reasonings can be done for the terms )y ;" | ¢ ( ) Iiees ), to obtain

1 -
—_— Ticesm
O_\/E;¢+{E> }

So

Sor
Ia —m + 71 11 )

1 “
c Iicea o +
U\/E[¢21¢+ {er>—m} T op(

and conclude that

hloglogh
LTI (LI IR SR T
v i O‘\/E £ {e*>m} O’\/E g +4{e*>—m} P h\/ﬁloglog% )

Sor
Is m + Ie —-m + . 11 .
IR S R e s]

Now, we can properly approximate » ;" , (;NSJFI {e*>+m} Sy %L (ev >ty With sums of
expectations; that is,

MZ¢ Teosmy + —= Zw{s >—m}
(80)

a\fZEZ 1 { o >m}} +R27 + \1/5122;]511 [<Z+I{g*>_m}] +1:%2,+,

O'\/>Z¢ I{s >m}+ Z¢+I{s *>—m}

1 ) * Lo * *
-— ;Ei—l (6% Lo smy] + R + o~ ;Ei_l (6% Tioes_my] + B3,
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where

= 1 L= " =
R2,$ = 0_7\/}—1 <; ¢¥I{a*>ﬂ:m} - ;Eil {¢$I{a*>:l:m}}> y

N B R et 3 .
RQFF = m <; ¢¢I{a*>im} - ZE'—I [¢¢I{5*>im}]) )

i=1

(81)

are shown to be op (h\fhi)og?h)gl> within the DETAILS FOR STEP 1 in the Supplement [?
h

] to this article (see (2.26) and (2.28) therein).

Further, in Eq. (2.19) in the Supplement [? ], it is shown that

B 6z lismy| = B 6] o0 <bgi(2:g}l> |

(82)

. . Sor
E [¢%:lie>my] = B [9%] +op <loglog}l>'

Finally, using the following relations: for any p > 0,

~ Sor x x Sor
(83) EM —itop(—2 ), and E[¢*]=s"+op(—2 ),
loglog 7 loglog 7

proved in (2.16) and (2.17) in the Supplement, we obtain our statement [? ], i.e. for any p > 0,
a.s., for sufficiently small h,

(84)
n 1 n B _ 2§ Sor 28* Sor

i =—r ~To+) € +o : +0 .
; ovh ;(gb ¢+ [h\/ﬁ P(h\/ﬁloglog%) hvVh P(h\/ﬁloglogi)]

STEP 2. Expression (84) means

= n o
2L fw,p, <> i <2—E= v,
wWhoo ; RV
or
n
(85) 25, + wpnhVh <hVRY i < 285 + vy phVh,
=1
where, as h — 0,
wy, phv/hloglog £ v, hv/Rloglog +
86) — 2t — 2t Do or 2T 808 H Uph glogyn B
hvhloglog L  hvhloglog - Sor Sor

Then there exists a deterministic subsequence h,,, such that, as m — oo,

Wp ., iV I 1og log hi Uk, RV i log log hi as.

Sor Sor

Note that a.s. 5, ... = Sor.p,, log™? (,%) and s, = Sor,p,, log? (,%) tend to 0, as m —

+o00, uniformly in p < % Also w”'h"‘shm Vi , Upitiy o VP

— 0 do, because, for sufficiently

or Sor
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small h,

|wp,hm’hm\/hm |Up,hm [~ < 1
Sor 7 Sor ~ loglog h%n’

which tends to 0 and does not depend on p.
Then in (85) and in (86) we can exchange the limits in p and h,,,. Passing to the limit in p in
(85), we obtain

n
250r + whmhm V hm < hm V hm Z di,hm <254 + Uh,, hm V hm7
i=1

where
wy, := limsupwy p,, vy :=limsup vy, ,
p—0 p—0

and thus
2Sor 2Sor

n
Y + whm é a‘7h1n S Y + Uhnl *
P/ ; ' P/ P

Further, exchanging the limits in p and h,,, in (86), we obtain

‘wnhm |w]37hm

i |Up7hm i |U;0JLm

0 = lim lim = limlim

p h Sor Sor h P Sor Sor
" hm, Vv th hwn Vv hm " hm, V h‘77l hrn Vv h7n

: wh’nl thn
=lim | 5 + | 5
fin b/ B b v/ hm
— Sor. 1
Therefore wy,,, , vp,, = op ( e \/}T) , and (76) is proved. O

SUPPLEMENTARY MATERIAL

Supplement to “Filtering Out Infinite Activity Jumps Using Uniform Thresholding,
Under Conditional Mean Square Error"
Additional technical proofs for auxiliary lemmas are provided.
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