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Abstract

In this work, we introduce a framework to design multidimensional Riemann solvers for nonlinear sys-
tems of hyperbolic conservation laws on general unstructured polygonal Voronoi-like tessellations. In this
framework we propose two simple but complete solvers. The first method is a direct extension of the Osher-
Solomon Riemann solver to multiple space dimensions. Here, the multidimensional numerical dissipation
is obtained by integrating the absolute value of the flux Jacobians over a dual triangular mesh around each
node of the primal polygonal grid. The required nodal gradient is then evaluated on a local computational
simplex involving the d + 1 neighbors meeting at each corner. The second method is a genuinely multi-
dimensional upwind flux. By introducing a fluctuation form of finite volume methods with corner fluxes,
we show an equivalence with residual distribution schemes (RD). This naturally allows to construct gen-
uinely multidimensional upwind corner fluxes starting from existing and well-known RD fluctuations. In
particular, we explore the use of corner fluxes obtained from the so-called N scheme, i.e. the Roe’s original
optimal multidimensional upwind advection scheme.

Both methods use the full eigenstructure of the underlying hyperbolic system and are therefore complete
by construction. A simple higher order extension up to fourth order in space and time is then introduced at
the aid of a CWENO reconstruction in space and an ADER approach in time, leading to a family of high
order accurate fully-discrete one-step schemes based on genuinely multidimensional Riemann solvers.

We present applications of our new numerical schemes to several test problems for the compressible
Euler equations of gas-dyanamics. In particular, we show that the proposed schemes are at the same time
carbuncle-free and preserve certain stationary shear waves exactly.

Keywords: finite volume (FV) and residual distribution (RD) schemes for hyperbolic conservation laws,
genuinely multidimensional Riemann solvers, multidimensional Osher scheme, N scheme applied in the
context of FV schemes, unstructured polygonal meshes, compressible Euler equations,

1. Introduction

The groundbreaking work of Godunov [52] on finite volume (FV) schemes in 1959 made it possible
to solve nonlinear hyperbolic systems of partial differential equations (PDEs) with discontinuous solutions
numerically. This was achieved by making use, for the first time, of the exact solution of the Riemann
problem (RP) between two adjacent states at a cell interface, in order to obtain a stable numerical flux for
systems of nonlinear hyperbolic conservation laws via nonlinear upwinding. Later, Godunov-type finite
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volume schemes were developed that allowed also the use of only approximate solutions of the RP to get
the numerical fluxes, so-called approximate Riemann solvers, see e.g. [84, 54, 36, 74, 100, 99]. Since then,
several attempts have been made to extend the idea of nonlinear upwinding via the exact or approximate
solution of Riemann problems also to the multidimensional case. First, developments based on genuinely
multidimensional Riemann solvers have been made by Roe et al. in [86, 89], Colella [27] and Saltzman [90]
and later also in the context of finite volume evolution of Galerkin methods [67]. Some thorough studies of
the solution of two-dimensional Riemann problems have been provided in the work of Schulz-Rinne et al.
in [92, 93].

A significant step forward in the development of genuinely multidimensional Riemann solvers for high
order Godunov-type FV schemes was made by Balsara ef al. in a series of fundamental papers [14, 15,
19, 16, 18, 17], where a new family of genuinely multidimensional Riemann solvers of the HLL-type has
been developed, including also multidimensional HLLC-type solvers. In all the aforementioned works,
the multidimensional Riemann solvers were not only interesting from a mathematical and conceptual point
of view, but also a necessary key building block for the construction of exactly divergence-free numerical
schemes for magneto-hydrodynamics (MHD). Along these lines, later, multidimensional Riemann solvers
have also been successfully employed in the context of semi-implicit schemes for divergence-free MHD,
see e.g. [37,45, 104]. We also would like to mention a very recent contribution made in [50, 34], extending,
for the first time ever, commonly used nodal solvers from the context of Lagrangian hydrodynamics [35, 25,
69, 70, 68, 72, 71] (where the use of multidimensional node solvers is mandatory to guarantee geometric
compatibility on moving unstructured meshes), to the Eulerian description of compressible gas dynamics
on fixed grids.

In paralle to the efforts to formulate genuinely multidimensional Riemann solvers, there have been many
works over the years dedicated to devise formulations which dot not directly rely on the Riemann Problem,
and may allow more naturally to go beyond the use of one dimensional wave propagation ideas. These
works have led first to the design of the schemes now known as residual distribution (RD) [12]. These meth-
ods started as generalizations to multiple dimensions P.L. Roe’s upwind splitting [84, 85]. Over a decade,
joint efforts of groups revolving around P.L. Roe and H. Deconinck have managed to propose numeri-
cal methods for the Euler equations combining a multidimensional generalization of Roe’s linearization,
a decomposition of the steady state equations in scalar components, which allowed a unique and efficient
approximation of steady two-dimensional flows [81, 82, 83, 87, 30, 32, 73]. The methods proposed relied
on splitting flux integrals to cell nodes. In this new setting upwinding is not anymore related to choosing
information between two states, but allows to select as target for the flux update among three states at once
on a triangle, four on a tetrahedron or quadrangle, etc. Among these methods, the so called N scheme
emerged as the optimal positive coefficient first order scheme: featuring the minimal cross-wind numerical
dissipation among positivity preserving first order upwind schemes, and providing exact preservation of
steady data for mesh aligned advection [81, 82, 83].

The methods have seen since then several evolutions. Recasting system equations as coupled scalar
wave equations has been often replaced with a full matrix generalization only requiring the knowledge of
the eigenstructure of the Jacobian matrices of the underlying hyperbolic equations [103]. The requirement
of an exact linearization of the latter matrices to evaluate multidimensional upwind distribution, required
e.g. for the N scheme, was removed in [29, 79] allowing the use of a more practical direct quadrature of
the fluxes, instead of the quadrature of the linearized quasi-linear form. Ad-hoc fixes for unwanted features
as Carbuncle’s and expansion shocks arising in high speed applications have been also proposed [51, 94].
The appearance of such anomalies is partly a consequence of the low cross-stream dissipation of the N
scheme, which, on the other hand, is appealing for the approximation of complex flows with contact waves
and boundary layers on coarse meshes [61]. Higher-order extensions for steady-state hyperbolic equations
have been proposed in [13, 8], and the high-order extension to time-dependent problems has been clarified
in [9, 79, 78, 77, 2]. Recently, the RD setting has been shown to allow naturally the satisfaction of several
additional conservation constraints [3, 10, 4]. Many of these contributions are summarized and compared
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in the reviews [31, 75, 11, 12]. These developments have required somewhat steering away from some of
the initial ideas which motivated the design of the methods. This has led to more recent work on a different
setting called Active Flux methods (see e.g. the recent lecture [88] and [20, 5, 6]).

In this paper we proceed differently and combine ideas from the multidimensional upwind RD and mul-
tidimensional Riemann solver frameworks. This provides a new setting to design finite volume methods
with multiple state corner numerical fluxes, and genuinely multidimensional dissipation. Within this setting
we propose and test two specific definitions of the corner fluxes. The first is a direct extension of the Osher-
Solomon Riemann solver to multiple space dimensions. Here, the multidimensional numerical dissipation
is obtained by integrating the absolute value of the flux Jacobians over a dual triangular mesh around each
node of the primal polygonal grid. The required nodal gradient is then evaluated on a local computational
simplex involving the d + 1 neighbors meeting at each corner. The second method is a genuinely multidi-
mensional upwind flux, obtained by an equivalence with RD schemes on the mentioned local computational
simplex. In particular, the corner flux is defined as the internal normal flux plus a fluctuation obtained from
the N scheme.

The rest of the paper is organized as follows. In Section 2 we briefly introduce the overall setting of
the paper, including an introduction to the notation and the class of governing PDEs under consideration.
Subsequently, in Section 3 we present a new genuinely multidimensional Osher-type Riemann solver, which
is a straightforward extension of [44, 43] to the multidimensional case. A peculiar feature of the new
multidimensional Osher-type flux proposed in this paper is the fact that it provides an expression for the
entire multidimensional numerical flux tensor, and not just a numerical flux projected into a particular
normal direction. In Section 5 we present a fluctuation formulation of multidimensional Riemann solvers
with corner fluxes, allowing to establish an analogy with the so-called residual distribution (RD) framework
This provides a whole new setting to design corner fluxes for finite volume (FV) schemes, embedding a
genuinely multidimensional upwind flavor. As an example we will use in the tests numerical fluxes based
on a generalization of the N scheme. All multidimensional fluxes presented before can then be naturally
extended to higher order in space and time via a CWENO reconstruction in space [64, 65, 66, 28, 39, 48]
and a fully-discrete one-step ADER discretization in time [101, 97, 38, 24], see Section 6. Comparative
computational results are presented for the different schemes in Section 7. The paper closes with some
concluding remarks and an outlook to future research given in Section 8.

2. Governing PDEs and domain discretization

We aim at solving general nonlinear hyperbolic systems of conservation laws in multiple space dimen-
sions that read
3Q+V-FQ =0 on Qx[0,¢]cR!xR" (D

with Q € Qg C R™ the vector of m conservative variables, F = F(Q) = (£1(Q),£2(Q), . ..,f;(Q)) the flux
tensor and d the number of space dimensions. The system can be also written in the following quasi-linear
form as

0

Q _y,

6xj -

d
0,Q+A(Q)-VQ =0, orequivalently 9,Q + Z Ai(Q) 2)
j=1
with A(Q) = (A1(Q), A2(Q), ..., A;(Q)) the rank 3 tensor gathering the Jacobian matrices of the fluxes
A;(Q) = df;(Q)/0Q and VQ made by the d columns of the Jacobian of Q.
We assume the above system to verify all the classical properties of a hyperbolic system, i.e. it is
endowed with a (convex) entropy pair, the components of K, := A(Q) - n (defined here below in details)
have a full set of real eigenvalues and linearly independent eigenvectors for all normal vectors n # 0. For



later use we define, given a vector n = (ny,n,...,1y) € R4 the projected matrix

d
K, = AQ n=> A4,Qn. 3)
i=1

Since the system is hyperbolic K,, also has a full set of real eigenvalues and linearly independent eigenvec-
tors.

The computational domain Q is discretized via a set of Voronoi-like polygons/polyhedra .. To con-
struct the polygonal/polyhedral tessellation we first cover our domain with a set of generator points which
are connected via a Delaunay triangulation in 2D or tetrahedralization in 3D; then, each polygon/polyhedron
is constructed around a generator point by connecting the centroids (i.e. barycenters) of the dual trian-
gles/tetrahedra sharing that generator. Since we employ the centroids of the triangles/tetrahedra, and not
the circumcenters as in the classical definition of Voronoi elements, we should always refer to our ele-
ments as Voronoi-like polygons/polyhedra, but sometimes, to lighten the notation, we will use just the word
Voronoi. The use of centroid-based Voronoi-like elements avoids small edges/faces and in particular zero
length/area ones, hence it increases the homogeneity and the quality of the obtained tessellation. Moreover,
it guarantees that each vertex of the polygons (respectively polyhedra), a part for those on a boundary, is
attached to exactly 3 Delaunay triangles (respectively 4 Delaunay tetrahedra).

In what follows, we restrict our notation for the geometry to the two dimensional case d = 2 and we
will make explicit the three-dimensional d = 3 extension only in the multidimensional flux definitions.

A considered generator, which is also a vertex of a Delaunay triangle, is indicated with the letter c,
and eventually, if needed, with the letters a,b. It is depicted with a point symbol in the Figures and its
coordinates are indicated with x, (respectively X,, X,). Correspondingly, the Voronoi element around this
point is indicated with Q. (respectively Q,, Q).

Two elements Q, and Q. which share the same edge/face 9Q,. = Q. N Q, are called neighbors. The
set of neighbors of the polygonal element Q, is denoted by N, and contains all polygons that share an edge
with Q.. The unit normal vector pointing from €, to Q, is denoted by h,., while the vector including the

length
1002 = f as

Qe

is denoted by n . = i, |0Q,|-

A generic vertex of the Voronoi tessellation is denoted by p (and eventually, if needed, with the letters
r,q). It is depicted with a star symbol in the Figures and its coordinates are denoted with x,. These points
are indeed the barycenters of the Delaunay triangles: we denote with T, the Delaunay triangle around
each p whose vertexes consequently are the generators of the 3 polygons which are attached to the point p.
Furthermore, the set of polygonal cells around a point p is denoted by C, and the set of vertexes p that
compose a polygon Q. is denoted by P..

A sketch of the notation used in this paper is provided in Figures 1 and 2 where the set of elements
attached to node p corresponds to C, = {a, b, c} (which also defines the triangle 7,) and the set of points
which are vertexes of Q. is P, = {p,q,r,...}.

Finally, we define the corner normal pointing from cell Q. to point p as

1
n, = E (nge +mp) = —N¢p, 4

and we refer to Figure 2 for a visual representation.



Figure 1: In this Figure we depict the polygonal Voronoi-like cell Q. and, on the right, we highlight the edge 0Q,. between the
neighboring Voronoi cells Q. (colored in light blue) and €, (colored in blue). Note that the vertexes of the Delaunay mesh, i.e. the
Voronoi generators a, b, ¢, are depicted with point symbols and the vertexes of the Voronoi p, ¢q,r, i.e. the barycenters of the dual
triangles, are depicted with star symbols.

3. First order finite volume scheme using multidimensional corner fluxes

As usual in cell-centered finite volume schemes, the discrete data Q! are assumed to represent the cell
averages of the conserved variables Q

1
|

Q=g f Qx,Mdx,  with  |Q]= f dx Q)
c o,

Q

which we discretize on the primal Voronoi tessellation made by the polygons .. Moreover, a classical first
order finite volume scheme for (1) reads

At A
Q' =Q - — > 10, ©)

Q] (=,

where, in addition to the previously defined notation, fac is the numerical flux in the normal direction fi,.
that approximates the integral

tn+]

A

1 N
fac =~ m f f F(Q(X, t)) *Nge dsdt. (7)

" 0Qe

In the context of classical edge-based two-point fluxes and first order explicit Euler time integration the
numerical flux in normal direction would take the simple form

fie = £,(Q", Q% i), ®)

where as flux function f'ac any classical 1d Riemann solver can be used (see e.g. [99]) and it is evaluated at
the midpoint of the edge Q..

In this paper, instead, we employ point fluxes, i.e. genuinely multidimensional Riemann solvers, as
in [14, 15, 19, 91, 16, 18] and thus the use of the midpoint rule is no longer convenient. Thus, in order to
approximate the integral in (7), one can employ the trapezoidal rule in such a way to include data at the
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Figure 2: In this Figure we sketch the edge normal vectors n,. and nj. and the corner normal pointing from cell Q. to point p which
is denoted by np.. Note that in general the intersection of edge ac with pq is not in the mid point of the edge ac. Likewise for the

intersection of the edge be with pr.

vertexes p of the control volume €. Thus, the flux across the edge becomes

(oo + 82 e = 5 (Fy + ) - ©)
with F7. = F, and F, = F, the numerical flux tensors evaluated in the two end points ¢ and p of the edge
0Q,.. The corner flux Fp = F,,(QZ, »» Q7) depends on the cell averages of the three elements €, €, and
Q. surrounding node p and its precise expression still needs to be determined. It will be detailed below in
the following Sections 4 and 5, which are the core of this paper.

Using the corner normal defined by (4), we can rewrite the finite volume scheme (6) also using the
corner normals and the corner fluxes instead of the edge normals and the edge fluxes as

At
1€2|

Q"' =qQ' - Z 10Q0| % (F‘ + F+) ‘N =Q' - Ar Z F, n,, (10)

QuEN., €| peP.

with ﬁp'npc = % (F;c Mg + IAT;C . ﬁbc) = Fp% (fige + M), since the corner flux F,, is unique f‘p = F;c = IA?Z;C.
In [69, 70, 68, 72, 71] the corner fluxes are also interpreted as a combination of the solution of two so-called
half Riemann problems, see the previous references for details.

The last equation allows to introduce a multidimensional framework generalizing the classical two states
finite volume setting (8). We will directly define the corner flux f?p * ¢, which is now a function of d + 1
states

F, n, =F, n,:(Qu. Q. Qo) (11)

The above multidimensional numerical flux can be characterized with the following generalization of stan-
dard consistency and stability conditions (assuming either periodic or no-flux boundary conditions).

Consistency A numerical corner flux is consistent if

F, 1n,:(Q,Q,Q) =F(Q) - n,, (12)



with F the physical flux.

Conservation Local conservation at each corner is equivalent to

S, n =0, (13)

ceCp

Entropy stability Corner fluxes verify a generalization of Tadmor’s entropy conservation condition [96]

which reads
Z WE, n, = Z Y. n,, (14)

ceC, ceC,

having denoted by W the vector of entropy variables, and with ¥ the entropy potential vector. The
derivation of this condition is provided in appendix Appendix A. Any corner flux with more dissipa-
tion than the one of an entropy conservative flux, defines and entropy stable scheme.

In the following we will provide two examples: the first can be seen as a multidimensional generalizations
of the Osher-Solomon flux and the second of the 1d upwind flux difference splitting.

4. A new genuinely multidimensional Osher-type flux

Here, the nodal numerical flux tensor ﬁp in (10) will be obtained via a novel extension of the Osher-
Solomon flux [74] to the genuinely multidimensional case. Inspired by the ideas outlined in [43, 44], the
genuinely multidimensional Osher-type flux, which provides a full numerical flux tensor instead of a usual
numerical flux in a special normal direction, is assumed to have the following form

1

F =
P d+

DIF@Q) - d% f diag (|4, d¢ |- V5Q., (15)
ceCy T
where the first term with the sum contains the centered part of the flux, while the term with the integral
contains the numerical dissipation. In the above formula (15), C, is the set of cells Q. attached to a point
p (for example in Figure 2 C, = {c,a,b}) corresponding to the vertexes of the simplex T,. Instead, the
unit simplex is denoted by 7 and has the canonical vertexes 0 and 1 in 1d, (0,0), (1,0) and (0, 1) in 2D,
and (0,0, 0), (1,0,0), (0, 1,0) and (0, 0, 1) in 3D. Moreover, # is a characteristic length scale and V;’, "isa
discrete gradient operator whose precise definitions will be given later.
We now recall that the absolute value of a diagonalizable matrix M is defined as

IM| = RIA|R™, (16)

with A the diagonal matrix of the eigenvalues of the matrix M, and R the associated matrix of right eigen-
vectors. Since the system (1) is assumed to be hyperbolic, all matrices A;(¥/(€)) in (15) can be diagonalized,
hence |A;(¥(&))| can be computed.

While in the 1d Riemann solvers [43, 44] it is employed a linear 1d segment path ¥ = y(&;), here we
use a piecewise linear surface (manifold) inside the simplex 7', given by

d+1
Y@ = el® Q. (17)
k=1
with k € {1,2,...,d + 1} a local vertex index in the simplex element T, ¢ = c(k, p) the global element

number associated to node p and vertex k of the simplex T, and the ¢i(£) being the classical P1 Lagrange
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basis functions given inside the unit simplex and expressed in terms of reference coordinates €. In the d = 2
case, they read

i) =1-&-&, ©2(8) = &1, @3(8) = &, (18)
and for d = 3 they read

@ =1-&-6-&, ©(E) = &1, w3(6) = &, 0a(é) = &. (19)

In the following we will denote the physical coordinates of the simplex T, by Xi = Xcp), K € {1,2,...,d + 1}.
The discrete gradient V},Qg (which is a constant inside the simplex 7)) in physical coordinates x can be
immediately computed from the linear surface y(€) as

e OW(E) __ 0pr(§) _
vigr= My SO pio LS o 0)
% = 0% |Q | &
P
Here, J is the Jacobian matrix associated with the mapping from the unit simplex T to the simplex 7T,
d+1
x=x©) = )o@ X, (21)
k=1
and reads
T asak(f)
af Z X = Koot = X0 Xg =X, Xo = X)), (22)

1/d
For the sake of simplicity we define the characteristic length scale as & = (éIJ I) / . The integral in (15) is
approximated at the aid of numerical quadrature formulae of suitable accuracy, see e.g. [95].

Inserting (20) into (15) yields the following final expression

o o _h
szdHC;F(QC)—m fdlag(lA(lll(f)I)df {|Q|Z ch] (23)

T ceC,

which together with the definition of the manifold (17) provides a closed expression for the numerical flux
tensor F,, in terms of the states Q; adjacent to the vertex x,. This completes the description of the new
genuinely multidimensional Osher-type Riemann solver.

The one-dimensional case as a special case of the general multidimensional setting. The 1d case already
treated in [44, 43] is immediately included as a special case of the more general framework outlined in this
Section. Indeed, it is enough to take as basis function ¢(£) = 1—-¢; and ¢,(§) = &;, with the simplex T, for
node p =i+ % being the interval [x;, x; + 1], i.e. C, = {i,i + 1}, and the 1d unit simplex being Ty = [0, 1].
Thus the integration manifold reduces to the segment ¥(&1) = (1 — &£)Q? +£1Q7, | = QF +£1(Q?, — Q).
Moreover, we simply have & = Ax hence

hv, Qe = Q- Q) (24)

which leads to the 1d numerical flux

= > (f@)+h(Q, —%( fT 0|A1(w<§1>>|d§1)( - Qp), (25)

NIH



already proposed in [44, 43], where the integral was also approximated at the aid of Gaussian quadrature
formulae of suitable accuracy.

5. Corner fluxes coming from the residual distribution framework

The construction of the multidimensional Osher-type solver exploits two geometrical properties of our
Voronoi-like cells. In particular, it exploits the fact that every cell corner identifies uniquely d + 1 cells
which can be used to define a unique local gradient using classical linear interpolation on the triangle T,.
Here, we take this idea one step further. Let us start again from the multidimensional prototype with corner
fluxes already given in (10)

At A
Q' =Ql - ) B (26)

Q0 £

and focus on the definition of Fp - ny, for a fixed p. We will now exploit the point-wise conservation
constraint on the numerical flux (13). In particular, we require that for each ¢ € C, the numerical flux
should be given by the internal one plus a fluctuation:

F, -n, =F. 0y + ., (27)

where F. = F(Q?) and the ¢, are nodal fluctuations which must be defined. The conservation condition
(13) requires that these fluctuations verify the constraint

0= Z F.-n, + Z Bpe. (28)

ceC » ceC »
Setting
$p = ) F.-n, (29)
ceC,
Conservation at each node is equivalent to
> o = by (30)
ceC,

Conservation at each corner is thus equivalent to the requirement that the fluctuations ¢,. should be a split-
ting of the residual ¢, defined in (29). The latter can be seen as the exact integral of the divergence of a
linear approximation of the flux, over the triangle f,, of Figure 3, obtained by mirroring the triangle rgs
w.r.t. the segment [r, g]. For this equivalence to be correct, the values of the unknown at the nodes of Tp
should be the traces of the d + 1 discrete finite volume solution at node p. In the first order case this trivially
reduced to requiring that the nodal values of f",, should be Q,, Q;, and Q.. Note, that in general Tp does
not coincide exactly with T, unless the segments pg and ac in Figure 2 intersect in correspondence of their

mid-points, and similarly for pr and be.

The analogy presented above is a multidimensional generalization of the classical duality between finite
volume methods and residual distributions (see e.g. [12] and references therein). Besides conservation,
all the properties discussed previously can be generalized to this setting. In particular, the consistency
requirement (12), reduces in this case to the condition

$»(Q.Q.Q) =0. 3D

In Appendix A we also show that the generalized Tadmor shuffle condition (32), is equivalent to the entropy
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conservation condition

Z Wtc¢pc = Z G, - ngp, (32)

ceC, ceCy

where the right hand side in the last expression is the integral over f,, of the divergence of a linear approxi-
mation of the entropy flux G(Q).

The problem of finding a splitting (29) is classical in the context of second order Residual Distribu-
tion (RD) schemes [31, 11, 76]. We will recall hereafter some examples. Before that let us note that in
absence of a high order reconstruction we have

At .
n+1 n
Qc+ :Qc - Z FP : nPC

Q| o
At At
— 1 o . —_
=Q; IQchc Z e = o] Z Ppe (33)
PeP. PP
At
:QZ - ()
o 2
PP,

having used the fact that 3’ ,cp m,. = 0. This shows that at first order the above is not only an analogy, but
we have a full equivalence between finite volumes with corner fluxes and RD schemes.

. 8 Qs
A "
b A \ e
.a A |/ Qa
P Ty A
o A
; . 1 X P
r L AN % 7
\ . w .'
X l¢
O Q. [2ncp
c *

Figure 3: In this Figure we show the triangle Tp used to compute the residual distribution fluctuations ¢, around each vertex p of a
polygonal element c.

5.1. Example: multidimensional Osher-Solomon flux in fluctuation form

Using (27), we can readily deduce a fluctuation corresponding to the multidimensional Osher-type
flux (15), that we have introduced in the previous section, which in 2D, and with the notation of Figures 2
and 3, reads

1 1 h
¢1())CS = g(Fa —-Fo)-np + g(Fb -Fo) -np.— =

3 fdiag(lAi(l/l@)I) d§ |- ViQp| - Mpe. (34)

To

5.2. Example: Rusanov method and an entropy stable splitting

A Rusanov flux, or multidimensional variant of local the Lax-Friedrich’s scheme, is obtained with the
following definition

1 -
90y = 300 + Qe - Qy), (35)
10



where Q,, is the average

Q=Y. (36)

Usually the constant @, is chosen as the mesh size times the largest spectral radius of the system matrix
projected in the normal directions. In other words

@p = h x max(p(Kn,,(Qc)), p(Kn,,(Qa)), p(Kn,, (Qp)))- (37

The Rusanov splitting has many interesting properties, including a discrete maximum principle when using
(convex combinations of) the explicit Euler time integration, and energy stability for linear symmetric
systems (see e.g. [76, 31]). It is a very dissipative method, but its form is useful to construct schemes with
desirable properties, or design corrections for existing schemes.

As an example, we can use the above splitting to obtain entropy conservative or stable schemes. Inspired
by the previous definition, and by recent work by R. Abgrall [3], we can easily provide an extension of the
previous definition which is strictly entropy conservative/stable. In particular, instead of using (37) to
evaluated «,, we now compute it by explicitly imposing the entropy conservation condition (32):

_ Zcecp G- ng, — Wlp¢p
(ZCEC,, WIC(QL - 61)))

o (38)

where Wp = 2cec, We/(d + 1), and where the denominator can be easily shown to be always positive
definite for all convex entropies.

An entropy stable flux can be obtained by adding to the above any positive contribution, or by adding
to ¢, an extra dissipation operator as €.g. the one of the multidimensional Osher-Solomon method.

5.3. Example: a multidimensional upwind flux using the N scheme

In the scalar case, the N scheme is Roe’s multidimensional upwind optimum first order positive coef-
ficient method on triangles [81, 82, 83]. Its extension to systems of conservation laws can be performed
using an exact linearization of the flux Jacobians, as in Roe’s one dimensional method, and either seeking
a decomposition of the system in scalar waves, or via a compact matrix formulation [33, 103]. For cases
in which an exact mean value linearization of the flux Jacobians is not available or impractical, the authors
of [29, 79] have introduced a more general formulation compatible with the use of arbitrary linearized states
for the system Jacobians. Using the notation introduced in (3), the N scheme splitting is defined by

9 =K; (Q.-Q,). (39)
As in [29, 79] the tilde state Qp is obtained by imposing the consistency condition (29):
Q, =Q;-N"'g,, (40)
where N denotes the matrix
N= > K . (41)
ceCp
and where
Q;:=N">K; Q. 42)
ceC,

The multidimensional upwind N scheme is the optimum first order scheme, where “optimum” means it has
the least amount of numerical dissipation among first order positive coefficient discretizations for scalar
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advection [81, 82, 83]. The N scheme verifies a discrete maximum principle for scalar conservation laws,
when using (convex combinations of) the explicit Euler time integration. For linear symmetric systems, it
can also be shown to be energy stable (see e.g. [76, 7, 31] for all the previous statements). For nonlinear
problems, only asymptotic entropy inequalities have been established (see e.g. [7]), which do not preclude
violations of this condition. Indeed, when considering high Mach number flows, while the low dissipation
of the N scheme has shown high potential to resolve complex flows with contact waves and boundary layers
on coarse meshes [61], ad-hoc fixes for unwanted features such as the carbuncle phenomenon and expansion
shocks may be necessary [51, 94]. In this work, we also introduce a correction inspired by the Rusanov
splitting: B

$e," = o, +uc(QQ: - Q) (43)

where uc(Q) is a small extra artificial viscosity only active in strong shocks. This modification has in
particular no effect on contact waves. The precise definition of yuc, as well as the shock detection follows
almost exactly [80].

Roe’s one-dimensional upwind flux difference splitter as a special case of the multidimensional setting.
In one space dimension, looking at a cell i, the computational triangle fp reduces to a segment at the
interface i = 1/2. The corner normals reduce to =1. If we focus on the interface i + 1/2, we can easily
see that the K,, , matrices reduce to +A4(Q;+1/2)), and in particular for cell i the matrix K:;(_P is replaced by
[—A1( Qi1 2] = —A7(Qi11/2). One easily shows that the nodal fluctuation becomes (see [12] for example)

Gir1p =1 (Q?H) -11(Q)) (44)
while the matrix N in (41) reduces to
Nivi2 = =A7(Qir12) + AT(Qix172) = |A1(Qix1/2)l- (45)

All things assembled, and after few manipulations we obtain the numerical fluxes

AT(Qis A i+ -
1 (Qis12)IA1(Qis12)] (f1( ?ﬂ)_fl Q)

1 2 A | " ' o (46)
- (fl Q) +1, ( ?+1)) _ A1Qisi2) 21(Q1+1/2) @, ( 7+1> —£,Q).

fi-*—% =t (Q}) -

When A(Q;+1/2) is evaluated averaging the Roe parameter, the above is precisely Roe’s flux [84].

6. Higher order extension using the ADER approach with CWENO reconstruction

6.1. Spatial CWENO reconstruction

In the context of better than second order accurate finite volume schemes a reconstruction procedure
is necessary to obtain better than piecewise constant approximations of the data within each cell. For
this purpose one needs to compute a high order accurate but at the same time non-oscillatory polynomial
representation wj(x, ") of the solution Q(x, ") for each polygon Q,, starting from the values of the cell
averages Q” in Q. and its neighbors contained in a so-called reconstruction stencil S?. For a polynomial of
degree M > 0 in two space dimensions the number of degrees of freedom per conserved variable is M =
(M + 1)(M + 2)/2. Moreover, as already mentioned in [21], on general unstructured meshes it is necessary
to use more than M cells to get a stable numerical scheme. Furthermore, one reconstruction stencil alone
is not enough in order to obtain an essentially non-oscillatory scheme, but ENO/WENO reconstruction
techniques [58, 53] relying on multiple stencils, as those introduced in [1, 56, 42, 105, 98, 102, 39] for
unstructured meshes, are needed in order to circumvent the Godunov theorem which states that there are
no better than first order accurate linear monotone schemes [52]. In this paper we follow in particular the
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successful approach of CWENO schemes introduced by Lewy, Puppo, Semplice and Russo ef al. in a series
of papers in [64, 65, 66, 28, 39], and which was for the first time applied on general unstructured polygonal
meshes in [48, 46]. Here, we closely follow the work outlined in [39, 48], but for the sake of completeness
and to make the paper self-contained for the reader, we report here the entire algorithm.

The reconstruction starts from the computation of a so-called central polynomial Py of degree M. In
order to define Py in a robust manner, following [21, 42, 39], we consider a stencil SS which contains a
total number of n, = f - M control volume and which includes cell Q. and its neighbors

82 = Q. (47)
k=1

with the safety factor f > 1.5. Stencil S¥ is constructed by starting from the central polygon Q. and
then adding recursively of neighbors and neighbors of elements that have been already included in the
stencil, until the desired total number of 7, elements is reached. The polynomial P,y (X, ") is then defined
by imposing that its average on each cell Q, € S? matches the known cell average Q". Since n, > M,
this obviously leads to an overdetermined linear system, which is solved using a constrained least-squares
technique introduced in [41]. Here, the polynomial P,y has exactly the cell average Q7 on the polygon
Q. and matches all other cell averages Q) for a # c only in a least-square sense. The polynomial Py is
expressed in terms of spatial reconstruction basis functions (X, t*) of degree M,

M-1
Pop(x, 1) = > we(x, 1B (48)
=0

Since there is no simple mapping to universal reference elements for general polygonal meshes, as in [48,
47] we use the following reconstruction basis functions that employ rescaled and shifted Taylor monomials
(= x)" = ye)*

vl ey = = S (=0 Mol 0 prtgrs M, (49)

with £, the radius of the circumcircle and x, the barycenter of the polygon .. The expansion coefficients
P} ; in (48) therefore represent the rescaled derivatives of the Taylor expansion about x.

According to what was written above we now require integral conservation in the central stencil S? as
follows:

1
o f Pop(x, ")dx = Q, vQ, e 8. (50)
Q,

and the integrals appearing in (50) are conveniently computed in each polygon by simply summing up
the contributions over all sub-triangles of a polygon and on the sub-triangles we employ suitable conical
products of the one-dimensional Gauss-Jacobi formula, see [95] for details.

In order to obtain a nonlinear reconstruction procedure, which is needed to avoid spurious oscillations in
the vicinity of shock waves, the CWENO method uses also other polynomials of lower degree. In particular,
in this work we employ piecewise linear reconstructions for the lower order reconstruction polynomials.
Given a polygon Q. with N, Voronoi neighbors contained in the set V(€2.), we construct N, interpolating
polynomials of degree M* = 1 referred to as sectorial polynomials. In order to do this we consider N,
stencils S? with s € [1, N,], each of them containing three cells, namely the central polygon €, and two
consecutive neighbors in the set V(). An example of such reconstruction stencils is reported for the case
M = 2 in Figure 4.



For each stencil S¢ we compute a linear polynomial Py(x, #") € P; by solving the reconstruction systems

1
1€2|

fPs(x,r")dx =Q, VO, eS8 (51)
Q,

on all sectorial stencils S. These reconstruction equations are not overdetermined and thus do not require
the constrained least squares procedure. Following the general framework introduced in [28], we select a
set of positive coefficients Ay, .. ., /le such that

N

D=1 (52)
5=0
and we define a new auxiliary polynomial
1 (& N.
Po(x, ") = /1_0 ; A [Pope(x, ) — ; LP(x, ) | € Py, (53)

so that the linear combination of the polynomials Py, . .., Py, with the coefficients Ay, . . ., Ay, is equal to Py
and conservation is ensured. Specifically, we consider the linear weights used in [39], namely 1, = 10° for
S? and A, = 1 for the sectorial stencils. These weights are then automatically renormalized in order to sum

Figure 4: Illustration of the different reconstruction stencils used for the CWENO reconstruction of order three (M = 2) with a safety
factor of f = 1.5 for a pentagonal central element Q. in blue. Top-left: central stencil needed for the reconstruction of Pgy (in light
blue). In the other panels we report the 5 sectorial stencils containing the element itself and two consecutive neighbors needed to
reconstruct piecewise linear sectorial polynomials.
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to unity, according to the requirement (52), see also Equation (53) which contains the automatic rescaling.
All polynomials P with s € [0, N.] are then non-linearly combined with each other as in classical WENO
schemes, see e.g. [58, 56, 41]. We therefore obtain the final nonlinear CWENO reconstruction polynomial
w,(x, ") in Q. as

N,
wi(x, ") = Z wsPy(x,1"), x €Q,, (54)
s=0
where the normalized nonlinear weights w, read
(L s . /ls
W, = @, , with Oy = —. (55)
Neo (o5 +€)
2 O
m=0

In the equation above the non-normalized weights @, depend on the linear weights A; and the oscillation
indicators 0. The parameters € = 10~'* and r = 4 are chosen according to [41, 39, 48]. As in [48], the
oscillation indicators o appearing in (55) are simply given by the quadratic form

o= (B (56)

l

Note that in smooth regions of the domain the central stencil with the optimal order polynomial is preferred
due to the large linear weight Ay, while in the vicinity of discontinuities the reconstruction switches to the
lower order sectorial polynomials to reduce oscillations.

6.2. High order element-local space-time ADER predictor

Unlike the original ADER schemes of Toro and Titarev [97, 101] here we employ the element-local
space-time DG predictor as introduced in [40, 38]. This local space-time predictor solution is valid locally
inside each Q. for the current time interval [#",#"*'] and is given by high order piecewise polynomials
q;(x, t) of degree M in space-time which read

Q-1
G= &= ) 0E 04, XDEeQX[ M, Q=M (M+1), (57)
=0

with 6,(x, t) the modal space—time basis already introduced in [48, 49]:

_ = x)? =yt -1 _
Qg(x,y,l)|qf = p(!hf[ q;!hz[ qg!hZ‘ s £=0,....,Q-1, 0<pr+qr+ri<M. (58)

To obtain a weak formulation of the governing PDE system in space-time we multiply the system of con-
servation laws (1) by a test function 6, integrate over the space-time control volume C, = Q. X [t", fasy
and substitute the discrete solution q(x, ) for Q. This yields

ot
Ce Ce

f 0% 029 gt + f 0u(x, )V - F(qy) dxdt = 0. (59)

In order to introduce the initial condition in this weak formulation of the local Cauchy problem, given by the
spatial reconstruction polynomial obtained via the CWENO procedure outlined in the previous section, we
integrate the first term by parts in time and then use upwinding in time (causality principle), thus obtaining

0
f@k(x, t"”)qh(x,t"”)dx—fa—tek(x, Ny dxdt+f9k(x, NV -F(q) dxdt = fHk(x, Mwy(x, ") dx. (60)
Q. C. C. Q,
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The element-local space-time predictor ¢ can then be easily computed via a simple fixed-point iteration,
the convergence of which has been shown in [24]. For details, the reader is referred to [38, 57, 24].

6.3. Final high order ADER-CWENO scheme based on multidimensional Riemann solvers

For better than second order accurate schemes in space and time we need higher order accurate numer-
ical quadrature formulas to integrate the fluxes along the element edges. As done in [19, 17, 23] we use the
Keplerian barrel rule', which is a Gauss-Lobatto quadrature formula with 3 quadrature points, two being
located at the vertexes of an edge and one in the edge barycenter. As such, the high order version of the
ADER-CWENO scheme based on vertex fluxes reads

1 At P 2 At
n+l _ cyn .
R TR PIL R on Z 0Qucl o (61)

with F,, the time-averaged vertex fluxes computed in the vertex-extrapolated states of the high order space-
time predictor solution q; and f,. the time-averaged edge fluxes computed at the aid of a conventional 1d
Riemann solver. Throughout this paper we employ the 1d Riemann solvers to which the multidimensional
fluxes reduce to: the 1d Osher solver [44, 43] for the flux of Section 4, and the Roe method for the multidi-
mensional upwind N scheme solver. Both choices are consistent with the aim of this paper of using complete
Riemann solvers anywhere. More precisely, to compute the time average flux f,. with the appropriate order
of accuracy, we evaluate it as

foe = D @i e (@, £ + T30, @K, 1" + TAD), B (62)

where 7; and w; are the points and weights of a classical Gauss-Legendre quadrature formula of suitable
order in 1d. Two quadrature points would be enough both for third and fourth order of accuracy, however
we employ M + 1 points to respect the underlying original structure of our ADER solver. Furthermore,
qj, = qu(Xg, 1" + 7;At) and qy(X,,, " +7;At) are the boundary-extrapolated states that enter the 1d Riemann
solver and x;,. and x7,. is the edge barycenter seen from the left element €, and from the right element Q,,,
respectively. Likewise, the vertex flux must be computed in the vertex-extrapolated states. In case of the
new multidimensional Osher flux we obtain

Z“’fd 12 (an(xep. 7" +7;A0)) -

h .
zj: @i fdlag (1A;W(E))) d§ o N ZC: N, qp(Xep, 1" + TjAD | (63)
TO ce

Here, x,,, is the vertex coordinate X, taken from inside control volume €., i.e. the predictor q;(Xcp, " +7 ;A1)
is also taken from within €, and is computed in the location x,, of the vertex.

The other node fluxes presented in this paper can be computed in a similar manner, simply replacing Q7
with the vertex-extrapolated value q;(X.,, " + 7;Af) and using Gaussian quadrature in time to compute the
time-averaged flux.

I'This quadrature formula is widely known under the name Simpson rule, but it had already been found more than 100 years earlier
by Johannes Kepler in 1615 in his work Nova stereometria doliorium vinariorum, in primis Austriaci , see [60], hence we deliberately
prefer to refer to the original reference.



Table 1: Isentropic Shu-type vortex. Numerical convergence results for our ADER-CWENO scheme based on the multidimensional
Osher and the N scheme as Riemann solvers and employed from the first order (M = 0) to the fourth order (M = 3) of accuracy. The
error norms refer to the variable p at time 7 = 1.0 in the L, norm.

MultiD Osher N scheme
h @) 0p | a@ 0@

4.10E-2 | 6.62E-2 - 291E-2 -
247E-2 | 411E-2 094 | 1.74E-2 1.02
M=0- 01 1.69E-2 | 2.85E-2 0.96 | 1.18E-2 1.01
1.24E-2 | 2.12E-2 097 | 8.68E-3 1.01

6.11E-2 | 2.87E-3 - 2.26E-3 -
4.10E-2 | 1.10E-3 2.40 | 9.86E-4 2.07
M=1->02 3.07E-2 | 5.64E-4 233 | 537E-4 2.12
2.47E-2 | 3.55E-4 2.10 | 3.47E-4 1.99

6.11E-2 | 2.76E-3 - 2.45E-3 -
4.10E-2 | 7.30E-4 3.31 | 6.19E-4 3.42
M=2—-03 3.51E-2 | 4.86E-4 270 | 4.07E-4 277
3.07E-2 | 3.23E-4 3.02 | 2.72E-4 3.00

1.19E-1 | 2.17E-2 - 2.29E-2 -
8.08E-2 | 450E-3 4.10 | 4.65E-3 4.10
M=3-—>04 6.11E-2 | 1.54E-3 3.83 | 1.54E-3 3.96
4.10E-2 | 2.67E-4 4.36 | 3.12E-4 3.97

7. Numerical results

In order to numerically verify the capabilities of our multidimensional Riemann solvers and the applica-
bility of our strategy for their high order extension in space and time, we test them on a series of benchmarks
typical of the compressible Euler equations of gas-dynamics.

The Euler equations can be cast in the form (1) in the two-dimensional framework by choosing

P /2014 pv
| pu | put+p puy
Q= v |’ F= pouy o +p | (64)
PE u(pE + p) Vv(pE + p)

Here, the vector of conserved variables Q involves the fluid density p, the momentum density vector pv =
(ou, pv) and the total energy density pE. The fluid pressure p is related to the conserved quantities Q using
the equation of state for an ideal gas

1
p=(y- 1)(pE - zpvz), (65)

where y (y = 1.4 in our tests) is the ratio of specific heats so that the speed of sound takes the form ¢ = /%‘"

Let us notice that for all the benchmarks we have deliberately chosen to work with coarse meshes in
order to better appreciate the influence of the Riemann solvers on the final result and to make the results
quickly replicable.



7.1. Order of convergence of our high order ADER-CWENQO schemes based on multidimensional Riemann
solvers

To check the order of accuracy of our multidimensional Riemann solvers embedded in the strategy
presented in Section 6, we employ a smooth isentropic vortex test case inspired to the one proposed in the
example 3.3. of [55], which is a stationary equilibrium of the Euler system of equations.

The computational domain is the square Q = [0; 10] x [0; 10] where we have imposed transmissive
boundary conditions (using wall boundary conditions leads to essentially the same results, since the velocity
at the boundaries tends to zero). The initial condition is given by some perturbations ¢ that are superimposed
onto a homogeneous background field Vo = (o,u,v, p) = (1,0,0, 1) (note that w.r.t. [S5] here we do not
translate the vortex). The perturbations for density and pressure are

6p=(1+5T)7]j—1, 6p=(1+6T)%—1, (66)
with the temperature fluctuation 67 = —(g_yir)fze"’z and the vortex strength is € = 5. The velocity field is

affected by the following perturbations
ou)_ € 12 -(y-5)
(o )=ae (00D ©7)

When the simulation reaches the final time 7 = 1, we compute the discrete L? error norms by evaluating
the difference between the reconstructed numerical solution w;, and the exact solution Q. as

1

No, 2
€L, = lwy — (2r<=,f||L2 = Z (f [Wh(X, tf) - Qref(x’ tf)| dXdY) )
c=1 Q

using Gaussian quadrature rules of appropriate order. The obtained orders of convergence, which are
achieved as expected, are reported in Table 1 for both the multidimensional Osher and the N scheme Rie-
mann solvers employed in our CWENO-ADER scheme of order from one to four.

7.2. Contact and shear waves

In this section we concentrate on the study of isolated contact waves and shear waves.
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Figure 5: Steady contact wave. On the left we show the discontinuous initial density profile, which is not aligned with the mesh.
Then we show the 1d cut along y = 0 of the final density p (middle) and the final x—component of the velocity u (right) obtained with
our novel multidimensional solvers and some classical 1d solvers. Note that the not aligned steady contact wave is maintained with
machine precision.



Steady contact wave. We first notice that both our novel multidimensional Riemann solvers as well as the
classical complete Riemann solvers that we have used for comparison reasons (Osher and Roe solvers)
preserve steady contact waves up to machine precision even when the position of the initial discontinuity is
not aligned with the mesh. As numerical evidence of this property, we show in Figure 5 the discontinuous
initial density profile of our test case

(1.0,0,0,1.0) ify>0&y<-5x+0.5,
(0.1,0,0,1.0) ify>0&y>-5x+0.5,

(s 1, v, P)(X) = Y Y (68)
(1.0,0,0,1.0) ify<0&y>5x—0.5,

(0.1,0,0,1.0) ify<0&y<5x-0.5,

simulated on the square [—0.5;0.5] x [-0.5;0.5] with periodic boundary conditions on top and bottom
boundaries, and the 1d cut along y = 0 of the density and the total velocity (V = Vu? + v?) obtained at
time t=1.0 with our first order numerical schemes, which coincide with the initial condition up to machine
precision.

Isolated shear waves. We then consider an isolated shear wave characterized by the following initial con-
ditions
(1.0,0,0.1,1.0) if x <0,

. u.v. P)X) = {(1.0, 0.-0.1,1.0) ifx>0, 69)
simulated on a square of dimension [—0.5;0.5] X [-0.5;0.5] with periodic boundary on top and bottom
boundaries. We remark that, despite the mathematical discontinuity is aligned with x = 0, our unstructured
polygonal mesh, is not constructed by imposing any constraints on the position of the initial generator points
¢, thus it does not maintain this alignment property. Hence, the results in Figure 6 refer to a shear wave
not aligned with the mesh and demonstrate that our novel multidimensional solvers significantly reduce the
numerical dissipation.

In addition, we would like to underline that, if the generator points ¢ are chosen to be aligned with the
discontinuity, then our multidimensional Osher Riemann solvers, with the dissipation part of 23 computed
using primitive variables (circles), is able to simulate the isolated shear waves with machine precision, as
can be noticed in Figure 7.

7.3. Circular Sod explosion problem

This circular explosion problem is a multidimensional extension of the classical Sod test case simulated
on a square of dimension [—1; 1] X [—1; 1] with the following initial conditions composed of two different
states, separated by a discontinuity at radius ry = 0.5

(1.0,0,0,1) if r<ry,

(0. 14, v. P)X) = {(0.125,0, 0.0.1) if r>ry. 70)

Here, we numerically solve this problem with our novel multidimensional solvers and our first and third
order finite volume schemes on a mesh with resolution 4 =~ 1/50. The final time is chosen to be #; = 0.25,
so that the shock wave does not cross the external boundary of the domain, where wall boundary conditions
are imposed. We have obtained a reference solution thanks to the rotational symmetry of the problem
which reduces to a one-dimensional problem with geometric source terms, which we have solved by using
a classical second order TVD scheme on a very fine mesh.

The obtained results are reported in Figure 8 and show the increased resolution power of our high order
approach.



7.3.1. Lax shock tube

We continue with our set of Riemann problems by solving the Lax shock tube, originally presented
in [63], which, in addition to a shock wave, also exhibits a contact wave and a rarefaction fan. The initial
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Figure 6: Shear wave not aligned with the tessellation. Here, we show the numerical results obtained with our first order schemes and
our novel multidimensional Rieman solvers (squares) compared with those obtained with standard complete solvers (dashed lines).
Our novel solvers significantly reduce the numerical dissipation.
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Figure 7: Shear wave simulated on a tessellation where the generator points ¢ are aligned with the discontinuity. One can notice that
our multidimensional Osher solver in primitive variables (red circles) exhibits zero numerical dissipation for the simulation of shear
waves which are aligned with the mesh.
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conditions for this problem are

(0.5,0,0,0.571) if x>0.5,

9 9 b X = 71
(o, u, v, p)(X) Lumio@&aaﬂ& if x<0.5, 7

and it is solved on the domain Q = [0, 1] x [0, 0.1] discretized with a coarse mesh with resolution /# =~ 1/50.
The final simulation time is 7y = 0.14. We report the numerical results obtained with our multidimensional
Riemann solvers and our first and third order finite volume schemes in Figure 9.

7.4. Two dimensional Riemann Problem

In this Section, we consider some of the truly multidimensional Riemann problems presented and stud-
ied in [62].

Configuration 12. We start with the configuration number 12 which involves both steady contact disconti-
nuities, and strong moving shocks whose interaction produces two triple points from which parallel contact
lines emerge. From the initial singularity a strong fluid jet emerges whose resolution is enhanced by high
order and less dissipative methods as our multidimensional solvers.

Here, the computational domain is the square Q = [-2,2] X [-2, 2] discretized with a mesh with reso-
lution /& ~ 1/110, and the discontinuous initial conditions read as follows

(1.0,0.7276,0.0, 1.0) ifx<0&y>0,
(0.8,0.0,0.0, 1.0) ifx<0&y<O0,

(o1, v, P)(X) = ) Y (72)
(0.5313,0.0,0.0,0.4) ifx>0&y>0,

(1.0,0.0,0.7276,1.0) ifx>0&y<0.

In Figure 10, we report the numerical results obtained at time #; = 0.25 with a standard 1d Osher solver
compared with those achieved with our multidimensional solvers of first, second, and third order of accu-

M=0 - MultiD Osher

Reference

M=0 - MultiD Osher
M=2 - MultiD Osher
M=0 - N scheme
M=2 - N scheme

M=2 - MultiD Osher

0.2

Figure 8: Circular Sod explosion. We show the numerical results obtained with the first order (M=0) and the third order (M=2)
CWENO-ADER schemes on the same mesh and our multidimensional Osher scheme. (The results obtained with the N scheme are
really similar so we omit them).
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racy. Moreover, in Figure 11 we show the cut of the density profile along x = —1.2 and y = —1.2. We
can clearly observe that both our multidimensional solvers exhibit increased resolution compared to the
1d solver, showing many more vortices along the traveling shock discontinuities. We would also like to
remark that the third order multidimensional schemes (in the last two panel of the Figure), as presented in
Section 6, which also involve an edge contribution computed with a 1d solver, have less resolution power
w.r.t. the second order schemes, which only use corner fluxes. Moreover, a variant of the third order scheme
(left-bottom panel), employing a third order space-time polynomial reconstruction but a second order order
flux computation, based only on corner fluxes, effectively provides numerical results more accurate w.r.t
the second order schemes. However, due to the lack of sufficient accuracy of the numerical quadrature, this
variant is only second order accurate. This feature will be object of future investigations.

Configuration 3. We now consider the configuration number 3 of the same reference. The initial solution
involves again four states corresponding to two oblique shocks and two normal shocks converging in one
point. The interaction leads to the appearance of a strong normal shock connecting the two oblique shocks,
and of two lambda shocks stemming from the normal ones. The lambda shocks lead to the appearance of
two strong moving contact discontinuities, and of a strong jet of fluid whose resolution is enhanced by high
order and less dissipative methods as our multidimensional solvers.

Here, the computational domain is the square Q = [0, 1.2]X[0, 1.2] discretized with meshes of resolution
h ~1/200 or h ~ 1/400, and the discontinuous initial conditions read as follows

(0.5323,1.206,0.0,0.3) ifx<1&y>1,
(0.138, 1.206, 1.206, 0.029) fx<l&y<l1,

(. 1, v, P)(X) = . Y (73)
(1.5,0.0,0.0, 1.5) ifx>1&y> 1,
(0.5323,0.0,1.206,0.3) ifx>1&y<1.

The final computational time is 77 = 1.0.
We report the results obtained with our first and second order finite volume schemes in Figure 12 so to
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Figure 9: Lax shock tube. We show the numerical results obtained with the first order (M=0) and the third order (M=2) CWENO-
ADER schemes on the same mesh and our N scheme Riemann solver. (The results obtained with the multidimensional Osher solver
are really similar so we omit them).
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compare the different resolutions achieved with the classical Roe edge solver and with our multidimensional
corner fluxes.

7.5. Hypersonic flow past a blunt body

We consider now a hypersonic (Mach = 5 and Mach = 10) flow past the forebody of a circular cylin-
der [59, 50, 26]. As computational domain we take the half ring between two circles of internal radius
ro = 1 and external r; = 3 (centered at the origin) and with x < 0. We discretize it with a coarse mesh
of characteristic size & =~ 1/70. The initial condition is given by an incoming hypersonic flow such that

1

"
161077

151077

"
161077

151077 A 151077
149178

Figure 10: Two dimensional Riemann Problem (configuration 12 of [62]). Here we report the numerical results obtained with our first
order (M=0), second order (M=1), and third order (M=2) schemes over a mesh with 7 = 1/110. In particular, we show the density
profile with 40 contours line in the interval [0.54, 1.7]. We refer to the test case description for detailed comments on the obtained
results.
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(o, u,v, p)(X) = (4fy,Mach,0, 1) and the boundary conditions are of wall type on ry, of transmissive type

on the right vertical boundaries and of Dirichlet type on r;.
We report the obtained results in Figure 13 together with detailed comments regarding in particular the

behavior of our schemes w.r.t the well-known appearance of the carbuncle phenomenon.

7.6. Circular two-dimensional explosion with boundary reflections
We conclude our sets of benchmarks with an explosion problem which has an initial configuration
similar to the Sod test case but it is performed on a larger domain and for a longer time, so to see many

more reflections and interactions around the origin. The final computational time is ¢, = 3.2. The initial
(74)

(1.0,0.0,0.0,1.0) if x> 0.4,
if x<04,

conditions for this problem are
(0.125,0.0,0.0,0.1)

(pv u,v, P)(X) = {
and the domain of interest is Q = [0, 1.5] x [0, 1.5]. (We have solved the problem on a larger domain

Q =[-3.5,3.5] x [-3.5,3.5] to avoid the effect of external boundary conditions).
We have simulated this test case with our first and second order finite volume schemes, and we report in

Figure 14 the results obtained with the Osher solvers and in Figure 15 those obtained with the Roe scheme

and the N scheme.

8. Conclusions and outlook to future work

In this paper we have designed new high order accurate fully-discrete one-step finite volume schemes
that are cell centered and employ nodal fluxes. High order of accuracy in space is achieved via the CWENO
reconstruction procedure and high order of accuracy in time is obtained at the aid of the ADER approach,
making use of a weak formulation of the PDE system in space-time. With respect to existing high order
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Figure 11: Cut along x = —1.2 (left) and y = —1.2 (right) for the density values of the solution of the two dimensional Riemann
Problem (configuration 12 of [62]). One can easily notice that the discontinuity between the two steady states is captured in a sharper

manner by our multidimensional solvers.



cell-centered finite volume schemes that employ vertex-based numerical fluxes this paper introduces two
novelties:

1. the formulation of a new genuinely multidimensional Osher-type Riemann solver for general nonlin-
ear systems of hyperbolic conservation laws, see (23) for the algebraic expression of the numerical
flux and (17) for the generalization of the simple 1d integration path used in [44, 43] to a manifold in

" [ m=1, Roa, h=1iz00] " [ =1, Roa, h=1i400

M=1, MultiD Oshar, h=1/200

M=0, N schame, h=1/490 | m=1, N scname, n=1/200

Figure 12: Two dimensional Riemann problem (configuration 3 of [62]). Here we report the numerical results obtained with our first
order (M=0) and second order (M=1) schemes over a coarse mesh with 2 =~ 1/200 and a finer one with & =~ 1/400. In particular, we
show the density profile with 40 contours line in the interval [0.2, 1.6]. We can observe that the N scheme, even if the carbuncle fix is
active, clearly captures the shear instabilities, since the carbuncle fix is active only across shock waves. Also, thanks to the carbuncle
fix and the truly multidimensional behavior of this Riemann solver, not dominated by excessive numerical dissipation, the N scheme
shows less mesh imprinting with respect to the other solvers. Finally, we recall that the asymmetry of the results is due to the use of
fully unstructured meshes.
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multiple space dimensions. The very peculiar feature of this new vertex-based Riemann solver is the
fact that it produces an entire numerical flux tensor rather than just a numerical flux projected into
a particular direction. The mathematical structure of the flux is a simple and direct extension of the
one-dimensional Osher-type solvers introduced in [44, 43]. It consists in a central part of the flux in
which simply the arithmetic averages of the flux tensors surrounding a vertex is computed. The mul-
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Figure 13: Here, we show the density profile of the blunt body test case at Mach=5 (top line) and Mach=10 (bottom line) with 21
contours line in [1.2, 8.3]. In particular, we compare the behavior of our multidimensional solvers with the classical 1d edge solvers
inserted in a first order (M=0) finite volume scheme. We first notice that the Roe scheme, which is usually affected by the carbuncle
phenomenon on triangular meshes, here on polygonal meshes does not suffer from this problem. The incomplete simple Rusanov
scheme is, as usual, carbuncle-free but quite dissipative. Instead, we do not report any results for the 1d Osher scheme because
it crashes at the very beginning of the simulation due to the early appearance of the carbuncle phenomenon. On the contrary, our
multidimensional extension of the Osher scheme, without the need for any trick, provides highly resolved results both at Mach=>5 and
Mach=10 with just a small carbuncle effect at high Mach that slightly breaks the symmetry but does not affect the simulation. Finally,
the N scheme, which we recall is implemented with a well-known carbuncle fix, is completely carbuncle free and shows a reduced
dissipation despite the employed fix.
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tidimensional numerical dissipation is then achieved by computing a surface integral of the matrix
absolute value operator applied to the flux Jacobians in each spatial direction over a virtual simplex
element constituted by the cell centers around each vertex. The integral is computed numerically via
suitable quadrature rules. These integrals are then multiplied by a discrete multidimensional gradient
that is simply obtained via the Gauss theorem, as already proposed in [22] to obtain discrete gradients
on general unstructured meshes.

2. the careful rewriting of well-known fluctuations from the residual distribution (RD) framework allows
constructing suitable approximate multidimensional Riemann solvers that can then be incorporated

M=0 - Osher “| ' M=1- Osher
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0.5 012

| 0.10
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Figure 14: Circular two-dimensional explosion with inner reflections. We compare the Osher type fluxes at first and second order of
accuracy. In particular, we show the density contours at time ¢ = 3.2 with 16 contour levels in [0.1, 0.2]. On this specific test case, we
can only observe small differences between the 1d and the MultiD Osher schemes: in particular, the second has less angular symmetry
and more instabilities near the boundaries. This is an indication of the less dissipative nature of our multidimensional scheme.
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inside classical high order cell-centered WENO finite volume schemes. It is therefore very interesting
to note that RD fluctuations are not limited to the RD context, but can be used in a much more gen-
eral setting. The most prominent example of genuinely multidimensional upwinding that accounts
for all characteristic fields present in the nonlinear hyperbolic system is perhaps the N scheme. Its
rewriting as vertex flux in the context of multidimensional Riemann solvers has been achieved in
Equations (39)-(42) in combination with the general definition (27) that relates existing RD fluctua-
tions to numerical point fluxes.

Future work will first focus on a more in-depth analysis of our approach, with the aim of providing a

M=0 - N scheme

Figure 15: Circular two-dimensional explosion with boundary reflections, comparison of Roe and N scheme solvers at first and second
order of accuracy. In particular, we show the density contours at time ¢ = 3.2 with 16 contours level in [0.1,0.2]. We note that the N
scheme shows a significantly higher resolution compared to all other schemes, highlighting all the instabilities that develop along the
discontinuity located at r ~ 1.75.
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formulation that, for schemes of order higher than two, differs from the one proposed here and relies solely
on multidimensional solvers. Indeed, our current formulation for orders higher than two mixes the use of 1d
and multidimensional solvers, which allows reaching arbitrarily high accuracy but introduces 1d dissipation
that we aim to avoid. Additionally, we plan to explore the application of these new multidimensional
Riemann solvers in the context of exactly divergence-free schemes for MHD and more complex hyperbolic
PDE systems, as well as their extension to non-conservative hyperbolic systems.
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Appendix A. Entropy conservation: Tadmor’s shuffle relation and point entropy fluctuation

We now consider the entropy evolution for the multidimensional scheme with corner fluxes

Q. v
2= +zp:Fp-npc_O,

Let (7(Q), G(Q)) denote the entropy/entropy flux pair, with as usual
G(Q) = WF(Q) - ¥(Q)

with W' = Vn the entropy variables, and ¥ the entropy potential vector.

We first generalize Tadmor’s shuffie condition. To this end, we compute

Dldw! dg" + ) WiE, m, =0,

¢ peP,.

29



with W, = W(Q,) the entropy variables vector. By definition we have

Z Q. |dTI(Q¢) Z Z WE, n, =0.

¢ pepP,

Following [96] we now write at a given p € P,

We=W,+ (W= W,) =W, + —— LS W - W),
teC,

where Wp = 2irec, We/(d + 1). As a consequence we have

> Ichd";?‘) DI IWE, e+ > S (W= W,)F, mye = 0.

¢ peP, ¢ pepP.
Assume now that ¥ ¢ € C, we have
Z W.F, n, = Z Y. n,, (A1)
ceCy ceCy
which is equivalent to
Z(Wc ~W,)F, n, = Z(‘I’C ~¥,) n,,.. (A.2)
ceC, ceC,

Under this condition we can write
dn(Q.)
Z|Q|’7(2 £33 (W, - )an:—Z‘I’ > nye =0,
¢ peP. PEP.

which shows that under the generalized shuffle condition (A.1) entropy conservation is verified with the
multidimensional numerical entropy flux

G, =W, ¥,

As argued in [96] any scheme with more numerical viscosity than an entropy conservative scheme will be
entropy stable.

As an alternative approach we now consider the schemes in fluctuation form. In absence of reconstruc-
tion, and proceeding as before this gives

> Ichd";?C) 35 Wig, = o.

¢ pePe

We can add the sum of the internal entropy value flux along the nodal normals, which is null due to the
properties of the normals:

Y ) SN Geomet 3 Wi =0,

¢ peP. ¢ peP.
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with G, = G(Q,). We can easily see that a scheme is entropy conservative if for any corner p we have

D Wigpe=®,:= > G, ony, (A3)

CECP L’ECF
with associated numerical entropy flux verifying
A _ t
G, n, =Ge -y + Wi,

Proposition 1 (Equivalence of the entropy condition in potential/fluctuation form). The potential form of
the shuffle condition (A.1) and the fluctuation condition (A.3) are equivalent.

Proof. We prove that one condition implies the other and vice-versa. This first implication be easily shown
by a direct computation, summing up the shuffle conditions around node p:

DW= W) Fempe+ D (We =W, e = D (P =¥, mpe

ceCp ceC, ceC,
—_— —_—
t t —_
Z WCFc : npc + Wp¢p + Z Wc¢pc - Wp¢p - Z \I’c : npm
ceCp ceC, ceC)p

which readily shows that

D Wigpe—= D WFeney— > Weong = Y Geng,

ceC, ceC, ceC, ceCp

The reverse implication is also easy to show using the definition of the ¢,.:

Z WE(F[) *Mpe — F.- npc) = Z G, - ng,

L'EC,, L‘ECF
t t
Z WL-(Fp *Mpe — Fc : npc) = - Z(WLFL cMye — ‘Ilc : npc)
ceCp ceCp
g _
Z WU, -n, = Z Y. np,
CEC,, CEC,,
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