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mode shapes of interest, which in turn makes it possible to perform pole-zero flipping in
cross receptances. This is useful to shape receptances in the frequency range of interest.
The method uses the inverse eigenvalue problem of the actual system and the adjunct one,
by formulating it through the system matrices, to overcome the numerical issues of using
Inverse dynamic structural modification the characteristic polynomials. Besides the theoretical formulation and the numerical
Eigenstructure assignment application of the method, experimental validation is proposed through a laboratory
Antiresonance assignment cantilever beam, that shows the method effectiveness and ease of implementation.
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1. Introduction
1.1. Motivations and state of the art

Inverse dynamic structural modification (IDSM) techniques are used in the design and in the modification of vibrating
systems to obtain the desired dynamical behaviour, by obtaining the desired natural frequencies (see e.g. Ref. [1—8]), damping
(see e.g. Ref. [9]), vibration nodes (see e.g. Ref. [10]), mode shapes and eigenfrequencies (see e.g. Ref. [11—13]), and less
frequently, antiresonance frequencies (see e.g. Refs. [14—19]).

The assignment of the natural frequencies, or resonances, has been mainly addressed through several solutions that have
been often tailored for the specific test under consideration. Indeed, analytical solutions can be formulated only under some
simplifying conditions, such as neglecting constraints on the feasible modifications or modifying just one or two parameters.
Consequently, in the last years methods exploiting numerical or optimization-based formulations have been proposed for the
solution of more general eigenstructure assignment tasks, by exploiting the increase effectiveness of numerical computing. In
Ref. [11] Richiedei et al. proposed a model-based convex formulation leading to a global minimum solution for the simul-
taneous assignment of resonances and the related mode shapes. Then, by exploiting homotopy transformation to handle non-
convexities, an improved approach has been proposed in Ref. [12] for solving the partial assignment of the mode shapes, that
is the so-called Partial Eigenvector Assignment (PEA). Such a mathematical frame has been recently applied in Ref. [14] for
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antiresonance assignment, by exploiting the so-called “adjunct system” and to handle more general assignment problems, i.e.
dealing with both cross and point receptances, assigning more antiresonances and with more design parameters and con-
straints. Indeed, as in the case of resonance assignment, most of the solutions proposed for antiresonance assignment are
tailored to specific cases. In particular, the use of additional degrees of freedom (DOFs) has been widely investigated, leading
to the so-called “mass-damper” ([15—19]).

The concurrent assignment of resonances and antiresonances through IDSM has been less investigated, due to the intrinsic
limits of the achievable results related to the symmetric nature of passive modifications and of the limits on the feasible
values. Some relevant results have been proposed by Mottershead et al. in Ref. [20,21] where the pole-zero cancellation, i.e.
the cancellation of a resonance with an antiresonance, is obtained by exploiting unit-rank modifications, which involves
changing or adding a single mass or stiffness element of a structure without modifying the number of DOFs. In Ref. [22] the
same author exploited the unit-rank modification theory for the simultaneous assignment of a resonance and an anti-
resonance on a linear time-invariant damped two-DOF system, by a modification consisting of a spring and a point mass.

1.2. Contributions of this paper

The literature review highlights that the simultaneous assignment of more resonances and antiresonances, while
considering constraints on the feasible modifications, has not been deeply investigated since the methods proposed so far
handle the modification of just a few parameters. For example, the relevant unit-rank modification theory and the related
methods cannot be adopted, and therefore higher-rank modifications (i.e. the modifications of more parameters) are
required. Therefore, proper solution methods that handle these modifications simultaneously should be developed.

In consideration of these limitations, this paper proposes a new approach to this problem, by exploiting a numerical
solution that makes the method more general and allows it to handle several cases. For example, it provides the opportunity
to perform pole-zero flipping in cross-receptances, which means that it can reverse the sequence of resonances and anti-
resonances in the frequency spectrum. This can be useful, for example, in shaping the frequency response in a range of in-
terest, for example by placing two consecutive antiresonances (e.g. to create a large frequency band with negligible
vibrations) or by removing antiresonances between resonances (e.g. in resonators). Additionally, pole-zero flipping in cross-
receptances can be useful in feedback-controlled systems, to enable non co-located control by ensuring pole-zero interlacing
over a prescribed range of frequencies (e.g. within the bandwidth of the actuator). Indeed, if this property holds, a 180° phase
lag occurs at every natural frequency, and is compensated by a 180° phase lead at every antiresonance. Hence, the phase
always oscillates between 0 and -180° and positive gain and phase margins can be obtained for non co-located control too
[23].

The proposed method takes advantage of the inverse eigenproblem of both the complete system (for the resonances) and
of the adjunct system (for the antiresonances). Then, it recasts them into a constrained minimization problem to provide
simple numerical solution. It should be pointed out that the proposed method uses the system mass and stiffness matrices,
that can be estimated by taking advantage of the wide literature on model updating ([24—27]) in the case of modification of
existing systems, or estimated through FEM software in the design of new ones. Compared to receptance-based approaches,
such as [20—22,28] for the case of rank-one modifications or [29] for the case of higher-rank modifications, the proposed
method imposes the estimation of the system matrices through the mentioned approaches. On the other hand, the new
formulation here proposed overcomes the numerical issues in formulating receptance-based antiresonance assignment with
higher-rank modifications, which cast the assignment problem through non-linear, non-convex, non-separable, multivariate
polynomial functions with high degree [29]. In contrast, the proposed formulation leads just to linear and bilinear terms in
the unknowns. The presence of some bilinear terms, which makes non-convex the assignment problem, is overcame by
exploiting the concepts of variable lifting, convex relaxation and homotopy transformation to obtain a reliable numerical
solution method. Due to a simple numerical solution and convergence of the method proposed in this work, it can handle
arbitrary topologies of the system and of the modifications, consider design constraints on the modification and assign more
resonances, antiresonances and mode shapes (either partial or complete mode shape). The spatial response at the resonance
can be shaped too, whenever it is of interest.

Homotopy-based methods have been shown to be successful in the numerical assignment of resonance frequencies with
partial mode shapes too [12], to improve the complete eigenvector assignment method proposed in Ref. [11], or just anti-
resonance frequencies [14]. In this work, such ideas are concurrently exploited for the simultaneous assignment of some
resonances and antiresonances, which has never been tackled in the literature. Due to the increase in the problem complexity,
a strategy to simultaneously handle both the problems is proposed, by exploiting a pole-zero interlacing condition for cross
receptances which is translated into the problem through convex constraints on the sign of some entries of the modified
system mode shapes. This new approach enforces the achievement on the requirements on the correct placement of both
resonances and antiresonances, despite the presence of constraints on the feasible modifications. The remaining entries of
eigenvectors can be either imposed to assume prescribed values or free to assume arbitrary values within some prescribed
bounds. This opportunity is here newly exploited to better assign the system response when excited at the antiresonance
frequency, by shaping it through the eigenvector of the antiresonance assignment problem.

This paper also provides the first experimental application of homotopy-based methods in the solution of inverse
eigenvalue problem, since both the approaches proposed in Ref. [12,14] were only numerical, by proving its applicability.
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Indeed, the numerical and the experimental validation of the method is here proposed through a laboratory test rig made by a
cantilever beam where additive masses are adopted as the modifications.

2. Theoretical background and statement of the assignment problem
2.1. Definitions and theoretical background

Let us consider a linear time-invariant, undamped and non-gyroscopic vibrating system with n DOFs. Its positive definite
mass matrix is denoted MeR™ " while its semi-definite positive stiffness matrix is K&R™". The equation of motion of the
system is:

Mq(t) +Kq(t) = £(t) (1)

where q(t) €R" is the generalized coordinate vector and f(t) eR" is the generalized force vector. Such an undamped model
can be exploited to represent lightly damped systems too, especially if damping matrix can be effectively modelled through
proportional damping that leads to real mode shapes.

Let us assume the excitation force to be sinusoidal, with w representing the angular frequency; it is possible to analyse the

behaviour of the system in the frequency domain through the receptance matrix H(w) = (—w2M + K)‘]:

q(w) =H(w)f(w) (2)

An arbitrary entry hpq(w). of the receptance matrix is the transfer function from the excitation force applied at the g-th DOF
to the displacement of the p-th DOF:

2
det( — W Mt_ll_J + Kaﬁ)

hpq(w) = (71)p+q det(—wZM T K)

(3)

Eq. (3) introduces the so-called adjunct mass matrix, Mg €R(""D*("~1), and the adjunct stiffness matrix Kgp<

R(=1x(-1) ‘that are obtained by removing the g-th row and p-th column from the original mass and stiffness matrices [29].
The natural frequencies of the system (or resonance frequencies of the undamped system), i.e. the roots of the denominator in
Eq. (3), will be henceforth denoted by w, ;,i = 1, ..., n in this paper. The roots of the numerator of Eq. (3) are the antiresonances
of hpq(w) and are here denoted as w,;, with 0 < i < n— 1. Unlike resonances, the antiresonances depend on the receptance
hpq(w) considered.

2.2. Partial eigenvector assignment by IDSM

Rather than exploiting the characteristic polynomial of Eq. (3), the resonance frequencies can also be computed as the
solutions of the well-known eigenproblem:

(- o}M+K)u,;=0 (4)

Each eigenpair (wfvi, u, ;) solving the problem comprises a resonance frequency w; ;, related to the eigenvalue, and a mode
shape u,; €R", which is the eigenvector and defines the spatial behaviour of the system coordinates at the resonance fre-
quency. This formulation is useful for solving the problem of assigning a desired eigenstructure through IDSM, which consists

in finding the mass and stiffness matrix modifications, usually represented through additive modifications denoted AM &

. . . 2 .
R™M and AK€R™", such that the system has a number n;, of desired eigenpairs (wf_i ,ul‘?j). i = 1,..., n.. Henceforth the

superscript “d” will denote the desired eigenvalues or eigenvectors. Hence, the IDSM problem for eigenstructure assignment
task can be formulated as:

AM.,AK‘ (—(wd)2(M+AM)+(K+AK)>uf’i:0 for i=1,...n; (5)

T,i

The solvability of the equality in Eq.(5) is not ensured for any choice of the design variables, denoted xe R™ (with ny their
number), which depend on the assumed topology of the modification matrices, AM = AM(x) and AK = AK(x). Additionally,
constraints on the feasible modifications should be considered by defining a feasible domain Wy. The problem is exacerbated
as ny increases. Hence, it is convenient to recast the assignment problem in Eq.(5) as a least-square minimization:
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mxin{ En: ‘ ( - (wfjf (M + AM(x)) + (K + AK(x)))ufj

i=1

2
,xe‘l’x} (6)

In most applications, and mainly in large scale systems, defining the value of all the entries of the desired eigenvectors uf‘i
could be unnecessary or complicated. Hence, PEA is more convenient. The PEA is a technique that relaxes the specifications on
some entries of the desired eigenvectors by treating such entries as constrained unknowns in the IDSM problem. The PEA
strategy usually improves the performances of the resulting assignment for the coordinates of interest, compared to the
assignment of the complete mode shape ([12—14]).

Let us assume that ny, entries of the desired eigenvectors (collected in vector y. €R™r) are not imposed to assume pre-
scribed values, while just lower and upper bounds are set to ensure meaningfulness of the resulting mode shape (y,p <y; <
Vru, Where the inequalities are element-wise). Hence, a new feasible domain W, constraining x and y is obtained. The
assignment problem in Eq.(6) is therefore written as a function of both x and y:

ips {ofew) 7

(- <w¢‘i>2 (M -+ AM(x)) + (K + AK(X)) )ud;(y,)

2.3. Antiresonance assignment by IDSM and PEA

The problem of assigning antiresonances by IDSM consists in finding the mass and stiffness modification assuring that the
receptance hpq(w) features the n, desired antiresonance frequencies w?;. The problem can be treated as a resonance

assignment in the adjunct system, through the modification matrices of the adjoint system, AMgs €R""~1*(""1 and AKgs €

R(=1)x(n=1) that are obtained by removing the g-th row and p-th column from (AM(x),AK(x)). Hence, it could be formulated
either through the characteristic polynomial of the adjunct system:

2 .
AMgp, AKgp | det( ~ (08;)” (Mgp + AMgg(x) ) + (Kgp + AKgp (X)) ) =0 fori=1,..,nq 8)
or through the eigenvalue problem of the adjunct system:

2 .
AMgs, AKgs | (= (0f;)" (Mg + AMgp) + (Kgp + AKgp) Jud; =0 for i=1,...nq 9)

aji

Vectors uy; €R(M™1,i =1,...,ng, are the right eigenvectors of the system when the g-th row and p-th column are removed
from M and K. In practice, the i-th adjunct system eigenvector u, ; defines the normalized steady-state displacements at the
i-th antiresonance frequency of the n-1 coordinates (i.e. all the coordinates minus the response DOF) [30]. Obviously, the
displacement at the response DOF, which is not included into u, ;, is zero.

The formulation proposed in Eq.(8) leads to non-linear non-separable functions in the design variables, and hence its
solution is in general very difficult since products of more unknowns might appear in such a function. This difficulty justifies
the formulation through Eq. (9), which leads to more equations having a simpler form.

As already discussed for the resonance assignment, the problem should be recast as a constrained least squares mini-
mization, which includes among the unknowns the unassigned entries of the eigenvector of the eigenvalue problem of the
adjunct system, u‘ii, which are henceforth denoted as y,. Indeed, imposing the entries of the eigenvectors is not a typical
design requirement in antiresonance assignment. Hence, the assignment problem can be formulated as a PEA. Constraints on
ya can also be defined, leading to the feasible domain W,:

r)?;?{ lnzl (- (wif)z(M@ + AMgy (X)) + (Kg + AKgp(x)) ) ud;(ya) . {;; } = llfa} (10)

The eigenvector entries y, are free to assume arbitrary values within lower and upper bounds, denoted respectively y, ¢
and y, y. These bounds can accomplish two tasks. On the one hand, they can be set to shape the spatial response at the
antiresonance frequency (i.e. on the eigenvector of the adjunct system), without imposing exact values to be assumed by
some eigenvector entries. On the other hand, they are required to perform the McCormick's convexification, that will be
introduced in Section 3.2.3 as an effective tool for obtaining reliable numerical solutions of the assignment problem. If no
specifications are set on the desired spatial response at the antiresonance, as usually done in the literature, it can be set y,; =
—Ya,u With equal and arbitrary not-null values for all the entries (y,; and y,y denote arbitrary entries of y, and y,y
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respectively). Indeed, since eigenvectors are defined regardless of their normalization, the solution computed by the algo-
rithm is not affected by such chosen values because, in practice, eigenvectors are free to assume arbitrary relative values.

2.4. Reciprocal location of the resonances and antiresonances in the frequency spectrum

Let us consider the case of a point-receptance, i.e. whenever p = q. If M and K are symmetric, the adjunct system is
symmetric with positive definite mass matrix and semi-positive definite stiffness matrix. Hence, resonances and anti-
resonances alternate in the spectrum [31]. Thus, the number of the antiresonances will be exactly n — 1.

In the case of arbitrary cross-receptances, i.e. whenever the excitation and the measurement coordinates are different (p=+
q), the adjunct system symmetry is not ensured, and it could be negative definite; thus it loses the interlace property. Hence,
the number and the reciprocal location between the resonance and antiresonance can be predicted only for some specific
cases (see e.g. Refs. [32,33]). A useful rule to predict pole-zero interlacing in cross receptances in systems with sparse mass
and stiffness matrices has been proposed in Ref. [34]. If the modal constants (i.e. the product of the two entries of the i-th
eigenvector at the response point u, ;(p) and at the excitation point u ;(q)) of two consecutive modes have the same sign, then
there will be an antiresonance g ; between the natural frequencies of the two modes considered. In symbols it is possible to
write:

sign (ur.i (p)ur,i(Q)) =sign (ur,i+1 (P)Ur i1 (Q)) = Wrj<Wg; < Wrjq (11)

In the case of point-receptances, all the modal constants are positive. In the case of cross-receptances, since low frequency
modes vary slowly in space, the modal constants tend to be positive for low frequency modes whenever the input and the
output are close to each other; hence interlacing is maintained at low frequencies. Conversely, at high frequencies this
property does not always hold due to the presence of numerous sign alterations in the eigenvectors.

Eq. (11) can be adopted in the case of damped systems with classical damping (both the well-known case of Rayleigh
damping or the general proportional damping [35]) since the system has real mode shapes and the undamped mode shape
matrix is the mode shape matrix for the damped system too. Therefore, such a relation can be also adopted for lightly damped
systems with non-classical damping, whenever damping produces just a small phase differences between various parts of the
system and therefore it is acceptable to approximate the damping matrix through a classical one [36]. In contrast, if the
system is heavily damped and modes are highly complex, i.e. damping matrix cannot be approximated through a classical
one, such an approximation cannot be done, and the investigation of interlacing entails the use of complex vectors.

3. Concurrent assignment of resonances and antiresonances
3.1. PEA for concurrent resonance-antiresonance assignment with flipping

In order to assign both resonance and antiresonance frequencies, the simultaneous minimization of Eqs. (7) and (10)
should be performed, by collecting all the constraints on the unknowns in the feasible domain ¥ = W,uW,:

n, 2

So( (of) M+ AMG) + (K + AK) )udy(y)
min = 7{;}6111 "

Xy Ny
;( - (wg‘,.)z (Mgp + AMgy(x)) + (Kgp + AKgz(x)) udi(y)

In Eq. (12) the unassigned eigenvectors entries are denoted by y = {yI yaT}T.

Eq. (12) is a non-linear non-convex function. Therefore, to boost the attainment of its global minimum, the next section
proposes a new solving strategy.

The pole-zero interlacing properties for cross-receptances defined by Eq. (11) should be also exploited to enforce such
requirements and hence to boost the achievement of a correct solution. The role of such a constraint is even more important if
pole-zero flipping is desired to modify the sequence of resonances and antiresonances, since the signs of some entries of the
eigenvectors should be modified. Let us consider two consecutive antiresonances w,;_; and wg;, and two consecutive

eigenpairs (w?;, u, ;) and (w?, 11> Ur 1) Of an arbitrary cross-receptance hipq(w) of the original system, to be modified through

IDSM. Let us assume that wg; 1 <w;; and wg; > w; i1, i.. there are no antiresonance frequencies between the two resonances:
hence, according to Eq. (11), it holds that sign(ug;(p)u,;(q)) #sign(Ug;,1(P)Uyi1(q)). The goal of IDSM is to shape hpq(w) so

that an antiresonance is placed between the two resonances: wf fi .1~ Since the i-th pair of zeros is required to be

shifted between the pair of poles i and i + 1 in the modified system it must hold:

d
i<wa7i<w
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sign (uf; (p)u;(q)) = sign (ul. 1 (P)uds, 1 (@) (13)

The condition in Eq.(13) is non-convex and difficult to convexify; therefore it should be properly handled. Given the non-
convexity of both the function to minimize and the constrains, a strategy to boost the achievement of the global optimal
solution is proposed in Section 3.2.

3.2. Solution through variable lifting and homotopy optimization

This paper exploits the idea of variable lifting and the theory of homotopy transformations to successfully solve the
assignment problem. Homotopy is an optimization technique for non-convex functions that boosts the convergence to a
global minimum [37] by solving a sequence of optimization problems that starts with a convex relaxation of the original
problem and then morphs it back to the original non-convex one. To exploit such a method, Eq. (12) is recast in this work
through four steps:

i. variable lifting;
ii. definition of the homotopy map;
iii. introduction of auxiliary constraints;
iv. convexification of the constraint for pole-zero flipping.

3.2.1. Variable lifting

The non-convexity of Eq. (12) is due to the presence of some bilinear terms in the form x;y; (for some indexes i and j), that
make the problem non-convex with respect to them. The problem can be, however, written as a convex function of the
auxiliary variables t, (for some indexes n) defined as follows:

th =Xy} (14)

The number of bilinear terms depends on the number of DOFs and design variables, the topology of the modification
matrices and the specifications on the desired eigenstructure. This approach is denoted as problem lifting since the original
problem is lifted into a space of higher dimension compared with the original problem, because of the introduction of some
new variables.

3.2.2. Homotopy map

The morphing from the convex formulation of Eq. (12), obtained through the auxiliary variables t;, to the original non-
convex one is named the homotopy map. In this work, it is made by replacing each bilinear term x;y; with an affine com-
bination of itself and its related auxiliary variable t,, i.e. Ax;y;j 4+ (1 — A)ty, where A€[0; 1] is the morphing parameter. This
transformation leads to a sequence of minimizations of function f, (X, y, t, A) for different values of A rising from 0 to 1 with a
discrete step, and sets an homotopy transformation for Eq. (12). Indeed, in the first step (A = 0) the convex approximation of
the problem is minimized, while in the last step (A = 1) the original non-convex function is minimized. In practice, homotopy
is adopted to set effective initial guesses for the non-convex problems. Indeed, at any arbitrary step of the homotopy
transformation, the initial guess is set as the optimal solution of the previous step. Finally, the solution obtained at the last
step (i.e. AM(X;_1) = AMop: and AK(X;_1) = AKopt) is the optimal modification of the system parameters.

3.2.3. Introduction of auxiliary constraints

The relation between tp, x; and y; should be represented during the homotopy transformation through the convex hull of
Eq. (15). To this purpose, McCormick's constraints [38] are adopted by exploiting the bounds on each variable, i.e. x;; < x; <
x;y and y;; <y; <y;y. The approximation leads to four inequalities:

th 2 X 1Yj +YiiXi — XiLVjL

tn 2> XiuYj + YjuXi — XiuYju (15)
tn < XjuYj+ YirXi — XiuYjL

tn < Xi1Yj +YjuXi — Xi1Yju

3.2.4. Convexification of the pole-zero interlacing condition
The pole-zero interlacing condition in Eq. (11) is translated into inequality constraints on y,, by considering that eigen-
vectors are defined regardless of their normalization. Hence, in this work it is imposed the sign of the entries of interest for Eq.
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(11) by defining positivity or negativity constraints of the form (0;y; y] or [y, ;0), with y, y >0 and y,; <0, that satisfy the
pole-zero interlacing condition and ensure convexity of the constraints.

4. Test case
4.1. Test case description

The method proposed is applied to a flexible cantilever beam and experimental evidence of the results is also provided
through the laboratory rig shown in Fig. 1. The system consists of a beam clamped to a fixed frame and excited through a
stinger, which connects the beam to the free end of a load cell mounted on the slip table of an electrodynamic shaker. The
stinger provides the external excitation in correspondence of a nodal point, whose translation is denoted y3 (see Fig. 2) by
means of the stinger. The cross receptance to be modified is the one from the force applied to such a node to the elastic
translation yg (the response). The beam nodal acceleration yg(t) at the response point is measured through an Endevco
27AM1-100 10203 accelerometer; the acceleration of the slip table is measured through a Dytran 3136A accelerometer.

The same system will be exploited for two additional numerical applications (see Section 4.7), by assuming different
excitation and response points and by making different requirements.

4.2. Dynamic model

A bending model of the beam in a plane parallel to the slip table plane of motion is assumed, by neglecting axial and
torsional effects and out-of-plane bending. The beam is modelled through N = 10 two-dimensional Euler-Bernoulli finite
elements, with equal lengths. The beam nodal translations and rotations are collected in vector u(t):

u(t)=[y1, 01, YN, on]" (16)

The dynamic model of the subsystem made by the cantilever beam alone is therefore:
Mpu(t) + Kpu(t) = —R(t)es (17)

where M €R2N2N and Ky, eR2N*2N are, respectively, the mass and stiffness matrices, R is the reaction force between the
beam and the stinger that is applied to coordinate y; and e3eR2N is the canonical vector with an entry equal to 1 at the
position related to the excited coordinate y; and all the other entries equal to zero. A nodal concentrated mass mgc. is adopted
to model the accelerometer. Damping has been neglected.

The subsystem made by the load cell and the slip table is modelled through two DOFs. One coordinates, g, is the absolute
displacement of the slip table. The second coordinate, y,, is the relative displacement between the slip table and the free

Slip table
accelerometer

Fig. 1. Experimental setup on the slip table of an electrodynamic shaker.
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Fig. 2. Sketch of the system.

extremity of the load cell. In practice, the load cell is modelled as a single-DOF resonant system, as often done in the literature
[39]. The system is excited by the reaction force R and by the driving force F,, exerted by the electromagnetic shaker. The
following dynamic model is therefore obtained:

{mlc mye }{ylc(t) } + { klc _klc} {YIc(t) } :{ R(t) } (18)
My My + Mgy Q(t) *klc 0 q(t) Fsh(t)

where my. is the load cell mass and k. its equivalent linear stiffness for the 1-DOF model. The moving masses of the slip table
and the shaker are collected within mg,. All the geometrical and physical properties of the system, introduced in Egs. (17) and
(18) are stated in Table 1.

Under the reasonable assumption that the stinger is rigid in the range of frequencies of interest, the following compati-
bility condition at the boundary DOF y3 can be written:

3=q+Yi (19)

Therefore, the dynamic Eqs. (17) and (18) can be condensed into a set of 2N + 1 ordinary differential equations written
through a set of 2N + 1 non-redundant coordinates. Additionally, since mg, > my; + Macc + Mpegm (Mpeqm denotes the overall
mass of the beam) and given the presence of an effective feedback control regulating the driving force Fg,(t), the shaker
motion is unaffected by the motion of the beam elastic dynamics. Hence, ¢(t) can be treated as an independent exogenous
input for the elastic subsystem made by the beam, together with the load cell.

The following 2N second-order ordinary differential equations can be finally obtained to represent the flexible behaviour
of the system excited by the external force f(t) = k;.q(t)es:

(Mb + e3m,ce}) u(t) + (Kb + e3k,ce§) u(t) =kq(t)es (20)

Eq. (20) can be written in the frequency domain as follows:

Table 1

Original system parameters.
Parameter Value
Beam Young's Modulus: E [GPa] 210
Beam width: b [mm)] 30
Beam thickness: h [mm] 3
Beam mass density: p [kgm ] 7500
Beam length: L [m] 0.39
Number of finite elements: N 10
Accelerometer mass: mgc: [kg] 2e-3
Load cell mass: my. [kg] 0.110
Load cell stiffness: ki [Nm™!] 2.5e5

Shaker and slip table mass: myg, [kg] 13.6
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u(w) = ( - (Mb + e3m,Ce§> + (Kb + egklce}»qklceg,q(w) (21)

The receptance of interest for structural modification, i.e. hy, r (w) from the excitation force applied to node 3 to the
displacement yg, shares the same resonances and antiresonances of the FRF from the displacement of the slip table g to the
displacement yg, named hy, ¢(w), since

h}’s«,q (0‘)) = klchy6f3 (w) (22)

Therefore, hy, q(w) will be investigated in the experimental analysis since it is easier to measure and k. is constant and
known (see Table 1).

The simulated FRF hy, q(w) of the original system (i.e. the unmodified system represented through its numerical model) is
shown in Fig. 3. In the range of frequency under investigation, it has two resonances (v, = 155.8 Hzand v, 3 = 286.6 Hz) and
an antiresonance (g, = 299.3 Hz).

4.3. Experimental model for the unmodified system

In Fig. 4, the numerical FRF of the original system hy, () is compared with the experimental one. In order to obtain the
system FRFs, a frequency sweep in the range [50 Hz; 600 Hz] has been carried out.

The comparison between the model and the experimental FRFs confirms that the bending model discussed in Section 4.2
is accurate to describe the bending behavior of the system in the plane of motion. This result is corroborated by the com-
parison of the peculiar frequencies of the system shown in Table 2. However, the sine sweep also excites some out-of-the-
plane modes which affect the experimental FRFs, because of the presence of unavoidable mass unbalances or mis-
alignments. This effect is also visible in the range of frequency under investigation. Indeed, an additional mode w; at 125.5 Hz
appears. A spatial FE model of the beam with spatial elements, corroborates this result and reveals that the natural frequency
w represents the first out of the plane, transverse mode of the system, whose shape is shown in Fig. 5.

A second deviation of the experimental test rig from the model assumed is that the antiresonance wy 5, expected from the
numerical model at 299.3 Hz, is not visible in hy, q(w). A more thorough experimental analysis has highlighted that another
resonance appears at about the same frequency, because of the flexibility of the support of the cantilever beam. Such a
resonance, denoted as ws in Fig. 4, denies the antiresonance g ;.

4.4. Formulation of the structural modification problem

The assignment problem consists in shaping hy, ;, (»), and hence hy, q(») = kichy, f,(v), by placing two resonances at
wrpg = 125Hz and w3 4 = 235 Hz, together with an antiresonance wg, 4 = 215 Hz. These specifications, for example, are
useful allow to make evident w, 5 by moving it away from the resonance at frequency w;s that cancels it in the original system.

These requirements impose that the original system antiresonance w,; = 299.3 Hz should flip the resonance w3 =
286.6 Hz. Hence, the entries of the eigenvectors of the second and third vibrational modes of the original system must feature
proper signs at the excitation (y3) and response (yg) coordinates, as explained in Section 3.1. In detail, it should be imposed

100

50

-50
_1 00 L L L L 1 1 I 1 1
50 100 200 300 400 500 600

Frequency (Hz)

Fig. 3. Simulated FRF hy 4(w) for the original system.
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Comparison between the numerical and the experimental resonances and antiresonances of the FRF hy, ().

Original numerical frequency [Hz]

Original experimental frequency [Hz]

Frequency error [%]

Wr1 104.0 103.9 0.10
Wr2 155.8 155.5 0.19
Wr3 286.6 284.2 0.84
Wr.4 504.5 505.9 0.28
Wq.1 117.0 116.9 0.09
Wa2 299.3 - -
Fixed-end Transverse mode: @,
Amplitude
1
l 0917
- 0833
0750
0667
- 0583
' - Free-end

Fig. 5. Displacements of the original system at the transverse mode frequency w;.
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Table 3
Eigenstructure comparison for hy q().
Desired resonance and antiresonance Original resonance and antiresonance Modified resonance and antiresonance Frequency
frequency [Hz] frequency [Hz] frequency [Hz] error [%]

wry 125.0 155.8 125.0 0.0

w3 235.0 286.6 235.0 0.0

wa2 215.0 2993 215.0 0.0

Constraints  Original mode shape  Modified mode shape Constraints  Original mode shape  Modified mode shape

u;2(y;)  [-1.00;1.00] 1.000 1.000 u;3(y;)  [-1.00;1.00] 1.000 0.896

uo(¢)  [-1.00;1.00] —1.000 -1.000 u3(¢1)  [-1.00;1.00] —1.000 ~1.000
u2(y,)  [-1.00;1.00] 0674 0.656 u3(y2)  [-1.00;1.00] 0285 -0.027
u;2(¢y)  [-1.00;1.00] —0.951 ~0.903 u;3(¢p)  [-1.00;1.00] —0.933 ~0.893
u;2(y3) (0.00;1.00] 0.400 0.400 u;3(y3) [-1.00;0.00) —0.286 —0.728
u2(f3)  [-1.00;1.00] —0.644 ~0.470 u3(p3)  [-1.00;1.00] —0.580 -0.538
u;2(vs)  [-1.00;1.00] 0255 0.330 u.3(vs)  [-1.00;1.00] —0.509 ~1.000
uo(¢s)  [-1.00;1.00] -0.275 0.017 u3(¢s)  [-1.00;1.00] —0.02 -0.017
uo(ys)  [-1.00;1.00] 0.197 0.376 u3(ys)  [-1.00;1.00] —0.346 -0.771

U 2(s) [-1.00;1.00] -0.105 0.197 Uy 3(chs) [-1.00;1.00]  0.442 0471

()  (0.00;1.00]  0.171 0.441 u3(yg)  [-1.00;0.00) 0.062 -0.183

Uy 2(dg) [-1.00;1.00] —0.064 0.137 u;3(dg) [-1.00;1.00] 0.618 0.703

u2(y7) [-1.00;1.00] 0.147 0.454 u,3(y7) [-1.00;1.00]  0.464 0.450

u(¢7)  [-1.00;1.00] —0.090 -0.081 u3(¢7)  [-1.00;1.00] 0.433 0.558

uo(ys)  [-1.00;1.00] 0.110 0.379 u3(ys)  [-1.00;1.00] 0.634 0.785

u2(pg)  [-1.00;1.00] —0.131 -0.333 u3(pg)  [-1.00;1.00] 0.016 0.112

u;2(ye)  [-1.00;1.00] 0.063 0232 u3(ye)  [-1.00;1.00] 0.497 0.663

uo(¢g)  [-1.00;1.00] —0.146 —0.468 u3(¢9)  [-1.00;1.00] —0.362 -0.337
u2(y10) [-1.00;1.00]  0.020 0.075 u.3(y10) [-1.00;1.00] 0.186 0.254
u;2(10) [-1.00;1.00] —0.106 ~0.374 u3(f10) [-1.00;1.00] —0.423 ~0.437

that sign(ued(ye)umed(ys)) = sign(uPd(ye)uMpd(y3)), so that an antiresonance can be located between the two modified
resonances @r.z and a')r?3. The constraints on the entries of the eigenvectors to ensure such a condition are reported in Table 3.
It should be noticed that the original system eigenvectors lead to sign(u; > (Ve ) 2(V3)) #sign(u, 3(¥s)ur 3(¥3)) and therefore
at least the sign of one entry should be modified.

The design parameters consist in just five lumped masses, x = {my,my, ms, my, mS}T. that can be attached at the nodal
locations shown in Fig. 6. Lower and upper bounds are reported in Table 4.

4.4.1. A note on the number of design parameters

The theory of rank-one modifications (or unit-rank modifications) proposed in Ref. [20—22,28] is useful to evaluate the
minimum number of design parameters. Indeed, it states that a resonance or an antiresonance frequency can be assigned
through a rank-one modification (i.e. point mass modification, grounded spring modification, or spring connecting two co-
ordinates). A simple solution is established: once the receptance, the desired frequency and the type of modification are
chosen, a unique solution is found analytically. The method can be extended to the assignment of an antiresonance together
with a resonance, by exploiting two consecutive unit-rank modifications and a wise selection of the coordinate where
modification is performed. Indeed, it is possible to assign a natural frequency concurrently with an antiresonance (i.e. without
spillover on the antiresonance) by adding a mass (or a point stiffness) at the coordinate where the displacement goes to zero
at the frequency of the antiresonance, or at the one where the excitation force is applied. This theory is, clearly, very powerful.
However, it might have some practical problems. First, no constraints on the modifications can be imposed, and therefore the
computed solutions might be infeasible, such as negative modifications, as well as very large positive modifications. Second,
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Fig. 6. Sketch of the system with the five modification masses.
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Table 4

Modification masses: constraints and computed values.
Parameters Constraints Modifications
my [kg] [0; +0.0350] +0.0187
my [kg] [0; +0.0350] +0.0196
ms [kg] [0; +0.0350] +0.0213
my [kg] [0; +0.0350] +0.0254
ms [kg] [0; +0.0350] +0.0233

the coordinates of the receptance of interest for the antiresonance might be inaccessible, e.g. due to the presence of the source
of disturbance at the excitation point and of a tool at the response point, and distributed modifications of a continuum system
are not handled.

The extension of the rank-one modification theory to the assignment of another resonance frequency is however not
straightforward and shows that higher-rank modifications are needed to handle the assignment of two resonances and one
antiresonance and should be addressed concurrently. Indeed, another unit-rank structural modification will cause spillover
on the antiresonance or the resonance previously assigned. The problem is exacerbated if another antiresonance should be
assigned too.

In the light of these comments, the number required modifications for arbitrary assignment is not smaller than the
number of desired resonances and antiresonances: ny > n, + ng. In practice, such an inequality is strict, and the exact number
cannot be predicted due to the presence of constraints on the feasible modifications and to cope with spillover of the second
resonance assignment. For example, in this first test case of this paper the application of the rank-one method fails since it
leads to two negative mass modifications and spillover on the first resonance.

4.5. Solution of the structural modification problem

The minimization algorithm presented in Section 3.2 has been implemented by exploiting the Yalmip modelling language
[40] in the MATLAB environment. The bilinear terms in Eq. (12) are automatically identified and substituted by exploiting
Yalmip. The convex optimization problem (i.e. the first one, with A = 0) has been solved through the interior-point algorithm
for convex programming of Gurobi while the non-convex ones, i.e. when A€ (0; 1], have been solved through the interior-point
algorithm of function fmincon from the Optimization Toolbox. However, no specifications on the algorithms are posed by the
proposed method. By running the proposed method, the assignment task is exactly executed in the numerical test, as proved
by the resulting eigenstructure and the values of both the resonance ad antiresonance frequencies shown in Table 3.

The correctness of the signs of the eigenvector entries of interest is also shown in Fig. 7: the sign of the third mode at the
excitation coordinate changes after the parameter modification, while the other ones have the same signs as the original
system. Therefore, an antiresonance is properly located between the two resonance frequencies considered. As a further
evidence of the correct fulfilment of the assignment task, a comparison between the original and modified FRF hy, 4(w) is
shown in Fig. 8.
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Fig. 7. Comparison of the original and modified mode shapes of interest.
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4.6. Experimental results on the modified system

The parameter modifications required, as reported in Table 4, are applied to the experimental system using a set of
magnets which behaves as lumped masses, as shown in Fig. 9.

The modified experimental system fulfills the assignment specifications as proved by Fig. 10. Indeed, wg, and ;3 have
been flipped by assuming the desired values wq, 4 and w3 4. Moreover, w; has been correctly placed to w,, 4. In Fig. 10, the
Rayleigh damping model has been assumed for representing the numerical FRFs, and the two coefficients have been iden-
tified through the method proposed in Ref. [27].

Table 5 summarizes the results obtained. It can be appreciated that the experimental error on the relevant frequencies of
the modified system is negligible, also proving the correctness of the dynamic model and of the explanations made on the
discrepancies between the numerical and the experimental models.
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Fig. 10. Comparison between the numerical and the experimental FRF hy, 4(w) after the modification.

Table 5
Experimental frequencies for the original and modified FRF hy, q(w).
Desired Original expected Original experimental Modified expected Modified experimental Experimental
frequency [Hz] frequency [Hz] frequency [Hz] frequency [Hz] frequency [Hz] assignment error [%]
Wy — 104.0 103.9 82.5 824 —
wry 125.0 155.7 155.5 125.0 124.5 0.40
w;3 235.0 286.6 284.2 235.0 237.7 1.15
Wrgq — 504.5 505.9 420.4 419.9 —
Va1 — 117.0 116.9 744 74.7 —
wg2 215.0 299.3 — 215.0 215.1 0.05

4.7. Application of the simultaneous assignment in designing new systems

4.7.1. Pole-zero flipping through correlated modifications of the cantilever-beam

This Section provides another application example, with a twofold goal. On the one hand this example is useful to provide
further evidence of the method effectiveness with different excitation and response coordinates, as well as spectral re-
quirements. On the other hand, the method is here used in design, rather than in the modification of an existing system, and
hence with more variables as those usually to choose during design. Numerical application is therefore proposed.

Let us assume that a beam with the same length of the previous example is developed, and let the slip-table excitation q(t)
be now applied at coordinate ys. The response of interest is y,. Therefore, e3 in Eq. (21) should be replaced by e5 and the
receptance of interest is hy, 1. (w). Again, since hy, q(w) = kichy, 1, (w), the numerical results will represent hy, (w) as in the first
test case. The assignment task consists in assigning three resonances, w4 = 50 Hz, w;5 4 = 100 Hz and w34 = 200 Hz,
interlaced by two antiresonances wq; ¢ =70Hz and wg g = 140 Hz in hy, ; (w). Hence, pole-zero flipping is imposed,
compared to the response of the original system, i.e. h, . (vw) of the model with the original parameters stated in Table 7,
which should be intended as first-tentative design. To this end, the mode shape components related to y, and ys are con-
strained in the assignment problem in accordance with Eq. (11). Their value before and after the modification are omitted for
briefness.

The design variables include five lumped masses m;, i = 1,...,5 (at the coordinates highlight in Fig. 6), two grounding
springs ki and k, (respectively at coordinates y3 and y7) and the selection of the optimal beam flexural stiffness EI and linear
mass density pA. This is a typical requirement in design, where it is wanted to select the most suitable properties of the beam
among a set of feasible ones. It should be noticed that the modifications of the beam stiffness and density are interrelated, but
a general analytical expression of such a relation cannot be found since it depends on the shape of the beam cross sectional
area. Additionally, such a relation is not injective, since beams with equal density might have different flexural stiffnesses, and

vice versa. To solve this issue, constraints are assumed to relate EI and pA, whose ratio %f} is bounded within typical bounds of
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Table 6
Resonance and antiresonance frequencies comparison for hy, 1. (®).
Desired resonance and antiresonance Original resonance and antiresonance Modified resonance and antiresonance Frequency
frequency [Hz] frequency [Hz] frequency [Hz] error [%]

w1 50.00 60.2 50.00 0.0
wr> 100.00 171.8 100.00 0.0
wy3 200.00 2839 200.00 0.0
wqq 70.00 179.9 70.00 0.0
wa2 140.0 491.0 140.0 0.0

Table 7

Structural modifications for hy, r. (v): constraints and computed values.
Parameters Original values Constraints Final values
my [kg] 0.0000 [0; +0.0500] +0.0108
m; [kg] 0.0000 [0; +0.0500] +0.0067
m; [kg] 0.0000 [0; +0.0500] +0.0368
my [kg) 0.0000 [0; +0.0500] 40.0450
ms [kg] 0.0000 [0; +0.0500] +0.0430
ky [Nm™1] 0 [0; +100000] +12557
ky [Nm~"] 0 [0; +100000] +14899
EI[Nm?] 14.1750 [+3.5438; +28.3500] +4.1560
pA [kgm™'] 0.6750 [+0.1688; +1.3500] +0.4842
(pA)/ (EI) 0.0476 [+0.0238; +0.1905] +0.1165

[keN~'m?]

commercial beams. By representing these two parameters in the design problem as the modified values, denoted pA,;,oq and

El o4, the following convex box-constraint is obtained: {(%) < ”E",‘%":g <%> } Each of the five lumped mass is
min max

constrained too such that 0 < m; <50 g.

The application of the proposed method leads to the desired resonance and antiresonance frequencies, as are reported in
Table 6 and corroborated by Fig. 11, which shows the magnitude of hy, 4(w) for both the original and the modified systems. It is
evident that pole-zero interlacing is obtained for the frequencies up to 200 Hz. Fig. 12 depicts the phase of hy, 4(w) and proves
that the phase of the receptance of the modified system always oscillates between 0 and -180° in the frequency range from
0 Hz to 275 Hz, by increasing the crossover frequencies. Therefore, this cross-receptance behaves as a point-receptance in this
frequency range.

The optimal design parameters modifications are summarized in Table 7.

4.7.2. Pole-zero flipping with partial assignment of the spatial antiresonant response

In this second test case, the partial assignment of the antiresonant response is solved for the FRF hy, (. (v) (and hence, e3 in
Eq. (21) should be replaced by eg), by taking advantage of the design variables adopted in the previous test case in Section
4.7.1. Indeed, requirements on the eigenvectors of the antiresonance assignment problem can be fulfilled by using an
adequate number of design parameters. The goal is to achieve two resonances at w,, 4 = 150 Hz and w,3 4 = 205 Hz, while the
desired antiresonance is assigned at wq 4 = 175 Hz, thus imposing flipping between wq; and 3. Moreover, the anti-
resonance response is partially imposed to get a flat, quasi-zero response in the coordinates from the response point (y3) to
the tip-end of the beam (y;). For this purpose, constraint on the entries of the eigenvector u, ; of the adjoint system are set
accordingly, as stated in Table 9.

The optimal parameters, reported in Table 8, allows correctly fulfilling the assignment task, as shown through the FRFs
hy, ¢(w) in Fig. 13 and through the resonance and antiresonance values listed in Table 9. The eigenvector of the antiresonance
problem u, 3, that represents the normalized response when the modified system is excited at frequency for wy , is sketched
in Fig. 14: it clearly corroborates that vibrations at the tip-end of the beam are significantly reduced, as required, while large
oscillations are confined in the region close to the clamped end of the beam.

5. Conclusions

The paper proposes an IDSM method for the concurrent assignment of antiresonance frequencies and resonance fre-
quencies together with the partial assignment of the related mode shapes. Undamped, linear time-invariant systems are
considered, and the system mass and stiffness matrices are used.

The method exploits the inverse eigenvalue problem of both the real system and the adjunct system, to overcome the
numerical issues of using their characteristic polynomials. The inverse eigenvalue problems are translated into norm mini-
mizations, whose unknowns are the system modifications and the eigenvector entries that are not of interest. Even though a
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non-convex, non-linear optimization problem is solution, the numerical solution proposed overcomes the issues of non-
convexity by using variable lifting and McCormick's constraints to convexify the problem, and homotopy transformation to
boosts the achievement of a global optimal solution. This numerical formulation makes the proposed approach general and
able to handle different problems, thus enlarging the performances of the state-of-the-art passive control approaches that are
usually targeted to some specific cases. For example, both cross and points receptances can be modified, by handling the
assignment of more resonances and antiresonances and with arbitrary topologies of the modification matrices. Additionally,
constraints on the parameters can be included.
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Table 8

Structural modifications for hy, f, (w): constraints and computed values.
Parameters Original values Constraints Final values
my [kg] 0.0000 [0; +0.2000] +0.1342
m;y [kg] 0.0000 [0; +0.2000] +0.1127
mjs [kg] 0.0000 [0; +0.2000] +0.0634
my [kg] 0.0000 [0; +0.2000] +0.0654
ms [kg] 0.0000 [0; +0.2000] +0.1373
ky [Nm™1] 0 [0; +100000] +60694
ky [Nm™'] 0 [0; +100000] +61731
EI [Nm?] 14.1750 [+3.5438; +28.3500] +20.7002
pA [kgm™!] 0.6750 [+0.1688; +1.3500] +0.8739
(pA)/ (EI) 0.0476 [+0.0238; +0.1905] +0.0422

[kegN~'m?]
Table 9
Eigenfrequencies comparison for hy, r (») and antiresonant response u, .
Desired resonance and antiresonance frequency Original resonance and Modified resonance and Frequency
[Hz] antiresonance antiresonance error
frequency [Hz] frequency [Hz] [%]

wrq — 441 434 —
wr 150.0 182.3 150.0 0.0
wr3 205.0 295.2 205.0 0.0
Wa1 — 117.0 44.7 —
wg2 175.0 299.3 175.0 0.0
Antiresonance response mode component Constraint or desired values Original system u, Modified system u, 5
u,2(¥1) [0.00;0.06] 0.13 0.05
u,2(¢1) [-0.10;0.00] -0.16 —0.08
W,2(V2) [0.00;0.04] 0.05 0.01
u,2(¢2) [-0.08;0.00] -0.15 —0.06
u,2(¢3) [-0.03;0.03] —0.06 0.02
Uy2(ya) [-1.00;1.00] 0.01 0.04
u,5(¢g) [-1.00;1.00] 0.11 0.17
u,2(Ys) [-1.00;1.00] 0.12 0.18
u,2(¢s) [-1.00;1.00] 0.38 0.39
u,2(Ve) [-1.00;1.00] 0.39 0.44
u,2(¢6) [-1.00;1.00] 0.80 0.70
u,2(Y7) [-1.00;1.00] 0.81 0.81
u,2(¢7) [-1.00;1.00] 0.77 0.68
u,5(Ys) [-1.00;1.00] 1.00 1.00
u,2(¢g) [-1.00;1.00] —0.04 0.01
u,2(V9) [-1.00;1.00] 0.77 0.79
u,5(¢g) [-1.00;1.00] -0.87 -0.83
u,2(V10) [-1.00;1.00] 0.29 0.30
u,2(¢10) [-1.00;1.00] —1.00 —1.00

Among the interesting and novel features of the proposed approach, it enables to reverse the pole-zero sequence in the
frequency spectrum of a cross-receptance, by performing the so-called pole-zero flipping. The achievement of this result is
boosted by exploiting partial eigenvector assignment and by setting suitable constraints on the feasible values for some
entries of the eigenvector of interest (i.e. the entries related to the response and excitation DOFs). This novel formulation leads
to convex constraints that can be effectively handled.

Experimental validation is provided, through the pole-zero flipping in a cantilever beam, modified through some lumped
masses. Furthermore, the method is validated through two additional numerical test cases, exploiting more modification
parameters as usually made in designing new systems. The availability of more design variables, also including distributed
parameters of the beam, can be favorably exploited by the proposed method to obtain pole-zero alternance property in cross-
receptances in a prescribed range of frequency. Additionally, by exploiting the eigenvector of the adjoint system, the system
response at the antiresonance can be properly shaped, e.g. to obtain a region about the response coordinate with a flat
response, while confining vibrations to the remaining part of the system. The excellent results obtained in all the test cases
prove the correctness and the effectiveness of the proposed approach.
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