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ARTICLE INFO ABSTRACT
Section Editor: Seth Pettie Given two strings S and R, the matching statistics of S with respect to R is an array of length |.S|
Handling Editor: Katie Harris whose ith entry encodes the longest prefix of the ith suffix of .S that occurs in R. Introduced by

Chang and Lawler in 1990 for approximate string matching, matching statistics have since found a
variety of applications in computational biology, data compression, and string processing. In this
article, we survey these applications, as well as the main ideas underlying the different algorithms
for efficient construction of the matching statistics that have appeared in the last 30 years.
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1. Introduction

Given two strings .S and R, over the same alphabet %, the matching statistics of S relative to R consists of an array of length |.S|
whose ith entry contains the length of the longest substring of .S’ starting in position i which has an occurrence also in R.

Matching statistics were introduced by Chang and Lawler [1,2] as an algorithmic tool for approximate pattern matching. Since
then, matching statistics have been applied to many other string processing tasks.! DNA chip design [3], computation of string
kernels [4,5], whole-genome phylogenies [6,7], and detection of SNVs (single nucleotide variations) or sequencing errors in read
collections [8]. Other applications to problems in string processing can be found in the classic book of Gusfield [9]: longest common
substrings, exact matches, longest prefix matching, and several others. Recently, matching statistics have been used as a prepro-
cessing step to achieve faster computation of the suffix array [10] and Burrows-Wheeler Transform (BWT) [11] of highly similar
string collections [12-14]. Moreover, matching statistics are closely related to Lempel-Ziv factorization [15] and relative Lempel-Ziv
factorization [16], and have been successfully applied there, as well.

In this survey, we give an overview of the different approaches to computing the matching statistics that have been developed in
the last 30 years, and tour the applications mentioned above. The next section lays down notation and defines basic concepts that we
use throughout the paper. In Section 3, we explain recent approaches to efficient storage of matching statistics, while in Section 4,
we review different algorithms for matching statistics construction. In Sections 5 and 6, we describe how matching statistics can be
applied to solving various string processing problems efficiently. We close with an overview and outlook in Section 7.

* Corresponding author.
E-mail address: puglisi@cs.helsinki.fi (S.J. Puglisi).
1 We refer to Chang and Lawler’s journal paper [2] as the main reference for matching statistics throughout, while noting here that the main ideas
were already present in their earlier conference paper [1].
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2. Basics

Let X be an ordered alphabet of size . A string T over X is a finite sequence of characters from X, and Z* the set of all strings
over X. The ith character of a string T is denoted T'[i] and its length |T|. For a string T with |T| = n, we use the notation Ti..j] for
the substring T'[i] --- T|j], where 1 < i, j < n.If i > j, then T[i..j] is the empty string . The suffix T'[i..] = T[i..n] is referred to as the ith
suffix suf,(T), and T|[..i] = T[1..i] as the ith prefix pref,(T). When T is clear from the context, we also write suf; for suf;(T'). We assume
that the last character of T is a sentinel character, denoted $, which does not occur elsewhere in the string and which is assumed to
be smaller than all characters from X. Note that we index strings and arrays from 1.

The rank operation counts the number of occurrences of a specific character ¢ € X up to a given position in an array A. Formally,
rank (A, i) = |{j € [1..i] | A[j] = c}|. The select operation is the inverse of the rank operation. It returns the position of the kth occur-
rence of a specific character. Formally, select.(A, k) = min{j € [1..|A[] | rank.(A, j) = k}. It is well known that rank and select queries
can be answered in O(1) time on binary bitvectors (i.e. when ¢ = 2), after linear time preprocessing and using o(n) bits of extra
space [17,18].

Example 1. Let B =001010110111, then rank,(B,5) = 2 and ranky(B, 5) = 3, while select, (B, 4) = 8 and select,(B, 3) = 4.

The most commonly used data structure implementing rank, and select, on strings is the wavelet tree [19]. This data structure
needs nlog ¢ + o(nlog o) bits of space in its plain representation, and allows answering both rank- and select-queries in O(log o) time.?

The suffix tree [20] is a classic data structure on texts which is able to efficiently answer many different kinds of string processing
queries [9,21]. It uses linear space and can be built in linear time [20,22-24]. We give a brief summary; see Gusfield [9] for more
details.

The suffix tree ST(T) of a string T is the compact trie of the suffixes of T; it is a rooted tree whose edges are labeled by substrings
of T (stored as two pointers into T'), and every inner node of the tree has at least two children. The label L(v) of a node v is the
concatenation of the labels of the edges on the root-to-node path. There is a one-to-one correspondence between leaves of ST(T') and
suffixes of T', namely leaf; is the leaf whose label equals the ith suffix T'[i..] of T i is called the leaf number of leaf;. The stringdepth sd(v)
of a node v is the length of its label. Given a node u with parent v and an integer d s.t. sd(v) < d < sd(u), one can further define the
locus (u,d). There is a one-to-one correspondence between substrings of T and loci of ST(T"), namely, (u, d) corresponds to the unique
string U which is the d-length prefix of L(u). Every internal node except the root also has a so-called suffix link, which is a pointer to
another node. If L(v) = ca, with ¢ € X and « € ¥*, then slink(v) = u, with u the unique node such that L(u) = a.

The suffix array SA of a string T is a permutation of the set {1,...,n} such that SA[i] = j if suf;(T) is the ith in lexicographic
order among all suffixes. For a substring Y of T, all suffixes prefixed by Y appear contiguously in SA; the interval [s, e] of the SA
containing all occurrences of Y is called Y -interval or SA-range of Y. It is well known that the suffix array can be computed in linear
time [15,25,26] (see also the classic survey [27] and [28,29] for more recent overviews). Some recent algorithms include [30-34],
with SA-IS [30] by far the most popular linear-time suffix array construction algorithm, as it is both simple and fast in practice.

The inverse suffix array ISA is the inverse permutation of SA, i.e., for all 1 <i < n, ISA[SA[i]] = i. The longest common prefix (Icp) of
two strings .S and T is the longest string U which is a prefix of both .S and T. The longest common prefix array LCP is another array
closely related to the SA. It is given by: LCP[1] = 0, and for i > 1, LCP][i] is the length of the longest common prefix of the two suffixes
Sufgaj;—1) and sufg);), which are consecutive in the SA. The LCP-array can also be computed in linear time [35].

For an integer array A of length » and an index i, the previous smaller values PSV and next smaller values NSV are defined as follows:
PSV(A,i)=max{i’ <i : A[i'] < A[i]}, NSV(A,i) =min{i’ >i : A[i'] < A[i]}, where min@ = —c0 and max @ = +co. It is known that
there is a data structure of size nlog(3 + 2\/5) + o(n) bits which answers both PSV and NSV queries in constant time and can be built
in O(n) time [36]. A similar type of query, which we refer to as extended PSV and extended NSV, can be defined as follows: Let x be
an integer and define PSV(A,i,x) = max{i’ <i : A[i'] <x} and NSV(A,i,x) =min{i’ > i : A[i'] < x}, the previous respectively next
smaller values with respect to x. As shown in [37], there is a data structure of size 16n/(28) bytes, which can be built in time ©(») and
can answer these queries in O(B log %) time, where B is a parameter. Other fast and compact data structures also exist for these types
of queries [38,39].

The Burrows-Wheeler Transform (BWT) [11] is a reversible permutation of the input text 7.° The BWT of T is defined as the
concatenation of the last characters of the rotations of T', when the rotations are taken in lexicographic order. This is often visualized
using the so-called BW-matrix, whose rows are the lexicographically sorted rotations of T, see Fig. 1. BWT; is the last column of this
matrix, read from top to bottom. Then the first column of the BW-matrix, commonly referred to as F (first), is the sorted list of the
characters of T, while the last column L (last) is the BWT.

The BWT can also be defined via the SA as BWTJ[i] = w if SA[i] = 1, and BWTT[i] = T[SA[i] — 1] otherwise. In particular, it can be
computed in linear time from the suffix array.

Two fundamental operations in the context of the BWT are the Last-to-First (LF) and the First-to-Last (FL) mappings, which we
explain next.

For ¢ € %, let C[c] be the number of occurrences of all characters ¢’, such that ¢/ < ¢ in T, i.e. Clc] = |{i | T[i] <ec,1 <i <n}|.
Thus, C[c] + 1 is the position of the first occurrence of ¢ in F. If L[i] = ¢ is the kth occurrence of character ¢ in L, then LF(i) =j is
the index j such that F[j] is the kth occurrence of ¢ in F. This can be computed using the formula: LF(i) = C[c] + rank.(L, i), where

2 All logarithms in this paper are base 2.
3 Given that we are assuming a final sentinel character, the BWT is uniquely reversible. In other words, given a string W, there is at most one
string T such that BWT(T) = W.
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Fig. 1. The BW-matrix on T = GATTACATS, with BWT(T) = TTCGA$ATA.

¢ = L[i]. Conversely, FL(i) maps the ith character in F to its position in L. To compute it, we can use the formula FL(i) = select,(L, k),
where ¢ = F[i]and k =i — C[c].

The LF operation is at the core of backward search, the pattern matching procedure using the BWT [40,41]. The pattern P of
length m is matched back-to-front: first, the BWT-range of P[m] is found, that is, a range in the BWT where character P[m] occurs.
This corresponds to defining the BWT range as [b, e] = [C[P[m]], C[P[m] + 1]], i.e., a contiguous range where P[m] is found. Then, the
match is extended to P[m — 1..m] and so on, further refining the BWT range of the matched pattern. For every new character of P,
we perform a pair of LF-steps, using the following insight. Let [i..j] be the SA-range of some string Y and ¢ € X. Then the SA-range of
cY is[i’..j'], where i’ = C[c] + rank,(BWT,i — 1) + 1, and j’ = C[c] + rank,(BWT, j). Therefore, given the array C, the backward search
procedure takes time O(| P| - t,4,x), Where t,,, is the time for one rank-query, and depends on the data structure used.

We are now ready to define the central data structure of this paper.

Definition 1 (Matching statistics). Given two strings S and R, with distinct sentinel characters, the matching statistics of .S with
respect to R is an array MS = MSg » of length | S|, defined as follows. Let U be the longest prefix of suffix S[i..] which occurs in R as
a substring. Then MS[i] = (p;, ¢;), where p; = —1 if U = ¢, and p; is an occurrence of U in R otherwise, and #; = |U|. (Note that p; is
not unique in general.) We refer to U as the matching factor.

Note that our definition differs slightly from the original definition of Chang and Lawler [2]. There, the data structure consists of
two arrays, one consisting of the lengths of the matching factors (i.e., the #;s), and the other of pointers to nodes in the suffix tree:
this pointer points to the locus of the matching factor (in our terminology) in the suffix tree of R. In particular, Chang and Lawler also
store ST(R). One consequence of this is that they do not need to fix a particular occurrence of the matching factor in R, but instead,
via the suffix tree, essentially point to all occurrences of the matching factor simultaneously. Our definition is what is referred to as
extended matching statistics in Gusfield [9, Sec. 7.8.3]. As the definition also notes, p; is not necessarily unique—the choice of exactly
which position to include in MS[i] is largely application dependent.

Example 2.
123456789
Let R = GATTACAT# and S = GATTAGATTACATTAS. Then the matching statistic of S w.r.t. R, MSg g, is as follows:

i1 2 (3456|789 10|11 |12 |13 ]| 14 | 15 16
S| G|A|[T|T|A|G|A|T|T A C A T T A $
pi | 1|23 |4|5|1]|2|3]|4 5 6 2 3 4 5| -1
¢ 5|14 (32|18 |7]6]5 4 3 4 3 2 1 0

The following is a well-known property of the matching statistics, which will be used repeatedly in this paper.
Lemma 1 (Folklore). Let MS be the matching statistics of S w.r.t. R, and MS[i] = (p;,¢;), for 1 <i <|S|. If¢; >0, then ¢, > ¢; — 1.

Proof. Let U be the matching factor in position i of .S. Then U[2..7;] is a prefix of S[i + 1..], of length #; — 1, which occursin R. O

3. Storing the matching statistics

Let .S and R be two strings over the alphabet %, and let MS denote the matching statistics of .S with respect to R. The simplest
way to store the matching statistics is as an array of length |.S|, requiring space for two integers for every entry. More precisely, MS
requires 2|S|[log | R|] bits of space, given that both ¢; and p; are in the range between 0 and |R]|.

3
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3.1. Compact matching statistics

Cunial et al. [42] present a compact representation of the matching statistics lengths that exploits Lemma 1. This is a bitvector ms
of length 2| S| storing the differentially encoded lengths of the matching factors of S. For every position i € [1..|.S]], the corresponding
MS value stored is: MS[i].£ — MS[i — 1].£ + 1 zeros followed by a single 1. MS[0].Z is set to 1. To retrieve the length of the matching
statistics for position i, a single select operation is needed: ¢; = select,(ms,i) —2(i — 1) — 1.

Example 3. Continuing Example 2, we have ms = 0000011111000000001 111110011111. Then, MS[6].# can be accessed via
select)(ms,6) —2(i — 1) — 1 = 19 — 10 — 1 = 8. Another example: MS[12].£ =27 -22 -1 =4.

The authors also present several ways of compressing the bitvector based on both lossless and lossy methods. For example, on
some datasets consisting of similar genomes, using a run-length encoding strategy with a 5-coder yields a compression ratio of up
to 20. When handling sets of dissimilar genomes coming from different species, this approach is not sufficient, and sometimes has
a detrimental effect. The authors devise a modified version of MS that aims at filtering values below a predefined user threshold
7, which they call thresholded matching statistics MS,. This representation is defined as follows: MS_[i].¢ = MS[i].Z if MS[i].£ >, or
MS._[i].7 is set to an arbitrary (possibly negative) value smaller than = otherwise. Intervals in ms, corresponding to regions containing
values below the threshold are processed to achieve better compression. The authors provide multiple schemes based on permuting
the values in such ranges, and demonstrate empirically that, for reasonable values of z, the space used by the resulting ms, can be as
low as 2% of the space of the original uncompressed ms bitvector.

3.2. Compressed matching statistics

Another data structure for storing the matching statistics, which exploits Lemma 1 in a different way, and which is particularly
useful when R and S are very similar, was presented by Liptak, Luca, Masillo, and Puglisi in [12,43].

Let us call a position j a head if #; > ¢;_; — 1, and a sequence of the form (x,x — 1, x —2,...), of length at most x — 1, a decrement
run, i.e. each element is one less than the previous one. Using this terminology, we thus have that the sequence L = (¢},¢>,...,7,) is
a concatenation of decrement runs, i.e. L has the form (x;,x; — 1,x; —2,...,x, X, — L,xy =2, ..., ..., x5, x, — 1, x, — 2,...), with each

x; = ¢; for some head j. We can therefore store the matching statistics in compressed form as follows:

Definition 2 (Compressed matching statistics). Let R,.S be two strings over X, and MS be the matching statistics of .S w.r.t. R. The
compressed matching statistics (CMS) of S w.r.t. R is a data structure storing (j, MS[]) for each head j, and a predecessor data structure
on the set of heads H.

For a set of integers H = {h, h,, ..., h,,}, a predecessor data structure for H supports queries for the form pred(j, H) = max{h; | h; <
Jj}, and pred(j, H) = —1 if this set is empty (i.e., if j is smaller than all elements of H). There exists a large choice of predecessor data
structures, with different space-time tradeoffs, see the recent survey by Navarro and Rojas-Ladesma [44].

We can use CMS to recover all values of MS:
Lemma 2. Let 1 <i <|S|. Then MS[i] = (p; + k,¢; — k), where j =predy (i) and k =i — j.

Proof. Let ¢; be the length of the matching factor of i. Since there is a matching factor of length #; starting in position j in S, this
implies that #; > max(0,7; — k). If #; was strictly greater than #; — k, this would imply the presence of another head between j and
i, in contradiction to j = predy (i). Since an occurrence of the matching factor U of j starts in position p; of R, the matching factor
U =Ulk+ 1.7;] of i has an occurrence at position pj+tk O

Example 4. Continuing Example 2, the compressed matching statistics of § w.r.t. R is the following set of heads: H =
{(1,1,5),(6,1,8),(12,2,4)}. To access MSg r[10], we have to find the predecessor of 10 in H, which is 6, and then offset the posi-
tion and the length of the predecessor item. This results in p;g = pg + (10— 6) =1+4=5and ¢ =, —(10-6) =8 -4 =4,

This representation is different from the solution proposed in [42], due to the fact that the CMS, and more prominently, its
enhanced version eCMS (see Section 6.2), includes more information than just the length of the matches. This additional information
can then be used for other applications, such as suffix sorting (see Section 6.2).

4. Constructing the matching statistics

It is well known that the matching statistics of S w.r.t. R can be computed in time O(|R| + |.S|) and O(|R|) space by using, for
example, the suffix tree of R, as described in Chang and Lawler’s original paper [2]. In this section, we first sketch this algorithm
before going on to explain more recent MS-construction algorithms.

4.1. Constructing the MS using the suffix tree

Chang and Lawler [2] describe the following algorithm for MS construction: First, the suffix tree ST(R) of R is built. The naive
way to compute MS[i], where i is some position in .S, is to match the initial characters of suf;(.S) against ST(R) by following the unique
path of character matches until no further matches are possible. The length of the matching path—the length of the matching prefix

4
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Input: strings R and S and the suffix array SAg of R
Output: the matching statistics M of S w.r.t. R

1: (0
2: [s,€] = [0, | R]]
3: for i < 0 to |S| do

— Extend match to the right until mismatch
[¢', €'] «+ extendRight([s, €], ¢, S[i + ¢])
while [¢', ¢'] not empty do
[s,€] < [¢, €]
C—0+1
[¢', €'] < extendRight(][s,e], ¥, S[i + ¢])
— Assign matching statistic for current position
9: MTi] = (ps, ;) < (SARg]s], 0)
10: [s, €] < contractLeft([s, e], ¢)
— SARg[s, €] now contains all occurrences of S[p; + 1..p; + ¢;]

Fig. 2. A generic solution for computing matching statistics of S w.r.t. R using SA.

of suf;(S)—is ¢;, while any leaf of the subtree below the path can be chosen for p;. This algorithm has (9(2!5‘1 MS[i]) = O(|S||R]) time.
To achieve linear time, suffix links can be used.

Suppose that the algorithm has just computed MS[i — 1] by following a matching path for position i — 1, where i > 2. If the path
is empty (i.e., #;_; = 0) or it ends within the label of an edge outgoing from the root, then the search for MS[i] starts at the root.
Otherwise, the matching path either ends at an internal node v or within the label of an edge outgoing from an internal node v. To
match the next suffix suf;(S) against ST(R), one follows the suffix link slink(v) from node v to node u. To efficiently find the locus of
S[i..i + ¢;_; — 1] in the suffix tree, the folklore technique called skip and count [9] can be used. Now the matching continues from the
current locus until the first mismatch, giving #;. An amortized analysis shows that this algorithm runs in O(|S| + |R|) time, where the
O(|R|) term is the time for building the suffix tree of R.

4.2. Constructing the MS using the suffix array

Several authors have considered using the suffix array, variously augmented, as a more practical approach than the suffix tree for
computing matching statstics [13,43,45].

At a high level, these algorithms are essentially the same as the suffix-tree-based algorithm, and can be thought of as operating in
a series of extendRight and contractLeft operations on the suffix array of R. Given an interval SA[s, e] of SA containing all occurrences
of string U’, extendRight(s,e,c) returns the interval SA[s’, ¢’] containing all occurrences of string U c if it exists in R or an empty range
otherwise. This is equivalent to traversing one symbol down an edge in the suffix tree. The operation contractLeft(s,e) returns the
range SA[s’, ¢'] that contains all occurrences of string U[2..|U]|]. It is equivalent to suffix link traversal in the suffix tree.

Pseudocode is given in Fig. 2. At a generic step in the algorithm we have computed entry MS[i] = (p;,¢;) and know the SAg-
range [s;, ¢;] of the corresponding matching factor U;. To compute the next entry MS[i + 1] we first perform a contractLeft operation,
obtaining the interval containing all occurrences of U’, where U; = S[i]U’. U’ is a prefix of the matching factor U,, ;. We then perform
at most ¢; + 1 extendRight operations—when an empty interval is returned, we know MS[i + 1].

Abouelhoda et al. [45] use a so-called child table combined with the LCP array to implement extendRight in O(¢) time and a suffix
link table to implement contractLeft in O(1) time. Maass [46] describes an alternative way to simulate suffix links on the suffix array.

To implement extendRight and contractLeft, Lipték et al. [13,43] use the arrays SAg, ISA and LCPy over the reference string R
and data structures answering extended PSV/NSV queries on LCPy (see Section 2). In particular, having computed entry MS[i] and
the SAy-range [s;, ¢;] of U;, to compute the next entry MS[i + 1], they then:

1. Contract left: i.e., compute the SAg-range [s',¢'] of U’, where U; = S[i]JU’. We have s’ = PSV(LCP g, ISAR[SAR[s;1+11],|U’|) and
¢/ = NSV(LCPg,ISAR[SAgle;1+111,|U’|)—1. This takes O(1) time.

2. Extend the factor U’ to the right with character ¢ = S[i + 1 + |U’|] as long as S[i + 1..i + 1 + |U’|] occurs in R. This is done by
searching for the longest common prefix of S[i + 1..] that occurs in R using two binary searches on SA to obtain the U’c-interval
[s, e] if it exists. This step takes O(log | R|) time per matched symbol.

The authors of [43] further utilize heuristics that allow one to often skip the second step above and greatly improve run-
ning time in practice. The most significant heuristic is the longest repeating factor-array (LRF) of the string R, given by LRFg[i] =

5
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max{LC Pg[i], LCPg[i + 11}. Given the entry MS[i] = (p;,¢;), if £; — 1 > LRFg[p; + 1] then MS[i + 1] = (p; + 1,¢; — 1), because there
are no other occurrences of factor R[p; + 1..p; + ¢;] in R that need to be checked.

4.3. Constructing the MS using the Burrows-Wheeler transform

Ohlebusch et al. [5] give a solution for computing the matching statistics using the BWT and the LCP array. Their approach makes
use of the concept Icp intervals, which correspond to nodes of the suffix tree.

Definition 3 (Icp-interval [45]). An interval [i..j], 0 <i < j < n, is called an Icp-interval of Icp-value 7 if:

e LCPli]l < ¢,

o LCP[k] > ¢ forall k withi+1<k<},

e LCP[k] =7 for at least one k with i + 1 < k < j, and
e LCP[j +1]<¢.

Ohlebusch et al. [5] store the BWT itself, in a data structure allowing rank and select operations, as well as the LCP-array along
with a data structure that answers parent(i, j), where [i..j] is an lcp-interval.

For data structures supporting rank and select operations, there are a variety of solutions from compressed text indexing (see,
e.g., [19,471]). For example, using a wavelet tree built on the BWT, both operations rank and select can be performed in O(log ¢) time
and using space nlogo + o(nlog o) bits.

For data structures supporting the parent(i, j) query, one can use PSV and NSV queries on the LCP array (see Section 2).

Given LCP[i] = p and LCP[j] = q, then:

. {P — [PSVI[i]..NSV[i] - 1] ifp>gq,
parent(i, j) = (€8]
g—[PSVLj +1].NSV[j +1]-1] ifp<gq.

With these components, the matching statistics computation is performed by backward searching for .S in R. Starting from the last
character of .S, LF-steps are performed until a mismatch occurs. At each step the length is increased by one. When the backward search
step fails, calls to parent(i, j) are issued to compute the correct interval and matching length at which to resume the computation.

If we are only interested in the lengths of the matching statistics, this algorithm computes them in O(|R| + |S|) time and O(|R|)
space. If positions are also required, the time becomes O(| R| + | |t4ccess(sa))> WheTe fg cess(sa) is the time needed to access an entry of
SA.

4.4. Constructing the MS using the run-length compressed BWT

Bannai, Gagie, and I in [48] showed how to compute the matching statistics in compressed space. More specifically, the authors
use an augmented run-length compressed BWT taking space proportional to rg, where ry is the number of runs of the BWT of the
reference string.

Prior to [48], Prezza and Policriti [49] had shown how to represent the BWT using O(rg) space in such a way that a single
occurrence of the search pattern could be determined in O(log log n) time after backward search, by storing suffix array entries at the
beginning and at the end of BWT runs. This is also called the toehold lemma. Essentially the same technique is used by Karkkéinen,
Kempa, and Puglisi in [50].

In [48], some further augmentation is needed in order to be able to recover from backward steps that fail. This small additional
data structure is called thresholds. It is used to compute the position of the longest prefix shared by some suffix of S and R when a
mismatch occurs during the backward search for .S on the BWT(R). Given an interval [i..j] defining a run in the BWT and a character
¢ different than the one of the BWT run in [i..j], there exists a position k, i < k < j, called threshold, such that:

e fori <i’ <k, cR[SA[i']..|R|] has a longer lcp with the occurrence of ¢ preceding BWTT[i] and
e for k < j’ <j, cR[SA[j']..|R|] has a longer lcp with the occurrence of ¢ following BWTTi].

The authors show that it is possible to store the thresholds in O(rzo) words. This allows us to recover after a failed backward step
using O(1) time and resume the computation at two possible positions, depending on the threshold stored at the BWT run:

1. g=max{j : BWT[jl=c, j <i}
2. ¢ =min{j : BWT[j] =c, j > i}

The main algorithm for computing MS  has two phases:

1. with a right-to-left pass of .S, we can compute the positions p; for every suffix i in §
2. with a left-to-right pass, we can compute the lengths #; for every suffix i in .S.

Phase 1 is done by backward stepping each character of S in the augmented RLBWT of R with thresholds as recovery mechanism.
Phase 2 has to use some fast random access to the uncompressed reference R. In Bannai et al. [48], a relative Lempel-Ziv (RLZ)
representation of R is used to allow O(loglogn) time access to arbitrary positions in R. We start comparing the string S with the

6
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reference R beginning at position p;. We then extend the match by comparing the characters S[i] with R[p; + i — 1] for positions
1 <i < |S] until a mismatch is encountered. When a mismatch happens, instead of recomputing ¢, from scratch (or in general ¢, ),
we exploit Lemma 1: since ¢, > #; — 1, we can jump directly to comparing the characters beyond the known matching prefix. This
requires random access to R.

Overall, the time used to compute the matching statistics of S w.r.t. R is O(|S|loglog | S| + [S1tgccess(r))> WheTe tgccess(r) is the time
for performing random access to R. The space usage is O(r g6 + Sgecess(r))> WhETe s4cco05(r) 1S the space required for the data structure
supporting random access on R.

4.5. Constructing the MS using the r-index

Computing the matching statistics with the r-index of Gagie, Navarro, and Prezza [51] is closely related to the RLBWT procedure
described in the previous section.

Bannai, Gagie, and I in [52] refine the method used to store thresholds, reducing the space complexity of the augmented RLBWT
from O(rzo) to just O(rg). The key observation is that, given two consecutive runs BWTTi..j] and BWT[k..I] of a character ¢, with
i < j <k <1, we can find a position 7 such that the lcp between suffixes from position j to ¢ is non-increasing, while the lcp between
suffixes from ¢ to k is non-decreasing. This means that we only need to store the local minimum of the Icp values in the range between
consecutive runs of the same characters. By building an appropriate predecessor data structure [44] on the set of threshold positions,
one can apply the recovery mechanism in O(log log n) time.

Overall, the time complexity stays the same O(|.S|loglog |.S| + |.S|4ccessr))> While the total space is reduced to O(rg + Sgecess(r))-

5. Applications to string processing tasks
In this section, we give a non-exhaustive tour of applications of the matching statistics to problems in string processing.
5.1. Approximate pattern matching

Given a text T and a pattern P, P is said to be an approximate match in position i of T if P matches a substring of T which starts in
position i, with some errors. This has to be made more precise; the two most common variants are the k-mismatch and k-difference
problems. Both use a fixed positive integer k.

1. k-mismatch problem: Given text T and pattern P, we want to find all positions i of T such that the Hamming distance of P and
Tli..i + |P| — 1] is at most k.

2. k-differences problem: Given text T and pattern P, we want to find all positions i of T such that the edit distance of P and some
prefix of suf,(T) is at most k.

In the k-differences problem therefore, errors may be single-character substitutions, insertions, or deletions, while in the k-
mismatch problem, only substitutions are allowed. Our description of the algorithm follows [9]; the original can be found in Sec. 3.2
of [2].

First, a linear expected time algorithm (LET) is given in [2]:

1. compute a set of so-called “starting-positions” S P, where SP, =1 and SP; = SP;_; + ¢ Py 1 for j > 1;
2. if SP;yyp — SP; 2 |P| -k, apply a worst-case O(k|T|) time dynamic-programming subroutine (e.g. Landau-Vishkin [53,54]) to
the substring T[S P;..S P;, 4] to compute the correct set of positions matching the pattern (up to k mismatches/differences).

It is shown in [2] that, assuming that (a) the characters of T’ are drawn at random, and (b) k < k* = | P|/(log, | P| + ¢;) — ¢, (Where
¢, and ¢, are two constants), the expected work done at any position in S P is constant. This sums up to O(|T'|) expected total time.

When k < k*/2 — 3, the linear expected time algorithm can be further improved to sublinear expected time, as follows. The text T
is split into blocks of size (| P| — k)/2. For each block, perform at most k + 1 “matching statistics jumps” from the starting position s
of the block. For each jump, add to the current position the MS length ¢; of such positions. Computing the matching statistics value
takes expected O(log, |P|) time, due to T being randomly drawn from X. After k + 1 jumps, if the ending position p is within the
end of the block, then discard the block. Otherwise, if p is outside of the block, apply the dynamic-programming subroutine to the
substring T[(s — (| P| + 3k)/2)..p]. Chang and Lawler showed that on average the number of blocks on which we have to apply the
subroutine is bounded by O(|T|/|P|). This approach combined with the LET algorithm, depending on the value of k, finally leads
to the expected running time of O((|T'|/|P|)k log, | P|). The approach was subsequently refined by Takaoka [55] by simplifying the
algorithm, relaxing the assumptions on the randomness of the reference sequence, and extending it to the two-dimensional scenario.

5.2. Exact string matching

It is easy to see that, given the matching statistics MS of S w.r.t. R, we also have a solution to the exact string matching problem: R
occurs in .S in position i if and only if #; = |R|. Indeed, Chang and Lawler [2] note that their matching statistics construction algorithm
also solves the exact pattern matching problem, in time O(|S| + |R|). In other words, the algorithm for exact string matching can be
seen as a by-product of the MS-construction.
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5.3. Longest common substring

The problem of longest common substring (also known as longest common factor or LCF) of two strings S and T was the original
motivation for the introduction, by Peter Weiner in 1973, of the suffix tree data structure [20]. Weiner used what would nowadays
be referred to as generalized suffix tree of S and T to compute the length of a longest common substring in time O(|.S| + |T|). Although
this is optimal with respect to running time, in practice the space overhead of a generalized suffix tree can be prohibitive.

As an alternative approach, described by Gusfield [9, Section 7.9], the matching statistics can be used to reduce space consumption.
The procedure for solving the longest common substring problem now starts by constructing the suffix tree for the shorter of the two
strings, say . Then, by computing MSy ¢ via ST(S), a simple scan to find the maximum #; in the MS gives the correct solution.
Moreover, for any ; such that #; = max{¢; | 1 <i <|T|}, the pair of positions j in T and p; in .S gives an occurrence of an LCF.

5.4. Longest common extension queries

Given two strings S and T, after a preprocessing step, we must answer a stream of queries, with each query consisting of a pair
of indices (i, j). For each pair, we want to find the longest substring of S starting at position i that equals a substring in T starting at
position j. This is called the longest common extension (LCE) of suffixes S[i..] and T'[;..].

As with the longest common substring problem, a classical solution for longest common extension involves the use of a generalized
suffix tree on S and T. The generalized suffix tree is augmented with the stringdepth information sd(v) stored at each node v and
additional machinery used to compute the lowest common ancestor (LCA) between leaves in constant time [56,57]. Computing the
generalized suffix tree and the additional information can be done in O(|.S| + |T|) time and space. Using this data structure, answering
an LCE query is equivalent to an LCA query on the leaves containing positions i and j: Let v be the LCA of i and j, then LCE(i, j) = sd(v).
Therefore, LCE queries can be performed in O(1) time.

An alternative lightweight approach, described by Gusfield [9, Section 9.1.2], involves the use of matching statistics. Assuming
that |T| < | S|, we can compute the matching statistics MSg  using ST(T). Then, LCE(, j) need to first find v, the LCA of p; and j in
ST(T), and then take the minimum between #; and sd(v). This procedure takes constant time just like the classical solution using a
generalized suffix tree, but uses less space in practice.

5.5. Alignment-free whole-genome phylogenetics

Ulitsky, Burstein, Tuller, and Chor [7] use the matching statistics to improve the precision of phylogenetics reconstruction.

Whole-genome phylogenetics reconstruction involves determining the evolutionary relationships among species or genes by ana-
lyzing genome-wide data. Unlike conventional phylogenetics, which typically depends on a limited set of genes such as mitochondrial
or ribosomal RNA genes, whole-genome phylogenetics uses extensive genomic information to construct more precise and reliable phy-
logenetic trees.

The authors exploit the matching statistics to compute a pairwise distance between sequences. To do this, they first define a
non-symmetric function d as

d(S,T) =log(IT/L(S,T) —log(IS)/L(S, S),

where L(X,Y) = Y £;/1X| is the average length of the matching statistics of X w.r.t. Y. The actual distance function, called average
common substring distance, is then given by ACS(S,T) = (d(S,T) +d(T, S))/2.

The authors show that d(X,Y) approximates the cross-entropy between two distributions p, g, that is H(p, q9) = —E,[log q], where
E,[-] is the expected value of the argument with respect to p. Intuitively, this is the difference between two strings generated by two
distinct Markovian processes: the distance is measured by the number of bits needed to describe one sequence given the other.

The distance matrix, containing the pairwise distances of the input sequences, is filled with pairwise ACS distances and then
processed by some other algorithm, such as neighbor joining [58], to output the phylogenetic tree. This method was also used in [6].
Variants accounting for k-mismatches in the matching factor have been proposed in various studies [59-62].

5.6. Maximal exact matches (MEMs)

Given two strings .S and T, a substring S[i..i + £ — 1] is a Maximal Exact Match (MEM) of S in T if:

e S[i.i+ ¢ — 1] occurs exactly in T (i.e., S[i..i+¢ — 1] =T|[j..j + £ — 1] for some index j),
e eitheri =1 or S[i — 1..i + # — 1] does not occur in T, and
e either i+ # — 1 =|S| or S[i..i + £] does not occur in T'.

MEMs are used to accelerate the alignment of read sets to a reference genome. One of the most used read aligners, BWA-MEM [63],
first finds MEMs between the query read and the reference genome and then uses them as “seeds” to speed up the subsequent dynamic
programming phase of the alignment procedure. In pangenomics, alignment of reads is performed on a collection of genomes, called a
pangenome. Several recent tools, including MONI [64], PHONI [65], AUG-PHONI [66], LAZY-PHONI [67], SPUMONI [68], SPUMONI2 [69],
SIGMONI [70], and MOVI [71], make use of the r-index [51], to compute MEMs for large genome collections. MEMs are also used as
anchors in seed-chain-extend-based algorithms and tools for (multiple) sequence alignment (see, e.g. [9,72,73]).

MEMs can be computed using the matching statistics via the following lemma:

8
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Lemma 3. [64] Given an input text R[1..n] and a query string S[1..m] with m < n, let MSg [1..m] be the matching statistics of S w.r.t. R.
Forall 1 <i<m, R[i.i+¢ — 1] is a maximal exact match of length ¢ in R if and only if MSg g[i] = ¢ and MSg gli — 1] < MSg glil.

A linear time algorithm for computing MEMs between S and R simply iterates over M S r and outputs a MEM of length M .S r[i]
occurring at position i whenever the property given in the lemma holds.

We note that the computation of MEMs has been extended to multisets of cyclic strings [74], using the eBWT (extended BWT)
of [75].

6. Applications in index construction and data compression

In this section, we will focus on the use of matching statistics in applications related to compression—in particular Lempel-Ziv
and relative Lempel-Ziv parsing—and as a step in the construction of other data structures—particularly the SA and BWT.

6.1. Space-time tradeoff for LZ-parsing

The LZ77 factorization [76,77] uses the notion of a longest previous factor (LPF). The LPF at position i in .S is a pair (p;, ;) such that
p; <i, Slp;..p; +¢; — 11 = Sli..i +¢; — 1], and £; > 0 is maximal. In other words, S[i..i + £; — 1] is the longest prefix of S[i..n] which
also occurs at some position p; < i in S. If S[i] is the leftmost occurrence of a symbol in S then such a pair does not exist. In this case
we define p; = S[i] and ¢; = 0. Note that there may be more than one potential p;, and we do not care which one is used.

The LZ77 factorization (or LZ77 parsing) of a string .S is then just a greedy, left-to-right parsing of .S into longest previous factors.
More precisely, if the jth LZ factor (or phrase) in the parsing is to start at position i, then we output (p;,¢;) (to represent the jth
phrase), and then the (j + 1)th phrase starts at position i + £;, unless #; = 0, in which case the next phrase starts at position i + 1. We
call a factor (p;, ¢;) repeat if it satisfies #; > 0 and literal otherwise. The number of phrases in the factorization is denoted by z.

For the example string S = zzzzzipzip, the LZ77 factorization produces:

(2,0),(1,4),(,0), (p,0), (5, 3).

The second and fifth factors are repeat, and the other three are literal.
The LPF array is a sequence of pairs that define the longest previous factor at each position in S. For our example string a valid
LPF array is:

[(z.0),(1,4),(2,4),(3.4), (4,4),(i,0), (p, 0), (5,3).(6,2), (7. D].

Karkkadinen et al. [50] describe an algorithm for LZ factorization or (LZ parsing) that allows space to be traded for running
time. Their algorithm, called LZscan, divides the input string .S into blocks of size b, where b is an input parameter. Then, via some
computation that we sketch next, it is able to compute the optimal LZ parse over the total input string. In the following, we will use
B = S[kb+ 1..(k + 1)b] to refer to the currently processed block in S, and A = S[1..kb] to refer to the already processed prefix of S,
as the original paper. The LPF array for block B is denoted by LPF, while the LPF array for the concatenation of A and B is LPF ;.

The procedure can be divided into four steps:

. compute MS, p;

. compute MSy 4 via inverting MS, p using data structures on B;
. compute LPF kb + 1..(k + 1)b] using MSp , and LPF;

. factorize B using LPF ,p[kb + 1..(k + 1)b].

A WN =

Step 1 is done via backward searching A in BWT; using the standard algorithm outlined in Section 4.

Step 2 is performed via what the authors of [50] call inverting the matching statistics. It consist of running a scan on A and
populating MS 4 using SAp and LCPj. This is done in order to avoid building heavy data structures on A, which can be large.

Step 3 is where the matching statistics are used. Consider computing LPF,g[i]l = (p;,¢;) for i € [kb+ 1..(k + 1)b] and assume
¢; > 0. Either we have p; < kb, in which case LPF ,p[i] = MSp 4[i], or kb < p; < i and then LPF 43[i] = (kb + pp,¢p), where (pg,p) =
LPF g[i — kb].

A simple correction for cases where p; < kb but p; +¢; > kb + 1 is to replace MS, p with MS,p p[1..kb] in all relevant steps.

6.2. Suffix sorting and BWT computation

Liptak et al. [12,13] introduced a suffix array construction algorithm for sets of highly repetitive biological collections that makes
use of the fact that the matching statistics of such collections is small and can be computed fast.

They enhance the compressed representation of the matching statistics (see Section 3.2), resulting in the enhanced CMS, or eCMS,
to contain the following information stored in the so-called insert-heads:

e p; is substituted with ¢; = SA[ip(i)], where ip(i) is the insert-point for position i. The insert point is the lexicographic rank, among
all suffixes of R, of the next smaller occurrence of the matching factor U in R if such an occurrence exists, and of the smallest
occurrence of U in R otherwise.

¢ the mismatch character ¢;, the character immediately following U.

9
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Input: the matching statistics M of S w.r.t. R
Output: the relative Lempel-Ziv parsing of S w.r.t. R
11
while i <|S| do
if /; > 0 then
output factor (¢;, p;)
141+ 4
else
output literal factor (S[i])
1=1+1

Fig. 3. Algorithm converting MSg  into RLZ(.S).

¢ a boolean value x; which tells us whether Uc; is smaller (S) or greater (L) than R[g;..].

Example 5. Continuing Example 2, the enhanced compressed matching statistics of S w.r.t. R is the following set of insert-heads:
kK =1{(1,1,5G1L),(6,1,8T1L), (12,2,4,%,5), (16,-1,0,$, L) }.

The computation takes the same time as for CMS. The eCMS (after some further processing) allows us to perform suffix comparisons
in O(1) time after retrieving the correct MS value for a pair of suffixes. Overall, the algorithm to compute the SA for a collection C
follows this outline:

. compute the eCMS of the collection C w.r.t. an “augmented” reference R (the augmentation is done to cover border-cases);
. process eCMS to allow fast suffix sorting;

. bucket S*-suffixes by their insert-point*;

. fully sort S*-suffixes bucket-by-bucket using comparisons based on the eCMS;

. induce the full SA from the S*-suffixes.

G wN =

The resulting algorithm takes O(|R| + N log |R| + N log N) time, where N is the total length of the all the strings in C, and O(|R| +
N + k) space, where « is the size of the eCMS.

Masillo [14] applied this approach to BWT construction for large collections of similar strings. In particular, the key observation is
that insert-heads, which play a similar role for eCMS as heads for the CMS, induce run-breaks in the BWT of C. Starting from the BWT
of R, it is only a matter of counting how many suffixes of C fall into the buckets defined from the insert-point information and sorting
the insert-heads within the corresponding bucket, to find where new run-breaks appear. Counting the number of suffixes for each
bucket is needed to “expand” the character from BWTy into a longer run in BWT.. The runs are then interrupted by the preceding
character of the insert-heads, which is known to differ from that of the run they belong to. Sorting only suffixes w.r.t. insert-heads
effectively reduces the number of suffix comparisons that have to be performed, leading to further time reduction.

The proposed algorithm runs in O(|R| + N log |R| + N log k) time and O(|R| + k) space.

6.3. Relative LZ compression

Relative Lempel-Ziv (RLZ) parsing, due to Kuruppu, Puglisi, and Zobel [16], compresses a text S relative to a reference R by
expressing substrings of S’ as pointers to R. Although they arose independently, there is close relationship between the RLZ parse and
the matching statistics: the RLZ parse of S w.r.t. R is a subsequence of MS r. In particular, the RLZ parsing is a greedy, left-to-right
parsing of S into factors occurring in R. More precisely, if the jth RLZ factor (or phrase) in the parsing is to start at position i, then
we output M S[i] = (p;, ¢;) (to represent the jth phrase), and then the (j + 1)th phrase starts at position i + #;, unless #; = 0, in which
case the next phrase starts at position i + 1.

We give the pseudocode in Fig. 3. Every character of .S is either found in a literal factor (if it only appears in S), or in a repeat
factor. The latter type of factors is correct due to the construction of the MS, being right-maximal matches between .S and R.

RLZ has been studied as a compressor of genomic collections [16,78], collections of textual documents [79,80], and suffix ar-
rays [81,82]. It is particularly interesting in each of those settings because it provides both powerful compression and support for fast
random access to the underlying data by storing the phrase starting positions in a predecessor data structure. Bille, Ggrtz, Puglisi,
and Tarnow [83] describe a hierarchical version of the parsing suitable for compressing genomes of individuals of the same species.
The parsing itself can also be augmented in various ways to obtain compressed indexes for pattern matching [84-86].

4 These are the S*-suffixes from the well-known SAIS algorithm of Nong et al. [31].

10
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7. Conclusion

This survey has presented current and historical methods for computing and representing matching statistics, together with an
overview of their many important applications. Much of this work is recent, and many interesting further directions for research on
this fascinating data structure remain. One is to explore generalizations of matching statistics, following, for example, recent work
on Wheeler DFAs [87]. Computing the matching statistics in space and/or time proportional to recent compressibility measures,
such as the size of the smallest string attractor [88], is also of interest, particularly in the context of indexing. Finally, given its
widespread applications, more efficient algorithms for computation of matching statistics, for example in massively parallel settings
such as GPUs [89], would be of immediate practical impact.
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