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Abstract

In control theory, the problem of having available good measurements is of
primary importance in order to perform good tracking and control. Unfor-
tunately, in real-life applications, sensing systems do not provide direct mea-
surements about the pose (and its rate) of mechanical systems, while, in other
situations, measurements are so noisy that require pre-processing to filter out
disturbances and biases. These problems could be faced by using filters and
observers.

In this thesis, we apply a second-order optimal minimum-energy filter con-
structed on Lie groups to several planar bodies. We start by studying the
application of the filter to the matrix Lie group TSE(2), i.e. the tangent bun-
dle of the Special Euclidean group SE(2); moreover, a comparison with the
extended Kalman filter is presented. After that, we consider the Chaplygin
sleigh case, that is a mechanical system with a nonholonomic constraint. Then,
we move our attention to the case of an articulated convoy with hooking con-
straints. Finally, we apply the filter to a real case scenario consisting of a
scaled model representing a parking truck semi-trailer system.

Particular attention is posed to the description of the geometric structure
that underlies the dynamics and to the choice of the measurement equation, the
affine connection, and the other parameters that define the filters. Simulations
show the effectiveness of the proposed filters. The use of Lie groups theory for
designing the filters is challenging, but the accuracy of the results, obtained
considering the geometric structure and the symmetries of the system justifies
the effort.






List of symbols

Notations used for the design of the filters in this thesis.

d17d2

VxY

wigxg—g

wx g —9g

wy :g—g

wy gt —g"

wy g g

T(X,Y) € g

Tx:g—9

Hessf(g) : T,G — L(T,G,V)

(@) : LW, U) = LW, V)

I:gxg—R
F:g—g

a connected Lie group;

dimension of the group G,

element of G;

tangent space at g;

the Lie algebra associated with G,
elements of the Lie algebra g;

the Lie bracket of g;

the dual of the Lie algebra g;

an element of g*;

left translation Lyh = gh;

the tangent map of L, at h € G;

shorthand for T,L,(X) € T,G;

duality paring (u, X) = pu(X);
finite-dimensional vector space;
differentiable map;

differential of f at ¢, df(g) : T,G — V iden-
tifying T,V with V;

differentials with respect to individual argu-
ments of a multiple-argument map;
covariant derivative;

connection function associated with V;
wx(Y) = w(X,Y);

wy (X) = wx(Y);

(wx~ (1), Y) = (p,wxY);

(Wi = (X),Y) = (wk (), Y) = (p,wxY);
(wy™(w), X) = (p, wy (X)) = (1, wxY);
torsion function associated with w;

partial torsion function TxY = T(X,Y);
Hessian operator of a twice differentiable
function f: G - R (or amap f: G — V);
exponential functor (1) applied to a linear
map ¢ : U — V, exponential functor lifts
o to ¢ : LW, U) — L(W,V) defined by
o (Y) = po;

inner product on g;

f-map associated to the inner product I;
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I:g—g*
ad:gxg—g
ad*: g x g* — g*
Onxn

]nxn

TS

)

Efv} = p
Var{v}

o{v}

rms{v}

v$

tr(A)

|| AllF = /tr(AAT)
SE(2)

se(2)

Y1 = {es, ey}

Y = {eh, b}, 3y = {eﬁ,ei}
V:se(2) —» R3
AR — se(2)
A=g7'g

3>(‘ﬂ©ﬂ

BLA

b-map associated to the inner product I;
adjoint map on g;

dual adjoint map;

null matrix of dimension n x n;

identity matrix of dimension n x n.
sample time

Dirac delta

mean value of a causal variable v
variance of a causal variable v

standard deviation of a causal variable v
root mean square of a causal variable v
gradient operator

trace of a matrix A

Frobenius norm
special Euclidean group in R?
Lie algebra of SE(2)

inertial frame of reference
bodies frames of reference

“vee” isomorphism
“wedge” isomorphism
left-trivialized dynamics
model error
measurement error

estimated quantity
inertia
mass

In this thesis, we will use the notation G when we will refer to a Lie group
that extends the Lie group SE(2). We will use the same notation for Lie

algebras and their elements.



Chapter 1

Introduction

In control theory, the problem of having good measurements is of primary
importance in order to perform good tracking and control. Unfortunately, in
real-life applications, the sensing system does not often provide direct mea-
surements about the pose (and its rate) of mechanical systems, while, in other
situations, measurements are noisy and require pre-processing to filter out dis-
turbances and biases. The design of pose estimators for robotic systems is then
of paramount importance to produce an effective regulation on a desired sta-
tionary position and tracking of a reference trajectory, [24]. Moreover, the pose
of the robot is crucial for unmanned aerial and ground vehicles (UAV, UGV)
that exploit SLAM (Simultaneous Localization and Mapping) algorithms for
computing their position and for planning their trajectory [42]. These prob-
lems are solved by designing filters and observers. In the last decades, many
linear and nonlinear, deterministic and stochastic filters/observers have been
proposed in the literature. The most famous approach is based on Kalman
filtering [19] and its many extensions.

The Kalman filter is a recursive algorithm that, through measurements
over time, produces accurate estimates of unknown variables by computing at
run-time the joint probability distribution. The Kalman filter achieved great
success for its simplicity and its wide range of applicability, but it is optimal
only for linear and Gaussian systems: such assumption is usually too strong
in UAV and UGV, where the model is nonlinear and where nonholonomic
constraints may arise and must be taken into account.

After the formulation of its standard form, generalizations aiming at ex-
tending it to nonlinear systems, such as the Extended Kalman Filter (EKF),
have been proposed |1]. The EKF computes at each step the linear approx-
imation of the dynamics and measurement equations and applies the same
algorithm as its linear form.

An attempt to overcome the Gaussian assumption is by using the Unscented
Kalman Filter |18] and the Particle Filter [2] that approximate the probability
density function with a certain number of sampling points and updates their
values according to the past state and current measurements. Nonlinear maps
can then be considered to get more accurate estimations of the mean and
covariance of the state vector.



Minimum energy filters

Another way to design a filter is by formulating it as an optimization problem.
In [26] the author considers nonlinear dynamics with nonlinear measurement
equations, an initial cost, and a cost functional (energy) in which the incre-
mental cost weights the contribution of the model and measurement errors.
The dynamic programming principle ensures the optimality for the estimated
quantity along the trajectory.

This algorithm presents an innovative way of tackling the problem, but it
does not take into consideration the symmetries and the geometric structure of
the systems that can be described with the theory of Lie groups. A Lie group
is a differentiable manifold that has a continuous operation which gives it a
group structure. From the manifold structure, the Lie group inherits all the
notions related to differentiation, while from the group structure, it inherits
symmetry notions. Thanks to these properties, Lie groups are the natural
mathematical tool to describe mechanical and robotic systems.

The first results that exploit Lie groups to design minimum energy fil-
ters come from the works [33, [34, [35]. Unlike the stochastic approach, both
uncertainty and noise related to model and measurements are considered un-
known deterministic signals and the optimal filter is obtained by minimizing
the square of the estimation error (energy). The solution is obtained by differ-
entiating the boundary conditions of the associated optimal control problem.
It is called second-order optimal in the sense that it is a truncation of the ex-
act solution that would be an infinite dimensional system. The filter takes the
form of a gradient observer coupled with a kind of Riccati differential equa-
tion that updates its output-injection gain (similarly to the standard Kalman

filter).

Outline of the thesis

In Chapter [2] we recall the main results on minimum energy optimal filters and
on second-order optimal filters designed for Lie groups. After that, we design
observers for planar rigid bodies exploiting the second-order filter presented in
[35]. Chapters [3| to @ are devoted to the application of the second-order filter
to the following cases:

free rigid body;

Chaplygin sleigh;

n-trailer vehicle;

truck and semi-trailer system.

In all of these cases, we study the geometric structures and the needed oper-
ators exploiting their matrix representations. Then, we design explicitly the
filters with the proofs of the related theorems. The accuracy of the filters is
shown with numerical simulations. They are elaborated using external inputs
that generate the real (nominal) trajectories, while Gaussian white processes
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model plant uncertainty and measurement noises. The measurements are taken
as inputs of the filter to find the estimated trajectories. The general scheme is
reported in Figure [1.1]

Commands Plant ) Measurements Filter | Estimations

Noise

Figure 1.1: Scheme of the simulations setup. The external inputs (i.e. commands) generate
the actual trajectories; Gaussian white noises corrupt the measurements.

Planar rigid body

The literature dealing with Lie groups and dynamic systems focuses mainly on
simple manifolds without examining the case of their tangent bundle. There-
fore filters designed on tangent bundles are less common.

In Chapter [3| we apply the second-order filter to the case of a planar rigid
body (|7]). The dynamics evolves on the tangent bundle TSE(2) of the base
Lie group SE(2) that can be trivialized as the Cartesian product TSE(2) ~
SE(2) x se(2). The study of this type of manifold is particularly relevant in
real applications. For example, it can represent many marine vehicle systems
such as hovercraft. The dynamics is well described by the Euler-Poincaré
equation for the rigid body that fits well with the formulation via Lie groups.
Particular attention is devoted to the choice of the measurement equations and
we compare three of them. In the last part of this chapter, a comparison with
the extended Kalman filter is presented (|1], [28]), since the second-order filter
could be seen as an improvement of the extended Kalman filter.

Chaplygin sleigh

In real cases, most vehicles are forced to follow only certain trajectories due
to constraints originated by the use of wheels (such as bicycles or cars) or
blades (such as sleighs). When the set of constraints cannot be integrated as
constraints of the position we talk about nonholonomic constraints, [3]. The
presence of a nonholonomic constraint changes the configuration space and a
deeper analysis is needed. In particular, the state space is no more described
by the tangent space of a base manifold, but by a distribution of it.

In Chapter |4 we extend the application of the filter to the case of nonholo-
nomic dynamics. We consider the Chaplygin sleigh, which is a nonholonomic
system that models a planar rigid body supported at three points, two of which
slide freely while the third is a blade located ahead of the center of mass and
that cannot move perpendicularly (]3], [29], [37]). To obtain the correct geo-
metric structure, we exploit Hamel’s approach to adapt the so-called Hamel’s
coordinates to the sleigh (]3|, [4], [14], [46]). In this way, one coordinate van-
ishes. In this chapter, we analyze the choice of the affine connection and we
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investigate the conditions that ensure the preservation of the nonholonomic
constraint.

n-trailer vehicle

The study of articulated vehicles has grown in the last decades due to their
use in real-life applications ([20], [23]). These systems model multi-bodies
structures where the rigid bodies are linked by hooking constraints (|6]). They
are very important in robotics and control theory since they can be exploited to
model convoy systems where the first car pulls the trailers. Examples of these
systems are luggage carriers in airports or cars with trailers in warehouses.
A common strategy for deriving the equations of motion for nonholonomic
systems consists in using Hamel’s equations to write the system evolution in
an arbitrary configuration-dependent frame.

In Chapter [5| we shift our attention from rigid bodies to articulated ve-
hicles. We consider the case of a leading car pulling n trailers. In this new
configuration, we consider a minimal set of measurement equations and we de-
sign different filters depending on whether the dynamic parameters are known
or unknown.

Truck and semi-trailer

Special cases of n-trailer vehicles are truck trailer and truck semi-trailer sys-
tems (10|, [36], [43]). This type of system becomes unstable when the vehicles
move in reverse, and this can give rise to the jackknifing problem. These prob-
lems become evident in parking maneuvers. The issue of autonomous or guided
parking, facilitated through the measurements of the external environment or
the knowledge of one’s own state, has been developed in many areas (see e.g.
B1)).

In Chapter [6| we consider the case of a truck semi-trailer system in a parking
area. The experiments were done on a scaled model in a laboratory. All the
measurements are simulated by adding noises to the actual state. In this case,
we consider a likely set of sensors that can be applied in real life. Moreover, we
consider different types of measurements in order to have better estimations
when the system is moving in reverse, in which case the dynamics becomes
unstable.

12



Chapter 2

Background on minimum energy
filters

2.1 Maximum-likelihood recursive nonlinear fil-
ter

The construction of a minimum energy filter that we propose was derived and
presented in [26]. The main idea consists in consider the estimation algorithm
as an optimal control problem and exploit optimal control features to provide
the estimation.

We consider a dynamics equation that describes the time evolution of a
noisy system

x(t) = f(x,t) +v(t)

where x is the vector of state dynamic variables, ¢ is the time variable, f is a
(nonlinear) function and v is a white noise, that is,

E{o(t)} =0, E{v(t))v'(t2)} = R(t1)8(t: — t2). (2.1)

The system is able to take observations through the noisy measurement equa-
tion

¥(t) = hix(t),£) + w(t (2.2)

with w(t) white noise independent of v(¢) and such that

E{w(®)} =0, E{w(t)w'(t2)} = Q(t1)d(t: —t2). (2.3)

The initial state x(y) is a random vector with Gaussian distribution with
covariance matrix A and mean value p.

The idea that underlies a minimum energy filter is to find the dynamic
vector x(t) that minimizes the “weighted” errors associated with the starting
state, the model dynamics and the observations. This suggests considering the
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likelihood functional

Jo =+ Sx(to) — A [x(to) — 1]

92 0
+3 [ O = ) VR ) - fr) ) )
+[¥(7) = h(x(r), 7' Q (1) Iy(7) = h(x(r), 7]}

Substituting the measurements y(7) into , Ji¢ becomes a functional that
depends only on x(7) for 0 < 7 < t. Using Euler-Lagrange equations, it is
possible to determine x*(7) that minimizes the functional. This trajectory is
defined on all the time intervals where the measurements are taken, but only
the value obtained at the current (final) time ¢ is used to estimate the current
state: X(t) = xj, 4(¢). This implies that, to have an estimator for all ¢, we
have to continuously calculate the optimal trajectory x*(¢) and take its final
value. Unfortunately, given ¢y < t; < ts, in general xj, ,,(7) # X, () for
to < 7 < t;, which means that the optimal trajectory in [to, 1] for x}, , /(7)
is different from the optimal trajectory in [to, 1] for xj, (7). Therefore, the
collected trajectories for the previous intervals of time, cannot be used as
starting trajectories for the actual one (Figure .

T x

MWWM

to ty Ot to tity T

Figure 2.1: Optimal trajectories z* for the time intervals [to, t1] (dashed) and [to, t2] (contin-
uous). In blue is the measurement. Adding of the measurement between ¢; and ¢t modifies
the optimal trajectory also in the interval [to, t1].

In order to improve the computational efficiency of the filter, it is convenient
to rewrite the issue as an optimal control problem. Substituting (2.1]) into (2.4]),
we obtain

1 -1 L ! -1
Jo =+ 5 lx(to) = pIAT [x(to) = ) + 5 /t VIR g )

+[y(7) = Ax(7), M) Q7 () y(7) — h(x(r), 7)]dr.

In this way, the new purpose is to deal v(t) as an optimal control variable and
find it in order to minimize the functional ([2.5)) knowing that it is subject to
the differential constraint

x(1) = f(x(7),7) + v(7). (2.6)

14



The Hamiltonian associated with this optimal control problem is then

) (2.7)
+ 5y (7) = hlx(7), Q™ () [y(r) — h(x(r),7)]

where x, p, v and t are independent variables. Since the Hamiltonian function
is quadratic in v, the optimal choice of v is given by

VoH=0=v=—R(1)p (2.8)

and thus, the optimal Hamiltonian is

HE (% p,8) =9 (D R(Ip(r) + 5 [y(r) = A(x(), Q) [y () — h(x(r), )]
+ P (f(x(7),7) + v(7)).
(2.9)
Hamilton’s equations related to Hamiltonian are
$(r) =V, H*(x,p,7) = f(x,7) — R(r)p 210

p(7) = = V" (3,0, 7) = = fu(x,7)p + hx(x, 7)Q () [y(7) — h(x, 7)]

with boundary conditions

p<t0) = A_I[M - X(tO)]v p(t) =0, (2'11)

where fy, hy are the Jacobian matrices of f and h, respectively. The optimal
estimate X(¢) is the final value of the optimal trajectory x*(¢). With this
approach, one has to find the optimal trajectory for every ¢, and then evaluate
it at the current time to find the optimal estimate. The procedure could be
long and computationally speaking it could be very wasteful. Thus, another
viewpoint that considers the Hamilton-Jacobi theory is preferable.
We define the value function
V(x,t;pu,to) = min  J;. (2.12)

v(t),to <7<t

The Hamilton-Jacobi equation for this function is

0
aV(X, t;p,to) + H*[x, Vi (X, t; 1, t9), 1] =0 (2.13)
with the boundary condition
1
V(s o s to) = 3 [x(t0) — A~ x(to) — . (21

Since we have no final conditions on the state variable x (i.e. x(t) is free), the
vector of adjoint variables satisfies p(t) = 0. This are the adjoint variables of
the Hamiltonian function (2.13)), and thus, the final condition brings to

Vi V(x,t; u,to) = 0. (2.15)

15



With this approach, one obtains the solution of V' satisfying , and then,
one computes its root in order to find the optimal estimate X(?).

The procedure described so far allows to identify X(¢) solving the partial
differential equation . The next step consists in write a system of differ-
ential equations that is satisfied by X(¢). The total time derivative of
is

d

T [ViV(x, 85 41, t0) | x=sze) }

(e Kt v (S0}

Substituting the Hessian matrix II(x, ¢; i, to)

82

0xi an

(I)s; = V(x,t; s to) (2.17)
and ([2.13) into (2.16]), we obtain

d

a{[vxv(xa t5 41, o) Jx=s() }

- {_VXH* [x, ViV(x, &5 p, to), 8] + TL(x, £ p, to) (di(t)> }Xi(t). (215)

dt

The first addend on the right-hand side can be expanded using the chain rule

V. H*[(x, ViV (x,t; 1, to), t)]

= [VXH* (Xa b, t)]p=VxV(x,t;u,to) + H(Xa U s tO)[VpH<Xa b, t)]p=VxV(x,t;u,to)'
(2.19)

From Hamilton’s equations ([2.10))

Ve H[(x, ViV (%, 1, 10), )]
= — [, 1) - ViV (5, 85 1, to) + ha(x,)Q7H () [y(2) — h(x, 1) (2.20)
+ L0, 5 g, t0) f(x, 1) — TL(x, 85 s t0) R(E) - ViV (x5 1, To).

Rewriting equation ([2.15]) as
ViV (x, 5 1, to)Jx=g(ry = 0 (2.21)

and K(x,t) = hy(x,t), substituting these into (2.20]), and evaluating along
X(t), we end up with

{VH[(x, ViV (x5, E5 1, t0), 1)) baso)

= TR, t0) FR(E). 1) + KR(1), 0Q (Oly() — A0 =7
From equation , equation becomes
(Ve B TV it Dhecsig = MO ) (7). 229)
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Assuming non-singularity of the matrix II, and substituting into equation
(2.22)) we finally obtain

dx(t . PR ~ _ ~
0 ), 1)+ I 0.6 1) K R(0.0Q (¥ (2) — h(E(H). )]
(2.24)
This equation, together with the initial condition
X(to) = p, (2.25)

is the maximum-likelihood nonlinear filter. Matrix IT7!(X(¢), t; u, to) corre-
sponds to the error covariance matrix in Kalman-Bucy theory and can be
obtained with an ordinary matrix differential equation of Riccati type with
initial condition

T (tg, to) = A. (2.26)

2.2 Second-order optimal minimum energy fil-
ters on Lie groups

In this section, we recall a second-order optimal minimum energy filter con-
structed on Lie groups. This filter represents the result of the work in [35] and
constitutes the base of the rest of this thesis.

Let us better specify some concepts that are useful for understanding the
filter.

Definition 2.1. (Connection function). A left-invariant affine connection is
an affine connection V on G such that L;(V xY)=V rixLyY forall g € G and
X,Y € X(T'G). Such a left-invariant affine connection is fully characterized by
its bilinear connection function w : g x g — g through the identity V, x(gY) =
gw(X,Y).

Definition 2.2. (Hessian operator). Given a twice differentiable function
f G — R we can define the Hessian operator Hess f(g) : T,G — T,G at a

point g € G by Hess f(g)(9X)(gY") = d(df (9)(9Y))(9X) — df (9)(V4x (gY")) for
all gX, gY € T,G.

Definition 2.3. (Exponential functor). Given three vector spaces U, V., W
and a linear map ¢ : U — V, the exponential functor ()" lifts the map ¢ to
the linear map ¢ : L(W,U) — L(W, V) defined by ¢ () = ¢ o 9.

The optimal filter described in this section proposes the same ideas as
the general maximum-likelihood nonlinear filter described in Section 2.1 In
particular, it is stated as a minimum energy filter constructed on Lie groups.

Since the geometric structure that underlies the dynamics of our system is
a Lie group GG, we can write it considering the following deterministic system:

9(t) = g(t) [Mg(8), u(t),t) + Bat)],  g(to) = go (2.27)

17



where ¢(t) € G is the state, u(t) € R™ is an external input, A : GXR"™ xR — g
is the left-trivialized dynamics, §(t) € R? is unknown model error, B : R? — g
is a linear map and g is the unknown initial condition at time .
The known measurement output y € R? is given by the following measure-
ment equation:
y(t) = h(g(t),t) + De(t) (2.28)

where h : G x R — RP is the nominal output map, € € RP is the unknown
measurement error and D : RP — RP? is an invertible linear map. This equation
depicts the knowledge the system acquires of its state through sensors.

In order to settle the filter as an optimal control problem, it is necessary
to define a cost functional to be minimized. We choose

t
J(57€>gﬂ;t7t0) = min m(g(t())?tut(]) +/ €<5(T)75(7—)7t77—>d7— (229>
(9(),6(-)) to
where
m(go,t,to) == 1/2e’a(t’t°)m0(g0), (2.30)

0(5,e,t,7) == 1/2e ) (R(5) + Q(e)). (2.31)

Equation represents an initial cost where my : G — R is a bounded
smooth function with a unique global minimum on G that encodes the a-priori
information about the state at time ¢;. Equation , instead, represents
an incremental cost. The two quadratic forms R : R? - R and @ : R? - R
measure the instantaneous energy of model error R(J) and measurement error
Q(e).

The filter takes as input the measurement y(7) and the input u(7) and
produces the filter estimate g(¢). The error signals § and e are modelled as
unknown deterministic functions of time. Together with the initial conditions
Jo, these three signals are unknown in the optimization problem. Each choice
of this triple corresponds to a different state trajectory g(7). The principle of
minimum energy filter consists in finding the “best” trajectory that minimizes
the cost functional induced by the signals (0(7),e(7), go) for T € [to, t].

The filter estimation g(t) coincides with the optimal minimum trajectory
at time ¢, that means g(t) := gj; ,(t). The minimum energy filter should be
posed and solved on the interval [ty,t]. Based on the same idea presented in
Section , it is not necessary to solve the optimization problem for each
new time ¢ and then evaluate the optimal estimate g(t), because we can exploit
the dynamic programming principle and apply the Hamilton-Jacobi-Bellman
equation in terms of the value function. The new approach based on Lie
group theory provides a new formulation that takes care of the symmetry and
geometry of the system. Here we state the second-order optimal minimum
energy filter designed for Lie groups systems.

Theorem 2.1. Consider the system define by (2.27)) and (2.28)) with the energy
cost functional (2.29))-(2.31)). Then the second-order-optimal minimum-energy
filter g is given by

79 =M@ w) + KO)r(9),  glto) = To (2.32)
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where K(t) : g* — g is a (time-varying) second-order-optimal symmetric gain
operator satisfying the perturbed Riccati operator (2.35)) given below,

go = argmin . mo(g), (2.33)

and the residual 1¢(g) € g* is computed as

r(9) = T.L;[((D™) 0 Qo D'y — h(9))) o dhy(7)]- (2.34)
The perturbed Riccati equation for K is

K=—a K+AoK+KoA* —KoEoK

o . (2.35)
+BoR " oB" —wkg,o K — Kouwy,

with initial condition K (ty) = Xy'. The operators Xo: g — g*, A(t) : g — g,
and E(t) : g — g* are given by

Xo = T.L;, o Hessmy(g) o T.Lg, (2.36)
A(t) =d; M\ (j(]\, u) o TeLg — ad,\t@u) — TAt(g’u) (2.37)

E(t) = ~T.L;o [(D™) 0 Qo D™\ (y — hu(@))) " o Hess hu(3)
— (dh (@) o (D™ H*oQoD o dht@)} oT,Lj.

The symbol o denotes the composition between maps, Kr is a shorthand
notation for K(t)r/(g) and wg, is the connection form that depends on the
chosen affine connection. R and Q) are two symmetric positive definite matrices
representative of the quadratic forms R and Q.

(2.38)

Proof. See Appendix [C] ]

As can be seen, the theorem describes a second-order filter since the gain
K, solved by a Riccati equation , is a second-order approximation of
the analytical solution that appears considering the Hamilton-Jacobi-Bellman
equation (see Appendix |C]).

The residual r; considers the difference between the real measurements
and the estimated one. Through this operator, the estimation errors, that
belong to R?; are mapped onto the dual of the Lie algebra g. Operator A
represents the coefficient of the linear part of the Riccati equation. The first
term dyA(g,u) o T, Ly is the differential of the left-trivialized dynamics with
respect to the group elements that, together with the adjoint operator ady ),
provide a linearization for the trivialized dynamics, while the last term 7))
is the torsion that takes care of the choice of the connection function adopted.
The operator E represents the second-order term of the Riccati equation that
does not depend on the gain, while the operator wg, represents the second-
order term that depends on the gain.

We notice that the residual r;, the operators K, A, F/, the starting condition
X and the connection function w are all defined on the Lie algebra of the Lie
group or on its dual.
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The filter does not require any hypothesis on the model and measurement
errors, which are treated as deterministic but unknown functions. This implies
that it is not necessary to provide a statistical description for the errors as
instead is required in stochastic filters. In real life, model errors represent un-
certainty related to model dynamics (e.g. uncertainty on masses, inertias,...),
while measurement errors affect the precision of the sensors. In the thesis, we
will simulate them as Gaussian variables in the simulations to get a realistic
representation. In the case of dynamics constructed on tangent bundle, we will
add model errors only on the velocity evolution of the system and not on the
kinematics ([35]).
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Chapter 3

Second-order optimal filter applied
to a free rigid body H

In this chapter, we study the second-order optimal filter applied to the case
of a planar free rigid body. We will focus in particular on the study of the
geometric structure that underlies the dynamics and the impacts of different
measurement equations. The last part of the chapter is devoted to a compar-
ison with the extended Kalman filter.

3.1 Free rigid body dynamics in TSE(2)

The free rigid body that we consider is shown in Figure [3.1]

We consider an inertial frame of reference ¥; = {e,,e,} integral to the
ground and a body reference frame ¥, = {e%, €5} attached to the rigid body
with the origin of the axes settled on the center of mass (x,y). We indicate
with 6 the angle between e, and e} that represents the orientation of the body.
We will refer to the triple (6, z,y) as the pose of the body. This pose is an
element g € SE(2) and admits a well-known matrix representation given by

cos@ —sinf x
g= |sinf cosf y
0 0 1

SE(2) is a matrix Lie group, called special Euclidean group, that features the
rigid motion of the Euclidean space on R?, comprising all translations and
rotations. Its Lie algebra is indicated with se(2), and an element n? € se(2)

IThis chapter is based on the following publications:
> Rigo D., Segala C., Sansonetto N., & Muradore R. (2022). Second-order-optimal filter on
Lie groups for planar rigid bodies. IEEE Transactions on Automatic Control.
> Rigo D., Sansonetto N., & Muradore R. (2021, December). A comparison between the
Eztended Kalman Filter and a Minimum-Energy Filter in the TSE(2) case. In 2021 60th
IEEE Conference on Decision and Control (CDC) (pp. 6175-6180). IEEE.
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Figure 3.1: Planar free rigid body.

admits the matrix representation

0 - 7
=" 0
0 0 0

We introduce the Lie algebra isomorphisms V : se(2) — R? and A : R? — s¢(2)

as
v 0 01N 0 .z

0 —n’ n° n n 0 —n” n
o0 | =", |n°| =" 0 |,
0 0 0 o o 0 0 0

between the Lie algebra (R3,x) and the matrix Lie algebra (se(2), [-,-]), where
% : R3 x R?® — R3 is the Lie bracket operation defined as

|l [ 0
milx ms | = [ nins —ning | (3.1)
Ui s — ning

and [-, -] is the usual matrix commutator (see e.g. [25]). The adjoint operator

ad,e € L(s¢(2);5¢(2)) of nY € g admits the matrix representation

0O 0 O
adp = [ v/ 0 —w],
- w 0

while its dual ady, € L(se(2)*;s¢(2)*) satisfies ady, = (ad,)".

22



The space of velocities has the same structure as the Lie algebra g, and
thus a generic element () can be written as

0 —w v*
Q=1|w 0 v
0O 0 O

With reference to the rigid body in Figure[3.1] w represents the angular velocity
while the couple (v*,v¥) denotes the linear velocity of the body written in body
coordinate.
Given the dual basis {&',é* ¢’} on se(2)*, we denote by I the constant
inertia tensor
[=J¢'®e' +me*@e? +me’ @ e (3.2)

with matrix representation (in the standard basis for R?, see |7])
I = diag(J, m, m) (3.3)

where J is the inertia along the axis passing to the center of mass and or-
thogonal to the plane and with m the mass of the rigid body. We denote by
u = (17/J,F/m,0)T the control inputs that are functions of time such that 7
and F' act respectively as a torque applied around the center of mass and a
force applied along the body first axis as shown in Figure 3.1]

The dynamics of the body evolves on TSE(2), the tangent bundle of G :=
SE(2) that we can identify with G = SE(2) x se(2) via left translation, |7], and
is given by the FEuler-Poincare equation

9g=9 (3.4)
Q = TFadyI'Q 4 u” (3.5)

with (g,Q) € G. In component-wise form, the system can be written as

(0 =w
r =wv¥cos —vYsind
g'{ = v"sinf + v¥ cos d (3.6)
w o =71/J
01 =w¥+ F/m
[ V2 = —wv”.

To take into account unmodelled dynamics in (3.4))-(3.5)) we consider the
unknown error ¢ (modelled as a normalized Gaussian white noise) and the

mapping
B : R® — se(2) x se(2)

3.7
0 — (03><3, (BQ(S)/\) ( )

with By € R¥*3. The full dynamic equations thus become
g 'g=9 (3.8)
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Q = FFad;)I’Q + u” + (Byd)" (3.9)

where the model error § does not affect the reconstruction equation g=1g = Q.
In extended form, we can summarize the contribution of the model errors with
the vector £ = (0,0,0,&,, &, &), and rewrite the dynamics as

(

0 =uw
r  =wv¥cos —vYsind
3'% = v"sinf + v¥ cos (3.10)
w =T1/J+¢&,
U =wo!+ F/m+¢&,
(V2 = —wv® + &,

3.2 The SE(2) x se(2) structure

In this section, we present some mathematical tools to better face the compu-
tations in SE(2) x se(2).

Let (¢g,Q) be an element of G = SE(2) x se(2), we represent it in matrix
form as

S O
O ~N O
~ D o

The group operation is

that in matrix form reads

g 0 01[f 0 0 gf 0 0
071 QoI v|l=|0 I Q+0], (3.11)
00 I|loo0 1 00 I

and lets to define the left translation on G as

Ligo)(f, ) = (9f, Q2+ V).

The unit element of this group is e = (/,0) and for each (g, (2) its inverse is
(g_lu _Q) .

The Lie algebra of the (product) group G is the (product) algebra g =
se(2) x se(2), whose generic element (n9,7%) can be represented as

n? 0
0 779
0 0

o O O



(@[] (R®%) | Lie algebras
|

TSE(2)| = | SE(2)xse(2) Lie groups

I

Figure 3.2: Geometric scheme for TSE(2).

g with the matrix commutator is isomorphic (as Lie algebra) with (R®, ) where

(0l [#] [ o

g s ning — niny
mo L || _ | mins —ming
ni‘; 7751 0
nt 5 0

Y Y
|71 | T2 ] | 0 N

The geometric scheme for TSE(2) is summarized in Figure B2
We define the “product” between an element of G and an element of its Lie

algebra as
(9.9) * (0, n) = (gn°,0®),

that in matrix form reads:

g 0 0 ([n? 0 O gn? 0 0
01 Q|0 0% =]0 0%
0 0 I 0 0 O 0 0 O
The tangent map is
Tir0) Ligsy (1%, 0) = (g1°, ™).
Eventually, we define the Lie algebra operation
(117, 0%) x (n ;0" = (ngnf,0>,
that in matrix form is
n 0 0] [nf 0 0 ninf 0 0
0 0 2% [0 0nY =0 00
0 0 O 0 0 0 0 00

The adjoint representation of the Lie algebra into itself is
ad(ng,n9)<7]fa 77\11> = (adngﬁf, O)

and its matrix form is represented by the 6 x 6 matrix

. adng 03><3
ad e,y = [03X3 03X3] . (3.12)

In order to feature the notion of differentiation of vector fields on G, it is
necessary to introduce an affine connection. A left-invariant affine connection
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V on G is characterized by its bilinear connection function w : g x g — @
through the identity V4x(gY) = gw(X,Y) for all X, Y € g (see, e.g., [27],
[13]). Thus VxY € g, and, since this map is R-linear, it is a multiplication in g.
We choose skew-symmetric connection function of the form VxY = A\[X,Y],
A € R (see e.g. [9], [30]). For example, the choices A = 0,1 1 define the (-),

)9
(0), (+) Cartan-Schouten connections, that have negative, null and positive
torsion, respectively.
Recall that given the control system § = f(g,u, ), the left-trivialization of

f is defined as \(g,u,t) == g~ f(g,u,t). In our case we obtain from (3.4)-(3.5)

and

AG,u,t) = (97", —Q) (9, Tady’'Q + u”)
= (Q,FFadpl’'Q + u") € se(2) x se(2).

3.3 Free rigid body optimal filters

The second-order optimal filter minimizes the cost functional (2.29)-(2.31)
where the initial cost map is given by

mo(@) = 51T~ (0)3, 13 (313)

where ||-||% stands for the Frobenius norm, and where the matrix representation
of the form R is

R=B"B, B= {Om} : (3.14)
B,
The estimation of G > g := (g,Q) is provided using the measurement
equation
y(t) = h(g(t),t) + De(t), (3.15)

where h(g(t),t) is the output map and e represents the unknown measurement
error (modelled as a normalized Gaussian white noise). We design three dif-
ferent filters using three different measurement equations: velocity, velocity
and pose, velocity and two GPS-like antennas. For all of these scenarios we
consider the Cartan-Schouten (0)-connection form w(® = lad (see e.g. [22]).

In what follows we will use n9 = (n9,7%) = (0%, 0%, n¥,n*, 0", n*")T € RS
to indicate the vector form of an element of the Lie algebra g and gn? =
(gn?,n%?) = T.Lg(n?) = (0', 2,y ', v¥,0¥")T € RS for the vector form of an
element of the tangent space T;G where 0 = 0’ 2’ = n®cosf — 7¥sin,
y = n"sinf +nYcosh, w =n?, v¥ =n"", v =n"". We will denote with ™ an
estimated variable.

We are now ready to design three different filters corresponding to the three
different measurement equations.
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First case

In the first case, the measurement equation is given by
hi(g(t),t) = ()" = |v* (3.16)

that represents the velocities provided, for example, by an IMU and an odome-
ter. For simplicity, the D matrix in (3.15]) takes the form

D, = diag{ds, dy,ds}, d; € RT, (3.17)
while the ) matrix associated to the quadratic form Q in (2.31)) becomes

Ql = diag{%, 44, q4}7 qi € R+' (318)

Proposition 3.1. Consider the dynamic system (3.8)-(3.9) with measure-
ment equatz’on where the output map h and the linear map D are given

by (3.16) and ( , respectively. Consider the cost functional - -

where the mmal cost mg is given by (3.13|) and the matrix representation of the
forms R, Q are given by (3.14)) and (3.18)), respectively. Then the second-order
optimal filter is

?1:6‘1\ ﬁ + (Kpyr? + K127“ )
(3.19)

~

Q = Fad3l’Q + v + (Kaur? + Kppr®)"

where the residual vy = [rg TQ} , with r9, ¥ € R3, is

T 0 T
Tg 3x1
= A 3.20
Tt LQQ:| [dlag {Q_Q % qu% } (y _ y)] ’ ( )

and

y=(92)". (3.21)

K K } 18 the solution of the perturbed

Th d-ord timal gain K =
e second-order optimal gain {Km Ko

matriz Riccati differential equation

K=—-aK+AK + KAT - KEK + BR'BT

T (3.22)
—W(K,r)K — KW(K,r)
where -~ _
0 0O 0 1 0 0
Y 0 w 0 1 0
7 - 0 0 0 1
A= 0 0O 0 O 0 0f”’ (3.23)
0 0O 0 v 0 w
| 0 0 0 —2v* —O 0
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E 03><3 O3><3 (3 24)
 [0ss ding {%. 4, 41| |
—1pT __ 03><3 O3><3
BR'BT = {nga ByR-LBr| (3.25)
lad a0
— |2 (K11r9+K12r) 3x3
W(K,r) { O ngg}. (3.26)

The initial conditions for the estimation and the operator K are

~

g(to) = o (3.27)
K(to) = diag{1/2,1,1,1/2,1,1}. (3.28)

Proof. The proof is split into different sections to make it more readable.

Computation of r;

A~

The expression for the residual r,(g) € g* is defined as
ri(9) = T.LE((D™) 0 Qo D™} (y — hu(9))) o dhu(9)]. (3.29)

Given TeLE(ng) € Tgé, we have that the differential of h; in g applied to
TeLE(ng ) is
d

dhy(9)(T. Ly(n")) = -

and we can write the operator dhy(7) as

dhi(g) = [O3xs Tsxa) - (3.30)

From (3.21)) and the definition of the matrices (3.17)) and (3.18) it follows that

(D7 0 Qo Dy — (@) = [ding { 4. % ] <y—§>r. (3.31)

By}

Using (3.30)) and (3.31)) we obtain
R T
ri(g) = [diag {Z—; Z—%, Z—%} (v — ?)} [03x3  L3xs3]
= o (e {54} 6-9)]

Computation of A

The operator A represents the coefficients of the linear part of the Riccati
equation and its formula A(t) : g — @ is given by:

A(t) = dl/\t<§7 u) © TeLig\ - ad)\t y T T)\t( (332)

Gu gu)’

28



Given T,L=(n) € TG, we have

NG ) (TLs0F) =

s=0 [ Aa(s

4 v (3.33)

ds

s=0 T/J 0

and thus

diA(G,u) o T.L; = (3.34)

OO o oo
O OO oo o
OO oo o

The adjoint matrix representation (3.12]) implies

0 0 0  Oixs

O3><1 03><1 03><1 O3><3

ad,, = (3.35)

g,u)

Considering the Cartan-Schouten (0)-connection form w® = %ad, the torsion

function T" vanishes (see [22]), thus, in matrix form, it is given by

O3x3 03><3:| (3.36)

TG = {ogxg O3]

Using (3.34)), (3.35)) and (3.36)) we obtain the matrix (3.23)).

Computation of F

The function E(t) in (2.38)) extended to the group G is E(t) : § — g* and
takes the form

E(t) = —TEL% o [((D_l)* oQo D_l(y — ht@\)))%é o Hess ht@\)

N R (3.37)
—(dh(g))* o (D_l)* oQoDto dht(g)] o TELE.

The dual operators (dh(g))* and T.L: are (dh, (9))" and (T.Ls)" respectively.
We can find the compositions

(Ahe(3))* 0 (D7) 0 Q 0 D™ 0 diy(3) = diag {0, 0,0, %, %, %} (3.38)
3 4 4
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and
(D7) 0Qo D (y (@) = [diag {%,%. %} v-7)] . (339

The Hessian of h; in g applied to 7, LA(ng) is the null operator since it is the
differential of ( - which is constant Combining (3.38) and - with the

tangent operator and its dual, we end up with

033 033
3 43 494 494 } .

FE =
03><3 dlag {d27 d27 d2

Computation of W

From the adjoint matrix form (3.12)) and recalling that we consider the Cartan-
Schouten (0)-connection (|33, 34]), we have

1
iad(Klng-i-KlgTQ)/\ 03><3

W(K,r) = §ad((K11T9+K12T’Q)A7 (K2179+Kaor?)N) = { 03x3 O3xs] -

Initial condition

The initial condition for the filter is given by ([2.33|) while the initial condition
for the gain is K (ty) = X, ' where the operators X, : § — g* satisfies (2.36)).

We rewrite myg as
1 1 1 1 1
mo(9) = 511 =73 "ol E = 5t (oo =7 '90) (Ioxo — 3 'g)] - (3.40)

From (3.11) it easily follows

Iiws — 97 '90 O3x3  Ozxs

Igyg — §_1§o = O3x3 O3x3 29 —Q (3.41)
03><3 03><3 03><3
and thus
(Loxo — gflgo)T(Igw —7 '9o)
(I3x3 — 97 '90)" (Isxs — 97 "90) Osxs O3x3 (3.42)
— 03><3 03><3 03><3 .
03><3 O3><3 (QO - Q>T(QO - Q)

Computing the trace we obtain
1
mo(7) 25[4(1 —cos (0 — o)) + (x — x0)* + (y — o)
+2(w — wp)? + (V¥ — v+ (V¥ — v)?]

and from (2.33) it follows that g(to) = go. -
The Hessian of the function mg at a point g € G is defined as

Hess mo(9)(9X)(@Y) = d(dmo(9)(9Y))(GX) — dmo(9)(Vgx (9Y))

(3.43)
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for all gX, gY € T;G. The differential of mq is given by

dmo(3) = [2sin (0= 60) (v —w0) (y—wo) 20w —wo) (0" —vF) (v —d)]

(3.44)

while, given T, Ls(1%) = (gn,n™), T.Lz(1n%2) = (gn**,n"?) € Tyg, the affine

connection yields

_ 0 _
92y1 91 Yo
. 1 _9/ =~/ 9/ A/
Vo ) (G072, 0™2) = 3 10+
0
I 0 i

Combining (3.44)) and - we obtain
dmo(g )(Vr, Lo (1) (TeL§(77§2>>>
=kx—%X@%—@@»+@—ym 0,7, + 0,7)
that evaluating in /57\0 produces
dmo@o)(vTeLg(nﬁ)(TeLE(U%))) =0.
The double differential takes the form
d(dmo(9)(gY))(gX) = diag{2cos (0 — 6y),1,1,2,1,1}
that, evaluating in ﬁo, produces
d(dmo(9)(9Y))(GX) = diag{2,1,1,2,1,1}
and thus, from and
Hess mo(7,) = diag{2,1,1,2,1,1}.

From
K(ty) = Xo—l = TGL%O o Hess my(q,) © TGLEO

we obtain the initial condition of K (tg)

K(to) = (T.L;, )~ (Hessmo ()~ (T.LZ )"
= diag{1/2,1,1,1/2,1,1}.

This computation ends the proof.
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Second case

In the second case, we consider as measurement equation

)
o)) = | i) (3.59)

in which we measure both the pose (6,z,y) and the velocity components
(w,v*,vY). The D and @ matrices in this case take the forms

= diag{dlad27d27d37d4ad4}7 dl € R+7 (354)

Q2 = diag{q1, ¢, 42, 43, qa, @1}, ¢; € R™. (3.55)

Proposition 3.2. Consider the dynamic system (3.8)-(3.9) with measure-
ment equation where the output map h and the linear map D are given

by (3.53) and , respectively. Consider the cost functional - -

where the mztzal cost mg is given by (3.13)) and the matrix representation of the
forms R, Q are given by (3.14)) and (3.55)), respectively. Then the second-order
optimal filter is

? /‘d ﬁ (Ku’f’g + KlgT )

o (3.56)
Q= ]I dHQ+U +(K21TQ+K227’)

where the residual r; s
T

%(Yl —¥1)
dg : cos(0)(y2 — ¥2) + 32 sin(6)(vs — ¥3)
— & sin(0)(y2 — ¥2) + % cos(0)(ys — ¥3)

s =

fﬁ(ﬂ - Y4)
?l_i (Ys ZS)
q—% (YG YG)

Kll K12

1s the solution of the perturbed
Ko KQJ fthe p

The second-order optimal gain K = {
matrix Riccati differential equation

K=—-aK+AK + KAT - KEK + BR'BT

T (3.57)
—W(K,r) K — KW(K,r)
where _ -
0 0O 0 1 0 0
Y 0 w 0 1 0
- 0 0 0 1
A= 0 0O 0 O 0 O0f”’ (3.58)
0 0O 0 v 0 w
| 0 0O 0 —v* —O 0

32



F O3><3
P 0n ding{n, 9 2]
3 4 4
with
3—% —2(172%(}’3 —?3) 2‘]725(}’2 —372)
F = %(Yi% - YS) g_é 0 )
—%(Y2 ) 0 g—g

—1pT 03><3 O3><3
BR™B" = |:03><3 BQR_lBg ’

lad oy 0
— |2 (K11T9+K12’r‘ ) 3Ix3
W(K’ rt) [ 03><3 03><3 '

The initial conditions for the estimation and the operator K are

o~

9(to) = 9o (3.59)
K (to) = diag{1/2,1,1,1/2,1,1}. (3.60)

Proof. Computation of r;

The extension of ([2.34) to the group G is given by (3.29). Given T.Lz(n) €
Tﬁa, the differential of h; in 7 applied to TeLE(nE) is

o] = o]

and we can write the operator dh,(g) as

d

dhy(9)(T. Ly(n")) = -~

dhy(3) = Isxe. (3.61)

From the definition of the matrices (3.54) and (3.55]) it follows that

(D) oQoD y — (7)) =
g1 92 42 43 44 qa

R (3.62)
)| -
Evaluating TQLE on (3.62)) the result follows.

Computation of A

As in the proof of Proposition [3.1]
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Computation of F

We can find the compositions
(@) o (DY 0oQoD ' odh(q) = diagl =, =, 2 = 2 12 )
1 @2 3 Qy G
and
= q1 Q2 ’
(D70 QoD y ~ h(@) = |dine { . 2.5 8% B 5
'* di’dy’ 3y d3 dy dj
(3.64)

Given the twice differentiable function h; : G — RS and T, eLs(n1) = (gn™, 7,
T.L5(n%) = (gn*, 1??) € T.g, the Hessian operator Hess hy(7) : T,G — T,G"
is defined by

Hessh(9) (T Ly (")) (T. Ly (%)) =d(dh(@)(T. L (n")(T.L

ARG Vg 50 )

«l)
—~
3

Q

o
~—
~—

and we have that

~ ~ d ~
d(dhe(@)@n” ™)) @ n™) = 7| _ [@n7n?)] = [01e] . (3.66)
Moreover, since we are working with Cartan-Schouten (0)-connection, we get
N JEN —~
V g gy (G172, 072) = 59 adgar o) (0, n) = 5 (9 adya 7, 0) (3.67)
where
1 0
/g\ adngl T]g2 = 5 (631/@2 - @163) COSQ - (—;J\:fag + @ﬁ;) sin&i (3 68)
(V{09 — ©0,0%) sin 6 + (=07 + w105 ) cos §
and so
_ 0 -
Oy, — 9’1%
= ~ 1 —é\/ 0/
A (@) (T gy oy @2, 0™)) = 5 | TR0 F AT (3.60)
0
i 0 _

Thus, the Hessian evaluated in (gn?,7%) and (gn??, n*2) takes the form

-
9291 9192
HesshG) @7, ™) @ne ) = —+ | BT 0T g70)
0
i 0 i
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From (3.64) and (3.70) it follows that

—1\ % — = =G F O
(D H*oQo Dy — ht(g))) 77 o Hess hy(g) = [0 OSX?’] (3.71)
3x3 3x3
with R R
0 —%(Y:a —¥3) QqTQ%(y2 —¥2)
F= 2%(3’3 —¥3) 0 0
N I 0
Combining (3.63) and (3.71]) the result follows.
Computation of W
As in the proof of Proposition [3.1]
Initial condition
As in the proof of Proposition [3.1]
O
Third case
In the third case, we consider a measurement equation given by
[2(t) + £ cos((t))]
y(t) + ¢ sin(6(¢))
x(t) — £ cos(6(t))
ha(g(t),t) = | y(t) — £ sin(6(t)) (3.72)

which models two GPS-like systems at distance ¢ from the center of mass (first
four rows), an IMU and an odometer (last three rows). The GPS measurements
are the positions of two antennas attached to the body at distance ¢ from the
center of gravity as shown in Figure 3.3} The D and @ matrices become

= diag{d27d27d27d27d37d47d4}a d’L € R+a (373)
Qs = diag{q2, 42, 42, 42, 43, 41, qu }, ¢ € R™. (3.74)

Proposition 3.3. Consider the dynamic system (3.8)-(3.9) with measure-
ment equatz’on where the output map h and the linear map D are given

by (3.72) and ( , respectively. Consider the cost functional - -

where the mmal cost mg 1s given by (3.13|) and the matrix representation of the
forms R, Q are given by (3.14)) and (3.74), respectively. Then the second-order
optimal filter is

Q .

? q ﬁ (Kll’l“g—f-KlQT )
Py (3.75)
Q = Fad;lPQ + u" + (Kor? + Kopr®)"
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€x
Figure 3.3: Planar rigid body with two antennas.
where the residual r; 18
- - - . o~ - - ~a T
—(y1 —y3)¢ sm/? + (Y2 — ya)l cos 0
(51 + ) 03D + (Fa + i) sinf_
=[] = | TR et |
r Y5
Y6
and
~ . 92 42 42 Q92 43 44 44 ~
R79 = 1d = =, S, s, s, s, — — . 3.77
i=loelG BB R EE 0D 6™

Kll K12

Ky, KQJ 18 the solution of the perturbed

The second-order optimal gain K = l

matriz Riccati differential equation

K=-aK+AK + KAT - KEK + BR'B”

T (3.78)
_W(K, T‘t)K—KW(K, Tt)
where -~ _
0 0 0 1 0O O
Y 0 w 0 1 0
v - 0 0 0 1
A= 0 0O 0 O 0 0’ (3.79)
0 0O 0 v 0 w
| 0 0 0 —v* —O 0
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11 Q12 a3
E = |:0E1 93X3:| s El = CL211 2 0 y
3x3 3x3 a371 O 2

with

arq =(y1 —y3)l cos 0+ (Vo — y4)¢ sin 0+ 202,

1. ~ 1. _. . =~
ar2 =— =(y2 + V1) cosf + §(y1 +3)siné,

2

1 e .o~ 1 _ - ~
— (V2 + y4)sin 6 + §(y1 +y3) cosd,

apz =+ 5
1 . ~ 1 _ . . =~
asp =+ §(y2 +¥4) cost — §(y1 +¥3)sin 6,
1 . I - ~
asy) = — §(y2 +y4)sinf — §(y1 +y3) cos b,
0 0
13}%_1137’:: 3x3 3x3 7
|:03><3 ByR™'Bj
(K = [ O
’ O3x3

03x3

The initial conditions for the estimation and the operator K are

~

g(to) =9

K(to) = diag{1/2,1,1,1/2,1,1}.

Proof. Computation of r,

(3.80)

The extension of (2.34)) to the group G is given by (3.29). Given TeLE(nE) S

TEG, the differential of  in g applied to TeLg(ng) is

Z(s) + £ cosf(s)
y(s) + £ sinf(s)
_ d Z(s)— ¢ cos/@\(s)
dh(g)(TeL5(n") = 5-| _ | G(s) — € sinf(s) | =
w(s)
v"(s)
vY(s)

and thus we can write the operator dh; (/ﬁ) as

[—¢sinf 1 0
+/ cosf 0 1
dh(9) = | +£sind 1 0
—lcosh 0 1
03x1 03x1 03x1

37

(2 — (0 sin 0]
7+ 00 cosf
7 4+ 00 sinf
g’j’—ﬂa’cos@\

-~/

w

i

E}\y/

01x3
O1><3
O1x3

le3
[3x3_

, (3.84)

(3.85)



From the definition of the matrices (3.73)) and (3.74]) it follows that

(DY) 0Qo D™\ (y — (7)) =
g {2 = @ e oaow) ]
d3’d% di did3 A3 &3 ’

composing (3.85]) and (3.86)), and evaluating TeLE’ we obtain (2.34)).

(3.86)

Computation of A
As in the proof of Proposition [3.1]

Computation of F

The function E(t) in (2.38)) extended to the group G is E(t) : § — g* and
takes the form (3.37)). Now we can find the compositions

N\ % —1\* - = . q2 QQ q2 43 44 Q4
(dht<g)) O(D 1) OQOD lodht(g):dlag{ngd% d272d_%’d_§,d_i7d_?1}
(3.87)
and
T
(D70 Qo D7y~ (@) = |diag { 5.5 2, L B % DL (5|
2 Uy 3 3 Uy Oy

(3.88)

Given the twice differentiable function h; : G — R and T LA(ngl) = (gnot, n'h),
T.L5(n%) = (gn*, n'2) € T 7G> the Hessian operator Hess 1i(9) T,G — T,G"
is defined by

Hessh(g)(T. Ly (")) (T. L (1)) =d(dh(g)(T. Ly (n*))(T. L5 (1))

-~ - (3.89)
— (@) (Ve 1 o) (TeL5(n")))
We have
d(dhe(g )(T LA( N LeLs(n™)) =
- 9’€ sin 6(3) —0’ 9’€ cosf|
d y2 + 6”6 cos 9(5) —9’ 9’6 sin (3.90)
i L+ 0,0 sin 8(3) = | +0,6,( cosf| -
Yy — 9/5 oS 9(8) +9' 0’6 sin
L O3x1 i | O3x1

Since we are working with the Cartan-Schouten (0)-connection, we end up
with

~

59 ad(ngl ) (n*, 7792) =

1
5 = (g adymn®,0)  (3.91)

V o o0y (@07, 0™2) = 5
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and so

Y o]
+/9\2?J1 - Qﬂh

!/ =/ !/ =/
_Qg% + €1$2

~ - 1
() (Y (gor gy (@0 1™)) = 5 | +6457 — 0175 | - (3.92)
—052 + 017
O3X1

The Hessian evaluated in (gn?',n1) and (gn?, n‘%2) takes the form

ol - 7+
R . . —QA'I%K sin 6 + %%5’1 - %A’l’x\é
Hesshy(g)(gn™,m™)(gn™. 172) = | +0165¢ cos 0 — 36551 + 360175 (3.93)
+61650 sin 6 + 10,7, — 10,7,
| OBxl |
From ({3.88)) and (3.93) it follows that
1\ % — = -G =
(D™ 0Qo Dy —h(g)))? oHessh(g) =
> L~y 1= o=
a1 —5(Ye+v4) 501 +¥3) Oixs
%(573 + 3%) 0 0 O1x3 (3.94)
—%(}ﬁ +¥3) 0 0 O1xs |’
03><1 03><1 O3x1 03X3
where a1 = —y1/0 cosf — yol sin 0+ vzl cos 0+ v4l sin 0. In conclusion, com-
bining (3.87)) and (3.94) with TeL% and TeLg the result follows.
Computation of W
As in the proof of Proposition [3.1]
Initial condition
As in the proof of Proposition [3.1]
]

3.4 Simulations and discussions

In this section we explain how the second-order optimal minimum-energy filters
on TSE(2) ~ SE(2) x se(2) works.
The inertia tensor of the planar rigid body under consideration (in Figure

and Figure is diagonal

0
0,
m

]I:

o Oy

0
m
0
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where the inertia along the z axis is J = 6.125kgm? and the mass is m =
125kg. The matrix representation of I* is equal to the inverse of [ and I’ = I, as
well. We consider the control inputs 7 = 50sin(z¢) and F = sin(¢) with total
simulation time 7" = 60s. These inputs are used to generate the trajectory g.

To solve all the differential equations we use a Runge-Kutta 4" order
method with integration step 75 = lms. The initial conditions are #(0) = 7/6
rad, z(0) = 1m, y(0) = 2m, w(0) = Orad/s, v*(0) = 0m/s and v¥(0) = Om/s.
The matrices By, R and B related to the model uncertainty , are

B, = diag{0.1,0.1,0.1},

~ |03x3
5=[%].
R =BTB.

Case 1: only velocity measurement

The measured output is obtained by adding a Gaussian white noise with zero
mean and standard deviation depending on D;. For the matrices D; and ),
in and , we choose d3 = 0.1, dy = 0.1 and ¢; = d?, i = 3,4. The
results of the numerical simulation are shown in Figure Comparing the ac-
tual and filtered poses, it can be seen that without measurements on the group
elements we have little biases on x, y, and #. This is not surprising because
the state of the system — is not observable with the measurement
equation (3.16) (see e.g. [16], [40]).

Case 2: positions and velocity measurements

In the case of measurement equation , the measured output is obtained
by adding a Gaussian white noise with zero mean and standard deviation,
depending on D», to the pose obtained integrating and to the velocities
obtained integrating (3.9). For the matrices Dy and Qs in (3.54) and (3.53)
respectively, we chose d; = 1, dy = 0.5, d3 = 0.1, dy = 0.1 and ¢ = d2,
1 =1,...,4. The initial conditions of the filter are as before. The results of the
numerical simulation are shown in Figure [3.6] The filter works well both on
the poses and on the velocities. The system is now fully observable.

Case 3: antennas and velocity measurements

The measurement is obtained by adding a Gaussian white noise with
zero mean and standard deviation depending on D3 to the velocities computed
integrating and to the “antennas” components z; = x + £cos(f), y1 =
x4+ Usin(f), xg = @ — Lcos(h), yo = x — £sin(#) where we chose ¢ = 0.4m. For
the matrix Ds in (3.73]) we chose dy = 0.5, d3 = 0.1, dy = 0.1. For the matrix
@3 in we choose ¢; = d?, i = 2, ..., 4. The initial conditions of the filter,
the actual and measured velocities, are as before, while the “antennas” outputs
are shown in Figure 3.4, The results of the numerical simulation are given in
Figure [3.4] Also in this case, the system is observable.
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Antenna 1 Antenna 2
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Figure 3.4: Nominal (black) and measured (blue) GPS antennas for the third case.

The three filters proposed in this chapter estimate the pose and velocity of a
planar rigid body. Its dynamics is governed by the Euler-Poincaré equation for
rigid body that fits well with the formulation via Lie groups. In particular, the
underlying geometric structure is represented by the tangent bundle TSE(2) of
the special Euclidean group SE(2). The application of the second-order filter is
made more feasible thanks to the Lie algebra isomorphism between g and R3.
The choice of the measurement equation affects the accuracy of the filter. The
first one has as measurement inputs the angular and linear velocity. As can be
seen, this filter does not provide good estimations for the pose since the system
is not observable. Anyway, the accuracy of the velocity is good. This type of
filter can be considered when only measurements on the velocity are available,
or when the other measurements on the pose are not accessible. The second
filter has as input all the dynamic variables and provides good estimations for
all of the dynamic variables. This represents the optimal case when all the
sensors provide direct measurements. The third case has as input the angular
and linear velocity and the position of two antennas integral to the body. This
filter is based on GPS-like and odometer and IMU-like measurements and is
the most relevant for applications.
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Figure 3.5: Nominal (black), measured (blue), filtered (red) trajectories on the left and their
errors (green) on the right for the first case.
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Figure 3.6: Nominal (black), measured (blue), filtered (red) trajectories on the left and their
errors (green) on the right for the second case.
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Figure 3.7: Nominal (black), measured (blue), filtered (red) trajectories on the left and their
errors (green) on the right for the third case.
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3.5 A comparison with the extended Kalman fil-
ter

In this section, we compare the second-order filter, derived for the two anten-
nas case, with the extended Kalman filter. There exist two main versions of
the extended Kalman filter: the continuous and the discrete. We treat the
continuous version since the second-order filter constructed on Lie group is a
continuous version too.

The extended Kalman filter does not require any particular geometric struc-
ture for the dynamics. Thus, we can consider the full dynamic equation (3.10)),
written as

x=f (X, u) +¢
where x = (0, z,y, w, v", vy)T and where the model error £ = (0,0, 0, &, &e, évy)T
is modelled as a Gaussian white noise with variance Ry: & ~ N (0, Rx(t)). We

consider the case of two GPS-like and odometer/IMU sensors studied in Sec-
tion [3.3] (Figure [3.3). The measurement equation is thus given by

v(t) = h3(x(t),t) + ¢

where hg is provided by equation (3.72)) and e is the measurement error mod-
elled as a Gaussian white noise with variance Q: ¢ ~ N(0,Qk(t)). From
these definitions and from equations (3.7) and (3.73), we have

~ |03x3  O3x3 AT
RK - |:03><3 BgBQ:| ) QK - D3 D3-

We now design the continuous time extended Kalman filter for the free rigid
body case. For a rigorous treatment on Kalman filter and extended Kalman
filter see e.g. [1], [17], [28].

Proposition 3.4. For the dynamic model described by (3.10) and (3.72)), the
estimation X(t) and the gain P(t) are given by

- natial conditions:

R(to) = Elx(to)], K (to) = Var[x(to)], (3.95)
- predict-update:
X(t) = FR(), u(t) + P)(y(t) — hs(R(t))), (3.96)
K(t) = FOK(t)+ K F(t)" — P)H(t)K(t) + Ri(t), (3.97)
Pt)=KMOHU) Qxr(t)™, (3.98)
where
i 0 00 1 0 0
_%sinf —ecosh 0 0 O cosh —sind
F(t)—a—f o 7Pcosh —Ysinf 0 0 0 sinf —cosf
ox x=2(t) 0 00 O 0 0
0 0 0 v 0 w
i 0 0 0 —2* —-W 0 |




and

[—¢sin® 1 0 0 0 0
fcos 0 1 0 0 0

Ohs (sinf 10000
H@)Zg = |—fcosh 0 1 0 0 0
00100

00010

0000 1

We will refer to the second-order optimal filter derived in Proposition [3.3]
as JFr, and to the extended Kalman filter derived in Proposition as Fx.
The formulations of the two Propositions are similar: both try to estimate the
state variables considering the correction of the dynamic equation obtained by
adding a “gain” that has to satisfy a Riccati-like equation. The main difference
between the two approaches regards the fact that Fx does not take into con-
sideration the geometry of the system. Moreover, F; allows more freedom in
the construction of the filter. Firstly, in the choice of the connection function
w that describes the derivation on the tangent space, that is not necessary
for Fy since the geometric differential structure is neglected. The presence
of the initial term in the cost function enables us to have more
choices in the starting initial condition of F;. Finally, the presence of the
forms R and Q in the incremental cost of let us weigh the contri-
bution of the variances of the model and measurement errors. It should also
be taken into consideration that the construction of the Kalman filter started
from the hypothesis of linearity of the dynamics and Gaussianity of the errors,
the second-order filter, instead, does not require them.

In order to better investigate the relation of the filters Fx and F,, it could
be useful the following Proposition.

Proposition 3.5. Under the hypothesis of linear dynamics and quadratic cost,
the second-order optimal filter and the extended Kalman filter are equivalent.

Proof. We consider the state variables x = (21, ..., z,)” and the dynamic linear
system x = F'x, in extended form

.fbl :F11$1+"'+F1n37n

: (3.99)
ifn = n1x1+"'+anxn

where Fj;, 7,7 = 1,...,n are the components of the matrix F'. This system

evolves in R", that is a Lie group with the addition operation. A matrix Lie

group representation for an element x € R" is given by g € G where G is the
matrix Lie group

G:= { {é"xn )1(] € GL(n+1),x € R”} . (3.100)
1xn
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The matrix multiplication produces

Inxn X1 In><n Xo| In><n X1 + X2
{om 1} {om 1} = {om 1 } (3.101)
from which we can derive the inverse of g
1 —X
-1 _ nxn
g = [Olm 1 ] . (3.102)
The Lie algebra g of GG is given by
gi= Onxcn n e R(n+1)><(n+l)7nx c R"” (3103>
len 0

with the Lie bracket [-,-]; = O(mq1)xmt+1)- We define the Lie algebra isomor-
phism A : g — R” from the Lie algebra g with Lie bracket [-,:]; to the Lie
algebra R" with Lie bracket [-,:]gn = 0,1. It follows that, given an element
n? € g, the matrix representation of the adjoint operator is null

adng = 0(n+1)><(n+1). (3.104)

The tangent map and its dual are the identity matrix.
The dynamics is described by

9rg=N (3.105)

and since we consider a linear system, the left-trivialized dynamics has the
vector representation (in the Lie algebra R™)

Az, Fizy+ -+ Fipa,
=] | = : = Fx. (3.106)
)\x Fn1x1+"'+an$n

n

The differential of the left-trivialized dynamics A; is d\; = F'.
For the measurement equation we choose

Hyxy+ -+ Hipzp
hy = : = Hx (3.107)
lexl + Hpnxn
where H € RP*™. The differential of the measurement equation h; is dh; = H.
Now with these considerations, we can prove the equivalence of the filters.
To emphasize the additional property of the group operation, we will use as
argument of the functions the wordings x. Moreover, we will drop the time
dependence when not needed.
The hypothesis of quadratic cost leads us to rewrite Equation ([2.29) as

J(0,e,x0;t,tg) = /t 0(6(r),e(r), t, 7)dr (3.108)

to
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which means that the initial cost equation (2.30)) evaluated in x¢ is equal to
7ero
m(xo,t,to) = 1/2e*"0mg(x0) = 0. (3.109)

We choose the starting quadratic cost
mo(xo, t,to) = %(X — E[xo])? Var[xo] " (x — E[xq]). (3.110)
This equation attains its minimum at E[x(¢y)]) which proves that
Xo = E[x(t0)]- (3.111)
Its Hessian at tg is
Hess mo(x(to), t, o) = Var[x(to)] " (3.112)

The starting condition for the operator K of the second-order filter is the
inverse of Xy in equation (2.36)), and thus

K (ty) = Var[x(ty)]. (3.113)

The incremental cost in (2.31]), with the choices & = 0 and the matrix form
for R and Q equal to the identity matrix, becomes

0(0,e,t,7) = (6,0) + (g,¢). (3.114)

From the construction of the Lie group G and the derivation of the various
maps and operators, the residual in (2.34) takes the form

r(X) = T.LE (D) 0 Qo Dy — l4(X))) o dhy(x)]
— (DY DYy — h(x))) H]T (3.115)
= H"Q' (y — (%))

where with Qx = DT D we define the variance of the measurement error.
The operator A is defined in (2.37)) and takes the form

A(t) = (X u) o T Lg — ady, ) — o) = F (3.116)

since the dynamics is linear and both the adjoint operator and torsion are the
null matrix.

The operator E is defined in ([2.38)) and takes the form

E=~T.L:0 [((D7) 0 Qo D7y — (%)) o Hess hy(5)
—(dh(X)) o (D™ oQoD o dht(&\)] oT.Lx.
(3.117)
The Hessian operator in this case is a 3-dimensional tensor with all the entries
equal to zero since the measurement equation is linear. From the definition of
Qx = DT D it follows that
E=H'Q/H. (3.118)
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The connection function is the null operator since the Lie bracket operator
vanishes.

With the new operators, the Riccati equation (2.35)) becomes
K=—a K+AoK+KoA*"—KoEoK
+BoR 'oB* —wg, 0 K — Kuwj, (3.119)
=FK+ KF" - KH"Q/'HK + Ry

where Rx = BT B is the matrix variance of model error.

From (3.105)) and (3.106)) it follows that we can rewrite (2.32)) as
X = FR+ Kry(3)
= FX+ KH" Q¢ (v — (X))

From the equations ([3.119) and (3.120) and defining P = K HQ}", we obtain
the Kalman filter form. O

(3.120)

3.6 Comparison and simulations

In these simulations, we show how the two filters F; and Fx work when we
set them in the same conditions. With this, we mean that we choose the
parameters of the optimal problem filter F; (initial conditions, operators R
and @, etc.) as done in Proposition For the inertia tensor of the planar
rigid body under consideration we set J = 6.125kgm? and m = 125kg.
We consider the control inputs u,, = 10sin(3t) and u, = 3 sin(3¢), with total
simulation time 7" = 60s. The initial conditions are 6#(0) = 7/6 rad, z(0) =
Im, y(0) = 2m, w(0) = Orad/s, v*(0) = Om/s and v¥(0) = Om/s. The
forgetting factor « in (2.35)) will take the value & = 0. The matrices R and
@ related to the incremental cost function are the identity matrices. The

matrix B, in related to model error is By = diag{b, by, by} and thus
Rk = {03“” 0;“” } where we put b, = 0.1, b= = 0.1, byy = 0.1. The
Osx3 B3 Bs

matrix D3 related to measurement error is given by and Qg = DI D,
where we choose dy = 0.5, d3 = 0.1, dy = 0.1. We consider two time steps of
Ts = 1ms and T, = 10ms. In Figure 3.8 and [3.9) are shown the trajectories
for the dynamic variables filtered with both filters. As can be noticed, F;, and
Fi results overlap almost perfectly. This is due to the fact that, even if the
dynamics is nonlinear, the integration step is sufficiently small to consider the
dynamics almost linear. This aspect is clear in Table 3.1 where the mean,
the standard deviation and the root mean square of the difference between the
reference and filtered trajectories

are shown.
It is known that the Kalman filter produces the optimal estimations for lin-
ear systems with quadratic costs and Gaussian errors. Proposition [3.5] and the
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fact that in the simulations the extended Kalman filter and the second-order
filter on Lie groups present the same behavior show that, in these cases, the re-
sults of the two filters are comparable. The major difference concerns the fact
the second-order one allows to have more freedom in choosing the parameters
(matrices R, B, connection function...). Another important difference regards
that the differential equation for the gain operator K is defined on the whole
tangent space in the Kalman case, while it evolves on the Lie algebra in the
geometric filter case. The corrected Lie algebra components are then mapped
onto the tangent space through the left-trivialized dynamics. This suggests
that in the case of fast dynamics, with a longer sampling time, the second-
order filter could perform better since it considers the geometric structure of
the system between samples. As future works, it could be worthwhile to design
a discrete version of this filter and compare it with the discrete Kalman filter.

Table 3.1: Mean, standard deviation and root mean square values of the errors for T, = 1 ms
and Ty = 10 ms.

T EKF TSE(2) 2nd order
ol o rms ol o rms
Af[mrad] | 1.8 66 69 | 1.9 68 7.0
Az [mm| |-02 71 7102 74 74
Ims | Aymm|] | 03 71 71 00 7.6 76
Aw [22d] 100 1.9 19 ]01 19 1.9
Av [22] 102 35 35|01 34 34
Avv [m2] 102 24 24 |-02 26 26
Af [mrad] | -6.8 164 17.8|-59 17.6 186
Az[mm] | 49 316 32.0| 57 320 325
10ms | Ay[mm] |-3.6 232 235|-52 260 265
Aw [22d] |05 58 58 |07 58 58
mml 125 103 106| 22 95 98
mol 01 67 68 |-00 7.7 77
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Figure 3.8: Measured (sky-blue), nominal (black), filtered with the Second-order filter (red),
and filtered with extended Kalman filter (blue) trajectories on the left and their errors on

the right with time step Ts = 1 ms.
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Figure 3.9: Measured (sky-blue), nominal (black), filtered with the Second-order filter (red),
and filtered with extended Kalman filter (blue) trajectories on the left and their errors on
the right with time step Ts = 10 ms.
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Chapter 4

Second-order optimal filter applied
to the Chaplygin Sleighﬂ

In this chapter, we apply the second-order filter to the Chaplygin sleigh which
is a planar rigid body with nonholonomic constraint (see e.g. [3], [29], [37]).
The main difficulty is represented by the fact that the presence of nonholonomic
constraint modifies the state space and some considerations have to be taken.
The recognition of the geometric structure is obtained through the use of
Hamel’s equations. A relevant importance in this type of filter is represented
by the choice of the affine connection (|9], [27], [30]).

4.1 The Chaplygin sleigh

The Chaplygin sleigh is a nonholonomic system that models a planar rigid body
supported at three points, two of which slide freely while the third is a blade
at distance a from the center of mass and that cannot move perpendicularly.

Let 3, = {eﬁ, eli} be the right-handed body frame attached to the Chaplygin

sleigh centered at the contact point between the blade and the ground with
the eﬁ-axis aligned with the blade, and let ¥; = {e,,e,} be an inertial frame
(also called space frame) fixed in space as shown in Figure [£.1]

The configuration space is SE(2) with coordinates ¢ = (6,x,y), where
(x,y) denote the position of the contact point of the blade in the plane, and
0 is the angle that the blade forms with the horizontal axis e,. The velocity
components, also named quasi velocities or Hamel’s velocities, with respect to
the body frame ¥, are (w,v,v,), where w is the angular velocity, v and v
are the (linear) velocities of the body along the eﬁ and e’ axes, respectively.
The nonholonomic constraint imposes that the orthogonal component v, of
the velocity with respect to the blade vanishes, namely v; = 0. In the inertial
frame, where (6’, &,7y) are the components of the velocity, the constraint reads

IThis chapter is based on the work
> Rigo D., Sansonetto N., & Muradore R. Second-order-optimal filtering on SE(2) x R? for
the Chaplygin sleigh (accepted) presented at System & Control Letters.
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Cx

Figure 4.1: Planar rigid body where the blade is indicated with a thicker segment and the
two passive supporting wheels as e.

as
Tsinf — ycosf = 0. (4.1)

The velocities (0, &,7) and quasi-velocities (w,v,v,) are related by
i=wvcosf, §=wvsinf, 0=uw. (4.2)

The nonholonomic constraint (4.1]) defines a constant rank-2 distribution D on
the configuration space locally generated by
0

X, = COS@é —l—sin&2 X, = —

Ox oy’ 00’ (43)

called constrained manifold. The state space, that is the constrained manifold,
can be therefore identified with SE(2) x R? and parameterized by (6, x,y,w, v).

The center of mass (z.,y.) is settled at distance a from the contact point
(x,y) according to the equations

(TeyYe) = (x +acos b,y + asinb). (4.4)

We denote by J the inertia along the axis passing to the center of mass and
orthogonal to the plane and with m the mass of the rigid body. The control
inputs u(t) = (7(t), F(t)) are functions of time that act respectively as a torque
applied around the contact point and a force applied to the center of the body
frame along eﬁ as shown in Figure .

In order to put in evidence the geometric structure of the dynamics, it is
useful to consider Hamel’s approach to the equations of motion of nonholo-
nomic system (see [3|, [4]). Hamel’s equations with external input are then

mv = maw? + F,
2y - (4.5)
(J +ma”)w = —mavw + T.
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Equations together with define the motion of the Chaplygin sleigh
with external forces. We stress the fact that the constrained manifold D can
be identified with SE(2) x R?, and therefore it can be endowed with a Lie
group structure.

Since we assume that our model is not perfectly accurate, we add a model
error that consists of an additive term that takes into account unmodelled
dynamics and uncertainty on the parameters’ values. According to [35], it
only affects the evolution of the velocity of the system and not the kinematics.
This error is denoted by £(t) = (&,(t), &, ()T and is modelled as a Gaussian
white noise with zero mean and diagonal and positive definite variance .

The controlled Chaplygin sleigh equations are then (see e.g. [3])

(0(t) = w(t)
z(t) =w(t)cosd(t)
y(t) =wv(t)sind(t) (4.6)
W(t) = —mawt)v(t) + 7T () + &)

L0(t) = aw(t) + LF(1) + & (8).

The measurement equation is given by

y(t) = h(g(t)) + De(t) (4.7)
where
[2(t) + ¢ cos(6(t))]
L
_ | x(t) — £ cos(0(1
h(g(t)) - y(t) . g Sln(@(t)) ) (48)
w(t)
v(t)

represents a GPS-like system that provides the position of two antennas on
the rigid body located at distance ¢ to the origin of the body frame ¥, (see
Figure , and an INS-like system that measures the angular velocity w and
the linear velocity v along the eﬁ axis. The measurement noise € is modelled
as a Gaussian white noise with zero mean and diagonal and positive definite
variance A.

4.2 The SE(2) x R? structure

We recall that, given the Lie algebra se(2) of SE(2), we introduce the Lie
algebra isomorphism " : R? — se¢(2)

7’ 0 —n 7
Q=" — Q== 0 (4.9)
Y 0 0 0
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X

Figure 4.2: Planar rigid body with two antennas 9.

from the Lie algebra (R3 %) to the matrix Lie algebra (se(2),[-,]), where x :
R3 x R?® — R3 is the Lie bracket operation defined as

] [ 0
ARNUARSUCELUAR (4.10)
n] o Ll s — g

and [-, -] is the usual matrix commutator.

The tangent bundle TSE(2) is isomorphic to SE(2) x se(2) via left transla-
tion; since we impose the nonholonomic constraint v; = 0, a sub-bundle of it
describes the admissible velocities. The velocity pair V = (w,v)? is an element
of R? that is a Lie group with respect to the sum operation, with abelian Lie
algebra R?. The elements of such Lie algebra are denoted by 7" = (n~, 7).

An element § = (g,V) € G := SE(2) x R? can be represented by a 6 x 6
matrix

g O3x2 0O3x1
gz 02><3 ]2><2 V > (4.11)
O1x3 Oix2 1

and the group operation is defined by
(g, V)-(f;,W) = (gf,V+W) (4.12)

with unit element e = (I3x3,02x1) and inverse (g,V)™' = (g7, —V). The
Lie algebra g = s¢(2) x R? of G can be identified, up to Lie algebra isomor-
phism, with R5. We exploit this isomorphism to work on R® and to report the
operators that appear in the optimal filter equations in their matrix forms.

Let 79 = (n?,n") be an element of §, the matrix form of the ad,s operator
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is given by the 5 x 5 matrix

0 0 0  Oixe

nY 0 —779 O1x2
d.g = . 413
a 7 _77:1: n@ 0 01><2 ( )
O2x1 O2x1 Oax1 O2x2

Finally, the matrix representation of the tangent map is

1 0 0 01x2
0 cosf —sinf Opxo

Telg = 0 sinf cosf Oixo

(4.14)
02><1 02><1 02><1 ]2><2

whose dual map matrix representation T, L} satisfies T, Ly = (T, LLg) T

4.3 Chaplygin sleigh optimal filter

We rewrite equation (4.6]) using the geometric structure outlined in Section
as

g(t) = g(t)(\(G(t), u(t) + Bé(t)), F(to) = o, (4.15)
where g(t) = (g(t),V(t)) € G is the state, u(t) € R? is the input, d(¢) is a
Gaussian white noise with zero mean and unit variance, B : R* — g is a linear
map with matrix representation B € R5*2

| 0O3x2 by O
e .

such that B, (t) is a zero mean white Gaussian noise with variance X = BT B,
and \ : G x R? — g is the left-trivialized dynamics (4.18]). The function X\ can
be rewritten splitting it into its SE(2) and R? components obtaining

g g=X", V=DM + By (4.17)
where A = ()\gA, Av) € g. In particular, the expressions for A\, and Ay are
w

_ _ ——ma_ i+ —L o7
)\9<g7 u) = 8 ) Av(g,U) - J+7rgz;2 + %JFerC@ . (418>

The measurement equation (4.7) can be then rewritten as
y(t) = h(g(t)) + De(t) (4.19)

where h : G — RS is the output map (4.8)), € € RS is the measurement error
and D : R® — R is an invertible linear map with the property that e = Dz
(i.e., A= DTD,  is a Gaussian white noise with zero mean and unit variance).

We choose for the matrix D in (4.7)) the matrix form
D = diag{d27d27d27d27d37d4}‘ (42())
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For the cost functional to minimize (2.29))-(2.31)), we consider o« = 0 and
the initial cost

mo(@) = 51— (0)3, 13 (121)

where [|-||% stands for the Frobenius norm, while for the matrix representation
of the forms R and Q we choose

R = diag{ro.r.) (1.22)
Q = diag{qs, 42, 92, @2, G5, ¢4 }- (4.23)

We define the weighted output error y as
7= ldog (B8 2000 -ner. @)

In this section, we use the Cartan-Schouten (0)-connection given by w(® =
sad [34].

The following proposition is an extension of the theorems in [35], [32] to
the nonholonomic case, and represents the second-order-optimal filter tailored
for the Chaplygin sleigh case.

Proposition 4.1. Consider the dynamic system with measurement
equation where the output map h and the linear map D are given by
and (4.20), respectively and where the operator B takes the form .
Consider the cost functional — where the initial cost mg is given by
(4.21) and the matriz representation of the forms R, Q are given by
and , respectively. Then the second-order optimal filter is

?1?]\ = (('/J7 @\7 0)/\ + (Kllrg + KIQT‘/)A (425>
By __ma 2’\’\4_ ;2
V = |: J+m§@(';z_ EJ+ma + (Kﬂrg + KQQ’T’V) (426)
where the residual v is
_ —~ ~ T
—(y1 —y3)¢ sinA@ + (2 — ya)/ C(/)\S@
ek (1 +¥3) cost + (y2 + ya) sin6
T ['r’v} = | —(Vi+ys)sinb+ (yo +ya)cost | - (4.27)
Vs

The optimal gain K = (K1, Ki2; Ko1, Ko) : (R%)* — RS (with Ky, € R33,
Ko € R¥*?2 Ky € R?3 and Koy € ]RZXQ) s the solution of the perturbed
matriz Riccati differential equation

K=-aK+ AK + KA" — KEK + BR'BT

. (4.28)
~W(K,r)K — KW(K,r)
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where

(4.29)

o
I
o oo o
|
&)
o O o &) o

0
0
0 (4.30)
0
g4
a3

with

~ ~ ~ ~ ~ L q
a1 =(y1 —¥3)l cosO + (Yo — ya)l sin 6 + 2d—§€2,
1

0,172 = — 5672 + ’}74) 0089 +

1 o~ .
a3 =+ §(Y2 +y4)sinf +

(V14 v3)sin 6,
(y1 + ¥3) cos @,

1 - ~ -~ ~ .
asyn =+ 5(}’2 +¥4) cost — = (y1 +y3)sin6,
1

agy = — 5(V2 +ya)sin6 —

5 (V1 +¥3) cos 5,

N o =N o) -

and .
=ad via 0
W K,T’ — |2 (K11m94+Ki2rV) 3x2 .
( ) 02><3 O2><2

The initial conditions for the equations (4.25)-(4.26) and (4.28) are

~

9(to) = o (4.32)
K(to) = diag{1/2,1,1,1/2,1,1}. (4.33)

(4.31)

Proof. In what follows we will use 79 = (9, n*,n%,n*,7°)T € R’ to indi-
cate the vector form of an element of the Lie algebra g and with T.Lz(n7) =

(0, 2"y, w',v")T the vector form of an element of the tangent space Tga.

Computation of r

According to |35], [32], the residual r € (R®)* is given by
r@ =T.LE[(D7) QoD (y —h(@)) 0 dh(@)] . (434)
From the definition of the matrices D and () it follows that
(D™ oQoD 'y —h(g) =7 (4.35)
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Given T, Lz(n?) € R5, the differential of h in g applied to T.L5(n?) is

dh(9)(T.L5(n%)) =
[ Z(s) + £ cos @\(s)- (% — (0 sind |
7(s) + £ sin6(s) 7 + 00 cosf
_ d Z(s) — £ cos é\(s) _ |7+l 0’ sin @ (4.36)
dsls=0 | 7(s) — ¢ sin 5(3) 7 — (0 cosf|’
w(s) o'
0(s) | i v’ |

and we can write the operator dh @) as

[—¢sinf 1 0 0 0
+lcosf 0 1 0 0O
= _ |+¢sinf 1 0 0 0
dh(g) = ~ 4.37
( ) —Llcos 0 1 0 O ( )
0 0010
0 000 1
Using (4.37) and (4.35) we obtain
(D)0 Qo D!y — h(7))) o dh(g) =
~ ~ .o ~ ~ T
—(y1 — y3)l sin@ + (y2 — y4)¢ cosf
y1+7Ys (4.38)
= y2 +ya :
Zs
Y6
Evaluating T, 6L§ on (4.38]) we finally get (4.27]).
Computation of A
The expression for the operator A : R® — R3 is
A=diAg u) o ToL: — ady ) — Ty (4.39)
Given T,L=(n?) € R®, the differential of A is
~ — d )\ (S)
di A T.L~(n%)) = — g =
1 (guu)< g(n )) dS s=0 |:>\V(S):|
w(s) W'
1 o(s) v (4.40)
= _— 0 = 0
dsls=0|  maw(s)v(s) I  ma(@0+90)
J+ma? J+ma? J+ma?
a’(s) + £ 2000



and thus

000 1 0
000 0 1
diA(G,u) o TeLz= 0 0 0 ga@ gaa : (4.41)
000 = J+maZ ~ J+ma?
000 2aw 0

The adjoint matrix representation (4.13)) implies

0 0 0 Oixe

00 =B 0he
=15 5 o o] (4.42)

02x1 02X1 02x1 O2x2

Since we consider the Cartan-Schouten (0)-connection form w(® = %ad, the
torsion function Tz ) vanishes (see [22]), thus, in matrix form, it is given by

0 0

02x3 02x2
Using (4.41)), (4.42) and (4.43)) we obtain (4.29)).

Computation of F
The operator E : R® — (R®)* takes the form

Ql

T
g

E=- TGL% o [((D™)*eQoD (y— h@))) o Hess h(3)
— (dh(@) o (D) 0Qo D odh(g)] o oL

g

(4.44)

From (4.37) and the definitions of the matrices D and @) we can find the

composition
(dh@\))* o(DH*oQoD o dh@\) =
42 ,492 43 Q4> (4.45)

. q2
—d 9dz 2 9dz od2 15 12
1ag( d% ’ d%’ d%’d%’di

The function
(D7) 0 Qo D7y = h(7) : R® — (R%)"
in lifted through the exponential functor (-)TEé to the linear map
(D7) 0Qo D7 (y = h(@)) "™ : LG, RY) — LITE, (BY)")
defined as
(D7) 0 Qo DMy —h@) " = (D7) 0 Qo Dy — h(@)) o &.
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Lot TLLs(%) = (B, 2,51, 0L, 50)7, ToLs (%) = (B, 7,55, 04, )" € 150
be two vector fields, then the Hessian matrix is defined by

Hess h(g)(T.Ls (7)) (T. L(n%)) =d(dh(@)(T.Ls(n")))(T.L5(n"))

e ; (4.46)
— dhE) (Va1 oy (T L 072),
from the choice of Cartan-Schouten (0)-connection, we get
_ 1 _
V1, Lo (TeLgn®) = §T6L§(adngl n92). (4.47)
The Hessian evaluated in T, Lzn?t and T.Lzn% is therefore
(0,030 cos 0 — 10471 + 10,7, |
—6’ 9’6 sin 6 + %%%’1 - %HA’@’Q
~ _ _ 0o 1l 1/
Hessh(9) (L. Leif" ) (T. L) = +005¢ cosf — QQQEA + 29132 (4.48)
+0, 0'€ sin 6 + 04T — 2017,
0
- 0 -
From (4.35)) and (4.48) it follows that
—1\ % 1 ~ 0\ TG =
(D) 0Qo D™y —h(g))) *" o Hessh(g) =
I L~y 1
ap —5(Ya+v4) 501 +¥3) Oixe
3 (V2 +¥4) 0 0 O1x2 (4.49)
%(}H +¥3) 0 0 O1x2 |’
02><1 02><1 02><1 O2><2

a;1 = — y1l cos 0 — yof sin §+ v3l cos §+ y4f sin 0.

In conclusion, combining (4.45) and (4.49) with TeL% and T¢ Lz, the matrix
(4.30) is obtained.

Computation of W

From the adjoint matrix form (4.13) and the Cartan-Schouten (0)-connection
(see, e.g., [33],[34]), we have

W(K7 T‘) = 5ad((K11T9+K127‘V)A,(K21TQ+K22TV)A)
(4.50)

1
23k ro vy O3x2
O2><3 O2><2

Initial condition

The initial condition for the filter is given by ([2.33|) while the initial condition
for the gain is K (to) = X, ' where the operator X, : § — g* satisfies (2.36]).
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We rewrite mg as
e 1 1 1
mo(g) = —||I g ()Gl = St [((Isxe — G '90)" (Ioxs — T 'Go)] - (4.51)

From (4.12) it follows

Isxs — 990 Osx2  Osxa
Iixe =G 0o = O2x3 O2x2 Vo=V (4.52)

01><3 01><2 01><1

and thus

(Isxs — G "Go)" (Isxs — G 'Go)

(Isxs — 97'90) (Isxs — 97 '90)  Osxa 031 (4.53)
= O2x3 0252 O2x1
013 Oz (Vo = V)T (Vo= V)

Computing the trace we obtain
1
mo(7) 25[4(1 —cos (0 = 6o)) + (z — x0)* + (y — o)
4+ 2(w — w)? + (v — 1g)?]

and from (2.33) it follows that g(to) = g,. B
The Hessian of the function mg at a point g € GG is defined as

Hess myo(9)(9X)(gY") = d(dmo(g)(@Y))([GX) — dmo(9)(Vax (9Y))
for all gX, gY € Tga. The differential of mg is given by
dmo(g) = [2sin (0 — 6o) (z—0) (y—wo) 2(w—wo) (v—wo)] (4.55)

while, given T, L=(n") = (gn?,n"1), T.Lz(n%2) = (gn”,n"?) € Ty5, the affine
connection yields

(4.54)

0

9291 ‘91?/2

—0,7 + 0,7, | - (4.56)
0
0

N —

V o vy (G017, 1"?) =

Combining (4.55)) and ( - we obtain

dmo( )(VT LA (n91) (TeLﬁ(n%)))

~ ~ R (4.57)
= (& — 20) @7~ 0,3) + (v — vo) (03T} + ;7))
that evaluating in /jo produces
dmO(@O)(vTeLg(ngl)(TeLE(UEQ))) =0. (4.58)
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The double differential takes the form
d(dmo(9)(@Y))(gX) = diag{2cos (6 — 0y),1,1,2,1} (4.59)

that, evaluating in /ﬁo, produces

d(dmy(9)(9Y))(gX) = diag{2,1,1,2,1} (4.60)
and thus, from and
Hess my(g,) = diag{2,1,1,2,1,1}. (4.61)
From
K(ty) = X' = (T.L o Hess mo(Go) o ToLz )™ (4.62)

we obtain the initial condition of K (ty)

K(ty) = (T.L;, )" (Hessmo () (T.LZ )"

(4.63)
= diag{1/2,1,1,1/2,1}.

This computation ends the proof. O

Remark 1. If one considers the case where only GPS measurements (the first
four lines in (4.8)) are available, then the residual r and the matrix £ become:

~ T
—(y1 —y3)¢ sinAH + (2 — ya)/ C(/)\SQ
(y1 +¥3)cos0 + (Y2 + y4)sin 6

"= e T ~ |, (4.64)
—(V1 +¥3)sin @ + (y2 + y4) cos 6
OQXI
aiq arz  arz Oy
E _ a?,l 23_% 0 01><2 (465)

q2
as 1 0 2% O1x2
02x1 02><1 02x1 02x2

The state is still observable using a computation similar to [40].

4.4 Optimal filter with nonholonomic constraint

The aim of this section is to investigate under which conditions the filter pre-
serves the nonholonomic constraint , that the formulation in Section
cannot guarantee. The preservation of the nonholonomic constraint produces
more feasible trajectories that will be more suitable for control implementa-
tions.

We first observe that, if the dynamics does not present model errors, the
nonholonomic information is enclosed by the left trivialized dynamics, in par-
ticular by its “group” part

A(T, 1) = (4.66)

o < &
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where the last entry is equal to 0, because it represents v, that is the orthog-
onal projection of the linear velocity with respect to the first axis direction. In
order to preserve the constraint, it is necessary to “force” the filter to keep such
value equal to 0 on the right-hand side of the equations —. It is not
possible to act directly on the filter parameters in order to impose the third
component of the residual be always 0, thus, it is necessary to operate
on the gain operator K structure whose dynamics is governed by the Riccati
equation (4.28).

Whenever the third row and column of the operator K in are 0,
the product KE'K has the third row and column equal to 0, whatever the
components of E. Moreover, since the system has only model errors that
apply to the dynamics that model the evolution of the velocity and not to the
kinematics, the term BR~' BT has non-null components only on the last 2 x 2
submatrix. The analysis can be therefore limited to the study of the operators
A and W and on the choice of the connection function. Continuing working
with skew-symmetric connection functions (see e.g. [9], [30]), a choice of the
connection could be VxY = AX,Y] with A € R. A generic version of the
operator A provided in suggests, for our purposes, to set A = 0, which
corresponds to the Cartan Schouten (-)-connection w(~) = 0 and produces

0 00 1 0
0 00 0 1
A=1lo00 0 0o . (4.67)
000 _Jlnn(llaQU _Jlnrsoﬂw
0 0 0 2a0 0

With this choice, the operator W is represented by
W = 05><5, (468)

and then the products W(K,r)K and K7W (K,r) have the third rows and
columns equal to 0. The new matrix representation for the operator E be-
comes:

-(11 0 0

(4.69)

o
o
o © o o

S o o oo

with
~ ~ ~ ~ ~ . q
ar1 =(y1 —y3)l cosO + (Vo — y4)l sinf + 2d—2€2.
The preservation of the nonholonomic constraint is then granted by choos-

ing the initial conditions of the operator K as

loxa O2x1 Ogxo
K(to) = [O1x2 O1xa Oix2 | - (4.70)

O2><2 02><1 12><2
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4.5 Simulations and discussions

In this section, we show how the second-order optimal filter applied to the
Chaplygin sleigh works in simulated scenarios. We set J = 6.125 kgm?, m =
125 kg, a = 0.3 m and ¢ = 0.2 m. We consider the control inputs 7(t) =
10sin ((1/2)t) and F(t) = (1/2)sin ((1/5)t). The total simulation time is 7" =
20s. The initial conditions are #(0) = 7/6 rad, x(0) = 1m, y(0) = 2m,
w(0) = Orad/s and v(0) = Om/s. For the matrix D we choose dy = 0.4,
ds = dy = 0.2, while for the matrix By we choose b, = b, = 10. To solve all
the differential equations we used a Runge-Kutta 4" order method with steps
T, = 10ms and 7; = 1 ms.

Figures and show how the filters work with a sample time of 10ms
in the cases of Cartan-Scouten (-)-connection (A = 0) and Cartan-Scouten
(0)-connection (A = 1/2) using both GPS and INS devices and only GPS. The
estimation errors are calculated with respect to the nominal values

~

AO:=0—-0, Ar:=x-—T,

Figures and show the same trajectories and errors in the case of a
sample time of 1ms. Table and Table compare the mean, the standard
deviation and the root mean square values of the errors obtained by applying
the second-order filter in the GPS+INS and GPS cases, with both connection
functions, using Ty, = 10ms and T, = 1 ms, respectively.

The filter designed on the Chaplygin sleigh using the Cartan-Schouten (0)-
connection provides a good estimation both for the pose and the velocity, even
if the two antennas do not measure directly the position of the contact point of
the blade nor the orientation. The filter designed using the Cartan-Schouten
(-)-connection has less accurate estimations but preserves the nonholonomic
constraint. With no INS measurements, the accuracy of the velocities for the
Cartan-Schouten (-)-connection gets worse, but it allows to gain precision on
the positions. Instead, for the Cartan-Schouten (0)-connection the addition
of the INS measurements improves all the estimations. In both cases, a finer
sampling of measurements greatly improves the accuracy of the estimates as
can be seen by comparing the Ty = 10 ms and 7y = 1 ms cases.
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Table 4.1: Mean, standard deviation and root mean square values of the errors for T, = 10 ms
for the cases A = 1/2 and A = 0 (in bracket).

GPS+INS GPS

v o Ims w o rms

Af [mrad] 28.7 41.1 20.1 -2.1 180.5 180.4
(71.1)  (32.7)  (78.2) | (-6.8) (194.7) (194.8)

Az [mm] 0.3 192 192 | 49 668  67.0
(-37.8)  (122.6) (128.3) | (-13.8) (77.9) (79.1)

Ay[mm] | 205 309 371 | -11.6  59.3  60.4
(-281.0) (177.6) (332.3) | (-51.9) (103.2) (115.5)

Aw [mm/rad] | 12.3 94.2 95.0 -2.5 208.8  208.8
(12.3)  (94.2)  (95.0) | (4.4) (203.8) (203.8)

Av[mm/rad] | 4.9 99.4 995 | 00 2495 2494
(4.8)  (99.4) (99.4) | (15.4) (251.9) (252.3)

Table 4.2: Mean, standard deviation and root mean square values of the errors for 5, = 1 ms
for the cases A =1/2 and A = 0 (in bracket).

GPS+INS GPS

v o rms i o rms

Af [mrad] -0.1 6.6 6.6 -6.1 44.4 44.8
(49) (9.2) (10.4)| (-4.0) (57.0) (57.1)

Az [mm] 8.3 9.5 12.6 5.5 209 217
(-0.4) (18.0) (18.0) | (-88) (31.9) (33.1)

Ay[mm] | -61 73 95 | 51 163 17.1
(-28.6) (22.0) (36.1) | (-33.5) (36.6) (49.6)

Aw[mm/rad] | 15 312 312 | -1.1 542  54.2
(15) (312) (31.2) | (-0.4) (57.1) (57.1)

Av[mm/rad] | -1.8 339 339 2.8 771 772
-1.9) (33.9) (33.9)| (1.0) (80.0) (80.0)
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Trajectories Errors
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Figure 4.3: Nominal (black), measured (blue), filtered with A = 1/2 (green) and filtered
with A = 0 (red) trajectories on the left and their corresponding errors on the right with
GPS and INS in the case T = 10ms.
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Figure 4.4: Nominal (black), measured (blue), filtered with A = 1/2 (green) and filtered
with A = 0 (red) trajectories on the left and their corresponding errors on the right with
only GPS in the case Ty = 10ms.
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Figure 4.5: Nominal (black), measured (blue), filtered with A = 1/2 (green) and filtered
with A = 0 (red) trajectories on the left and their corresponding errors on the right with
GPS and INS in the case Ts = 1ms.
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Figure 4.6: Nominal (black), measured (blue), filtered with A = 1/2 (green) and filtered
with A = 0 (red) trajectories on the left and their corresponding errors on the right with
only GPS in the case T = lms.
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Chapter 5

Second-order optimal filter applied
to an n-articulated vehicle syste

In this chapter, we design the second-order optimal filter for an articulated
n-trailer vehicle when masses and inertias parameters are (i) known at each
instant of time, (ii) unknown but time-invariant, treated as constants, (iii)
unknown and time-varying and thus treated as state variables and filtered.
The nature of the nonholonomic and hooking constraints allows us to estimate
the other dynamic variables like the poses of the trailers and their velocities.

5.1 The dynamics of an articulated n-trailer ve-
hicle with different masses and inertias

The system that we consider consists of a leading car By, that pulls n trailers
Bi,...,1B,,. The leading car and each trailer are connected as shown in Figure
for the case n = 2. We denote with (zg,yy) the midpoint of the wheels’
axis of the leading car and with (z;,y;) the midpoint of the wheels’ axis of
the trailers with respect to the inertial frame ¥; = {e;,e,}. We consider
n + 1 right-handed body frames ¥, = {eﬂ,eﬁ}, Jj = 0,...,n attached to Bj,

centered at (x;,y;) with the eﬂ—axes aligned with the wheels and the ei—axes
perpendicular to them. The orientation of each body B, is determined by the
angle 0; between the axis ¢/ aligned with the wheels and the e, axis of the
inertial frame. The configuration space of the system is the n 4+ 3 dimensional
manifold @ = SE(2) x T", where SE(2) is the special Euclidean group on R?
that describes the pose of the leading car, and T" is the n—dimensional torus
that identifies the angles between the bodies By, ..., B,. The leading car and
the trailers are subjected to nonholonomic constraints that do not allow them
to move in the orthogonal direction with respect to the axis eﬁ, eﬁ,..., eﬁ ie.,

zjsinf; —g,;cos0; =0, j=0,1,...,n. (5.1)

IThis chapter is based on the work
> Rigo D., Sansonetto N., & Muradore R. Second-order optimal filtering for planar rigid
body with trailers and unknown parameters (submitted).
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Figure 5.1: Articulated vehicle with 2 trailers.

These constraints define a rank 2 distribution D on @ (see [6]). We denote the
angles between subsequent bodies in the convoy by

Oéjzej_l—ej7 ]:].,,n

These new angle coordinates are a base of T" and are useful since they do not
change under the SE(2) action given by (see [6])

g- (xaya90791"'79n)
= (zcosp —ysinp+r,xsinp +ycosp + 8,0+ @, 0, +p....0 + p)

where
cosp —sing r
g=|sinp cose s| €SE(2).
0 0 1

We denote with (z., y.) the center of mass of By at distance a from (xg, y):
Te = To+ acosby, Y.= Yo+ asinby. (5.2)

The leading car is modelled as a Chaplygin sleigh presented in Section [d Each
trailer is connected to the previous one with a rigid link of length ¢ and the
hooks of the convoy define the 2n holonomic constraints

xj+Llcos; —x;_1 =0, y;+Llcost;—y,_1=0, j=1..,n, (5.3)

that can be read also as
J J
xj:xo—EZcosﬁk, yj:yO—EZsian, j=1,..,n. (5.4)
k=1 k=1
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From this we can rewrite the nonholonomic constraints (5.1)) as

J
&sinf; — gy cosb; + éZcos (0 — Gk)Qk =0, j=0,..,n. (5.5)

k=1

We assume that the leading car has a total mass my and moment of inertia
around its center of mass Jy, and the j—th trailer has the center of mass
lying in the midpoint of the axis (z;,y;), total mass of m; and moment of
inertia J; around (z;,y;). The velocity components of the leading car are
(v,v,w), where v and v, are the (linear) velocities of the body along the eﬁ
and €9 axes, respectively, and w is the angular velocity. The nonholonomic
constraint imposes that the orthogonal component v, vanishes. The linear
and angular velocities of the trailers can be obtained by exploiting the hooking
and nonholonomic constraints, so v and w are enough to describe the whole
dynamics of the articulated n—trailer. The state space of the system is then
given by SE(2) x T™ x R% The control inputs u(t) = (F(t), 7(t)) consist of a
linear force I applied to the center of the body frame along eﬁ and a torque 7
applied around (zg,yo). The following theorem is an extension of Theorem 1
presented in [6] in the case of different masses and inertias.

Theorem 5.1. The reduced equations of motion of the n-trailer vehicle with
masses my, Mm,...,my, and inertias Jo, Ji,...,J, and control inputs F' and T are
given by

o = vcosby
Y, =wvsinby
90 = w
. _ __ wvsinog
ar =W ] (5.6)
L k—2 . . _
ap =7 (szl cos ak) (sinay_1 —cosay_ysinay) k=2,...n
' = __1 n OR(@) \ 2 | Qo) moa 2 | _F
UV = T3R@ <Zk:1 Ay darn ) V"t RW T R¥ T R@
W _ ___mpavw T
\ - Jo+moa? Jo+moa?

where the coefficients Ay are

k—2
1
A = 7 (E COS aj> (sin a1 — €os a1 sin ay,) (5.7)

and

Qa) = ( — % + 02 Zn: m; (H cos® ak>
j=1 k=2

n j—1
J; H cos? ay, | sin? a; COs (1 Sin (v,
j=2 k=2
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- ! 2 1 q 2
a) :=mg + Zl (mj]gcos ak) E_Z ( (IH cos ak) sin a]) .
(5.9)

Proof. The construction of the kinematic system for (i.e., the equations
for &g, ¥, 0o, a1, and ay) follows exactly the one proposed in [6], thus we will
focus on the dynamic part.

Differentiating the equations and , and adding the contributions
of all the bodies we obtain the Lagrangian function of the system

1 .2 u . .
L ZE <(Jo + m0a2)6’0 + (mo + Z;mJ) (I(Q) + yg)
=

+ 2moaby (9o cos By — xgsinby) + 2¢ Z m; Z ék(io sin 0 — 7, cos O)
j=1 k=1

—|—Z<Jk+2mJ€2>0k+2€22 Z Z‘) b, cos (6 —Gk))

i=1 k=i+1 j=k

(5.10)

The nonholonomic constraints in . ) do not impose any restriction on the
value of 0y = w, thus we can apply the forced Euler-Lagrange equation to the

Lagrangian (5.10) finding

. Moavw T
w=—

J() + m0a2 J() + m0a2’

where we set 7 as the external torque.

To find the equations of motion of v, we exploit the constrained Lagrangian
L. that is the restriction of £ to the constraint distribution D. First of all, we
notice that

. . . . . v sin oy,
g =wvcosby, Yy =wvsinby, 0y =w, Oy = / Hcosaj, k=1,...,n

j=1

and that, if j > 1, we have

J

.2, 2 2

xj+y]-—v Hcosak.
k=1

It follows that the kinetic energy of the j—th trailer is given by

1 ) 2 (1] J;
K;= §<Jj0§ + mj(ggj2 + yf)) = % (f[cos2 Oqc) <€2 sin? a; +m; cos® a;

while for j = 0, the leading car, we have
1 H? 2 .2 1 2y, 2 2
ICO = §<J06 +m0(l’c —|—yc)> = §<(Jo+m0a )w + mov )
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Adding up all the contributions of the body in the convoy, we get the con-
strained Lagrangian

L. == (R(a)v” + (Jo + mpa®)w?)

where R(«) is given by (5.9). Following the approach in [6] and [14] (in the
case of an external force F') we obtain the equations of motion

d (0L.\ . OL. ., OL. ~~ , OL.
dt ( ov > = G ov Gl Ow - ;Akﬁak F

where
1 Q(a) 2 moa

27 PR(e) T2 Ty +mea?
with Q(a) and R(«) given by (j5.8) and (5.9)), respectively, and thus

d Q)

1< OR(a)
p (R(a)v) VR + moaw*” + 5 ,}1 Ay,

v} + F. (5.11)

6ozk

From the derivative of the product, the left-hand side becomes

%(R(a)v) —v ; ag{i‘:) cu + R(a)o. (5.12)

Then from (5.6) and (5.7)), the derivative of the angles can be written as
a1 =w+vA, ap=vA;, k=2,..,n, (5.13)

while from (5.8)) and (5.9) we have
OR(ar)  2Q(c)

= 14
(9041 02 (5 )
Substituting (5.12)), (5.13)) and (5.14) into (5.11]) we finally obtain
, 1 & OR(a)) , Q) moa o F
= — A .
! 2R(«) (; " oy, )U * €2R(a)vw+ R(oz)w * R(«a)
[l

5.2 The SE(2) x T" x R? structure

From here on, we will indicate the pose (g, zo,%0) as (6, x,y) in order to not
burden the notation.
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The state space of the n—trailer system is given by the Lie group G =
SE(2) x T" x R?. An element § € G admits the following block-diagonal
matrix representation

g
A4
7=
Ay
- V—
with
cos@ —sinf =z cosan —sina 1 0 v
g=|sinf cosf y|, k:{sinak cosozk]’vz 01 wl,
0 0 1 k k 00 1

where z, y, 0, ax, v, w are defined in Section 5.1} The group operation is given
by the matrix multiplication

g'q?

ATAL
9192 = : (5.15)
Al A2

Vlv2

The unit element of this group is the identity matrix and the inverse operation
is the matrix inversion. The generic element 79 of the Lie algebra g of G can
be represented as

ng
nt
n’ =
nn
where
0 _7]0 ,r]a: 0 O nv
0 —nx 3
=1 0 ,nAkZ[nak 8 },nv= 00 7,
0 0 0 00 0

and zero on the other entries. For convenience, we define the Lie algebra
isomorphism A : R"*5 — § as




from the Lie algebra (R"™ %) to the Lie algebra (g, [-,]), where [, -] is the
usual matrix commutator and where x : R x R*"™® — R" is the Lie
bracket operation defined as

ny 7 ning — nin;

ny n ning —ning

n! s 0

' 3 0

. * . — . 5

n" ny" 0

ny 5 0
i i 0 ]

(see, e.g., [25]). Given %t € g, the adjoint operator ad,s € £(g;g) admits the
matrix representation

0 —n™ Yt 01 (n+2)
01 zl
n 0 -n O1x(n+2)
. 5.16
0 0 0 O1x(n+2) (5.16)
Omt2)x1 Om+2)x1 Omt2)x1 Omt2)x(n+2)

adnm —

It is useful to notice that the tangent map for left matrix multiplication is also
left matrix multiplication: T.Lg(n9) = gn? € T3G (see [7]). Given g € G the
left multiplication tangent map admits the following matrix representation

cos —sinf 0 01 (n+2)

| siné cos 6 0 O1x(nt2)

Lls=1 "y 0 1 Oenen)
Oms2)x1 Omr2)x1t Omroyxt  Ln2)x(nt2)

while its dual operator matrix representation satisfies T, L = (T, Lg)".
Using this geometric construction, we can rewrite the dynamics (5.6]) as

g(t) =gOAG(t), u(t),t)", g(to) = Go, (5.17)

where g(t) € G is the state, u(t) € R? is the input and A : G x R? x R — R+
is the left-trivialized dynamics

. - v
T cosf + sind 0
—&sinf + g cos b
9 w
. W — vm?al
051
A= : =
: 9 (1522 cos ay, ) (sin g1 — cos a1 sin ay,)
g ¢ j=1 k k—1 k-1 k
0 S n OR(@) ) 2 4 Qo) moa 2
. 2R(a) <Zk=1 Aoy | U+ By oW + Rla)¥
L w A __moavw
- Jo+moa? -
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5.3 n-articulated vehicle system optimal filter

In order to take into account the inaccuracy of the dynamics we add the
unknown error § € R? (modelled as a normalized Gaussian white noise with
zero mean and unitary variance) and the map B : R? — § to to obtain
the system

g(t) =g(®)(A@(1), u(t), )" + Bd()), Glto) = To- (5.18)

Since the kinematic reconstruction equation is supposed to be correct, we
choose B in such a way that it admits the matrix representation

On+31 Ongsi
B=1| b 0 (5.19)
0 b.,

meaning that we add a correction only on the dynamic part. The measurement
function is

y(t) = h(G(1).1) + De(t) = m (5.20)

where h : G x R — RP? is the nominal output map defined as
_ x(t
h(g(t),t) = { ( )1 (5.21)

that represents a GPS antenna settled at (z,y), ¢ € R? is the unknown mea-
surement error (modelled as a normalized Gaussian white noise with zero mean
and diagonal and unitary variance) and D : R? — R? is an invertible linear
map

D = dlag {dl, dg} . (522)

The knowledge of the position of the leading car is sufficient to observe the
whole system as can be seen by noting that the co-distribution matrix

dh;
dLsh;

€ Remxn (5.23)
n;l
L h,

has full rank, where Lsh is the Lie derivative of h with respect to f (see, e.g.,
[16] [40]). The tests of the observations for the case n = 1 and n = 2 were
done by the use of Matlab’s symbolic calculus.

For the cost functional to minimize (2.29)-(2.31), we consider a = 0, the

initial cost )
mo(g) = §||f -7 ' ()7l % (5.24)

where ||-||% stands for the Frobenius norm, and the matrix representations for
the two forms R and Q as

R := diag {r,,r,} (5.25)
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Q = diag{qv, ¢ } (5.26)

respectively.

We are now ready to design the second-order optimal filter for the dynamic
system ([5.18)) which minimizes the cost functional — using the mea-
surement equation (5.20). We consider the Cartan-Shouten (0)-connection
form w©® = %ad. This choice is justified by the fact that this connection has
null torsion (see [22|) and works better than the others as highlighted in [35].

Proposition 5.1. Consider the dynamic system (5.18) with measurement
equation (5.20) where the output map h and the linear map D are given by

(5.21) and (5.22)), respectively and where the operator B takes the form ((5.19)).
Consider the cost functional (2.29)-(2.31) where the initial cost mg is given by

(5.24) and the matriz representation of the forms R, Q are given by ((5.25)
and (5.26)), respectively. Then the second-order optimal filter is

-1 = ~\" = =
7 7=(N@ w0+ KOn@) . Gt = 5o
where the residual r is

o~ -~ ~ . -~ T
y1cosf + yosinf

Tt@) = | =¥y sin 0+ Vo COS ol - (5.27)
O(nt3)x1

The optimal gain K : (R"5)* — R s the solution of the perturbed matriz
Riccati differential equation

K =—-aK +AK + KA - KEK + BR'BY - W(K,r)K — KW (K,r)"

where the matriz forms of the operators A(t) : g — @, E(t) : g — ¢ and
W(K,t):g — g are given by

[0 @ 0 0 0 1 07
-0 0 4+v 0 0 0 0
0 0 O 0 0 0 1
0 0 0 9%u Odn 941 Odn
. N (5.25)
8(;471 8&,1 Ody,  Odip
000 B wmE %
0 0 0 @ Do 3_” 2_“
L0 0 0 5 an v ow
Ell E12 El3 le(n+2)
Eoy E Eo3 O1%(n+2)
E = 5.29
E31 E32 E33 01><(n+2) ( )
Omt2)x1 Oms2)x1 Oma2)x1 Omt2)x(n+2)
with
By =8 cos?f + % sin? 4, (5.30)
1

2
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and

FEis = —% cos 0 sin 5—1— % cos 0 sin @\,
1 2
Fis = TFacosd — 71 5ind,
= —yycosf — =y sin
13 2}’2 2}’1 )
Ey = —% cos fsin 5—1— %COS f'sin 5,
1 2
a1 . o7, 42 25
FEyy = = sin“ 0 + = cos“ 0,
di d3
-1 N
FEy3 = —=yosinf — =y, cos 6
23 2}’2 2Y1 )

1. ~ 1_ ~
E31 = —§YQ cos + §Y1 sin 9,

1. .~ 1. ~
E32 = 5}72 sin + 5}71 COS 0,
Es33 = 0,

1
W(K, T) = §ad(KT)A .

The initial conditions for the estimator and the gain are

~

9(to) = 9

K(t) = diag{1,1,1/2,1,...,1,1/2,1}.

(5.40)
(5.41)

Proof. In what follows we will use 79 = (%, n¥, %, n*1, ..., n% 0, n*)T € R
to indicate the vector form of an element of the Lie algebra g and with
T.Lz(n?) = (2',y,0', 0, ool v w)T the vector form of an element of the

tangent space 1 E@.

Computation of r

According to [35], the residual r € (R%)* is given by

r(§) = T.L: [((D—l)* 0Qo Dy — h(3))) o dh@)] .

Given T, Lz(n?) € R"*®, the differential of h in 7 applied to TeLz(nf) is

i) =17

dh(g)(T.L5 (1))

o d
~ds

and we can write the operator dh @) as

~ |1 0 Oixpmys)
dh(g) = {0 I Oix(nes)|

Defining the weighted errors

y:

(DY 0Qo D (y —h(7) = [f1 72" € R

and using ((5.42)) we obtain
(D7) 0Qo D™ (y = h(9))) odh(g) = [}1
Evaluating TeLE on ([5.44)) we get (5.27)).
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Computation of A

The formula for the operator A : R**® — R"*5 is

A=di\g,u) o T.L; — adyg,) — T

@w)°

Given T, Lz(n?) € R"*®, the differential of \ is

= - d
d )\ _7 u TeLQ g = — S) =
DG TL M) = 1] M6
_ - ]
0
@/
~ v’ sin &)
¢
(5.45)
= % (H;:f cos a;f) (Sin @;@_1 — COS &;_1 sin a;::)
n 11 OR(a’ o’ ~ ~
_QR%&’) <Zk:1 A aé;ﬂ )> 7+ K%(g(a),)@’w’ + gzg,l)wa
- g _
The adjoint matrix representation (5.16)) implies
0 —w 0 O1%(n+2)
w 0 —v O1%(n+2)
gu) ~ 4
adA(g,U) 0 0 0 Ot (ns2) (5.46)

Omt2)x1 Omt2)x1 Oma2)x1t Omg2)x(n+2)

Since we consider the Cartan-Schouten (0)-connection form w(® = %ad, the
torsion function T, ) vanishes (see [22]), thus, in matrix form, it is given by

TyGa) = [Omts)xmes)] - (5.47)

Using the differential form of (5.45)), the adjoint matrix ([5.46)) and the torsion
(5.47), we obtain ([5.28)).

Computation of F
The operator E : R"™ — (R"*5)* takes the form

E=-T,L:0 [(D') 0 Qo D™\ (y — h(@)))"*" o Hess h(3)
—(dh(g))* o (D) 0 QoD ' odh(g)] o T.Ls.
From (5.42) and the definitions of the matrices D and (), we can find the

composition
(dh(g))" o (DY) 0 Qo D' o dh(g) =
(5.48)

. q1 27, 42 . o 1 . o5 G2 97
= diag | = cos” 0 + — sin“ @, — sin“ 0 + — cos“ 6,0, ...,0 | .
g(% & @ Z )
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Let Te[@(n?l) = (0}, 7, 7;, @1, 07)7, TELE(n%) = (04,7, 7, W4, 05)T € Tg@ be
two vector fields, then the Hessian matrix is defined by

Hess h@)(TeLE(ngl))(Te[@(n?z)) —d(dh(g

and from the choice of Cartan-Schouten (0)-connection, we get
Vo oo (ToLon®2) = ~To L=(ad, o0 1%
T Lzt \Le 37 = oty adyg, 17777
The Hessian evaluated in T, Lzn?* and T.Lzn% is therefore
_lgy 9
22t + 30105

+lgz — 9’ 7| - (5.49)
O(n+3)><1

Hessh(9)(T. L™ ) (T. Lyn™) =

+1
2

From (5.43) and (5.49) it follows that

(D)0 QoD Yy — h(7))) "7 o Hess h(5) =

0 0 —V2 O1x(n+2)
0 0 yi O1%(n+2) (5.50)
Y2 —V1 0 O1x(n+2)

Omi2)x1 Omr2)x1t Omr2)x1t O@ma2)x(nr2)

In conclusion, combining ) and - with TLA and T.Ls, the matrix
(5.29) is obtained.

Computation of W

From the adjoint matrix form ([5.16)) and recalling that we consider the Cartan-
Schouten (0)-connection (see, e.g., [33],[34]), we have

1
W(K, 7”) = §ad(KT)/\ .

Initial condition

The initial condition for the filter is given by ([2.33]) while the initial condition
for the gain is K (ty) = X, ' where the operators Xy : § — g* satisfies (2.36)).
We rewrite mg as

mo(g) = —III g (gl %
(5.51)

1 1 i
= 5t [(Tnso)xnts) = G0)" Tnts)xnt5) — 9~ 90)] -
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From (j5.15) it follows

Linis)xnis) — 9 Jo

T35 — 9 "9
Iyxo — AflAl(O)
Ioxo — A An)
L Isy3 — VﬁlVo_
(5.52)
and thus
_Mg -
My,
(I(n+5)><(n+5) - g_lgo)T(I(n-i-S)X(n—%) - §_1§0> -
My,
My,
(5.53)

where

My = (Isxs — g "90)" (Isxs — 9" 90).
MAk = <]2x2 - AglAn(o))T(be - AglAn(O)), k=1,..n,
My = (Iyxz =V 'Vo) (Izxz — V™ 'V).

Computing the trace we obtain

mo(3) =5 4(1 — cos (0 — 00)) + (x — 20)* + (y o)’
n (5.54)
+ 2[2 — 2cos (o — ag0))] + 2(w — wp)® + (v — vp)?]

k=1

and from ([2.33) it follows that g(to) = . B
The Hessian of the function mg at a point g € GG is defined as

Hess mo(9)(9X)(9Y) = d(dmo(9)(9Y))(GX) — dmo(9)(Vgx (9Y))
for all gX, g € T;G. The differential of my is given by
(x —xz) ] r

(v — vo)
2sin (60 — 6y)

dmy(9) = sin (ay, _ k() (5.55)

2(w - Wo)
L (v—w)
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while, given T, Lz(n%1) = gn?', T.L5(n%) = g% € T;G, the affine connection

yields

9291 0192 |
e e
Vo 91" = 3 0 . (5.56)

Combining (5.55)) and ( - we obtain

Amo(§)(Vm 31%) = | (& — 20) B33, — 0135) + (v — vo) (~ B3, + B 7)

(5.57)
that evaluating in ﬁo produces
dmo(G) (V5 gn2) = 0. (5.58)
The double differential takes the form
A(dmo(g) (7)) (5X) 559)
= diag{1,1,2cos (0 — 6y), cos (1 — 1)), --., COs (@, — (o), 2, 1}
that, evaluating in /ﬁo, produces
d(dmo(9)(@Y))(gX) = diag{1,1,2,1,...,1,2,1} (5.60)
and thus, from and
Hess mo(g,) = diag{1,1,2,1,...,1,2,1}. (5.61)
From
K(ty) = X' = (T, Lz o Hess mo(go) o T L )7 (5.62)
we obtain the initial condition of K (t¢)
K(to) = (T.L;, )™ (Hessmo(Go)) M (TLL: )" -
= diag{1,1,1/2,1,...,1,1/2,1}.
O

5.4 The system with uncertain masses and iner-
tias

In this section, we aim to provide the second-order optimal filter for the convoy
system in case of unknown but time-invariant masses and inertias. To do this,
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we treat masses and inertias as state variables that are constant along the
motion. The new dynamic equations become:

(& =vcosb
=wvsinf
06 =w
G =w— o
ay =73 (Hf:f cos ak> (sinay_1 —cosay_gsinay) k=2,..,n (5.64)
R— (Zk L Ak 8R(a)> + @Q]&g) vw + gz(?ya)w2 + %
w - _J:TZ%Z? + Jo+moa2
i =0 k=0,..n
\Jk =0 k‘zO,...,n

where the coefficients Ay, Q(a) and R(«) are given as before by (5.7)),
and , respectively. The geometric structure that underlies the dynamics
is featured by the Lie group G = SE(2) x T" x R? x R?"*1). As done in
Section 5.2, we can describe the group operation, the Lie algebra, the adjoint
operator and the tangent map accordingly. Evaluating the rank of the matrix
on this system, we can check the observability. The dynamics with
model error (modelled as a normalized Gaussian) is given by

g(t) =g(t)(A@(1), u(t), )" + Bd(1), Glto) = Go- (5.65)

with B : R**2(»*1) 5 g The matrix representation of R and B related to the
new filter are

R = diag (1o, Tw, Tmgs s T s Ty -+ 0, ) s i € RT (5.66)
_ | Ont3.2n+4)

B= { Sl (5.67)

B2 = dlag (bva bwa bmoa ) bmna me ) an) 7b’i € R+7 (568)

since the new model error has now 2 4 2(n + 1) components. The parameters
bings -3 b, s by s -, by, are needed to estimate masses and inertias and their
values are a trade-off between promptness and accuracy.

Proposition 5.2. Consider the dynamic system with measurement
equation where the output map h and the linear map D are given by
and , respectively and where the operator B takes the form .
Consider the cost functional — where the initial cost mq is given by
(5.24) and the matriz representation of the forms R, Q are given by
and , respectively. Then the second-order optimal filter is

~—1A

9 9=(\(gu) + Kt)r(9)",  (to) =90

where the residual r 1s

o~ -~ ~ . -~ T
y1cosf + yosinf

Tt@) = |—yisinf + yycos b
0(3n+5)><1
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The optimal gain K : (R3T7)* — R3"*7 45 the solution of the perturbed matriz
Riccati differential equation

K =—-aK + AK + KA - KEK + BR'BT - W(K,r)K — KW (K,r)"

where the matriz forms of the operators A(t) : g — @, E(t) : g — ¢ and
W(K,t):g— g are given by

with

and

w o 0 - 0 1 0 0 0
0Ov 0 -+ 0 0 0 0 0
00 O 0 0 1 0 0
0 0 9 ... 9a 94 9w Odau .. O
Ooay [’ ov Ow Omg 0Jn
0 0 0by .., Odn 0Obn 0Odn 0Odn .. Odp
Ooiy Oon v Ow  Omo 0Jn
o0 L ... Q9 9 9 9 . . 90
Aot Oon v Ow  Omg AJn
0 0 Q& ... Yo o Jw o . O
Oa Oan, ov Ow omg 0Jp
Eyy Eqy Ei3 01% (3n+4)
Ey Eo Eos 01x (3n+4)
E3 E3o E33 O1x(3n+4)

Ontayx1 O@nrayx1 O@niayx1 O@ntd)x(3n+4)

qQ1 o, 42 . 9
FEi = = cos® 0+ = sin“ 0,

di 3
E12:—%cosﬁsine—i-%cosesin&
1 2

By = +72c0s8 — 515108
= - — =y sin
13 2Y2COS 2Y1S )
Ey = —% cosé\sin§+ %cosé\siné\,
1 2

N . o5 42 25
FEyy = = sin“ 0 + = cos“ 0,

di d

1. ~ 1. ~
FEys = —§y2 sin 6 — §y1 cosf,

1_ ~ 1. . =~
E31 = —=yacosf + §y1 sin 0,

2
1. . ~ 1_ ~
FE3y = =yosinf + =y, cos ¥,
2 2
E33 - 07

1
W(K, 7”) = §ad(KT)A .

Proof. The proof is similar to the one for Proposition [5.1] and is not reported
for the sake of space.
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5.5 Simulations and discussions

In this section, we show how the second-order optimal filter applied to the
convoy works. We will consider the cases n = 1, n = 2 and compare three
different filters:

- JF1, where we consider perfectly known masses and inertias at every in-
stant of time;

- JF3, where the masses and inertias change but they are known only at
the initial configuration;

- JF3, where we consider masses and inertias as state variables and we filter

them (Section [5.4)).

We set the initial conditions at z(0) = y(0) = 0m, #(0) = a1(0) = a»(0) =0
rad, v(0) = 0m/s and w(0) = Orad/s. We consider the control inputs

F(t) = 1.5(t/(1+1t))+ 1.5sin(t/5),
7(t) = 1.5(t/(1 + 1)) + 1.5sin(t/9).

The total simulation time is 7' = 200 s, while we put £ = 0.8 m and a = 0.2 m.

We start with known values for masses and inertias, and at time 100 s
they change their values, according to Table The variations simulate the
unknown change of weights due to the addition of new luggage or new packages
to a convoy in an airport or warehouse. For the matrix D and ) we choose
dy = dy, = 0.5 and ¢, = ¢, = 0.25 respectively, while for the matrix B we
choose b,,, = by, = by, = by, = by, = by, =50, b, = b, = 0.1.

Table 5.1: Values of masses and inertias.

1] ] 0—100 ] 100 — 200
mo [kg] | 100 130
my [kg] 12 16
me [ke] 10 12

Jo [kg m?] 7 9
Ji [kg m?] 4 5
Jo [kg m?] 3 4

To solve the differential equations of the dynamic systems and
we used a 4-th order Runge-Kutta method, while to solve the equations of
the filters we used a forward Euler method with step Ty = 10ms. The 2D
trajectories of the leading car on the plane are shown in Figure (n=1)
and Figure |5.2b| (n = 2), while the error time-series of the state variables
for the filters F;, F» and F3 are shown in Figure (n = 1) and Figure
(n = 2). We can observe that in the first 100s of the simulations all
filters work well, with slightly better results for the filters that know the exact
values of the parameters. The drastic change of masses and inertias values
produces a variation of the trajectories, and while the filter F, (with constant
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masses and inertia) fails to align with correct values, the filter F3 (that filters
also the parameters), after a settling period, produces excellent results and
comparable with the filter F; (that know the exact values at each instant of
time). To better highlight the difference among the filters, we report in Table
the mean, the standard deviation and the root mean square values of the
errors

Ar:=x—2, Ay:=y—1,

in the two time intervals I; = [0,100) and I, = [100,200]. These results
highlight how the filter F3 produces better estimates compared with F5, com-
parable with F.

We can observe that all the state variables can be estimated, even if the
measurement equation provides only the position (x,y) of the first leading car.
The observability of pose and velocity is possible thanks to the nonholonomic
and hooking constraints.

Table 5.2: Mean, standard deviation and root mean square value of the errors for n = 1 and
n=2.

T Fi Fa F3
n I o rms 17 o rms I o rms
Az[mm] | 18.0 244 304 | 180 244 304 | 165 367 402
Ay[mm] | -105 243 265 | -105 243 265 | -96 350  36.3
I Af[mrad] | -35 269 271 | -35 269 271 | -58 406  41.0
n=1| Aoy [mrad] | -35 184 187 | -35 184 187 | -44 274 277
Ay [2m] 0.1 4.9 4.9 0.1 4.9 4.9 06 115 115
Aw[med] | 05 24 24 | 05 24 24 | 218 TT 79
Az [mm] 14 280 281 | 2028 2052 2885 | 3.7 354 356
Ay [mm] 04 280 280 | 151.5 230.7 276.0 | -1.9 342 342
I Af[mrad] | 0.1 L7 L7 | 440 309 538 | 15 5.2 5.4
n=1 | Ao [mrad] | 0.0 0.0 0.0 2.3 1.6 2.8 0.2 0.4 0.4
Ap [B0] -03 53 5.3 1.7 11.0 161 | 05  10.0  10.0

Aw [m—ad] 00 01 01 | 73 47 87 | 05 11 12

Az [mm| 194 245 313 | 194 245 313 | 169 373  41.0
Ay[mm] | -11.1 262 285 | -11.1 262 285 | -11.3 361  37.8
Af[mrad] | -39 306 309 | -39 306 309 | -6.7 472 477

I Aap[mrad] | -3.1 203 206 | -3.1 203 206 | -48 320 324
n=2 | Aag[mrad] | -13.5 242.7 243.1 | -13.5 2427 243.1 | 17.2 2020 202.7
Ay [2m] 0.7 9.5 9.5 0.7 9.5 9.5 06 145 145

Aw[m==d] | 04 28 28 | 04 28 28 | 220 90 92
Az[mm] | 26 269 270 | 1043 2343 2564 | 45 352 355
Ay[mm] | 05 203 293 | 2177 207.9 3010 | -06 346  34.6

Af[mrad] | 0.1 1.7 1.7 | 471 330 575 | 1.8 5.3 5.6

I Aoy [mrad] | -0.0 0.1 0.1 2.6 1.8 3.2 0.2 0.4 0.5
n=2 | Aag[mrad] | -0.0 0.1 0.1 2.6 1.8 3.2 0.2 0.4 0.5
Ay [mm] 0.5 5.9 6.0 | 121 8.8 150 | 0.6 102 102

Aw [mrad] 00 01 0.1 78 5.1 93 | 06 1.2 1.3

S
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Figure 5.3: Trajectories errors for the filters F7, Fo and F3 for n = 1.
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Chapter 6

Second-order optimal filter applied
to a truck semi-trailer system in a
real case model!

In this chapter, we apply the second-order optimal filter to a scale model of
a truck semi-trailer system engaged in a parking maneuver (Figure . The
measured trajectories are obtained by adding noises to the poses provided by
a motion capture optical system in order to reproduce a real-case scenario. We
apply the second-order filter simulating different measurement equations that
correspond to the cases where GPS and LIDAR sensors are available or not

([12], [39], [41)).

(a) Truck and semi-trailer in a real parking area (b) Truck and semi-trailer model with a reduction

ratio of 1:13.3 in Automotive lab

Figure 6.1

IThis chapter is based on the work
> Rigo D., Saccon A., Sansonetto N., & Muradore R. State Estimation for a Tractor Semi-
trailer System using a Minimum-Energy Filter (submitted).
This work was done at Eindhoven University of Technology under the supervision of prof.
Alessandro Saccon within the Dynamics and Control group and with the assistance of the
Automotive Lab people.
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6.1 Kinematics of truck semi-trailer systems

The system under study is an articulated vehicle composed of a leading truck
and a semi-trailer (Figure . It moves in a maneuvering area and its goal
is to park in a docking station. We consider an inertial frame of reference
Y; = {es;, e,} attached to this docking station with the origin in the final

target, and a right-handed body frame 3, = {eﬁ, eli} on the truck, centered

in the midpoint of the rear wheels (z1,y1).

The configuration space of the truck is SE(2) with coordinates (z1,y1, @)
with respect to the inertial frame, where « is the angle that the truck forms
with the inertial frame. At distance ¢; from (x1,y), the pair (zo, yo) represents
the midpoint of the front wheels.

Also the configuration space of the trailer is given by SE(2) with coordinates
(22, Y2, B). The pair (xq,ys) represents the position of the midpoint of the rear
wheels, and [ is the angle the semi-trailer forms with respect to the inertial
frame. The semi-trailer is hooked to the truck through an articulation point
(x1,,v1,) at distance (¢1,) from (21, y;), while ¢5 is the distance between (2, y)
and the articulation point.

The truck is modelled as a rigid body with a nonholonomic constraint given
by

Zysina — g, cosa =0 (6.1)

while the nonholonomic constraint for the semi-trailer is given by
Zosin S — gy cos f = 0. (6.2)

They do not allow orthogonal components of the velocities.

The lateral velocity of the front wheels, expressed in the chassis frame,
is equal to Vi tan 6, where V; is the vehicle forward velocity at the rear axle
and 6 is the front wheels’ steering angle. Similarly, the lateral velocity of the
attachment point (x;,,y1,) is equal to Vs tan a, where V3 is the velocity at the
rear axle of the trailer.

The equations of motion for the truck semi-trailer system are then given
by

z =Vicosa
g{ ‘1/1 sin « (6.3)
& = Evl tan 0
g = é (Visiny, — &by cosyr)

where V5 = Vj cos y; — &, siny; and y; = a— (3 is the angle between the truck
and the trailer.

6.2 The SE(2) x SO(2) structure

In order to apply the second-order filter to the system (6.3) it is necessary to
investigate its geometric structure. The state space that underlies the kine-
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Figure 6.2: Scheme of truck semi-trailer model.

matics is the Lie group
G = SE(2) x SO(2) (6.4)

whose generic element § € G admits the matrix representation

cosae —sina x 0 0
sina cosa y O 0
g= 0 0 10 0 : (6.5)
0 0 0 cosff —sinf
0 0 0 sinf cosf

Given the Lie algebra § = se(2) x s0(2), we introduce the Lie algebra
isomorphism " : R* — se(2) x s50(2)

e A 0 —m* n* 0 0
v n 0 n¥ 0 0
1l =lo 0o o0 0o o0 (6.6)
7 0 0 0 0 —pf
" 0O 0 0 8 0

from the Lie algebra (R*, %) to the matrix Lie algebra (se(2),[-,]), where x :
R3? x R?® — R3 is the Lie bracket operation defined as

LA =Tz + 5
IO L R e (6.7)
Ui Tl2 0
ml  Lm 0
and [-, -] is the usual matrix commutator (see, e.g., [25]).
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The left-trivialization dynamics of (6.3]), obtained from \* = g~'g, is given
by A = (Az, Ays Mgy Ag) where

/\m - ‘/1

Ay =0
1

Ao = Vi tand (6.8)
1 1

Ag = -Visin(a—B) + gﬁ—Vl tan @ cos (o — f3).
14 Uyl

The tangent map and the adjoint representation are given by

cose —sina 0 O
sinaw cosa 0 O
TeL§ - 0 0 1 0] (69)
0 0 0 1]
0 —n* n¥ O]
| 0 —n* 0
0 0 0 0]

respectively.

The choice of the connection function w on the Lie algebra is related to
the choice of a left-invariant affine connection V on the Lie group. We use the
so-called Cartan-Schouten (0)-connection, characterized by w® = lad, that
has the following matrix representation

0 —,m* 7Y 0
1 |n> 0 -n* 0
o _ * M n
“TT3lo0 0o 0 o (6.11)
0 0 0 0

This decision is justified by the fact that it has null torsion and results in
better estimations (see [22]).
6.3 Truck semi-trailer optimal filter

To take into account unmodelled kinematics in (/6.3) we consider the unknown
error 0 (modelled as a normalized Gaussian white noise) and the mapping

B:R*— 3. (6.12)
With these definitions, we rewrite the kinematics as

g(t) =g(t) (\G(t), ut),t) + BS(X)],  G(to) = To- (6.13)

For the first part of the maneuver, when the truck is far away from the
docking station, we assume to measure the position of two GPS devices settled
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Figure 6.3: LIDAR e GPS devices

in (zo,y0) and (za,y2). Since the use of GPS is not sufficient during the
maneuver that requires great precision (especially when reversing), we combine
them with other sensors. In the second part of the maneuver, when the vehicle
is sufficiently close to the final target, we simulate a LIDAR device settled at
the docking station, with the purpose of helping the truck during the reversing
(see Figure . This LIDAR provides the pose of the trailer through a laser
scan and thus the position of (z2,y) and the angle 5. This is justified because,
when reversing during the parking maneuver, the LIDAR can spot only the
semi-trailer, therefore it can improve only its pose. Summarizing, the two
measurement equations

have the following output maps:
ﬂfogps_ x + {1 cos | gps
_ Yo y + {1 sin o|gps
hi(g(t),t) = GPS 6.15
1(9(t), ) Tagpg x + 1, cosa — {5 cos B|gps ( )
Y2gps | _y—i—Elc SinOé—EQ Sil’lﬁ|GpS
Togps ] x + {1 cos | gps
yOGps Y + gl Sin a’GPS
ha(g(t),t) = |Toppan x + {q, cos a — Uy cos f|ripar (6.16)
Y2rpar y + {1, sina — €y sin f|uipar
ﬁQLIDAR_ 6 | LIDAR

The second-order optimal filter minimizes the cost functional ([2.29)-(12.31])
with the initial cost map given by

mo(g)

1 1
=517 Y()gollF

(6.17)
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where [|-||% stands for the Frobenius norm, and the matrix representations of
the quadratic forms R in ([2.31]) and of the operator B in (6.12]) are given by

R :=diag {1y, 7y, Ta, T3}, (6.18)
B :=diag {b,, b, ba, b3} . (6.19)

The matrix representations of the quadratic forms Q in (2.31) and of the
operator D in ([6.14]) in the first part of the maneuver are given by

Q) :=diag {Q1; q1, 491, fh} ) (6-20>
D :dlag {dl,dl,dl,dl}. (621)

while in the second part are

Q :dlag {q17Q17q27q2aq3} ) (622)
D :dlag {dl,dl,dg,dg,dg} . (623)

For the first filter we define the weighted output error y as

~ . Q1 @1 @1 Gq1 ~ 4
— |4 L — R 6.24

while for the second as

~ . @1 @1 42 G2 g3 S 5
— |diag (L& 0 & @ —$) e R’ 6.25
7 o (i )| 09 (620
Proposition 6.1. Consider the dynamic system (6.13|) with output map h
and with linear map D given by (6.15)) and (6.21)), respectively, and where the
operator B takes the form (6.19). Consider the cost functional (2.29))-(2.31))

where the initial cost mg is given by (6.17) and the matrix representation of the

forms R, Q are given by (6.18]) and (6.20)), respectively. Then the second-order
optimal filter is

—1A

9 9=X@.uw) + Et)r(g),

~

9(to) = o (6.26)

where the residual v 1s

(V1 +3)cosa + (V2 + y4) sina
— (V1 +¥3)sina + (V2 + ¥4) cos &
—V1l1Sin Q@ + yoly cos @ — yaby, sin@ + y4li, cos @
v3lasin 8 — yuls cos 8

ry =

(6.27)

The optimal gain K : (R*)* — R* is the solution of the perturbed matriz Riccati
differential equation

K=—-cK+AK +KA" - KEK + BR'BT

. (6.28)
~W(K,r)K — KW(K,r)
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with

0 a12 0 0
az; 0 azy 0
At) = 2
(t) 0O 0 0 0 (6.29)
0 0 a3 ay
where
1
a9 = Zvl tan 6
1
(91 = —Zvl tan 6
az = —V1
1 o~ N1 .~
a3 = —Vy cos (@ — B) — =<2V, tanfsin (@ — 3)
s ly 0
1 ~ ~, glc 1 . ~ I
agy = ——Vicos (@ — ) + =<-Vitanfsin (a — ),
Uy ly 1
and
En By Eiz Euy
Ea1 FEy FEaz Eoy
E(t) = 6.30
®) E31 E3 E3zz Esy (6.30)
Ey Eip Eiz By
where
Ey = eq1 cos® @ + 91 cOS A SIN A + €15 oS A SIN A + €99 sin’ &
Ei9 = —eqq cos asina — €91 sin2 a+ €12 COS2 a+ €29 COS asina
E13 = ej3cosa + egzsina
Eiy = ejgcosa + ey sina
E21 = —€711 COS asina + €21 COS2 a— €12 Sin2 a+ €29 COS asin

Fas = 11802 @ — €91 cOS A SIN O — €15 COS A SIN A + €99 COS> O

Ey3 = —eq3sina + eq3 cos
Eyy = —epgsina + egq cos

E3; = e31cosa + ezgsina

E32 = —e€31 sin & —+ €32 COS a
Fs3 = e33
Esy = e3q

E4 = eqcosa + eqosina

Ei = —eq sina + eqq cos
Ey3 = e3y
Eyu = ey
€11 %
1
€12 = O
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1
= El sina — Zl l, sinal — 5(}’2 + ¥4)

€13
ey = d2€2 smﬂ
€91 = 0
qQ
€99 — 2—=
di

~ Lo
€93 = d2€1 cos & + d;flc cosa + (V1 +¥3)

=
=
[\

q
€oy = —d—;ég cos f3

€31 = —d—1€1 sina — d2€ sina + %(372 +¥4)

€30 = d2€1 cosa + d2£ Lcosa — %(371 +7¥3)

€33 = d2€2 Z; K%c + 101 cosa + yoly sina@ — y3lp, cosa — yuly, sina
€34 = d%gl 0y smasmﬁ — d%&jg cos&cosg

€41 = Z—%ﬁg sinZi’\

€42 = d2 €2 cos ﬂ

€43 = d% 61662 sin & sin ﬁ 7 61662 COS QY COS B

€4y = Z—%ﬁz v3ls cos B V4lo sin B

and with

1
W(K, T) = §ad(KT.)A. (631)
The initial conditions for the equations (6.26)) and (6.28)) are

3(t0) = 9 (6.32)
K(to) = diag{1,1,1/2,1}. (6.33)

Proof. In what follows we will use n9 = (n%,7¥,n% n”)T € R* to indicate
the vector form of an element of the Lie algebra g and with T.Lz(n7) =

(2,9, a/, B")T the vector form of an element of the tangent space T 5@.
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Computation of r

Given T,L5(n?) € R*, the differential of % in 7 applied to TeLs(n?) is

z(s) + {1 cosal(s)

_ B d y(s) + £ sina(s)
dh(7g )(TeLE(Ug)) " dsls=0 | T(s) + {1, cosd(s) — lycos B(s)
J(s) + 01, sind@(s) — Ly sin B(s)

SO (6.34)
7 —{a' sina
_ U +0,d cosa
T =l ' sina+ 00 sing |’
Yy + 0, &' cosa — Uy B cos B
and we can write the operator dh( 5 ) as
1 0 —/ sina 0
~ 0 1 ¢ cosa 0
dh( g ) {1 0 —4y, sina Al sing (6.35)
0 1 ¢, cosa —Vlycosf
Thus, we obtain
(D)0 Qo D!y —h(7))) o dh(g) =
51+ )
(V2 +¥a) (6.36)

—y1l1 sin @ + yoly cos @ — y3lq, sin @ + yubp, cos @
y3lasin f — yuls cos 8

Evaluating TQLE on ([6.36]) we finally get (/6.27]).

Computation of A

The expression for the operator A : R* — R* is (2.37). Given T.L=(n?) € R*,
the differential of A is

d

A A@G, u)(T.Ls(1)) = )
Vi
| 0 (6.37)
- & s=0 . %‘/1 tan 0 ~
LV sin (@(s) — B(s)) + 22 2V; tan 6 cos (a(s) — B(s))
and thus
00 0 0
~ 00 0 o0
drGuwoT.L;= 0 o o o (6.38)
0 0 ay3 ayy
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where

1 1 o
a3 = —Vy cos (@ — B) — ==V, tan @ sin (@ — 3)
€2 €2 14
X : (6.39)
ay = ——V; cos (@ — B) + i—% tan fsin (@ — ).
62 62 f
The adjoint matrix representation (6.10]) implies
0 —Vitanf 0 0
1
| 7Vitan6 0 Vi 0
0 0 0 0
Since we consider the Cartan-Schouten (0)-connection form w(® = sad, the

torsion function T ) vanishes (see [22]), thus, in matrix form, it is given by

Using (6.38)), (6.40) and (6.41)) we obtain ((6.29)).

Computation of F

The operator E : R? — (R*)* takes the form (2.38)). From (6.35) and the
definitions of the matrices D and () we can find the composition

€11 €12 €13 €14
dh(G ) o(D ) oQoD todh(g) = | 2 B 6.42
( (g)) ( ) Q (g) €31 €32 €33 €34 ( )
€41 €42 €43 €44

where

q1
€11 2—2

di
€12 = €91 = 0

_ QIE PN Q1£
€13 =— €31 —ﬁ 151N & ﬁ 1. S &
1 1
q1
€14 = €41 ?62 smﬂ
1

q
€99 — 2—

di

- ay By cosa
€93 = €39 = d2 Lcosa + 72 1. COS &
1
€24 = €42 = _ﬁ& COSﬁ
1
q1 0 q1 o
€33 = é 51
d2 d2 c

€34 = €43 = d2€1 ly smasmﬁ — d2€1 ly cosacosﬁ
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The function
(D™ 0oQoD (y— (7)) : R* = (R

in lifted through the exponential functor (-)Tﬁé to the linear map

Q\

(D) 0oQoD (y—h(g)) T
defined as
(D7) 0Qo Dy —h(7)) " = (D) 0Qo D (y — h(7))) o &.

Let T.Lz(n") = (21,9, 4, BT, T.L5(n%) = (T3, Y5, O, BT € TG be two
vector fields, then the Hessian matrix is defined by

Hess h(9)(T.Ls (7)) (T. L(n%)) =d(dh(@)(T.Ls(n")))(T.L5(n"))

L L(T:G,RY) — L(T:G, (RY)")

~ - (6.43)
- dh(g)(vTeLﬁ(ngl)(TeLE(ngQ)))a
from the choice of Cartan-Schouten (0)-connection, we get
_ 1 _
VT LAnql (TeLig\T]QQ) = §Te[ﬁ§(adn§1 7792). (644)
The Hessian evaluated in T, Lzn?* and T.Lzn% is therefore
Hessh(§)(T. Ly (T Lar?) =
—Qahl; cosd — AL + ALY,
B —ahabty SinEJH— la’{x\’l 1&’1A’2 (6.45)
—aalhly, cosa + B152€2 COSB —a2y1 + A |
—ajahly, sina + ﬁ152£2 sin 3 + SaLT, — LT,
It follows that
(D7) 0Qo D!y — (7)) * o Hessh(g) =
0 0 %(?2 + ¥4) 0
0 0 —3E +7s) 0 (6.46)
—%(372 +¥4) %6;1 +¥3) €33 R 0 RE
0 0 0 /}7362 COS 6 + /}74€2 sin ﬁ
es3 = — yily cosa —yoly sina@ + ysly, cos@ + yuls, sina.

In conclusion, combining (6.42)) and (6.46) with TGL% and T, Lz, the matrix
(6.30)) is obtained.

Computation of W

Equation (6.31)) follows from the choice of the Cartan-Schouten (0)-connection.
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Initial condition

The initial condition for the filter is given by ([2.33]) while the initial condition
for the gain is K (ty) = X, ' where the operators Xy : § — g* satisfies (2.36)).

We rewrite myg as

mo(@) = 51T~ Ol = 51 [(Tous ~ 5750 s —730)] - (6.47)

Computing the trace we obtain

mo(g) = 1[4(1 — cos (a — ag)) + (z — x0)* + (y — yo)? + 2(1 — cos (B — fo))]

2
(6.48)

and from (2.33) it follows that g(to) = g,. -
The Hessian of the function mg at a point g € G is defined as

Hess mo(9)(9X)(gY) = d(dmo(g)(gY))(X) — dmo(9)(Vax (9Y))

for all gX, g € T;G. The differential of my is given by

dmo(g) = [2sin (@ — ) (z—x0) (y—wo) sin(B— )] (6.49)

~

while, given T, Lz(n%) = gn’, T.L5(n%) = g e T55, the affine connection

yields

-~ )
by — QY

! = =

1 | —abx| + a7

V Gy (G072) = 3 0 : (6.50)
0

Combining (6.49)) and (6.50) we obtain

dmo(9)(Vr, 1 o) (Te Ls(n%))) (6.51)
= [(z — o) (Q4¥; — @1%h) + (y — yo) (— AT + @ T5)]
that evaluating in /jo produces
dmo(Go)(Vr, 1.y (TeL5(1%))) = 0, (6.52)

The double differential takes the form

d(dmo(9)(gY))(gX) = diag{1,1,2cos (o — ), cos (B — o)} (6.53)

that, evaluating in /350, produces

d(dmo(9)(9Y))(gX) = diag{1,1,2,1} (6.54)
and thus, from (6.52) and (6.54)
Hess my(g,) = diag{1,1,2,1}. (6.55)
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From

K(t)) = X;!' = TeL%0 o Hessmy(g,) © T.Ls (6.56)
we obtain the initial condition of K(tg)

K(t) = (T.15,) " (Hessmo(G) ™ (T.22,) .
= diag{1,1,1/2,1}. '

This computation ends the proof. O

For the second case (reversing maneuver with LIDAR sensor) we have the
following Proposition. The proof is similar to the previous one and is omitted.

Proposition 6.2. Consider the dynamic system (6.13)) with output map h and
the linear map D are given by (6.16) and (6.23), respectively and where the
operator B takes the form (6.19)). Consider the cost functional ([2.29)-(2.31))

where the initial cost mg is given by (6.17) and the matrix representation of the
forms R, Q are given by (6.18]) and (6.22)), respectively. Then the second-order
optimal filter is

~—1A

7 9=M@Gu) +Kt)r(9),

where the residual r s

~

3(to) = 9o (6.58)

(31 4 §3) cos @ + (V2 + 74) sin@ g

— (V1 + V3)sina + (V2 + ¥4) cos @
re = | —yil1sina + yofy cos @ — yaly, sina + yuly cosa| . (6.59)
Vslosin B — y4ly cos f
Vs

The optimal gain K =: (RY)* — R?* is the solution of the perturbed matriz
Riccati differential equation

K=-cK+AK + KAT - KEK + BR'BT

’ (6.60)
~W(K,r)K — KW(K,r)
with
0 ai12 0 0
a1 0 923 0
AD=170"6 o o (6.61)
0 0 au3 au
where

1
alg = Zvl tan 6

1
as = —=V, tané

14
asz = —V;
1 e ~ glc 1 . ~ I
as3 = —Vicos (@ — B) — —<=V,tan@sin (a — )
ly ly 0
1 s b1 UGN
ayy = ——Vicos (@ — ) + =< -Vitanfsin (@ — B3),
Uy ly 0
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and

where

€11
€12

€13

€14

€21

€22

€23

€24

€31

=5+

= Elcosa—i- 2€ L COSQ +

Ell E12 E13 E14

| B Eay By Eoy
E(t) = Es1 FEsy Ezz Esy (6.62)

E41 E42 E43 E44

E44 = ﬁfz 2 6 + d2 2 ﬂ + d2 S;SEQ COs B - ’}74€2 Sina

= e11 c0o82 A + €91 COSASIN A + €19 COSASIN A + €95 sin’ O
= —eq1 COSASIN A — €97 8IN% A + €19 €082 & + €99 COS O SIn A
= €13 C0SQ + e938in @

= €14 COSQ + €94 8In A

= —eq1 COS A SIN A + €91 COSZ A — €19 8IN° & + €95 COS O SIN A
= e118in2 @ — €91 COS A SIN A — €19 COS A SIN A + €99 COSZ A
= —e138In A + €93 cos A

= —eysinQ + egy CcOs

= €31 COS A + €32 Sin &

= —e3; SINA + €35 COS A

= €33

€34

= €41 COS O + €49 SIN Q¥
= —eyy SInQ + e49 COS O
= €34

= €44

I
di ~ d3

=0

1
= €1 sina — Q2£ csind — = (V2 + ¥4)

d2

= €2 smﬁ

d2

=0

q1 q2
d2 2

|
—(¥1 +7¥3)

d2 ds 2

= £2 cos ﬁ

d2

1 ~
= 61 sina — L —li sina + (V2 + ¥a)

T2 &2 2
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1.
632—d2€1cosa+d2€ cosa—ﬁ(yl%-yg)

€33 = d2€2 d2 62 + V101 cosa + yoly sina — y3lq, cosa — yulp, sina

€31= "7 61662 sin & sin ﬁ — B 61662 COS (¥ COS ﬁ
2
a2 D
€41 = ﬁ& smﬂ
2
a2 )
€49 = _$£2 COS 6
2
€43 = > 61062 sin & sin B 2 61662 COS (Y COS B
2

€4y = %32 + z]; — V3ls cos ﬁ — Vals sinB

and

1
W(K, 7”) = 5&(21([(7«)/\. (663)
The initial conditions for the equations (6.58) and (6.28) are
g(t) = Ty (6.64)
K(to) = Isys. (6.65)

6.4 Laboratory setting

The experimental validations were conducted on truck and semi-trailer scaled
models at the Automotive Lab, Eindhoven University of Technology, within
the project TruckLab (Figure . The operating space in the laboratory is
7m X 7m including a docking station and 3 tractors and semi-trailers. The
laboratory is equipped with motion capture cameras Prime*13 and, together
with markers attached to the scaled vehicles, allows to have a position accuracy
of about 20 mm; so we can consider such measurements as the (true) reference
trajectories. The scaled vehicles operate on ROS (Robot Operating System)
and are configured with Turtlebot3 Waflle Pi software architecture. The scaled
model vehicles are a faithful reproduction of real truck semi-trailer vehicles,
with a reduction ratio of 1:13.3. The model dimensions in Figure are listed
in Table 6.1

element | cm
I 28
l, 5.5
Uy 56.7

Table 6.1: Model datasheet

The steering angle is measured with a combination of odometer and IMU
measurements. The steering wheels of the scale reproductions have a maximum
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Figure 6.4: Automotive Laboratory (Eindhoven University of Technology)

steering angle 6 of £38deg. Thus, we impose the inequality —38deg < 0 <
+38deg.

Another constraint is represented by the so-called jackknifing, which is a
condition where the articulation angle between the tractor and the semi-trailer
becomes very large. This problem can arise when driving forward and applying
a large steering angle, or, when driving backward (in this case the vehicle
configuration is unstable), a small constant steering input in the articulation
angle will grow until the cabin collides with the semi-trailer. This condition
results in the inequality —100deg < v, < +100deg.

6.5 Simulations and discussions

To simulate noisy measurements given by the GPS and LIDAR devices, we
add Gaussian white noises to the reference trajectories provided by the optic
cameras. The standard deviations of these measurement errors are reported

in Table

measure | standard deviation
Togps 5 m
Yocps 5 m
I’QGPS 5 m
Y2gps o m
T2 AR 0.10 m
Y211pAR 0.10 m
Biipar 0.02 rad

Table 6.2: Measurement errors

The linear velocity of the truck is obtained by adding to the reference
velocity a Gaussian white noise with standard deviation of 0.1m/s.
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The matrix representations of the quadratic forms R and the linear oper-
ator B are

R :=diag{1,1,1,1},
B :=diag {0.1,0.1,0.1,0.1} .

The matrix representations of the quadratic forms Q and the linear operator
D in the first part of the maneuver are

Q :=diag{1,1,1,1},
D :=diag {0.5,0.5,0.5,0.5},
while for the second part, they are
Q =diag {1,1,1,1,1},
D :=diag {0.5,0.5,0.5,0.5,0.5} .

To solve the differential equations, we use a forward Euler method with a
sample time of T = 10ms.

(a) Parking maneuver for the dataset 1 (b) Parking maneuver for the dataset 2

Figure 6.5

In Figure and Figure we show the maneuvers of the truck semi-
trailer system for two datasets both consisting in pose, steering angle and
linear velocity trajectories. In Figure and we report the graphs of the
reference, measured (corrupted by noises) and filtered trajectories. The first
vertical line corresponds to the instant when the vehicle starts the reversing
maneuver, while the second one to the instant when the filter uses also the
LIDAR sensor. As can be seen, the filter performs well even if the noises are
large. The final errors due to filter approximation are acceptable if compared
with the parking space, the dimension of the vehicles and the sensors’ accuracy.

The addition of the LIDAR measurements significantly improves the preci-
sion of the filter and allows to have better estimations in the final part of the
maneuvering. Another advantage of considering a LIDAR sensor is highlighted
by its ductility of being able to be settled both on the semi-trailer or on the
docking station, having the characteristic of detecting nearby physical objects.
For this reason, the choice of using a single LIDAR on the docking station for
several vehicles can be cost-effective.
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and filtered (red) inputs and trajectories for dataset 1
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Figure 6.7: References (black), measured with GPS (blue) measured with LIDAR (green)
and filtered (red) inputs and trajectories for dataset 2
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Chapter 7

Conclusions and future works

In this thesis, we dealt with the design of second-order optimal filters based on
the Lie group theory and applied to planar rigid bodies. This filter is part of
the so-called minimum energy filters since its optimality is achieved considering
a quadratic cost function in the model and measurement errors. The dynamics
evolves on Lie groups, and this lets us consider its trivialization and take into
account the symmetries of the system. The advantages of this filter are many,
such as (1) it does not require any hypothesis on the errors, treating them as
deterministic functions, (2) the Lie group structure lets use global coordinates,
and so we only need to use a single chart. It is a second-order optimal filter
since, for the exact derivation of the filter, it would be necessary to solve an
infinite dimension Hamilton-Jacobi-Bellman (HJB) equation, and thus, our
filter relies on a second-order approximation of the value function.

We first applied the filter to the case of a free planar rigid body whose un-
derlying dynamics evolves on the tangent bundle of the special Euclidean group
on the plane. This case occurs for example in many marine vehicle systems
such as hovercraft, or in planar rigid bodies without constraints. We started
our analysis by investigating the matrix Lie group structure that underlies the
dynamics described by Euler-Poincaré equation for a free rigid body. An im-
portant aspect of this work is the description of the Lie algebra homomorphism
between se(2) and R3. Particular attention was paid to the choice of the mea-
surement equation and its relation with the observability of the system. After
that, we compared this filter with the extended Kalman filter. We highlighted
that under the hypothesis of linearity and Gaussianity of the errors the two
filters are equivalent. The filter on Lie groups proved to have almost the same
behavior of the extended Kalman filter and thus the former can be seen as an
extension of the latter.

Since in real life most vehicles are subject to constraints originated by
the use of wheels (such as bicycles or cars) or blades (such as sleighs), we
studied the design of second-order filters applied to nonholonomic systems. In
particular, we examine the Chaplygin sleigh, which is a nonholonomic system
that models a planar rigid body supported at three points, two of which slide
freely while the third is a blade at distance a from the center of mass and that
cannot move perpendicularly. From a geometric point of view, the presence
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of a nonholonomic constraint changes the state space and thus, it is no more
described as the tangent space of a base manifold, but by a distribution of
it. We derived the Lie group matrix representation and the related concepts
in light of this distribution. Particular attention was devoted to the left-
trivialized dynamics. In general, the filter does not preserve the nonholonomic
constraint due to the presence of non-null components on the gain-residual
term. Thus, we investigated the conditions that ensure the preservation of
the nonholonomic constraint by properly choosing the affine connection which
guarantees that the orthogonal velocity is equal to zero by design.

After that, we shifted our focus to articulated vehicle systems. These sys-
tems model multi-body vehicles composed of rigid bodies connected by hooking
constraints such as luggage carriers in airports or cars with trailers in ware-
houses. We considered the case of a leading car pulling n trailers with different
masses and inertias. The use of Hamel’s coordinates to write the dynamic equa-
tions allows to derive the Lie group structure for this system. We designed
three second-order optimal filters where the masses and inertias are (i) known
at each instant of time, (ii) unknown but time-invariant, (iii) unknown and
time-varying and thus treated as dynamic variables and estimated. The latter
can be applied for example in case of consumption of fuel, or if some weights
are loaded or unloaded from the trailers (e.g. in an airport or warehouse).

In the last case we studied the application of the filter to a scaled model
of a truck semi-trailer system in a parking area. This work was done in co-
operation with the Dynamics and Control group and with the Automotive
Lab at Eindhoven University of Technology. The measurements are obtained
by adding artificial noise to the ones obtained using motion capture cameras.
We consider different types of measurements in order to have better estima-
tions when the system is moving reversing, in which case the dynamics become
unstable.

In the thesis, we investigated many aspects that characterize the filter,
such as the choice of the measurement equations, the choice of the connection
function, and the presence of nonholonomic and hooking constraints.

In the future, we plan to extend these results to bodies whose dynamics no
longer evolve on the plane but in space, such as drones, airplanes or satellites.
Another important research topic could be the study of stability. This result
will be not trivial since the residual r is within the Riccati equation, and it
makes the study of the convergence of the Riccati-like equation and the anal-
ysis of the stability of the non-linear time-invariant system quite challenging.
Finally, an important theoretical result could be the formulation of the discrete
version of the filter, as done for the Kalman filter. The current version requires
measurements at each instant of time: this hypothesis is not feasible in real-life
applications. A discrete version would be better tailored to the sampling time
of the sensing system and a continuous time. Discrete measurement equations
would allow to estimate the state between measurements.
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Appendix A

Review of differential geometry

In this appendix, we report the main topics of differential geometry theory.
For a complete treatment see e.g. [5], [7], [8], [11], [13], [22].

Before giving the standard definitions of differential geometry, we provide
the notion of tensor that will be useful in the discussion.

Definition A.1. (Tensor product of vector spaces). Let V and W be two
vector spaces. The tensor product of V and W denoted by V' ® W is a vector
space with a bilinear map ® : V. x W — V ® W such that, given a vector
space Z and a bilinear map ¢ : V x W — Z, then there exists a unique linear
map p: V®W X Z such that ¢ = po®, namely ¢(v,w) = p(v @ w) for every
veVand we W.

It is possible to extend this definition to an arbitrary product of vector
spaces V1 @ Vo ® - - @ V.

Definition A.2. (Tensor of type (r,s)). Let V' be a vector space and V* its
dual. A tensor of type (r,s) is a multilinear map

T Vi oo x ViV oo x V= R

J/

s S

A tensor T7 € L(V*,...,V* V..., V;R) is an element of the product tensor
space
(V) =V (V)* =V®.. VeV ®..oV".

The study of differential geometry revolves around the notion of differen-
tiable manifold. Before giving its definition, it is necessary to introduce the
concepts of charts, atlases and differentiable structures. These concepts let to
describe a manifold putting it in relation to open spaces in R".

Definition A.3. (Charts, atlases, differentiable structures). Let S be a set.

- A chart for S is a pair (U, ¢) where U is a subset of S and ¢ : U — R
is an injection for which ¢(U) is an open subset of R™.
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- For r € NU {0}, a C"—atlas for S is a collection A = {(Uy, Pu) }aca of
charts with the properties that S = J,. 4 Aa and, whenever U, NU, # 0,
bo(U, NUy) and ¢y (U, NU,) are open subsets of R™ and the map ¢po ¢, ! :
boU, NUy) — Dp(Uy, NUp) is a C"—diffeomorphism.

- Two C"—atlases A; and A, are equivalent if A;UA; is also a C"—atlas. A
C"—differentiable structure on S is an equivalence class of atlases under
this equivalence relation.

Definition A.4. (Manifolds). A C"—differentiable manifold M is a set S
with a C"—differentiable structure. If all charts take values in R”, then n is
the dimension of the manifold.

Roughly speaking, a manifold represents a set that “locally looks like” an
open set of R”. Using the definition of charts and atlases, it is possible to
define a set of coordinates x!,.., 2", which allows locating the points on the
manifold.

Definition A.5. (Differentiable function). Let M be an n—dimensional man-
ifold and A an atlas. A function f : M — R is said to be differentiable of class
C* if the composition fo¢~! is differentiable of class C* for every chart (U, ¢)
in the atlas A.

The set of all differentiable functions from M to R will be denoted by
C>(M).

Definition A.6. (Differentiable map between manifolds). Let M and N be
two manifolds, and let f : M — N be a continuous map between them. Then
f is said to be differentiable of class C* if for any pair of charts (U, ¢) of M
and (V,v) of N, the composition 1) o f o ¢! if a differentiable map of class

Ck. If f and f~! are bijections of class C*, then f is diffeomorphism of class
Ck.

In order to define the notion of tangent vector and thus of tangent space
at a point x of a manifold, it is useful to introduce the notion of differentiable
curve.

Definition A.7. (Differentiable curve). A curve at € M is a function
~v: I — M, where [ is an interval of R containing 0 and such that 7(0) = z.

Two curves 1, 7. are said to be equivalent at x if in a coordinate chart
(U, ¢) with x € U, the local representative of 71 and 7, have the same derivative
at 0. This equivalence is independent of the chart chosen. We will write
Y1 ~z Y2 to indicate that v, and 7, are equivalent at x. This is an equivalence
relation [v],.

Definition A.8. (Tangent vector). Let M be a manifold. A tangent vector v
at x € M is the equivalence class [7],.

Definition A.9. (Tangent space). The tangent space of M at x is the set of
all tangent vectors of M at x and will be denoted by T, M.
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0

cs 5om § Where

The tangent space T, M is a vector space with basis {%,

x!, .., 2" is the set of coordinates.

Definition A.10. (Tangent bundle). The tangent bundle T'M is the set of all
tangent space T, M of all x € M:

™ = | T.M.
zeM
It can be proven that, given an n—dimensional differentiable manifold M,
the tangent bundle T'M is a differentiable manifold with dimension 2n. The

canonical projection, 7 : TM — M is the mapping defined by 7(v) = x when
v e T, M, thus 7~ (z) = T, M.

Definition A.11. (Tangent map). Let M and N be two differentiable mani-
folds and let ¢ : M — N be a C*-map. Then the tangent map T'¢ : TM — TN
maps the vector v = [7], € T, M into the vector Ty, d(v) = [p0V]s@) € Ty@) V.

Definition A.12. (Submersion, immersion, embedding). Let M and N be
two manifolds and f : M — N be a smooth map. Then f is

- a submersion if its differential is surjective at each point;
- an immersion if its differential is injective at each point;

- an embedding if it is an immersion and it is a homeomorphism onto
f(M).

Definition A.13. (Submanifold). If N C M and the inclusion i : N — M is
an embedding, then NN is a submanifold of M.

Definition A.14. (Vector fields). A vector field X of class C* on M is a
function that assigns to each point x of M a vector v € T, M whose components
in the frames of any local coordinates (U, ¢) are functions of class C* on the
domain U of the coordinates.

The set of all vector fields on a manifold M is denoted by X(M).

The tangent space in a point x forms a vector space in which tangent
vectors live. A related concept is that of cotangent space, namely the dual of
the tangent space where are defined the linear applications on vectors.

Definition A.15. (Cotangent vector). Let M be a differentiable manifold and
x € M. A cotangent vector of M at x is a linear operator o : T, M — R that
associates to each vector v in T, M a real number.

Definition A.16. (Cotangent space). Let M be a differentiable manifold.
The cotangent space of M at x, denoted by 7 M, is the set of all cotangent
vectors of M at z.

The cotangent space 1M is a covector space with basis {dxl, ...,dx"}

where
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0 ifi# .



T*M

(6]
L
|
|
| T,M
7,

X

M

Figure A.1: Tangent and cotangent space in a point z. To view it, the cotangent bundle is
depicted as a vector space and cotangent vectors as vectors.

Definition A.17. (Cotangent bundle). The cotangent bundle 7% M is the set
of all cotangent space T*M of all x € M:

T°M = | ] T;M.

zeM

The tangent and cotangent bundle, together with differentiable functions,
let us to define the pull-back and the push-forward.

Definition A.18. (Pull-back of a real-function). Let M and N be two differ-
entiable manifolds, consider a diffeomorphism ¢ : M — N and a differentiable
function f : N — R. Then the pull-back of f under ¢ is defined by ¢* f = fo¢.

Definition A.19. (Pull-back and push-forward of a vector field). Let M and
N be two differentiable manifolds, and consider a diffeomorphism ¢ : M — N.
Then:

- the pull-back of Y € X(N) is the vector field ¢*Y € X(M) defined as
&Y =To oY o

- the push-forward of X € X(M) is the vector field ¢.X € X(N) defined
as ¢,Y =T¢poXogpt.

Via a vector field on a manifold M it is possible to construct a curve whose
tangent vector in each point is equal to the value of the vector field. A wider
concept is that of a flow.

Definition A.20. (Integral curve). An integral curve v : I — M is a differ-
entiable curve at x € M for a vector field X, if 7/(t) = X (v(¢)) and v(0) = =.

Definition A.21. (Flow). Let X € X(M). A flow of X is a differentiable
map ®X : U x I — M, where I € R is an interval containing 0 and U is an
open subset of M, such that, for any z € U, the map ®*(x,t) is an integral
curve of X with ®X(z,0) = z. We will use &% (x) for ®X(z,1).
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It is possible to define the concept of a derivation of a function with respect
to a vector field. In a similar way one could define the derivative of a vector
field with respect to a vector field. These are called Lie derivatives.

Definition A.22. (Lie derivative of a function). Let M be a differentiable
manifold, X be a vector field with flow ®X, f : M — R be a function. Then
the Lie derivative of f at x with respect to X is given by

Lt (@) (X)) = Xl
(B g -y (A ) S0

t—0 t t—0 t

In local coordinates, the Lie derivative of f at x with respect to X is given
by
Ly f(z) = {df(z), X (2)).

Definition A.23. (Lie derivative of vector fields). Let M be a differentiable
manifold and X,Y € M. Then the Lie derivative of Y at x with respect to X
is given by
OX)Y — Y
LxY = lim (L) .
t—0 t

Definition A.24. (Commutator of vector fields). Given X,Y € X(M), the
vector fields commutator [-, -] : X(M)xX(M) — X(M) is defined as [ X, Y](f) =
XY f)=Y(X(f)) for all f e C>®(M).

Proposition A.1. Let X,Y € X(M). Then LxY = [X,Y].

We have already presented the notion of a submanifold of a manifold M as
a subset of M that is also a manifold of a smaller dimension. It is possible to
introduce a similar concept for what concern the tangent space considering a
linear subspace that we call distribution. The Frobenius theorem allows us to
understand under which conditions a distribution represents the tangent space
of a submanifold.

Definition A.25. (Distribution). Let M be a differentiable manifold of di-
mension m. A distribution D of dimension n < m, is a map that assigns to
each point x € M a vector subspace D, of T,,M of dimension n.

Definition A.26. (Integrable submanifold). A submanifold N of M is called
an integral manifold of a distribution D, if T,N = D, for any point = € N.
If an integral manifold of D exists through each point of M, D is said to be
completely integrable.

Definition A.27. (Involutive distribution). A distribution D is said to be
involutive if for every X, Y € D we have that [X,Y] € D.

Theorem A.1. (Frobenius theorem). A distribution D of a manifold M is
completely integrable if and only if it is involutive.
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Let’s define now an important object called affine connection. An affine
connection on a smooth manifold connects nearby tangent spaces, thus it per-
mits tangent vector fields to be differentiated as if they were functions on the
manifold with values in a fixed vector space.

Definition A.28. (Affine connection). Let M be a smooth manifold and let
X(M) be the space of vector fields on M. Then an affine connection V on M
is a bilinear map
X(M) x X(M) — X(M) (A1)
(X,Y) — VxV '
such that
i) VixY = fVxY for each X,Y € X(T'M) and each f € C*(M);

i) VxfY = fVxY + (Lxf)Y for each X,Y € X(TM) and each f €
C®(M).

The vector field VxY is called covariant derivative of Y with respect to X.

An affine connection can be described using its projections on the element
of the base. These projections are called Christoffel symbols.

Definition A.29. (Christoffel symbols). Let M be a differentiable manifold

with connection V, and let (z!,...,2") be coordinates in a chart (U, ¢). For

each i,7 € {1,...,n}, VA% is a vector field on U that is a linear combinaton
ozt

of {%, . &cin}’ thus we can write
0 0
A
227 QxJ ox

where Ffj U — R, i,5,k € {1,...,n} are C"-functions called Christoffel
symbols.

Definition A.30. (Affine connection of functions and tensors). Let V be an
affine connection and let X be a vector field,

- let f € C'* be a function, then the covariant derivative of f with respect
to X is given by
Vxf=Lxf; (A2)

- let a € T*M be a 1-form, then its covariant derivative with respect to
X is implicitly given by

(Vxa;Y) = Lxa(Y) — (a; VxY), (A.3)
where Y € T'M;
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- let T be a general tensor of type (r, s), then its covariant derivative with
respect to X is given by

(VxT)(a,...,a", X1,..., X,) =Lx(T(a!, ...,a", X1, ..., X,))

— ZT(al, L Vxal a” Xy, X))
i=1

=) T(a',...a" Xy, ., Vi X, LX),
j=1
(A.4)
where o, ..., 0" € T*M, X, ..., X, € TM.

Definition A.31. (Riemannian manifold). A Riemannian metric on a smooth
manifold M is a (0,2)-tensor g : T(M) x T(M) — R that is symmetric and
positive definite. A Riemannian manifold (M, g) is a manifold together with a
Riemannian metric g.

The notion of metric lets us define some concepts as the length of a curve
or angle between vectors as it’s done in the classical Euclidean geometry.

There exist two important invariants of an affine connection on a manifold
M: the torsion and the curvature.

Definition A.32. (Torsion). Let M be a smooth manifold and let V be an
affine connection. Then a torsion is a (1,2)-tensor defined on vector fields X
and Y by

T(X,Y)=VxY —-VyX - [X,Y]. (A.5)

Definition A.33. (Levi-Civita connection). Let (M, g) be a Riemannian man-
ifold. An affine connection V on M is called a Levi-Civita connection if:

- it preserves the metric (i.e. Vg = 0);
- it is torsion-free (i.e. T(X,Y) = 0).
Proposition A.2. The Levi-Civita connection exists and is unique.

Theorem A.2. (Christoffel symbols for Levi-Civita connection). In the case
of a Riemannian manifold with metric g, the Christoffel symbols are given by

i o— 1 im<agmk OGmi 8gkl)
K= 5

+ i
29 Ox! oxk  Oxm
where g, i,7=1,..,n, are the entry of the inverse of the metric tensor.

Definition A.34. (Curvature tensor). Let M be a differentiable manifold and
V an affine connection. The curvature tensor associated to V is the tensor field
of type (1, 3) defined as

R(X,Y)Z =VxVyZ —VyVxZ —VixyZ
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for all X,Y,7Z € X(M).

Definition A.35. (Geodesic). Let M be a differentiable manifold with an
affine connection V. A curve 7y : I — M is a geodesic if V54 = 0.

A geodesic can be seen as the shortest curve that connects two points on
the manifold.

Proposition A.3. (Geodesic equation). Considering the components of the
geodesic curve y as y(t) = (z'(t),...,x"™(t)), then they satisfy
d2xi(t)
dt?

dxd(t) daz*(t)
dt dt

+ I (x(1)) = 0.
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Appendix B

Review of Lie group theory

One of the most powerful structure that can be used to model mechanical
control systems on manifold is the notion of Lie group. A Lie group combines
the concepts of differentiable manifold and continuous group and inherits from
them important properties related to the differential structure and the sym-
metries. In this appendix, we recall the basic concepts of Lie groups theory.
For an extension review on Lie groups theory we refer to |7], [15], |21], [25],
[38], [44].

Lie groups and Lie algebras

In this section, we provide the definition of Lie group and Lie algebra and the
relationship between them. We start with some definitions and properties of
Lie group and Lie algebra.

Definition B.1. (Group). A set G endowed with a binary operation * :
G x G — G, (a,b) = axbis a group if:

i) (associativity) a x (bxc) = (a*b) x ¢ for all a,b,c € G;

ii) (neutral element) there exists e € G such that a xe = e xa = a for all
a € @G,

1

iii) (inverse) there exists a™' € G such that axa™ = a7 xa = e for all

a€d.

A group is abelian (or commutative) if the group operation is commutative,
ie. axb="bxaforall a,be G.

A subset H of GG is a subgroup of G if the pair (H,x) is a group, i.e. if H
is a group with respect to the binary operation defined on G.
We are now ready to give the definition of Lie group.

Definition B.2. (Lie group). A Lie group is a group that is also a manifold for
which, given z, y € G, the group operation (x,y) — xy and inverse operation
x +— 2~ ! are smooth.
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A Lie group mixes together the notions of differentiable manifold and alge-
braic group, and from them, it inherits the group structure and the differential
one.

There exist many types of Lie groups, among these, are matrix Lie groups.

Example B.1. (Matrix Lie groups). The set GL(n;R) of invertible n x n
matrices with real entries is a Lie group with respect to the operation of matrix
multiplication.

Definition B.3. (Group homomorphism). Let (G,*) and (H,e) be two Lie
groups. A Lie group homomorphism is a map p : G — H that satisfies
plaxb) = p(a) e p(b) for all a,b € G. If the Lie group homomorphism p is a
bijection, then p is called an isomorphism, in that case, the groups are said to
be isomorphic and one writes G ~ H.

Definition B.4. (Subgroup). A Lie subgroup of a Lie group G is a subgroup
H C G for which the inclusion iy : H — G is an injective immersion; If a Lie
subgroup H of G is a submanifold of GG, then it is a regular Lie subgroup.

An example of a subgroup is the notion of one-parameter subgroup, which
is the image of a smooth group homomorphism p: R — G.
A related concept to Lie group is the one of Lie algebra.

Definition B.5. (Lie algebra). A Lie algebra V is a R-vector space endowed
with a biliniear operation [-,:] : V' x V' — V., called Lie bracket, such that:

i) anti-commutativity: [{,n] = —[n,&] for all {,n € V;

ii) Jacobi identity: [&,[n,C]] + [1,[¢, €]l + ¢, [€,n]] = 0 for all &, n, (.

Definition B.6. (Structure constants). Consider a Lie algebra V' with basis
{e1,...,e,} and Lie bracket [-,-]. The Lie bracket operation has to satisfy

k .o
leis ej] = cizen, 0,7,k €{1,...,n},
where cfj € R are called structure constants.

Definition B.7. (Lie algebra homomorphism). Let (V,[-,-],,) and (U, [-,-];)
be two Lie algebras. A Lie algebra homomorphism is a map p : V' — U that
satisfies p([&,nly,) = [p(€), p(n)]y for all ,n € V. If the Lie homomorphism
p is a bijection, then p is called a Lie algebra isomorphism, in that case, the
groups are said to be isomorphic and one writes V' ~ U.

Definition B.8. (Subalgebra). Let V be a Lie algebra. A Lie subalgebra U of
V' is a nonempty subset of V' that is a Lie algebra with respect to the bracket
operation in V.

Another way to understand Lie bracket is via the adjoint operator.

Definition B.9. (Adjoint operator). Let V' be a Lie algebra and £ € V. Then
the adjoint operator corresponding to n € V' is the linear map ad¢ : V — V
defined by

aden = €, 7] .
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The difference between the Lie bracket and the adjoint operator is that the
latter fixes the first element while the second is variable.

The importance of the adjoint operator is underlined by the fact that it is
a derivation, which means

ad; [y, z] = [ad,y, 2] + [y, ad,2].

Another important property of the adjoint operator is that it is a representa-
tion, that is

[ad,;, ady](2) = adp 4)(2).

The adjoint operator is defined as a map from a Lie algebra into itself. It
is possible to define the dual operator that operates on the dual.

Definition B.10. (Dual adjoint operator). Consider a Lie algebra V' and its
dual space V*. Given £ € V, we define the dual map adZ VP = V* oas
(adga;n) = (s [€, 7)) for all a € V™.

Given a basis of V, the matrix representation of the dual operator [adg] is
the transpose of [ade].

Lie groups and Lie algebras are two different mathematical entities: the
firsts are manifolds, the seconds are vector spaces. They are related by the
fact that the tangent space of the identity of a Lie group is a vector space with
a structure of a Lie algebra. To prove this, we have to construct a Lie bracket
operation, thus, we need the notion of left-invariant vector field.

Definition B.11. (Left and right translation map). Let (G, %) be a Lie group.
For g € G, the left translation map is the map
Ly:G—=G
h— g*h.

In a similar way, one can define the right translation map as

R,:G—=G
h— hx*g.

The left translation map is smooth, its smooth inverse is L,-1, therefore
L, is a diffeomorphism of G. For g € G, the tangent map T, L, : T.G — T,G,
assigns to each tangent vector v to T.G the tangent vector T.Ly(v) = L. (v)
as done for a generic tangent map on a manifold (see Definition .

Definition B.12. (Left-invariant function). Let G be a Lie group. A function
J G — Ris left-invariant if Lyf = f for all ¢ € G, or equivalently if
f(h) = f(g*h) for all g,h € G.

Left-invariant functions satisfy f(g) = f(g~' *g) = f(e) for all g € G.
Therefore they are constant functions identified by their value at the identity.
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Definition B.13. (Left-invariant vector field). A vector field X on G is left-
invariant if L7 X = X for all g € G, or equivalently if X (g h) = T,L,X (h)
for all g,h € G. The set of left-invariant vector fields of G' will be indicated
with £(G).

As done for left-invariant functions, left-invariant vector fields are identified
by their value at the identity, indeed X (g) = X(gxe) = T.Ly(X(e)). We will
denote with £, the left-invariant vector field on G defined by & (e) = ¢ € T.G.

Theorem B.1. (Left-invariant vector fields properties). Left-invariant vector
fields enjoy the following properties:

i) left-invariant vector fields are smooth;
i) the set L(G) of left-invariant vector fields is a Lie subalgebra of X(G);
1) T.G and L(G) are isomorphic as vector spaces by the isomorphism

p: T.G = L(G)
X, — p(Xe) = (X)L

Proof. See e.g. [7], [45]. O

By the previous results, one can show that there exists a relation between
Lie groups and Lie algebras, in particular, the tangent space at the identity of
a Lie is a Lie algebra.

Definition B.14. (Lie algebra of a Lie group). The Lie algebra g of a Lie group
G is the tangent space at the identity 7.G with the bracket [£, 7] = [£1, 1] (€).

The bracket just defined satisfies the Lie algebra bracket properties thanks
to the anti-commutativity and Jacobi properties of the vector fields commuta-
tor.

Another important connection between a Lie group and its Lie algebra is
given by the so-called “exponential map”.

Definition B.15. (Exponential map). Let G be a Lie group, and g its Lie
algebra. The exponential map is provided by

exp:g — G
§ = exp(§) == " (e).
The following theorem describes some properties of the exponential map.

Theorem B.2. (Ezponential map properties). Let G be a Lie group and £ € g.
Then:

i) the integral curve R 3t — " (e) = expté is a one-parameter subgroup

of G;
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it) for all g € G and t € R, <I>§L (9) = Ly oexp&t and thus, left-invariant
vector fields are complete;

iii) exp : g = G is a local C*-diffeomorphism and Ty exp = idy.

Example B.2. (Matrix exponential). For a matrix Lie group G the expo-
nential map exp : g — G coincides with the restriction to g of the matrix
exponential map.

Lie group action

The idea behind a group can be used to describe the transformation of a
manifold. The structure of this latter can give rise to special symmetries that
can be formalized through the notion of action.

Definition B.16. (Left actions). A left action of a Lie group G on a manifold
M is a smooth mapping ® : G x M — M such that:

(i) ®(e,z) =z for all x € M;
(ii) ®(g,®(h,x)) = ®(gh,x) for all g,h € G and = € M,

(iii) for every g € G, the map @, : M — M, defined by @,(z) := ®(g, ) is a
diffeomorphism.

Similarly, for right action we have the following definition.

Definition B.17. (Right actions). A (smooth) right action of a Lie group G
on a manifold M is a smooth mapping ® : G x M — M satisfying the same
conditions as for a left action, except that condition (i7) is replaced by:

(ii") @(g,P(h,x)) = ®(hg,x) for all g,h € G and z € M.
To any left-action ®(g, z) = g corresponds the right action ®(g,z) = g~ 'a.

Definition B.18. (Orbits). Let G act on M. For a given point x € M, we
consider the equivalence condition

r~y<sdgeGigr=uy.
The equivalence class
Orb(x) =[z|={y:y~z}={gx: g€ G}

is called the group orbit through z.
The set of all orbits is called the orbit space and is indicated by M/G.

Definition B.19. (Types of group actions). The action ® : G x M — M of
a group G on a manifold M is said to be:

(i) transitive if for every x,y € M there exists a g € G such that gz = y;
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(ii) free if gr = x implies g = ¢;

(iii) faithful (or effective) if for all ¢ € G such that g # e, there exists x € M
such that gr # x;

(iv) proper if, whenever the sequences {z,} and {g,z,} converge in M, the
sequence {g,} has a convergent subsequence in G.

Any action of G on a manifold M induces the corresponding “lifted” actions
on T'M and T*M.

Definition B.20. (Tangent and cotangent lifts). Let ® : G x M — M be a
(left or right) action, so ®, : M — M for every g € G. The tangent lift of ®
is the action

To:GxTM —TM
(97 (QZ,U)) = T(I)g(xvv) = ((I)g(x)>TIq)g(v))>

where x € M and v € T, M.
The cotangent lift of ® is the action

T°®:GxT"M —T*M
<g7 (ZL‘, Oé)) = T*égfl(‘,L OZ) = (q)g(x)’T&;g(x)q)g*l(a))
where a € T7 M.

Definition B.21. (Action of a Lie group on its tangent and cotangent bundle).
The tangent-lifted left translation of the tangent bundle of a Lie group GG under
its action is given by

GxTG—=TdG
(0. 1,0)) = (g g0) 5= (01 TiL,0) = (g S aeto)co

where ¢(t) is any path in G with ¢(0) = h and ¢/(0) = v, while the cotangent-
lifted left translation of the tangent bundle of a Lie group G under its action
is given by

GxT'G—TG

(9, (h, @) = (gh, ga) := (gh, Tg, Lg-1(ar))

where
<Tg*th*1 (), w) = (a, TypLg— (w))

for all w € T, G.

Example B.3. (Matrix tangent and cotangent lifted left translations). Let G
be a matrix Lie group that acts by left translation into itself. Let R € G and
(A, A) € TG and consider the curve C(t) such that C'(0) = A and C'(0) = A,

then the matrix tangent lifted left translation is given by

GxTG—TG
(R. (A, A)) = (RA, RA),
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while the matrix cotangent lifted left translations is
GxT'G—->T'G
(R, (A, P)) — (RA,RP)
for every P € T}G.

Thanks to the tangent lifted left translation action, it is possible to con-
struct a diffeomorphism that relates the tangent bundle with the cartesian
product G x g.

Definition B.22. (Left trivialization map). Let G be a Lie group acting
on T'G by tangent lifted left translation. Then, the left trivialization map is
defined as

AMTG—Gxg
(h,h) — (h,h"*h) = (h, Ty, L1 h).

The inverse of the left trivialization map produces A7 (h, &) = (h, h§) and
since are both smooth, A is a diffeomorphism.

The left trivialization map lets to recognize some important diffeomor-
phisms that characterized the tangent bundle of a Lie group.

Proposition B.1. Let G act on TG by left lifted left multiplication, then we
have the following diffeomorphisms

TG/G~(Gxg)/G~g (B.1)
[(h, )] = [(h,h"*h)] — h'h (B.2)

where [(-, )] denotes the orbit.

Proof. (see |15])
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Appendix C

Proof of the second-order
minimum energy filter on Lie
groups

In this appendix, we recall the proof of Theorem as done in [35]. The
proofs of the Lemmas used are not reported and can be found in [35].

The optimal estimation problem

The optimal control problem defined by the deterministic system (2.27) mea-
surement equation ([2.28)) with the energy cost functional ([2.29)-(2.31)) is built

in such a way that the external input u(7) and the measure y(7) known for

T € [to,t]. Substituting e(7) = D (y(7) — h(g(7),7)) into (2.29) we can

rewrite the cost function without the dependence on measurement errors:

bty ") bt ¥ / (0(r), D7H(y(r) = h(g(), 7)), t,7)dr. (C.1)

The “control” input is the model error ¢.

We denote by V(g,t) the minimum energy value among all trajectories of
(2.27) within the interval [to,t] that reach the state ¢ € G at time ¢t. The
optimal estimate g(t) is therefore equal to

g(t) = 9[*t0,t] (t) = arg mingEQV(g,t)

(C.2)
V(g,to) = m(g,to,to)

As stated in [26], the key observation is that if we assume V(g,t) to be
differentiable in a neighborhood of the optimal estimate g(¢) then, as V' (g,t)
attains its minimum at g(¢), we must have

d1V(g(t),t)=0 (C.3)

(compare with (2.15])).
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The optimal Hamiltonian

In order to write the Hamilton-Jacobi-Bellman equation associated to the op-
timal filter, it is necessary to derive the optimal Hamiltonian. Given the in-
cremental cost (2.31) and the dynamics

9(t) = g(t) [Mg(t), u(t),t) + Bo(1)], (C.4)

the (time-varying) Hamiltonian: H:T*G xR?x R — R is given by

H(p,d,t) == %66“(”0)(73(5%9(191(Y(t)—h(g,t))))—(zo,g(A(97U(t),t)+B5)>
(C.5)
where g € G is the base point of p € T7G. Since the optimal control problem
aims to minimize the initial starting point incorporated by (2.30), the function
m can be thought of as a terminal cost and the minimum energy V' (g,t) as a
cost-to-go. This justified the presence of the minus sign in ((C.5]).
The advantage of working with Lie groups is that it is possible to identify
the cotangent vector p € TG, via left translation, with an element u € g,
defined as 1 = T, L}(p). Thus it is possible to use (g, ) € G' x g* in place of

p € T*G and consider the left-trivialized HamiltonianH : G x g xRIxR - R
defined as

H(g,p,0,t) == %6_““_“)(R(5)+Q(D_1(y(t)—h(g,t))))—(m A(g, u(t), t)+Bd).
(C.6)

We are now ready to compute the left-trivialized optimal Hamiltonian.

Proposition C.1. The left-trivialized optimal Hamiltonian associated to the

optimal control problem (C.4)), (C.5)) is:

1
H™ (g, p,t) =3¢, Bo R~ o B*(n))
o 1 (C.7)
+ Ee_a( B O)Q(D_ (Y<t) - h(g7 t))) - <:u7 )‘(97 U(t), t)>
Proof. The vector field g(A(g, u(t),t)+ BJ) is linear in ¢, while the incremental
cost £(d,e,t,7) is quadratic in J, thus:
5" = arg mingH (g, 1, 6, 1) = e*"0) R~ o B*(p).

Substituting in (C.6) the result follows. O

The left-trivialized HJB equation and the structure of the
optimal filter

The Hamilton-Jacobi-Bellman equation associated to optimal control problem

€. (€ is

O Vig.t)~ H@&V(9,0,0) =0

V(Q? tO) = m(ga th tO)

(C.8)
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where the optimal Hamiltonian H is defined on 7*G x R. Thanks to the
left-trivialized formulation , one can obtain the left-trivialized Hamilton-
Jacobi-Bellman equation where the left-trivialized optimal Hamiltonian is de-
fined on G x g* x R:

0
5V (9:8) = H (9, 1(9,1), 1) = 0 (C.9)
where p: G x R — g* is the “left-trivialized differential™
,u(gﬂf) = TeL;(dlv(gat))' (ClO)

The minimum energy estimator g(¢) minimizes the value function V' (g, t):
g(t) = argmin .V (g,1). (C.11)

The key observation (compare with (2.15])) is that, assuming the differentia-
bility of V', we obtain the necessary condition

4V (G(t),t) =0, (C.12)

or equivalently
u(§(0).1) = 0. (C.13)
Lemma C.1. Given f : G xR = R and g : R — G then dyf(g(t),t) =0 for

all t implies

Hess fa(0).0) 0(0) + s (317 ale).0) =

From Lemma the time differentiation of ((C.12)) vanishes:

Hess: V (§(1), ) (ﬁ(t)) +d, (%v) (G(t),1) =0, (C.14)

here Hess1V(g(t),t) : TgyG — T5)G is the Hessian operator. By applying
the chain rule to the second term:

" <%v> (9.) = d (H—<g,u<g,t>,t>)
=diH (g,11(g,t),t) + doH (g, (g, 1), t) o drju(g, t).

Evaluating in g = g(t), from (C.13) we obtain

(C.15)

" (%v) (§(0),1) = T~ (§(0),0,6)+da H (§(2), 0, ), 1)odyu(§(), 1). (C.16)

The term dyu(g(t),t) can be expanded through the following Lemma.

Lemma C.2. Given f: G — R then the derivative of left trivialized differen-
tial T.L;(df (g)) is given by

d(TeLy(df(g))) = T.L, o Hess f(g) + W;Z;(df(g)) oTyLy—
which equals T, L; o Hess f(g) whenever df(g)=0.
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By Lemma [C.2] differentiating (C.10), we get
dip(g,t) = Te L o Hess, V (g, ) + W?Z;wlwg,t)) 0 TyL, (C.17)
= TeLj) o Hess1 V (g(t), 1), (C.18)

the second addend on the right-hand side vanishes thanks to (C.12]).
For the first term of the right-hand side of (C.15) we have

diH™ (g(t), Ot)oTL(t)fTLAt)(le (9(t),0,1)). (C.19)
We define the left-trivialized Hessian operator as Z(g,t) : g — g*
Z(g,t) :=T.L, o Hess;V(g,t) o T, L. (C.20)

With this new formulation of the Hessian operator, we can rewrite the
second term of the right-hand side of equation (C.16) as

dyH™(g(t),0,t)odip(g(t),t) o Te Ly

= doH™ (g(t),0,t) o T, L%, o Hess, V o T, Ly

_dQH((t, t)o Z(g(1),t)
Z(g(t),t)"(deH (g(t),0,1))

and the first term of as

g (C.21)
g

Hess; V(g(t),t) <§(t)> o TeLg
= T Ly o Hess, V(g(t), 1) ( (t ))
. (C.22)
=T L% o Hess) V(g(t),t) o T Ly o T. Ly- ( (t )>

— Z(5(),1) (§<t>—1§<t>) .
Substituting (C.21)) and (C.19) into we get
Z(g(t).1) (am-lﬁ(t)) = Hess, V(g(1). ) (*( )) o TeLg
= —d, (%v) (G(t),t) o Tu Ly (C.23)
T Ly (dy H™(§(1),0,8)) — Z(G(t), £)" (doH~ (§1(2),0, 1)

and, since Z(g(t),t) = Z(g(t),t)* (Z is symmetric), multiplying by Z(g(t), )™
we obtain

/g\(t)_lg(t) = —doy ™ </g\(t>7 07 t) - Z(/g\(t)v t)_l © TeLg(t) (le— (/g\(t)v O? t))
(C.24)

This equation produces a differential equation for §(t) as a function of H~

given in (C.7)).
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In the following, we adopt the shorthand notation h:(g) and A\(g,u) for
h(g(t),t) and A(g(t), u(t),t), respectively, and drop the explicit dependence on
time of signals from our notation where convenient.

The differential with respect to u of the optimal Hamiltonian is given by

dyH (g, p,t) = = B o R™ o B* (1) — M\(g, ). (C.25)

To calculate the differential of the optimal Hamiltonian with respect to g,
we need the following Lemma.

Lemma C.3. Let V be a vector space, let A : V. — V be linear and let
Q :V — R be a quadratic form with associated symmetric positive definite
linear map Q :V — V*. Given f: G —V, then

1

d(§gAw@m)=@onoMﬂm»o#@> (C.26)

Hess (JQUA((0)) ) ~(@(0)" 0 4" 0 Qo A0 (o)
+ (4" 0 Qo0 AU/(9))) o Hess (o).

(C.27)

Applying Lemma [C.3|to (C7) (with A = D', (y(t) — h(g,t)) = f(g)) we

obtain

dH™ (g, 1, t) = =e*C70) (D) 0Qo D™ (y — hu(g))) 0 dhu(g) — prodiri(g, w).
(C.28)
Substituting ¢ = ¢ and p = 0, the two expression above become

daH™ (g,0,t) = —\(g, u) (C.29)
diH(3,0,t) = —e 7). (D7) 0 Q o D™y — hy(3))) 0 dhu(3) (C.30)

Defining r,(g) € g* by
r(9) = T.L; [(D71) 0 Qo D™y — hu(9))) o dhy(7)] (C.31)
we can rewrite (C.24) as
G750 = M(G,u) + e Z(G. 1) (). (C.32)

Since the integral part of (2.29) at o is equal to zero, the cost functional
satisfy

J(9,¢€, goi to, to) = m(g(to), to, to) (C.33)

and thus, the initial condition for the optimal filter is as in ([2.33)).
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Approximate time evolution of Z

The solution of (C.32)), together with a differential equation for Z(g(t),t),
constitutes the optimal filter. Unfortunately, such an approach is going to
fail as Z satisfies an infinite-dimensional differential equation (linear dynamics
with quadratic cost represents an exception). For this reason, in the following,
we compute an approximation of the time evolution of Z(g, t) along the optimal
solution g(t) by neglecting the third covariant derivative of the value function
V. Such an approximation is denoted by X(g,t), and in order to produce a
differential equation for it, we need the following Lemmas.

Lemma C.4. Given f : G xR —- R and g : R — G then

(Z(T Ly oHesslf(g(t), t) o TeLg(t)) =
a1t © TeLiypy o Hessy f(g(t), ) 0 To Ly (C.34)
+ Te Ly o Hessy f(g(t),t) o TeLgty © Vg -1501)
LTI, o %(Hessl F)(g(t),8) 0 TuLywy + heodt.
Lemma C.5. Let X € g then
(g T.Ly(X)) = TuL, 0wy o TyLy1. (C.35)

We are now ready to provide a differential equation for X (g, ).

Proposition C.2. X () := X(g(t),t) € L(g,98") fulfills the operator Riccati
equation

X=ett). g _F*oX—-XoF—e™.X0BoR 'oB*0oX (C.36)

with
X(to) = Xo = T. L5, o Hessmo(go) o TeLg, (C.37)
F(t) = —wA,lzi + WGy T diA(G,u) o ToLg (C.38)
S(t) =—T.L;0 [((D™) 0 Qo D™ (y — h(3)))"™ o Hess hy(7) (©30)

— (dh,(§))" 0 (D*)* 0 QoD o dh(§)] o T.L;
go = argmin, . mo(g). (C.40)
Proof. Using Lemma [C.4] we get
d, . d ~
EZ(Q(U; t) = i (T LA( t) © Hess; V (g(t),t) o TeLﬁ(t))
5150 20, 0) + Z(F(0),1) 00515 (ca)

Q(Hessﬂ/)@(t), t) o TeLgwy + h.o.t.

+ TeLS(t) © ot
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To compute the partial derivative of Hess; V' we will exploit the fact that it
commutes with covariant differentiation on GG and then apply equation (C.15)).

We rewrite equation (C.15) as
0

and consider the dual of equation ((C.17))

(dip(g,1))* (W) = (Hess1V (g, 1))" 0 TeLg(W) + Te Ly 0wy (Te Ly(diV (g, 1))

(C.43)
Combining this with (C.42) we conclude that
0
d —_ —
(C.44)

le_(ga :U’(ga t)) t) + (Hesslv(ga t))* © TeLg(dQH_(ga /‘L(g7 t)v t))
TQL;*1 © wd:;I— (g,1(g,t),t) (T€L9<dlv<g7 t)))

Then, using the chain rule and Lemma

%(Hessﬂ/)(/g\(t),t) =Hess; <%V) (g(t),1)
=Hess1 H™(g,0,t) + do(diH ) (g,0,t) o dyju(g, )
+ Hess1V(g,t) o TeLg o wy - (5.0 © Lol
+ Hess, V (g, t) o T. Lz o di(deH™)(g,0,1)
+ Hess1 V (g, t) o T, Lg o Hesso H™ (g, 0,t) o dyu(g, )
+ T5L5-1 0wyl (gouy © Tely o Hess V(g t) + h.o.t.
(C.45)

Here we have used ((C.13)) and the fact that the Hessian operator at a critical
point is symmetric. From (C.41)), (C.45) and (C.18)) we obtain
d
—Z(q(t),t
9 20).1
~ w;_1§ o Z(/g\a t) + Z</g\7 t) o wgflf‘j
+ T L5 0 Hessi H™ (g,0,t) o TeLg + T Ls 0 da(di H ™ )(g,0,t) o Z(g, 1)
+ Wit (gon © Z(G:t) + Z(G: 1) o Wi - (g0
+ Z(g,t) odi(deH™)(g,0,t) o To L + Z(g,t) o Hesso H™ (g,0,t) 0 Z(g, t).
(C.46)

Differentiating (C.28) and using Lemma|C.3|the differential of the left-trivialized
optimal Hamiltonian becomes

Hess; H (9(t),0,1t)
= — e¢olt=to) (D) oQoD (y— ht(ﬁ)))T§G oHesshi(g)  (C.A4T7)
+ e =) (dhy(§))* o (D7) * 0 Q o D' o dhy(7)
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From ((C.28) and (C.25)

s H)(G(0),0,0) =(eh (o H ) (3(0), 0.1 s
= — (diA(g(t), u(t), 1))"
and differentiating (C.25|) yields
Hessy H(§(t),0,t) = —e*"%) . Bo R™' o B*, (C.49)
Substituting (C.47)), (C.48) and (C.49) into (C.46|) we obtain
d
~ —a(t—to) A I nk ~ o ~
5 2(9(t).t) e S—FoZ(gt) - Z(Gt)oF (C.50)
— =) . 7(G,t)o Bo R™ o B* 0 Z(7, 1)
with
F(t) = —w§71§~ + Wi(g’u) + dl)\t(/g\, ’LL) o T6L§ (C51)
TG 5
S(t)y=—-T.L;o[((D QoD™ (y —h(3))) " o Hess hy(3) (C.52)
— (dhi(g))" 0 ( ) 0Qo D™ odhy(g)] o T.Lg
]

To conclude we define K(t) := e~®(=%) X~1() where X satisfies (C.36].

The time derivative of K satisfies

K(t)=—aK({t)+K({t)oSoK(t)+ K(t)o F*+ FoK(t)+ Bo R o B*

(C.53)
From the definition of torsion
T/\t(ﬁ,u) (X) :w)\t(ﬁ,u)X - WX/\t (/g\u u) - ad)\t(ﬁ,u)X
= (C.54)
=Wx,(Gu) X — wAt(ﬁ,u)X —ady,GuX
We observe that we can rewrite the operator F' as
F(t) = — w15 T Wy G T MG, u) 0 Te Ly
— W (@) t+Er T WAt(g,u) + dl)\t(Q, U) oT.Ls
=di\(G,u) 0 TeLg — wxy(gu) — Wir + WY, (g
:dl)\t(/g\, u) o TeL§ — WKy — ad)\t@,u) — Wi (Gu) T wi@u) + ad)\t@u)
=d1 (g, u) o TeLg — ady,gu) — Thigu) — Wkr
(C.55)
Defining
A(t) :=di (g, u) o To Lz — ady,G.u) — Do
(t) ==d1 Ae(G, u) 5~ adx @) — Du@uw (C.56)

E(t) :=5(t)

we finally obtain the operators for the second-order optimal filter.
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