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Abstract

A dynamical system that undergoes a supercritical Hopf’s bifurcation is perturbed by

a multiplicative Brownian motion that scales with a small parameter ω. The random fluc-

tuations of the system at the critical point are studied when the dynamics starts near

equilibrium, in the limit as ω goes to zero. Under a space-time scaling the system can be

approximated by a 2-dimensional process lying on the centre manifold of the Hopf’s bifur-

cation and a slow radial component together with a fast angular component are identified.

Then the critical fluctuations are described by a “universal” stochastic di!erential equation

whose coe”cients are obtained taking the average with respect to the fast variable.

Keywords Hopf’s bifurcation, small noise perturbation, averaging principle, critical fluctua-
tions.
Subjclass [2010] 60H10, 34F05, 37G05, 60F99.

1 Introduction

The emergence of self-sustained periodic behavior is a widespread phenomenon in nature: this
has stimulated the mathematical modeling that could account for this behavior. For deter-
ministic dynamical systems, in particular for those described by finite dimensional ordinary
di!erential equations, the presence of a Hopf bifurcation is a feature producing oscillations in a
“universal” way.
Dynamical systems of this sort find application in various areas such as the investigation of
aircraft panel flutter in high supersonic conditions [Dow70], the dynamics of individual neurons
[Izh07] and the physiological reactions of cells to external stimuli [BT98].
Naturally, a question arises in these classical models: What happens if a random perturbation is
added to the dynamics? A theory on bifurcations in random dynamical systems was developed
by Ludwig Arnold [ASNSH96] and Peter Baxendal [Bax94]. More recently in [DELR18] the
dynamics of a two-dimensional ordinary di!erential equation in the normal form of Hopf’s
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bifurcation perturbed by additive white noise is studied stating that, for a generic deterministic
Hopf’s bifurcation similar local dynamics behaviour occurs. In the small noise regime the
theory due to Freidlin and Wentzell, [FW12], shows that the the stochastic process behaves as
the deterministic counterpart, but close to critical events such as bifurcations, the system can
show great sensitivity to small scale random perturbations, see [JDM97] for an experimental
and numerical study.
We also remark that the small noise asymptotics are close in spirit to large scale asymptotics for
mean field interacting stochastic systems (see e.g. [CDPF15]). In that context a deterministic
dynamical system emerges in the infinite particle limit, and finite size e!ects correspond to the
small noise regime.
In this paper we consider a n-dimensional dynamical system that exhibits a supercritical Hopf’s
bifurcation, and is then perturbed by a multiplicative noise that scales with a small parameter
ω. We set the system at the critical point, i.e. at the Hopf bifurcation, and study the random
fluctuations of the dynamics starting near equilibrium, in the limit as ω → 0. A space-time
scaling allows to approximate the system by a 2-dimensional process lying on the centre manifold
of the Hopf’s bifurcation.
In this regime two scales are identified: a slow radial component and a fast angular component.
In the limit, as ω goes to zero, an averaging e!ect is observed: the slow variable converges
to the solution of a stochastic di!erential equation whose coe”cients are obtained by averag-
ing with respect to the fast variable. The study of averaging principle in various dynamical
systems dates back to the works of Khasminskii and others, summarized in, e.g., Freidlin and
Wentzell [FW12], Kabanov and Pergamenshchikov [KP03]. In this work the average process
is obtained following the Strook-Varadhan approach to martingale problem, also developed in
detailed in [DPT19] where an averaging principle is proved.

The paper is structured as follows. In section 2 the model is presented and heuristic arguments
about the limit process are presented. Section 3 is devoted to obtain the normal form of the
rescaled stochastic process and in section 4 the reduction principle is proved. The 2-dimensional
process and its limit is studied in section 5 and section 6 concludes the paper with the proof
of the main result. Appendix 7 contains the explicit calculations to define the transformation
that allows to obtain the normal form of the deterministic process.

1.1 Notation

Small letters are used for the deterministic processes, i.e. x(t) ↑ Rn, z(t) ↑ R2, and y(t) ↑ Rn→2.
Capital letters and Greek letter are used for the stochastic processes, i.e. Xω(t), Xω(t) ↑ Rn,
Zω(t), Zω(t) ↑ R2, Yω(t), Y ω(t) ↑ Rn→2 and (εω(t),ϑω(t)), (ϖ(t), ϱ(t)) ↑ (0,↓)↔ R, t ↗ 0. Given

a vector x, set ↘x↘ := (
∑

i x
2
i )

1
2 , and for a matrix A, set ↘A↘ :=

(∑
i

∑
j A

2
ij

) 1
2 . Given a matrix

A, then AT is the transposed matrix of A. Given a function f : Rn → Rm, call Df =
(
Dfi

)m
i=1

the vector of the n-dimensional gradients of the components of f , D2f =
(
D2fi

)m
i=1

the vector

of the n ↔ n-hessian matrices of the components of f and TrD2f =
(
TrD2fi

)m
i=1

the vector of
the traces.
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(a) µ < 0 (b) µ = 0 (c) µ > 0

Figure 1: A supercritical Hopf’s bifurcation in dimension 3.

2 The model and main result

Consider a family of dynamical systems, indexed by a real parameter µ, given by the ordinary
di!erential equation in Rn, n ↑ N,

dx(t) = b(x(t), µ)dt, (2.1)

with initial condition x(0) = x0. Suppose that

H1.1 ≃µ ↑ R, b(·, µ) : Rn → Rn is a C4 function;

H1.2 the system (2.1) has a critical point xµc for µ = µc, i.e. b(xµc , µc) = 0;

H1.3 the Jacobian matrix Db(xµc , µc) has 2 simple pure imaginary eigenvalues and n⇐2 eigen-
values with negative real part;

H1.4
d
dµ [Reς(µ)]µ=µc ⇒= 0, where ς(µ), ς̄(µ) are the eigenvalues of the Jacobian matrix Db(xµ, µ)1.

These are the standard hypothesis to observe a Hopf’s bifurcation as stated in [Per13, Theo-
rem 2]. The eigenvalues ofDb(xµ, µ) intersect the imaginary axis at µ = µc, then the dimensions
of the stable and unstable manifolds of xµ will undergo alteration, leading to a modification in
the local phase portrait of (2.1) as µ traverses the bifurcation point µc. Generally speaking,
a Hopf’s bifurcation occurs when a periodic orbit emerges due to the changing stability of the
equilibrium point xµc . Moreover it is called supercritical if for µ ⇑ 0 the origin is an asymptot-
ically stable equilibrium and for µ > 0 an attractive limit cycle appears and the origin becomes
unstable. Figure 1 shows an example of supercritical bifurcation in dimension 3. Then make
the following assumption

(H1): Hypothesis H1.1, H1.2, H1.3 and H1.4 hold and the Hopf’s bifurcation is supercritical.

For the rest of the paper, without loss of generality, take xµc = 0, µc = 0.

In this paper we apply a random perturbations of the system above.
Let be φ : Rn → Rn ↔ Rm a positive smooth function and ω > 0, then consider the following
SDE:

1The existence of the critical point xµ is assured by H1.1, H1.2 and H1.3, see [Per13, Theorem 2].
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dXω(t) = b(Xω(t), µ)dt+
⇓
ωφ(Xω(t))dB(t), (2.2)

with initial condition Xω(0) = Xω
0 and B is an m-dimensional Brownian motion. Under suitable

hypothesis of regularity of the function φ, that are postponed to section 2.2, the solution Xω of
(2.2) converges in distribution, on any time interval [0, T ] with T > 0 and as ω goes to 0, to the
solution x of (2.1) provided that Xω

0 converges to x0, see [FW12].

In particular, if Xω
0 converges to 0, then the whole process Xω converges to the constant 0. The

aim of this paper is to investigate the fluctuations around this limiting behavior, at the critical
point µ = µc = 0. This will require a time scaling, which captures the long time behavior of
the original process, as well as a space scaling which ”amplifies” the process around zero. This
procedure will be first illustrated in next subsection, at a heuristic level, for a two dimensional
system exhibiting a Hopf bifurcation in the so-called normal form.

2.1 Heuristic for 2-dimensional Hopf’s bifurcation

A simple example of Hopf’s bifurcation is given by the following 2-dimensional system of equa-
tions

dz1 =
(
⇐ z2 ⇐ z1(z

2
1 + z22 ⇐ µ)

)
dt,

dz2 =
(
z1 ⇐ z2(z

2
1 + z22 ⇐ µ)

)
dt.

(2.3)

As showed in [Per13], the origin is a stable or an unstable focus of this nonlinear system if µ < 0
or if µ > 0 respectively. For µ = 0, Df(0, 0) has a pair of pure imaginary eigenvalues, and the
origin is a stable focus. For µ > 0 a stable limit cycle #µ : ↼µ(t) =

⇓
µ(cos t, sin t)T emerges.

Suppose that the dimension of the perturbing Brownian motion is m = 2 and that the di!usion
coe”cient in (2.2) is constant, i.e.

φ(x) =

(
φ11 φ12

φ21 φ22

)
↑ R2↑2.

Under these hypothesis, when µ = 0, equation (2.2) can be written as:

dZω
1 =

(
⇐ Zω

2 ⇐ Zω
1

(
(Zω

1)
2 + (Zω

2)
2
))
dt+

⇓
ω
(
φ11dB1 + φ12dB2

)
,

dZω
2 =

(
Zω
1 ⇐ Zω

2

(
(Zω

1)
2 + (Zω

2)
2
))
dt+

⇓
ω
(
φ21dB1 + φ22dB2

)
.

(2.4)

Note that the particular form of the drift allows the use of a “compact containment” argument,
to show that (2.4) has a unique global solution. It is convenient to convert to polar coordinates
performing the following change of coordinate:

o :(0,↓)↔ R → R2 \ {(0, 0)}

o(ϖ, ϱ) =

(
ϖ cos ϱ
ϖ sin ϱ

)
=

(
z1
z2

)

Equation (2.3) can be rewritten as

{
ϖ̇ = ⇐ϖ3

ϱ̇ = 1
, when µ = 0 and it is immediate to observe

that the radial coordinate converges to the zero. Applying the same change of coordinates to
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the stochastic process o(εω,ϑω) =
(

εω cosϑω

εω sinϑω

)
=

(
Zω

1

Zω
2

)
, then equation (2.4) in the new variables

reads:

dεω =
1

εω

[
⇐ (εω)4 +

ω

2
(φ2

11 + φ2
12)(sinϑ

ω)2 +
ω

2
(φ2

21 + φ2
22)(cosϑ

ω)2

+ ω(φ11φ21 + φ21φ22) sinϑ
ω cosϑω

]
dt

+
⇓
ω
(
φ11 cosϑ

ω + φ21 sinϑ
ω
)
dB1 +

⇓
ω
(
φ12 cosϑ

ω + φ22 sinϑ
ω
)
dB2;

(2.5)

dϑω =
{
1⇐ ω

[ 1

(εω)2
sinϑω cosϑω

(
φ2
11 + φ2

12 ⇐ φ2
21 ⇐ φ2

22

)

+
1

(εω)2
(
(cosϑω)2 ⇐ (sinϑω)2

)
(φ11φ21 + φ12φ22)

]}
dt

+
⇓
ω
1

εω
(
φ21 cosϑ

ω ⇐ φ11 sinϑ
ω
)
dB1 +

⇓
ω
1

εω
(
φ22 cosϑ

ω ⇐ φ12 sinϑ
ω
)
dB2.

(2.6)

Note that in these equations we must deal with the singularity at ϖ = 0; this will be done
rigorously by stopping the process as εω enters a suitable neighborhood of zero. We now
introduce the following space-time rescaling:

ϖω(t) := ω→1/4εω(ω→1/2t), ϱω(t) := ϑω(ω→1/2t).

Equations (2.5) and (2.6) become:

dϖω =
1

ϖω

[
⇐ (ϖω)4 +

1

2
(φ2

11 + φ2
12)(sin ϱ

ω)2 +
1

2
(φ2

21 + φ2
22)(cos ϱ

ω)2

+ (φ11φ21 + φ21φ22) sin ϱ
ω cos ϱω

]
dt+ dMω

ϖ ;
(2.7)

dϱω =
{
ω→1/2 ⇐ 1

(ϖω)2

[
sin ϱω cos ϱω(φ2

11 ⇐ φ2
21 + φ2

12 ⇐ φ2
22)

+
(
(cos ϱω)2 ⇐ (sin ϱω)2

)
(φ11φ21 + φ12φ22)

]}
dt+ dMω

ϱ ,

(2.8)

where

Mω
ϖ (t) =

∫ t

0

(
φ11 cos ϱ

ω(r) + φ21 sin ϱ
ω(r)

)
dB1(r) +

∫ t

0

(
φ12 cos ϱ

ω(r) + φ22 sin ϱ
ω(r)

)
dB2(r);

Mω
ϱ (t) =

∫ t

0

1

ϖω(r)

[
φ21 cos ϱ

ω(r)⇐φ11 sin ϱ
ω(r)

]
dB1(r)

+

∫ t

0

1

ϖω(r)

[
φ22 cos ϱ

ω(r)⇐ φ12 sin ϱ
ω(r)

]
dB2(r).

This scaling reveals the existence of two time scales, as the angular variable moves much faster
than the radial one. Letting ω going to zero the fast variable is expected to out; as the angular
velocity is essentially constant, the averaging measure should be the uniform distribution on
[0, 2↽], so the coe”cients in the dynamics of the radial variable must be averaged with respect
the uniform measure, as we now illustrate.
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The function a : (0,↓)↔ R → R given by

a(⇀,⇁) =
1

⇀

[
⇐ ⇀4 +

1

2
(φ2

11 + φ2
12)(sin⇁)

2 +
1

2
(φ2

21 + φ2
22)(cos⇁)

2 + (φ11φ21 + φ21φ22) sin⇁ cos⇁
]
,

which is the drift of the radial variable, should be replaced in the limit by the function ā :
(0,↓)↔ R → R given by

ā(⇀) =
1

2↽

∫ 2ς

0
a(⇀,⇁)d⇁ =

1

⇀

[
⇐ ⇀4 +

1

4

(
φ2
11 + φ2

12 + φ2
21 + φ2

22

)]
.

Similarly, the martingale Mω
ϖ , whose quadratic variation is given by

⇔Mω
ϖ ↖(t) =

∫ t

0
w
(
ϱω(r)

)
dr,

with
w(⇁) = (φ11 cos⇁+ φ21 sin⇁)

2 + (φ21 cos⇁+ φ22 sin⇁)
2,

is expected to converge to a martingale M̄ , with quadratic variation:

⇔M̄↖(t) =
∫ t

0
w̄dr =

∫ t

0

1

2↽

∫ 2ς

0
w(⇁)d⇁dr =

1

2
(φ2

11 + φ2
12 + φ2

21 + φ2
22)t.

Summing up, we consider the following stochastic di!erential equation

dϖ̄(t) = ā(ϖ̄(t))dt+ dM̄(t), (2.9)

with initial condition ϖ̄(0) = ϖ̄0.

Let ϖω, ϖ̄ be the solutions to the equations (2.7), (2.9), respectively, with initial conditions ϖω0,
ϖ̄0. The main result of this paper shows that, as ω ↙ 0, if ϖω0 converges weakly to ϖ̄0, then ϖω

converges weakly to ϖ̄.

2.2 Main result

In this subsection the main result of this paper is stated after adding to (H1) a list of assump-
tions on the di!usion matrix φ.
Letting A = Db(0, 0), under hypothesis (H1) there exists an invertible matrix C such that

B = C→1AC =

(
Q 0
0 P

)
, (2.10)

where Q ↑ R2↑2 has 2 pure imaginary eigenvalues , P ↑ Rn→2↑n→2 has n⇐ 2 eigenvalues with
negative real part.
With no loss of generality we can assume Q to be of the form

Q =

(
0 ⇐ς0

ς0 0

)
.
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Performing the change of coordinate

c : Rn → Rn

x → C→1x = (z, y)T
(2.11)

system (2.1) can be written as

dz(t) =
[
Qz(t) + f

(
z(t), y(t)

)]
dt, (2.12)

dy(t) =
[
Py(t) + g

(
z(t), y(t)

)]
dt, (2.13)

where f : Rn → R2, g : Rn → Rn→2 are two functions such that f(0, 0) = 0, g(0, 0) = 0,
Df(0, 0) = 0 and Dg(0, 0) = 0, where 0 is the null matrix.

We make the following assumptions on the di!usion coe”cient φ:

(H2) :=

{
H2.1 the function φ : Rn → Rn↑m is a C4 function;

H2.2 φ(0, 0) ⇒= 0.

Performing the change of coordinate c
(
Xω

)
=

(
Zω,Yω

)T
the system (2.2) can be written as

dZω(t) =
[
QZω(t) + f

(
Zω(t),Yω(t)

)]
dt+

⇓
ωφQ

(
Zω(t),Yω(t)

)
dB(t), (2.14)

dYω(t) =
[
PYω(t) + g

(
Zω(t),Yω(t)

)]
dt+

⇓
ωφP

(
Zω(t),Yω(t)

)
dB(t), (2.15)

where φQ : R2 → Rm and φP : Rn→2 → Rm are given by
(

φQ(z, y)
φP (z, y)

)
= C→1φ(C(z, y)).

We let also φ̄ = φQ(0, 0) and φ̄ij its components.

Theorem 2.1. Suppose that b : Rn → Rn
satisfies assumptions (H1), and φ : Rn → Rn↑n

satisfies assumption (H2). For any ω > 0, let (Xω(t))t↓0 be the solution of the SDE (2.2) with

initial condition xω(0). Suppose that ω→
1
4xω(0) → x(0) ⇒= 0. For any T > 0, define the process

(
Zω(t), Y ω(t)

)

t↔[0,T ]
=

(
c
(
ω→

1
4Xω(ω→

1
2 t)

))

t↔[0,T ]
, (2.16)

where the function c is defined in (2.11). Then, as ω ↙ 0,
(
ϖω(t)

)

t↔[0,T ]
=

(√
(Zω

1(t))
2 + (Zω

2(t))
2
)

t↔[0,T ]
weakly converges to

(
ϖ̄(t)

)

t↔[0,T ]
,

where ϖ̄ is the solution to the SDE

dϖ̄ = b̄(ϖ̄)dt+

√
1

2

(
$2

1 + $2
2

)
d B, (2.17)

with b̄(⇀) = 1
φ [⇐⇀4 + 1

4 ($
2
1 +$2

2)], initial condition ϖ̄0 =


z1(0)2 + z2(0)2, where
(
z(0), y(0)

)
=

c
(
x(0)

)
, and $2

i =
∑n

j=1 φ̄
2
ij, i = 1, 2.
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The proof of Theorem 2.1 is divided into several steps. In the first part a “normal form” for
the stochastic di!erential equation is written applying the local di!eomorphisms defined for the
deterministic processes. The second step consists in the reduction of the n-dimensional prob-
lem to a 2-dimensional problem. In the third part the global existence for the two dimensional
stochastic process and its convergence, when ω goes to zero, are proved. Last step is to put the
results together to conclude the proof.

3 Normal form of the rescaled process

The theory of normal forms, see [Wig96], when ↘(z, y)T↘ < r for r small enough allows to define
a local di!eomorphism

p : Rn → Rn (3.1)
(
z↗

y

)
→

(
z↗ + p(z↗, y)

y

)
=

(
z
y

)

such that the system of equations (2.12),(2.13) can be written as

dz↗(t) =
[
Qz↗(t) + f (3)

(
z↗(t), y(t)

)
+ f (2)

(
y(t)

)
+ rf

(
z↗(t), y↗(t)

)]
dt, (3.2)

dy(t) =
[
Py(t) + g↗

(
z↗(t), y(t)

)]
dt, (3.3)

where

i) the components of the function p(z↗, y) are polynomials of degree 2 with terms of type z↗iz
↗
j ,

z↗iyk, i, j = 1, 2 and k = 1, . . . , n⇐ 2;

ii) the components of the function f (3) are polynomials of degree 3;

iii) the components of the function f (2) are polynomials of degree 2;

iv) the function rf contains the higher order terms, namely D↼rf (0, 0) = 0, for all multi-index
α with |α| ⇑ 3;

v) the function g↗ is the function g evaluated in the new variable z↗.

The detailed computations to obtain equations (3.2) and (3.3) are postponed to Appendix 7.
The system of equations (3.2),(3.3) admits a centre manifold Wc described by a C2 function
h : R2 → Rn→2 with D↼h(0) = 0, for |α| ⇑ 1, see [Car12]. The dynamics on the centre manifold
can be described locally around the origin by the equation

dz =
[
Qz(t) + f (3)

(
z(t), h

(
z(t)

))]
dt. (3.4)

Equation (3.4) is two-dimensional then, applying directly the argument in [Wig96] regarding
the normal form of the Hopf’s bifurcation, there is a local di!eomorphism

q : R2 → R2 (3.5)
→
z → →

z + q(
→
z) = z

8



such that the variable
→
z satisfies the equation

d
→
z1(t) =

[
⇐ ς0

→
z2(t)⇐

→
z1(t)

(→
z1(t)

2 +
→
z2(t)

2
)
+ f (4)

1

(→
z(t)

)]
dt,

d
→
z2(t) =

[
+ ς0

→
z1(t)⇐

→
z2(t)

(→
z1(t)

2 +
→
z2(t)

2
)
+ f (4)

2

(→
z(t)

)]
dt,

(3.6)

where the function f (4) = (f (4)
1 , f (4)

2 )T contains the higher order terms, namely D↼f (4)(0) = 0,
for all multi-index α with |α| ⇑ 3.

Now, the local di!eomorphisms p and q, defined in (3.1) and (3.5) respectively, are applied to
obtain a stochastic normal form of equation (2.2).

First, equations (2.14) and (2.15) give:

dZω =
[
ω→

1
2QZω + ω→

3
4 f

(
ω

1
4Zω, ω

1
4Y ω

)]
dt+ φQ

(
ω

1
4Zω, ω

1
4Y ω

)
dB, (3.7)

dY ω =
[
ω→

1
2PY ω + ω→

3
4 g

(
ω

1
4Zω, ω

1
4Y ω

)]
dt+ φP

(
ω

1
4Zω, ω

1
4Y ω

)
dB. (3.8)

Let p be the transformation defined in (3.1) and take Z
↑ω such that

p
(
ω

1
4Z

↑ω(t), ω
1
4Y

↑ω(t)
)
=

(
ω

1
4Z

↑ω(t) + p
(
ω

1
4Z

↑ω(t), ω
1
4Y

↑ω(t)
)

ω
1
4Y

↑ω(t)

)
=

(
ω

1
4Zω(t)

ω
1
4Y ω(t)

)
. (3.9)

As long as Z
↑ω(t) is contained in a ball of radius smaller than a suitable constant by ω→

1
4 ,

analogously to the deterministic case, the transformation p can be used to remove the quadratic
terms in the drift coe”cient of equation (3.7).
Let Id be the identity matrix where the dimension depend on the context, then

Dp(ω
1
4Z

↑ω, ω
1
4Y

↑ω) = ω
1
4

(
Id + Dzp(ω

1
4Z

↑ω, ω
1
4Y

↑ω) Dyp(ω
1
4Z

↑ω, ω
1
4Y

↑ω)
0 Id

)

= ω
1
4
(
Id +A(ω

1
4Z

↑ω, ω
1
4Y

↑ω)
)

where

A(z↗, y↗) =

(
Dzp(z↗, y↗) Dyp(z↗, y↗)

0 0

)

As long as
(
ω

1
4Z

↑ω(t), ω
1
4Y

↑ω(t)
)
remains close to the origin, define p→1 as the inverse function

of p, then

D(p)→1
(
ω

1
4Zω, ω

1
4Y ω

)
=

(
Dp

(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
))→1

= ω
1
4

(
Id⇐A

(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
)
+

1

2
A2

(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
)

+RA

(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
))

,

9



where RA is the remainder of the Taylor expansion around zero that, for fixed (z↗, y↗), satisfies

lim
ω↘0

ω→
1
2Rω

A(ω
1
4 z↗, ω

1
4 y↗) = 0.

Here we have used the fact that p(z↗, y↗) is a polynomial of degree two, so

A
(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
)
= O(ω

1
4 ).

Then

dZ
↑ω =

[
ω→

1
2QZ

↑ω + f (3)(Z
↑ω, Y

↑ω) + ω→
1
4 f (2)(Y

↑ω) + ω→
3
4 rf (ω

1
4Z

↑ω, ω
1
4Y

↑ω)

+
1

2
ω

1
2 rp,↽(ω

1
4Z

↑ω, ω
1
4Y

↑ω)
]
dt+ φ↗

Q

(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
)
dB,

(3.10)

dY
↑ω =

[
ω→

1
2PY

↑ω + ω→
3
4 g

(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
)]
dt+ φ↗

P

(
ω

1
4Z

↑ω, ω
1
4Y

↑ω
)
dB. (3.11)

where

i) functions f (3), f (2), rf are defined in (3.2);

ii) rp,↽ is a term coming from the quadratic variation in the Ito’s formula; the function
rp,↽( · , · ) is locally bounded around (0, 0).

iii) φ↗
Q

(
z, y

)
=

(
Id⇐A(z, y) + 1

2A
2(z, y) +RA(z, y)

)
φQ

(
p(z, y

)
);

iv) φ↗
P

(
z, y

)
= φP

(
p(z, y

)
).

Let h : R2 → Rn→2 the function that describes the centre manifold associated to the Hopf’s
bifurcation, then consider the 2-dimentional SDE

Zω =
[
ω→

1
2Q Zω + f (3)

( Zω, ω→
1
4h(ω

1
4 Zω)

)]
dt+ φQ

(
ω

1
4 Zω, ω→

1
4h(ω

1
4 Zω)

)
dB. (3.12)

Let q be the transformation defined in (3.5) and take Z ↑ω such that

q
(
ω

1
4 Z

↑ω(t)
)
= ω

1
4 Z

↑ω(t) + q
(
ω

1
4 Z

↑ω(t)
)
= ω

1
4 Zω(t).

As long as ω
1
4 Z ↑ω(t) remains close to the origin, following the theory of normal form, it holds

d Z
↑ω
1 =

[
⇐ ω→

1
2ς0

Z
↑ω
2 ⇐ Z

↑ω
1

(
( Z

↑ω
1 )2 + ( Z

↑ω
2 )2

)
+ ω→

3
4 f (4)

1

(
ω

1
4 Z

↑ω
)

+
1

2
ω

1
2 rq,↽,1(ω

1
4 Z

↑ω)
]
dt+

(
φ↗↗
Q

(
ω

1
4 Zω

)
dB

)

1
,

d Z
↑ω
2 =

[
+ ω→

1
2ς0

Z
↑ω
1 ⇐ Z

↑ω
2

(
( Z

↑ω
1 )2 + ( Z

↑ω
2 )2

)
+ ω→

3
4 f (4)

2

(
ω

1
4 Z

↑ω
)

+
1

2
ω

1
2 rq,↽,2(ω

1
4 Z

↑ω)
]
dt+

(
φ↗↗
Q

(
ω

1
4 Zω

)
dB

)

2
,

(3.13)

where
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i) function f (4) =
(
f (4)
1 , f (4)

2

)T
is defined in (3.6);

ii) rq,↽ =
(
rq,↽,1, rq,↽,2

)T
is a term coming from the quadratic variation in the Ito’s formula;

the function rq,↽( · , · ) is locally bounded around (0, 0).

iii)
(
φ↗↗
Q

(
ω

1
4 Zω

)
dB

)

i
is the i-th component of the di!usive part obtained as done in (3.10).

We stress the fact that the above change of variables makes sense only if the processes
(
ω

1
4Z

↑ω(t), ω
1
4Y

↑ω(t)
)
t↔[0,T ]

and
(
ω

1
4 Z ↑ω(t)

)
t↔[0,T ]

remain su”ciently close to the origin. In other words, equations (3.13)

correspond to the original process in the new variables up to the time
(
Z

↑ω(t), Y
↑ω(t)

)
and Z ↑ω(t)

exit a ball centered in the origin and of radius proportional to ω→
1
4 . When we will use equations

(3.13), the process will be stopped as it gets to a distance from the origin which is much smaller
than ω→

1
4 .

4 Reduction principle

In this section we show that the original n dimensional system is approximated by a 2 dimen-
sional process that lives on the centre manifold, up to a suitable stopping time.
Define the following processes

%ω(t) := Z
↑ω(t)⇐ Z

↑ω(t), Uω(t) := Y
↑ω(t)⇐ ω→

1
4h

(
ω

1
4Z

↑ω(t)
)
.

Given & > 0, define the stopping time

τ ω! := inf{t ↑ [0, T ] : max{↘
(
Z

↑ω(t), Y
↑ω(t)

)T↘, ↘ Z
↑ω(t)↘} > &} (4.1)

and the stopped processes:

Z
↑ω
!(t) := Z

↑ω
(
t ∝ τ ω!

)
, Y

↑ω
! (t) := Y

↑ω
(
t ∝ τ ω!

)
, Z

↑ω
!(t) := Z

↑ω
(
t ∝ τ ω!

)
,

Uω
!(t) := Uω

(
t ∝ τ ω!

)
, %ω

!(t) := %ω
(
t ∝ τ ω!

)
.

The main results of this section are the following theorems.

Theorem 4.1. Let q ↑ (0, 1
4 ), ▷ < 1

2 , and &ω satisfying limω↘0 ω
1
4&3

ω = 0. Suppose that(
Z

↑ω(0), Y
↑ω(0)

)
=

(
z

↑ω
0 , y

↑ω
0

)
→

(
z0, y0

)
, as ω → 0; then, for any T > 0,

lim
ω↘0

P


sup

ωε≃t≃T
↘Uω

!ω
(t)↘ > ωq


= 0.

This theorem shows that, in time interval [ω⇀ , τω!ω
∝ T ], the process Y

↑ω can be approximated

by the process ω→
1
4h

(
ω

1
4Z

↑ω
)
. The initial time ω⇀ is needed as the initial condition (z0, y0) may

be outside the center manifold, so the process needs a short time to get close to the center
manifold. The proof is postponed to subsection 4.1.
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Theorem 4.2. Take ↼ ↑ (0, 1
8 ) and &ω =


ln(⇐ ln ω)

1/2
. Suppose that

(
Z

↑ω(0), Y
↑ω(0)

)
=(

z
↑ω
0 , y

↑ω
0

)
→

(
z0, y0

)
, as ω → 0, then, for any T ↗ 0

lim
ω↘0

P

(
sup

0≃t≃T
↘%ω

!ω
(t)↘ > ω⇁

)
= 0.

This theorem shows that, in time interval [0, τω!ω
∝ T ], the 2-dimensional process Z

↑ω can be

approximated by the 2-dimensional process Z ↑ω. The proof is postpone to subsection 4.2.

With an abuse of notation in what follows the solutions to the equations (3.10), (3.11) are called
(Zω, Y ω), the symbol ↗ is omitted also for Z ↑ω. Using Ito’s formula the evolution of the processes
Uω is described by:

dUω =
[
ω→

1
2PUω + ω→

3
4Nω

(
ω

1
4Zω, ω

1
4Y ω

)
+ ω

1
2H

(
ω

1
4Zω, ω

1
4Y ω

)]
dt

+ φhP

(
ω

1
4Zω, ω

1
4Y ω

)
dB

(4.2)

where

Nω

(
z, y

)
=g

(
z, y

)
⇐ g

(
z, h

(
z
))

+ ω
3
4Dh

(
z
)[
F ω

(
z, h

(
z
))

⇐ F ω
(
z, y

)]
,

(4.3)

F ω(z, y) = ω→
3
4 f (3)(z, y) + ω→

3
4 f (2)(y) + ω→

3
4 rf (z, y) +

1

2
ω

1
2 rp,↽(z, y),

H
(
z, y

)
=

1

2
Tr

(
φT
P

(
z, y

)
(D2h)

(
z
)
φP

(
z, y

))
,

φhP

(
z, y

)
= φP

(
z, y)⇐Dh

(
z
)
φQ

(
z, y

)
.

Applying Ito’s formula the evolution of the process %ω is described by

d%ω =
[
ω→

1
2Q%ω + ω→

1
4 f (2)(Y ω) +Gω

(
Zω, Y ω, Zω

)
+Rω(ω

1
4Zω, ω

1
4Y ω)

]
dt

+ φhQ

(
ω

1
4Zω, ω

1
4Y ω, ω

1
4 Zω

)
dB,

(4.4)

where

Gω

(
z, y, z

)
= f (3)

(
z, y

)
⇐ f (3)

(
z, ω→ 1

4h
(
ω

1
4 z

))
,

Rω(z, y) = ω→
3
4 rf (z, y) +

1

2
ω

1
2 rp,↽(z, y),

φhQ

(
z, y, z

)
= φQ

(
z, y

)
⇐ φQ

(
z, h

(
z
))
.
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Using the definition of Uω, %ω, and Zω the equations (4.2) and (4.4) can be written as

dUω =


ω→

1
2PUω + ω→

3
4N

(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))

+
1

2
ω

1
2H

(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))

dt

+ φhP

(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))
dB;

(4.5)

d%ω =


ω→

1
2Q%ω + ω→

1
4 f (2)

(
Uω + ω→

1
4h

(
ω

1
4 (%ω + Zω)

))

+Gω

(
%ω + Zω, Uω + ω→

1
4h

(
ω

1
4 (%ω + Zω)

)
, Zω

)

+Rω

(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))

dt

+ φhQ

(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

)
, ω

1
4 Zω

)
dB.

(4.6)

4.1 Proof Theorem 4.1

Set uω
0 = yω0 ⇐ ω→

1
4h(ω

1
4 zω0). By applying the variation of constants to equation (4.5) for the

stopped process Uω
!ω

, for any t ↑ [0, T ∝ τ ω!ω
] we obtain:

Uω
!ω

(t) =eω
↓ 1

2 Ptuω
0

+

∫ t⇐τω
!ω

0
eω

↓ 1
2 P (t→r)


ω→

3
4N

(
ω

1
4 (%ω

!ω
+ Zω

!ω
), ω

1
4Uω

!ω
+ h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))

+ ω
1
2H

(
ω

1
4 (%ω

!ω
+ Zω

!ω
), ω

1
4Uω

!ω
+ h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))


dr

+

∫ t⇐τω
!ω

0
eω

↓ 1
2 P (t→r)φhP

(
ω

1
4 (%ω

!ω
+ Zω

!ω
), ω

1
4Uω

!ω
+ h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))

dB(r).

(4.7)
For convenience of notation, the time is sometimes omitted.
We estimate separately the three terms in the r.h.s. of (4.7) produced by the variation of
constants.
STEP 1: The bound



∫ t⇐τω
!ω

0
eω

↓ 1
2 P (t→r)ω

1
2H

(
ω

1
4 (%ω

!ω
+ Zω

!ω
), ω

1
4Uω

!ω
+ h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))

dr

 ⇑ CTω
1
2 ,

for some C > 0, follows readily from the fact that the function H is locally bounded.
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STEP 2: We now estimate the contribution of the martingale term in (4.7). Define, for any
0 ⇑ t↗ < t ⇑ T ∝ τ ω!ω

,

Mω
u(t

↗, t) =

∫ t↑

0
eω

↓ 1
2 P (t→r)φhP (r)dB(r).

where

φhP (r) = φhP

(
ω

1
4 (%ω

!ω
(r) + Zω

!ω
(r)), ω

1
4Uω

!ω
(r) + h

(
ω

1
4 (%ω

!ω
(r) + Zω

!ω
(r))

))
.

We write Mω
u(t) for Mω

u(t, t). The reason for introducing the time t↗ will be clear later: in
moment estimates we will use the Ito’s rule for Mω

u(t
↗, t) as function on t↗ only, thus avoiding

di!erentiation of the exponential eω
↓ 1

2 P (t→r).
The dependence of φhP on the variables Uω

!ω
,%ω

!ω
, and Zω

!ω
is omitted to make the following

calculations easier to read.
Given s↗, s > 0 such that s↗ < s ⇑ t and s↗ ⇑ t↗

Mω
u(t

↗, t)⇐Mω
u(s

↗, s) =

∫ t↑

s↑
eω

↓ 1
2 P (t→r)φhP (r)dB(r)

+

∫ s↑

0

(
eω

↓ 1
2 P (t→r) ⇐ eω

↓ 1
2 P (s→r)

)
φhP (r)dB(r).

(4.8)

The second moment of (4.8) is bounded by

E

↘Mω

u(t
↗, t)⇐Mω

u(s
↗, s)↘2


⇑ E[Iω(t, s↗, t↗)] + E[Iω(t, s, s↗)],

where

E[Iω(t, s↗, t↗)] = 2

∫ t↑

s↑
E


Tr

(
eω

↓ 1
2 P (t→r)φhP (r)φ

T
hP (r)

(
eω

↓ 1
2 P (t→r)

)T
)

dr,

E[Iω(t, s, s↗)] = 2

∫ s↑

0
E


Tr

((
eω

↓ 1
2 P (t→r) ⇐ eω

↓ 1
2 P (s→r)

)
φhPφ

T
hP

(
eω

↓ 1
2 P (t→r) ⇐ eω

↓ 1
2 P (s→r)

)T
)

dr.

Since the eigenvalues of P have negative real parts, there exist positive constants ς⇒ and C⇒

such that for any r > 0 and y ↑ Rn→2, ↘erP y↘ ⇑ C⇒e→λ↔r↘y↘, see [Car12] equation (2.3.6).
Thus

E[Iω(t, s↗, t↗)] ⇑ 2(n⇐ 2)C⇒
∫ t↑

s↑
↘φhP ↘2⇑,1e

→2λ↔ω↓
1
2 (t→r)dr

=
(n⇐ 2)C⇒↘φhP ↘2⇑,1

ς⇒
  

KI

ω
1
2

(
e→2λ↔ω↓

1
2 (t→t↑) ⇐ e→2λ↔ω↓

1
2 (t→s↑)

)

⇑ KIω
1
2

(
1⇐ e→2λ↔ω↓

1
2 (t→s↑)

)

⇑ KIω
1
2

(
ω→

1
2 (t⇐ s↗)

ω↓
1
2 (t→s↑)≃ωϑ

+
ω↓

1
2 (t→s↑)>ωϑ

)
, (4.9)
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where α > 0 and ↘ · ↘⇑,1 is the sup-norm restricted to the ball of radius 1. Here we have used
the fact that φhP is locally bounded, and evaluated in processes that are stopped in a ball of
radius &ω

To estimate E[Iω(t, s, s↗)], for y ↑ Rn→2 write
(
eω

↓ 1
2 P (t→r) ⇐ eω

↓ 1
2 P (s→r)

)
y =

(
eω

↓ 1
2 P (s→r)

(
eω

↓ 1
2 P (t→s) ⇐ Id

))
y.

Take α > 0 and consider two cases: either ω→
1
2 (t⇐ s↗) ⇑ ω↼ or ω→

1
2 (t⇐ s↗) > ω↼

1)


eω

↓ 1
2 P (s→r)

(
eω

↓ 1
2 P (t→s) ⇐ Id

)
y

ω↓
1
2 (t→s↑)≃ωϑ

= eω
↓ 1

2 P (s→r)
(
⇐ ω→

1
2 (t⇐ s)P + rP

(
ω→

1
2 (t⇐ s)

)
Id
)
y

ω↓
1
2 (t→s↑)≃ωϑ

where ↘rP (ω→
1
2 (t⇐ s))↘ = o

(
ω→

1
2 (t⇐ s)

)
;

2)



(
eω

↓ 1
2 P (s→r)

(
eω

↓ 1
2 P (t→s) ⇐ Id

))
y

ω↓
1
2 (t→s↑)>ωϑ

 ⇑ K1↘y↘ ω↓
1
2 (t→s↑)>ωϑ

where K1 is positive constant independent on ω.

It follows that the operator norm of eω
↓ 1

2 P (s→r)
(
eω

↓ 1
2 P (t→s) ⇐ Id

)
can be bounded:

eω
↓ 1

2 P (s→r)
(
eω

↓ 1
2 P (t→s) ⇐ Id

) ⇑ e→ω↓
1
2 λ↔(s→r)

(
K1 ω↓

1
2 (t→s↑)>ωϑ

+K2

(
ω→

1
2 (t⇐ s) + o

(
ω→

1
2 (t⇐ s)

))
ω↓

1
2 (t→s↑)≃ωϑ

)
,

(4.10)

where K2 is a positive constant independent on ω. Using (4.10) the expected value E[Iω(t, s, s↗)]
can be bounded as follows:

E[Iω(t, s, s↗)] ⇑ 2(n⇐ 2)C⇒↘φhP ↘2⇑,1

∫ s↑

0
e→2λ↔ω↓

1
2 (s→r)dr

(
K1 ω↓

1
2 (t→s↑)>ωϑ

+K2

(
ω→

1
2 (t⇐ s) + o

(
ω→

1
2 (t⇐ s)

))
ω↓

1
2 (t→s↑)≃ωϑ

)2

⇑ C1ω
1
2

(
K2

1 ω↓
1
2 (t→s↑)>ωϑ

+K2
2

(
ω→

1
2 (t⇐ s) + o

(
ω→

1
2 (t⇐ s)

))2
ω↓

1
2 (t→s↑)≃ωϑ

)

⇑ K1ω
1
2

ω↓
1
2 (t→s↑)>ωϑ

+ K2

(
ω→

1
2 (t⇐ s)2 + o

(
ω→

1
2 (t⇐ s)2

))
ω↓

1
2 (t→s↑)≃ωϑ

,
(4.11)

where C1, K1 and K2 are positive constants independent on ω. Inequalities (4.9) and (4.11) give

E

↘Mω

u(t
↗, t)⇐Mω

u(s
↗, s)↘2


⇑ C

[
ω

1
2

ω↓
1
2 (t→s↑)>ωϑ

+
(
(t⇐ s↗) + ω→

1
2 (t⇐ s)2 + o

(
ω→

1
2 (t⇐ s)2)

))
ω↓

1
2 (t→s↑)≃ωϑ

]
.
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We now need to extend the above inequality to higher moments:

E

↘Mω

u(t
↗, t)⇐Mω

u(s
↗, s)↘2m


⇑ Cm

[
ωm/2

ω↓
1
2 (t→s↑)>ωϑ

+
(
(t⇐ s↗)m + ω→m/2(t⇐ s)2m + o

(
ω→m/2(t⇐ s)2m)

))
ω↓

1
2 (t→s↑)≃ωϑ

]
.

(4.12)

We now show inequality (4.12) for m = 2. The same argument allows to extend inductively the
estimates for larger m. Using (4.8):

E

↘Mω

u(t
↗, t)⇐Mω

u(s
↗, s)↘4


⇑4E


↘
∫ t↑

s↑
eω

↓ 1
2 P (t→r)φhP (r)dB(r)↘4



+ 4E

↘
∫ s↑

0

(
eω

↓ 1
2 P (t→r) ⇐ eω

↓ 1
2 P (s→r)

)
φhP (r)dB(r)↘4


.

(4.13)

Call Mt↑ =
 t↑

s↑ e
ω↓

1
2 P (t→r)φhP (r)dB(r) then using Ito’s formula (here is where the time t↗

becomes convenient)

↘Mt↑↘4 =

∫ t↑

s↑
4↘Mr↘2MT

r dMr + 4

∫ t↑

s↑

M
T
r e

ω↓
1
2 P (t→r)φhP (r)


2

dr

+ 2

∫ t↑

s↑
↘Mr↘2Tr

(
eω

↓ 1
2 P (t→r)φhP (r)φ

T
hP (r)

(
eω

↓ 1
2 P (t→r)

)T)
dr.

Taking the expected value and noting that

E

↘Mr↘2


= E[Iω(t, s↗, r)]

estimated above:

E

↘Mt↑↘4


=4

∫ t↑

s↑
E

M
T
r e

ω↓
1
2 P (t→r)φhP (r)


2

dr

+2

∫ t↑

s↑
E
[
↘Mr↘2Tr

(
eω

↓ 1
2 P (t→r)φhP (r)φ

T
hP (r)

(
eω

↓ 1
2 P (t→r)

)T)]
dr

⇑C1

∫ t↑

s↑
e→2λ↔ω↓

1
2 (t→r) E


↘Mr↘2


dr

⇑ C2ω
1
2

(
ω→

1
2 (t⇐ s↗)

ω↓
1
2 (t→s↑)≃ωϑ

+
ω↓

1
2 (t→s↑)>ωϑ

)∫ t↑

s↑
e→2λ↔ω↓

1
2 (t→r)dr

⇑C3ω
(
ω→

1
2 (t⇐ s↗)

ω↓
1
2 (t→s↑)≃ωϑ

+
ω↓

1
2 (t→s↑)>ωϑ

)2

⇑C4ω
(
ω→1(t⇐ s↗)2

ω↓
1
2 (t→s↑)≃ωϑ

+
ω↓

1
2 (t→s↑)>ωϑ

)
.

for suitable constants C1, C2, C3, C4. The second term in the r.h.s. of (4.13) is estimated with
the same technique, using (4.11).
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By Fatou’s lemma:

E

↘Mω

u(t)⇐Mω
u(s)↘2m


⇑ lim inf

s↑⇓s
t↑⇓t

E

↘Mω

u(t
↗, t)⇐Mω

u(s
↗, s)↘2m


⇑ Cmlmω (t⇐ s), (4.14)

where

lmω (t⇐s) =
[
ωm/2

ω↓
1
2 (t→s)>ωϑ

+
(
(t⇐s)m+ω→m/2(t⇐s)2m+o

(
ω→m/2(t⇐s)2m)

))
ω↓

1
2 (t→s)≃ωϑ

]
.

We now apply the Garsia, Rademich and Rumsey Lemma in [SV97], which is reported below.

Lemma 4.3. Let p and ’ be continuous, strictly increasing functions on (0,↓) such that

p(0) = ’(0) = 0 and limt↘⇑ ’(t) = ↓. Given T > 0 and ⇁ continuous on (0, T ) and taking

its values in a Banach space (E, ↘ · ↘), if
∫ T

0

∫ T

0
’

(
↘⇁(t)⇐ ⇁(s)↘
p(|t⇐ s|)

)
dsdt ⇑ W < ↓.

then for 0 ↭ s ↭ t ↭ T :

↘⇁(t)⇐ ⇁(s)↘ ↭ 8

∫ t→s

0
’→1

(
4W

u2

)
p(du).

Lemma 4.3 is applied taking

⇁(t) = Mω
u(t), p(x) = x

2+ϖ
2m , ’(x) = x2m,

and 0 < ◁ << 1. Then there is a constant C such that

↘Mω
u(t)⇐Mω

u(s)↘2m ⇑ C(t⇐ s)▷W,

for every s and t and

W =

∫ T

0

∫ T

0

↘Mω
u(t)⇐Mω

u(s)↘2m

|t⇐ s|2+▷
dsdt.

By (4.14)

E[W ] ⇑
∫ T

0

∫ T

0

Cmlmω (t⇐ s)

|t⇐ s|2+▷
dsdt. (4.15)

The right hand side of (4.15) can be written as

∫ T

0

∫ T

0

Cmlmω (t⇐ s)

|t⇐ s|2+▷
dsdt = Il + Il

where

Il = Cm

∫ T

0

∫ T

0

ωm/2

|t⇐ s|2+▷ ω↓
1
2 (t→s↑)>ωϑ

dsdt ⇑ Cm,▷ω
m/2→(↼+1/2)(1+▷),

17



and

Il = Cm

∫ T

0

∫ T

0

|t⇐ s|m/2 + ω→m/2|t⇐ s|m/2 + o(ω→m/2|t⇐ s|m/2)

|t⇐ s|2+▷ ω↓
1
2 (t→s↑)≃ωϑ

dsdt

⇑ Cm,▷

(
ω(1/2+↼)(m/2→1→▷) + ω(1/2+↼)(2m→1→▷)→m/2

)
,

for suitable constants Cm,▷ and Cm,▷ depending on m, ◁ and T .
Note that the expected valued E[W ] is small with ω if m > (1+◁)max{2, 2(α+ 1

2 ),
2↼+1
4↼+1}. Now,

applying Garsia-Rodemich-Rumsey Lemma we have

E


sup

0≃s≃t≃T

↘Mω
u(t)⇐Mω

u(s)↘2m

|t⇐ s|▷


⇑ Cem/2→(↼+1/2)(1+▷) (4.16)

which implies

P

(
sup

0≃t≃T
↘Mω

u(t)↘ ↗ 1

2
ωq
)

⇑ CT ▷ωm/2→(↼+1/2)(1+▷)→2mq. (4.17)

for any q ↑ (0, 1
4 ) for a possibly di!erent constant C > 0.

STEP 3: We now complete the estimate of (4.7). Suppose that m > 2
1→4q (α + 1

2 )(1 + ◁) and
define the event

Aω
u = { sup

0≃t≃T
↘Mω

u(t)↘ ↗ 1

2
ωq}.

Applying (4.17), as ω → 0, the probability of the event Aω
u goes to zero, i.e. P(Aω

u) → 0.
In the complementary event (Aω

u)
c, for any t ↑ [0, T ∝ τ ω!ω

], using equation (4.7) it holds

↘Uω
!ω

(t)↘ ⇑ e→λ↔ω↓
1
2 t↘uω

0↘

+

∫ t

0
e→λ↔ω↓

1
2 (t→r)

(
ω→

3
4 ↘N

(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))
↘

+K&2
ωω

1
2

)
dr +

1

2
ωq.

(4.18)

It is relevant to note that (4.18) continues to hold also for t > τ ω!ω
: indeed the r.h.s. of (4.18)

remains constant for t > τω!ω
, while the l.h.s. increases. Define τ ωq = inf{t > ω⇀ : ||Uω

!ω
(t)|| ↗

ωq}. To complete the proof it is enough to show that τ ωq > T ∝ τ ω!ω
almost surely. We observe

that the function N in (4.18) can be bounded as follow, using (4.3), and taking into account
that the time variable, that we omit, is r ⇑ T ∝ τ ω!ω

:
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↘N
(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))
↘

⇑ ↘ g
(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))
⇐ g

(
ω

1
4 (%ω + Zω), h

(
ω

1
4 (%ω + Zω)

))

  
a)

↘

+ ω
3
4 ↘Dh

(
ω

1
4 (%ω + Zω)

)
↘

  
b)

· ↘F ω
(
ω

1
4 (%ω + Zω), h

(
ω

1
4 (%ω + Zω)

))
⇐ F ω

(
ω

1
4 (%ω + Zω), ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))
↘

  
c)

.

Recall that g(0, 0) = 0, Dg(0, 0) = 0 and Dh(0, 0) = 0 then

• a) ⇑ Kgω
1
2&ω↘Uω

!ω
↘,

• b) ⇑ Khω
1
4&ω,

where the constants Kg,Kh does not depend on ω.

c) ⇑
f (3)

(
%ω + Zω, ω→

1
4h

(
ω

1
4 (%ω + Zω)

))
⇐ f (3)

(
%ω + Zω, Uω + ω→

1
4h

(
ω

1
4 (%ω + Zω)

))

+ ω→
1
4

f (2)
(
ω→

1
4h

(
ω

1
4 (%ω + Zω)

))
⇐ f (2)

(
%ω + Zω, Uω + ω→

1
4h

(
ω

1
4 (%ω + Zω)

))

+
Rω

(
ω

1
4
(
%ω + Zω

)
, h

(
ω

1
4
(
%ω + Zω

)))
⇐Rω

(
ω

1
4
(
%ω + Zω

)
, ω

1
4Uω + h

(
ω

1
4 (%ω + Zω)

))

⇑Kf&
2
ω↘Uω

!ω
↘+ ω→

1
4Kf(2)&ω↘Uω

!ω
↘+ ω

1
4KR&ω,

where the constants Kf ,Kf(2) and KR do not depend on ω and

Rω(·) = ω→
3
4 rf (·) +

1

2
ω

1
2 rp,↽(·).

Take a constant K larger than all the constants K(·) and t ↑ [ω⇀ , T ∝ τ ω!ω
∝ τq]. We have

↘Uω
!ω

(t)↘ ⇑ e→λ↔ω↓
1
2 t↘uω

0↘+ K
∫ t

0
e→λ↔ω↓

1
2 (t→r)ω→

1
4&3

ω↘Uω
!ω

↘dr + 1

2
ωq

⇑ e→λ↔ω↓
1
2 t↘uω

0↘+ K
∫ t

0
e→λ↔ω↓

1
2 (t→r)ω→

1
4&3

ω2ω
qdr +

1

2
ωq

⇑ e→λ↔ω↓
1
2 ωε↘uω

0↘+
2 K
ς⇒ &3

ωω
1
4+q +

1

2
ωq.

(4.19)

Observe that

lim
ω↘0

ω→q


e→λ↔ω↓

1
2 ωε↘uω

0↘+
2 K
ς⇒ &3

ωω
1
4+q


= 0.

This implies that ↘Uω
!ω

(T ∝ τ ω!ω
∝ τq)↘ ′ ωq, and therefore τ ωq > T ∝ τ ω!ω

, which completes the
proof.
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4.2 Proof Theorem 4.2

The proof of this theorem retraces the steps used in the proof of Theorem 4.1 applied to the
process n!ω(t) = ↘%ω

!ω
(t)↘2, then some calculation is omitted. Applying Ito’s formula, for any

t ↑ [0, T ∝ τ ω!ω
], using the fact that Q+QT = 0, we have

dn!ω(t) =

{
2ω→

1
4 (%ω

!ω
)Tf (2)

(
Uω
!ω

+ ω→
1
4h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))

+ 2(%ω
!ω

)TGω

(
%ω

!ω
+ Zω

!ω
, Uω

!ω
+ ω→

1
4h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
)
, Zω

!ω

)

+ 2(%ω
!ω

)TRω

(
ω

1
4 (%ω

!ω
+ Zω

!ω
), ω

1
4Uω

!ω
+ h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))

+
1

2
Tr

(
φT
hQφhQ

)
dt

+ 2(%ω
!ω

)TφhQdB(t)

(4.20)

where φhQ(t) = φhQ

(
ω

1
4 (%ω

!ω
(t) + Zω

!ω
(t)), ω

1
4Uω

!ω
+ h

(
ω

1
4 (%ω

!ω
(t) + Zω

!ω
(t))

)
, ω

1
4 Zω

!ω
(t)

)
.

For convenience of notation, the time is sometimes omitted. The proof is divided in two steps.

STEP 1: Define, for any 0 ⇑ t ⇑ T ∝ τ ω!ω
,

Mω
n(t) =

∫ t

0
2(%ω

!ω
)TφhQ(r)dB(r).

Let A be a matrix-valued function and v be a vector-valued function, then, for any i, j, denote
by

(
A
)
ij
(·) the ijth-element of A and by

(
v
)
i
(·) the ith-element of v. Observe that


(
φhQ

)

ij

(
ω

1
4
(
%ω

!ω
+ Zω

!ω

)
,ω

1
4Uω

!ω
+ h

(
ω

1
4
(
%ω

!ω
+ Zω

!ω

)))

⇑


k


(
%ω

!ω

)
k
0zk

(
φQ

)
ij

( Zω
!ω

, h(ω
1
4 Zω

!ω

))

+


l


(
Uω
!ω

)
l
0yl

(
φQ

)
ij

( Zω
!ω

, h(ω
1
4 Zω

!ω

))+
( R

)
ij

(
%ω

!ω
, Uω

!ω

)
,

where limω↘0

⇔
(
R̃
)
ij

(
”ω

!ω
,Uω

!ω

)
⇔

ω
1
4 !ω

= 0. Then it holds


(
φhQ

)

ij

(
ω

1
4
(
%ω

!ω
+ Zω

!ω

)
, ω

1
4Uω

!ω
+ h

(
ω

1
4
(
%ω

!ω
+ Zω

!ω

))) ⇑ K↽

(
ω

1
4 ↘%ω

!ω
↘+ ω

1
4 ↘Uω

!ω
↘
)

(4.21)

for a suitable constant K↽ that does not depend on ω. The quadratic variation of Mω
n can be
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estimate as follows

E

|Mω

n(t)|2

=

∫ t

0
E
[
Tr

(
φhQ(r)

(
φhQ(r)

)T)]
dr

⇑ C
{
ω

1
2 E


↘%ω

!ω
(r)↘2


+ ω

1
2 E


↘Uω

!ω
(r)↘2


+ ω

1
2 E


↘%ω

!ω
(r)↘↘Uω

!ω
(r)↘

}

⇑ C ↗ω
1
2&2

ω,

where C,C ↗ are suitable constants that do not depend on ω and they are obtained using in-
equality (4.21) . By the Burkholder-Davis-Gundy inequality this implies

E


sup

0≃t≃T
|Mω

n(t)|2

⇑ Cω

1
2&2

ω,

and, taking α ↑ (0, 1
4 ) and using Markov inequality,

P

(
sup

0≃t≃T
|Mω

n(t)| > ω↼
)

⇑ Cω2(1/4→↼)&2
ω.

STEP 2: Define the event Aω
n = {sup0≃t≃T |Mω

n(t)| > ω↼} and observe that P (Aω
n) converges

to zero, as ω goes to zero. In the complement of Aω
n then, from equation (4.20), n!ω(t) can be

bounded as follow:

n!ω(t) ⇑C

∫ t

0
2
ω→

1
4 (%ω

!ω
)Tf (2)

(
Uω
!ω

+ ω→
1
4h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))

+ 2
(%ω

!ω
)TGω

(
%ω

!ω
+ Zω

!ω
, Uω

!ω
+ ω→

1
4h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
)
, Zω

!ω

)

+ 2
(%ω

!ω
)TRω

(
ω

1
4 (%ω

!ω
+ Zω

!ω
), ω

1
4Uω

!ω
+ h

(
ω

1
4 (%ω

!ω
+ Zω

!ω
)
))

+
1

2

Tr
(
φT
hQφhQ

)dr + ω↼.

(4.22)

Each term in the integral in (4.22) can be bounded as follow:

ω→
1
4 (%ω

!ω
(r))Tf (2)

(
Uω
!ω

(r) + ω→
1
4h

(
ω

1
4 (%ω

!ω
(r) + Zω

!ω
(r))

)) ⇑ Kf(2)ω→
1
4&ω↘Uω

!ω
(r)↘2;

(%ω
!ω

(r))TGω

(
%ω

!ω
(r) + Zω

!ω
(r), Uω

!ω
(r) + ω→

1
4h

(
ω

1
4 (%ω

!ω
(r) + Zω

!ω
(r))

)
, Zω

!ω
(r)

)

⇑ KG&
2
ω

(
↘%ω

!ω
(r)↘2 +&ω↘Uω

!ω
(r)↘

)
;

(%ω
!ω

(r))TRω

(
ω

1
4 (%ω

!ω
(r) + Zω

!ω
(r)), ω

1
4Uω

!ω
(r) + h

(
ω

1
4 (%ω

!ω
(r) + Zω

!ω
(r))

)) ⇑ KR&
2
ωω

3
4 ;

Tr
((

φhQ(r)
)T

φhQ(r)
) ⇑ KTrω

1
2&2

ω.

The constants Kf(2) ,KG, KR and KTr depend on the function in the subscript, but not on ω.
By the definition of n!ω and Theorem 4.1 the estimate (4.22) can be rewritten

n!ω(t) ⇑Kmax

∫ t

0
&2

ωn!ω(r)dr + Cmax&ω

(
ω→

1
4 ω⇀ + ω→

1
4 ω2q +&2

ωω
q +&ωω

1
2

)
+ ω↼.
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Using Gronwall’s inequality it holds

n!ω(t) ⇑
[
Cmax&ω

(
ω→

1
4 ω⇀ + ω→

1
4 ω2q +&2

ωω
q +&ωω

1
2

)
+ ω↼

]
eKmaxT!2

ω .

Observing that eKmaxT!2
ω = (⇐ ln ω)KmaxT , ≃t ↑ [0, T ∝ τ ω!ω

],

↘%ω
!ω

(t)↘2 ⇑
[
Cmax&ω

(
ω→

1
4 ω⇀ + ω→

1
4 ω2q +&2

ωω
q +&ωω

1
2

)
+ ω↼

]
(⇐ ln ω)KmaxT ⇑ 2ω2⇁

for a suitable choice of the parameters α, ▷ and q. This inequality holds in the complement of
Aω

n, which completes the proof.

5 2-dimensional equation

In this section the limiting behaviour of equation (3.13) is studied. At first its globally existence
is proved.

Lemma 5.1. Take T > 0. Equation (3.13), with initial condition (zω1, z
ω
2) ↑ R2

, admits a

unique solution in [0, T ].

Proof. The solution exists and it is unique because the coe”cients are locally Lipschitz. Con-
sider the process Kω(t) = Z ↑ω

1 (t)2 + Z ↑ω
2 (t)2, with initial condition Kω(0) = (zω1)

2 + (zω2)
2, then

applying Ito’s formula it holds

dKω(t) =
(
⇐ 2Kω(t)2 +Rω

(
ω

1
4 Z

↑ω(t)
))

dt+ dMω(t),

where Mω(t) is a martingale and

Rω
(
ω

1
4 Z

↑ω
)
=2ω→

3
4

(
Z

↑ω
1 f (4)

1

(
ω

1
4 Z

↑ω
)
+ Z

↑ω
2 f (4)

2

(
ω

1
4 Z

↑ω
))

+ ω
1
2

(
Z

↑ω
1 rq,↽,1(ω

1
4 Z

↑ω) + Z
↑ω
2 rq,↽,1(ω

1
4 Z

↑ω)
)

+


ij

(
φ↗
Q

(
ω

1
4 Zω

))2

ij
.

Take & > 0 and define τk! = {inf t ↗ 0 : Kω(t) > &} then

E[Kω(t ∝ τk!) τk
!≃t] ⇑ E[Kω(t ∝ τk!)] ⇑ Kω(0) + CRt, (5.1)

where CR is positive constant and sup⇔Z̃↑ω⇔≃! ↘Rω
(
ω

1
4 Z ↑ω

)
↘ ⇑ sup

ω
1
4 ⇔Z̃↑ω⇔≃1

↘Rω
(
ω

1
4 Z ↑ω

)
↘ ⇑ CR.

Using the definition of the stopping time and inequality (5.1) it holds

P
(
τk! ⇑ t

)
⇑ Kω(0) + CRt

&
!↘⇑⇐⇐⇐⇐→ 0.

This shows that the solution does not explode in any finite time interval [0, T ].

As shown in section 2.1 it is convenient to pass to polar coordinates. Take 0 < 1 < N < ↓ and
define the stopping time

τ
↑ω
◁,N := inf{t > 0 :

√
Z ↑ω
1 (t)2 + Z ↑ω

2 (t)2 /↑ (1, N)}. (5.2)

22



Consider the processes
(
ϖ↑ω(t), ϱ↑ω(t)

)
t↔[0,T⇐τ̃

↑ω
ϱ,N ]

defined as follow:

Z
↑ω
1 (t) = ϖ

↑ω(t) cos
(ϱ

↑ω(t)
)
, Z

↑ω
2 = ϖ

↑ω(t) sin
(ϱ

↑ω(t)
)
. (5.3)

Then its dynamics is described by the following SDEs

dϖ
↑ω =

{ 1

ϖ↑ω

[
⇐ (ϖ

↑ω)4 +
1

2
$2

1(sin ϱ
↑ω)2 +

1

2
$2

2(cos ϱ
↑ω)2 + $12 sin ϱ

↑ω cos ϱ
↑ω
]

+ ω
1
4Rω

ϖ,b

(
ϖ
↑ω, ϱ

↑ω
)}

dt+ dMω
ϖ ;

(5.4)

dϱ
↑ω =

{
ω→1/2 ⇐ 1

(ϖ↑ω)2

[
sin ϱ

↑ω cos ϱ
↑ω
(
$2

1 ⇐ $2
2

)
+ $12

(
(cos ϱ

↑ω)2 ⇐ (sin ϱ
↑ω)2

)]

+ ω
1
4Rϱ,b

(
ϖ
↑ω, ϱ

↑ω
)}

dt+ dMω
ϱ ,

(5.5)

where $2
1 and $2

2 are as in Theorem 2.1, $12 =
∑m

i=1 φ̄1iφ̄2i and

Mω
ϖ (t) =

m

i=1

∫ t

0
φ̄1i cos

(ϱ
↑ω(r)

)
+ φ̄2i sin

(ϱ
↑ω(r)

)
+ ω

1
4
(
Rω

ϖ,↽

)
i

(
ϖ
↑ω(r), ϱ

↑ω(r)
)
dBi(r),

Mω
ϱ (t) =

m

i=1

∫ t

0

{
1

ϖ↑ω(r)

[
φ̄2i cos

(ϱ
↑ω(r)

)
⇐ φ̄1i sin

(ϱ
↑ω(r)

)]
+ ω

1
4
(
Rω

ϱ,↽

)
i

(
ϖ
↑ω(r), ϱ

↑ω(r)
)}

dBi(r).

The functions Rω
ϖ,b and Rω

ϱ,b include the functions ω→
3
4 f (4)

1 , 1
2ω

1
2 rq,↽ and the Ito’s terms. More-

over, the functions Rω
ϖ,↽ and Rω

ϱ,↽ are obtained by the Taylor expansion of φ↗
Q in zero and the

Ito’s formula.

The strategy of the proofs in this section follows the Strook-Varadhan approach to martingale
problem, also developed in detailed in [DPT19]. The first result of this section is the well-
posedness of equation (2.17).

Lemma 5.2. Take T > 0. Equation (2.17) admits a unique solution in [0, T ], for any initial

condition ϖ̄0 ⇒= 0.

Proof. This proof is analogous to the proof of Lemma 5.1. Let
(
Z1(t), Z2(t)

)
t↓0

be a solution
to the following stochastic di!erential equation

dZ1 =

⇐Z1

(
Z2
1 + Z2

2

)
dt+

√
1

2
($2

1 + $2
2)dB1,

dZ2 =

⇐Z2

(
Z2
1 + Z2

2

)
dt+

√
1

2
($2

1 + $2
2)dB2,

(5.6)

where $1 and $2 are defined in Theorem 2.1.
With the same argument in Lemma 5.1 one shows that equation (5.6) is globally well posed.
Define

τ̄◁,N = inf
{
t > 0 :

√
Z2
1 + Z2

2 /↑ (1, N)
}
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and consider the process

ϖ̄(t ∝ τ̄◁,N ) =
√
Z1(t ∝ τ̄◁,N )2 + Z2(t ∝ τ̄◁,N )2.

Then applying Ito’s formula, for any t ↑ [0, T ∝ τ̄◁,N ], it holds:

dϖ̄(t) =
1

Z1(t)2 + Z2(t)2


⇐
(
Z1(t)

2 + Z2(t)
2
)2

+
1

4
($2

1 + $2
2)


dt

+

√
1

2
($2

1 + $2
2)


Z1(t)

Z1(t)2 + Z2(t)2
dB1(t) +

Z2(t)
Z1(t)2 + Z2(t)2

dB2(t)


.

We note that ≃t ↑ [0, T ∝ τ̄◁,N ], the process
 t
0

Z1⇓
Z2

1+Z2
2

dB1 +
 t
0

Z2⇓
Z2

1+Z2
2

dB2 is a zero-mean

martingale with quadratic variation t, so it is a Brownian motion. Then the process ϖ̄ is a
solution to (2.17) in the time interval [0, T ∝ τ̄◁,N ]. Uniqueness of the solution follows because
the drift and di!usion coe”cients are locally Lipschitz.
The proof is completed by showing that

lim
◁↘0+
N↘⇑

P(τ̄◁,N < T ) = 0. (5.7)

By the global existence of the process
(
Z1, Z2

)
t↓0

then

lim
N↘⇑

P( sup
0≃t≃T


Z1(t)2 + Z2(t)2 > N) = 0.

Take a sequence {1n}n↔N, 1n → 0, and define the eventAn =
{
inft↔[0,T ]


Z1(t)2 + Z2(t)2) ⇑ 1n

}
.

To prove (5.7) it is enough to show that

lim
n↘+⇑

P(An) = 0.

Observe that, for each n ↗ 1, An+1 ∞ An, so

lim
n↘+⇑

P(An) = lim
n↘+⇑

P (∈n↓1An) = P

(
inf

t↔[0,T ]


Z1(t)2 + Z2(t)2) = 0

)
= 0,

where the last identity follows for the fact that Z1 and Z2 form a bidimensional di!usion that is
absolutely continuous w.r.t. a bidimensional Brownian motion, and the Brownian motion never
visits the origin almost surely.

The second result states that the family of stopped processes ϖ↑ω(· ∝ τ ↑ω
◁,N ) is tight.

Lemma 5.3. Define a sequence {ωn}n↔N, with ωn → 0 as n → ↓. For each ωn, let ϖ↑ωn be the

solution to (5.4), then the sequence of processes {ϖ↑ωn(t ∝ τ
↑ωn
◁,N )t↔[0,T ]}n↔N is tight.

Proof. The key ingredient is Aldous’ criterion, see [CE88]. The following two hypothesis need
to be satisfied:

24



1. ≃↼ > 0, ∋C > 0 such that

sup
n

P


sup

t↔[0,T ]

ϖ
↑ωn(t ∝ τ

↑ωn
◁,N )

 ↗ C


⇑ ↼;

2. ≃↼ > 0, and ≃α > 0, ∋▷ > 0 such that

sup
n

sup
0≃τ1≃τ2≃(τ1+⇀)⇐T

P
(
|ϖ

↑ωn(τ2 ∝ τ
↑ωn
◁,N )⇐ ϖ

↑ωn(τ1 ∝ τ
↑ωn
◁,N )| ↗ α

)
⇑ ↼, (5.8)

where τ1, τ2 are stopping times adapted to the filtration generated by the process ϖ↑ωn .

The first condition follows trivially because |ϖ↑ωn | = ϖ↑ωn and ϖ↑ωn(t ∝ τ ↑ω
◁,N ) ⇑ N .

To show the second condition, we write explicitly the di!erence:

ϖ
↑ωn(τ2 ∝ τ

↑ωn
◁,N )⇐ ϖ

↑ωn(τ1 ∝ τ
↑ωn
◁,N ) =

∫ τ2⇐τ̃
↑ωn
ϱ,N

τ1⇐τ̃
↑ωn
ϱ,N

{
1

ϖ↑ωn(r)

[
⇐

(
ϖ
↑ωn(r)

)4
+

1

2
$2

1

(
sin ϱ

↑ωn(r)
)2

+
1

2
$2

2

(
cos ϱ

↑ωn(r)
)2

+ $12 sin ϱ
↑ωn(r) cos ϱ

↑ωn(r)
]
+ ω

1
4Rωn

ϖ,b

(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)

dr

+Mϖ(τ2 ∝ τ
↑ωn
◁,N )⇐Mϖ(τ1 ∝ τ

↑ωn
◁,N ).

The term in the integral is bounded by a constant K depending on 1, N . Then

ϖ
↑ωn(τ2 ∝ τ

↑ωn
◁,N )⇐ ϖ

↑ωn(τ1 ∝ τ
↑ωn
◁,N )

 ⇑K(1, N)
(
τ2 ∝ τ

↑ωn
◁,N ⇐ τ1 ∝ τ

↑ωn
◁,N

)

+
Mϖ(τ2 ∝ τ

↑ωn
◁,N )⇐Mϖ(τ1 ∝ τ

↑ωn
◁,N )

.

By the Optional Sampling Theorem:

E
[Mϖ(τ2 ∝ τ

↑ωn
◁,N )⇐Mϖ(τ1 ∝ τ

↑ωn
◁,N )

2
]
= E

[
Mϖ(τ2 ∝ τ

↑ωn
◁,N )2 ⇐Mϖ(τ1 ∝ τ

↑ωn
◁,N )2

]
.

Observe that

E
[
Mϖ(τ2 ∝ τ

↑ωn
◁,N )2

]
=

m

i=1

E

∫ τ2⇐τ̃
↑ωn
ϱ,N

0

{
φ̄2
1i

(
cos ϱ

↑ωn(r)
)2

+ φ̄2
2i

(
sin ϱ

↑ωn(r)
)2

+ 2φ̄1iφ̄2i cos ϱ
↑ωn(r) sin ϱ

↑ωn(r) + ω
1
4
( Rω

ϖ,↽

)
i

(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)2}

dr



⇑ (τ2 ∝ τ
↑ωn
◁,N )K↽̄,

for a constant K↽̄ = K↽̄(1, N), where the functions
( Rω

ϖ,↽

)
i
contains all the terms obtained

expanding the square and that are multiplied by ω
1
4 . By Chebishev inequality

P
(M(τ2 ∝ τ

↑ωn
◁,N )⇐M(τ1 ∝ τ

↑ωn
◁,N )

 ↗ α
)
⇑ K↽̄▷

α2
.
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In conclusion, taking ▷ ⇑ min{↼2⇁
Kς̄

, ↼
K } it holds

sup
n

sup
0≃τ1≃τ2≃(τ1+⇀)⇐T

P
(
|ϖ

↑ωn(τ2 ∝ τ
↑ωn
◁,N )⇐ ϖ

↑ωn(τ1 ∝ τ
↑ωn
◁,N )| ↗ α

)
⇑ ↼.

The second condition is proved, so the sequence of stopped processes is tight.

By tightness, the sequence of processes {ϖωn(t∝τ ↑ω
◁,N )t↔[0,T ]}n↔N converges, along a subsequence,

to a limit process. Call the limit process ϖ⇒◁,N .
Next step consists in providing a relation between the limit by tightness and the solution to the
limit equation (2.17).
Let L̄ be the generator of the limit process, solution to the equation (2.17), then

(
L̄f

)
(ϖ̄) = b̄(ϖ̄)f ↗(ϖ̄) +

1

4
($2

1 + $2
2)f

↗↗(ϖ̄),

for each function f ↑ dom(L̄) .

Proposition 5.4. Let ϖ⇒◁,N be any limit point of the sequence in Lemma 5.3. For any f ↑
C⇑

c ([1, N ]) the stochastic process

M⇒f
◁,N (t) := f

(
ϖ⇒◁,N (t)

)
⇐ f

(
ϖ⇒◁,N (0)

)
⇐

∫ t

0

(
L̄f

)(
ϖ⇒◁,N (r)

)
dr

is a martingale.

For the proof of Proposition 5.4 we use the following averaging principle, see [DPT19, Propo-
sition 3.2].

Proposition 5.5. Consider G : R↔R → R a locally Lipschitz continuous function, 2↽-periodic

in the second variable. Let

{
(ϖn(t),2n(t))t↔[0,T ]

}

n↓1
be a family of cadlag Markov processes

such that:

(1) as n → ↓, (ϖn(t))t↔[0,T ] converges, in sense of weak convergence of stochastic processes, to

a process (ϖ⇒(t))t↔[0,T ]. Assume also that there exists a compact set K △ R such that, for

any t ↑ [0, T ] and n ↗ 1, ϖn(t) ↑ K and ϖ⇒(t) ↑ K and that condition (5.8) holds true for

the sequence {ϖn(t)}n↓1;

(2) for any ↼ > 0 there exist k↗ > 0 and n̄ ↗ 1, such that

sup
0≃k≃k↑

E [|2n(t+ k)⇐ 2n(t)|] ⇑ ↼

for any n ↗ n̄ and t ↑ [0, T ].

Then, for any c > 0 and 3 > 0, the following averaging principle holds:

∫ T

0
G
(
ϖn(s), cn

0s+ 2n(s)
)
ds

weakly⇐⇐⇐⇐⇐→
∫ T

0
Ḡ(ϖ⇒(s))ds, as n → ↓

where Ḡ is the averaged function defined by

Ḡ(x) = 1

2↽

∫ 2ς

0
G(x, ϱ)dϱ.
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The previous proposition is applied to ϖn(t) = ϖωn(t∝ τ ↑ω
◁,N ) and to 2n(t) = 2ωn(t∝ τ

↑ωn
◁,N ), where

2ωn(t) := ϱ↑ωn(t) ⇐ ω
→ 1

2
n t. The first hypothesis is immediate to check, the second hypothesis is

verified using the following proposition.

Proposition 5.6. For any k̄ > 0, there exist C > 0 and n̄ ↗ 1 such that for n ↗ n̄:

sup
0≃k≃k̄

E
[2ωn

(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐ 2ωn

(
t ∝ τ

↑ωn
◁,N

)
]
⇑ C


k̄.

Proof. By definition

2ωn
(
(t+ k) ∝ τ

↑ωn
◁,N

)
=

∫ (t+k)⇐τ̃
↑ωn
ϱ,N

0

{
⇐ 1

(ϖ↑ωn(r))2

[
sin ϱ

↑ωn(r) cos ϱ
↑ωn(r)

(
$2

1 ⇐ $2
2

)

+ $12

(
cos ϱ

↑ωn(r)
)2 ⇐

(
sin ϱ

↑ωn(r)
)2)]

+ ω
1
4Rωn

ϱ,b

(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)

dt

+Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)
. (5.9)

Then

2ωn
(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐ 2ωn

(
t ∝ τ

↑ωn
◁,N

)
=

∫ (t+k)⇐τ̃
↑ωn
ϱ,N

t⇐τ̃
↑ωn
ϱ,N

I
(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)
dr

+Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐Mϱ

(
t ∝ τ

↑ωn
◁,N

)
,

where I
(
ϖ↑ωn(r), ϱ↑ωn(r)

)
is the function in the integral in (5.9).

By the regularity of the coe”cients and the stopping time there exists a positive constant
C(1, N) such that, for each r ↑ [0, T ∝ τ

↑ωn
◁,N ], the function I

(
ϖ↑ωn(r), ϱ↑ωn(r)

)
⇑ C(1, N) for every

n ↗ 1. So
2ωn

(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐ 2ωn

(
t∝ τ

↑ωn
◁,N

) ⇑ C(1, N)k+
Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐Mϱ

(
t ∝ τ

↑ωn
◁,N

) (5.10)

By the Optional Sampling Theorem it holds:

E
[Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐Mϱ

(
t ∝ τ

↑ωn
◁,N

)2
]
= E

[
Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)2 ⇐Mϱ

(
t ∝ τ

↑ωn
◁,N

)2]
.

Observe that

E
[
Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)2]
=

m

i=1

E

∫ (t+k)⇐τ̃
↑ωn
ϱ,N

0

1
(
ϖ↑ωn(r)

)2
(
φ̄2i cos ϱ

↑ωn(r)⇐ φ̄1i sin ϱ
↑ωn(r)

)2

+ ω
1
4
n
( Rωn

ϱ,↽

)
i

(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)
dr


,

where the function
( Rωn

ϱ,↽

)
i
contains the terms obtained expanding the square that are multiplied

by ω
1
4
n . Then there exists a constant C↽̄ = C↽̄(1, N) such that

E
[Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐Mϱ

(
t ∝ τ

↑ωn
◁,N

)2
]
⇑ kC↽̄.
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By Holder inequality

E
[Mϱ

(
(t+ k) ∝ τ

↑ωn
◁,N

)
⇐Mϱ

(
t ∝ τ

↑ωn
◁,N

)
]
⇑


C↽̄

⇓
k. (5.11)

The proof is completed by (5.10), (5.11) and the fact that k̄ < (k̄)
1
2 , for k̄ < 1.

Proof of Proposition 5.4. Take f ↑ C⇑
c

(
[1, N ]

)
and define the following generators:

(
Lf

)
(ϖ, ϱ) = b(ϖ, ϱ)f ↗(ϖ) +

1

2

m

i=1


φ̄1i cos ϱ + φ̄2i sin ϱ

2
f ↗↗(ϖ);

(
Lωn
◁,Nf

)
(ϖ, ϱ) =

{
b(ϖ, ϱ) + ω

1
4
nR

ωn
ϖ,b(ϖ, ϱ)


f ↗(ϖ)

+
1

2

m

i=1

[
φ̄1i cos ϱ + φ̄2i sin ϱ + ω

1
4
n
(
Rωn

ϖ,↽

)
i
ϖ
(
ϖ, ϱ

)]2
f ↗↗(ϖ)

}
(◁,N).

Observe that
(
L̄f

)
(ϖ) = 1

2ς

 2ς
0

(
Lf

)
(ϖ, ϱ)dϱ. Define the processes

Mf
◁,N (t) = f

(
ϖ
↑ωn(t ∝ τ

↑ωn
◁,N )

)
⇐ f

(
ϖ
↑ωn(0)

)
⇐

∫ t⇐τ̃
↑ωn
ϱ,N

0

(
Lωn
◁,Nf

)(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)
dr;

Nf
◁,N (t) = f

(
ϖ
↑ωn(t ∝ τ

↑ωn
◁,N )

)
⇐ f

(
ϖ
↑ωn(0)

)
⇐

∫ t⇐τ̃
↑ωn
ϱ,N

0

(
Lf

)(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)
dr.

Observe that
(
Lωn
◁,Nf

)
(ϖ, ϱ) =

(
Lf

)
(ϖ, ϱ) + o(ω

1
4
n ). By construction Mf

◁,N is a martingale, fix
m ↗ 1, g1, . . . , gm continuous bounded functions and 0 ⇑ t1 ⇑ . . . ⇑ tm ⇑ s ⇑ t ⇑ T , then

E
[(

Mf
◁,N (t)⇐Mf

◁,N (s)
)
g1
(
ϖ
↑ωn(t1 ∝ τ

↑ωn
◁,N )

)
· . . . · gm

(
ϖ
↑ωn(tm ∝ τ

↑ωn
◁,N )

)]
= 0.

Which implies

E
[(

Nf
◁,N (t)⇐Nf

◁,N (s)
)
g1
(
ϖ
↑ωn(t1 ∝ τ

↑ωn
◁,N )

)
· . . . · gm

(
ϖ
↑ωn(tm ∝ τ

↑ωn
◁,N )

)]
= o(ω1/2n ). (5.12)

The left hand side of equation (5.12) can be written as

E
[(

f
(
ϖ
↑ωn(t ∝ τ

↑ωn
◁,N )

)
⇐ f

(
ϖ
↑ωn(s ∝ τ

↑ωn
◁,N )

)
g1
(
ϖ
↑ωn(t1 ∝ τ

↑ωn
◁,N )

)
· . . . · gm

(
ϖ
↑ωn(tm ∝ τ

↑ωn
◁,N )

)]
(5.13)

⇐ E
[ ∫ t⇐τ̃

↑ωn
ϱ,N

s⇐τ̃
↑ωn
ϱ,N

(
Lf

)(
ϖ
↑ωn(u), ϱ

↑ωn(u)
)
du g1

(
ϖ
↑ωn(t1 ∝ τ

↑ωn
◁,N )

)
· . . . · gm

(
ϖ
↑ωn(tm ∝ τ

↑ωn
◁,N )

)]
= o(ω

1
4
n )

(5.14)

By weak convergence of ϖ↑ωn(t ∝ τ
↑ωn
◁,N ) to ϖ⇒◁,N (t) the term in (5.13) converges to

E
[(
f
(
ϖ⇒◁,N (t)

)
⇐ f

(
ϖ⇒◁,N (s)

))
g1
(
ϖ
↑ωn(t1 ∝ τ

↑ωn
◁,N )

)
· . . . · gm

(
ϖ
↑ωn(tm ∝ τ

↑ωn
◁,N )

)]
.
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Since f has compact support

∫ t⇐τ̃
↑ωn
ϱ,N

s⇐τ̃
↑ωn
ϱ,N

(
Lf

)(
ϖ
↑ωn(r), ϱ

↑ωn(r)
)
dr =

∫ t

s

(
Lf

)(
ϖ
↑ωn(r ∝ τ

↑ωn
◁,N ), ϱ

↑ωn(r ∝ τ
↑ωn
◁,N )

)
dr.

Taking ϖn(t) = ϖ↑ωn(t ∝ τ
↑ωn
◁,N ), ϖ̄(t) = ϖ⇒◁,N (t) and 2n(t) = 2ωn(t ∝ τ

↑ωn
◁,N ) proposition 5.5 can be

applied to have

∫ t

s

(
Lf

)(
ϖ
↑ωn(r ∝ τ

↑ωn
◁,N ), ϱ

↑ωn(r ∝ τ
↑ωn
◁,N )

)
dr →

∫ t

0

(
L̄f

)(
ϖ⇒◁,N (r)

)
dr.

By the bounded convergence theorem the proof is completed.

Fix ◁ > 0 and let ϖ⇒◁,N be the weak limit of the sequence of stopped processes {ϖωn(·∝τ ↑ω
◁,N )}n↓1.

Define the stopping time

τ⇒◁,N,▷ = inf{t > 0 : ϖ⇒◁,N (t) /↑ (1 + ◁, N ⇐ ◁)}.

Let ϖ̄ be the unique solution to the stochastic di!erential equation (2.17) and define the stopping
time

τ̄◁,N,▷ = inf{t > 0 : ϖ̄(t) /↑ (1 + ◁, N ⇐ ◁)}.

Proposition 5.7. Suppose that ϖ⇒◁,N (0) = ϖ̄(0). Then, the processes ϖ⇒◁,N (t ∝ τ⇒◁,N,▷) and ϖ̄(t ∝
τ̄◁,N,▷) have the same distribution.

Proof. Given g ↑ C⇑
0

(
[0,↓)

)
and ◁ > 0, there exists a function f ↑ C⇑

c

(
[1, N ]

)
such that

f(x) = g(x), ≃x ↑ [1 + ◁, N ⇐ ◁]. Then

g
(
ϖ⇒◁,N (t ∝ τ⇒◁,N,▷)

)
⇐ g

(
ϖ⇒◁,N (0)

)
⇐

∫ t⇐τ↔
ϱ,N,ϖ

0

(
L̄g

)(
ϖ⇒◁,N (r ∝ τ⇒◁,N,▷)

)
dr

is a martingale. By definition, the process ϖ̄(t∝ τ̄◁,N,▷) satisfies the stopped martingale problem
for L̄, in (1+◁, N⇐◁). Then the stopped martingale problem is well defined and admits a unique
solution. The set C⇑

0

(
[0,↓)

)
is measure-determining then ϖ⇒◁,N (t∝ τ⇒◁,N,▷) and ϖ̄(t∝ τ̄◁,N,▷) are

the solutions to the same martingale problem and by uniqueness they must have the same
distribution.

The following theorem concludes this section.

Theorem 5.8. Let (ϖ↑ω, ϱ↑ω) be the solution to the equations (5.4),(5.5) and initial conditions

(ϖω0, ϱ
ω
0), with (ϖω0, ϱ

ω
0) → (ϖ0, ϱ0), as ω → 0. The process

(
ϖ↑ω(t)

)
t↔[0,T ]

converges in distribution

to the unique solution to the equation (2.17) with initial condition ϖ0.

Proof. Define the following sequences of positive parameters:

• {1m}m, {◁m}m , with rm → 0 and ◁m → 0 as m → ↓;

• {Nm}m, with Nm → ↓ as m → ↓,
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such that 1m+◁m < Nm⇐◁m. Take the interval Im = (1m+◁m, Nm⇐◁m) and, for any sequence
{ωn}n, ωn → 0 define the following stopping times:

• τ ωnIm = inf{t > 0 : ϖ↑ωn(t) /↑ Im};

• τ⇒Im = inf{t > 0 : ϖ⇒◁m,Nm
(t) /↑ Im};

• τ̄Im = inf{t > 0 : ϖ̄(t) /↑ Im}.

Define the event
Am =

{
x ↑ C

(
[0, T ],R

)
: x(t) ↑ Im, ≃t ↑ [0, T ]

}
.

Observe that Ac
m is closed in the uniform topology of C

(
[0, T ],R

)
. Then, for any m ↗ 1 and

any sequence ωn → 0, by Portmanteau Theorem,

lim sup
n↘+⇑

P
(
ϖ
↑ωn(· ∝ τ ωn◁m,Nm

) ↑ Ac
m

)
⇑ P

(
ϖ⇒◁m,Nm

(t) ↑ Ac
m

)
.

Using proposition 5.7 it holds

P
(
ϖ⇒◁m,Nm

(·) ↑ Ac
m

)
= P

(
τ⇒Im ⇑ T

)
= P (τ̄Im ⇑ T ) .

The interval Im is a subset of the interval (1m, Nm) then

P
(
ϖ
↑ωn(· ∝ τ◁m,Nm) ↑ Ac

m

)
= P

(
τ ωnIm ⇑ T

)
⇑ P

(
τ

↑ωn
◁m,Nm

⇑ T
)
.

Then
lim sup
n↘+⇑

P
(
τ

↑ωn
◁m,Nm

⇑ T
)
⇑ P

(
τ⇒Im ⇑ T

)
= P (τ̄Im ⇑ T ) .

Let f : C
(
[0, T ],R

)
→ R be a continuous and bounded function then

E

f(ϖ

↑ωn(·))

⇐ E


f(ϖ̄(·))



⇑
E


f(ϖ

↑ωn(·))

⇐ E


f(ϖ

↑ωn(· ∝ τ
↑ωn
◁m,Nm

))
 (5.15)

+
E


f(ϖ

↑ωn(· ∝ τ
↑ωn
◁m,Nm

))

⇐ E


f(ϖ⇒◁m,Nm

(·))
 (5.16)

+
E


f(ϖ⇒◁m,Nm

(·))

⇐ E


f(ϖ⇒◁m,Nm

(· ∝ τ⇒Im))
 (5.17)

+
E


f(ϖ⇒◁m,Nm

(· ∝ τ⇒Im))

⇐ E


f(ϖ̄(· ∝ τ̄Im))

 (5.18)

+
E


f(ϖ̄(· ∝ τ̄Im))


⇐ E


f(ϖ̄(·))

. (5.19)

Let ↘f↘⇑ be the sup norm of the function f , then

• (5.15)⇑ ↘f↘⇑P
(
τ

↑ωn
◁m,Nm

⇑ T
)
;

• (5.17)⇑ ↘f↘⇑P
(
τ⇒Im ⇑ T

)
;

• (5.18)= 0 by Proposition 5.7;
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• (5.19)⇑ ↘f↘⇑P (τ̄Im ⇑ T ).

By Lemma 5.2, for any ↼ > 0, there is m large enough such that P (τ̄Im ⇑ T ) ⇑ ↼. Moreover, by

convergence in distribution, there is ωn small enough such that (5.16)⇑ ↼ and P
(
τ

↑ωn
◁m,Nm

⇑ T
)
⇑

2↼. The proof is complete.

6 Proof of Theorem 2.1

In this section the results showed in the previous sections are used to prove Theorem 2.1.

Proof. Define the following stopping times

τz
↑

!ω
= inf{t ↑ [0, T ] : ↘ Z

↑ω(t)↘ > &ω};

τz!ω
= inf{t ↑ [0, T ] : ↘ Zω(t)↘ > &ω};

τz
↑

!ω
= inf{t ↑ [0, T ] : ↘Z

↑ω(t)↘ > &ω};

τy
↑

!ω
= inf{t ↑ [0, T ] : ↘Y

↑ω(t)↘ > &ω};

τx!ω
= inf{t ↑ [0, T ] : ↘

(
Zω(t), Y ω(t)

)T↘ > &ω}.

From Lemma 5.1 it follows that limω↘0 P
(
τz↑

!ω
⇑ T

)
= 0. By definition of the transformation q,

see (3.5), and τz!ω
= inf{t ↑ [0, T ] : ↘ Z ↑ω(t) + ω

1
2 q
( Z ↑ω(t)

)
↘ > &ω} then, if ω is small enough,

P
(
τz!ω

⇑ T
)
⇑ P

(
τ ↗!ω/2

⇑ T
) ω↘0⇐⇐⇐→ 0.

Moreover limω↘0 P
(
τz

↑

!ω
⇑ T

)
= 0. Indeed

P
(

sup
t↔[0,τz↑

!ω
⇐T ]

↘Z
↑ω(t)↘ > &ω

)
⇑P

(
sup

t↔[0,τz↑
!ω

⇐T ]

↘Z
↑ω(t)⇐ Zω(t)↘ >

&ω

2

)

+ P
(

sup
t↔[0,T ]

↘ Zω(t)↘ >
&ω

2

) ω↘0⇐⇐⇐→ 0,

by Theorem 4.2. Using an analogous argument and Theorem 4.1, it holds limω↘0 P
(
τy

↑

!ω
⇑

T
)
= 0 and then limω↘0 P

(
τ ω!ω

⇑ T
)
= 0, where τ ω!ω

is defined in (4.1). By definition of the
transformation p, see (3.1), if ω is small enough,

P
(
τx!ω

⇑ T
)
= P

(
inf{t ↑ [0, T ] : ↘

(
Z

↑ω(t) + ω
1
4 p

(
Z

↑ω(t)
)

Y
↑ω(t)

)
↘ > &ω} ⇑ T

)

⇑ P
(
τz

↑

!ω/2
⇑ T

)
+ P

(
τy

↑

!ω/2
⇑ T

)
.

(6.1)

Define the processes

ϖω(t) =
√
Zω
1(t)

2 + Zω
2(t)

2, ϖ
↑ω(t) =

√
Z

↑ω
1 (t)2 + Z

↑ω
2 (t)2, ϖω(t) =

√
Zω
1(t)

2 + Zω
2(t)

2.
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Let f : C
(
[0, T ],R

)
→ R be a continuous and bounded function then

E

f(ϖω(·))


⇐ E


f(ϖ̄(·))

 ⇑
E


f(ϖω(·))


⇐ E


f(ϖω(· ∝ τx!ω

))


+
E


f(ϖω(· ∝ τx!ω

))

⇐ E


f(ϖ

↑ω(· ∝ τ ω!ω
))


+
E


f(ϖ

↑ω(· ∝ τ ω!ω
))

⇐ E


f(ϖω(· ∝ τ ω!ω

)


+
E


f(ϖω(· ∝ τ ω!ω

))

⇐ E


f(ϖ

↑ω(· ∝ τz
↑

!ω
))


+
E


f(ϖ

↑ω(· ∝ τz
↑

!ω
)

⇐ E


f(ϖ

↑ω(·)


+
E


f(ϖ

↑ω(·)

⇐ E


f(ϖ̄(·))

 ω↘0⇐⇐⇐→ 0.

(6.2)

The convergence follows from Lemma 5.2, limω supt↔[0,T ]

ϖω(t∝τx!ω
))⇐ϖ

↑ω(t∝τ ω!ω
)
 = 0, Theorem

4.2, limω supt↔[0,T ]

ϖω(t ∝ τ ω!ω
))⇐ ϖ↑ω(t ∝ τz↑

!ω
)
 = 0, inequality (6.1) and Theorem 5.8.

7 Appendix

7.1 Normal forms

The function f in equation (2.12) is at least quadratic in z and y close to the origin. In this
section is showed that there is a smooth change of coordinates such that quadratic terms cancel
out. Suppose that matrix Q has the following expression:

Q =

(
0 ⇐ς0

ς0 0

)

with ς0 > 0. According to the theory of normal form, see [Wig96], the first step consists in
passing to complex coordinate using the linear transformation l : R2 ↔ Rn→2 → C2 ↔ Rn→2,
l(z, y) = (w, w̄, y), where (

w
w̄

)
=

(
1 i
1 ⇐i

)(
z1
z2

)
(7.1)

and w̄ ↑ C is the complex conjugate of w ↑ C. Equation (2.12) can be written in the new

variables (w, w̄, y) = l
(
z, y

)
:

dw =
[
ς0iw +

(
f1
(
w, w̄, y

)
+ if2

(
w, w̄, y

))]
dt,

dw̄ =
[
⇐ς0iw̄ +

(
f1
(
w, w̄, y

)
⇐ if2

(
w, w̄, y

))]
dt,

where (f1, f2)T = f and with an abuse of notation f(w, w̄, y) = f(z, y).
Define the transformation R : C2 ↔ Rn→2 → C2 ↔ Rn→2

R(w↗, w̄↗, y) =




w↗ + r(w↗, w̄↗, y)
w̄↗ + r(w↗, w̄↗, y)

y



 =




w
w̄
y




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where the function r(w, w̄, y) = ▷1w2 + ▷2w̄2 + ▷12ww̄+
∑n→2

i=1 α1iwyi + α2iw̄yi, for ▷j ,▷12,αji

real parameters, and r is the complex conjugate of r. Let Id be the identity matrix, then

DR(w↗, w̄↗, y) =




1 + 0wr 0w̄r ▽yr
0wr 1 + 0w̄r ▽yr
0 0 Id



 = Id +A,

where

A =




0wr 0w̄r ▽yr
0wr 0w̄r ▽yr
0 0 0



 .

If (w↗, w̄↗, y) is close to zero, define R→1 as the inverse function of R, then

dw↗ = DR→1(w, w̄, y)




dw
dw̄
dy



 .

Moreover,

DR→1(w, w̄, y) =
(
DR(w↗, w̄↗, y)

)→1
= Id⇐A+

1

2
A2 +RA,

where RA is the rest of the Taylor expansion in zero. Call

F±(w, w̄, y) = f1
(
w, w̄, y

)
± if2

(
w, w̄, y

)

and

dw↗ =
[(
ς0iw + F+(w, w̄, y)

)(
1⇐ 0wr+

1

2
(0wr)

2 +
1

2
0wr0w̄r

)

+
(
⇐ ς0iw̄ + F→(w, w̄, y)

)(
⇐ 0w̄r+

1

2
(0w̄)

2 +
1

2
0wr0w̄r

)

+
(
Py + g(w, w̄, y)

)(
⇐▽yr+▽yr0wr+▽yr0w̄r

)

+ rA(w
↗, w̄↗, y)

]
dt,

where lim⇔(w,w̄,y)⇔↘0
|rA(w,w̄,y)|
⇔(w,w̄,y)⇔3 = 0. Define the function F ↗

+(w
↗, w̄↗, y) = F+ ̸R(w↗, w̄↗, y) and

write
F ↗
+(w

↗, w̄↗, y) = F (2)
y (y) + F (2)

+ (w↗, w̄↗, y) + FR
+ (w↗, w̄↗, y),

where F (2)
y is quadratic in the variable y, and the functions F (2)

+ , FR
+ contain the other quadratic

terms and the higher order terms, respectively. Then

dw↗ =
[
ς0iw

↗ + F (2)
y + ς0ir⇐ ς0i0wrw

↗ + ς0i0w̄rw̄
↗ ⇐▽yrPy + F (2)

+ (w↗, w̄↗, y)

+ F (3)(w↗, w̄↗, y) + r↗A(w
↗, w̄↗, y)

]
dt, (7.2)

where the functions F (3) and r↗A contain the third order terms and higher order terms.
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Proposition 7.1. Take ς0 ↑ R, P ↑ Rn→2↑n→2
, and F (2)

+ : C2 ↔ Rn→2 → C as in equation

(7.2). Then there exists a function r : C2 ↔ Rn→2 → C, where r(w, w̄, y) = ▷1w2 + ▷2w̄2 +
▷12ww̄ +

∑n→2
i=1 α1iwyi + α2iw̄yi, for ▷j ,▷12,αji real parameters such that

ς0ir⇐ ς0i0wrw + ς0i0w̄rw̄ ⇐▽yrPy = ⇐F (2)
+ . (7.3)

Proof. Take a polynomial r and consider the map L : r
L⇐→ Lr where

Lr = ς0ir⇐ ς0i0wrw + ς0i0w̄rw̄ ⇐▽yrPy.

The map L is linear in the space of homogeneous polynomial in the variables w, w̄, (yj)
n→2
j=1 of

degree two into itself. Denote H2 = span
{
w2, w̄2, ww̄, (wyj)

n→2
j=1 , (w̄yj)

n→2
j=1

}
and compute the

action of the map L on the canonical basis:

L(w2) = ⇐ς0iw
2,

L(w̄2) = 3ς0iw̄
2,

L(ww̄) = ς0iww̄,

L(wyj) = ⇐w
n→2

l=1

Pjlyl,

L(w̄yj) = w̄
(
2ς0iyj ⇐

n→2

l=1

Pjlyl
)
.

The matrix associated to the linear application in the canonical basis

{
w2, w̄2, ww̄, (wyj)

n→2
j=1 , (w̄yj)

n→2
j=1

}

is

L =





→ε0i 0 0 0 . . . 0 0 . . . 0

0 3ε0i 0 0 . . . 0 0 . . . 0

0 0 ε0i 0 . . . 0 0 . . . 0

0 0 0 →P1,1 . . . →P1,n→2 0 . . . 0

0 0 0 →P2,1 . . . →P2,n→2 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 →Pn→2,1 . . . →Pn→2,n→2 0 . . . 0

0 0 0 0 . . . 0 2ε0i→ P1,1 . . . →P1,n→2

. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . 0 →Pn→2,1 . . . 2ε0i→ Pn→2,n→2





.

Let D =

(
→λ0i 0 0
0 3λ0i 0
0 0 λ0i

)
then the matrix L can be written as:

L =




D 0 0
0 ⇐P 0
0 0 2ς0iId⇐ P



 .
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Observe that detA = detD det(⇐P ) det(2ς0iId⇐ P ) ⇒= 0. Indeed suppose that det(⇐2ς0iId⇐
P ) = 0 then 0 is an eigenvalue of the matrix 2ς0iId⇐P and there is a vector v ↑ span{w̄yl, j =
1, . . . , n ⇐ 2} such that

(
2ς0iId ⇐ P

)
v = 0. This implies that 2ς0i is eigenvalue of P , but P

admits only eigenvalues with strictly negative real part. Matrix L is invertible then there is a

unique solution r to the equation Lr = ⇐F (2)
+ and (7.3) holds.

Choose r as in Proposition 7.1 then equation (7.2) becomes

dw↗ =
[
⇐ ς0iw

↗ + F (2)
y + F (3)(w↗, w̄↗, y) + r↗A(w

↗, w̄↗, y)
]
dt.

Applying the inverse function l→1, the equation (2.12) becomes

dz =
[
Qz + f (3)(z, y) + f (2)

y (y) + rf (z, y)
]
dt (7.4)

where f (3) is the function containing all the cubic terms, f (2)
y is quadratic in y and the higher

order terms are in rf .

Acknowledgment: The authors are very grateful to professor Lorenzo Bertini for introducing
them to the problem and for the inspiring discussions.
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