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Long time fluctuations at critical parameter of Hopf’s
bifurcation *
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Abstract

A dynamical system that undergoes a supercritical Hopf’s bifurcation is perturbed by
a multiplicative Brownian motion that scales with a small parameter . The random fluc-
tuations of the system at the critical point are studied when the dynamics starts near
equilibrium, in the limit as € goes to zero. Under a space-time scaling the system can be
approximated by a 2-dimensional process lying on the centre manifold of the Hopf’s bifur-
cation and a slow radial component together with a fast angular component are identified.
Then the critical fluctuations are described by a “universal” stochastic differential equation
whose coefficients are obtained taking the average with respect to the fast variable.

Keywords Hopf’s bifurcation, small noise perturbation, averaging principle, critical fluctua-
tions.
Subjclass [2010] 60H10, 34F05, 37G05, 60F99.

1 Introduction

The emergence of self-sustained periodic behavior is a widespread phenomenon in nature: this
has stimulated the mathematical modeling that could account for this behavior. For deter-
ministic dynamical systems, in particular for those described by finite dimensional ordinary
differential equations, the presence of a Hopf bifurcation is a feature producing oscillations in a
“universal” way.

Dynamical systems of this sort find application in various areas such as the investigation of
aircraft panel flutter in high supersonic conditions , the dynamics of individual neurons
and the physiological reactions of cells to external stimuli [BT98|.

Naturally, a question arises in these classical models: What happens if a random perturbation is
added to the dynamics? A theory on bifurcations in random dynamical systems was developed

by Ludwig Arnold [ASNSH96| and Peter Baxendal [Bax94]. More recently in [DELR18| the

dynamics of a two-dimensional ordinary differential equation in the normal form of Hopf’s
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bifurcation perturbed by additive white noise is studied stating that, for a generic deterministic
Hopf’s bifurcation similar local dynamics behaviour occurs. In the small noise regime the
theory due to Freidlin and Wentzell, , shows that the the stochastic process behaves as
the deterministic counterpart, but close to critical events such as bifurcations, the system can
show great sensitivity to small scale random perturbations, see for an experimental
and numerical study.

We also remark that the small noise asymptotics are close in spirit to large scale asymptotics for
mean field interacting stochastic systems (see e.g. [CDPF15|). In that context a deterministic
dynamical system emerges in the infinite particle limit, and finite size effects correspond to the
small noise regime.

In this paper we consider a n-dimensional dynamical system that exhibits a supercritical Hopf’s
bifurcation, and is then perturbed by a multiplicative noise that scales with a small parameter
€. We set the system at the critical point, i.e. at the Hopf bifurcation, and study the random
fluctuations of the dynamics starting near equilibrium, in the limit as ¢ — 0. A space-time
scaling allows to approximate the system by a 2-dimensional process lying on the centre manifold
of the Hopf’s bifurcation.

In this regime two scales are identified: a slow radial component and a fast angular component.
In the limit, as € goes to zero, an averaging effect is observed: the slow variable converges
to the solution of a stochastic differential equation whose coefficients are obtained by averag-
ing with respect to the fast variable. The study of averaging principle in various dynamical
systems dates back to the works of Khasminskii and others, summarized in, e.g., Freidlin and
Wentzell , Kabanov and Pergamenshchikov . In this work the average process
is obtained following the Strook-Varadhan approach to martingale problem, also developed in

detailed in [DPT19| where an averaging principle is proved.

The paper is structured as follows. In section 2] the model is presented and heuristic arguments
about the limit process are presented. Section |3|is devoted to obtain the normal form of the
rescaled stochastic process and in section|4|the reduction principle is proved. The 2-dimensional
process and its limit is studied in section|5|and section@concludes the paper with the proof
of the main result. Appcndixcontains the explicit calculations to define the transformation
that allows to obtain the normal form of the deterministic process.

1.1 Notation

Small letters are used for the deterministic processes, i.e. z(t) € R™, z(t) € R?, and y(t) € R*~2.
Capital letters and Greek letter are used for the stochastic processes, i.e. X°(t), X¢(t) € R",
Z5(t), Z5(t) € R2, Y2(¢), YE(t) € R™2 and (0°(t),95(t)), (p(t),0(¢)) € (0,00) x R, t > 0. Given
a vector z, set ||z]| := (32, 22)7, and for a matrix A, set A := (3, > Afj)%. Given a matrix
A, then AT is the transposed matrix of A. Given a function f : R® — R™, call Df = (Dfl)zl
the vector of the n-dimensional gradients of the components of f, D?f = (D2 fi);il the vector
of the n x n-hessian matrices of the components of f and TrD*f = (TrD?f;)"" | the vector of
the traces.
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Figure 1: A supercritical Hopf’s bifurcation in dimension 3.

2 The model and main result

Consider a family of dynamical systems, indexed by a real parameter u, given by the ordinary
differential equation in R”, n € N,

da(t) = b(x(t), p)de, (2.1)
with initial condition z(0) = zy. Suppose that
H1.1 Yu € R, b(-,p) : R® = R™ is a C* function;
H1.2 the system has a critical point z,,, for u = p, i.e. b(z,,, 1) =0;

H1.3 the Jacobian matrix Db(x,,,, tt.) has 2 simple pure imaginary eigenvalues and n — 2 eigen-
values with negative real part;

H1.4 % [Re AM()]y=pi. # 0, where (), A(u) are the eigenvalues of the Jacobian matrix Db(z,, ,u

These are the standard hypothesis to observe a Hopf’s bifurcation as stated in Theo-
rem 2]. The eigenvalues of Db(x,,, (1) intersect the imaginary axis at ¢ = fi., then the dimensions
of the stable and unstable manifolds of x,, will undergo alteration, leading to a modification in
the local phase portrait of as u traverses the bifurcation point p.. Generally speaking,
a Hopf’s bifurcation occurs when a periodic orbit emerges due to the changing stability of the
equilibrium point x,, . Moreover it is called supercritical if for p < 0 the origin is an asymptot-
ically stable equilibrium and for p > 0 an attractive limit cycle appears and the origin becomes
unstable. Figureshows an example of supercritical bifurcation in dimension 3. Then make
the following assumption

(H1): Hypothesis H1.1, H1.2, H1.3 and H1.4 hold and the Hopf’s bifurcation is supercritical.
For the rest of the paper, without loss of generality, take x,, =0, yu. = 0.
In this paper we apply a random perturbations of the system above.

Let be 0 : R — R™ x R™ a positive smooth function and € > 0, then consider the following
SDE:

IThe existence of the critical point x,, is assured by H1.1, H1.2 and H1.3, see ‘ Theorem 2].




dXe(t) = b(XE (L), p)dt + 2o (X5 (¢))dB(t), (2.2)

with initial condition X¢(0) = X§ and B is an m-dimensional Brownian motion. Under suitable
hypothesis of regularity of the function o, that are postponed to section the solution X¢ of
converges in distribution, on any time interval [0,7] with 7" > 0 and as & goes to 0, to the
solution x of provided that X§ converges to xg, see [FW12|.

In particular, if X converges to 0, then the whole process X¢ converges to the constant 0. The
aim of this paper is to investigate the fluctuations around this limiting behavior, at the critical
point g = p. = 0. This will require a time scaling, which captures the long time behavior of
the original process, as well as a space scaling which ”amplifies” the process around zero. This
procedure will be first illustrated in next subsection, at a heuristic level, for a two dimensional
system exhibiting a Hopf bifurcation in the so-called normal form.

2.1 Heuristic for 2-dimensional Hopf’s bifurcation

A simple example of Hopf’s bifurcation is given by the following 2-dimensional system of equa-
tions
dz; = ( — =2 (4 25— ,u))dt,

(2.3)
dzg = (zl — 29(2 + 23 — u))dt.

As showed in [Per13], the origin is a stable or an unstable focus of this nonlinear system if u < 0
or if ;1 > 0 respectively. For ;1 =0, Df(0,0) has a pair of pure imaginary eigenvalues, and the
origin is a stable focus. For y > 0 a stable limit cycle T'), : v,,(t) = \/f(cost,sint)” emerges.
Suppose that the dimension of the perturbing Brownian motion is m = 2 and that the diffusion
coefficient in is constant, i.e.

U(I) _ (011 JlZ) c R2X2.

021 022
Under these hypothesis, when p = 0, equation can be written as:

dzi = (=25 — 25((29)* + (25)?))dt + Ve (o11d By + 012dBa),

A2 = (25 — 25((25)2 + (25)%))dt + VE(oa1dBy + 0224 B). (24)

”

Note that the particular form of the drift allows the use of a “compact containment” argument,
to show that (2.4) has a unique global solution. It is convenient to convert to polar coordinates
performing the following change of coordinate:

0:(0,00) x R — R\ {(0,0)}

_(pcosB\ [z
o(p,0) = (psin6> o (22)
= 7[)3
, when p = 0 and it is immediate to observe

Equation (2.3) can be rewritten as

that the radial coordinate converges to the zero. Applying the same change of coordinates to



the stochastic process o(p°, ¥¢) = (QZ ?9“95) (;) then equation (2.4) in the new variables

0° sin ¥°
reads:
o 1 €, 2 2 s 9en2 , 4 2 2 e\2
?{ 2(011+012)(sm19 ) +§(021+‘722)(C05§ )
+€(O’110'21 +O’210’22) sin ¥° COS?.?‘S] dt (25)
+ \/5(011 cos % + 091 sin¥°)dBy + vz (012 cos ¥ + 022 sin ) d Ba;
1- 5[ 5 sin ¥ cos ¥* (031 + 01y — 05 — 05,)
1 €\2 : £\2
+ ()2 ((COSﬁ )? = (sin¥°)*) (011021 +012022)] }dt (2.6)
1 1
+ Ve (021 cos¥° — 011 sin¥°)dBy + ve— (022 cos ¥° — 012 8in9°)dBs.
0° 0°

Note that in these equations we must deal with the singularity at p = 0; this will be done
rigorously by stopping the process as o° enters a suitable neighborhood of zero. We now
introduce the following space-time rescaling;:

pE(t) = AT (e P, 0% (t) =0t (e ).

Equations (2.5) and (2.6 . ) become:

= 1 £ 1 . & 1 c
dp” = — [ — () + 5(0'%1 + 02,)(sin 6°)? + 5(031 + 02,)(cos 6°)?
g (2.7)
+ (011091 + 021092) sin 6° cos 95} dt +dMg;
1
doc = {5’1/2 - [sin 0°¢ cos 95(051 — 031 + an — (752)
() 28)

-+ ((COS 95)2 _ (Siﬂ08)2) (0’110'2]_ + O']_20'22)j| }dt + d]\/jg7

where

¢ ¢
/ 011 cos 0°(r) 4+ 091 sin 6° (r))d31 (r)+ / (012 cos 0% (1) + 099 8in 6° (r))de (r);
0 0

t
/ 021 cos 0°(r)—o11 sinﬂs(r)}dBl(r)
o Pe(r

+ /0 p%(r) [022 cos " (r) — o128in 96(7')} dBy(r).

This scaling reveals the existence of two time scales, as the angular variable moves much faster
than the radial one. Letting € going to zero the fast variable is expected to out; as the angular
velocity is essentially constant, the averaging measure should be the uniform distribution on
[0, 2], so the coefficients in the dynamics of the radial variable must be averaged with respect
the uniform measure, as we now illustrate.



The function a : (0,00) x R — R given by

1 1 . 1 .
a(n,¢) = 5[— n* + 5(051 +075)(sing)® + 5(051 + 035)(cos )* + (011021 + 021022) sin ¢ cos ¢>],

which is the drift of the radial variable, should be replaced in the limit by the function a :
(0,00) x R — R given by

71
T orw

a(n)

27
1 1
[ atn.oya0 - Lot et b ot b od ok
0

Similarly, the martingale M7, whose quadratic variation is given by

t
(ME) (1) = / w(6% () dr,
0
with
w(¢p) = (011 cos ¢ + oo sin ¢)2 + (021 cOS ¢ + 022 8in gb)2,

is expected to converge to a martingale M, with quadratic variation:

ot t 27
1 1
(M)(t) = / wdr = / 2—/ w(p)dodr = 5(0%1 + 02y + 03, + o)t
0 0o <7 Jo
Summing up, we consider the following stochastic differential equation

dp(t) = a(p(t))dt 4+ dM (), (2.9)

with initial condition p(0) = po.

Let p, p be the solutions to the equations (2.7)), (2.9), respectively, with initial conditions pg,
po. The main result of this paper shows that, as € | 0, if p§ converges weakly to pg, then p°
converges weakly to p.

2.2 Main result

In this subsection the main result of this paper is stated after adding to (H1) a list of assump-
tions on the diffusion matrix o.
Letting A = Db(0,0), under hypothesis (H1) there exists an invertible matrix C' such that

B=C'AC = (%) g) , (2.10)

where @ € R?*2 has 2 pure imaginary eigenvalues , P € R"~2X"~2 has n — 2 eigenvalues with
negative real part.
With no loss of generality we can assume @ to be of the form

0 -\
Q:(AU 00>'



Performing the change of coordinate

c: R" - R" 511
r = C o= (29" (2.11)
system can be written as
d=(t) =[Q=(t) + F(=(1), y(t) | at, (2.12)
ay(t) = | Py(t) + g(=(t), y()) |, (2.13)

where f : R — R2 g : R® — R"~2 are two functions such that £(0,0) = 0, g(0,0) = 0,
Df(0,0) = 0 and Dg(0,0) = 0, where 0 is the null matrix.

We make the following assumptions on the diffusion coefficient o
(H2) — {H2.1 the function o : R" — R™*™ is a C* function;
H2.2 0(0,0) #0.
Performing the change of coordinate c(DCE) = (ZE, ye)T the system can be written as
Q27 (1) = Q7 (1) + (2°(6), ¥° (1)) |t + VEoQ (2°(1), Y (1) dB(1), (2.14)
dye(t) :[P‘je(t) + g(ZS(t),ys(t))}dt +Veop(25(t), Y5 (t))dB(t), (2.15)

where 0g : R2 = R™ and op : R"72 — R™ are given by
UQ(Z7 y) _ -1
(29 ) =c o,
We let also ¢ = 0¢(0,0) and ;; its components.

Theorem 2.1. Suppose that b : R™ — R" salisfies assumptions (H1), and o : R® — R™*"
satisfies assumption (H2). For any € > 0, let (X°(t))t>0 be the solution of the SDE with
initial condition 2¢(0). Suppose that e~ 32°(0) — 2(0) # 0. For any T > 0, define the process

ZE(t), Y(t = (c(e i (e 5t 2.1
(220, ¥°0) = (cCTX5EH) (2.16)
where the function ¢ is defined in . Then, as e | 0,
< — € 2 € 2 A
(p (t))te[O,T] = (\/(Z1 )2+ (Z5(t)) )te[O,T] weakly converges to (p(t))te[O,T],
where p is the solution to the SDE
_ 1 ~
dp = b(p)dt + 3 (£%+33)dB, (2.17)

with b(n) = %[7174 + (22 +33)], initial condition py = \/21(0)% + 22(0)2, where (2(0),y(0)) =
¢(z(0)), and X2 = Z;Lzl o5, i=1,2.



The proof of Theorem [2.1]is divided into several steps. In the first part a “normal form” for
the stochastic differential equation is written applying the local diffeomorphisms defined for the
deterministic processes. The second step consists in the reduction of the n-dimensional prob-
lem to a 2-dimensional problem. In the third part the global existence for the two dimensional
stochastic process and its convergence, when € goes to zero, are proved. Last step is to put the
results together to conclude the proof.

3 Normal form of the rescaled process

The theory of normal forms, see [Wig96|, when ||(z,y)"|| < r for r small enough allows to define
a local diffeomorphism

p: R" - R" (3.1)
Z Z+p(Z,y)\ _ (=
<y> 7 ( y > B (y>
such that the system of equations , can be written as
a2/ (1) =[Q</(1) + 1 ((1),w() + [P (1) +75( 1),/ (1)), (32)
dy(t) = Py(t) + g/ (='(8), y(0) | at, (3.3)
where

i) the components of the function p(2’, y) are polynomials of degree 2 with terms of type 227,
Zyr, i j=12andk=1,...,n—2

ii) the components of the function f () are polynomials of degree 3;
ili) the components of the function f(*) are polynomials of degree 2;

iv) the function ry contains the higher order terms, namely D%r;(0,0) = 0, for all multi-index
a with |a] < 3;

v) the function ¢’ is the function g evaluated in the new variable z’.

The detailed computations to obtain equations and (3.3) are postponed to Appendix
The system of equations , admits a centre manifold W, described by a C? function
h:R? — R"=2 with D*h(0) = 0, for |a| < 1, see . The dynamics on the centre manifold
can be described locally around the origin by the equation

4z = [Qz(t) +f® (z(t), h(z(t)))]dt. (3.4)

Equation (3.4) is two-dimensional then, applying directly the argument in [Wig96| regarding
the normal form of the Hopf’s bifurcation, there is a local diffeomorphism

q: R? > R? (3.5)
Z =2Z+4q()=%



such that the variable Z satisfies the equation

™

A()%) + A7
S (t

5(6)%) + f59(

(1)]a

dE () = [~ %) - 20 (G
(3.6)
5 (0)]

¢
Zi(t

2+
d5(t) = [+ MR () - 20 (B0 +

"R

where the function f®) = (f1(4), f2(4))T contains the higher order terms, namely D f(0) = 0,
for all multi-index « with |o| < 3.

Now, the local diffeomorphisms p and ¢, defined in (3.1) and respectively, are applied to
obtain a stochastic normal form of equation .

First, equations (2.14) and (2.15) give:
az° = [féQZE +eif(eize, aiyf)] dt + o (e 2°,e3Y*)dB, (3.7)
ave =[e7 pye g emig(ed 20 ey e) [t 4 op (e 20, ey o) an (3.8)
Let p be the transformation defined in (3.1) and take Z'¢ such that

ez ey = (O O ) (o) g

As long as Z'¢(t) is contained in a ball of radius smaller than a suitable constant by e,
analogously to the deterministic case, the transformation p can be used to remove the quadratic
terms in the drift coefficient of equation .

Let Id be the identity matrix where the dimension depend on the context, then

1 0 1 /e 1,/ 1 e
Dp( e chye) = o (1d+sz<aéZ V) DypletZe ety >)

=i (ld+ A(e127%,67Y7%))
where

/ / DZ Z/7 ! D Z/7 !
A(z,y):( p(o ) yp(o y)>

As long as <siZ/E(t),aiY’€(t)) remains close to the origin, define p~! as the inverse function

of p, then

D) (6127 1Y) = (D(e 27 e1))

)

=t (Id —A(e1Z%,e7Y%) + %AZ (17, ety

+Ra(e12°,64Y7)),



where R4 is the remainder of the Taylor expansion around zero that, for fixed (2/,y’), satisfies

. _1 1 1
lime 2R5(e42',e7y’) = 0.
e—0

Here we have used the fact that p(z’,y’) is a polynomial of degree two, so

A(E%Z,g, 5%}/6) = 0(e9).

Then
4z’ = [5—%Qz’€ F O (ZE Y ) 4 e DY) f iy (e 20, iy
1 1 1./ 1 1/ (310)
+ 5557},,0(512 fe1Y E)]dt +04(e7Z°,e7Y 7)dB,
av's = [5*%PY'E + e*%g(eiz'f,sﬁy’f)]dt + ol (e12/5,61Y%)dB. (3.11)
where

i) functions f®), f®) r; are defined in (3.2);
ii) rp, is a term coming from the quadratic variation in the Ito’s formula; the function
Tp,o (-, ) is locally bounded around (0, 0).

ifi) 0% (2,y) = (Id — A(z,y) + LA2(2,9) + Ra(z, y))OQ (p(z,9)):
iv) o (z,y) =op(p(z,y)).

Let h : R? — R 2 the function that describes the centre manifold associated to the Hopf’s
bifurcation, then consider the 2-dimentional SDE

7 = [a—%QZE +f® (ZE,E_ih(E%ZVE))}dt+ oo (e1Z%,e Th(e1Z7))dB. (3.12)

Let g be the transformation defined in and take Z'¢ such that

~

1~ ~

Q(eTZ°(t)) =1 Z(t) + q(eTZ(t)) = 1 Z°(b).
As long as £7 Z ¢(t) remains close to the origin, following the theory of normal form, it holds

aZ = [~ Wi - ZE( 0 + (2 + = O 29)

&
el

+%s%rq,g,1(5%2/€)} + (04 (c12°)d ),
! (3.13)

075 = [+ 0y - B (207 + (Z0R) + 0 (4 29)
1

+ 5557'(1,5,2(5 2/5)} dt + (a'

Py
™
w
N
®
~—
[oN)
Sy
~—
N,

where



i) function f® = (f1(4)7 2(4))T is defined in (3.6);

i) rq0 = (’T'qp-’l,’f’q’o-’g)‘r is a term coming from the quadratic variation in the Ito’s formula;
the function 74, (-, -) is locally bounded around (0, 0).

iii) (oé (E%ZE)dB) is the i-th component of the diffusive part obtained as done in (3.10).

We stress the fact that the above change of variables makes sense only if the processes (8% Z'e(t), 8%Y/E(t))
and (17 E(t))tE[O,T]
correspond to the original process in the new variables up to the time (Z/s(t), Y/E(t)) and Z'¢(t)

te[0,T)
remain sufficiently close to the origin. In other words, equations (3.13|)

exit a ball centered in the origin and of radius proportional to e~4. When we will use equations
(3.13), the process will be stopped as it gets to a distance from the origin which is much smaller
than 7.

4 Reduction principle

In this section we show that the original n dimensional system is approximated by a 2 dimen-
sional process that lives on the centre manifold, up to a suitable stopping time.
Define the following processes

’ ’

O°(t) == Z°(t) — Z°(t), US(t):=Y(t)—e Th(eiZ

’

5(t)).
Given A > 0, define the stopping time
78 = inf{t € [0,T] s max{[|(Z°=(1), Y*(6) |, | Z*(1)|I} > A} (4.1)
and the stopped processes:
IO A (tATR), YAE() i=Y'® (tATR), INOE A (tATR),
UA(t) :=U"(tATR), ®A(t):=P°(tATR).
The main results of this section are the following theorems.

Theorem 4.1. Let q € (07%), B < %, and A; satisfying lim._,o E%Ag = 0. Suppose that

(Z/E(O)7 Y 5(0)) = (zéﬁyéf) — (zo, yo), as € — 0; then, for any T > 0,

eB<t<T

H . € q —
gg%P( sup [|UA. (O] > € > =0.

This theorem shows that, in time interval [¢” ,Ta. AN TJ, the process Y's can be approximated

by the process 8*%h(€%Z,€). The initial time €? is needed as the initial condition (2o, o) may
be outside the center manifold, so the process needs a short time to get close to the center
manifold. The proof is postponed to subsection

11



Theorem 4.2. Take v € (0,%) and A, = [ln(—lns)]lm. Suppose that (ZIE(O),Y

(zloe,y(’f) — (zo, yg), as € — 0, then, for any T >0

“(0) =

lim P ( sup [|®5(1)] > 57> =0.
0<t<T

e—=0

This theorem shows that, in time interval [0,75_ A T7], the 2-dimensional process Z'¢ can be
approximated by the 2-dimensional process Z 'e. The proof is postpone to subsection

With an abuse of notation in what follows the solutions to the equations (3.10), (3.11) are called
(Z#=,Y*), the symbol ’ is omitted also for Z'e. Using Ito’s formula the evolution of the processes
U?¢ is described by:

e <[ PUt e (eh 27, edye) b (e 20 chye)

) ) (4.2)
+ O‘hP(EZZs,EZYE)dB
where
Ne(z9) =9(2,9) —9(2,h(2)) s
+4D(2) [F (2, h(2)) - F* (.9)] (13)
1
Fé(z,y) = € 4O (ep) +e7 3O w) + e (5,0) + 5ot o(20),
1
H(z,y) = §Tr(cr; (z,y) (Dzh) (z)ap (z,y)),
onp(2,y) = op(2,y) — Dh(z)oq(2,y).
Applying Ito’s formula the evolution of the process ®° is described by
49 = [e-%Q@E + e EFO(YE) 4 G (27, Y5, Z°) + Ro(e} 25,63 Y7) | dt w

+ono (55Z5, £iY®, gize)dB,

where

Ge(2,9,2) = fO(z,y) — fO (2,6 Th(e77)),
3 1 1

Re(z,y) = € irs(z9) + 52 mo(z0),

o (2 9,2) = 0q(2,y) — 00 (%, h(2)).

12



Using the definition of U¢, ®°, and Z° the equations (4.2) and (4.4) can be written as

AU® = | EPUS + e EN (4(07 4 Z9),£1U° + h(eH (0° + 79)))
+ %E%H(e%(qf + 7%),e5U° + h(e? (37 + ZE))) at (4.5)
+ onp (ei(cbe + Z%),eTU° + h(e1(9° + 25)))d3;
d0° = |e73Qd° £ 1@ (UE e ih(e3 (07 + Zf)))
+ G (974 25,U° + e An(eh (07 + 29)), Z°)
(4.6)

+R. (s%(qf + Z7),e5U° + h(ed (d° + Zf))) at

+oho (5%(<I>E +Z%),e5U° + h(s%(q)E + Zs)),s%ZE)dB.

4.1 Proof Theorem [4.1]

Set ug = y5 — e 1h(eiz5). By applying the variation of constants to equation (£.5) for the
stopped process UR _, for any ¢ € [0, T A 73 _] we obtain:

-1
Us.(1) = Pl

INTA. 1
+ / e 2 P(t—r)
0

+ebH (@5, + 72, U5, + (A (@A + Z0)))

e IN(eh (@4, + Z5.),c UA, + h(eh (@4, + Z4.)))

dr

t/\TZE 1 _ -
+/ e Pgp (5%(@25 +Z35),e1 U+ h(et (D5, + ZZJ))dB(r).
0
(4.7)
For convenience of notation, the time is sometimes omitted.
We estimate separately the three terms in the r.h.s. of produced by the variation of

constants.
STEP 1: The bound

IATA. 1 ~ ~
/ Pt (h(@y + Z5). S, +h(EE @, + Z3) )ar| < o7eh,
0

for some C' > 0, follows readily from the fact that the function H is locally bounded.
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STEP 2: We now estimate the contribution of the martingale term in (4.7). Define, for any
0<t' <t<TATK.

t
MW = [P (B,
0

where
onp(r) = onp (4 (@4, (r) + Z4. (1), 1 UL (1) + h(¥ (@4, (1) + Z4. (1)) )

We write ME(t) for ME(t,t). The reason for introducing the time ¢’ will be clear later: in
moment estimates we will use the Ito’s rule for MZ(t',t) as function on ¢’ only, thus avoiding

—1
differentiation of the exponential e 2 P(t=7),

The dependence of oy p on the variables UR , ®3 _, and ZZE is omitted to make the following
calculations easier to read.
Given s’,s > 0 such that s’ < s <tand s’ <

'
ME(, 1) — ME(s', 5) = / e EPU=T) 0 L (Y dB(r)
s (4.8)

$ _1 _1
+/ <66 2P(t—r) _ €€ 2P(sfr)) O'hp(r)dB(T).
0
The second moment of (4.8) is bounded by
E [|IM5 (¢, 1) = Mi(s',9) (] < E[I(t, )] + E[I* (£, 5, 8')],

where

E[I°(t,s',t)]

t it _1
2/ E |:TI“ (ea 2P(t77')ahP(,’,)0.;|;P(T)(es 2P(t7-))T):|dT7

’

’

E[I*(t,s, )] =2./OS E

Tr ((esf%P(tfr) _ esféP(sfv'))o_hPo_;l'LP (es’%P(tfr) _ es’%P(sfr))T) :|d7“.

Since the eigenvalues of P have negative real parts, there exist positive constants A* and C*
such that for any 7 > 0 and y € R"™2, ||e"Py|| < C*e=*""|jy||, see |Carl2] equation (2.3.6).
Thus ‘

t’ .
E[I°(t, s, )] < 2(n — 2)0*/ lonpl|Ze”2¥ e 2t dr

s’

_(n- 2)C*lonpll3 1 ot (672>\*57%(t7t’) B e*2>\*67%(t75'))
- =

K

< seh (1 i)

1/ _1 ,
< Kye? (E : (t s )lefé(t—s’)ge"‘ + lsfé(t—s')>6°‘> ’
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where a > 0 and || - ||o0,1 is the sup-norm restricted to the ball of radius 1. Here we have used

the fact that o,p is locally bounded, and evaluated in processes that are stopped in a ball of
radius A,

To estimate E[I(t, s,s')], for y € R"~2 write

(esfép(tfr) _ eeféP(sfr)) y= (eeféP(sfr) (esfép(tfs) _ Id)) y.

Take a > 0 and consider two cases: either e=2(t — §') < e® or 6”2 (t — §') > &

_ 65’%P(s—r)(, 5—%(t — s)PJrT'P(&_%(t - 3))Id)y]l -

1
e 2 (t—s")<e«

where [[rp(e =2 (t — s))|| = o(e 72 (t — 5));

2) H <657%P(s—r) (6s’%P(t—s) o Id)) y]l .

2 (t—s')>ex

< Killyl1

3 (t—s')>ex
where K is positive constant independent on ¢.

1 1
It follows that the operator norm of e¢ *(s—7) (65 zP(t—s) _ Id) can be bounded:

1 1 1,

Hes 2 P(s—r) (66 2P(t—s) _ Id) H <eE 2N (s—r) (Kl]]. o
e 2 (t—s')>ex (410)

1 1

K (8 =)+ O(E (- S))) ]l~67%(t—s’)§6“)7

where K> is a positive constant independent on e. Using (4.10) the expected value E[Flvs(t7 s,8")]

can be bounded as follows:

’

E[FE(t, 5, 8')] < 2(n — 2)c*|\ahp||gql/ e e (K
0

57%(t—s’)>5”
2
_1 _1
+ Ko H (=) o - )Ly, )
3 2
< 0152 (Kl ]le_%(t—s’)>s°’

+ K3 (e 2(t—s)+o(e2(t— s)))2]l

Sklféﬂ

1
e 2 (t—S')SE“>

7l ! EO/
e 1 (4.11)
+K2(5_5(t—s)2+0(5_§(t—s)2))1 1 ,

e 2 (t—s")<e«

where Cf, K, and K> are positive constants independent on e. Inequalities (4.9) and (4.11) give

ey el 2 1
E[|ME(t, ) — ME(s,9)[2] < C [5216_%(t_s,)>60

=)+t s bole )1y ]

15



We now need to extend the above inequality to higher moments:

E[IM(#',8) = Mg(s',9)[P™] < Con|e™1__y
[ e 2(t—s")>e (4.12)

m —m/2 2m —m/2 2m
O R GRS ) LI
We now show inequality (4.12) for m = 2. The same argument allows to extend inductively the

estimates for larger m. Using (4.8):

’

t 1
EIME(t' ) — Mi(s',5)[|"] <4E [||/ e P g,p(r)dB(r)| ']
E U| / (es_EP(t—T) _ ee“iP(s—T)) O'hP(T)dB(T)‘|4].
0
(4.13)

Call M, = fst,l es 2PU=" g, p(r)dB(r) then using Ito’s formula (here is where the time #’

becomes convenient)
2

dr

¢

t/
AR :/ 4|\MT\|2MTTdMT+4/

t' 1 1
+2/ HMTH2Tr<eE EP(t_T)Jhp(T)UZp(r)(eE 2P(t_r))T)dr.

S

]’\}[/’;I'657 2 P(t—r) ohp (T)

Taking the expected value and noting that
E[IIM "] = E[I*(t, &, 7)]

estimated above:
— t' — 1
E I:HMt/HZl] :4/ E HMrTee 2P(t77‘)ghP(T)

t’ _ 1 -1 T
+2/ E[HMT||2TT(65 Py p(r)afp(r) (e FP0TT) )]dr

’

2
:|dr

t/ L 1 _
SCI/ e 2N T2 (=) E [HM,~||2]C1T
t/

i -1 —2>\*57%(t—r)
< Cae? (5 i(t—s )ﬂafé(tfs')gs“ + 157%(t75’)>50‘) /s, e dr

2
_1 /
<Cse (8 I(t—s )lgfé(tfs/)gea + 157%(t731)>50‘)

-1 "2
§C4€ (5 (t -s ) ]157%(:‘,—5’)§6(Y + lefé(t—s’)>5”‘) '
for suitable constants Cy, Cs, C5, Cy. The second term in the r.h.s. of (4.13) is estimated with

the same technique, using (4.11)).
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By Fatou’s lemma:
E [IME(8) — ME(s)[2"] < limyinf E [ ME(E, 8) — ME(s, 9)[*™] < Cul(t —5),  (4.14)
s'1s
t'1t
where

1t —s) = [/ +((t=s)m e 21— s)P " o (=2 (1= 5)™) )1

1 1 .
e 2(t—s)>ex sff(tfs)gs“]

We now apply the Garsia, Rademich and Rumsey Lemma in |[SV97|, which is reported below.

Lemma 4.3. Let p and ¥ be continuous, strictly increasing functions on (0,00) such that
p(0) = ¥(0) = 0 and lim;_yoo V(t) = 00. Given T > 0 and ¢ continuous on (0,T) and taking
its values in a Banach space (E,| - ||), if

// (10 =N g <

o) - o(s) <8 [ Ty (25 ) .

Lemma is applied taking

then for0 < s <t < T :

b(t) = ME(b), p(z) =2, U(z) = 2™,
and 0 < ( << 1. Then there is a constant C' such that
IME(t) — ME(s)||2™ < O (t — s)SW,

for every s and t and

T 2m
[ M5 (1) — Mg (s)]
W = / / t—5\2+c dsdt.

Colm (¢ i
E(W] < // t—5|2+C Ol (t=5) 4 gy (4.15)

The right hand side of 4.15 can be written as
Cop 12 (t —
/ / |t—8|2+§ det—Il-i-I]

m/2
m/2—(a+1/2)(1+¢)
Il C / / |t _ 5|2+C E_E(t ,>>Ead8dt < Cm,(5 ,

By (.14)

where
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and

- T T 14 _ om/2 —m/2|4 _ o|m/2 —m/2|4 _ o|m/2
t + t + t
I, = Cm/ / It =4 : | | sl ole [t = s"") dsdt
0 0

t— s|2t¢ "B (t—s)<en

<C, ¢ (5(1/2+a)(m/2*1*0 +€(1/2+a)(2m71707m/2) )

for suitable constants ), ¢ and C~'m,4 depending on m, ( and T.
Note that the expected valued E[W] is small with £ if m > (14¢) max{2,2(a+1), izﬁ }. Now,
applying Garsia-Rodemich-Rumsey Lemma we have

3 e(c)||2m
E [ sup HMu(t) - Mu(é)H :| < Cem/Qf((xJﬁl/Q)(lJﬁ() (416)
0<s<t<T [t —s|¢ -
which implies
1
P ( sup ||[M:(t)] > 75‘1) < CTCem/2=(a+1/2) (140 =2mq (4.17)
0<t<T 2

for any ¢ € (0, i) for a possibly different constant C' > 0.
STEP 3: We now complete the estimate of (4.7). Suppose that m > %M(a +3)(1+¢) and
define the event

1
AL ={ sup [[Mi(t)]| = &}
0<t<T 2

Applying (4.17), as € — 0, the probability of the event AZ goes to zero, i.e. P(A5) — 0.
In the complementary event (Ag)¢, for any ¢ € [0, A 74 _], using equation (4.7) it holds

IUR. )] <e ™ g
toL 1 ~ ~
+ / e N'e B () (e*% [N (7(®° + Z5),e7U° + h(eT(®° + Z29)))|  (4.18)
0
+ KAgaé)dr + %5‘1.

It is relevant to note that continues to hold also for ¢ > 73 _: indeed the r.h.s. of
remains constant for ¢ > 75 _, while the Lh.s. increases. Define 75 = inf{t > &7 : ||US_()[| >
€?}. To complete the proof it is enough to show that 7 > T A 75 almost surely. We observe
that the function N in @ can be bounded as follow, using , and taking into account

that the time variable, that we omit, is r <T A 75 :

18



IN (5 (@2 + 29),1U° + h(=H (@7 + 7)) |

< g(ai(cpf + 7°),e7U° + h(e% (d° + ZE))) - g(g%(qf + 77), h(eF (@ + ZE))) I

a)

+ed D (h @+ 29))|

b)

|| Fe (e%(@f +Z), h(eF (@ + ZE))) —F* <5%(<1>6 + Z9), 63U + h(ed (B° + Zf))) I.

°)
Recall that ¢(0,0) = 0, Dg(0,0) = 0 and Dh(0,0) = 0 then
o a) < Kue2 A US|,
o b) < Kpeil,,

where the constants K, K, does not depend on €.

1

(o 2 (e 29)) -+ 2o i 2)|

—|-<€_i

1O (e n(eh (@ + 29) ) - @ (0 4 Z5,U% + e in(ed (@ + 7)) |
| (1 (@ 4+ 29, n(=F (0% + 22)) ) = Re(eF (0° + 29), 2 HU% 4 (eH (0 + 29)) )|
<KAZUR [ + & * Ky Ac|UA, || + €3 KA,
where the constants K7, K @) and Kp do not depend on & and

Re() =g + et o).

Take a constant K larger than all the constants K. () and t € [#, T AT5_ A 74]. We have

.1 ~ [t 1 1
U501 < e gl + B [ D AU far + ger
0

1 ~ [t *_—%
<N Qt”UgH‘FK/ e~ Q(t_”e_%Ag%qdr—F%&q (4.19)
0
v 1 2K . 1
< 67)\ € 285”“6” + e AgE%‘HI + 55‘1.

Observe that

L1
e {“ gl +

2K 4 1
e A§54+q:| =0.

This implies that |[UX_(T ATX_ A7)l < €9, and therefore 75 > T A 7% _, which completes the
proof.
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4.2 Proof Theorem

The proof of this theorem retraces the steps used in the proof of Theoremapplied to the
process na, () = [[®4_(¢)[|?, then some calculation is omitted. Applying Ito’s formula, for any

t € [0,T ATX_], using the fact that Q + Q" =0, we have
dna, (1) = {2531(<I>5AE)Tf(2)(U25 e ih(e (D5, + ng)))
+2(<1>3€)TGE( S+ 75, Us, +e ih(e1 (D%, +ng)),2;5)

+2(05)TR. (=4 (@4, + Z3.), e US, + h(e (@4, + Z4.))) (4.20)

1
+ 5Tr<a;';QahQ> }dt
+2(®%.) "ongdB(t)

where 4,0 (t) = ong (g%(cb;e (t)+ Z&_(t)),eTUL_ + h(et (D5 () + égs(t))),siégs(t)).
For convenience of notation, the time is sometimes omitted. The proof is divided in two steps.

STEP 1: Define, for any 0 <t <T A TZE,

M (1) = /O 25 ) Tono(r)dB(r).

Let A be a matrix-valued function and v be a vector-valued function, then, for any i, j, denote
by (A)”() the ijth-element of A and by (v) (-) the ith-element of v. Observe that

|(ona), (4 (#3, + 25,2105, +h(=* (25, + Z4)))|
<3 [(95.),0-(00),, (Z2. h(=123))|
k
+ 3 |(UA),0u (00) 5 (Za. W 25.)) | + () (@5, UA.),
!
where lim._q w = 0. Then it holds
g4 Ag

|(7n0) (F (@5, + Z,). U, +h(eF (05, + Z3.)) )| < Ko (FI05. 1+ =¥ U3, )
(4.21)

for a suitable constant K, that does not depend on e. The quadratic variation of M can be
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estimate as follows
t

E [ﬁ (th(T)(ahQ(r))T)] dr

< c{et |05, (0] + e} E[JUA. ()12 + <F E [loa, (VA (I }
< ez,

E[[M:()*] =

S~

where C,C’ are suitable constants that do not depend on ¢ and they are obtained using in-
equality (4.21) . By the Burkholder-Davis-Gundy inequality this implies

E{ sup |Mfl(t)\2} < CerA?
0<t<T
and, taking « € (0, %) and using Markov inequality,
P < sup |M:(t)] > 5a> < Ce2/Am) A2,
0<t<T

STEP 2: Define the event Aj, = {supg<;<r |My; ()| > €*} and observe that P(A5,) converges
to zero, as € goes to zero. In the complement of A% then, from equation (4.20), na_(¢) can be
bounded as follow:

t
na () <C [ 2l H@a,)TFO (U5, + e h(h @5, + Z5.)))
0
+2|(®5,)7G. (@4, + Za,, Us, += Hh(eH (@4, + Z3.), Z4.) | w2
+2|(@5,) TR (F (@4, + 7). 4 UA. + (e (95, + Z3.)) )

1 «
+ 5 ’TT(U,IQG;LQ) ‘dr + ™.
Each term in the integral in (4.22) can be bounded as follow:

[ (@5, (7))@ (UA. (1) + e h(eH (@4, (1) + Z2. (1)) )| < Kyme 3 ALUR. (1)1
(@5, (1)TGe (94, (r) + Z&. (), US. (1) + e~ h(eh (@4, (1) + Z2.(1)), Z4. ()|

< KA (|95, (0 + A UK. (1))
(@5, ()R (£ (@5.() + Z5. (1), 2 UA, (1) + h(e} (@4, (1) + 73, (1)) )| < KrAZed;
‘Tr((UhQ(T))TUhQ(T)N < Kre? A

The constants K, Kg, Kr and K7, depend on the function in the subscript, but not on e.
By the definition of na_ and Theoremthe estimate (4.22) can be rewritten

t
na, () <Kmax /o A, (r)dr + CraxAx (8’%813 412 4 AZe? 4 Aae%) + .
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Using Gronwall’s inequality it holds
na (1) < [CmaxAs (67%53 e 4 A2 Aeeé) + 5“] eKmaxTAZ,
Observing that eKmaxTAZ — (—Ing)KmaxT Wt € [0,T A 5.,
|4, ) < [CmaXAE (67%5[3 a2 4 A2+ A56%> + 5"] (—Ing)KmaxT < 9227

for a suitable choice of the parameters «, § and ¢. This inequality holds in the complement of
A:, which completes the proof.

5 2-dimensional equation

In this section the limiting behaviour of equation (3.13) is studied. At first its globally existence
is proved.

Lemma 5.1. Take T > 0. Equation (3.13), with initial condition (z5,25) € R?, admits a
unique solution in [0,T].

Proof. The solution exists and it is unique because the coefficients are locally Lipschitz. Con-
sider the process K¢(t) = Z,°(t)? + Zy° ()2, with initial condition K¢(0) = (2£)2 + (25)?, then
applying Ito’s formula it holds

AKE(t) = ( —9K(t)2 + R° (E%Z’E(t)))dt +dME(t),
where M¢(t) is a martingale and
3

R* (si,Zwa) =2¢7 4 (Zisfl(@ (E% ) - Z;fy) (E%Z/ED s (Zisrq7071(si2/5) + Z;arq,g,l(s

Z’s
B CACEI)
ij

Al
Ny
N
~—

-
Take A > 0 and define 7§ = {inf¢ > 0: K*(t) > A} then

E[K*(t ATA) L x <] <E[K*(t ATA)] < K°(0) + Crt, (5.1)

=
Ny
\_m/

N
$

where C is positive constant and sup 7. | R (5%25) | <sup_s 1Z<||<1 | R® (e

Using the definition of the stopping time and inequality (5.1)) it holds

K(0) + Crt Avoe

A 0.

P(Tg < t) <
This shows that the solution does not explode in any finite time interval [0, T7]. O

As shown in section it is convenient to pass to polar coordinates. Take 0 < § < N < oo and
define the stopping time

Foy = nf{t > 01 \/Z17 ()2 + Z£(8)2 ¢ (6, N)}. (5.2)
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Consider the processes (,Bjs(t), glg(t)) defined as follow:

te[0,TAT;% ]

~ ~

ZE(8) = pe(t)cos (F5(t)),  Zof = pe(t)sin (6°(t)). (5.3)

Then its dynamics is described by the following SDEs

, 1 , 1 ~ 1 ~ ~ ~
dp € :{75 [ — (P + §Zf(sin9 2 4+ 52%((}080 ©)2 4 Xzsinf € cos 5]
P (5.4)
+eTRS, (5, @"ﬂ}dt +dME;
~7 1 ~ ~7 ~7 ~
do ¢ :{571/2 - = [sin@ “cosf (] — 23) + Z12((cosf ) — (sin b 6)2)}
(P'€) (5.5)

+ ¥ Roo (5°,0°) pat + ang,
where % and X2 are as in Theorem Sio = Y11, 51,52 and

~

M;(t) = Z/o T1; COS (546(7")) + 5o sin (6 °(r)) + i (R;U)i(ﬁs(r), ge(r))dBi(r),
i=1

/

Mg (1) = il/ot {%m (72005 (F(r) — avisin (8°(1)] + < (5.,), (7). 5°(r) } dBi(r).

The functions R;b and Rgﬂb include the functions =4 fl(4> %Eérq’g and the Ito’s terms. More-
over, the functions R} , and R , are obtained by the Taylor expansion of J’Q in zero and the
Ito’s formula.

The strategy of the proofs in this section follows the Strook-Varadhan approach to martingale
problem, also developed in detailed in |[DPT19|. The first result of this section is the well-

posedness of equation (2.17).

Lemma 5.2. Take T > 0. Equation (2.17) admits a unique solution in [0,T], for any initial
condition pg # 0.

Proof. This proof is analogous to the proof of Lemma Let (Z1(t), Zg(t))t>o be a solution

to the following stochastic differential equation

1
A2y = [-Z0(21 + Z3)] dt + [ 5 (33 + 23)d By,

- (5.6)
dZ, = [-Z2(Z7 + Z3)] dt + 5 (B +X3)dB,,

where Y1 and Yo are defined in Theorem|2.1
With the same argument in Lemmaone shows that equation (5.6) is globally well posed.
Define

Tsn =inf {t >0:\/Z3+Z3 ¢ (6,N)}
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and consider the process

pENTsN) = \/Zl(t ATsN)? 4+ Za(t ANT5 n)2
Then applying Ito’s formula, for any ¢ € [0,T A 75, ], it holds:

N S 2 n? Lo o
) = |~ (2107 + 220 +4<zl+zz>] a

1 A Z
+4/=(22+53) 1() 2() de .
2 VZ1(t)? + Zo(t \/ 2+ Zo(t
= < [t Zy t Zo f _
We note that V¢t € [0,T A 75 x], the process [; \/mdBl + /o \/mng is a zero-mean
martingale with quadratic variation t, so it is a Brownian motion. Then the process p is a
solution to (2.17) in the time interval [0,T A 75 x]. Uniqueness of the solution follows because

the drift and diffusion coefficients are locally Lipschitz.
The proof is completed by showing that

lim P(7s,ny <T)=0. (5.7)
§—0t
N—o00

By the global existence of the process (Zl, ZQ)z>0 then

lim P( sup +/Z1(t)%2+ Z2(t)2 > N) =0.
N—o00 0<t<T

Take a sequence {0, }nen, 6, — 0, and define the event A,, = {infte[O,T] VZ1(t)? + Za(t)?) < J,L}.
To prove it is enough to show that

lim P(A,)=0.

n—+00

Observe that, for each n > 1, 4,41 C A,, so

lim P(4,)= lim P(N,>14,) —P< inf /Z1(t)2 + Za(t —0) =0,

n—+oo n—+00 t€(0,T]

where the last identity follows for the fact that Z; and Z5 form a bidimensional diffusion that is
absolutely continuous w.r.t. a bidimensional Brownian motion, and the Brownian motion never
visits the origin almost surely.

O

The second result states that the family of stopped processes f)js( A 776(,5]\,) is tight.

Lemma 5.3. Define a sequence {ey, }nen, with €, — 0 as n — co. For each €, let ﬁ’E" be the
solution to , then the sequence of processes {ﬁjsn (t AT )ielo, ) fnen is tight.

Proof. The key ingredient is Aldous’ criterion, see [CE88|. The following two hypothesis need
to be satisfied:
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1. Vy > 0, 3C > 0 such that

sup P ( sup ’ﬁls’"'(t /\?—(;i’\;)| > C) <7
n t€[0,T

2. Vy >0, and Va > 0, 358 > 0 such that

sup sup P <\,5€ (2 ATs) = P (T AT ) > 0‘) <7, (5.8)
n 0<7m <o <(11+B)AT

where 71, 72 are stopping times adapted to the filtration generated by the process 5’5“.

The first condition follows trivially because |p's"| = 5 » and p'= (t A ?(;fN) <N.
To show the second condition, we write explicitly the difference:

e, Meny | en eon AT 1  (en 4 122 in g en 2
P (T2 A T(;,N) P (A T&N) = ) S (p (T)) + 521 ( sin (r))
T1 /\'75;(; p-" (7’)

1 ~ ~ ~ ~
+ iEg(cos 6 cr (T))2 + Yi128iné °*(r) cosh (7")} + eiR;"b (Z)jsn(r)7 65 (r)) }dr
+ My (72 AF5R) = My(m ATSR).

The term in the integral is bounded by a constant K depending on ¢, N. Then

75 (1 ANF50) = B (1 A5 | <K, N) (r2 AT — 71 ATs )
+ | My(r2 AT5T) — My(r AT550)]
By the Optional Sampling Theorem:
~ ~! 2 ! o
E (M (r2 A7) = My(m AF[| = B [My(m2 AR = Myl A T2,

Observe that

E [M,J(T2 A ﬁ;fﬁ)ﬂ -

m TaATLER
E {/ o {5%1‘(COS gen (T))2 +5§i(sméﬁsn(r))2
— 0

i=1

+ 261;09; COS gen (r) sin g'en (r)+ i (E;U)Z (ﬁ,% (r), g'en (r))z}dr:|
< (2 AT ) Ko,

for a constant Kz = Kz(4, N), where the functions (}NEZU)L contains all the terms obtained
expanding the square and that are multiplied by e1. By Chebishev inequality

K5
o?

P(M(r A T) = M(n A7)

Za)é
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In conclusion, taking 8 < min @’y al it holds

K 'K
sup sup P (|,’0J€" (T2 A ?(;81(‘,) - ﬁ/E"(Tl A ?(;61’{,) > a) <.
n 0<T << (i +B)AT ' ’
The second condition is proved, so the sequence of stopped processes is tight. O

By tightness, the sequence of processes {p°" (t/\F(;,EN)te[o,T] }nen converges, along a subsequence,
to a limit process. Call the limit process pj y-.
Next step consists in providing a relation between the limit by tightness and the solution to the

limit equation (2.17)).
Let £ be the generator of the limit process, solution to the equation (2.17), then

(LF)(7) = B@)f (7) + 3 (52 + 5D) 1" (p),

for each function f € dom(L) .

Proposition 5.4. Let pj \; be any limit point of the sequence in Lemma For any f €
C ([0, N]) the stochastic process

M (1) = £ (8) = F(on (0)) — /O (LF) (05 (1)) dr

is a martingale.

For the proof of Propositionwo use the following averaging principle, see [DPT19| Propo-
sition 3.2].
Proposition 5.5. Consider G : R xR — R a locally Lipschitz continuous function, 2m-periodic

in the second variable. Let {(pn(t),cpn(t))te[oﬂ}
such that:

be a family of cadlag Markov processes
n>1

(1) as n — oo, (Pn(t))te[o 7] converges, in sense of weak convergence of stochastic processes, to

a process (p*(t))iejo,1)- Assume also that there erists a compact set K C R such that, for
any t € [0,T] and n > 1,p,(t) € K and p*(t) € K and that condition holds true for
the sequence {p(t)},>1;

(2) for any v > 0 there exist K’ >0 and n > 1, such that

sup Eflpn(t +k) —pn()|] <~
0<k<k’

for anyn >0 and t € [0,T).

Then, for any ¢ > 0 and & > 0, the following averaging principle holds:

T T
/ G (pn(s).en®s + pn(s)) ds weakly / G(p*(s))ds, asn— oo
0 0

where G is the averaged function defined by
1 2T

G(z) = — G(x,0)dd.

:27TO
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The previous proposition is applied to p,(t) = p" (t A ?(;fN) and to ¢, (t) = " (tA ?l;i’\‘,), where

~ _1
@ (t) := 0 " (t) — en 2t. The first hypothesis is immediate to check, the second hypothesis is
verified using the following proposition.

Proposition 5.6. For any k > 0, there exist C > 0 and & > 1 such that for n > 7

sup E ([ ((t+ k) AT — ¢ (A 7%)|] < oV,
0<k<k

Proof. By definition
€ ~'e (t+k)/\7~'{§fﬁ 1 s ple e 2 2
o ((E+ k) AT5) :/0 - W[sm@ "(r)cosd = (r) (27 — 3)

+ 12 ( cos gen (r))2 — (sin 945"'(7"))2)] + E%RZ:‘b (f)/s"(r), éﬂe"(r)) }dt

+ My ((t+ k) AT5R). (5.9)

Then
) ) (HRATR B
G (L k) ATR) — o5 (EATR) :/ / 17 (1), (r))dr
AT
+ Mo ((t+ k) ATy R) — Mo (t AT,

where I(Z)JE” (r), e (r)) is the function in the integral in (5.9).
By the regularity of the coefficients and the stopping time there exists a positive constant

C(8, N) such that, for each r € [0, TA?(;fﬁ], the function 1(5 " (r),d " (r)) < C(8, N) for every
n>1. So

< CO Nk + | Mp((t+ k) A7) — Mp(t ATyR)| (5.10)
5N 5N

o= ((E+ k) ATsR) — o (EATSR)
By the Optional Sampling Theorem it holds:
E [[Mo((¢+ ) AR) — Mot AT = B [Mo((6+ B) A7%)* = Ma(tA75%)7].
Observe that

, (t+k)A?/f" o - 2
E [M9((t + k) A 776,617\11)2] = Z E [/0 o 1))2 (521' cosf °n(r) — 1;8in 6 = (7‘))
i=1

~

@) 707 )|

where the function (E?‘J)Z contains the terms obtained expanding the square that are multiplied

by €. Then there exists a constant C5 = C5(d, N) such that

E [[Mo((t+ k) A F) = Mo(t AT)]] < G
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By Holder inequality

E [[Mo((t+ k) A F) = Mo(t A7) || < Vo, (5.11)
The proof is completed by (5.10)), and the fact that k < (k)2, for k < 1. O

Proof of Proposition Take f € C® ([6, N]) and define the following generators:

Z 014 €08 0 + Fg; sin 0]2f”(p);

I\DM—A

(Lf)(p,0) = blp,0) ' (p) +

(L5 ) (0,0) = {[b<p, 0)+ {%Rf,"b(m )£ (o)

g 1 2
+ 5 Z [O’u cosf + 092; sin @ + €4 (R;Ta)ip(p, 9)} f”(p)}ﬂ(g,N).
Observe that (Lf)(p) = o f% (Lf)(p,0)db. Define the processes
/ ’ ’ t/\TJ,EJG , ~
M () = F(5o" (t AT5R)) = f (7" (0) = /O (L5 ) (p = (r), 0= (r))drs

N0 = 1 AT) - 1 0) - [ (e Fe 0.7 )

1
Observe that (L;Nf) (p,0) = (Lf)(p,0) + o(er). By construction M({N is a martingale, fix
m>1,g1,...,9m continuous bounded functions and 0 <t; <...<t#, <s<t<T, then

E[(M] () = M (9) 01 (7= (1 AT)) - gm (75 (b ATiR))] = 0
Which implies
E[(N] () = N{u(9) 01 (75 (1 ATZ)) o g (775 (b ATT))] = 0l (512)

The left hand side of equation (5.12) can be written as

E[(F* ARS)) = £ (AT )91 (P51 AFR)) o g (55 (b A TR)) | (5.13)
e[ D) 6 @, T 5 @) g (77 0 AT 9 (5 (A7) = o)
" (5.14)

By weak convergence of 5 " (t A ?(;E](}) to p5 n(t) the term in (5.13) converges to

E[(/(p5n(®) = F(Phn() 91 (55 (1 AFZ0) - g (7 (b A TR))] -
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Since f has compact support

~

NFED ) . t , , ,
/ L) @5 (0,05 () dr :/ (CF) (3 (r A7), 050 (r A7) )

~en
/\T&N

Taking py () = p " (t A ?(;i’\;), p(t) = p5 n(t) and wn(t) = ¢ (t A ?(;EN) proposition can be
applied to have

¢ ¢
[ €@z a7z [ (L) ()
s 0
By the bounded convergence theorem the proof is completed. O

Fix ¢ > 0 and let pj  be the weak limit of the sequence of stopped processes {p~ (- /\?(;fN)}nZL
Define the stopping time

Tone=mf{t>0: p5n({t) & (0+CN =)}

Let p be the unique solution to the stochastic differential equation (2.17) and define the stopping
time
TS,N,C = inf{t >0: ﬁ(t) ¢ (6 + (¢, N — C)}

Proposition 5.7. Suppose that ps (0) = p(0). Then, the processes ps n(t A T35y ) and p(t A
Ts.N,c) have the same distribution.

Proof. Given g € C§°([0,00)) and ¢ > 0, there exists a function f € C2°([§, N]) such that
f(z) = g(w), Vo € [§+C, N ). Then
* * * TN * *
g(ﬂa,N(t A Té,N,C)) —9(p3.n(0)) — /0 (Lg) (p3.n(r A T(S,N,())dT

is a martingale. By definition, the process p(t A 75 n ) satisfies the stopped martingale problem
for £, in (64-¢, N —(). Then the stopped martingale problem is well defined and admits a unique
solution. The set C§°([0,00)) is measure-determining then Psn(EATS v ) and p(t ATs N ¢) are
the solutions to the same martingale problem and by uniqueness they must have the same
distribution. O

The following theorem concludes this section.

Theorem 5.8. Let (,5157515) be the solution to the equations 1) and initial conditions
(0§, 05), with (p§,05) — (po,bo), as € — 0. The process (f’/e(t))te[o 7| converges in distribution
to the unique solution to the equation (2.17) with initial condition po.

Proof. Define the following sequences of positive parameters:
o {0mtm, {Cm}tm , with r,,, = 0 and ¢, — 0 as m — oo;

o {Ny}m, with N, = 00 as m — oo,
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such that d,, +(m < Ny — (. Take the interval L,, = (0 + Gy N — () and, for any sequence
{en}n, €n — 0 define the following stopping times:

. 7'15" =inf{t >0: 5”( V¢ I}
o7 = inf{t >0: pgmme(t) ¢ Iy}
o 7, =inf{t >0: p(t) ¢ L.}

Define the event
Ap ={2€C([0,T],R) : a(t) € I, Vt € [0,T]}.

Observe that A¢, is closed in the uniform topology of C' ([O7 T],]R). Then, for any m > 1 and
any sequence &, — 0, by Portmanteau Theorem,

lim sup P ([)jE"(- ATs" N, ) € Afn) <P (p5, N, (t)€AL).

n—-+oo

Using propositionit holds
P35, N, () EAL) =P (r <T)=P(7, <T).
The interval I,,, is a subset of the interval (d,,, Ny,) then
PP ( Amo,w,) € A5) =P (i < T) < P (Finy, <T).
Then

limsupP (72 <T) <P (r, <T)=P(7, <T).

n——+oo

Let f: C([0,T],R) — R be a continuous and bounded function then

ELFG ()] ~E [0

<|e [f(ﬁ’fn(-»] —E[FG e AT (5.15)
+ B[ AT )] —E[f i, v (D] (5.16)
+|E L5, O] ~E 1G5, CATE ]| (5T)
+E U, AT —E[GC AT (518)
+[E L A1) —E 1] (5.19)

Let || f]|co be the sup norm of the function f, then
o B fIP (7o, < T);
o (517 (| fllooP (77, < T);
e (5.18)=0 by Proposition
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o (5.19)< || fllocP (71, < T).

By Lemma- 5.2} for any v > 0, there is m large enough such that P (7;,, <T') <. Moreover, by

convergence in distribution, there is €,, small enough such that < v and P (7‘6 < T) <
2. The proof is complete. O

6 Proof of Theorem [2.1]

In this section the results showed in the previous sections are used to prove Theorem

Proof. Define the following stopping times

TA_ =inf{t €[0,T]: ||Z,E(t)” > Ak
FZo=inf{t € [0,T]: |Z°(t)|| > A};
2 =if{t € [0,T): |Z°()] > A};
8 =inf{t € [0,T]: [Y'5(t)] > Ak;
% =inf{t € [0,T): [|(2°(), Y°(1))"|| > A.}.

’

From Lemma it follows that lim._,q P(TZS < T) = 0. By definition of the transformation g,
see , and 7X_ = inf{t € [0,T7] : |12 () + %q(Z/E ()] > A<} then, if € is small enough,

P(Fa. <T) <P(7h.p < T) =5 0.
Moreover lim._.q P(Tg; < T) = 0. Indeed

A

P( sup [Z°@]>A) <P( sup [Z°(0) - Z°(1)] > )
te[o,rg’sAT] tE[O,TZ/E/\T]
e Ag e—0
+P( sup || Z°(t)|| > ) =0,
te[0,7] 2

by Theorem Using an analogous argument and Theorem it holds lim._,q P(TXIS <
T) = 0 and then lim._, P(TZE < T) = 0, where &, is defined in (4.1). By definition of the
transformation p, see , if € is small enough,

P(rs, < T) = P(nf{t € [0.7): (le(t) ;?f(’t’)(zls(t))) |> Ay <7)

<P ST)+P(X 1o < 7).

(6.1)

Define the processes

P8 =\ ZEO2 + 2502 po(t) = \ZE®P + ZEM2 () =\ Z5(0)? + Z5(1)*



Let f: C([0,T],R) — R be a continuous and bounded function then

[E[£GF ()] — E[F(D]| < [E[(0°())] — [f(p (ATE, >>H

FEL( ¢ ATED] ~ E LA A5
+yE{f<pf< m e s |
/ (6.2)
+EUEC AT - ELFGC A7)
+’E[fp€ ATR)] —E[f(p ]‘
[

+’Ef 7)) —E[f(p()]]| =% o.

The convergence follows from Lemma lim. sup,¢jo 1) |p° (tATR.))— p’E(t/\TZE )| = 0, Theorem

lim. sup,¢(o, 1 |p°(tATS)) — pe(tA ?Z;)’ = 0, inequality and Theorem O

7 Appendix

7.1 Normal forms

The function f in equation is at least quadratic in z and y close to the origin. In this
section is showed that there is a smooth change of coordinates such that quadratic terms cancel
out. Suppose that matrix @) has the following expression:

0 —Xo
(i )
with Ag > 0. According to the theory of normal form, see |Wig96|, the first step consists in
passing to complex coordinate using the linear transformation [ : R?2 x R*~2 — C2? x R"~2

{(21y) = (w,18,), where |
()= 5)E) (1)

and w € C is the complex conjugate of w € C. Equation (2.12) can be written in the new
variables (w,w,y) =(z,y):

dw = [)\Oiw + (f1 (w,ﬂ),y) + ifg(w,u?,y))} dt,

dw = [oniw + (fl (w,w,y) —ify (w,w,y))] dt,

where (f1, f2)7 = f and with an abuse of notation f(w,w,y) = f(z,%).
Define the transformation 3 : C? x R"~2 — C2 x R"~2

w +v(w, @', y) w
R(w', w',y) = (0" +¥(w',0',y) | = | w
Yy

<
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where the function t(w, 0, y) = f1w? + Bow? + Broww + 2?1_12 a1;wy; + oWy, for B, Bz, i
real parameters, and T is the complex conjugate of t. Let Id be the identity matrix, then

1+ 0wt Oat Vyt

DR(w', @', y) = Opt 1405t V| =1d+ A4,
0 0 Id
where
Owt Ogt Vgt
A=|0ut Ogr Vyr
0 0 0

If (w',w’,y) is close to zero, define SA~! as the inverse function of %, then
dw

dw = DR Y (w,w,y) | dw
dy

Moreover,
DR N(w,w,y) = (DR(w',@',y)) " =1d — A+ %AQ + Ra,
where R4 is the rest of the Taylor expansion in zero. Call
Fy(w,w,y) = f1 (w,w,y) +ify (wﬂmy)
and
dw' = [()\Oiw + Fi(w,w,y)) (1 — Ot + é(awrf + %ﬁwta@r)

+ (= Noiw + F_(w,w,y)) (— Ot + %(aw)2 + %&Ut@wt)

+ (Py + g(w, w,y)) ( — Vyt + V0t + V,rdut)

+ralw!, @ y)at,

where limj (w,,y)[|—0 W = 0. Define the function F| (w’,w’,y) = Fy o R(w',w’,y) and
write
F.:.(’wl,lﬂl,y) _ Féz)(y) + F_$2>(w/7ﬁ)/,y) + Ff(w/,w',y),

where Fy@) is quadratic in the variable y, and the functions Ff), Ff contain the other quadratic
terms and the higher order terms, respectively. Then

dw' =|Agiw’ + F? + Agit — Agidytw’ + Agidgrd’ — V,tPy + FL (w', ', y)

+ FO W' @', y) + rl;(w’@ﬂy)] dt, (7.2)

where the functions F(®) and 7/, contain the third order terms and higher order terms.
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Proposition 7.1. Take \g € R, P € R"2X7=2 gpd F_@ :C?2 xR*2 — C as in equation
(7.2). Then there exists a function v : C2 x R"™2 — C, where t(w,w,y) = frw? + fow? +
Broww + 22:12 Q1WY; + WY, for By, Bia, i Teal parameters such that

Aot — Agidyytw + Agidgt@ — VtPy = —F). (7.3)
Proof. Take a polynomial v and consider the map L : ¢ L, Lt where
Lt = Apit — M@0y tw + A0zt — V4t Py.

The map L is linear in the space of homogeneous polynomial in the variables w, w, (yj)?;f of
degree two into itself. Denote Hy = span{w?, w?, ww, (wyj);.";f7 (wyj);.";f} and compute the
action of the map L on the canonical basis:

h

n—2
(’Lfiy]') = IT](Q)\()’L'yj — Z leyl)~
=1

The matrix associated to the linear application in the canonical basis

is

— Aot 0 0 0 0 0 0
0 33Xt 0 0 0 0 0
0 0 Aot 0 0 0 0
0 0 0 -—Piy —Pis 0 0
I — 0 0 0 —Pa1 —Po 2 0 0
0 0 0 —Pn 21 —Pn 2on-2 0 0
0 0 0 0 0 2Xoi — P —Pins
0 0 0 0 - 0 —Fn-21 oo 200t — Pron—2
—Xoi 0 0O . .
Let D = ( 0 3Xoi /\0 ) then the matrix L can be written as:
0 0 Xoi
D 0 0
L=|10 -P 0

0 0 2 \d-P
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Observe that det A = det D det(—P) det(2Aogild — P) # 0. Indeed suppose that det(—2Agild —
P) = 0 then 0 is an eigenvalue of the matrix 2Xoild — P and there is a vector v € span{wy;, j =
1,...,n — 2} such that (2)\0i1d — P)v = 0. This implies that 2\ is eigenvalue of P, but P
admits only eigenvalues with strictly negative real part. Matrix L is invertible then there is a
unique solution v to the equation Lt = fFf) and holds. O

Choose t as in Proposition then equation (7.2) becomes
dw’ = [ — doiw’ + Ff) + FO ' @, y) + 'y (', @', y)} dt.
Applying the inverse function [~!, the equation (2.12)) becomes

dz =[Qz + FO(z.y) + P () + ()|t (7.4)

where f(® is the function containing all the cubic terms, f152> is quadratic in y and the higher
order terms are in ry.

Acknowledgment: The authors are very grateful to professor Lorenzo Bertini for introducing
them to the problem and for the inspiring discussions.
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