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This supplement contains auxiliary results and the proofs of Theorems
4.2,43,4.4,45,5.1,5.2 and of Corollary 4.1 of the main document [20].

S1. Lemmas for Theorem 3.1 on the inversion inequality. In this section, we provide
three lemmas that are used to prove Theorem 3.1. In Lemma S1.1, we bound the L'-norm
of the function K j, that arises when controlling the term 7} in the proof of Theorem 3.1; in
Lemma S1.2, we give the order, in terms of the kernel bandwidth h, of the L'-norm of the
“distribution function” F3 j, , associated with the inverse Fourier transform Ko j,, of wo p,
defined in (S1.1) below; in Lemma S1.3, we control the L'-norm of the “bias” Fyx * K}, —
Fox.

We first recall some notation. The function x : R — R is symmetric, continuously dif-
ferentiable, equal to 1 on [—1, 1] and to 0 outside [—2, 2]. The kernel K is defined in
Section 3.1 and has Fourier transform K with compact support. For h > 0, we defined
wi p(+) == K(h)x(-)re(-), with r. as in (3.1) satisfying Assumption 3.1. The function
Ky p(-) :=(2m) 7t [y €7 wy ,(t) dt is the inverse Fourier transform of w .

LEMMA S1.1. If the single coordinate error distribution . satisfies Assumption 3.1 for
some 3 > 0, then, for sufficiently small h > 0,

1K1l =O(1).

PROOF. Denoted by wgl,)L the derivative of wy j,, we have |Kjplli < 27Y2(|lwinl3 +
Hw&)t”%)lﬂ, see the proof of Theorem 4.2 in [2], pp. 1030-1031. For h < %, by condi-
tion (3.2) with 1 = 0, we have wn 413 S fcs | (W) (21 + [H)27 dt < [[[3 < o0
as K is bounded on any compact set. Analogously, since wgli)l(t) = [RK D (ht)x(t) +
K (ht)xW @)]r-(t) + K(ht)x(t)rél) (t), t € R, using condition (3.2) with [ = 1, we have

Al S AI<2[hIK(1)(ht)|x(t)l + K (ht) [V ()17 (1 + 1) dt

T / R ()PIx(2(1+ 1126 e
[t]<2

S Il + I3 < o0

because also K (1) is bounded on any compact set by continuity. The assertion follows.  [J

Let K> 5, , be the inverse Fourier transform of

(S1.1) wa py(t) = R®d(htv)[1 — X®d(tv)]r§d(tv)

d d
— [1 - Hx(wj)} [ K (htop)re(tor), teR,

j=1 k=1
S1
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and denote by F5 5, , the “distribution function” of Ko 3, ,,
z
Fg7h7v(2) = / K27h7v(x) d:L‘, z e R.
—0oQ
We now bound || F5 p, v |1

LEMMA S1.2. If the error distribution ,u?d, d > 1, has single coordinate probability
measure |1 satisfying Assumption 3.1 for some 8 > 0, then, for h > 0 small enough, defined
for everyv € ST the set I} (v) := {j € [d] : |vj| > h}, we have

[E2pvlln < Clloghl

(S1.2) X <!10gh|1(51;(v)|g1) + h AV H |Uj|ﬂﬂ(ﬁl;j(v)>1)>7
JELi(v)

where |1} (v)| denotes the cardinality of I} (v) and the constant C > 0 depends neither on h
nor on v.

PROOF. For v € S¥1, let J5(v) := {j € [d] : v; # 0}. Note that, for h < minje(q |05/,
we have () # I} (v) C J(v) because |v| = 1. Also, |1 — x®4(tv)| # 0 for all those ¢ € R for
which there exists at least an index j € J7i(v) so that [tv;| > 1. Besides, | K®?(htv)| # 0 if
and only if |tv;| < 1/h for all j € [d] because K is compactly supported on [—1, 1]. Indeed,
K is supported on [—2, 2], but, for ease of exposition and without loss of generality, we can
assume that K has support on [—1, 1]. For h < (1 A min;e(q |v;]) and v € S, let

Do =Njea{t €R: [tvj| <1/APN{t € R: 35 € Jj(v) so that [tv;| > 1}
={teR: V]2 < [t < (h]V]lo) "1}
—{teR: 1< (|t]|vllo) <A™},

where 0 < [|v[[oo 1= max¢[q [vj] < 1. Note that %, depends on h and v, i.e., Zo = Yo v
nevertheless, we shall not emphasize this dependence in what follows and write %,. By the
same arguments used for the function G 3, in [7], pp. 251-252, we have

1 t
Fpy(z) = 27T/R€_th w?_h’zvt() ) dt, zeR,

where t — [wa p,y(t)/t] is in L}(R) because f%ﬂwzhw(tﬂ/ﬁ“ dt < ||lwapyl[1 < oo. Con-
sider the integral decomposition

qu,h,vnl:( [ o[ o+ >\F2,h,v(Z)IdZ=:F2(1)+F2(2)+F2(3).
|z|<h h<|z|<1 |z|>1

We highlight some useful facts to study the terms Fz(l), F2(2) and F2(3). By condition (3.2)
with [ =0, 1, over the set 7, we have

(SL.3) P2t < T @+ lto)? < @+ Va)P IO TT (14 [tv;))?
JE€J; (V) JEI} (V)
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because 1 = |v|? < d||v||%,, which implies that ||v||o, > 1/+/d, and

M (t;)|
7= (tv;)]

d
(2Ot < (1) Y oy
j=1
(S1.4)

d

< gl (U gD T (0 tow])? < V2P ([t f[v] o).
j=1 keld]
k#j

We study F2(1). By inequality (S1.3), since K € Cy([—1, 1]), we have

h o
FY = / [Fopy(2)| dz <= / KO htw)||1 — x4 (tv) |
|z|<h ™ J 2,

1
gh/ i IT @+ tw)? at.
P

JeL; (v)

If d =1, then v; = 1 and the above term is bounded by h—B+L If d > 1, without loss of
generality, we can assume that 1 = wvg > |vi| > ... > |vg, | > h and, with abuse of notation,
we can write vg, 41 = h, where 1 < dj, := |I};(v)| < d. Then,

dn 1 1/[vi41]
1 + B
[ i TL s epParsios/ih+ S TTil? [ 1t
Zo M e (v) =1 j=1 1/|v]
dp l
1 _ _
SlloghlJrZE(\vm! O — o P T lvs1?
=1 j=1

dh dh
Slloghl +h P4 T ol S A2 ] lvyl?
j=1 j=1

so that

FQ(UShfﬁ\I;(V)Hl H |vj|ﬁ.
JEI;(v)

To bound F2(2) and F2(3), note that, by applying identity (6.1) to F5 5, with j =1, we have

1 d v
(SIS) FQ,/’L,V(Z) = 27.[_(ZZ)/R€_“Z |:dt (W)} dt, z€R \ {O},

where
W py . r®d(ty
% < 2,ht, (t)> _ h(K®d)(1)(htV)[1 o X®d(tv)] € t(t )

r&4(tv)

~&S e (Ve

(S1.6) 1= ®4 ()] <t(r;®d)(1)(tv) - r;@d@v)) }’
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with
d A
N A K(l)(htv~)|
K®OYD (htv)| < |[K®4(htv Vs |A7J
(K29 (htv)| < [ K=Y )\Z:ll il R (htoy)
J_
d A~ A
(S1.7) = S ol & D (htoy)| T 1K (htog)| < Val K¢ / 2]/ K (2)] dz < o0
j=1 keld] R
k#j

because K € L'(R), zK(z) € L' (R) by assumption and

d
S18)  [EHD ) <D sl o)l TT Ix(tow) < Vallx™ [lsollx 1% < 00
j=1 ke[d]
k£
since x € Cy([—2, 2]) and x(V) € Cy([—1, 1]°N[—2, 2]). The bounds in (S1.7) and (S1.8) are
uniform over S?~!. We prove below that

(S1.9)
d wghv(t)
= (2h dt < |log hlL -
/% dt( ¢ S og g1 v)<1)
+ AP T ol s 00,
JELiW)
1/2
d [ wapy(t)\]?
(/ dt(rzht()>' dt) S 1og Al *1g11;13/2)
Do

+ BB (V)I+3/2 H ]vj\ﬂ]l(5|];(v)|>3/2)-
JEL;(v)

Then, in virtue of relationship (S1.5), we have

o< / L / d(wQ’h’V(t)th
272w \ hepa<a 12l 7,14t t

5|logh‘<|1Ogh‘ﬂ<ﬁ|1;(v>|<1>+h_5”’t(v)+1 I1 ’”j\’31<6|1;<v>|>1)>
JET;(v)

1/2 9 1/2
et ([ L) ([ ] (20
2m \ Jjzj>1 2 7, | dt t

< [log b1 g1z vyj<a 2y + B2 TT 0L g1 1372
JEL (V)

and
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We prove (S1.9). Using relationships (S1.3), (S1.6), (S1.7) and reasoning as for the term
F2(1), we get that

Sii=h / [(EE) (htv)][1 — x4t >|‘7“ “ s h / 1+|tvj|>ﬁdt
Do
J

EI

<h~ Bdr+1 H |vj|6

7j=1
while
. r®d(ty)|2
Sh0 = h? |(K®d)(1)(htv)| I1- (tv)|2’5t(2)|dt

<:h2j/ IT @+ ft)*? at

JEL;(v)

dn ! 1/|vi4al
sty [l [ D

Pl 1/

dh, l
§h2+hQZH|Uj|2B llog(\vzI/\vml)ﬂ(zm_l)

=1 j=1

Liopi£1 _ _
+ (281# )(|Ul+1| 2Bl—|—17|vl| 2Bl+1)]

2811
dn 1 l
SHE Ry [I log {1 ggrony + 537 + 0 2%’“1) [Tl le
=1 =1
dh
< h2|logh| + h~2Pdn+3 H |v;] .
j=1

It is easily seen that

[r&4(tv))|

=0

Sotim / K2 () | (x &) D (t)|
Do

and

S20= [ 001 O = o),

0
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Using (S1.3) and (S1.4), we have

. ®@d) (1) _ ®d
33,1 = |K®d(htv)”1 _ X®d(tv)| |t(ra ) (t;/2) Te (tV)|
Do

) D ()] [ (tv)
5/j< T e >dt

NZw/ (14 )P T 0+ o) dt+/ TT @+t

dt

k€ld] JEI;(v)
k#j
1/vi 4] 1
<1+|logh\+2|vj|2/ 1+|w]\ )T (4 [tow])? dt
J= /o] keld]
k£
dh
1 <1 _ (BI>1
+3 | log |15 n+7 ¢ ﬁl)JF o B )H‘ v
=1

dn 1 1/|viga] d
<SSO ll? / H81-2 dt + [log h| + k=P ] oyl

I=1 k=1 ey
dh
S Nogh| + =P+ T oy
j=1
Similarly,
- Hr®D (D) (1) — r®d (¢
o= [ [REI(Btv)21 — () 2D (vti rEfP
Do
g/ (I(T?d)(z)(W)F+\7’§’d(IV)I2> &t
178 3 t
S Liapi<s) (281>3)
<1 log A log AlT /o0 —(2bi<3) h—251+3 28
<1+ |log |+; |log hl 8= T 5 g5 35l H|J|

dn
S|logh| + h= P03 TT v,
j=1
It follows that Sy 1 +S2.1 + 531 S [log b1 (84, <1) + p—Bdnt+1 H’j’;l |vj \ﬁ]l(,gdh>1) and 512+
So2 + 832 S |logh|1 (g4, <3/2) + h—20dn+3 H;l;l |vj|25]l(5dh>3/2), thus implying the first
and second bounds in (S1.9), respectively. Inequality (S1.2) follows by combining the bounds
on F2(1), F2(2) and F2(3) and the proof is complete. O

The following lemma assesses the order of magnitude of the bias, in terms of the kernel
bandwidth h, of any distribution function Fjyx having derivatives up to a certain order, with
locally Holder continuous derivative of the highest degree. An (|« + 1)-order kernel is used
when fyx verifies Assumption 3.3.
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LEMMA S1.3. Let Fyx be the distribution function of pox € Po(R) satisfying Assump-

tion 3.3 for o> 0. Let K be a kernel of order (| ] + 1) satisfying [, |2|*T|K (2)|dz < oc.
Then, there exists a constant C7 > 0 such that, for every h > 0,

(S1.10) | Fox * Ky, — Fox|l < Cih®*.

PROOF. Let £ = |« be the greatest integer strictly smaller than «. For any x, u € R and
h > 0, by Taylor’s expansion,

!
Since K is a kernel of order £ + 1 = |« | + 1, we have

(FOX*Kh_FOX)( ) /[Fox(l'—hu) Fox(l')]K(u)du

uf 1
/K h . /(1—T)E[é2(x—7hu) ) (1] dr du.
0

Recalling the notation bg,, (h) := Fox * Kj, — Fyx, Assumption 3.3 yields that

£+1
167y (R ||1<//|K h'“' /0( 1= 7)1 = rhu) — £(2)| d7 dude

1
< potl HLOHlE </ ’u|a+1’K(u)du> / (1- T)fTafsz'
- \JRr 0

:ch >0

o\ 1
Fox (2 — hu) = Fox (&) — hufox (2) + ... +(h“)+1/0 (1= )£ (2 — hu) dr.

By the assumptions that Ly € L' (R) and [, |2|*™|K (2)| dz < oo, we have that C; < oo and
we can conclude that ||bg, , (h)]|1 < C T, O

REMARK S1.1.  The constant C'; appearing in (S1.10) depends on «, the kernel K and
the function L of the density fé@.

S2. Error distribution with unknown scale parameter. The first inversion inequality
presented in Theorem 3.1 goes through to the convolution model where the single coordinate
error distribution is known up to a scale parameter. Consider observations

(S2.1) Yi=X;+10€i, i€[n],

where the X;’s and the €;’s are as described in Section 1. Two unknown elements in this
model need to be recovered: the common law g x of the X;’s and the scale parameter 7y > 0
of the coordinate error density f- -, (-) := (1/70) f<(-/70)-

PROPOSITION S2.1.  Consider model (S2.1) with the single coordinate error density sat-
isfying the following condition: there exists a constant ¢ > 0 such that

|7 — 70
c .
TT0

(S2.2) V7, 70>0, |[fer — femllh <

Then, under the assumptions of the first part of Theorem 3.1, we have
(52.3) Wilpx, pox) S h+Wilpy,rs pov,s,) + |7 — 10| + T,
where T is given by the expression in (3.5), with || fy, — fovv|1 replaced by

T —1T0
a0 s fovml
TT0



S8

PROOF. By Theorem 3.1, we have that

Wi(px, pox) Sh+ Wiy, tovir) + Tr,s

where T’ is given by the expression in (3.5), with || fy.y — foy.v|[1 replaced by || fy v —
fovrovll1. Let Y = X + 7e be distributed according to py,, and Y = X + 7pe according
to [ty 5. By the triangle inequality and the bound W1 (py -, py.) < E[|(X 4+ 7€) — (X +
m0€)|] = My (u®?) |7 — 70| < |7 — 7o/, we have that

Wl (/’LY,Tov MOY,TO) ,S W1 (:u‘Yﬂ'a MOY,TO) + ‘7_ _ 7_0"

Besides, from || fy,rv — fy,muwllt < I fyvir — frimllt < NFE2 = f24110 < d|| ferr — ferm|l1 and
condition (S2.2), it follows that

HfY,TO,v - fUY,TO,vul < ||fY,7’0,v - fY,T,v ‘1 =+ ||fY,‘r,v - fOY,To,v 1

|7 — 70

<dc + 1 fyrv = fovimnlli

TT0

which completes the proof. O

REMARK S2.1.  Condition (S2.2) is verified for the ordinary smooth error distributions
listed in Section 3.1. Specifically, for Laplace densities see, e.g., (A.6) with p =1 in Lemma
A.2 of [21], p. 300; for Linnik densities the result follows from the fact that they are scale
mixtures of Laplace and for gamma densities it can be directly checked when |7 — 79| < 1.

REMARK S2.2. Whether the inversion inequality with the term 7" bounded as in (S2.3)
can be used to recover the mixing distribution in a convolution model with single coordinate
error density known up to a scale parameter is a critical question related to the identifiability
as a sufficient condition for the existence of consistent estimators. In the present context, it
is not clear whether the distribution of the Y;’s uniquely determines the scale parameter 7
and the distribution pgx. As remarked by [3], p. 312, it is essential that the distribution to
be deconvolved is significantly less smooth than the error distribution, which is not the case
when both the error and mixing distributions are ordinary smooth. We should mention that,
at least for d = 2, identifiability has been proved by [13], see Theorem 2.1, p. 306. However,
it remains an open question whether fast convergence rates are possible. Typically, in the
presence of identifiability problems, more restrictive conditions are imposed on the mixing
distribution or additional data are required. If the scale parameter is estimable without loss
in the convergence speed, then the inversion inequality can be used to estimate the mixing
distribution. A thorough investigation of this issue is beyond the scope of this article and we
refer the reader to Chapter 2 of [19], pp. 5-105, as well as to the references therein, for a
more complete discussion of the various aspects of the problem.

S3. On posterior contraction rates in the L'-Wasserstein distance on R%. In Section
S3.1, we state a theorem that gives sufficient conditions for the posterior distribution in the
direct problem to concentrate on L'-Wasserstein neighborhoods of the sampling distribution
on R?, while, in Section S3.2, we give the proof of Corollary 4.1 on the rate of convergence
of the posterior mean in the inverse problem of distribution deconvolution.

S3.1. Posterior contraction rates in the L'-Wasserstein distance. Theorem S3.1 extends
Theorem 3.2 of [4], p. 3643, to the L'-Wasserstein distance between probability measures on
R? and provides conditions in terms of the prior concentration rate ¢, on Kullback-Leibler-
type neighborhoods of the sampling distribution and in terms of moments of the probability
measures in the support of the posterior distribution so that the latter contracts at a nearly
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&,-rate (up to a log-factor) on L'-Wasserstein neighborhoods of the “truth”. The underlying
idea is to exploit the equivalence between the L'-Wasserstein metric W, and the max-sliced
L'-Wasserstein metric W valid in any dimension d > 1 to construct tests for the projected
uni-dimensional distributions so that they have exponentially decaying type I and type II error
probabilities.

THEOREM S3.1. Let Il,, be a prior distribution on Zy(R?), d > 1. Suppose that, for
§ >0, we have gy € Po(R?) NPy s(RY). If. for a constant C > 0 and a sequence &, >
(logn)/n such that €, — 0, we have

(S3.1) I, (Bkr(Poy; ) 2 exp (—Cné;,)

and there exists a constant K > 0 so that

(S3.2) I, (py © Moys(py) > K | Y™) =0 in P -probability,

then, for sufficiently large M > 0,

(S3.3) IL, (py : Wilpy, poy) > Ménlog(1/e,) | Y™) =0 in Pjy--probability.

If, instead, for &' > 0, we have gy € Po(R%) NPy 5 (RY), the conditions in (4.1) are
satisfied and, for a constant K' > 0,

(S3.4) I, (py : Myys (uy) > K'€,2) Sexp (—(C + 4)né2),

then there exists K > 0 such that (S3.2) holds for § = ¢’ /2. Consequently, the convergence
in (S3.3) takes place.

The first part of the proof is based on Theorem 3.2 of [4], p. 3643, and extends it to the
multivariate case exploiting the equivalence between the L'-Wasserstein metric W and the
max-sliced L!-Wasserstein metric W1. The second part serves to prove that condition (S3.2)
holds, provided that the posterior contraction L'-distance rate between the densities fy and
foy has been derived.

PROOF. Because My s(uoy) < oo implies that M (upy) < oo, the hypothesis oy €
Py s(R?) yields that pgy € P1(R?). Assumption (S3.2) implies that uy € P;(RY) so that
Wi(uy, poy) < oo, see, e.g., [24], p. 94, with posterior probability tending to one, in Py -
probability.

In virtue of the inequalities in (2.2), to prove (S3.3) it is enough to show that

(S3.5) A (y = Wi (py s poy) > (M/Cq)énlog(1/&,) | Y™)] = 0.

We apply a chaining argument. For a sequence 0 < d,, < &,, we consider a ,-net for S
Since S¥! C {ve R?: |v| < 1}, then, for 0 < € < 1, the e-covering number of S?~1, that is,
the minimal number of | - |-balls of radius € needed to cover SY~, denoted by N (e, S, |-|),
is such that

N(e, S“™ |- )< N(e, {veR®: [v| <1}, |-]) <3¢,

see Proposition C.2 in [17], p. 530. Thus, Ny, := N (8,, S, | - ) < 36,4 Let (v;)je(n;, |
be a minimal d,,-net for S*~1. Because for all v, v; € S¥~! and p € P;(R?),

Wl(uw l’LV_»/') < |V - Vj‘Ml(M)’
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for every uy € Py (Rd), ve S and v; in a minimal §,,-net for S?! we have

Wi (#Y,v’ ,UOY,V) <W (#Y,w /J/Y,Vj) + Wy (MY,vja HOY,VJ-) + W (/’LOY,V]" ,UOY,V)

< max W; . .
= e 1 (,UY,VJ ) MOY,VJ)

+ max  sup [Wi(uyy, ;) + Wiltovy,, Hoyy)]
JE€Ns, ] v;—v|<6,

< ér[lj%x | Wiy, pov,y,) + 6n[Mi(py) + M1 (poy )]
J€[Ns,,

< ‘ér[l]%X]Wl (v, HoYy,) + En[Mi(py) + My (poy )]
F€[Ns,,

Thus,

Wipy, poy) < nax, Wiy, s tovy,) + €n[Mi(py) + Mi(poy)].
JE[Ns,,
For a constant 0 < M’ < (M/Cy) — [K + Mi(poy)]/log(1/€,) defined the event
An = {MY ¢ Inax Wl (,U‘Y,Vj7 /J'OY,vj) < Mlgn lOg(l/gn)} )
JE[Ns,]

if B2, [T1,,(AS | Y(™)] — 0, then the convergence in (S3.5) follows from condition (S3.2).
We define (a sequence of) tests (¥, ),en for the hypothesis Hy : P = Pyy = pgy versus
H,: P=Py =puy,with uy € C, = A% n {,UY : Mg_,_(;(,uy) < K}, such that

oy [¥n] =0(1) and sug Ej, [1—V,] <exp (—né?) for n large enough.
py €Cpn

Let

U, := max ¢y j,
J€[Ns,]

where ¢y, ; is the test associated with poy,y, defined on pp. 3668-3669 of [4], with pgy,y,
playing the role of I in the definition of ¢, r— and ¢, . It is known from the proof of
Theorem 8.9 in [4], p. 3665, that there exists a constant ¢ > 0 such that, for all j € [Ns, ],

EZ)‘Y,VJ_ [én,;] = exp (—ani) and Sélcp Ezy,vj [1— ¢n ] <exp (—cn€,%),
My n,j

where
Chj = {1y : Wity povy,) > M'élog(1/&)} N {py : Mays(uy) < K}
Recalling that N5 < 34,

Ns,,
Oy [Tn] < Efy, [6n,] < Ns, exp (—cnés) < exp (—cné} /2)
j=1

and

sup Ej [1-V,]< max  sup Ej [l — ¢y, ] <exp (—cné®).
py €C,, jE[Nts"] py €Ch Y]

Using Theorem 3 of [15], p. 196, together with assumption (S3.1), we have that Egjy- [I1,,(C, |
Y(”))] — 0. Then, under condition (S3.2), the convergence in (S3.3) holds.
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We now show that, under (4.1), assumption (S3.2) holds. The conditions in (4.1) im-
ply that Efy (1L, (uy : du(fy, foy) > Moéy, | Y(”))] — 0. Besides, condition (S3.4) and the
Kullback-Leibler prior mass condition in (S3.1) imply that

Efy I (ny + Musy (py) > K'&,? | Y®™))] - 0.

Let py be such that My, s (uy) < K'€,% and du(fy, foy) < Moé,. Since we are now as-
suming that My s (poy ) < 0o, by the Cauchy-Schwarz inequality we have

My s /2(py) §M2+5//2(M0Y)+/Rd VP21 fy =V for (W fy +V/ fov ) (y) dy

< My ja(poy) + V2[Mays (py ) + Mays (poy)] Mo,
<My 5 p2(poy) + V2IK' + Myys (poy)]"* Mo} =: K.
Therefore, M5 /2(py) < K, which implies condition (S3.2) with § = ¢’ /2. O

REMARK S3.1.  For d = 1, the first part of Theorem S3.1 reduces to Theorem 3.2 of [4],
pp. 3643 and 3667-3669, for the L!'-Wasserstein distance on R. The assertion of Theorem
S3.1 holds for any probability measure Pyy = pgy € Po(R%) N Py s(R?), with § > 0. The
probability measure pgy need not be a convolution, but if this is the case with error distribu-
tion 2%, then the condition gy € Po(R?) NPy s(RY) is implied by pox € Pays(R?) and
e € Zo(R) N Pays(R). Under the latter assumption on ., condition (S3.2) boils down to
require that there exists a constant K* > 0 so that IL, (pux : Moys(ux) > K*|Y™) = 0in
Py --probability.

REMARK S3.2. If condition (S3.1) is replaced by
I, (Nkr. (Pov; ) 2 exp (—Cnéy),

where Nxp,(Poy; €2) := {Py : KL(Pyy; Py) <&} is a Kullback-Leibler neighborhood of
Pyy, then, by Lemma 6.26 of [17], pp. 143-144, for any sequence L, — oo, with P -
probability at least equal to (1 — L.1), we have

(83.6) [ T dmn) 2 e (—(C+ 2L,)08).
2(re) - Joy

Following the proof of Theorem S3.1 and applying the lower bound in (S3.6), the con-
vergence in (S3.3) continues to hold with Mé,log(1/€,) replaced by M,é,log(1/é,),
for M,, > (C + 2L,,). Therefore, Kullback-Leibler-type neighborhoods can be replaced by
Kullback-Leibler neighborhoods.

S3.2. Proof of Corollary 4.1.

PROOF. Preliminarily note that the L'-Wasserstein metric is convex with respect to each
argument. For any function f : R¢ — R, define

| fllz:= sup M

X, YER®: x£y ‘X - y’
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Let pq, po, v € Pl(Rd). For 0 < o <1, let o := apg + (1 — a)pa. By the Kantorovich-
Rubinstein theorem, see, e.g., [9],

Wi(p, v) = sup fd(p—v)
I£le<1JRe

= sw {a [ Jagu-v+a-a) [ -}

IFle<1

<a sup fd(p —v)+(1—a) sup fd(pz —v)
flln<1 /R I/l <1JRe
=aWi(p1, v) + (1 — a)Wi(uz, v).
Therefore,
Wi(apr + (1= a)pz, v) < aWi(uy, v) + (1 — ) Wi(pz, v).

By symmetry of Wi, the same inequality also holds with respect to the second argument.
By the first inversion inequality of Theorem 3.1 and convexity of W, and the L!-distance,
for any sequences €, h,, — 0, we have

Wi (A8, pox) < ha + Wi * pie, poy) + hy P log by [P e |32 5 fo — foy |1

< B+ / Wiy oy dIL (s | Y)
P(R4)

+ h; P44 log by, |1+ easn /

Iy = fov |l dILy (pex | YI™)
P(R%)
< hay + &) log(1/E,)] + W (pux - Wilpy, poy) > Ménlog(1/&,) | Y™)
=W (Y™)
+ h P log by [" TR0 (&, 4+ T (< || fy — fov 1 > Mé, | Y™)].

—:L(Y(™)

Now, let &, and €, := [&,(logn)!T1@a<n]1/(BAV1) be the same sequences appearing in the
first part of the statement of Theorem 4.1 and take h,, = €,. To prove that, on a set of I} -
probability tending to 1,

Wi (ﬂsa IUOX) < Mlena
it is enough to show that, for constants M", M"" > 0,
P (L(Y™)<M"¢,) -1 and PR (W(Y™)<M"E,) — 1.

We begin by proving the convergence on the left-hand side of the above display. Let A,, be
the event where inequality (S3.6) holds true. It is known from Lemma 8.1 in [14], p. 524,
that, under the Kullback-Leibler prior mass condition in (4.1), we have Fg (A,) — 1, see
also Remark S3.2. From the proof of Theorem 2.1 of [14], pp. 524-525, whose conditions
are assumed in (4.1) of Theorem 4.1, it follows that, for a suitable constant C' > 0,

0 < Py (LIY™) > M"€,) < P3(AS) + Py (A N (L(Y™) > M"e,))

1

< Py (47) + SR
n

By [L(Y"™) L4, ]

< Py (45) + exp (—Cné2) — 0.

1
M"¢,
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Consequently, P5 (L(Y(™) < M"€,) — 1. The convergence FJ} (W(Y(”)) > M"e,) =0
follows similarly from intermediate results involving tests with exponentially decaying type
I and type II error probabilities in the proof of Theorem S3.1, whose conditions are verified
under the assumptions of Theorem 4.1.

The assertion that, on a set of [} -probability tending to 1, we have W3 (2B, pox) < M’ €n,a
follows similarly using, instead, the second inversion inequality in Theorem 3.1, whose con-
ditions are satisfied under the additional assumptions in the second part of the statement of
Theorem 4.1. O

S4. Proof of Theorem 4.2 on posterior contraction rates for Dirichlet Laplace-
normal mixtures in the direct problem. In Section S4.1, we give the proof of Theorem
4.2 on posterior contraction rates for Dirichlet Laplace-normal mixtures in the direct prob-
lem of density estimation, while, in Section S4.2, we report two lemmas used in the proof of
Theorem 4.2.

S4.1. Proof of Theorem 4.2. To derive posterior contraction rates relative to the L'-
distance ||fy — foy |1, it is enough to verify that the conditions (4.1) in Theorem 4.1 are
satisfied for &, = n~2/°(logn)¥. The small ball prior probability estimate in the third in-
equality of (4.1) is seen to be verified taking into account Remark S3.2 and Lemma S4.3
below. The latter is based on the construction of an approximation of foy by (¢s * purr) * f,
for a carefully chosen probability measure 1 f7. This construction adapts the proof of Lemma
2 of [12], pp. 615-616, to obtain an approximation error of the order O(€,), as shown in
Lemma S4.2 below. The entropy and remaining mass conditions, the first two inequalities in
(4.1), are consequences of Theorem 5 of [22], p. 631, because, for any pair of densities f;
and fo, we have ||(f1 — f2) * fc|l1 < || f1 — f2||1. Finally, since s x has density ¢, * (1 so that
X=0Z+U,withZ ~N(0,1)and U ~ pp, we have M;(ux) < oE[| Z|] + M () < oo,
thatis, px € P1(R) almost surely, because P, (ppr = Mi(ppr) = oo) = 0. The assertion fol-
lows. 0

In the following section, we provide two lemmas used to verify the Kullback-Leibler prior
mass condition.

S4.2. Lemmas S4.2 and S4.3 on the Hellinger approximation error and Kullback-Leibler
prior mass condition. In Lemmas S4.2 and S4.3 below, we prove the existence of a com-
pactly supported discrete mixing probability measure such that the corresponding Laplace-
normal mixture has Hellinger distance of the appropriate order from a Laplace mixture and
the prior law on Laplace-normal mixtures concentrates on Kullback-Leibler neighborhoods
of the “true” density fpy at optimal rate, up to a logarithmic factor.

We first recall an upper bound on the remainder term (or truncation error) associated with
the (r — 1)th order Taylor polynomial about zero of the complex exponential function, see,
e.g., Lemma 10.1.5 in [1], pp. 320-321.

LEMMA S4.1. For every r € N, we have

r—1 T r—1
e“‘—z gmin{‘m| 2lz| }, xeR.

£ U (= 1)

(22)"
!

We also recall that the bilateral Laplace transform of a function f: R — C is defined as
B{f}(s):= [pe " f(x)dxforall s € Csuchthat [, [e”** f(x)|dx = [ e Re(9)z| f(z)|dz <
oo, where Re(s) denotes the real part of s. With abuse of notation, for u € &(R) we define
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B{u}(s) :== [y e **u(dx), s € C. For all t € R such that [ e"u(dx) < oo, the mapping
t s M, (t) := [ e pu(dz) is the moment generating function of y and M), (t) = B{u}(—t),
teR.

In the following lemma, we prove the existence of a compactly supported discrete mixing
probability measure, with a sufficiently small number of support points, such that the corre-
sponding Laplace-normal mixture has Hellinger distance of the order 0(05 ), with 8 = 2, for
o > 0 small enough, from the sampling density foy .

LEMMA S4.2. Let f. be the standard Laplace density. Let gx € Zo(R) be a probability
measure supported on [—a, a], with density fox such that (el'l/2fox) € L>(R). For 0 >0
small enough, there exists a discrete probability measure |y on |—a, a], with at most N =

O((a/o)|log 0|1/2) support points, such that, for fy := (¢ * pgr) * fe and foy := fox * fe,

edo
du(fy, fov) S \/;05, with =2,

as soon as pox ({x €R: |x| <agp}) > dg for some 0 < ag < aand 0 < §y < 1.

PROOF. For ag and Jy as in the statement, we have

for)= [ Fly-0)fox(e)dez Pe o, yer

|z|<ao
We define the function
(54.1) Uly):=e V2 +e¥?, yeR.
By the inequality e!¥l/2 < U(y), y € R, we have

& (fy. for) < 2% /

e
R[em/z(fy ~ Jor) W) dy <2 llgv = gov 3

where gy := U fy and ggy := U foy. For b = :F%, we have e¥ foy = (eb'fg) * (eb'fgx),
where e® fox € L'(R) for compactly supported fyx and ¥ f. € LP(R) for every 1 < p < oc.
Hence, ||le” fov |l < lle” fllp x [|€¥ fox||1 < oo. Analogously, since ¥ fy = (¥ (f- * ¢5)) *
(e” ), where M, (b) < oo for compactly supported iz and e”(f. * ¢,) € LP(R) for
1 < p < oo, we have ||eb'fpr < ||eb'(f€ * Po)|lp X My, (b) < oo. Consequently, gy, goy €
L'(R) N L*(R) and the corresponding Fourier transforms gy (t) := [; €™¥gy (y)dy and
doy (t) := [ e¥goy(y)dy, t € R, are well-defined. Also, |goy |3 = (27)!||goy||3 and
lgv 13 = 2m) |Gy |[3. For vp(t) := —(at + b), let gy(t) := [1 — 13(t)], t € R. Note that

0-1/2(t) = 01/2(t) and |o_1 j2(£)[* = |01 2(t)|* = (t* + 5t /2 + 9/16). Since

5 76—%(15)90 R
(-0 =" . tack,
we have
ritia) = [ UG (0 — o)y
e~ ¥u(t)z
= > Bly-a})= ), — o5 LeeR

b=F1/2 b=F1/2

Then, goy (t) = f\xlﬁa r(t; @) fox (w) daw =321y o B{fox }(1u(t))/ 0b(t), t € R. We derive
the expression of gy . Since

B{¢o (- —u)}(thp(t) = exp (~p(t)u + 093 (8)/2), t,ueR,
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we have

o (t) = /|| ( [t 2ponte—w dx) e (du)
) Z_: (U (0)/2

b=F1/2 T@)B{MH}(%@))’ teR.

For ease of notation, we introduce the integrals

bi= /R | Qb(lt)P|e“2¢?“>/28{uH}<wb(t>>B{fox}wb(twdt, b=y

By Plancherel’s theorem and the triangular inequality, 27||gy — goy [|3 = |19y — Gov |3 <
2(I_1/2+ 1 2). Since both terms I_; /5 and I /, can be controlled using the same arguments,
we consider a unified treatment for I,. For M > 0, we have

er B (0/22 2
" </t|<M /M) @ | Blum} = Blox )W) df
;eazwb _
+/Rgb(t)]2| — 11 1B{ fox Hwp(t))|* dt = 21

Study of the term Iél)

The term I, (1) can be bounded similarly to I; in Lemma 2 of [12], p. 616. Preliminarily
note that, for o < 1/|b] = 2, we have |e7 Vi(1)/2]2 = |0 (-1 +2bt40%) /212 — o—0?(2-0%)

v ~1/4) < e. Let pup be a discrete probability measure on [—a, a] satisfying the con-
straints
/ UJMH(dU)—/ u]fOX(u)duv J=0,....,J -1,
lul<a lul<a
(S§4.2)

1
/ e pupr (du) :/ ™ fox (u)du, b= ¥5
lu|<a lu|<a

where J = [neaM | for some 7 > 1, with [z] :=min{k € Z : k > x} the smallest integer
strictly greater than x. Note that the second set of constraints in (S4.2) can be written as
M,,,, (b) = Mox(b), b= F3. Using Lemma S4.1 with r = J, by the inequality J! > (.J/e)”,
for J large enough we have

< / L / e [ezt“ Ji (Ztu)j](u piox ) (du) th
< _ — H — H0X
b |t\§M|Qb(t)|2 lul<a §=0 :
1 (alt])>”
< [My,, (b) + Mox (b)]? / dt
My (5) ®] (IN2 Jiy<nr loo(t)[?
2J M
< / 202 q¢
I o
J
- a2l 23 < 4y a2’ . A2J+1 < y—a eaM 2 < Mt
SN2 2-3 (2T 27-3"7 J -

Study of the term Iéz)
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For b = :F%,

(54.3) B{fox }(tn(t)) = (" fox)(t), tER,

so that. [B{fox He(t)| < Mox (b). Similarly, [B{susr} ()] < My (8) = Mox (b).
Choosmg M so that (o M )2 > |log o], equivalently, M > o~ !|logc|'/2, and using the fact

that |7 ¥(0/22 = O(e=(D)"), we have

1) < My (b)e=(@M)? / gt <=M =3 < o013 < o1,
[t)>m t

Study of the term I 153)

By Lemma S4.1,

0.2

17V /2 1| < min{2, o2(2 + b%)/2} < - (t*+1/4),

which combined with (S4.3) gives
(t* + b*) —
1© <7 / ) 1Bl ) ars ot [ (@ T)oPas o
R

where, by Plancherel’s theorem, (271) 7! ||e? fox ||2 = ||e* fox ||3 < oc in virtue of the assump-
tion that (el/2 fox) € L(R).

The existence of a discrete probability measure iz supported on [—a, a], with at most
[(J +2) + 1] < (aM) > (a/o)|logo|'/? support points, is guaranteed by Lemma A.1 of
[18], p. 1260. Combining the bounds on Ib(k), k € [3], we conclude that ||gy — goy |3 < o*.
It follows that d%(fy, foy) < (€% /8o)o? and the proof is complete. O

The following lemma gives sufficient conditions on the distribution II, ® Zp, so that the
induced prior probability measure IT on Laplace-normal mixtures fy = (¢, * pp) * f- con-
centrates at a rate of the order O(n~2/5(logn)T), for suitable 7 > 0, on Kullback-Leibler
neighborhoods of a Laplace mixture foy = fox * f-, with mixing density fox having expo-
nentially decaying tails.

LEMMA S4.3. Let foy := fox * fe, where f. is the density of the standard Laplace
distribution and fyx satisfies Assumption 4.3 for © > 1. Consider the model fy = (¢, *
wm) * fe, with ug € 2 (R). If the prior 11, for o satisfies Assumption 4.1 and the base
measure Hy of the Dirichlet process prior Py, for py satisfies Assumption 4.2 for t > 1,
then TI(Nxr,(Poy; €2)) 2 exp (—Cné2), for é, = n=2/>(logn)[1/2+2/#+0v3)I/5,

PROOF. We use the generic exponent 5 > 0 of the Fourier transform of the error den-
sity f- in those steps of the proof that do not depend on the specific form of the Laplace
density. We show that, for some constant C' > 0, the prior probability of a Kullback-Leibler
neighborhood of Pyy of radius €2 is at least exp (—Cné2). We apply Lemma B2 of [22],
pp. 638-639, to relate Nxp,(Ppy; £2) to a Hellinger ball of appropriate radius. By As-
sumption 4.3, there exists C > 0 such that pox ([—a, a]¢) < exp (—(1 + Cp)a') for a large
enough. Set a,, := (a0| logn|)'/%, with ag > [2/(1 + Co)] and 7 > 0 small enough, we have
tox ([—an, an]¢) < n?. Then, Lemma A.3 of [18], p. 1261, shows that the L'-distance be-
tween foy and fjy := fix * fe, Where f(x is the density of the renormalized restriction of
fox to [—ay, a,) denoted by 15y, is bounded by 2n?. From d% (foy, fiy) < |l foy — fiy 1 <
2n2, we have di (foy, foy) Sn. Lemma S4.2 applied to py (which plays the role of jiox in
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the statement) shows that, for o > 0 small enough, there exists a discrete probability measure
p%; supported on [—a,, a,], with at most N = O((a,,/o)|log o|'/?) support points, such that
Iy = (¢o * p3;) * fe satisfies

du(fy. foy) SoP.

An analogue of Corollary B1 in [22], p. 16, shows that u7; = Z;VZI p;0y, has support points

inside [—a,, a,], with at least o2P+1 _separation between every pair of points u; # uj, and
that dy (f5, fiy) < 0. Consider disjoint intervals U;, j € [N], centered at uy, ..., uy, with
length 02%*1 each. Extend {Uy, ..., Ux} to a partition {U1, ..., Ux} of [~a,, a,] such
that each U;, j = N + 1, ..., K, has length at most o. Further extend this to a partition
Ui, ..., Uy of R such that, for some constant a; > 0, we have 0 < Hy(U;) <1, j € [M].
The process can be done with a total number of M intervals of the same order as N. Define
pj=0,j=N+1,..., M.Let &, be the set of probability measures ;. € & (R) with

K
(S4.4) Z \uw (Uj) — pj| <202°T1 and Iél[l[l{l} pu(Uj) > o228+ /9.
j=1 J

Note that 02#*1 K < 1. By Lemma 5 in [16], p. 711, or Lemma B1 in [22], p. 16, with Vj :=
Uj>nUjand V; =Uj, j € [N], forany pg € &, wehave d3(fy, fv) <|Ify — fylli S o2,

Then’ f0r77 = O(Oﬂ)’ we have d%{(fYa fOY) Sj d%—l(fYa f}*/) +d%—l(f)*/’ fékY) +d%—1(f(>)kYa fOY) 5
0P, To apply Lemma B2 of [22], pp. 16-17, we study the ratio (fy/foy). Let ug € Z,.
For the standard Laplace error distribution (3 = 2), since || foy [|x < 3, for |y| < a,, we have

Iy > - _
fOY (y) ~ /$|San fa (y x) /|£E—u|§0' (Z)J (x U)MH(dU) de
1

ZO_/||< fe(y_w),LLH(UJ(w))dCCZU4B+1Q’W€720’"7

while, for |y| > a,),

a 2
EL A / fily - 2) / b — gy (du) da 2 Do Wlemaoe=2(en/o)
foy le|<a, Jul<a, o

where gy ([—ay, ap]) > 1 — 202°+1 because of the first condition in (S4.4). For A\ =
ot +1a,e724 we have log(1/)) < |logo|. Since {y € R: (fy/fov)(y) <A} C{yeR:
ly| > ay},

(sl ) 1 y) 5 [ (o) s 5 [ s

fY foy = fY ly[>a,

where

[ it ( / e'ﬂﬁlfOX(x)dx) [ irway
vlza, R i2en
5/ e W2 qy < /2 < 56,
|y\2a,,,

see, e.g., Lemma A.7 in [21], pp. 303-304, provided that ag > max{6, 2/(1 + Cy)}. Conse-
quently, Poy (log(fov /fy)L((fy /for)<n) S0t

Thus, Poy (log(fov /fy )Lty /for)<)) S 028, with 8 = 2. Lemma B2 of [22], pp. 16-17,
implies that Pyy log(foy/fy) is bounded by o?|logo|. By Lemma 10 of [16], p. 714, we
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have Zp1,(2,) 2 exp (—c1K|logo|) 2 exp (—ca(a,/o)|log o|3/?) for constants c1, ca > 0
that depend on Hy(R) and a;. Given o > 0, define .7, := {0’ > 0: o(1+ 0% "' <o’ <0}
for a constant 0 < d < s1 — 1. Then, I1,(.#,) > exp (— D10~ t|log o|*). Replace o at every
occurrence with o’ € .7, For £ := ¢”|log o|'/2, noting that |log o| < |log €| we have

TI(Nkw(Poy; €)) Z exp (—ca(ay/0)|logo|*/?) x exp (~Dio ™ loga|")

|(t1V3/2))

(=
2 exp (—c3(ay/o)|logo
2 exp (—

C4§ 1/,8|10g§|1/ (28) +1/L+(t1\/3/2))

Replacing & with &, = n=3/(8+1) (1og n)[1/2+8/5+8(tV3/2)]/(28+1) | for a suitable constant
C > 0, we have IT1( Ng(Poy; €2)) = exp (—Cné?) and the proof is complete. O

Lemmas S4.2 and S4.3 are combined in the proof of Theorem 4.2 to show that Dirichlet
Laplace-normal mixtures have a posterior contraction rate of the order O(n~2/%(logn)¥) at
a Laplace mixture with mixing density having exponentially decaying tails.

S5. Proof of Theorem 4.3 on L'-Wasserstein deconvolution in the non-adaptive case.

PROOF. We apply Theorem 4.1. For any § > 0, with the Laplace distribution we have
pte € Pays(R). By Assumption 4.3, also pox € Pays(R). We know from Theorem 4.2 that
the conditions in (4.1) hold for &, = n~2/(logn)¥. It remains to show that, for a suitable
constant ¢ > 0,

(S5.1) M(py : Myys(px) > K"€,%) < exp (—cné?).
Recalling that ;1 x has density ¢, * pupr sothat X =o0Z + U, with Z ~ N(0, 1) and U ~ pp,
we have My 5(pux) < o*OR[| Z|*+°] + Myys(pm). Therefore, for My > 0,

Muys(px) S oM+ Mays(pn) S o™ + Mié,? + Mags(L g piess p ey i)
Assumption 4.1 on the upper tail of II,, implies that, for a suitable ¢c; > 0,

I, (0: o> (M&,2) ) < exp (—Ds(M1&, %)/ +9)) < exp (—ciné?)
provided that 0 < 0 < 4(w — 1), where w > 1 by hypothesis. Besides, for a suitable ¢y > 0,
Dry(pur = Mars(L(yrjovssan ey i) > Mi&y?) §/ . |u|*F0ho (u) du

[ul*+5> M, &,
S exp (=0 (M%) 140 2)
< exp (—coné?)

provided that 0 < § < 4(z—1), where z > 1 by hypothesis. By choosing 0 < § < 4 min{(w —
1), (t— 1)}, condition (S5.1) holds and the proof is complete. O

S6. Proof of the approximation Lemma 4.1 for adaptive posterior contraction rates
of Dirichlet Laplace-normal mixtures in the direct problem. In this section, we prove
Lemma 4.1, which is a key result to approximate a Laplace mixture with Sobolev regular
mixing density by a Laplace-normal convolution so that the L?-distance between the “true”
density and the approximation is of the correct order. Lemma 4.1 is a preliminary result
employed in the proof Theorem 4.4 on adaptive posterior contraction rates for a Dirichlet
process mixture-of-Laplace-normals prior.
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PROOF OF LEMMA 4.1. We need to show that, for b = :F%,

(S6.1) > e {[bo * (Tmpofox) — fox] = £33 S @),

b=7F1/2

with

m— 1
[ Topof = f+§j

=1 7=0

2/2)’€ i’“: <2k

j ) (CbAf « (e DI ),

where Hs(-) := (1/8)H(-/§). We obtain an equivalent expression for the L2-norm in (S6.1).
Denoting by F the Fourier transform operator, for any f € L'(R) we have F{f} := f.
Recall that, given f.(u) = e 1*/2, u € R, for b= T35 we have F{e¥ f-}(t) = [1/0s(1)],
where gp(t) := [1 — ¢2(t)] and ¥ (t) := — (2t + ), t € R. Note that, as a consequence of the
identity in (4.7), we have

MO ( )f{e ( mbafOX)} ‘F{hOb}+’Y‘F{hmbU}

where Mg (b) < co by the assumption that (el'/2 fyx) € L*(R). Then,
Aoi= > [le"{[¢o * (Tmpofox) — fox] = f}3

b=F1/2
= Y Mix®)I(e” f2) * [("bo) * {[Mox (b)) ' e” (Tmpofox)} — hop]

b=F1/2

62 = S M)

b=F1/2

b

TR 2

2,/,2 7 2
(1= e Y2 Flhop} + Y F {hmpo}] H2

Ob

Some facts are highlighted for later use. For every 6 > 0, the function F{H}(d-) is well-
defined because || H||; = (27) 7! ||7¢n||1 < cc. Besides, since 0 < 7 <1,

(86.3)  |F{H}(01)| = [(7 % ¢n)(—6t)| < [[Pn(—dt — )

Let Z be a standard normal random variable. For constants 0 < ¢, ¢;, < 1, take 0 := cs50
and h := cp| logo\_l/Q. Fix ug such that 0 < ¢5 < ug < 1. Then, for w > 0 and ¢, such that
(1 —up) > cp V2w, we have, for every |t| < (up/6),

teR.

11— F{H}6t)| <2 / b_sun(u) du < 2P(|Z] > (1— bt]) /1)

u|>1
(S6.4) <2P(|Z| > (1 = ug)|logo|"? /cp) < 0¥

as soon as o is small enough. For every j € Ny, we have F{D’ Hs}(t) = (—t)? F{H}(5t),
t € R. Then, from (4.6), we have

m—1
1_ - 2}k
Fllmsa) (0= SF (o) 0 (a1} o) Y SZUIEEE e
k=1
Decomposing F{ho; }(t) by means of F{H }(t) and [1 — F{H }(dt)], the numerator of the
integrand of A in (S6.2) can be bounded by
Ty (t) o= |e7 P ORP| (1 — e 0 O2) Fhoy }(8) F{HY(58) + 1 F (B} ()
+ e 02 112 | Flhop}(t)2 11 — F{H}(St)?, teR.
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Set

Ao= S ME(b) / TR0/ les(D)P)dt,

b=F1/2 Sltl<uo
Bi= 30 MiO) [ (OO dt
b=F1/2 Slt[>uo

we have Ag < Ag1 + Age. We prove that Ag; < 02(@+2), j € [2]. Taking into account that
e Wi ()22 = g=* (=) — e=0*(=1/4) for oy > 2m > (o 4 2) and o small enough, by
Lemma S4.1, relationships (56.3) and (S6.4), we have

2 1 0,2 2 2m
205 3 M) Lo e + 10
+ o min{d, 0*(1 +1/4)/4))| F (o} () d

S T [ (e DI ) ()P e S 0%
b::Fl/2 5|t|<u0

because F{hop}(t) = [Mox ()] (e” fox)(t), t € R, and [, (|t]** v 1)|(e¥ fox)(t)[*dt <
0o by Assumption 4.4 and the hypothesis that (el'l/2fyx) € L'(R). Analogously, for o|t| >
(up/cs) > 1,

1
B 3 M) [ (
Slt|>uo |06(1)[%

b=F1/2

2

m—1
o232 {—lovp(®)]?/2}*
TV (1)/2 kzo bk! _1

SRS 112) Flhos} () dt

2 L o2 -1/a)/2( pg)2m
< S M) /muo‘gbw{ ()2 + 1
+min{2, 02(t? 4+ 1/4) /2} 2| F{hop } (t)|* dt

«a tt —(ot)? m el T
DY ng@/ ke T D I F o ) at
b=T1/2 S|t|>uo 19

s Z/ 1221 (" fox) (8) ? dt < 02+,

b=g1/2 7 Olt1>u0

We prove relationship [, A po(2)dz =1+ O(c?m=1)) in (4.9). Since F{ho}(0) =1,
(1—e="/8) /v =—1and 62/8 < ¢ /3|y], from previous computations for the term Ag; we
have

(1- 6*02/8)
~
whence [ hun b0 (%) dz = F{hmpo}(0) =1+ O(0?(™=1)) and the proof is complete.  []

2
o F {lom.s0) = 11 < € /50| F {0 (0) + ST(0) S,

In what follows, we present some technical results.
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LEMMA S6.1. Forr >0 and j € Ny, there exists a constant 0 < C,. ; < 0o such that, if
h=o0(1) and 6 = o(h), for every a € R,

(S6.5) / ||| HU) (z)|dz < O, .
R

PROOF. Recalling that H(z) = (2r) 17 (x)én(z) = (2n) 17 (x)e~h2)/2 1 e R, we
have

i,
HY (z) = % Z <t7'>7:(i) (x)Dj’iqZ;h(x)’ reR,

; 1
1=0
where DJ _iqgh(:c) = Di~te=("*)*/2 i5 a linear combination of terms of the form
on(@)(—1) h*ak, x e R,

with 0 < j1, ja, j3 < (j — 7). Note that e®% ¢y, () = e~ (he=ad/h)*/20(ad/h)*/2 < ¢(ad/h)?/2,
where e(®/7)°/2 =1 4 0(1) because (6/h) = o(1). Then,

"¢ |70 ()| g (@) |2 < |27 D (2)], w€R,

and, by relationship (4.4), for v > (r 4 j + 1) the function on the right-hand side is integrable.
The assertion follows. O

LEMMA S6.2. Suppose that fox satisfies the local Holder condition (4.2) of Assumption
4.5, with 0 < v <1 and Lo € L*(R). For j € Ny, if h =0(1) and § = o(h), then, for every
beR,

(56.6) /R e fox (z — u) — fox ()] D7 Hs(u)| du < %5” [Lo(z) + fox(z)], z€R,

where C; = (3C, ; V C1 ;) >0, for C,, j and C1 ; as in (S6.5).
PROOF. Letx € R be fixed. By Lemma S4.1 and the local Holder condition (4.2), we have

5j/’[e_bufox(x—u)—fox(x)]DjHé(uﬂdu
R
- /R ™% fox (@ — 62) — fox ()] HO(2)] dz
< / €795 1) foxe ( — 62) — fox («)||HY)(2)|d=
T e b0z _ @) (2) dz
+ fox( >/R\ 11H9) (2)]d
+ / fox (= 62) — fox (@) | HD(2)] dz
R
<3 / fox (@ — 62) — fox @ HD ()| d= + fox (2) / 92 1| HU)(2)] d
R R

< 36" Lo(a) / 2P| HO(2)] dz + b6 fox () / |2/ [HO(2)|d=

<36YCyjLo(x) +b6C1 ; fox () < C;6"[Lo(z) + fox (2)].
Inequality (S6.6) follows. O
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We introduce more notation. For an integer m > 2, b = :F% and o = o(1), we define the
set

1-
(S86.7) Ap o= {x eER: vhppo(x) > —2h07b(x)} ,
where BOJJ and hy, p » are as in (4.5) and (4.6), respectively, and the function

1
(S6.8) b = Mox (b)e™" Yhmpola,, — 5 foxla;,-

LEMMA S6.3. For anintegerm > 2, b= $2 and o = o(1), let the set Ay, , be defined as
in (S6.7). Under Assumption 4.3 with © > 1 and Assumption 4.5 with 0 < v <1, Lo € L'(R)
and any R > 1, there exists a constant C,, >0, depending on m and v, such that, for o small
enough,

1
(56.9) Vb= T3 bo € Bo,
with By := {x € R: [Lo(x) + fox(2)] > C,, o™ fox (x)}. Furthermore, there exist con-
stants Cr, Dr, S > 0, depending on m, v and R, so that

(S6.10) lhopLag, It < Cro™™,  |Iyhmpolag, [h < Dro®?

and the function fox + gp o, With gy » as defined in (S6.8), which is non-negative, has

(S6.11) 1< |l fox + gpolls <1+ Sro™

PROOF. Let b be fixed. We begin by proving the inclusion in (S6.9). Let x € Af
Yhimpo(z) < —hg p(x) /2. Recall that

m—1 L 2k
Vb = Z (;/2) Z (%) (—=b)**"7 (hoy * D' Hs),

k=1 7=0 J

bo 1€

where, as in Lemma 4.1, for constants 0 < c¢s, ¢, < 1, we take  := cso and h :=
cp|log o|~1/2. By relationship (S6.3),

/RDng(u) du = (/RH(:E)d$> Loy (4)

(5 [T ) 1)) = (7 0010y () < 1.

Then,

T (—0?/2)F & [ 2k . ) |
Z(k'/)]ZO (j >(—b)2k J/R[hab(x—u) — ho ()| D7 Hs(u) du

k=1

m— 1 2 k 2k
/2 2k 2%—j j
—’Yhmba hOb ; g< > b) J/RDJHé(U)du
o 2m=2 )2 /91k
S—BOI;( )[1—(b )2]<_B07Z(m).
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For o small enough, by Lemma S6.2,

m—1 2k
(=o?/2)" <2k

]
k=1 k! j=0 J

) (—b)2k—d /R s (1 — ) — ho ()] D7 Hy(u) du

<

m—1 2 ke 2k
Tor® k/!Q) <2k>'b'% e [ e (@ =) = fox @l |D Hifu)| du

k=1 J

1 m—1
5w (2

(1 + [bleso)?/(2¢3)]*

max C) Ve[ Lo(z) + fox (2)]

k! 0<j<2k

,_.»—n

[
(2/05) ax O

1
< Myx (b) (k:l k! 0<j<2k

) Ve [Lo(z) + fox (z)),

=:Cp

where 0 < Cy, < 0. Then, for C,, :=4C,,, we have A¢  C B,,.
We prove the inequalities in (S6.10). Concerning the first one, using the set inclusion
A, € By in (S6.9) and the fact that, over B, we have fox < U0 [Lo + fox], we get that

_ CR Lo r
vR m bx vR
/A‘ hop(z)dz <o Vox () /Ba e’ fox () <f X( T) + 1) dz < Cgo

c
b,o

where

R
= |z[/2 v < oo
Cn = [MOX( 1/2)/\M0X 1/2 / fOX (f ( )+1> dz <

by condition (4.3) and Assumption 4.3 with 7 > 1. Concerning the second inequality, from
previous computations, for every j € Ny, we have

/ |(hop * DV Hs)(z)| dz
A

c
b,o

< g ( | [ oot = u) = Fop(ol| 9 ) duds + co,jCRo”R)
A; , JR

[ C;0°
<5_.7 J bx L d ) VR
< <M0X<b> /A Folr)+ Jox(@lde+ CoCro >

[ CrevCR L §

o

+ Co,j> B,

<§ICr <%;c§

m

which, defined the constant

m—1

o cs (2/c3)"
Dai=Cn (g +1) 32 B a0 v
implies that nyhmbﬁ]lA;ﬂ |1 < DroVft
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To prove the last part of the lemma, we begin by noting that

b 1 1
fox + gbo = [fox + Mox (b)e " Vhmpo|la, ., + ifOX]lAgyc > §f0X >0

and
Mox(®) [ €2 pa(w)dz =0,
R

In fact, since by Lemma S6.1 we have [, e **H(z)dz < C < oo because (6/h) = o(1),
it holds that

Mox (b) / P 0 (2) da
R

m—lﬂ 2k (2k>(_b)2k—j/Re—b“DjH5(u) du

=1 j=0 J
m—1, 9 L 2k o
= (/ e T H (1) dx) MZ <2k> (=b)**=ip) = 0.
R k! X J
k=1 =0
(—b+b)2t=0

Then, since gy » = Mox (b)e > Yhmpo — [Mox (b)e > Yhpm b0 + (fOX/Q)]IlAgJ, we have

/(fOX +gpo)(x)de =1+ / Mox (b)efbx'yhm,byo(:z) dz
R R

-,

[Mox(b)e_bx*yhmbﬁ(x) —i—%fox (x)} dx>1.

S*%fox(fl?)

=0

{MOX(b)e_bIth,b,a(x) + ;fox(@} dz

A

On the other side, using Lemma S6.2 and reasoning as in the first part of this lemma to prove
that [y polag |1 < DroVE, we have

/R(fox + gho)(x)dz =1~ /A

1 —bx
=1- SHox (Ap5) — Mox(b)/A et Yhmpo(z) dz

c
b,o

[MOX(b)e_bm')’hm,b,a(x) + ;fox(ﬂf)} dz

c
b,o

<14+ Mox(b)/ e*bm\'yhm’bﬂ(wﬂ dz
Ag

<1+ [Mox(—l/Q) V Mox(1/2)}DR0'UR.

—:5p

Conclude that 1 < || fox + gbo|l1 <1+ SrovE. The proof is thus complete. O

REMARK S6.1.  Although in condition (4.2) of Assumption 4.5 the constant R >
(2m/v), for the smallest integer m > [2V (a + 2) /2], Lemma S6.3 holds for any real R > 1.
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S7. Proof of Theorem 4.4 on adaptive posterior convergence rates for Dirichlet
Laplace-normal mixtures in the direct problem. In this section, we first report the proof
of Theorem 4.4 on adaptive posterior contraction rates for Dirichlet Laplace-normal mixtures
and then present an approximation lemma (Lemma S7.1) used in the proof.

PROOF OF THEOREM 4.4. Similarly to Theorem 4.2, to prove Theorem 4.4 we verify
the conditions in (4.1). The entropy and remaining mass conditions, as well as the small
ball prior probability estimate, are satisfied for &, = n—(*+2)/(2245)(]og )", For details of
the entropy and remaining mass conditions, see, e.g., Theorem 5 of [22], p. 631. For the
Kullback-Leibler condition, we apply Lemma S7.1 below, which proves that a finite mixture
of Gaussian densities, convolved with the Laplace noise, approximates foy in the Hellinger
distance with an error of the order O(c®*2). Then, we apply Lemma S4.3, with 3 replaced
by (o + 2), to show that the prior mass condition is satisfied. O

In the following lemma, we prove the existence of a compactly supported discrete mix-
ing probability measure, with a sufficiently small number of support points, such that the
corresponding Laplace-normal mixture has Hellinger distance of the order O(c®*?) from
the Laplace mixture sampling density foy = fox * f- having an a-Sobolev regular mixing
density fox with exponentially decaying tails.

LEMMA S7.1. Let f. be the standard Laplace density. Let fox be a density satisfying
Assumption 4.3 with t > 1, Assumption 4.4 for some o > 0 and Assumption 4.5. For o > 0
small enough, there exist a constant Ay > 0 and a discrete probability measure on [—ay, as|,
with a, := Ag|log o|'/%, having at most N = O((a, /o)|log o|'/?) support points, such that,
for fy = (¢o * ) * fe and foy = fox * fe,

Qo

e
du(fy, fov) S (TUOCH
0

as soon as pox ({x €R: |x| <agp}) > dg for some 0 < ag < a, and 0 < oy < 1.

PROOF. Reasoning as in Lemma S4.2, for ag and dg as in the statement, d%l( fy, for) <
2(e% /60)|lgy — goy |3, where gy := U fy and goy := U foy, with U defined in (S4.1). Note
that (el'l/2fox) € L'(R) N L?(R) by Assumption 4.3. Also, gy, goy € L'(R) N L*(R) so
that, not only are the corresponding Fourier transforms gy, goy well-defined, but ||gy||3 =
(2m) 7|9y 1|3 and ||goy || = (27) Y| Goy ||3. In order to bound || gy — goy ||3, some definitions
and preliminary facts are exposed. For T > [(« + 2) /9], with ¥ € (0, 1), we define the set
E,:={z €R: fox(z) > o'} The tail condition on fyx of Assumption 4.3 implies that
E, C{z €R: |z| < Ag|logo|'/*} for some Ag > 0. Note that Ay can be chosen arbitrarily
large by choosing T large enough because Ay is proportional to [T'/(1 + Cp)]'/*. Set By :=
Jelfox (2)]' 7 dz < oo, then

(S7.1) pox (ES) < Boo'T' < 00 F2
by definition of 7T". For b = :F% and g, ; as defined in (S6.8), we introduce the densities

A e fOX + 9b,0 Bb,aﬂEa
Fipg = 20X o g
|l fox + 9b.0

1 1hole, |1

Note that these functions are well-defined because, for o small enough, 1 < || fox + gb.o|l1 <
2 in virtue of inequality (S6.11) in Lemma S6.3 and § < ||y o 15, ||1 < 1 as detailed in (S7.5)
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below. We consider the decomposition

lgoy —gvl3S D e {[fox = ¢o * (Tmpofox)] * f33

b=F1/2

+ 3 e {0 * [(Trmpofox) — (fox + goo)] * f I3

b=7F1/2

+ > e {0 * [(fox + gbo) — ool * £33

b=F1/2

+ > e {60 * [hoo — (oL, /oL, 1)) * f}I13

b=7F1/2

+ > e {60 * (Ao le, /o Le,ll) — nul * f313

b=F1/2
5
=3
r=1
We show that all terms V7, ..., V5 are of the order 0(02(0‘+2) ). By inequality (4.8) of Lemma
4.1, we have V; < g2(e+2),

Study of the term V3
We recall that g,(t) := [1 — ¢Z(t)], with ¢y (t) := — (2t + ), t € R, and

m— 1 L 2k
Z 2/2 > <2]k) (=b)** 7 (hop * D’ Hs).
k 7=0

As in Lemma 4.1, for constants 0 < c5, ¢, < 1, we take 6 := cso and h := ¢, |logo|~1/2. We
write

et {cba * [(Mox(b)e_b'vhm,b,a + %fox) ﬂAg,a} * fe}

as

MOX(b){[eb.(gba * fs)] * [(’th,b,a + %Bﬂ,b) ]lAﬁ,a] }

so that, using the definition of g;, , in (56.8), we have

Vo= Z Heb'{% * [MOX(b)eib.’Yhm,b,a]lAgya + %fOXﬂAgﬁ} * fa}Hz

b=F1/2

|6 2’¢bt /2’2 5
< D Mix(0) / TalE \F{2vhm b0 + hopLag Y (1) dt
b F1/2 Qb
z My (0)([Vhmpolag I+ [Roplag_[1)?,
b=7F1/2

where we have used the facts that

IF{2Yhm b0 + hoplLag Moo < 207 Pmpola;

1+ ||BO,bﬂAg,a

il

and
o2y (t)%/2)2
e o1
()2 14+t




WASSERSTEIN CONVERGENCE IN DECONVOLUTION MODELS: SUPPLEMENT S27

Finally, using the inequalities in (S6.10) of Lemma S6.3, we obtain that

Va < o2k < O.2(a+2)'
Study of the term V3

By the inequalities in (S6.10) and (S6.11) of Lemma S6.3, noting that || F{hg} | < 1, we
have

Vs= 72 (1 - Hf0X+91w”1> le” [P0 * (fox + gbo) * fe]ll3

b=F1/2

o20R M2 |€ wat)m | F{h 24 | Fivh 121 dt
Z ox ( [F{hop} @1 + | F{vhmpot ()]

b=F1/2 |Qb

Recalling that, by inequality (S6.3), we have |F{D’Hs}(t)| < [t]|F{H}(t)| < |t)7, 7 =
0, ..., 2k, we find that

|€ o2y () /2|2 m-l o?/4 o 2(t2—{—1/4)]2k B )
a7 O OP S Y e [ g o0

S fox)IB S e fox|If < oo,
which implies that

Vs < g2vR < O_2(a+2).
Study of the term V,

Taking into account that || fox + gp,»||1 > 1 (see (S6.11) of Lemma S6.3), we have that

is Y (ool

b=F1/2

x [le” {¢o * (Ao LE, /IlhboLE, lI1) * f} 3

e {0 * (hoole;) * £}13)

‘e o2y (t)2 /2|2
< ST (fox + o) ns /|f{e oL, /|l e e, 1} (1) dt
b=F1/2

[e7 v /22 /2|2 2
O R e R Pl
b=F1/2 Qb
Note that, by (S7.1),

|(fox + gbo) L Ee

3
LS S0 (B + Mox(®) [ e (@) do

Ay o NES
3B
< 0 9T

T Mox(b) /

e_bxhhm’b,a (z)|dx,
Abyvaé‘;

where, as hereafter shown,

(87.2) / e_bx]'yhm’bja(xﬂ dx < ot?
Abﬁr,-lﬁlEc
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and
(S7.3) | F{e" Ry ol }
It follows that

|oo SUOH_Q-

Vi S 0_219T +02(a+2) S 02(04-5-2).

We prove inequality (S7.2). By Holder’s inequality, Lemma S6.1 with » = 0, Lemma S6.2
and inequality (S7.1), for 7 =0, ..., 2k we have

/ /eb“fgx(x—u)Dng(u)du
Ay oNES |JR

S /
Ay oNES

dx

dx

/R e~ foc (2 — 1) — fox ()] D7 Hy () du

+ </R\DjH5(u)\du> /Ab,c,mEg Jox (z) dx

SCj(S_j-H}/A [Lo({l?) +f0X($)]d$+Co7juox(Ab7UﬁEg)
b, GQEC

. I .
50j5_]+U/A . [fox (z)] Y/ BHA-1/R) (ﬁ((@) dz + (Coj + Cj6 T uox (ES)
m c

1/R

R
(@) ( . (”3)> dl’) [ox (B 4 Co o + Cjo?T I+

SC’j(s*J’JrU ( f
X

Ab UﬂEc

R /R
SJC]'(S*]'JFU /fox(l‘) ( ( )+1> dz gT(=1/R) +COVjO'19T+Cj019T7j+U.
R Jox
Consequently, reasoning as in Lemma S6.3,

/ e_bx|’7hm,b,a(l‘)| dr S O.U+19T(1—1/R) +0_19T+0_v+19T S 0_19T(1—1/R) +O_19T S o_a+2
Ab +NEe¢

by choosing 7" > [(a + 2)R]/[J(R — 1)]. With this choice, the condition 7" > [(a + 2) /¥]
is satisfied. Thus, ||(fox + gb,0)Lee |1 S 2. Inequality (S7.3) follows from the latter in-
equality and from the inequality ||(fox + gb.+)|[1 > 1 in (S6.11) of Lemma S6.3.

Study of the term V5

Recalling that B stands for the bilateral Laplace transform operator, we have

T W2 ) )
s 3 [ s B lne L /e, 1) - Blus Hwn(0) d
b |Qb
F1/2
For M > 0, split the integral domain into |¢| < M and [¢| > M and let the corresponding

terms be denoted by V(l) and V( ). Let wr be a discrete probability measure on E, C
[—as, a,] satisfying, for b= $f the constraints

. R
/ w ppr(du) = / ujbi()du, j=0,...,J—1,
E, 1P 1E, 111

with J = [nea, M| for some ) > 1, together with

hb,o
(S7.4) / e g (du) :/ ebuﬂ du,
E B, lheole, |

o
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where the integral on the right-hand side of (S7.4) is finite because f B ebuﬁb’g(u) du <

Ja € hy o (w)du S Mox (D)[1 + [ Yhmpo(u) du] = Mox (D){1 + 7[1 + O(a*™~V)]} by
relationship (4.9) of Lemma 4.1. Thus,

/ "Ry o (w) du = O(1).
E,

By the lower bound inequality in (S6.11) of Lemma S6.3 and the previously proven fact that
1(fox + gbo)LEe |1 S 0%T2, we have

(S7.5) ootz i =1~y o 1

1 21— ||(fox + gpo)lpe|i 21— 02

Therefore,

1B{ oo L, /1o L, |1} (¥00) oo < [|€7 o 1, |1/ 1o L, |1 5/ " iy (u) du.

o

Then, using Lemma S4.1 with » = .J, by the inequality .J! > (J/e)”,

0 O :
Vi 30 [ Bt L 1) — Bl ()

2, PG
2l M o)
<=2 tov T dt
~ () /0
CL2J M2(J+a)+1 ca- M 2J+1
< M—2(a+2) w0 < Ar—2(a+2) o M2 < M—2(a+2)
~ N2 " " 27-3 ~ J ~

because (ea,M/.J)? 1 M2 < ¢=2/(ogn) pyr2e < 1. Choosing M so that (6 M)? > (2a +
1)|logo|, equivalently, M > o~ '[(2cc + 1)|logo|]'/?, and recalling that |e” ¥i()/2]2 =
O(e=(79%), we have

@ TR ) 2
DY / (Bl e, /o e, 1} = B{u (s (t)* dt
NS VR A0

S e—(O'M)2 / t_4 dt 5 e—(o‘M)2M—3 S O_2a+1M—3 S 0.2(04—1-2).
[t|>M

Therefore,
V:’; g ‘/5(1) + V5(2) g O_2(a+2)‘

Conclude that ||gy — goy |3 < S2°_, V; < 0%(@+2) The assertion follows. O

S8. Proof of Theorem 4.5 on L'-Wasserstein deconvolution in the adaptive case. In
this section, we first report the proof of Theorem 4.5 and then present a lemma (Lemma S8.1)
showing that the bias condition (3.6) of Theorem 3.1 is verified for the distribution function
associated with a Gaussian mixture density.

PROOF OF THEOREM 4.5. Applying Theorem 4.4, we get &, = n~(@+2)/(2a+5) (Jog n)#'
for some ¢’ > 0. Then, reasoning as in the proof of Theorem 4.3, it can be shown that,
for constants ¢, 6, K > 0, condition (S5.1) is satisfied. By Lemma S8.1 below, for 0 <
hy/(2a+1)|logh| < o < 1, we have ||bg, (h)||1 < h®*L. For ¢ > 0, replace h with h,, =
[€,(logn)9)'/(@F2) = p=1/(a45) (Jog n)(a+¢")/(@+2)  From the proof of Theorem 4.4, over
the sieve set &, we have o > g, = n~'/(22+5) (logn)?" for some ¢’ > 0. We can choose
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¢’ so that oy, > hny/(2cc + 1)|log hy|, that is, ¢’ > [(¢ + ¢') /(o + 2) + 3]. Then, for every
px € Py, wehave ||br, (hy)|]1 < hdT as prescribed by condition (3.6) of Theorem 3.1 and
the proof is complete. O

The following lemma assesses the order of the bias of the distribution function associated
with a Gaussian mixture, where the mixing distribution is any probability measure on R
and the scale parameter is bounded below by a multiple of the kernel bandwidth h, times a
logarithmic factor. It shows that, when d = 1, condition (3.6) of Theorem 3.1 is verified for a
universal positive constant C'.

LEMMA S8.1. Let Fx be the distribution function of ux = ¢s * g, with o > 0 and
pr € P(R). Let K € L'(R) N L*(R) be symmertric, with [, |z||K(z)|dz < 0o and Ke
LY (R) such that K=1lon [—1, 1]. Then, there exists a constant Cy > 0, depending only on
K, such that, for a >0, 0 < h <1 and h\/(2a + 1)|logh| < o < 1, we have

||FX —FX *KhHl S Clha—H.

PROOF. Defined the function f(t) := [1 — K (ht)][¢(ct) /1], t € R, since ¢ — fig (t)f(t)
is in L'(R), arguing as for G j, in [7], pp. 251-252, we have
1

bry(h)|1=|Fx — Fx * Kp|[1 = —
e )l = I1Fx = P Kl = [ |5

/t ) (1) dt| do
>

= |z < F < —= (1713 + 17192,

€
V2
see, e.g., [2], p. 1031, for the last inequality. Using the fact that || K ||o < ||K]|1 < 0o, we
have || (I3 < 6(v20/h)(1 + | K[1)* [jyoy /2 dt = 2(1 + || K [}1)*he™ (/)" < p2leth),
Besides,

f) = - {hK @ (ht) + <1 + 02t> 1-K (ht)]} ‘2’(;‘”

Since K € L*(R) and zK(z) € L'(R) imply that K is continuously differentiable with
KW ()| — 0, as |t| — oo, so that K1) € Cy(R), we have

]1[71’1}c(ht), tER

N —(o/h)? h2 2 2
1F D)2 < 267" I KOS+ L+ 1K 1)? | dt
lt>1/n Lt t

+ 40t (1 + ||K||1)2/ e (D 4t
[t|>1/h

5 (hZ +O_2)h67(a/h)2 ,S hef(a'/h)2 S h2(a+1)‘

The assertion follows for a suitable constant C'; > 0 depending only on the kernel K. O

REMARK S8.1. Due to the exponentially decaying tails of the Gaussian density and to
a suitable choice of the scale parameter o greater than or equal to a multiple of the kernel
bandwidth h, times a logarithmic factor, a different argument from that used in the proof of
Theorem 3.1 for the case when the smoothness Assumption 3.2 on pox holds is employed to
bound the bias of the distribution function F'x associated with pux = ¢, * pp.
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S9. Proof of Theorem 5.1 on lower bounds for L!-Wasserstein deconvolution on R<.

PROOF. We distinguish the cases where d =1 and d > 2.

e Cased=1

The proof develops along the lines of Theorem 3 in [8], pp. 281-285, and of Theorem 4.1 in
[71, pp. 246-248. It uses intermediate results from [10], pp. 1267-1271, from Theorem 1 in
[5], pp. 577 and 590-594, and from Theorem 2.10 in [6], p. 10 and pp. 34-36.

We consider mixing distributions belonging to the class D; = P (R, M) N S(a, L). We
begin by defining a finite family of Lebesgue absolutely continuous probability measures on
R, with first moments uniformly bounded by M, whose densities belong to S(«, L). For
1<r< %, we define the density

(S9.1) for(@)=Cr(1+2%)7", zeR,
where C; > 0 is the normalizing constant. Let H (-) be the kernel function on R defined in
[10], p. 1268, which is such that

o HU) i 1s real, bounded and continuous for j =0, 1, 2,

« R H d:c—()andfO |HD (z)|dz > 0, where H(- := [*  H(u)duis a primi-
tive of H,

o ford >3, |H(z)|<c(l4+2%) 7%, z€R,

« H(t)=0, |t| ¢ [1, 2], hence, also H(t) = HA)(t) =0, |t| ¢ [1, 2].
Let by, := ([n'/R+A)+1]] v 1), where [] denotes here the integer part. For 8 € {0, 1}’ and
C>0,let

br,
(89.2) fo(x) = for(x) + Cb,* Y " O0H(bu(z — 250)), zER,

s=1

where x; , := (s — 1) /by, s € [by]. Defined the measure g having Lebesgue density fo,
which, with abuse of notation here and later in the proof, we write as the product of the
density and the Lebesgue measure, that is, pg := fg dA, we show that

{no: 0 €{0,1}} CD;.

The function fg is a density

Since fo, is a density and [, H(x)dxz =0, we have [, fo(x)dz = 1. To ensure that fg >0,
it is sufﬁc1ent to show that | fg — fo,| < fo,r. In fact, by Lemma 7 in [11], pp. 1923-1924,

since § > 3 5> (rv ) there exists a constant C' > 0 such that, for n large enough, we have

bn
Fort @) fo(@) = for ()| = CCT (1 4+2%) b, Y~ 05| H(ba( — 25,0))| < CC; ' T < 1.

s=1
The probability measure g € P1(R, M)
We define the probability measure fi, := fo,d\. Since r > 1, we have Mi(ug,) :=
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Jg || for(x) dz < co. Since & > 1, for n large enough,

M, (19) = / 2] fo ) d
b,
g/R\x]fojr(x)dx—i—Cb;a;/RMHH(bn(x—x&n))]dx

b
_ - 1 |ul
< My (o) + eCb, D'y /<+x3n) du

b
(o 1 n
:Ml(,uz(),r)‘i‘CCbn( +1)/R(1_'_u2)5 <U‘ +Z$s,n> du
s=1

lu| +1
<M —_
1(#0,7’)‘1'/R(1+u2>6

Thus, pg € P1(R, M) for every M > M, 5.

dz =: My, 5 < 00.

The density fg € S(a, L)

By Lemma 4 in [5], p. 590, we have fo,r(t) =exp (—[t|*71),t € R, where 0 < (2r —1) < 2.
Let Lo o := 5 (1+t*)| for(t)|* dt < co. Since H(t)=0,t¢ 1, 2], for n large enough,

/(1+t2)0‘]f9(t)|2dt§ 2/(1+t2)°‘[|f0,r(t)|2+02b;2<°‘+1/2)|1f[(t/bn)|2} dt
R R

< 2[Loa + C?b, (44 b,%) | H|13)
< 2[Loya +5%C?|H||3] =: Lo.
Thus, fg € S(a, L) for every L > Ly.

The rest of the proof proceeds along the lines of Theorem 3 in [8], pp. 281-285. Therefore,
we only sketch it. Let /i, be an estimator of x based on the sample Yy = (Y1,...,Y,). Let
0 be a random vector whose components are i.i.d. Bernoulli random variables 61, ..., 0, ,
with P(§; = 1) = P(f; = 0) = &, s € [b,]. Recalling that a superscript n in the expected
value indicates expectation with respect to the n-fold product probability measure specified
in the subscript, which may change from line to line, we have

sup E{, . \Wi(fin, p) > sup Ep, . \Wi(iin, pie)
LeD, () 0ef0.1)0n (Ho*pe)

>11’1f sup E¢ * Wl(:u’Th :U’G)
i 02{0,1}0n (mo*pic)

> ipré]E(/L@*Hs)Wl (/ina /’Lé)

n

it [ gl (o) — Fyla) do,

Hp

where the infimum is taken over all estimators fi,, of jg, and F,, Fp are the distribution
functions of [i,,, Iy, respectively.
For 0 € {0, 1} and s € [b,], we define the densities

f@,s,u = f(91,---,9571,u,95+1,---,9bn)’ u= 0’ 1’
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and let pg s := fo.5,u A\, u =0, 1, be the corresponding probability measures on R. Let
hes,., be the density of the convolution ig s 4, * fte, u =0, 1. Using a standard randomization
argument, it can be shown that there exists a constant C'; > 0 such that, for n large enough,

1

sup ., Wi(jin, 1) > Caby +) / [HED (@) da 2 (o) o481,

ueD, e 0
rovided that E;[(1 — x2(hs _: ha 2)2"] is bounded below by a constant, where the

p o X" \Ng 515 g 5 0 y

x2-divergence from a density h; to a density hg on R is defined as

o oy [ [h(x) = ho(x)]? .
X (ha; ho)—/R o (@) dz.

Using standard arguments from [10] (see the proof of Theorem 5, pp. 1269-1271), under
assumption (5.1), it can be shown that there exists a constant Co > 0 so that, for each 8 €
{0, 1}%» and s € [b,], we have x2(hgs1; hoso) < Cyby, 2e+A)+] < n~! for sufficiently
large n.

1/2

We show that also the sequence n~ /< is a lower bound on sup,ep, E?M*Ms)wl (fin, ).

Taking a,, := ([n'/?] v 1), where [-] denotes the integer part, and replacing the function in
(9.2) with

fo(z) := for(z)+ Ca,f@H(x), zeR, 0e€{0,1},

all previous steps go through and we find that there exists a constant C's > 0 so that, for n
large enough,
sup EP Wi (fin, p) > Cza, ' > n~1/?

* =
eD, (pxpee)

and x2(f1 * pe; fo* pe) < a,,? <n~t. Combining the two previously obtained lower bounds,
we conclude that, for n large enough,

n

at1)/2(a+8)+1] , —1/2y _  —(a+1)/[2a+(28V1)+1
(pse) )/ Rle+B)+1] 1y =1/2y — p=(at1)/Rat(28VI)+1]

sup E Wi (fin, 1) = max{n

neD,

which completes the proof for the case d = 1.

e Cased>?2
We define the d X d matrix

T
A= ((1) %d—l) ’
where I;_; is the identity matrix of size (d— 1), the row vector 17 has all the (d — 1) elements
equal to 1 and the column vector O has all the (d — 1) entries equal to 0. The matrix A is
invertible and, being upper triangular, the determinant is equal to the product of the entries
on the main diagonal; therefore, det(A) = 1.
For each i € [n], we consider the following transformation of the observation Y;:

Z;:=AY;=A(X; +¢&;)=AX; + Ae;.
Set the position 7); := Ae;, the column vector 7; has elements

d
ik, forj=1,
T’i»j = k=1

Eij forj=2,...,d.
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The random variables 11 1, ..., 1,1 are i.i.d. according to the d-fold convolution ,u:d of the
error probability measure ., that is,

/’L’Vh',l = lu‘:d7 i€ [TL}
We show that condition (5.1) implies that, for each | =0, 1, 2,
(59.3) A OIS A+ )7, e,

By condition (5.1) with [ = 0, recalling the convention /17(7??1 = fly, ,» W€ have

i ()] = 1A @) S A+ [t) 7, teR.
By the same condition with [ =1,
A5, 0] = dia:O1*HAD O] S L+ [H) "D, teR,
and with [ = 2,
a2, (0] = d(d = 1)[a= ()] [0 (0] + dlae (8)] 1 2 (1))
S (1) TP+ 1) 720 4 (14 1) D (14 ) "0+
S+ J¢))~B4D teR.

This proves inequality (S9.3).

We make a preliminary remark for bounding below the supremum of the L'-Wasserstein
risk. For a random vector X in R? with distribution z € P;(R%, M), we denote by p* the
distribution of the transformation AX, which is the image measure of y by A. Let [i,, be
any estimator of . based on the observations Y™ = (Y1, ..., Y,). We denote by /i the
corresponding estimator of p®, which is a function of Z(") := (Z;, ..., Z,,), where Z; =
AY;, i € [n]. Then,

Wi(p®, A= inf / |z — 2| 7(dz, dZ’)
Tel(ah, u?) JRd xRd
= inf / |Ay — Ay'|y(dy, dy’)
YEL (fin, 1) J R xRE
= it [ A=)y, ) < AW G 0
YEL (fin, 1) JRA xRE
where |A| := (Zle 2?21 a,fj)l/2 =+/2d — 1 > 1. Therefore,
(S9.4) | AW (fin, 1) > Wi (i, i)

We study the supremum of the L'-Wasserstein risk over the class Dy = P1(R%, M) N
S4(a, L). We begin by defining a finite family of Lebesgue absolutely continuous probability
measures on R?, with first moments uniformly bounded by M, whose densities belong to
Si(a, L). Let by, := ([n!/ReF8)+1] v 1), where [-] denotes the integer part. Let fy, be
the density defined in (S9.1) and pio = fo, dA the corresponding probability measure. For
0 < {0, 1}%, let g = fod\ be the probability measure corresponding to the density fg
defined in (S9.2). We introduce the product probability measure on R¢

8 =10 ® pg Y = (fodN) @ (for dN) © ... ® (fo, dN),
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having Lebesgue density f2* (%) = fo(i1) x H?:g for(Z), x € RY. We define fig to be the
distribution of X := A~'X, when X ~ fi5 - In other words, jig has density fo(x) = f&*(Ax),
x € R?. We show that

{ﬂg : 0 € {0, 1}b"} CDy.

The probability measure fig € P1(R%, M)

Taking into account that the Euclidean norm of any vector is bounded by its 1-norm, that is,
x| < Z?Zl ||, for n large enough,

d
Mi(jig) < |AT M (jig) < |ATY | Mi(ug) + ) Mi(poy) | = Mo < o0
j=2

by the same arguments laid down for the case d = 1. Thus, jig € Py (R9, M) for every
M > MO,T,(s-

The density fo € Sq(c, L)

Note that fg(t) = féA(t - A~1). By arguments similar to those exposed for the case d = 1, for
a suitable constant Iy, when n is large enough,

Z/ |fa(t) 21+5)° dt—Z/ IfAG- A7) Y(1+t5)*dt
rfé*a CATD(1 4 [t2) dt
<d|A|2‘“/ IFA )21+ [t2)~d

Sdfo|A|2a< / Fo(t) P+ B dty

+Z/|f0r 21+ )~ dt >=1L0~

Therefo&e, there exists a finite constant Lo > 0 such that Z’j:l Jga | fg(t)‘Q(l + t?)a dt < L.
Hence, fg € Sy(a, L) for every L > Ly.

Let 6 be a random vector whose components are i.i.d. Bernoulli random variables
01, ..., 0, with P(,=1) = P(§, = 0) = € [by]. By the inequality in (S9.4), for any
estimator fin, that is a measurable function of the observations Z(™ from (R%)" into the set
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2 (R%) of probability measures on R?, we have

|A| sup B\ o0 Wi(fin, p) > |A| sup EP

* Wl(/lna /]0)
€Dy 010, 1}t (Ro*ue?)

(o

> sup Ef oo Wiliy, fig)

0c{0,1}bn

> sup E(ue*u )W1((/fb£‘)17 (iig))
0c{0,1}bn

>inf sup K@ e )Wl(ﬁn7 (fi6')1)
fin 0e{0,1}bn

> 1;1fIE E( d)Wl(,am (ﬁg)l)

~int /R EGEL, oo [Frlx) = Faa), (@) de,

where F}, is the distribution function associated with [ir, and Fi A) is the distribution func-

tion associated with (f fig 41, which is the marginal distribution of 2 5 on the first coordinate,
that is, the probability measure 15 on R with density

b,
Fo() = for() + Cb™ Y 0sH (bu(- — 25.0))-
s=1

For each 0 € {0, 1} and s € [b,], we define the densities
Jo.5 =T 01,0, s10001,00,) w=0,1,

and let fig sy 1= fg s ud)\ u = 0, 1, be the corresponding probability measures on R,
where \¢ denotes Lebesgue measure on R<. For any x € [sn, Tst1n), taking the expec-
tation with respect to 0, and using the subscript 0 \ s to denote the expected value with

respect to the remaining components (01, ceny Os-1, 0541, .. an) of the vector 0 we have
EGE, o0 Fn(@) — Fa, (2)]
1 ! .
=586\ [ZE% ey (@) = F(ugs,u)l(ﬂ?)}
u=0
1
Z §Eé\s Rd... Rd|F(‘a9A 0)1(1}) *F(peA 1)1(I)|

_ 1b (a+1)‘H( 1)(b (x—ﬁs,n))’

XE0\5|:/ /mln{H f‘svs(wkfm1 %i1) ,H fosl*fnn (zi71)}d2171...dzn71}
=1 i=1

1 (o 2n

Z +1 ‘H b (x_xs’n))‘ X Eé\5[<1 o §X2(fé,s,1 *f771‘1; fé,s,O*fU1,1)> :|

because of the following facts:
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s foreach 8 € {0, 1}* and s € [b,,],

" (oso — fosn)(w)du

—a /g; H(bp(u—zs5))du

— (jb;(owrl) }H(—l)(bn(ﬂj —Zon)) ‘;

’F(ﬂ“’A’SvO)l (x) o F(ﬁeA,s,1)1 (x)‘ - Cb;a

* foreach 6 € {0, 1}”" and u = 0, 1, the random variables 21 1, ..., 2, 1 arei.i.d. according
to the probability measure

((ﬁ@,s,u * F‘?d)A)l = ((ﬁG,S,U)A)l * ((N?d)A)l = HO,s,u * Hny 1y

where 19 5, has been defined in the case d = 1;

* by standard arguments (see, e.g., Theorem 3 of [8], p. 283), for each 8 € {0, 1}’ and
s € [bn],

/R- : ./Rmin { H (fo,5,0 * frns) (2i1), H (fo,s1 * fm,l)(zm)} dzip...dzg
i—1

i=1

> (1= 5o * Fonsi fown* 1))

By the same arguments as in [10], p. 1270, with the error density being ordinary smooth of
order d (instead of order ) and under condition (S9.3), we get that there exists a constant
¢ > 0 such that, for every 8 € {0, 1}» and s € [b,,], for n large enough,

X2 (fe,s,l * f771,1; fe,S,O * f771,1) < Cb'r_L[Q(aJrﬁd)Jrl} S n_l

Thus, for a suitable constant C’ > 0, for sufficiently large n,

\A[ﬂs;%) E< e d)Wl(un, ,u)Ziélnf/E E(ue*u )\Fn( x) — F(u (x)|dx
n x+1n
> (b et Z/ (bn(z — )| d
=C', a“/ |H Y (2)] da

>0 (a+1)/[2(a+Bd)+1]

because fol |HY(z)|dz > 0 by assumption.

To show that also the sequence n~'/2 is a lower bound on sup,ep, E7! ®d)W1 (fin, ),

(e
we can reason as for the case d = 1. Combining the two lower bounds, we get

sup E(

®d)W1(/~Lna )>max{n (a+1)/[2(a+,8d)+1 —1/2} —(a+1)/[2a+(2B8dV1)+1]
nE€Dy

g
and the proof is complete. O
S10. Proof of Theorem 5.2 and related results. In Section S10.1, we present the proof

of Theorem 5.2, while, in Section S10.2, we report the details of some intermediate steps of
the proof.
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S10.1. Proof of Theorem 5.2. We first note that
- F

sup || Hox. 1 +0(n71?).

veSd—1

~F,

1n,v n,v 0X,v

1< sup ||[Fj
veSd—1

Then, by inequality (2.2) and Theorem 3.1 with 8 > 1 and any sequence h,, — 0,
Wi(fitn, pox) < CaWi(fitn, fox)

=Cq sup ||Fg,,, —F

2 1n,v Hox,v
vesd-1

1
S Sup HFﬂn,v - F,Moxn,”l + n_1/2
VESd_l

Shot+ sup ||y, — Fupy 10712
veSd—1

+ (logn) sup (hnﬁlh"()Jr1 H

d—1
ves jel;, (v)

05121 fay. — fuoy‘vnl) .

We now bound || fz,. . — fuoy.|l1 uniformly in v. In [5], the authors control the errors in
the L2-distance. Therefore, we need to control the above term differently. For every v, with
Gy, := v/n(P,, — Pyy) the empirical process, we have

1
”fﬁyﬂ,,v - f,uoy‘le S % |:/R <

/ e figy (tv)[1 — K2 (tv))] dt‘
R

3 R G (eztv-Y)
wtx K@d n )
/]Re b ) vn & > dx]

We denote the first integral by Bj(v) and the second one by By(v). In Section S10.2, we
show that

_.|_

201, ()| L 0 (logn)3/2
(S10.1) Bi(v) <by, 0y and E [ sup Bg(v)] S—
je};[(v) ’ " Luest nbn

Since 8 = 2, choosing h,, = b, = [n/(logn)?]~ /(441 the bounds in (S10.1) imply that

sup <bn2lbn( )+1 H v]szﬂyn,v — fuoy. 1) <b,+ \/(fgn)
veSa—1 jEIgn (v) -

< [n/(log )] /(D).

The bound on sup, cga-1 || Fiiy,,, — Floy..|[1 Proceeds similarly noting that

1 (v e
F,z,,n,v(y):% / / e " Kgid(tv)gbn(tv) dtdz

—aitx d itv-Y
Floy( 27rf/ / K2 tv)Gr (e™Y) dt da

e K3 ) 1]

oy (tv) dt
T -y fioy (tv) dt,
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so that

< L K2 (tv) — 1]
J Vi) = P g < o [ | [ el

e_ﬁy | -~ fioy (tv) dt‘ dy

—zth®d tV ( ztv-Y) dtdz

dy

=: B1(v) + Bg(v).
The first term By (v) is similar to By (v), therefore
Bi(v) Sby

uniformly in v € S*!. We now study the term Bs(v ) following the control of Ba(v) in
Section S10.2 below. First note that By (v) = (27rf YR IGA([? gon(Y)d)|dy, where

the function g, ,(Y) is defined in (510.2). Set G, (Y) : ffoo gzv(Y)dz, y € R, write

- (/Zﬁ /f) |G (Gy(Y)) | dy.

We only study the case where y < 0 because the case y > 0 can be treated similarly. Without
loss of generality, we assume that v; > 0 for all j € Jj(v). Since

gen(Y)=(027) ® Kpo,(x—v-Y), z€R,
JET5 (V)

we have
y—v-Y

Y
Gy (V)| < / ® |Kpo (@ —v-Y)|de= / ®  |Kpo,(u)du

—oc0 jEJ; (V) -0 jEJF(v)

SP Z bpv; Z; <y—v-Y
J€J3(v)
< D Pz <+ Y[/ (dbn)),
J€J3(v)
where the Z;’s are i.i.d. random variables with density |K|/||K||;. Hence, for all k > 1,
defined vy := minje[d] , we have

Gy (Y) < Ly<(2)v)in-1)dP (Z1 < y/(2dbaVmin)) + dL(0>y> (~2)j¥]A-1))

S 1(y§—1)<bn/’y‘)k_1 + 1 (1<y<0)s
which implies that

Eoy (Gyw(Y)?) < L(y<_1)(b /) 2F Y + L—1<y<0)-
Using Lemma 19.36 of [23], p. 268, jointly with the computations of the integrated bracketing

entropy in Section S10.2,
_ 1
Efy ( sup B2(v)> KV ogn
vesd—1 n

sup ||Fﬂ\/n,v - F/J«OY,VHl g bn7
vesd—1

This implies that

which concludes the proof. O
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S10.2. Proof of the bounds (S10.1) on B1(v) and Ba(v). We begin to prove the bound
on Bi(v).
e Bound on Bi(v)
Forv e R?, let ay(z) := (2m) 7" [, e " figy (tv)[1 — Klfid(tv)] dt, = € R. Using the inequal-
ity [lav||? < |lav]|2 x ||€L\(,1)H2, see, e.g., (4.4) in [2], p. 1030, we have

< (o ()1~ K24())

B < oy (V1 = KZellle % | &

2
Note that
1= K2 < D 11— K(bntvg)] < dL g, vfw) )
JeJi(v)
and
d <ﬂoy(tv)[1 - R’®d(tV)]>’ < Le2ulvlie) )
d . A t|v?
X || g fox (V)| + 2liox (V)] D o
JET; (V) J
1 Vi) -1 d
< e <'dtﬂox(tv) +\ﬂ0x(tV)|>~

~ 174
[Tj—1 [+ 3/ (bnllv]io)?]
By assumption (5.2), recalling inequality (2), we have

1

4. 2
5 —fipx (tv) dt:/$2luox,v(ﬂ?)|2dw S/ x| fox (x) dx = Ma(pox) < o0.
T R dt R Rd

Combining previous bounds and recalling that I;; (v) = {j € [d] : [vj| > b, }, we obtain that

Mo (pox)]M? + ||frox (-v 217 (v _
Bl(V)S[ 2(pox)] liox (Vll2 2115, T o2

d ~Y
T3+ 03/ Gallv])?) e
e Bound on Ba(v)
Set
(510.2) Gon(Y) = /]R e RPN tv) dt, z €R,
we have

1
Bav) = 3= [ Gulans (V)] o
We now control Efy [sup,csi-1 |Gr (g (Y))|]. Let Go(2) := {gun(Y) : v € ST We use

Lemma 19.36 of [23], p. 288. Since ||v||oo > 1/d forall v € S9!, we have |g, v (Y)| < 2d/by,.
We bound Egy [g.v(Y)?]. We have

2d
Eoy [g2 (Y)?] < b/ ® Kb, (=) fovy(y)dy
n Jr jed;w)

2d J* 2d
<l ovalloo KNV < SR sup | fovlloo =: 6.
n n veSd—t
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For |vi — va| < Tb2e, with 7 € (0, 1), we have
1923, (Y) = gz, (Y)] < Tbif/ 1Y 1 2jej<apn, dt < 7e[Y]d®.
R

Using that Egy [|Y|?] < 00, a d,,-bracketing covering of G, is obtained by an (7b2€)-covering
of S¥1 choosing T accordingly. Hence,

T (6> Gn(@), LX(Poy)) S wog (1/60) + 1081/ de S /logndn < 1127,

which in turn implies that

1 n Ry, +/logn
1 Eoy[sup |Gn<gx,v<v>>|] do < Fnvlog
\/ﬁ |[z|<R, veSd—1t Vb,

We study f|z‘>Rn |G (g (Y))|dz. Consider the event 2, = {|Y;| < R,,/2, i € [n]}. Then,
|z —v-Y;| >|z|/2 when || > R,,, and, for all & > 1,

1 dk
v Yi _ —t(xz—v-Y;) K®d / —t(z—v-Y;) 4 K®d
9o(Yi) /Re (tv) dt = 2oz —v-Y)IF Jr ¢ dtk (tv) dt

so that, since K is k-times continuously differentiable and each derivative is equal to 0 on
the boundary of its support,
1

T,V Yz S .

Also, on §2,,,
Gn(gen(Y)) = Gnlgan (V) L(vi<izl/2) = VIEoY [g2n (Y) Ly |5 (2)/2)]

and, for |z| > R,,, with the abuse of notation ¢z := (ca A 1),

\F —|z \/ﬁ —cal|z
VIEoy (198 (V) Lvis /2] S Y [Pox (1X] > |l /4) + e7lel/4] Y emealal/t

~ b, ~ b,
Therefore, on §2,,,
n —Calip
sup / |Gn(gzv(Y))|dz S sup / Gn(ngv(Y)ll|y|§Rn/2)]dx+\bre R./4
vesi—1 J|z|>R, veSi—t J|z|>R n

Using the above construction of a covering of G,,(x) with the upper bounds, for |z| > R,

1 1
Y)1 < d Y)1 <
1922 (Y)Liy|<r, 2llo0 S ol 192v(Y)Ljv|<r, 2ll2 S bl

we obtain

2/(bn || 1
J1(2d/bn, Gul), L (Poy)) S / Viog(1/bn) +log(1/e) 4 de 5 ﬂ
0 n

so that

logn
Er sup |Gy (gzv(Y)1 dz ,
[ B | e (Clona ), | s B

which implies that

1 Vlogn n _.
— Efy [ngn sup |Gn<gx,v<v>>|] dog —YIBR | VI curot
\/ﬁ |z|>R., veSd—1 \Fb R bn
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We also bound
1

e B [1os s [Gulgen(V)] d
T|> 1R,

veSd—1

< 2Egy | 1o sup /| . /R e VY K (v dt | dw
x| >y,

veSd—1

By symmetry of K, that is, K (-) = K(—-), if v; # 0, we have

/Reztbnv_,mf{(t) dt — K(z/(bn|vj|)) =: Ky, v, (7).

b
(bn|vjl)

Therefore,

/e‘lt(m_V’Y)Kgd(tv)dt‘: ® Kp(@—vY)< @ [Kpo(z—v-Y)
R JjeJi(v) JjeJi(v)

We thus obtain
1

i [ Ee 195 s [GulaenV)] d
T[>y

vesd—1

d
<28y 10, swp | & Koo | < 2R3 @K
vesiTt =

Since Py (Q5) < e fin/4 4 Pyx (IX| > |x]/4) < e=¢2fn/4 (assuming without loss of gener-
ality that ¢ < 1), by choosing R,, = Rylogn, with Ry large enough, we get that

< Bnvlogn n 2\/56_62&/4 < (logn)3/?

sup Ba(v) S ,

veSd-—t 2( ) nby br, nby

which concludes the proof. O
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