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2Università di Verona catia.scricciolo@univr.it

This supplement contains auxiliary results and the proofs of Theorems
4.2, 4.3, 4.4, 4.5, 5.1, 5.2 and of Corollary 4.1 of the main document [20].

S1. Lemmas for Theorem 3.1 on the inversion inequality. In this section, we provide
three lemmas that are used to prove Theorem 3.1. In Lemma S1.1, we bound the L1-norm
of the function K1,h that arises when controlling the term T1 in the proof of Theorem 3.1; in
Lemma S1.2, we give the order, in terms of the kernel bandwidth h, of the L1-norm of the
“distribution function” F2,h,v associated with the inverse Fourier transform K2,h,v of w2,h,v

defined in (S1.1) below; in Lemma S1.3, we control the L1-norm of the “bias” F0X ∗Kh −
F0X .

We first recall some notation. The function χ : R → R is symmetric, continuously dif-
ferentiable, equal to 1 on [−1, 1] and to 0 outside [−2, 2]. The kernel K is defined in
Section 3.1 and has Fourier transform K̂ with compact support. For h > 0, we defined
w1,h(·) := K̂(h·)χ(·)rε(·), with rε as in (3.1) satisfying Assumption 3.1. The function
K1,h(·) := (2π)−1

∫
R e

−ıt·w1,h(t)dt is the inverse Fourier transform of w1,h.

LEMMA S1.1. If the single coordinate error distribution µε satisfies Assumption 3.1 for
some β > 0, then, for sufficiently small h > 0,

∥K1,h∥1 =O(1).

PROOF. Denoted by w
(1)
1,h the derivative of w1,h, we have ∥K1,h∥1 ≤ 2−1/2(∥w1,h∥22 +

∥w(1)
1,h∥

2
2)

1/2, see the proof of Theorem 4.2 in [2], pp. 1030–1031. For h ≤ 1
2 , by condi-

tion (3.2) with l = 0, we have ∥w1,h∥22 ≲
∫
|t|≤2 |K̂(ht)|2|χ(t)|2(1 + |t|)2β dt ≲ ∥χ∥22 <∞

as K̂ is bounded on any compact set. Analogously, since w
(1)
1,h(t) = [hK̂(1)(ht)χ(t) +

K̂(ht)χ(1)(t)]rε(t) + K̂(ht)χ(t)r
(1)
ε (t), t ∈R, using condition (3.2) with l= 1, we have

∥w(1)
1,h∥

2
2 ≲

∫
|t|≤2

[h|K̂(1)(ht)||χ(t)|+ |K̂(ht)||χ(1)(t)|]2(1 + |t|)2β dt

+

∫
|t|≤2

|K̂(ht)|2|χ(t)|2(1 + |t|)2(β−1) dt

≲ ∥χ∥22 + ∥χ(1)∥22 <∞

because also K̂(1) is bounded on any compact set by continuity. The assertion follows.

Let K2,h,v be the inverse Fourier transform of

w2,h,v(t) := K̂⊗d(htv)[1− χ⊗d(tv)]r⊗dε (tv)(S1.1)

=

[
1−

d∏
j=1

χ(tvj)

] d∏
k=1

K̂(htvk)rε(tvk), t ∈R,
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and denote by F2,h,v the “distribution function” of K2,h,v,

F2,h,v(z) :=

∫ z

−∞
K2,h,v(x)dx, z ∈R.

We now bound ∥F2,h,v∥1.

LEMMA S1.2. If the error distribution µ⊗dε , d ≥ 1, has single coordinate probability
measure µε satisfying Assumption 3.1 for some β > 0, then, for h > 0 small enough, defined
for every v ∈ Sd−1 the set I∗h(v) := {j ∈ [d] : |vj |> h}, we have

∥F2,h,v∥1 ≤ C| logh|

×

(
| logh|1(β|I∗h(v)|≤1) + h−β|I

∗
h(v)|+1

∏
j∈I∗h(v)

|vj |β1(β|I∗h(v)|>1)

)
,(S1.2)

where |I∗h(v)| denotes the cardinality of I∗h(v) and the constant C > 0 depends neither on h
nor on v.

PROOF. For v ∈ Sd−1, let J∗
d (v) := {j ∈ [d] : vj ̸= 0}. Note that, for h ≤ minj∈[d] |vj |,

we have ∅ ̸= I∗h(v)⊂ J∗
d (v) because |v|= 1. Also, |1− χ⊗d(tv)| ̸= 0 for all those t ∈ R for

which there exists at least an index j ∈ J∗
d (v) so that |tvj | > 1. Besides, |K̂⊗d(htv)| ̸= 0 if

and only if |tvj | ≤ 1/h for all j ∈ [d] because K̂ is compactly supported on [−1, 1]. Indeed,
K̂ is supported on [−2, 2], but, for ease of exposition and without loss of generality, we can
assume that K̂ has support on [−1, 1]. For h < (1∧minj∈[d] |vj |) and v ∈ Sd−1, let

D0 := ∩j∈[d]{t ∈R : |tvj | ≤ 1/h} ∩ {t ∈R : ∃ j ∈ J∗
d (v) so that |tvj |> 1}

= {t ∈R : ∥v∥−1
∞ < |t| ≤ (h∥v∥∞)−1}

= {t ∈R : 1< (|t|∥v∥∞)≤ h−1},

where 0 < ∥v∥∞ := maxj∈[d] |vj | ≤ 1. Note that D0 depends on h and v, i.e., D0 ≡ D0,h,v,
nevertheless, we shall not emphasize this dependence in what follows and write D0. By the
same arguments used for the function G2,h in [7], pp. 251–252, we have

F2,h,v(z) =
1

2π

∫
R
e−ıtz

w2,h,v(t)

(−ıt)
dt, z ∈R,

where t 7→ [w2,h,v(t)/t] is in L1(R) because
∫
D0
[|w2,h,v(t)|/|t|] dt < ∥w2,h,v∥1 <∞. Con-

sider the integral decomposition

∥F2,h,v∥1 =
(∫

|z|≤h
+

∫
h<|z|≤1

+

∫
|z|>1

)
|F2,h,v(z)|dz =: F

(1)
2 + F

(2)
2 + F

(3)
2 .

We highlight some useful facts to study the terms F (1)
2 , F (2)

2 and F (3)
2 . By condition (3.2)

with l= 0, 1, over the set D0, we have

(S1.3) |r⊗dε (tv)| ≤
∏

j∈J∗
d (v)

(1 + |tvj |)β ≤ (1 +
√
d)β(d−|I∗h(v)|)

∏
j∈I∗h(v)

(1 + |tvj |)β
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because 1 = |v|2 ≤ d∥v∥2∞, which implies that ∥v∥∞ ≥ 1/
√
d, and

|(r⊗dε )(1)(tv)| ≤ |r⊗dε (tv)|
d∑
j=1

|vj |
|r(1)ε (tvj)|
|rε(tvj)|

≤
d∑
j=1

|vj |(1 + |tvj |)β−1
∏
k∈[d]
k ̸=j

(1 + |tvk|)β <
√
d2βd(|t|∥v∥∞)βd.

(S1.4)

We study F (1)
2 . By inequality (S1.3), since K̂ ∈Cb([−1, 1]), we have

F
(1)
2 :=

∫
|z|≤h

|F2,h,v(z)| dz ≤
h

π

∫
D0

|K̂⊗d(htv)||1− χ⊗d(tv)| |r
⊗d
ε (tv)|
|t|

dt

≲ h

∫
D0

1

|t|
∏

j∈I∗h(v)

(1 + |tvj |)β dt.

If d = 1, then v1 = 1 and the above term is bounded by h−β+1. If d > 1, without loss of
generality, we can assume that 1 ≡ v0 ≥ |v1| ≥ . . . ≥ |vdh | > h and, with abuse of notation,
we can write vdh+1 ≡ h, where 1≤ dh := |I∗h(v)| ≤ d. Then,∫

D0

1

|t|
∏

j∈I∗h(v)

(1 + |tvj |)β dt≲ log(1/|v1|) +
dh∑
l=1

l∏
j=1

|vj |β
∫ 1/|vl+1|

1/|vl|
|t|βl−1 dt

≲ | logh|+
dh∑
l=1

1

βl
(|vl+1|−βl − |vl|−βl)

l∏
j=1

|vj |β

≲ | logh|+ h−βdh
dh∏
j=1

|vj |β ≲ h−βdh
dh∏
j=1

|vj |β

so that

F
(1)
2 ≲ h−β|I

∗
h(v)|+1

∏
j∈I∗h(v)

|vj |β.

To bound F (2)
2 and F (3)

2 , note that, by applying identity (6.1) to F2,h,v with j = 1, we have

(S1.5) F2,h,v(z) =
1

2π(ız)

∫
R
e−ıtz

[
d

dt

(
w2,h,v(t)

−ıt

)]
dt, z ∈R \ {0},

where

d

dt

(
w2,h,v(t)

t

)
= h(K̂⊗d)(1)(htv)[1− χ⊗d(tv)]

r⊗dε (tv)

t

−K̂⊗d(htv)

{
(χ⊗d)(1)(tv)

r⊗dε (tv)

t

−[1− χ⊗d(tv)]

(
t(r⊗dε )(1)(tv)− r⊗dε (tv)

t2

)}
,(S1.6)
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with

|(K̂⊗d)(1)(htv)| ≤ |K̂⊗d(htv)|
d∑
j=1

|vj |
|K̂(1)(htvj)|
|K̂(htvj)|

=

d∑
j=1

|vj ||K̂(1)(htvj)|
∏
k∈[d]
k ̸=j

|K̂(htvk)| ≤
√
d∥K∥d−1

1

∫
R
|z||K(z)|dz <∞(S1.7)

because K ∈ L1(R), zK(z) ∈ L1(R) by assumption and

(S1.8) |(χ⊗d)(1)(tv)| ≤
d∑
j=1

|vj ||χ(1)(tvj)|
∏
k∈[d]
k ̸=j

|χ(tvk)| ≤
√
d∥χ(1)∥∞∥χ∥d−1

∞ <∞

since χ ∈Cb([−2, 2]) and χ(1) ∈Cb([−1, 1]c∩ [−2, 2]). The bounds in (S1.7) and (S1.8) are
uniform over Sd−1. We prove below that

∫
D0

∣∣∣∣ ddt
(
w2,h,v(t)

t

)∣∣∣∣ dt≲ | logh|1(β|I∗h(v)|≤1)

+ h−β|I
∗
h(v)|+1

∏
j∈I∗h(v)

|vj |β1(β|I∗h(v)|>1),

(∫
D0

∣∣∣∣ ddt
(
w2,h,v(t)

t

)∣∣∣∣2 dt
)1/2

≲ | logh|1/21(β|I∗h(v)|≤3/2)

+ h−β|I
∗
h(v)|+3/2

∏
j∈I∗h(v)

|vj |β1(β|I∗h(v)|>3/2).

(S1.9)

Then, in virtue of relationship (S1.5), we have

F
(2)
2 ≤ 1

2π

(∫
h<|z|≤1

1

|z|
dz

)∫
D0

∣∣∣∣ ddt
(
w2,h,v(t)

t

)∣∣∣∣ dt
≲ | logh|

(
| logh|1(β|I∗h(v)|≤1) + h−β|I

∗
h(v)|+1

∏
j∈I∗h(v)

|vj |β1(β|I∗h(v)|>1)

)

and

F
(3)
2 ≤ 1

2π

(∫
|z|>1

1

z2
dz

)1/2(∫
D0

∣∣∣∣ ddt
(
w2,h,v(t)

t

)∣∣∣∣2 dt
)1/2

≲ | logh|1/21(β|I∗h(v)|≤3/2) + h−β|I
∗
h(v)|+3/2

∏
j∈I∗h(v)

|vj |β1(β|I∗h(v)|>3/2).
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We prove (S1.9). Using relationships (S1.3), (S1.6), (S1.7) and reasoning as for the term
F

(1)
2 , we get that

S1,1 := h

∫
D0

|(K̂⊗d)(1)(htv)||1− χ⊗d(tv)| |r
⊗d
ε (tv)|
|t|

dt≲ h

∫
D0

1

|t|
∏

j∈I∗h(v)

(1 + |tvj |)β dt

≲ h−βdh+1
dh∏
j=1

|vj |β,

while

S1,2 := h2
∫

D0

|(K̂⊗d)(1)(htv)|2|1− χ⊗d(tv)|2 |r
⊗d
ε (tv)|2

t2
dt

≲ h2
∫

D0

1

t2

∏
j∈I∗h(v)

(1 + |tvj |)2β dt

≲ h2 + h2
dh∑
l=1

l∏
j=1

|vj |2β
∫ 1/|vl+1|

1/|vl|
|t|2(βl−1) dt

≲ h2 + h2
dh∑
l=1

l∏
j=1

|vj |2β
[
log(|vl|/|vl+1|)1(2βl=1)

+
1(2βl ̸=1)

2βl− 1
(|vl+1|−2βl+1 − |vl|−2βl+1)

]

≲ h2 + h2
dh∑
l=1

[
| logh|1(2βl=1) +

1(2βl<1)

1− 2βl
+ h−2βl+11(2βl>1)

2βl− 1

l∏
j=1

|vj |2β
]

≲ h2| logh|+ h−2βdh+3
dh∏
j=1

|vj |2β.

It is easily seen that

S2,1 :=

∫
D0

|K̂⊗d(htv)||(χ⊗d)(1)(tv)| |r
⊗d
ε (tv)|
|t|

dt=O(1)

and

S2,2 :=

∫
D0

|K̂⊗d(htv)|2|(χ⊗d)(1)(tv)|2 |r
⊗d
ε (tv)|2

t2
dt=O(1).
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Using (S1.3) and (S1.4), we have

S3,1 :=

∫
D0

|K̂⊗d(htv)||1− χ⊗d(tv)| |t(r
⊗d
ε )(1)(tv)− r⊗dε (tv)|

t2
dt

≲
∫

D0

(
|(r⊗dε )(1)(tv)|

|t|
+

|r⊗dε (tv)|
t2

)
dt

≲
d∑
j=1

|vj |
∫

D0

1

|t|
(1 + |tvj |)β−1

∏
k∈[d]
k ̸=j

(1 + |tvk|)β dt+
∫

D0

1

t2

∏
j∈I∗h(v)

(1 + |tvj |)β dt

≲ 1 + | logh|+
d∑
j=1

|vj |
dh∑
l=1

∫ 1/|vl+1|

1/|vl|

1

|t|
(1 + |tvj |)β−1

∏
k∈[d]
k ̸=j

(1 + |tvk|)β dt

+

dh∑
l=1

[
| logh|1(βl=1) +

1(βl<1)

1− βl
+ h−βl+11(βl>1)

βl− 1

l∏
j=1

|vj |β
]

≲
dh∑
l=1

l∏
k=1

|vk|β
∫ 1/|vl+1|

1/|vl|
|t|βl−2 dt+ | logh|+ h−βdh+1

dh∏
j=1

|vj |β

≲ | logh|+ h−βdh+1
dh∏
j=1

|vj |β.

Similarly,

S3,2 :=

∫
D0

|K̂⊗d(htv)|2|1− χ⊗d(tv)|2 |t(r
⊗d
ε )(1)(tv)− r⊗dε (tv)|2

t4
dt

≲
∫

D0

(
|(r⊗dε )(1)(tv)|2

t2
+

|r⊗dε (tv)|2

t4

)
dt

≲ 1 + | logh|+
dh∑
l=1

[
| logh|1(2βl=3) +

1(2βl<3)

3− 2βl
+ h−2βl+31(2βl>3)

2βl− 3

l∏
j=1

|vj |2β
]

≲ | logh|+ h−2βdh+3
dh∏
j=1

|vj |2β.

It follows that S1,1+S2,1+S3,1 ≲ | logh|1(βdh≤1)+h
−βdh+1

∏dh
j=1 |vj |β1(βdh>1) and S1,2+

S2,2 + S3,2 ≲ | logh|1(βdh≤3/2) + h−2βdh+3
∏dh
j=1 |vj |2β1(βdh>3/2), thus implying the first

and second bounds in (S1.9), respectively. Inequality (S1.2) follows by combining the bounds
on F (1)

2 , F (2)
2 and F (3)

2 and the proof is complete.

The following lemma assesses the order of magnitude of the bias, in terms of the kernel
bandwidth h, of any distribution function F0X having derivatives up to a certain order, with
locally Hölder continuous derivative of the highest degree. An (⌊α⌋+1)-order kernel is used
when f0X verifies Assumption 3.3.
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LEMMA S1.3. Let F0X be the distribution function of µ0X ∈ P0(R) satisfying Assump-
tion 3.3 for α > 0. Let K be a kernel of order (⌊α⌋+ 1) satisfying

∫
R |z|

α+1|K(z)|dz <∞.
Then, there exists a constant C1 > 0 such that, for every h > 0,

(S1.10) ∥F0X ∗Kh − F0X∥1 ≤C1h
α+1.

PROOF. Let ℓ= ⌊α⌋ be the greatest integer strictly smaller than α. For any x, u ∈ R and
h > 0, by Taylor’s expansion,

F0X(x− hu) = F0X(x)− huf0X(x) + . . . +
(−hu)ℓ+1

ℓ!

∫ 1

0
(1− τ)ℓf

(ℓ)
0X(x− τhu)dτ.

Since K is a kernel of order ℓ+ 1= ⌊α⌋+ 1, we have

(F0X ∗Kh − F0X)(x) =

∫
R
[F0X(x− hu)− F0X(x)]K(u)du

=

∫
R
K(u)

(−hu)ℓ+1

ℓ!

∫ 1

0
(1− τ)ℓ

[
f
(ℓ)
0X(x− τhu)− f

(ℓ)
0X(x)

]
dτ du.

Recalling the notation bF0X
(h) := F0X ∗Kh − F0X , Assumption 3.3 yields that

∥bF0X
(h)∥1 ≤

∫
R

∫
R
|K(u)|(h|u|)

ℓ+1

ℓ!

∫ 1

0
(1− τ)ℓ|f (ℓ)0X(x− τhu)− f

(ℓ)
0X(x)|dτ dudx

≤ hα+1 ∥L0∥1
1

ℓ!

(∫
R
|u|α+1|K(u)|du

)∫ 1

0
(1− τ)ℓτα−ℓ dτ︸ ︷︷ ︸

=:C1>0

.

By the assumptions that L0 ∈ L1(R) and
∫
R |z|

α+1|K(z)|dz <∞, we have that C1 <∞ and
we can conclude that ∥bF0X

(h)∥1 ≤C1h
α+1.

REMARK S1.1. The constant C1 appearing in (S1.10) depends on α, the kernel K and
the function L0 of the density f (ℓ)0X .

S2. Error distribution with unknown scale parameter. The first inversion inequality
presented in Theorem 3.1 goes through to the convolution model where the single coordinate
error distribution is known up to a scale parameter. Consider observations

(S2.1) Yi = Xi + τ0εi, i ∈ [n],

where the Xi’s and the εi’s are as described in Section 1. Two unknown elements in this
model need to be recovered: the common law µ0X of the Xi’s and the scale parameter τ0 > 0
of the coordinate error density fε,τ0(·) := (1/τ0)fε(·/τ0).

PROPOSITION S2.1. Consider model (S2.1) with the single coordinate error density sat-
isfying the following condition: there exists a constant c > 0 such that

(S2.2) ∀ τ, τ0 > 0, ∥fε,τ − fε,τ0∥1 ≤ c
|τ − τ0|
ττ0

.

Then, under the assumptions of the first part of Theorem 3.1, we have

W1(µX , µ0X)≲ h+W1(µY,τ , µ0Y,τ0) + |τ − τ0|+ T,(S2.3)

where T is given by the expression in (3.5), with ∥fY,v − f0Y,v∥1 replaced by

dc
|τ − τ0|
ττ0

+ ∥fY,τ,v − f0Y,τ0,v∥1.
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PROOF. By Theorem 3.1, we have that

W1(µX , µ0X)≲ h+W1(µY,τ0 , µ0Y,τ0) + Tτ0 ,

where Tτ0 is given by the expression in (3.5), with ∥fY,v − f0Y,v∥1 replaced by ∥fY,τ0,v −
f0Y,τ0,v∥1. Let Y = X + τε be distributed according to µY,τ and Y = X + τ0ε according
to µY,τ0 . By the triangle inequality and the bound W1(µY,τ , µY,τ0) ≤ E[|(X + τε) − (X +
τ0ε)|] =M1(µ

⊗d
ε )|τ − τ0|≲ |τ − τ0|, we have that

W1(µY,τ0 , µ0Y,τ0)≲W1(µY,τ , µ0Y,τ0) + |τ − τ0|.

Besides, from ∥fY,τ,v − fY,τ0,v∥1 ≤ ∥fY,τ − fY,τ0∥1 ≤ ∥f⊗dε,τ − f⊗dε,τ0∥1 ≤ d∥fε,τ − fε,τ0∥1 and
condition (S2.2), it follows that

∥fY,τ0,v − f0Y,τ0,v∥1 ≤ ∥fY,τ0,v − fY,τ,v∥1 + ∥fY,τ,v − f0Y,τ0,v∥1

≤ dc
|τ − τ0|
ττ0

+ ∥fY,τ,v − f0Y,τ0,v∥1,

which completes the proof.

REMARK S2.1. Condition (S2.2) is verified for the ordinary smooth error distributions
listed in Section 3.1. Specifically, for Laplace densities see, e.g., (A.6) with p= 1 in Lemma
A.2 of [21], p. 300; for Linnik densities the result follows from the fact that they are scale
mixtures of Laplace and for gamma densities it can be directly checked when |τ − τ0|< 1.

REMARK S2.2. Whether the inversion inequality with the term T bounded as in (S2.3)
can be used to recover the mixing distribution in a convolution model with single coordinate
error density known up to a scale parameter is a critical question related to the identifiability
as a sufficient condition for the existence of consistent estimators. In the present context, it
is not clear whether the distribution of the Yi’s uniquely determines the scale parameter τ0
and the distribution µ0X . As remarked by [3], p. 312, it is essential that the distribution to
be deconvolved is significantly less smooth than the error distribution, which is not the case
when both the error and mixing distributions are ordinary smooth. We should mention that,
at least for d= 2, identifiability has been proved by [13], see Theorem 2.1, p. 306. However,
it remains an open question whether fast convergence rates are possible. Typically, in the
presence of identifiability problems, more restrictive conditions are imposed on the mixing
distribution or additional data are required. If the scale parameter is estimable without loss
in the convergence speed, then the inversion inequality can be used to estimate the mixing
distribution. A thorough investigation of this issue is beyond the scope of this article and we
refer the reader to Chapter 2 of [19], pp. 5–105, as well as to the references therein, for a
more complete discussion of the various aspects of the problem.

S3. On posterior contraction rates in the L1-Wasserstein distance on Rd. In Section
S3.1, we state a theorem that gives sufficient conditions for the posterior distribution in the
direct problem to concentrate on L1-Wasserstein neighborhoods of the sampling distribution
on Rd, while, in Section S3.2, we give the proof of Corollary 4.1 on the rate of convergence
of the posterior mean in the inverse problem of distribution deconvolution.

S3.1. Posterior contraction rates in the L1-Wasserstein distance. Theorem S3.1 extends
Theorem 3.2 of [4], p. 3643, to the L1-Wasserstein distance between probability measures on
Rd and provides conditions in terms of the prior concentration rate ϵ̃n on Kullback-Leibler-
type neighborhoods of the sampling distribution and in terms of moments of the probability
measures in the support of the posterior distribution so that the latter contracts at a nearly
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ϵ̃n-rate (up to a log-factor) on L1-Wasserstein neighborhoods of the “truth”. The underlying
idea is to exploit the equivalence between the L1-Wasserstein metric W1 and the max-sliced
L1-Wasserstein metric W 1 valid in any dimension d≥ 1 to construct tests for the projected
uni-dimensional distributions so that they have exponentially decaying type I and type II error
probabilities.

THEOREM S3.1. Let Πn be a prior distribution on P0(Rd), d ≥ 1. Suppose that, for
δ > 0, we have µ0Y ∈ P0(Rd) ∩ P2+δ(Rd). If, for a constant C > 0 and a sequence ϵ̃n ≥√

(logn)/n such that ϵ̃n → 0, we have

(S3.1) Πn(BKL(P0Y ; ϵ̃
2
n))≳ exp (−Cnϵ̃2n)

and there exists a constant K > 0 so that

(S3.2) Πn(µY : M2+δ(µY )>K | Y(n))→ 0 in Pn0Y -probability,

then, for sufficiently large M > 0,

(S3.3) Πn(µY : W1(µY , µ0Y )>Mϵ̃n log(1/ϵ̃n) | Y(n))→ 0 in Pn0Y -probability.

If, instead, for δ′ > 0, we have µ0Y ∈ P0(Rd) ∩ P4+δ′(Rd), the conditions in (4.1) are
satisfied and, for a constant K ′ > 0,

(S3.4) Πn(µY : M4+δ′(µY )>K ′ϵ̃−2
n )≲ exp (−(C + 4)nϵ̃2n),

then there exists K > 0 such that (S3.2) holds for δ = δ′/2. Consequently, the convergence
in (S3.3) takes place.

The first part of the proof is based on Theorem 3.2 of [4], p. 3643, and extends it to the
multivariate case exploiting the equivalence between the L1-Wasserstein metric W1 and the
max-sliced L1-Wasserstein metric W 1. The second part serves to prove that condition (S3.2)
holds, provided that the posterior contraction L1-distance rate between the densities fY and
f0Y has been derived.

PROOF. Because M2+δ(µ0Y ) <∞ implies that M1(µ0Y ) <∞, the hypothesis µ0Y ∈
P2+δ(Rd) yields that µ0Y ∈ P1(Rd). Assumption (S3.2) implies that µY ∈ P1(Rd) so that
W1(µY , µ0Y )<∞, see, e.g., [24], p. 94, with posterior probability tending to one, in Pn0Y -
probability.

In virtue of the inequalities in (2.2), to prove (S3.3) it is enough to show that

(S3.5) En0Y [Πn(µY : W 1(µY , µ0Y )> (M/Cd)ϵ̃n log(1/ϵ̃n) | Y(n))]→ 0.

We apply a chaining argument. For a sequence 0< δn ≤ ϵ̃n, we consider a δn-net for Sd−1.
Since Sd−1 ⊆ {v ∈Rd : |v| ≤ 1}, then, for 0< ϵ < 1, the ϵ-covering number of Sd−1, that is,
the minimal number of | · |-balls of radius ϵ needed to cover Sd−1, denoted byN(ϵ, Sd−1, | · |),
is such that

N(ϵ, Sd−1, | · |)≤N(ϵ, {v ∈Rd : |v| ≤ 1}, | · |)≤ 3ϵ−d,

see Proposition C.2 in [17], p. 530. Thus, Nδn :=N(δn, Sd−1, | · |)≤ 3δ−dn . Let (vj)j∈[Nδn ]

be a minimal δn-net for Sd−1. Because for all v, vj ∈ Sd−1 and µ ∈ P1(Rd),

W1(µv, µvj )≤ |v− vj |M1(µ),
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for every µY ∈ P1(Rd), v ∈ Sd−1 and vj in a minimal δn-net for Sd−1, we have

W1(µY,v, µ0Y,v)≤W1(µY,v, µY,vj ) +W1(µY,vj , µ0Y,vj ) +W1(µ0Y,vj , µ0Y,v)

≤ max
j∈[Nδn ]

W1(µY,vj , µ0Y,vj )

+ max
j∈[Nδn ]

sup
|vj−v|≤δn

[W1(µY,v, µY,vj ) +W1(µ0Y,vj , µ0Y,v)]

≤ max
j∈[Nδn ]

W1(µY,vj , µ0Y,vj ) + δn[M1(µY ) +M1(µ0Y )]

≤ max
j∈[Nδn ]

W1(µY,vj , µ0Y,vj ) + ϵ̃n[M1(µY ) +M1(µ0Y )].

Thus,

W 1(µY , µ0Y )≤ max
j∈[Nδn ]

W1(µY,vj , µ0Y,vj ) + ϵ̃n[M1(µY ) +M1(µ0Y )].

For a constant 0<M ′ < (M/Cd)− [K +M1(µ0Y )]/ log(1/ϵ̃n) defined the event

An :=

{
µY : max

j∈[Nδn ]
W1(µY,vj , µ0Y,vj )≤M ′ϵ̃n log(1/ϵ̃n)

}
,

if En0Y [Πn(Acn | Y(n))]→ 0, then the convergence in (S3.5) follows from condition (S3.2).
We define (a sequence of) tests (Ψn)n∈N for the hypothesis H0 : P = P0Y ≡ µ0Y versus

H1 : P = PY ≡ µY , with µY ∈Cn :=Acn ∩ {µY : M2+δ(µY )≤K}, such that

En0Y [Ψn] = o(1) and sup
µY ∈Cn

EnµY
[1−Ψn]≤ exp (−nϵ̃2n) for n large enough.

Let

Ψn := max
j∈[Nδn ]

ϕn,j ,

where ϕn,j is the test associated with µ0Y,vj defined on pp. 3668–3669 of [4], with µ0Y,vj
playing the role of P0 in the definition of ϕm,F,− and ϕm,F,+. It is known from the proof of
Theorem 8.9 in [4], p. 3665, that there exists a constant c > 0 such that, for all j ∈ [Nδn ],

En0Y,vj [ϕn,j ] = exp(−cnϵ̃2n) and sup
µY ∈Cn,j

EnµY,vj
[1− ϕn,j ]≤ exp (−cnϵ̃2n),

where

Cn,j := {µY : W1(µY,vj , µ0Y,vj )>M ′ϵ̃n log(1/ϵ̃n)} ∩ {µY : M2+δ(µY )≤K}.

Recalling that Nδn ≤ 3δ−dn ,

En0Y [Ψn]≤
Nδn∑
j=1

En0Y,vj [ϕn,j ]≤Nδn exp (−cnϵ̃2n)≲ exp (−cnϵ̃2n/2)

and

sup
µY ∈Cn

EnµY
[1−Ψn]≤ max

j∈[Nδn ]
sup

µY ∈Cn,j

EnµY,vj
[1− ϕn,j ]≤ exp (−cnϵ̃2n).

Using Theorem 3 of [15], p. 196, together with assumption (S3.1), we have that En0Y [Πn(Cn |
Y(n))]→ 0. Then, under condition (S3.2), the convergence in (S3.3) holds.
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We now show that, under (4.1), assumption (S3.2) holds. The conditions in (4.1) im-
ply that En0Y [Πn(µY : dH(fY , f0Y )>M0ϵ̃n | Y(n))]→ 0. Besides, condition (S3.4) and the
Kullback-Leibler prior mass condition in (S3.1) imply that

En0Y [Πn(µY : M4+δ′(µY )>K ′ϵ̃−2
n | Y(n))]→ 0.

Let µY be such that M4+δ′(µY ) ≤K ′ϵ̃−2
n and dH(fY , f0Y ) ≤M0ϵ̃n. Since we are now as-

suming that M4+δ′(µ0Y )<∞, by the Cauchy-Schwarz inequality we have

M2+δ′/2(µY )≤M2+δ′/2(µ0Y ) +

∫
Rd

|y|2+δ′/2[|
√
fY −

√
f0Y |(

√
fY +

√
f0Y )](y)dy

≤M2+δ′/2(µ0Y ) +
√
2[M4+δ′(µY ) +M4+δ′(µ0Y )]

1/2M0ϵ̃n

< {M2+δ′/2(µ0Y ) +
√
2[K ′ +M4+δ′(µ0Y )]

1/2M0}=:K.

Therefore, M2+δ′/2(µY )<K , which implies condition (S3.2) with δ = δ′/2.

REMARK S3.1. For d= 1, the first part of Theorem S3.1 reduces to Theorem 3.2 of [4],
pp. 3643 and 3667–3669, for the L1-Wasserstein distance on R. The assertion of Theorem
S3.1 holds for any probability measure P0Y ≡ µ0Y ∈ P0(Rd) ∩ P2+δ(Rd), with δ > 0. The
probability measure µ0Y need not be a convolution, but if this is the case with error distribu-
tion µ⊗dε , then the condition µ0Y ∈ P0(Rd)∩P2+δ(Rd) is implied by µ0X ∈ P2+δ(Rd) and
µε ∈ P0(R) ∩ P2+δ(R). Under the latter assumption on µε, condition (S3.2) boils down to
require that there exists a constant K∗ > 0 so that Πn(µX : M2+δ(µX)>K∗ | Y(n))→ 0 in
Pn0Y -probability.

REMARK S3.2. If condition (S3.1) is replaced by

Πn(NKL(P0Y ; ϵ̃
2
n))≳ exp (−Cnϵ̃2n),

where NKL(P0Y ; ϵ̃
2
n) := {PY : KL(P0Y ; PY )≤ ϵ̃2n} is a Kullback-Leibler neighborhood of

P0Y , then, by Lemma 6.26 of [17], pp. 143–144, for any sequence Ln → ∞, with Pn0Y -
probability at least equal to (1−L−1

n ), we have

(S3.6)
∫

P(Rd)

n∏
i=1

fY
f0Y

(Yi)dΠn(µY )≳ exp (−(C + 2Ln)nϵ̃
2
n).

Following the proof of Theorem S3.1 and applying the lower bound in (S3.6), the con-
vergence in (S3.3) continues to hold with Mϵ̃n log(1/ϵ̃n) replaced by Mnϵ̃n log(1/ϵ̃n),
for Mn > (C + 2Ln). Therefore, Kullback-Leibler-type neighborhoods can be replaced by
Kullback-Leibler neighborhoods.

S3.2. Proof of Corollary 4.1.

PROOF. Preliminarily note that the L1-Wasserstein metric is convex with respect to each
argument. For any function f :Rd →R, define

∥f∥L := sup
x, y∈Rd: x̸=y

|f(x)− f(y)|
|x− y|

.
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Let µ1, µ2, ν ∈ P1(Rd). For 0 ≤ α ≤ 1, let µ := αµ1 + (1 − α)µ2. By the Kantorovich-
Rubinstein theorem, see, e.g., [9],

W1(µ, ν) = sup
∥f∥L≤1

∫
Rd

f d(µ− ν)

= sup
∥f∥L≤1

{
α

∫
Rd

f d(µ1 − ν) + (1− α)

∫
Rd

f d(µ2 − ν)

}
≤ α sup

∥f∥L≤1

∫
Rd

f d(µ1 − ν) + (1− α) sup
∥f∥L≤1

∫
Rd

fd(µ2 − ν)

= αW1(µ1, ν) + (1− α)W1(µ2, ν).

Therefore,

W1(αµ1 + (1− α)µ2, ν)≤ αW1(µ1, ν) + (1− α)W1(µ2, ν).

By symmetry of W1, the same inequality also holds with respect to the second argument.
By the first inversion inequality of Theorem 3.1 and convexity of W1 and the L1-distance,
for any sequences ϵ̃n, hn → 0, we have

W1(µ̂
B
n , µ0X)≲ hn +W1(µ̂

B
n ∗ µε, µ0Y ) + h−βd+1

n | loghn|1+1(βd≤1)∥µ̂Bn ∗ fε − f0Y ∥1

≲ hn +

∫
P(Rd)

W1(µY , µ0Y )dΠn(µX | Y(n))

+ h−βd+1
n | loghn|1+1(βd≤1)

∫
P(Rd)

∥fY − f0Y ∥1 dΠn(µX | Y(n))

≲ hn + ϵ̃n| log(1/ϵ̃n)|+Πn(µX : W1(µY , µ0Y )>Mϵ̃n log(1/ϵ̃n) | Y(n))︸ ︷︷ ︸
=:W (Y(n))

+ h−βd+1
n | loghn|1+1(βd≤1) [ϵ̃n +Πn(µX : ∥fY − f0Y ∥1 > M̄ϵ̃n | Y(n))︸ ︷︷ ︸

=:L(Y(n))

].

Now, let ϵ̃n and ϵn := [ϵ̃n(logn)
1+1(βd≤1) ]1/(βd∨1) be the same sequences appearing in the

first part of the statement of Theorem 4.1 and take hn = ϵn. To prove that, on a set of Pn0Y -
probability tending to 1,

W1(µ̂
B
n , µ0X)≤M ′ϵn,

it is enough to show that, for constants M ′′, M ′′′ > 0,

Pn0Y
(
L(Y(n))≤M ′′ϵ̃n

)
→ 1 and Pn0Y

(
W (Y(n))≤M ′′′ϵ̃n

)
→ 1.

We begin by proving the convergence on the left-hand side of the above display. Let An be
the event where inequality (S3.6) holds true. It is known from Lemma 8.1 in [14], p. 524,
that, under the Kullback-Leibler prior mass condition in (4.1), we have Pn0Y (An)→ 1, see
also Remark S3.2. From the proof of Theorem 2.1 of [14], pp. 524–525, whose conditions
are assumed in (4.1) of Theorem 4.1, it follows that, for a suitable constant C > 0,

0≤ Pn0Y
(
L(Y(n))>M ′′ϵ̃n

)
≤ Pn0Y (A

c
n) + Pn0Y

(
An ∩ (L(Y(n))>M ′′ϵ̃n)

)
≤ Pn0Y (A

c
n) +

1

M ′′ϵ̃n
En0Y [L(Y(n))1An

]

≤ Pn0Y (A
c
n) +

1

M ′′ϵ̃n
exp (−Cnϵ̃2n)→ 0.
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Consequently, Pn0Y
(
L(Y(n))≤M ′′ϵ̃n

)
→ 1. The convergence Pn0Y

(
W (Y(n))>M ′′′ϵ̃n

)
→ 0

follows similarly from intermediate results involving tests with exponentially decaying type
I and type II error probabilities in the proof of Theorem S3.1, whose conditions are verified
under the assumptions of Theorem 4.1.
The assertion that, on a set of Pn0Y -probability tending to 1, we have W1(µ̂

B
n , µ0X)≤M ′ϵn,α

follows similarly using, instead, the second inversion inequality in Theorem 3.1, whose con-
ditions are satisfied under the additional assumptions in the second part of the statement of
Theorem 4.1.

S4. Proof of Theorem 4.2 on posterior contraction rates for Dirichlet Laplace-
normal mixtures in the direct problem. In Section S4.1, we give the proof of Theorem
4.2 on posterior contraction rates for Dirichlet Laplace-normal mixtures in the direct prob-
lem of density estimation, while, in Section S4.2, we report two lemmas used in the proof of
Theorem 4.2.

S4.1. Proof of Theorem 4.2. To derive posterior contraction rates relative to the L1-
distance ∥fY − f0Y ∥1, it is enough to verify that the conditions (4.1) in Theorem 4.1 are
satisfied for ϵ̃n = n−2/5(logn)φ. The small ball prior probability estimate in the third in-
equality of (4.1) is seen to be verified taking into account Remark S3.2 and Lemma S4.3
below. The latter is based on the construction of an approximation of f0Y by (ϕσ ∗ µH) ∗ fε,
for a carefully chosen probability measure µH . This construction adapts the proof of Lemma
2 of [12], pp. 615–616, to obtain an approximation error of the order O(ϵ̃n), as shown in
Lemma S4.2 below. The entropy and remaining mass conditions, the first two inequalities in
(4.1), are consequences of Theorem 5 of [22], p. 631, because, for any pair of densities f1
and f2, we have ∥(f1−f2)∗fε∥1 ≤ ∥f1−f2∥1. Finally, since µX has density ϕσ ∗µH so that
X = σZ+U , with Z ∼N(0, 1) and U ∼ µH , we have M1(µX)≤ σE[|Z|]+M1(µH)<∞,
that is, µX ∈ P1(R) almost surely, because DH0

(µH : M1(µH) =∞) = 0. The assertion fol-
lows.

In the following section, we provide two lemmas used to verify the Kullback-Leibler prior
mass condition.

S4.2. Lemmas S4.2 and S4.3 on the Hellinger approximation error and Kullback-Leibler
prior mass condition. In Lemmas S4.2 and S4.3 below, we prove the existence of a com-
pactly supported discrete mixing probability measure such that the corresponding Laplace-
normal mixture has Hellinger distance of the appropriate order from a Laplace mixture and
the prior law on Laplace-normal mixtures concentrates on Kullback-Leibler neighborhoods
of the “true” density f0Y at optimal rate, up to a logarithmic factor.

We first recall an upper bound on the remainder term (or truncation error) associated with
the (r − 1)th order Taylor polynomial about zero of the complex exponential function, see,
e.g., Lemma 10.1.5 in [1], pp. 320–321.

LEMMA S4.1. For every r ∈N, we have∣∣∣∣∣eıx −
r−1∑
k=0

(ıx)k

k!

∣∣∣∣∣≤min

{
|x|r

r!
,
2|x|r−1

(r− 1)!

}
, x ∈R.

We also recall that the bilateral Laplace transform of a function f : R→ C is defined as
B{f}(s) :=

∫
R e

−sxf(x)dx for all s ∈C such that
∫
R |e

−sxf(x)|dx=
∫
R e

−Re(s)x|f(x)|dx <
∞, where Re(s) denotes the real part of s. With abuse of notation, for µ ∈ P(R) we define
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B{µ}(s) :=
∫
R e

−sxµ(dx), s ∈ C. For all t ∈ R such that
∫
R e

txµ(dx) <∞, the mapping
t 7→Mµ(t) :=

∫
R e

txµ(dx) is the moment generating function of µ and Mµ(t) = B{µ}(−t),
t ∈R.

In the following lemma, we prove the existence of a compactly supported discrete mixing
probability measure, with a sufficiently small number of support points, such that the corre-
sponding Laplace-normal mixture has Hellinger distance of the order O(σβ), with β = 2, for
σ > 0 small enough, from the sampling density f0Y .

LEMMA S4.2. Let fε be the standard Laplace density. Let µ0X ∈ P0(R) be a probability
measure supported on [−a, a], with density f0X such that (e|·|/2f0X) ∈ L2(R). For σ > 0
small enough, there exists a discrete probability measure µH on [−a, a], with at most N =
O((a/σ)| logσ|1/2) support points, such that, for fY := (ϕσ ∗µH) ∗ fε and f0Y := f0X ∗ fε,

dH(fY , f0Y )≲

√
ea0

δ0
σβ, with β = 2,

as soon as µ0X({x ∈R : |x| ≤ a0})≥ δ0 for some 0< a0 < a and 0< δ0 < 1.

PROOF. For a0 and δ0 as in the statement, we have

f0Y (y)≥
∫
|x|≤a0

fε(y− x)f0X(x)dx≥
δ0
2
e−(|y|+a0), y ∈R.

We define the function

(S4.1) U(y) := e−y/2 + ey/2, y ∈R.
By the inequality e|y|/2 ≤ U(y), y ∈R, we have

d2H(fY , f0Y )≤ 2
ea0

δ0

∫
R
[e|y|/2(fY − f0Y )(y)]

2 dy ≤ 2
ea0

δ0
∥gY − g0Y ∥22,

where gY := UfY and g0Y := Uf0Y . For b = ∓1
2 , we have eb·f0Y = (eb·fε) ∗ (eb·f0X),

where eb·f0X ∈ L1(R) for compactly supported f0X and eb·fε ∈ Lp(R) for every 1≤ p≤∞.
Hence, ∥eb·f0Y ∥p ≤ ∥eb·fε∥p×∥eb·f0X∥1 <∞. Analogously, since eb·fY = (eb·(fε ∗ϕσ)) ∗
(eb·µH), where MµH

(b) <∞ for compactly supported µH and eb·(fε ∗ ϕσ) ∈ Lp(R) for
1≤ p≤∞, we have ∥eb·fY ∥p ≤ ∥eb·(fε ∗ ϕσ)∥p ×MµH

(b)<∞. Consequently, gY , g0Y ∈
L1(R) ∩ L2(R) and the corresponding Fourier transforms ĝY (t) :=

∫
R e

ıtygY (y)dy and
ĝ0Y (t) :=

∫
R e

ıtyg0Y (y)dy, t ∈ R, are well-defined. Also, ∥g0Y ∥22 = (2π)−1∥ĝ0Y ∥22 and
∥gY ∥22 = (2π)−1∥ĝY ∥22. For ψb(t) := −(ıt + b), let ϱb(t) := [1 − ψ2

b (t)], t ∈ R. Note that
ϱ−1/2(t) = ϱ1/2(t) and |ϱ−1/2(t)|2 = |ϱ1/2(t)|2 = (t4 + 5t2/2 + 9/16). Since

B{fε(· − x)}(ψb(t)) =
e−ψb(t)x

ϱb(t)
, t, x ∈R,

we have

r(t; x) :=

∫
R
eıtyU(y)fε(y− x)dy

=
∑

b=∓1/2

B{fε(y− x)}(ψb(t)) =
∑

b=∓1/2

e−ψb(t)x

ϱb(t)
, t, x ∈R.

Then, ĝ0Y (t) =
∫
|x|≤a r(t; x)f0X(x)dx=

∑
b=∓1/2B{f0X}(ψb(t))/ϱb(t), t ∈R. We derive

the expression of ĝY . Since

B{ϕσ(· − u)}(ψb(t)) = exp(−ψb(t)u+ σ2ψ2
b (t)/2), t, u ∈R,
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we have

ĝY (t) =

∫
|u|≤a

(∫
R
r(t; x)ϕσ(x− u)dx

)
µH(du)

=
∑

b=∓1/2

eσ
2ψ2

b (t)/2

ϱb(t)
B{µH}(ψb(t)), t ∈R.

For ease of notation, we introduce the integrals

Ib :=

∫
R

1

|ϱb(t)|2
|eσ2ψ2

b (t)/2B{µH}(ψb(t))−B{f0X}(ψb(t))|2 dt, b=∓1

2
.

By Plancherel’s theorem and the triangular inequality, 2π∥gY − g0Y ∥22 = ∥ĝY − ĝ0Y ∥22 ≤
2(I−1/2+I1/2). Since both terms I−1/2 and I1/2 can be controlled using the same arguments,
we consider a unified treatment for Ib. For M > 0, we have

Ib ≤

(∫
|t|≤M

+

∫
|t|>M

)
|eσ2ψ2

b (t)/2|2

|ϱb(t)|2
|(B{µH} − B{f0X})(ψb(t))|2 dt

+

∫
R

1

|ϱb(t)|2
|eσ2ψ2

b (t)/2 − 1|2 |B{f0X}(ψb(t))|2 dt=:

3∑
k=1

I
(k)
b .

Study of the term I
(1)
b

The term I
(1)
b can be bounded similarly to I1 in Lemma 2 of [12], p. 616. Preliminarily

note that, for σ < 1/|b| = 2, we have |eσ2ψ2
b (t)/2|2 = |eσ2(−t2+2ıbt+b2)/2|2 = e−σ

2(t2−b2) =
e−σ

2(t2−1/4) < e. Let µH be a discrete probability measure on [−a, a] satisfying the con-
straints ∫

|u|≤a
ujµH(du) =

∫
|u|≤a

ujf0X(u)du, j = 0, . . . , J − 1,∫
|u|≤a

ebuµH(du) =

∫
|u|≤a

ebuf0X(u)du, b=∓1

2
,

(S4.2)

where J = ⌈ηeaM⌉ for some η > 1, with ⌈x⌉ := min{k ∈ Z : k > x} the smallest integer
strictly greater than x. Note that the second set of constraints in (S4.2) can be written as
MµH

(b) =M0X(b), b=∓1
2 . Using Lemma S4.1 with r = J , by the inequality J !≥ (J/e)J ,

for J large enough we have

I
(1)
b ≲

∫
|t|≤M

1

|ϱb(t)|2

∣∣∣∣ ∫
|u|≤a

ebu
[
eıtu −

J−1∑
j=0

(ıtu)j

j!

]
(µH − µ0X)(du)

∣∣∣∣2 dt
≲ [MµH

(b) +M0X(b)]
2 1

(J !)2

∫
|t|≤M

(a|t|)2J

|ϱb(t)|2
dt

≲
a2J

(J !)2

∫ M

0
t2(J−2) dt

≲
a2J

(J !)2
× M2J−3

2J − 3
≲M−4 a

2J

(J !)2
× M2J+1

2J − 3
≲M−4

(
eaM

J

)2J+1

≲M−4.

Study of the term I
(2)
b
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For b=∓1
2 ,

(S4.3) B{f0X}(ψb(t)) = (êb·f0X)(t), t ∈R,

so that |B{f0X}(ψb(t))| ≤ M0X(b). Similarly, |B{µH}(ψb(t))| ≤ MµH
(b) = M0X(b).

Choosing M so that (σM)2 ≥ | logσ|, equivalently, M ≥ σ−1| logσ|1/2, and using the fact
that |eσ2ψ2

b (t)/2|2 =O(e−(σt)2), we have

I
(2)
b ≲M2

0X(b)e
−(σM)2

∫
|t|>M

1

t4
dt≲ e−(σM)2M−3 ≲ σM−3 ≲ σ4.

Study of the term I
(3)
b

By Lemma S4.1,

|eσ2ψ2
b (t)/2 − 1| ≤min{2, σ2(t2 + b2)/2} ≤ σ2

2
(t2 + 1/4),

which combined with (S4.3) gives

I
(3)
b ≤ σ4

2

∫
R

(t4 + b4)

|ϱb(t)|2
|B{f0X}(ψb(t))|2 dt≲ σ4

∫
R
|(êb·f0X)(t)|2 dt≲ σ4,

where, by Plancherel’s theorem, (2π)−1∥êb·f0X∥22 = ∥eb·f0X∥22 <∞ in virtue of the assump-
tion that (e|·|/2f0X) ∈ L2(R).

The existence of a discrete probability measure µH supported on [−a, a], with at most
[(J + 2) + 1] ∝ (aM) ≳ (a/σ)| logσ|1/2 support points, is guaranteed by Lemma A.1 of
[18], p. 1260. Combining the bounds on I(k)b , k ∈ [3], we conclude that ∥gY − g0Y ∥22 ≲ σ4.
It follows that d2H(fY , f0Y )≲ (ea0/δ0)σ

4 and the proof is complete.

The following lemma gives sufficient conditions on the distribution Πσ ⊗DH0
so that the

induced prior probability measure Π on Laplace-normal mixtures fY = (ϕσ ∗ µH) ∗ fε con-
centrates at a rate of the order O(n−2/5(logn)τ ), for suitable τ > 0, on Kullback-Leibler
neighborhoods of a Laplace mixture f0Y = f0X ∗ fε, with mixing density f0X having expo-
nentially decaying tails.

LEMMA S4.3. Let f0Y := f0X ∗ fε, where fε is the density of the standard Laplace
distribution and f0X satisfies Assumption 4.3 for ῑ ≥ 1. Consider the model fY := (ϕσ ∗
µH) ∗ fε, with µH ∈ P(R). If the prior Πσ for σ satisfies Assumption 4.1 and the base
measure H0 of the Dirichlet process prior DH0

for µH satisfies Assumption 4.2 for ῑ ≥ 1,
then Π(NKL(P0Y ; ϵ̃

2
n))≳ exp (−Cnϵ̃2n), for ϵ̃n = n−2/5(logn)[1/2+2/ῑ+(2t1∨3)]/5.

PROOF. We use the generic exponent β > 0 of the Fourier transform of the error den-
sity fε in those steps of the proof that do not depend on the specific form of the Laplace
density. We show that, for some constant C > 0, the prior probability of a Kullback-Leibler
neighborhood of P0Y of radius ϵ̃2n is at least exp (−Cnϵ̃2n). We apply Lemma B2 of [22],
pp. 638–639, to relate NKL(P0Y ; ξ

2) to a Hellinger ball of appropriate radius. By As-
sumption 4.3, there exists C0 > 0 such that µ0X([−a, a]c)≲ exp (−(1 +C0)a

ῑ) for a large
enough. Set aη := (a0| log η|)1/ῑ, with a0 ≥ [2/(1 + C0)] and η > 0 small enough, we have
µ0X([−aη, aη]c) ≲ η2. Then, Lemma A.3 of [18], p. 1261, shows that the L1-distance be-
tween f0Y and f∗0Y := f∗0X ∗ fε, where f∗0X is the density of the renormalized restriction of
µ0X to [−aη, aη] denoted by µ∗0X , is bounded by 2η2. From d2H(f0Y , f

∗
0Y )≤ ∥f0Y −f∗0Y ∥1 ≤

2η2, we have dH(f0Y , f∗0Y )≲ η. Lemma S4.2 applied to µ∗0X (which plays the role of µ0X in
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the statement) shows that, for σ > 0 small enough, there exists a discrete probability measure
µ∗H supported on [−aη, aη], with at most N =O((aη/σ)| logσ|1/2) support points, such that
f∗Y := (ϕσ ∗ µ∗H) ∗ fε satisfies

dH(f
∗
Y , f

∗
0Y )≲ σβ.

An analogue of Corollary B1 in [22], p. 16, shows that µ∗H =
∑N

j=1 pjδuj
has support points

inside [−aη, aη], with at least σ2β+1-separation between every pair of points ui ̸= uj , and
that dH(f∗Y , f

∗
0Y )≲ σβ . Consider disjoint intervals Uj , j ∈ [N ], centered at u1, . . . , uN , with

length σ2β+1 each. Extend {U1, . . . , UN} to a partition {U1, . . . , UK} of [−aη, aη] such
that each Uj , j = N + 1, . . . , K , has length at most σ. Further extend this to a partition
U1, . . . , UM of R such that, for some constant a1 > 0, we have σa1 ≤H0(Uj)≤ 1, j ∈ [M ].
The process can be done with a total number of M intervals of the same order as N . Define
pj = 0, j =N + 1, . . . , M . Let Pσ be the set of probability measures µH ∈ P(R) with

(S4.4)
K∑
j=1

|µH(Uj)− pj | ≤ 2σ2β+1 and min
j∈[K]

µH(Uj)≥ σ2(2β+1)/2.

Note that σ2β+1K < 1. By Lemma 5 in [16], p. 711, or Lemma B1 in [22], p. 16, with V0 :=
∪j>NUj and Vj ≡ Uj , j ∈ [N ], for any µH ∈ Pσ we have d2H(fY , f

∗
Y )≤ ∥fY −f∗Y ∥1 ≲ σ2β .

Then, for η =O(σβ), we have d2H(fY , f0Y )≲ d2H(fY , f
∗
Y )+d

2
H(f

∗
Y , f

∗
0Y )+d

2
H(f

∗
0Y , f0Y )≲

σ2β . To apply Lemma B2 of [22], pp. 16–17, we study the ratio (fY /f0Y ). Let µH ∈ Pσ .
For the standard Laplace error distribution (β = 2), since ∥f0Y ∥∞ ≤ 1

2 , for |y|< aη we have

fY
f0Y

(y)≳
∫
|x|≤aη

fε(y− x)

∫
|x−u|≤σ

ϕσ(x− u)µH(du)dx

≳
1

σ

∫
|x|≤aη

fε(y− x)µH(UJ(x))dx≳ σ4β+1aηe
−2aη ,

while, for |y| ≥ aη ,

fY
f0Y

(y)≳
∫
|x|≤aη

fε(y− x)

∫
|u|≤aη

ϕσ(x− u)µH(du)dx≳
aη
σ
e−|y|e−aηe−2(aη/σ)2 ,

where µH([−aη, aη]) ≥ 1 − 2σ2β+1 because of the first condition in (S4.4). For λ =
σ4β+1aηe

−2aη , we have log(1/λ) ≲ | logσ|. Since {y ∈ R : (fY /f0Y )(y) ≤ λ} ⊆ {y ∈ R :
|y| ≥ aη},

P0Y

((
log

f0Y
fY

)
1( fY

f0Y
≤λ
))≲

∫
|y|≥aη

(
log

f0Y
fY

(y)

)
f0Y (y)dy ≲

1

σ2

∫
|y|≥aη

y2f0Y (y)dy,

where ∫
|y|≥aη

y2f0Y (y)dy ≤
(∫

R
e|x|f0X(x)dx

)∫
|y|≥aη

y2fε(y)dy

≲
∫
|y|≥aη

e−|y|/2 dy ≲ e−aη/2 ≲ σ6,

see, e.g., Lemma A.7 in [21], pp. 303–304, provided that a0 ≥max{6, 2/(1 +C0)}. Conse-
quently, P0Y (log(f0Y /fY )1((fY /f0Y )≤λ))≲ σ4.

Thus, P0Y (log(f0Y /fY )1((fY /f0Y )≤λ)) ≲ σ2β , with β = 2. Lemma B2 of [22], pp. 16–17,
implies that P0Y log(f0Y /fY ) is bounded by σ2β| logσ|. By Lemma 10 of [16], p. 714, we
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have DH0
(Pσ)≳ exp (−c1K| logσ|)≳ exp (−c2(aη/σ)| logσ|3/2) for constants c1, c2 > 0

that depend on H0(R) and a1. Given σ > 0, define Sσ := {σ′ > 0 : σ(1 + σd)−1 ≤ σ′ ≤ σ}
for a constant 0< d≤ s1 − 1. Then, Πσ(Sσ)≳ exp (−D1σ

−1| logσ|t1). Replace σ at every
occurrence with σ′ ∈ Sσ . For ξ := σβ| logσ|1/2, noting that | logσ|≲ | log ξ| we have

Π(NKL(P0Y ; ξ
2))≳ exp (−c2(aη/σ)| logσ|3/2)× exp (−D1σ

−1| logσ|t1)

≳ exp (−c3(aη/σ)| logσ|(t1∨3/2))

≳ exp (−c4ξ−1/β| log ξ|1/(2β)+1/ῑ+(t1∨3/2)).

Replacing ξ with ϵ̃n = n−β/(2β+1)(logn)[1/2+β/ῑ+β(t1∨3/2)]/(2β+1), for a suitable constant
C > 0, we have Π(NKL(P0Y ; ϵ̃

2
n))≳ exp (−Cnϵ̃2n) and the proof is complete.

Lemmas S4.2 and S4.3 are combined in the proof of Theorem 4.2 to show that Dirichlet
Laplace-normal mixtures have a posterior contraction rate of the order O(n−2/5(logn)φ) at
a Laplace mixture with mixing density having exponentially decaying tails.

S5. Proof of Theorem 4.3 on L1-Wasserstein deconvolution in the non-adaptive case.

PROOF. We apply Theorem 4.1. For any δ > 0, with the Laplace distribution we have
µε ∈ P4+δ(R). By Assumption 4.3, also µ0X ∈ P4+δ(R). We know from Theorem 4.2 that
the conditions in (4.1) hold for ϵ̃n = n−2/5(logn)φ. It remains to show that, for a suitable
constant c > 0,

(S5.1) Π(µX : M4+δ(µX)>K ′′ϵ̃−2
n )≲ exp (−cnϵ̃2n).

Recalling that µX has density ϕσ ∗µH so that X = σZ+U , with Z ∼N(0, 1) and U ∼ µH ,
we have M4+δ(µX)≲ σ4+δE[|Z|4+δ] +M4+δ(µH). Therefore, for M1 > 0,

M4+δ(µX)≲ σ4+δ +M4+δ(µH)≲ σ4+δ +M1ϵ̃
−2
n +M4+δ(1(|U |4+δ>M1ϵ̃

−2
n )µH).

Assumption 4.1 on the upper tail of Πσ implies that, for a suitable c1 > 0,

Πσ(σ : σ > (M1ϵ̃
−2
n )1/(4+δ))≤ exp (−D3(M1ϵ̃

−2
n )ϖ/(4+δ))≲ exp (−c1nϵ̃2n)

provided that 0< δ ≤ 4(ϖ− 1), where ϖ> 1 by hypothesis. Besides, for a suitable c2 > 0,

DH0
(µH : M4+δ(1(|U |4+δ>M1ϵ̃

−2
n )µH)>M1ϵ̃

−2
n )≲

∫
|u|4+δ>M1ϵ̃

−2
n

|u|4+δh0(u)du

≲ exp (−b′0(M1ϵ̃
−2
n )ῑ/(4+δ)/2)

≲ exp (−c2nϵ̃2n)

provided that 0< δ ≤ 4(ῑ−1), where ῑ > 1 by hypothesis. By choosing 0< δ ≤ 4min{(ϖ−
1), (ῑ− 1)}, condition (S5.1) holds and the proof is complete.

S6. Proof of the approximation Lemma 4.1 for adaptive posterior contraction rates
of Dirichlet Laplace-normal mixtures in the direct problem. In this section, we prove
Lemma 4.1, which is a key result to approximate a Laplace mixture with Sobolev regular
mixing density by a Laplace-normal convolution so that the L2-distance between the “true”
density and the approximation is of the correct order. Lemma 4.1 is a preliminary result
employed in the proof Theorem 4.4 on adaptive posterior contraction rates for a Dirichlet
process mixture-of-Laplace-normals prior.
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PROOF OF LEMMA 4.1. We need to show that, for b=∓1
2 ,

(S6.1)
∑

b=∓1/2

∥eb·{[ϕσ ∗ (Tm,b,σf0X)− f0X ] ∗ fε}∥22 ≲ σ2(α+2),

with

f 7→ Tm,b,σf := f +

m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−j [f ∗ (e−b·DjHδ)],

where Hδ(·) := (1/δ)H(·/δ). We obtain an equivalent expression for the L2-norm in (S6.1).
Denoting by F the Fourier transform operator, for any f ∈ L1(R) we have F{f} := f̂ .
Recall that, given fε(u) = e−|u|/2, u ∈ R, for b = ∓1

2 we have F{eb·fε}(t) = [1/ϱb(t)],
where ϱb(t) := [1− ψ2

b (t)] and ψb(t) :=−(ıt+ b), t ∈R. Note that, as a consequence of the
identity in (4.7), we have

1

M0X(b)
F{eb·(Tm,b,σf0X)}=F{h̄0,b}+ γF{hm,b,σ},

where M0X(b)<∞ by the assumption that (e|·|/2f0X) ∈ L1(R). Then,

∆0 :=
∑

b=∓1/2

∥eb·{[ϕσ ∗ (Tm,b,σf0X)− f0X ] ∗ fε}∥22

=
∑

b=∓1/2

M2
0X(b)∥(eb·fε) ∗ [(eb·ϕσ) ∗ {[M0X(b)]

−1eb·(Tm,b,σf0X)} − h̄0,b]∥22

=
1

2π

∑
b=∓1/2

M2
0X(b)

∥∥∥eσ2ψ2
b/2

ϱb
[(1− e−σ

2ψ2
b/2)F{h̄0,b}+ γF{hm,b,σ}]

∥∥∥2
2
.(S6.2)

Some facts are highlighted for later use. For every δ > 0, the function F{H}(δ·) is well-
defined because ∥H∥1 = (2π)−1∥τ̂ ϕ̂h∥1 <∞. Besides, since 0≤ τ ≤ 1,

(S6.3) |F{H}(δt)|= |(τ ∗ ϕh)(−δt)| ≤ ∥ϕh(−δt− ·)∥1 = ∥ϕ−δt,h∥1 = 1, t ∈R.

Let Z be a standard normal random variable. For constants 0 < cδ, ch < 1, take δ := cδσ
and h := ch| logσ|−1/2. Fix u0 such that 0< cδ < u0 < 1. Then, for ω > 0 and ch such that
(1− u0)≥ ch

√
2ω, we have, for every |t| ≤ (u0/δ),

|1−F{H}(δt)| ≤ 2

∫
|u|≥1

ϕ−δt,h(u)du≤ 2P (|Z| ≥ (1− δ|t|)/h)

≤ 2P (|Z| ≥ (1− u0)| logσ|1/2/ch)≲ σω(S6.4)

as soon as σ is small enough. For every j ∈ N0, we have F{DjHδ}(t) = (−ıt)jF{H}(δt),
t ∈R. Then, from (4.6), we have

F{hm,b,σ}(t) =
1

γ
F{h̄0,b}(t)F{H}(δt)

m−1∑
k=1

{−[σψb(t)]
2/2}k

k!
, t ∈R.

Decomposing F{h̄0,b}(t) by means of F{H}(δt) and [1−F{H}(δt)], the numerator of the
integrand of ∆0 in (S6.2) can be bounded by

J 2
b (t) := |eσ2ψ2

b (t)/2|2|(1− e−σ
2ψ2

b (t)/2)F{h̄0,b}(t)F{H}(δt) + γF{hm,b,σ}(t)|2

+ |eσ2ψ2
b (t)/2 − 1|2 |F{h̄0,b}(t)|2 |1−F{H}(δt)|2 , t ∈R.
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Set

∆01 :=
∑

b=∓1/2

M2
0X(b)

∫
δ|t|≤u0

[J 2
b (t)/|ϱb(t)|2] dt,

∆02 :=
∑

b=∓1/2

M2
0X(b)

∫
δ|t|>u0

[J 2
b (t)/|ϱb(t)|2] dt,

we have ∆0 ≲∆01 +∆02. We prove that ∆0j ≲ σ2(α+2), j ∈ [2]. Taking into account that
|eσ2ψ2

b (t)/2|2 = e−σ
2(t2−b2) = e−σ

2(t2−1/4), for ω ≥ 2m ≥ (α + 2) and σ small enough, by
Lemma S4.1, relationships (S6.3) and (S6.4), we have

∆01 ≲
∑

b=∓1/2

M2
0X(b)

∫
δ|t|≤u0

1

|ϱb(t)|2
([σ2(t2 + 1/4)]2m

+ σ2ωmin{4, σ4(t2 + 1/4)2/4})|F{h̄0,b}(t)|2 dt

≲ σ2(α+2)
∑

b=∓1/2

∫
δ|t|≤u0

(|t|2α + 1)| ̂(eb·f0X)(t)|2 dt≲ σ2(α+2)

because F{h̄0,b}(t) = [M0X(b)]
−1 ̂(eb·f0X)(t), t ∈ R, and

∫
R(|t|

2α ∨ 1)| ̂(eb·f0X)(t)|2 dt <
∞ by Assumption 4.4 and the hypothesis that (e|·|/2f0X) ∈ L1(R). Analogously, for σ|t|>
(u0/cδ)> 1,

∆02 ≲
∑

b=∓1/2

M2
0X(b)

∫
δ|t|>u0

1

|ϱb(t)|2

(∣∣∣∣eσ2ψ2
b (t)/2

m−1∑
k=0

{−[σψb(t)]
2/2}k

k!
− 1

∣∣∣∣2
+ |eσ2ψ2

b (t)/2 − 1|2
)
|F{h̄0,b}(t)|2 dt

≲
∑

b=∓1/2

M2
0X(b)

∫
δ|t|>u0

1

|ϱb(t)|2
{e−σ2(t2−1/4)/2(σ|t|)2m + 1

+min{2, σ2(t2 + 1/4)/2}}2|F{h̄0,b}(t)|2 dt

≲ σ2(α+2)
∑

b=∓1/2

M2
0X(b)

∫
δ|t|>u0

t4

|ϱb(t)|2
[e−(σt)2(σ|t|)4m + 1]|t|2α|F{h̄0,b}(t)|2 dt

≲ σ2(α+2)
∑

b=∓1/2

∫
δ|t|>u0

|t|2α| ̂(eb·f0X)(t)|2 dt≲ σ2(α+2).

We prove relationship
∫
R hm,b,σ(x)dx= 1+O(σ2(m−1)) in (4.9). Since F{h̄0,b}(0) = 1,

(1− e−σ
2/8)/γ =−1 and σ2/8≤ eσ

2/8|γ|, from previous computations for the term ∆01 we
have

σ2

8
|F{hm,b,σ}(0)− 1| ≤ eσ

2/8|γ|
∣∣∣F{hm,b,σ}(0) +

(1− e−σ
2/8)

γ

∣∣∣≲ Jb(0)≲ σ2m,

whence
∫
R hm,b,σ(x)dx=F{hm,b,σ}(0) = 1+O(σ2(m−1)) and the proof is complete.

In what follows, we present some technical results.
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LEMMA S6.1. For r ≥ 0 and j ∈ N0, there exists a constant 0< Cr,j <∞ such that, if
h= o(1) and δ = o(h), for every a ∈R,

(S6.5)
∫
R
|x|reaδx|H(j)(x)|dx≤Cr,j .

PROOF. Recalling that H(x) = (2π)−1τ̂(x)ϕ̂h(x) = (2π)−1τ̂(x)e−(hx)2/2, x ∈ R, we
have

H(j)(x) =
1

2π

j∑
i=0

(
j

i

)
τ̂ (i)(x)Dj−iϕ̂h(x), x ∈R,

where Dj−iϕ̂h(x) =Dj−ie−(hx)2/2 is a linear combination of terms of the form

ϕ̂h(x)(−1)j1h2j2xj3 , x ∈R,

with 0 ≤ j1, j2, j3 ≤ (j − i). Note that eaδxϕ̂h(x) = e−(hx−aδ/h)2/2e(aδ/h)
2/2 ≤ e(aδ/h)

2/2,
where e(aδ/h)

2/2 = 1+ o(1) because (δ/h) = o(1). Then,

|x|reaδx|τ̂ (i)(x)|ϕ̂h(x)|x|j3 ≲ |x|r+j3 |τ̂ (i)(x)|, x ∈R,

and, by relationship (4.4), for ν > (r+j+1) the function on the right-hand side is integrable.
The assertion follows.

LEMMA S6.2. Suppose that f0X satisfies the local Hölder condition (4.2) of Assumption
4.5, with 0 < υ ≤ 1 and L0 ∈ L1(R). For j ∈ N0, if h = o(1) and δ = o(h), then, for every
b ∈R,

(S6.6)
∫
R
|[e−buf0X(x− u)− f0X(x)]D

jHδ(u)|du≤
Cj
δj
δυ[L0(x) + f0X(x)], x ∈R,

where Cj := (3Cυ,j ∨C1,j)> 0, for Cυ,j and C1,j as in (S6.5).

PROOF. Let x ∈R be fixed. By Lemma S4.1 and the local Hölder condition (4.2), we have

δj
∫
R
|[e−buf0X(x− u)− f0X(x)]D

jHδ(u)|du

=

∫
R
|[e−bδzf0X(x− δz)− f0X(x)]H

(j)(z)|dz

≤
∫
R
|e−bδz − 1||f0X(x− δz)− f0X(x)||H(j)(z)|dz

+ f0X(x)

∫
R
|e−bδz − 1||H(j)(z)|dz

+

∫
R
|f0X(x− δz)− f0X(x)||H(j)(z)|dz

≤ 3

∫
R
|f0X(x− δz)− f0X(x)||H(j)(z)|dz + f0X(x)

∫
R
|e−bδz − 1||H(j)(z)|dz

≤ 3δυL0(x)

∫
R
|z|υ|H(j)(z)|dz + bδf0X(x)

∫
R
|z||H(j)(z)|dz

≤ 3δυCυ,jL0(x) + bδC1,jf0X(x)<Cjδ
υ[L0(x) + f0X(x)].

Inequality (S6.6) follows.
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We introduce more notation. For an integer m ≥ 2, b = ∓1
2 and σ = o(1), we define the

set

(S6.7) Ab,σ :=

{
x ∈R : γhm,b,σ(x)>−1

2
h̄0,b(x)

}
,

where h̄0,b and hm,b,σ are as in (4.5) and (4.6), respectively, and the function

(S6.8) gb,σ :=M0X(b)e
−b·γhm,b,σ1Ab,σ

− 1

2
f0X1Ac

b,σ
.

LEMMA S6.3. For an integer m≥ 2, b=∓1
2 and σ = o(1), let the set Ab,σ be defined as

in (S6.7). Under Assumption 4.3 with ῑ≥ 1 and Assumption 4.5 with 0< υ ≤ 1, L0 ∈ L1(R)
and any R≥ 1, there exists a constant C̄m > 0, depending on m and υ, such that, for σ small
enough,

(S6.9) ∀ b=∓1

2
, Acb,σ ⊆Bσ,

with Bσ := {x ∈ R : [L0(x) + f0X(x)] > C̄−1
m σ−υf0X(x)}. Furthermore, there exist con-

stants CR, DR, SR > 0, depending on m, υ and R, so that

(S6.10) ∥h̄0,b1Ac
b,σ
∥1 <CRσ

υR, ∥γhm,b,σ1Ac
b,σ
∥1 <DRσ

υR

and the function f0X + gb,σ , with gb,σ as defined in (S6.8), which is non-negative, has

(S6.11) 1≤ ∥f0X + gb,σ∥1 ≤ 1 + SRσ
υR.

PROOF. Let b be fixed. We begin by proving the inclusion in (S6.9). Let x ∈ Acb,σ , i.e.,
γhm,b,σ(x)≤−h̄0,b(x)/2. Recall that

γhm,b,σ =

m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−j(h̄0,b ∗DjHδ),

where, as in Lemma 4.1, for constants 0 < cδ, ch < 1, we take δ := cδσ and h :=
ch| logσ|−1/2. By relationship (S6.3),∫

R
DjHδ(u)du=

(∫
R
H(x)dx

)
1{0}(j)

=

(
1

2π

∫
R
(τ ∗ ϕh
∧

)(x)dx

)
1{0}(j) = (τ ∗ ϕh)(0)1{0}(j)≤ 1.

Then,
m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−j

∫
R
[h̄0,b(x− u)− h̄0,b(x)]D

jHδ(u)du

= γhm,b,σ(x)− h̄0,b(x)

m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−j

∫
R
DjHδ(u)du

≤−h̄0,b(x)

(
1

2
− (τ ∗ ϕh)(0)

(bσ)2

2

m−2∑
k=0

[−(bσ)2/2]k

(k+ 1)!

)

≤−
h̄0,b(x)

2
[1− (bσ)2]<−

h̄0,b(x)

4
.
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For σ small enough, by Lemma S6.2,∣∣∣∣∣∣
m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−j

∫
R
[h̄0,b(x− u)− h̄0,b(x)]D

jHδ(u)du

∣∣∣∣∣∣
≤ 1

M0X(b)

m−1∑
k=1

(σ2/2)k

k!

2k∑
j=0

(
2k

j

)
|b|2k−jebx

∫
R
|e−buf0X(x− u)− f0X(x)||DjHδ(u)|du

<
1

M0X(b)

(
m−1∑
k=1

[(1 + |b|cδσ)2/(2c2δ)]k

k!
max

0≤j≤2k
Cj

)
συebx[L0(x) + f0X(x)]

<
1

M0X(b)

(
m−1∑
k=1

(2/c2δ)
k

k!
max

0≤j≤2k
Cj

)
︸ ︷︷ ︸

=:C̃m

συebx[L0(x) + f0X(x)],

where 0< C̃m <∞. Then, for C̄m := 4C̃m, we have Acb,σ ⊆Bσ .
We prove the inequalities in (S6.10). Concerning the first one, using the set inclusion

Acb,σ ⊆Bσ in (S6.9) and the fact that, over Bσ , we have f0X < C̄mσ
υ[L0+ f0X ], we get that∫

Ac
b,σ

h̄0,b(x)dx < συR
C̄Rm

M0X(b)

∫
Bσ

ebxf0X(x)

(
L0

f0X
(x) + 1

)R
dx≤CRσ

υR,

where

CR :=
C̄Rm

[M0X(−1/2)∧M0X(1/2)]

∫
R
e|x|/2f0X(x)

(
L0

f0X
(x) + 1

)R
dx <∞

by condition (4.3) and Assumption 4.3 with ῑ ≥ 1. Concerning the second inequality, from
previous computations, for every j ∈N0, we have∫

Ac
b,σ

|(h̄0,b ∗DjHδ)(x)|dx

< δ−j

(∫
Ac

b,σ

∫
R
|h̄0,b(x− δu)− h̄0,b(x)||H(j)(u)|dudx+C0,jCRσ

υR

)

≤ δ−j

(
Cjδ

υ

M0X(b)

∫
Ac

b,σ

ebx[L0(x) + f0X(x)] dx+C0,jCRσ
υR

)

< δ−j

(
Cjc

υ
δ C̄

R−1
m

M0X(b)

∫
Bσ

ebxf0X(x)

(
L0

f0X
(x) + 1

)R
dx+C0,jCR

)
συR

≤ δ−jCR

(
Cjc

υ
δ

C̄m
+C0,j

)
συR,

which, defined the constant

DR :=CR

(
cυδ
C̄m

+ 1

)m−1∑
k=1

(2/c2δ)
k

k!
max

0≤j≤2k
(Cj ∨C0,j),

implies that ∥γhm,b,σ1Ac
b,σ
∥1 <DRσ

υR.
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To prove the last part of the lemma, we begin by noting that

f0X + gb,σ = [f0X +M0X(b)e
−b·γhm,b,σ]1Ab,σ

+
1

2
f0X1Ac

b,σ
>

1

2
f0X ≥ 0

and

M0X(b)

∫
R
e−bxγhm,b,σ(x)dx= 0.

In fact, since by Lemma S6.1 we have
∫
R e

−bδxH(x)dx≤C0,0 <∞ because (δ/h) = o(1),
it holds that

M0X(b)

∫
R
e−bxγhm,b,σ(x)dx

=

m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−j

∫
R
e−buDjHδ(u)du

=

(∫
R
e−bδxH(x)dx

)m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−jbj︸ ︷︷ ︸

(−b+b)2k=0

= 0.

Then, since gb,σ =M0X(b)e
−b·γhm,b,σ − [M0X(b)e

−b·γhm,b,σ + (f0X/2)]1Ac
b,σ

, we have∫
R
(f0X + gb,σ)(x)dx= 1+

∫
R
M0X(b)e

−bxγhm,b,σ(x)dx︸ ︷︷ ︸
=0

−
∫
Ac

b,σ

[
M0X(b)e

−bxγhm,b,σ(x) +
1

2
f0X(x)

]
dx

= 1−
∫
Ac

b,σ

[
M0X(b)e

−bxγhm,b,σ(x)︸ ︷︷ ︸
≤− 1

2
f0X(x)

+
1

2
f0X(x)

]
dx≥ 1.

On the other side, using Lemma S6.2 and reasoning as in the first part of this lemma to prove
that ∥γhm,b,σ1Ac

b,σ
∥1 <DRσ

υR, we have∫
R
(f0X + gb,σ)(x)dx= 1−

∫
Ac

b,σ

[
M0X(b)e

−bxγhm,b,σ(x) +
1

2
f0X(x)

]
dx

= 1− 1

2
µ0X(A

c
b,σ)−M0X(b)

∫
Ac

b,σ

e−bxγhm,b,σ(x)dx

≤ 1 +M0X(b)

∫
Ac

b,σ

e−bx|γhm,b,σ(x)|dx

≤ 1 + [M0X(−1/2)∨M0X(1/2)]DR︸ ︷︷ ︸
=:SR

συR.

Conclude that 1≤ ∥f0X + gb,σ∥1 ≤ 1 + SRσ
υR. The proof is thus complete.

REMARK S6.1. Although in condition (4.2) of Assumption 4.5 the constant R ≥
(2m/υ), for the smallest integer m≥ [2∨ (α+2)/2], Lemma S6.3 holds for any real R≥ 1.
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S7. Proof of Theorem 4.4 on adaptive posterior convergence rates for Dirichlet
Laplace-normal mixtures in the direct problem. In this section, we first report the proof
of Theorem 4.4 on adaptive posterior contraction rates for Dirichlet Laplace-normal mixtures
and then present an approximation lemma (Lemma S7.1) used in the proof.

PROOF OF THEOREM 4.4. Similarly to Theorem 4.2, to prove Theorem 4.4 we verify
the conditions in (4.1). The entropy and remaining mass conditions, as well as the small
ball prior probability estimate, are satisfied for ϵ̃n = n−(α+2)/(2α+5)(logn)φ

′
. For details of

the entropy and remaining mass conditions, see, e.g., Theorem 5 of [22], p. 631. For the
Kullback-Leibler condition, we apply Lemma S7.1 below, which proves that a finite mixture
of Gaussian densities, convolved with the Laplace noise, approximates f0Y in the Hellinger
distance with an error of the order O(σα+2). Then, we apply Lemma S4.3, with β replaced
by (α+ 2), to show that the prior mass condition is satisfied.

In the following lemma, we prove the existence of a compactly supported discrete mix-
ing probability measure, with a sufficiently small number of support points, such that the
corresponding Laplace-normal mixture has Hellinger distance of the order O(σα+2) from
the Laplace mixture sampling density f0Y = f0X ∗ fε having an α-Sobolev regular mixing
density f0X with exponentially decaying tails.

LEMMA S7.1. Let fε be the standard Laplace density. Let f0X be a density satisfying
Assumption 4.3 with ῑ ≥ 1, Assumption 4.4 for some α > 0 and Assumption 4.5. For σ > 0
small enough, there exist a constant A0 > 0 and a discrete probability measure on [−aσ, aσ],
with aσ :=A0| logσ|1/ῑ, having at most N =O((aσ/σ)| logσ|1/2) support points, such that,
for fY := (ϕσ ∗ µH) ∗ fε and f0Y := f0X ∗ fε,

dH(fY , f0Y )≲

√
ea0

δ0
σα+2

as soon as µ0X({x ∈R : |x| ≤ a0})≥ δ0 for some 0< a0 < aσ and 0< δ0 < 1.

PROOF. Reasoning as in Lemma S4.2, for a0 and δ0 as in the statement, d2H(fY , f0Y )≤
2(ea0/δ0)∥gY − g0Y ∥22, where gY := UfY and g0Y := Uf0Y , with U defined in (S4.1). Note
that (e|·|/2f0X) ∈ L1(R) ∩ L2(R) by Assumption 4.3. Also, gY , g0Y ∈ L1(R) ∩ L2(R) so
that, not only are the corresponding Fourier transforms ĝY , ĝ0Y well-defined, but ∥gY ∥22 =
(2π)−1∥ĝY ∥22 and ∥g0Y ∥22 = (2π)−1∥ĝ0Y ∥22. In order to bound ∥gY −g0Y ∥22, some definitions
and preliminary facts are exposed. For T ≥ [(α+ 2)/ϑ], with ϑ ∈ (0, 1), we define the set
Eσ := {x ∈ R : f0X(x) > σT }. The tail condition on f0X of Assumption 4.3 implies that
Eσ ⊂ {x ∈ R : |x| ≤A0| logσ|1/ῑ} for some A0 > 0. Note that A0 can be chosen arbitrarily
large by choosing T large enough because A0 is proportional to [T/(1 +C0)]

1/ῑ. Set B0 :=∫
R[f0X(x)]

1−ϑ dx <∞, then

(S7.1) µ0X(E
c
σ)≤B0σ

ϑT ≲ σα+2

by definition of T . For b=∓1
2 and gb,σ as defined in (S6.8), we introduce the densities

h̄b,σ :=
f0X + gb,σ

∥f0X + gb,σ∥1
and

h̄b,σ1Eσ

∥h̄b,σ1Eσ
∥1
.

Note that these functions are well-defined because, for σ small enough, 1≤ ∥f0X + gb,σ∥1 <
2 in virtue of inequality (S6.11) in Lemma S6.3 and 1

2 < ∥h̄b,σ1Eσ
∥1 ≤ 1 as detailed in (S7.5)
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below. We consider the decomposition

∥g0Y − gY ∥22 ≲
∑

b=∓1/2

∥eb·{[f0X − ϕσ ∗ (Tm,b,σf0X)] ∗ fε}∥22

+
∑

b=∓1/2

∥eb·{ϕσ ∗ [(Tm,b,σf0X)− (f0X + gb,σ)] ∗ fε}∥22

+
∑

b=∓1/2

∥eb·{ϕσ ∗ [(f0X + gb,σ)− h̄b,σ] ∗ fε}∥22

+
∑

b=∓1/2

∥eb·{ϕσ ∗ [h̄b,σ − (h̄b,σ1Eσ
/∥h̄b,σ1Eσ

∥1)] ∗ fε}∥22

+
∑

b=∓1/2

∥eb·{ϕσ ∗ [(h̄b,σ1Eσ
/∥h̄b,σ1Eσ

∥1)− µH ] ∗ fε}∥22

=:

5∑
r=1

Vr.

We show that all terms V1, . . . , V5 are of the orderO(σ2(α+2)). By inequality (4.8) of Lemma
4.1, we have V1 ≲ σ2(α+2).

Study of the term V2

We recall that ϱb(t) := [1−ψ2
b (t)], with ψb(t) :=−(ıt+ b), t ∈R, and

hm,b,σ :=
1

γ

m−1∑
k=1

(−σ2/2)k

k!

2k∑
j=0

(
2k

j

)
(−b)2k−j(h̄0,b ∗DjHδ).

As in Lemma 4.1, for constants 0< cδ, ch < 1, we take δ := cδσ and h := ch| logσ|−1/2. We
write

eb·
{
ϕσ ∗

[(
M0X(b)e

−b·γhm,b,σ +
1

2
f0X

)
1Ac

b,σ

]
∗ fε
}

as

M0X(b)
{
[eb·(ϕσ ∗ fε)] ∗

[(
γhm,b,σ +

1

2
h̄0,b

)
1Ac

b,σ

]}
so that, using the definition of gb,σ in (S6.8), we have

V2 =
∑

b=∓1/2

∥∥∥eb·{ϕσ ∗ [M0X(b)e
−b·γhm,b,σ1Ac

b,σ
+

1

2
f0X1Ac

b,σ

]
∗ fε
}∥∥∥2

2

≲
∑

b=∓1/2

M2
0X(b)

∫
R

|eσ2ψb(t)2/2|2

|ϱb(t)|2
|F{[2γhm,b,σ + h̄0,b]1Ac

b,σ
}(t)|2 dt

≲
∑

b=∓1/2

M2
0X(b)(∥γhm,b,σ1Ac

b,σ
∥1 + ∥h̄0,b1Ac

b,σ
∥1)2,

where we have used the facts that

∥F{[2γhm,b,σ + h̄0,b]1Ac
b,σ
}∥∞ ≤ 2∥γhm,b,σ1Ac

b,σ
∥1 + ∥h̄0,b1Ac

b,σ
∥1

and
|eσ2ψb(t)2/2|2

|ϱb(t)|2
≲

1

1 + t4
.
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Finally, using the inequalities in (S6.10) of Lemma S6.3, we obtain that

V2 ≲ σ2υR ≲ σ2(α+2).

Study of the term V3

By the inequalities in (S6.10) and (S6.11) of Lemma S6.3, noting that ∥F{h̄0,b}∥∞ ≤ 1, we
have

V3 =
∑

b=∓1/2

(
1− 1

∥f0X + gb,σ∥1

)2

∥eb·[ϕσ ∗ (f0X + gb,σ) ∗ fε]∥22

≲ σ2υR
∑

b=∓1/2

M2
0X(b)

∫
R

|eσ2ψb(t)2/2|2

|ϱb(t)|2
[|F{h̄0,b}(t)|2 + |F{γhm,b,σ}(t)|2] dt.

Recalling that, by inequality (S6.3), we have |F{DjHδ}(t)| ≤ |t|j |F{H}(δt)| ≤ |t|j , j =
0, . . . , 2k, we find that∫
R

|eσ2ψb(t)2/2|2

|ϱb(t)|2
|F{γhm,b,σ}(t)|2 dt≲

m−1∑
k=1

eσ
2/4

(2kk!)2

∫
R

[σ2(t2 + 1/4)]2k

e(σt)2 |ϱb(t)|2
|F{h̄0,b}(t)|2 dt

≲ ∥ ̂(eb·f0X)∥22 ≲ ∥e|·|/2f0X∥22 <∞,

which implies that

V3 ≲ σ2υR ≲ σ2(α+2).

Study of the term V4

Taking into account that ∥f0X + gb,σ∥1 ≥ 1 (see (S6.11) of Lemma S6.3), we have that

V4 ≲
∑

b=∓1/2

(
∥h̄b,σ1Ec

σ
∥21 × ∥eb·{ϕσ ∗ (h̄b,σ1Eσ

/∥h̄b,σ1Eσ
∥1) ∗ fε}∥22

+ ∥eb·{ϕσ ∗ (h̄b,σ1Ec
σ
) ∗ fε}∥22

)
≲

∑
b=∓1/2

∥(f0X + gb,σ)1Ec
σ
∥21
∫
R

|eσ2ψb(t)2/2|2

|ϱb(t)|2
|F{eb·h̄b,σ1Eσ

/∥h̄b,σ1Eσ
∥1}(t)|2 dt

+
∑

b=∓1/2

∫
R

|eσ2ψb(t)2/2|2

|ϱb(t)|2
|F{eb·h̄b,σ1Ec

σ
}(t)|2 dt.

Note that, by (S7.1),

∥(f0X + gb,σ)1Ec
σ
∥1 ≤

3

2
µ0X(E

c
σ) +M0X(b)

∫
Ab,σ∩Ec

σ

e−bx|γhm,b,σ(x)|dx

≤ 3B0

2
σϑT +M0X(b)

∫
Ab,σ∩Ec

σ

e−bx|γhm,b,σ(x)|dx,

where, as hereafter shown,

(S7.2)
∫
Ab,σ∩Ec

σ

e−bx|γhm,b,σ(x)|dx≲ σα+2
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and

(S7.3) ∥F{eb·h̄b,σ1Ec
σ
}∥∞ ≲ σα+2.

It follows that

V4 ≲ σ2ϑT + σ2(α+2) ≲ σ2(α+2).

We prove inequality (S7.2). By Hölder’s inequality, Lemma S6.1 with r = 0, Lemma S6.2
and inequality (S7.1), for j = 0, . . . , 2k we have∫
Ab,σ∩Ec

σ

∣∣∣∣∫
R
e−buf0X(x− u)DjHδ(u)du

∣∣∣∣dx
≤
∫
Ab,σ∩Ec

σ

∣∣∣∣∫
R
[e−buf0X(x− u)− f0X(x)]D

jHδ(u)du

∣∣∣∣dx
+

(∫
R
|DjHδ(u)|du

)∫
Ab,σ∩Ec

σ

f0X(x)dx

≲Cjδ
−j+υ

∫
Ab,σ∩Ec

σ

[L0(x) + f0X(x)] dx+C0,jµ0X(Ab,σ ∩Ecσ)

≲Cjδ
−j+υ

∫
Ab,σ∩Ec

σ

[f0X(x)]
1/R+(1−1/R)

(
L0

f0X
(x)

)
dx+ (C0,j +Cjδ

−j+υ)µ0X(E
c
σ)

≲Cjδ
−j+υ

(∫
Ab,σ∩Ec

σ

f0X(x)

(
L0

f0X
(x)

)R
dx

)1/R

[µ0X(E
c
σ)]

1−1/R +C0,jσ
ϑT +Cjσ

ϑT−j+υ

≲Cjδ
−j+υ

(∫
R
f0X(x)

(
L0

f0X
(x) + 1

)R
dx

)1/R

σϑT (1−1/R) +C0,jσ
ϑT +Cjσ

ϑT−j+υ.

Consequently, reasoning as in Lemma S6.3,∫
Ab,σ∩Ec

σ

e−bx|γhm,b,σ(x)|dx≲ συ+ϑT (1−1/R)+σϑT +συ+ϑT ≲ σϑT (1−1/R)+σϑT ≲ σα+2

by choosing T ≥ [(α + 2)R]/[ϑ(R − 1)]. With this choice, the condition T ≥ [(α + 2)/ϑ]
is satisfied. Thus, ∥(f0X + gb,σ)1Ec

σ
∥1 ≲ σα+2. Inequality (S7.3) follows from the latter in-

equality and from the inequality ∥(f0X + gb,σ)∥1 ≥ 1 in (S6.11) of Lemma S6.3.

Study of the term V5

Recalling that B stands for the bilateral Laplace transform operator, we have

V5 ≲
∑

b=∓1/2

∫
R

|eσ2ψb(t)2/2|2

|ϱb(t)|2
|[B{h̄b,σ1Eσ

/∥h̄b,σ1Eσ
∥1} − B{µH}](ψb(t))|2 dt.

For M > 0, split the integral domain into |t| ≤M and |t| >M and let the corresponding
terms be denoted by V

(1)
5 and V

(2)
5 . Let µH be a discrete probability measure on Eσ ⊆

[−aσ, aσ] satisfying, for b=∓1
2 , the constraints∫

Eσ

ujµH(du) =

∫
Eσ

uj
h̄b,σ(u)

∥h̄b,σ1Eσ
∥1

du, j = 0, . . . , J − 1,

with J = ⌈ηeaσM⌉ for some η > 1, together with

(S7.4)
∫
Eσ

ebuµH(du) =

∫
Eσ

ebu
h̄b,σ(u)

∥h̄b,σ1Eσ
∥1

du,
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where the integral on the right-hand side of (S7.4) is finite because
∫
Eσ
ebuh̄b,σ(u)du ≤∫

R e
buh̄b,σ(u)du ≲M0X(b)[1 +

∫
R γhm,b,σ(u)du] =M0X(b){1 + γ[1 + O(σ2(m−1))]} by

relationship (4.9) of Lemma 4.1. Thus,∫
Eσ

ebuh̄b,σ(u)du=O(1).

By the lower bound inequality in (S6.11) of Lemma S6.3 and the previously proven fact that
∥(f0X + gb,σ)1Ec

σ
∥1 ≲ σα+2, we have

(S7.5) ∥h̄b,σ1Eσ
∥1 = 1− ∥h̄b,σ1Ec

σ
∥1 ≳ 1− ∥(f0X + gb,σ)1Ec

σ
∥1 ≳ 1− σα+2.

Therefore,

∥B{h̄b,σ1Eσ
/∥h̄b,σ1Eσ

∥1}(ψb)∥∞ ≤ ∥eb·h̄b,σ1Eσ
∥1/∥h̄b,σ1Eσ

∥1 ≲
∫
Eσ

ebuh̄b,σ(u)du.

Then, using Lemma S4.1 with r = J , by the inequality J !≥ (J/e)J ,

V
(1)
5 :=

∑
b=∓1/2

∫
|t|≤M

|eσ2ψb(t)2/2|2

|ϱb(t)|2
|[B{h̄b,σ1Eσ

/∥h̄b,σ1Eσ
∥1} − B{µH}](ψb(t))|2 dt

≲
a2Jσ
(J !)2

∫ M

0
t2(J−2) dt

≲M−2(α+2) × a2Jσ
(J !)2

× M2(J+α)+1

2J − 3
≲M−2(α+2)

(
eaσM

J

)2J+1

M2α ≲M−2(α+2)

because (eaσM/J)2J+1M2α < e−2J(log η)M2α < 1. Choosing M so that (σM)2 ≥ (2α +
1)| logσ|, equivalently, M ≥ σ−1[(2α + 1)| logσ|]1/2, and recalling that |eσ2ψ2

b (t)/2|2 =
O(e−(σt)2), we have

V
(2)
5 :=

∑
b=∓1/2

∫
|t|>M

|eσ2ψb(t)2/2|2

|ϱb(t)|2
|[B{h̄b,σ1Eσ

/∥h̄b,σ1Eσ
∥1} − B{µH}](ψb(t))|2 dt

≲ e−(σM)2
∫
|t|>M

t−4 dt≲ e−(σM)2M−3 ≲ σ2α+1M−3 ≲ σ2(α+2).

Therefore,

V5 ≲ V
(1)
5 + V

(2)
5 ≲ σ2(α+2).

Conclude that ∥gY − g0Y ∥22 ≲
∑5

r=1 Vr ≲ σ2(α+2). The assertion follows.

S8. Proof of Theorem 4.5 on L1-Wasserstein deconvolution in the adaptive case. In
this section, we first report the proof of Theorem 4.5 and then present a lemma (Lemma S8.1)
showing that the bias condition (3.6) of Theorem 3.1 is verified for the distribution function
associated with a Gaussian mixture density.

PROOF OF THEOREM 4.5. Applying Theorem 4.4, we get ϵ̃n = n−(α+2)/(2α+5)(logn)φ
′

for some φ′ > 0. Then, reasoning as in the proof of Theorem 4.3, it can be shown that,
for constants c, δ, K ′′ > 0, condition (S5.1) is satisfied. By Lemma S8.1 below, for 0 <
h
√

(2α+ 1)| logh| ≤ σ < 1, we have ∥bFX
(h)∥1 ≲ hα+1. For q > 0, replace h with hn =

[ϵ̃n(logn)
q]1/(α+2) = n−1/(2α+5)(logn)(q+φ

′)/(α+2). From the proof of Theorem 4.4, over
the sieve set Pn, we have σ ≥ σn ≡ n−1/(2α+5)(logn)q

′
for some q′ > 0. We can choose
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q′ so that σn ≥ hn
√

(2α+ 1)| loghn|, that is, q′ ≥ [(q + φ′)/(α+ 2) + 1
2 ]. Then, for every

µX ∈ Pn, we have ∥bFX
(hn)∥1 ≲ hα+1

n as prescribed by condition (3.6) of Theorem 3.1 and
the proof is complete.

The following lemma assesses the order of the bias of the distribution function associated
with a Gaussian mixture, where the mixing distribution is any probability measure on R
and the scale parameter is bounded below by a multiple of the kernel bandwidth h, times a
logarithmic factor. It shows that, when d= 1, condition (3.6) of Theorem 3.1 is verified for a
universal positive constant C1.

LEMMA S8.1. Let FX be the distribution function of µX = ϕσ ∗ µH , with σ > 0 and
µH ∈ P(R). Let K ∈ L1(R) ∩ L2(R) be symmetric, with

∫
R |z||K(z)|dz <∞ and K̂ ∈

L1(R) such that K̂ ≡ 1 on [−1, 1]. Then, there exists a constant C1 > 0, depending only on
K , such that, for α> 0, 0< h< 1 and h

√
(2α+ 1)| logh| ≤ σ < 1, we have

∥FX − FX ∗Kh∥1 ≤C1h
α+1.

PROOF. Defined the function f̂(t) := [1− K̂(ht)][ϕ̂(σt)/t], t ∈ R, since t 7→ µ̂H(t)f̂(t)
is in L1(R), arguing as for G2,h in [7], pp. 251–252, we have

∥bFX
(h)∥1 = ∥FX − FX ∗Kh∥1 =

∫
R

∣∣∣∣ 12π
∫
|t|>1/h

e−ıtxµ̂H(t)f̂(t)dt

∣∣∣∣dx
= ∥µH ∗ f∥1 ≤ ∥f∥1 ≤

1√
2
(∥f̂∥22 + ∥f̂ (1)∥22)1/2,

see, e.g., [2], p. 1031, for the last inequality. Using the fact that ∥K̂∥∞ ≤ ∥K∥1 <∞, we
have ∥f̂∥22 < ϕ̂(

√
2σ/h)(1 + ∥K∥1)2

∫
|t|>1/h t

−2 dt = 2(1 + ∥K∥1)2he−(σ/h)2 ≲ h2(α+1).
Besides,

f̂ (1)(t) =−
{
hK̂(1)(ht) +

(
1

t
+ σ2t

)
[1− K̂(ht)]

}
ϕ̂(σt)

t
1[−1,1]c(ht), t ∈R.

Since K ∈ L1(R) and zK(z) ∈ L1(R) imply that K̂ is continuously differentiable with
|K̂(1)(t)| → 0, as |t| →∞, so that K̂(1) ∈Cb(R), we have

∥f̂ (1)∥22 < 2e−(σ/h)2
∫
|t|>1/h

[
h2

t2
∥K̂(1)∥2∞ +

2

t4
(1 + ∥K∥1)2

]
dt

+ 4σ4(1 + ∥K∥1)2
∫
|t|>1/h

e−(σt)2 dt

≲ (h2 + σ2)he−(σ/h)2 ≲ he−(σ/h)2 ≲ h2(α+1).

The assertion follows for a suitable constant C1 > 0 depending only on the kernel K .

REMARK S8.1. Due to the exponentially decaying tails of the Gaussian density and to
a suitable choice of the scale parameter σ greater than or equal to a multiple of the kernel
bandwidth h, times a logarithmic factor, a different argument from that used in the proof of
Theorem 3.1 for the case when the smoothness Assumption 3.2 on µ0X holds is employed to
bound the bias of the distribution function FX associated with µX = ϕσ ∗ µH .
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S9. Proof of Theorem 5.1 on lower bounds for L1-Wasserstein deconvolution on Rd.

PROOF. We distinguish the cases where d= 1 and d≥ 2.

• Case d= 1

The proof develops along the lines of Theorem 3 in [8], pp. 281–285, and of Theorem 4.1 in
[7], pp. 246–248. It uses intermediate results from [10], pp. 1267–1271, from Theorem 1 in
[5], pp. 577 and 590–594, and from Theorem 2.10 in [6], p. 10 and pp. 34–36.

We consider mixing distributions belonging to the class D1 = P1(R, M) ∩ S(α, L). We
begin by defining a finite family of Lebesgue absolutely continuous probability measures on
R, with first moments uniformly bounded by M , whose densities belong to S(α, L). For
1< r < 3

2 , we define the density

(S9.1) f0,r(x) :=Cr(1 + x2)−r, x ∈R,

where Cr > 0 is the normalizing constant. Let H(·) be the kernel function on R defined in
[10], p. 1268, which is such that

• H(j) is real, bounded and continuous for j = 0, 1, 2,
•
∫
RH(x)dx= 0 and

∫ 1
0 |H(−1)(x)|dx > 0, where H(−1)(x) :=

∫ x
−∞H(u)du is a primi-

tive of H ,
• for δ > 3

2 , |H(x)| ≤ c(1 + x2)−δ , x ∈R,
• Ĥ(t) = 0, |t| /∈ [1, 2], hence, also Ĥ(1)(t) = Ĥ(2)(t) = 0, |t| /∈ [1, 2].

Let bn := ([n1/[2(α+β)+1]] ∨ 1), where [·] denotes here the integer part. For θ ∈ {0, 1}bn and
C > 0, let

(S9.2) fθ(x) := f0,r(x) +Cb−αn

bn∑
s=1

θsH(bn(x− xs,n)), x ∈R,

where xs,n := (s − 1)/bn, s ∈ [bn]. Defined the measure µθ having Lebesgue density fθ ,
which, with abuse of notation here and later in the proof, we write as the product of the
density and the Lebesgue measure, that is, µθ := fθ dλ, we show that

{µθ : θ ∈ {0, 1}bn} ⊆D1.

The function fθ is a density

Since f0,r is a density and
∫
RH(x)dx= 0, we have

∫
R fθ(x)dx= 1. To ensure that fθ ≥ 0,

it is sufficient to show that |fθ − f0,r| ≤ f0,r . In fact, by Lemma 7 in [11], pp. 1923–1924,
since δ > 3

2 > (r ∨ 1
2), there exists a constant C̃ > 0 such that, for n large enough, we have

f−1
0,r (x)|fθ(x)− f0,r(x)|=CC−1

r (1+x2)rb−αn

bn∑
s=1

θs|H(bn(x−xs,n))| ≤CC−1
r C̃b−αn ≤ 1.

The probability measure µθ ∈ P1(R, M)

We define the probability measure µ0,r := f0,r dλ. Since r > 1, we have M1(µ0,r) :=
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R |x|f0,r(x)dx <∞. Since δ > 1, for n large enough,

M1(µθ) =

∫
R
|x|fθ(x)dx

≤
∫
R
|x|f0,r(x)dx+Cb−αn

bn∑
s=1

∫
R
|x||H(bn(x− xs,n))|dx

≤M1(µ0,r) + cCb−(α+1)
n

bn∑
s=1

∫
R

1

(1 + u2)δ

(
|u|
bn

+ xs,n

)
du

=M1(µ0,r) + cCb−(α+1)
n

∫
R

1

(1 + u2)δ

(
|u|+

bn∑
s=1

xs,n

)
du

<M1(µ0,r) +

∫
R

|u|+ 1

(1 + u2)δ
dx=:M0,r,δ <∞.

Thus, µθ ∈ P1(R, M) for every M ≥M0,r,δ .

The density fθ ∈ S(α, L)

By Lemma 4 in [5], p. 590, we have f̂0,r(t) = exp(−|t|2r−1), t ∈R, where 0< (2r−1)< 2.
Let L0,r,α :=

∫
R(1 + t2)α|f̂0,r(t)|2 dt <∞. Since Ĥ(t) = 0, t /∈ [1, 2], for n large enough,∫

R
(1 + t2)α|f̂θ(t)|2 dt≤ 2

∫
R
(1 + t2)α

[
|f̂0,r(t)|2 +C2b−2(α+1/2)

n |Ĥ(t/bn)|2
]
dt

≤ 2[L0,r,α +C2b−1
n (4 + b−2

n )α∥Ĥ∥22]

< 2[L0,r,α + 5αC2∥Ĥ∥22] =: L0.

Thus, fθ ∈ S(α, L) for every L≥ L0.

The rest of the proof proceeds along the lines of Theorem 3 in [8], pp. 281–285. Therefore,
we only sketch it. Let µ̂n be an estimator of µ based on the sample Y (n) = (Y1, . . . , Yn). Let
θ̃ be a random vector whose components are i.i.d. Bernoulli random variables θ̃1, . . . , θ̃bn ,
with P (θ̃s = 1) = P (θ̃s = 0) = 1

2 , s ∈ [bn]. Recalling that a superscript n in the expected
value indicates expectation with respect to the n-fold product probability measure specified
in the subscript, which may change from line to line, we have

sup
µ∈D1

En(µ∗µε)
W1(µ̂n, µ)≥ sup

θ∈{0,1}bn

En(µθ∗µε)
W1(µ̂n, µθ)

≥ inf
ˆ̂µn

sup
θ∈{0,1}bn

En(µθ∗µε)
W1(ˆ̂µn, µθ)

≥ inf
ˆ̂µn

Eθ̃E
n
(µθ̃∗µε)

W1(ˆ̂µn, µθ̃)

= inf
ˆ̂µn

∫
R
Eθ̃E

n
(µθ̃∗µε)

| ˆ̂Fn(x)− Fθ̃(x)|dx,

where the infimum is taken over all estimators ˆ̂µn of µθ , and ˆ̂Fn, Fθ̃ are the distribution
functions of ˆ̂µn, µθ̃ , respectively.

For θ ∈ {0, 1}bn and s ∈ [bn], we define the densities

fθ,s,u := f(θ1,...,θs−1,u,θs+1,...,θbn )
, u= 0, 1,
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and let µθ,s,u := fθ,s,u dλ, u = 0, 1, be the corresponding probability measures on R. Let
hθ,s,u be the density of the convolution µθ,s,u ∗µε, u= 0, 1. Using a standard randomization
argument, it can be shown that there exists a constant C1 > 0 such that, for n large enough,

sup
µ∈D1

En(µ∗µε)
W1(µ̂n, µ)≥C1b

−(α+1)
n

∫ 1

0
|H(−1)(x)|dx≳ n−(α+1)/[2(α+β)+1],

provided that Eθ̃[(1 − χ2(hθ̃,s,1; hθ̃,s,0)/2)
2n] is bounded below by a constant, where the

χ2-divergence from a density h1 to a density h0 on R is defined as

χ2(h1; h0) =

∫
R

[h1(x)− h0(x)]
2

h0(x)
dx.

Using standard arguments from [10] (see the proof of Theorem 5, pp. 1269–1271), under
assumption (5.1), it can be shown that there exists a constant C2 > 0 so that, for each θ ∈
{0, 1}bn and s ∈ [bn], we have χ2(hθ,s,1; hθ,s,0) ≤ C2b

−[2(α+β)+1]
n ≲ n−1 for sufficiently

large n.

We show that also the sequence n−1/2 is a lower bound on supµ∈D1
En(µ∗µε)

W1(µ̂n, µ).

Taking an := ([n1/2] ∨ 1), where [·] denotes the integer part, and replacing the function in
(S9.2) with

fθ(x) := f0,r(x) +Ca−1
n θH(x), x ∈R, θ ∈ {0,1},

all previous steps go through and we find that there exists a constant C3 > 0 so that, for n
large enough,

sup
µ∈D1

En(µ∗µε)
W1(µ̂n, µ)≥C3a

−1
n ≳ n−1/2

and χ2(f1 ∗µε; f0 ∗µε)≲ a−2
n ≲ n−1. Combining the two previously obtained lower bounds,

we conclude that, for n large enough,

sup
µ∈D1

En(µ∗µε)
W1(µ̂n, µ)≳max{n−(α+1)/[2(α+β)+1], n−1/2}= n−(α+1)/[2α+(2β∨1)+1],

which completes the proof for the case d= 1.

• Case d≥ 2

We define the d× d matrix

A :=
(
1 1T
0 Id−1

)
,

where Id−1 is the identity matrix of size (d−1), the row vector 1T has all the (d−1) elements
equal to 1 and the column vector 0 has all the (d− 1) entries equal to 0. The matrix A is
invertible and, being upper triangular, the determinant is equal to the product of the entries
on the main diagonal; therefore, det(A) = 1.

For each i ∈ [n], we consider the following transformation of the observation Yi:

Zi :=AYi =A(Xi + εi) =AXi +Aεi.

Set the position ηi :=Aεi, the column vector ηi has elements

ηi,j =


d∑

k=1

εi,k, for j = 1,

εi,j , for j = 2, . . . , d.
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The random variables η1,1, . . . , ηn,1 are i.i.d. according to the d-fold convolution µ∗dε of the
error probability measure µε, that is,

µηi,1 = µ∗dε , i ∈ [n].

We show that condition (5.1) implies that, for each l= 0, 1, 2,

(S9.3) |µ̂(l)η1,1(t)|≲ (1 + |t|)−(βd+l), t ∈R.

By condition (5.1) with l= 0, recalling the convention µ̂(0)η1,1 ≡ µ̂η1,1 , we have

|µ̂η1,1(t)|= |µ̂ε(t)|d ≲ (1 + |t|)−βd, t ∈R.

By the same condition with l= 1,

|µ̂(1)η1,1(t)|= d|µ̂ε(t)|d−1|µ̂(1)ε (t)|≲ (1 + |t|)−(βd+1), t ∈R,

and with l= 2,

|µ̂(2)η1,1(t)|= |d(d− 1)[µ̂ε(t)]
d−2[µ̂(1)ε (t)]2 + d[µ̂ε(t)]

d−1µ̂(2)ε (t)|

≲ (1 + |t|)−β(d−2)(1 + |t|)−2(β+1) + (1+ |t|)−β(d−1)(1 + |t|)−(β+2)

≲ (1 + |t|)−(βd+2), t ∈R.

This proves inequality (S9.3).
We make a preliminary remark for bounding below the supremum of the L1-Wasserstein

risk. For a random vector X in Rd with distribution µ ∈ P1(Rd, M), we denote by µA the
distribution of the transformation AX, which is the image measure of µ by A. Let µ̂n be
any estimator of µ based on the observations Y(n) = (Y1, . . . , Yn). We denote by µ̂An the
corresponding estimator of µA, which is a function of Z(n) := (Z1, . . . , Zn), where Zi =
AYi, i ∈ [n]. Then,

W1(µ̂
A
n , µ

A) = inf
τ∈Γ(µ̂A

n , µ
A)

∫
Rd×Rd

|z− z′| τ(dz, dz′)

= inf
γ∈Γ(µ̂n, µ)

∫
Rd×Rd

|Ay−Ay′|γ(dy, dy′)

= inf
γ∈Γ(µ̂n, µ)

∫
Rd×Rd

|A(y− y′)|γ(dy, dy′)≤ |A|W1(µ̂n, µ),

where |A| := (
∑d

i=1

∑d
j=1 a

2
ij)

1/2 =
√
2d− 1≥ 1. Therefore,

(S9.4) |A|W1(µ̂n, µ)≥W1(µ̂
A
n , µ

A).

We study the supremum of the L1-Wasserstein risk over the class Dd = P1(Rd, M) ∩
Sd(α, L). We begin by defining a finite family of Lebesgue absolutely continuous probability
measures on Rd, with first moments uniformly bounded by M , whose densities belong to
Sd(α, L). Let bn := ([n1/[2(α+βd)+1]] ∨ 1), where [·] denotes the integer part. Let f0,r be
the density defined in (S9.1) and µ0,r = f0,r dλ the corresponding probability measure. For
θ ∈ {0, 1}bn , let µθ = fθ dλ be the probability measure corresponding to the density fθ
defined in (S9.2). We introduce the product probability measure on Rd

µ̄Aθ := µθ ⊗ µ
⊗(d−1)
0,r = (fθ dλ)⊗ (f0,r dλ)⊗ . . .⊗ (f0,r dλ),
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having Lebesgue density f̄Aθ (x̃) = fθ(x̃1)×
∏d
j=2 f0,r(x̃j), x̃ ∈ Rd. We define µ̄θ to be the

distribution of X :=A−1X̃, when X̃∼ µ̄Aθ . In other words, µ̄θ has density f̄θ(x) = f̄Aθ (Ax),
x ∈Rd. We show that

{µ̄θ : θ ∈ {0, 1}bn} ⊆Dd.

The probability measure µ̄θ ∈ P1(Rd, M)

Taking into account that the Euclidean norm of any vector is bounded by its 1-norm, that is,
|x| ≤

∑d
j=1 |xj |, for n large enough,

M1(µ̄θ)≤ |A−1|M1(µ̄
A
θ )≤ |A−1|

M1(µθ) +

d∑
j=2

M1(µ0,r)

=: M̄0,r,δ <∞

by the same arguments laid down for the case d = 1. Thus, µ̄θ ∈ P1(Rd, M) for every
M ≥ M̄0,r,δ .

The density f̄θ ∈ Sd(α, L)

Note that ˆ̄fθ(t) =
ˆ̄fAθ (t ·A−1). By arguments similar to those exposed for the case d= 1, for

a suitable constant I0, when n is large enough,

d∑
j=1

∫
Rd

| ˆ̄fθ(t)|2(1 + t2j )
α dt=

d∑
j=1

∫
Rd

| ˆ̄fAθ (t ·A−1)|2(1 + t2j )
α dt

≤ d

∫
Rd

| ˆ̄fAθ (t ·A−1)|2(1 + |t|2)α dt

≤ d|A|2α
∫
Rd

| ˆ̄fAθ (t)|2(1 + |t|2)α dt

≤ dI0|A|2α
(∫

R
|f̂θ(t1)|2(1 + t21)

α dt1

+

d∑
j=2

∫
R
|f̂0,r(tj)|2(1 + t2j )

α dtj

)
=: L̄0.

Therefore, there exists a finite constant L̄0 > 0 such that
∑d

j=1

∫
Rd | ˆ̄fθ(t)|2(1+ t2j )α dt≤ L̄0.

Hence, f̄θ ∈ Sd(α, L) for every L≥ L̄0.

Let θ̃ be a random vector whose components are i.i.d. Bernoulli random variables
θ̃1, . . . , θ̃bn , with P (θ̃s = 1) = P (θ̃s = 0) = 1

2 , s ∈ [bn]. By the inequality in (S9.4), for any
estimator ˆ̂µn that is a measurable function of the observations Z(n) from (Rd)n into the set
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P(Rd) of probability measures on Rd, we have

|A| sup
µ∈Dd

En
(µ∗µ⊗d

ε )
W1(µ̂n, µ)≥ |A| sup

θ∈{0,1}bn

En
(µ̄θ∗µ⊗d

ε )
W1(µ̂n, µ̄θ)

≥ sup
θ∈{0,1}bn

En
(µ̄θ∗µ⊗d

ε )
W1(µ̂

A
n , µ̄

A
θ )

≥ sup
θ∈{0,1}bn

En
(µ̄θ∗µ⊗d

ε )
W1((µ̂

A
n )1, (µ̄

A
θ )1)

≥ inf
ˆ̂µn

sup
θ∈{0,1}bn

En
(µ̄θ∗µ⊗d

ε )
W1(ˆ̂µn, (µ̄

A
θ )1)

≥ inf
ˆ̂µn

Eθ̃E
n
(µ̄θ̃∗µ

⊗d
ε )
W1(ˆ̂µn, (µ̄

A
θ̃
)1)

= inf
ˆ̂µn

∫
R
Eθ̃E

n
(µ̄θ̃∗µ

⊗d
ε )

| ˆ̂Fn(x)− F(µ̄A
θ̃
)1(x)|dx,

where ˆ̂Fn is the distribution function associated with ˆ̂µn and F(µ̄A
θ̃
)1 is the distribution func-

tion associated with (µ̄A
θ̃
)1, which is the marginal distribution of µ̄A

θ̃
on the first coordinate,

that is, the probability measure µθ̃ on R with density

fθ̃(·) = f0,r(·) +Cb−αn

bn∑
s=1

θ̃sH(bn(· − xs,n)).

For each θ ∈ {0, 1}bn and s ∈ [bn], we define the densities

f̄θ,s,u := f̄(θ1,...,θs−1,u,θs+1,...,θbn )
, u= 0, 1,

and let µ̄θ,s,u := f̄θ,s,u dλ
d, u = 0, 1, be the corresponding probability measures on Rd,

where λd denotes Lebesgue measure on Rd. For any x ∈ [xs,n, xs+1,n], taking the expec-
tation with respect to θ̃s and using the subscript θ̃ \ s to denote the expected value with
respect to the remaining components (θ̃1, . . . , θ̃s−1, θ̃s+1, . . . , θ̃bn) of the vector θ̃, we have

Eθ̃E
n
(µ̄θ̃∗µ

⊗d
ε )

| ˆ̂Fn(x)− F(µ̄A
θ̃
)1(x)|

=
1

2
Eθ̃\s

[ 1∑
u=0

En
(µ̄θ̃,s,u∗µ

⊗d
ε )

| ˆ̂Fn(x)− F(µ̄A
θ̃,s,u

)1(x)|
]

≥ 1

2
Eθ̃\s

[∫
Rd

. . .

∫
Rd

|F(µ̄A
θ̃,s,0

)1(x)− F(µ̄A
θ̃,s,1

)1(x)|

×min

{ n∏
i=1

(f̄θ̃,s,0 ∗ f
⊗d
ε )A(zi),

n∏
i=1

(f̄θ̃,s,1 ∗ f
⊗d
ε )A(zi)

}
dz1 . . .dzn

]
=

1

2
b−(α+1)
n

∣∣H(−1)(bn(x− xs,n))
∣∣

×Eθ̃\s

[∫
R
. . .

∫
R
min

{ n∏
i=1

(
fθ̃,s,0 ∗ fη1,1

)
(zi,1),

n∏
i=1

(
fθ̃,s,1 ∗ fη1,1

)
(zi,1)

}
dz1,1 . . .dzn,1

]

≥ 1

4
b−(α+1)
n

∣∣H(−1)(bn(x− xs,n))
∣∣×Eθ̃\s

[(
1− 1

2
χ2
(
fθ̃,s,1 ∗ fη1,1 ; fθ̃,s,0 ∗ fη1,1

))2n]
because of the following facts:
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• for each θ ∈ {0, 1}bn and s ∈ [bn],

|F(µ̄A
θ,s,0)1

(x)− F(µ̄A
θ,s,1)1

(x)|=Cb−αn

∣∣∣∣ ∫ x

−∞
(fθ,s,0 − fθ,s,1)(u)du

∣∣∣∣
=Cb−αn

∣∣∣∣∫ x

−∞
H(bn(u− xs,n))du

∣∣∣∣
=Cb−(α+1)

n

∣∣H(−1)(bn(x− xs,n))
∣∣;

• for each θ ∈ {0, 1}bn and u= 0, 1, the random variables z1,1, . . . , zn,1 are i.i.d. according
to the probability measure

((µ̄θ,s,u ∗ µ⊗dε )A)1 = ((µ̄θ,s,u)
A)1 ∗ ((µ⊗dε )A)1 = µθ,s,u ∗ µη1,1 ,

where µθ,s,u has been defined in the case d= 1;
• by standard arguments (see, e.g., Theorem 3 of [8], p. 283), for each θ ∈ {0, 1}bn and
s ∈ [bn],∫

R
. . .

∫
R
min

{ n∏
i=1

(
fθ,s,0 ∗ fη1,1

)
(zi,1),

n∏
i=1

(
fθ,s,1 ∗ fη1,1

)
(zi,1)

}
dz1,1 . . .dzn,1

≥ 1

2

(
1− 1

2
χ2
(
fθ,s,1 ∗ fη1,1 ; fθ,s,0 ∗ fη1,1

))2n
.

By the same arguments as in [10], p. 1270, with the error density being ordinary smooth of
order βd (instead of order β) and under condition (S9.3), we get that there exists a constant
c > 0 such that, for every θ ∈ {0, 1}bn and s ∈ [bn], for n large enough,

χ2
(
fθ,s,1 ∗ fη1,1 ; fθ,s,0 ∗ fη1,1

)
≤ cb−[2(α+βd)+1]

n ≲ n−1.

Thus, for a suitable constant C ′ > 0, for sufficiently large n,

|A| sup
µ∈Dd

En
(µ∗µ⊗d

ε )
W1(µ̂n, µ)≥ inf

ˆ̂µn

∫
R
Eθ̃E

n
(µ̄θ̃∗µ

⊗d
ε )

| ˆ̂Fn(x)− F(µ̄A
θ̃
)1(x)|dx

≥C ′b−(α+1)
n

bn∑
s=1

∫ xs+1,n

xs,n

∣∣H(−1)(bn(x− xs,n))
∣∣dx

=C ′b−(α+1)
n

∫ 1

0

∣∣H(−1)(x)
∣∣dx

≳ n−(α+1)/[2(α+βd)+1]

because
∫ 1
0 |H(−1)(x)|dx > 0 by assumption.

To show that also the sequence n−1/2 is a lower bound on supµ∈Dd
En
(µ∗µ⊗d

ε )
W1(µ̂n, µ),

we can reason as for the case d= 1. Combining the two lower bounds, we get

sup
µ∈Dd

En
(µ∗µ⊗d

ε )
W1(µ̂n, µ)≳max{n−(α+1)/[2(α+βd)+1], n−1/2}= n−(α+1)/[2α+(2βd∨1)+1]

and the proof is complete.

S10. Proof of Theorem 5.2 and related results. In Section S10.1, we present the proof
of Theorem 5.2, while, in Section S10.2, we report the details of some intermediate steps of
the proof.
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S10.1. Proof of Theorem 5.2. We first note that

sup
v∈Sd−1

∥Fµ̃1n,v
− Fµ0X,v

∥1 ≤ sup
v∈Sd−1

∥Fµ̃n,v
− Fµ0X,v

∥1 +O(n−1/2).

Then, by inequality (2.2) and Theorem 3.1 with β > 1 and any sequence hn → 0,

W1(µ̃1n, µ0X)≤CdW 1(µ̃1n, µ0X)

=Cd sup
v∈Sd−1

∥Fµ̃1n,v
− Fµ0X,v

∥1

≲ sup
v∈Sd−1

∥Fµ̃n,v
− Fµ0X,v

∥1 + n−1/2

≲ hn + sup
v∈Sd−1

∥Fµ̃Y n,v
− Fµ0Y,v

∥1 + n−1/2

+ (logn) sup
v∈Sd−1

(
h
−β|I∗hn

(v)|+1
n

∏
j∈I∗hn

(v)

|vj |β∥fµ̃Y n,v
− fµ0Y,v

∥1
)
.

We now bound ∥fµ̃Y n,v
− fµ0Y,v

∥1 uniformly in v. In [5], the authors control the errors in
the L2-distance. Therefore, we need to control the above term differently. For every v, with
Gn :=

√
n(Pn − P0Y ) the empirical process, we have

∥fµ̃Y n,v
− fµ0Y,v

∥1 ≤
1

2π

[∫
R

(∣∣∣∣∫
R
e−ıtxµ̂0Y (tv)[1− K̂⊗d

bn
(tv)] dt

∣∣∣∣
+

∣∣∣∣∫
R
e−ıtxK̂⊗d

bn
(tv)

Gn(e
ıtv·Y)√
n

dt

∣∣∣∣)dx

]
.

We denote the first integral by B1(v) and the second one by B2(v). In Section S10.2, we
show that

(S10.1) B1(v)≲ b
2|I∗bn (v)|
n

∏
j∈I∗bn (v)

v−2
j and En0Y

[
sup

v∈Sd−1

B2(v)

]
≲

(logn)3/2√
nbn

.

Since β = 2, choosing hn ≡ bn = [n/(logn)3]−1/(4d+1), the bounds in (S10.1) imply that

sup
v∈Sd−1

(
b
−2|I∗bn (v)|+1
n

∏
j∈I∗bn (v)

v2j ∥fµ̃Y n,v
− fµ0Y,v

∥1
)
≲ bn +

b
−2d+1/2
n (logn)3/2√

n

≲ [n/(logn)3]−1/(4d+1).

The bound on supv∈Sd−1 ∥Fµ̃Y n,v
− Fµ0Y,v

∥1 proceeds similarly noting that

Fµ̃Y n,v
(y) =

1

2π

∫ y

−∞

∫
R
e−ıtxK̂⊗d

bn
(tv)ϕn(tv)dtdx

= Fµ0Y,v
(y) +

1

2π
√
n

∫ y

−∞

∫
R
e−ıtxK̂⊗d

bn
(tv)Gn(e

ıtv·Y)dtdx

+
1

2π

∫
R
e−ıty

[K̂⊗d
bn

(tv)− 1]

−ıt
µ̂0Y (tv)dt,



WASSERSTEIN CONVERGENCE IN DECONVOLUTION MODELS: SUPPLEMENT S39

so that∫
R
|Fµ̃Y n,v

(y)− Fµ0Y,v
(y)|dy ≤ 1

2π

∫
R

∣∣∣∣ ∫
R
e−ıty

[K̂⊗d
bn

(tv)− 1]

−ıt
µ̂0Y (tv)dt

∣∣∣∣dy
+

1

2π
√
n

∫
R

∣∣∣∣ ∫ y

−∞

∫
R
e−ıtxK̂⊗d

bn
(tv)Gn(e

ıtv·Y)dtdx

∣∣∣∣dy
=: B̄1(v) + B̄2(v).

The first term B̄1(v) is similar to B1(v), therefore

B̄1(v)≲ bn

uniformly in v ∈ Sd−1. We now study the term B̄2(v) following the control of B2(v) in
Section S10.2 below. First note that B̄2(v) = (2π

√
n)−1

∫
R |Gn(

∫ y
−∞ gx,v(Y)dx)|dy, where

the function gx,v(Y) is defined in (S10.2). Set Gy,v(Y) :=
∫ y
−∞ gx,v(Y)dx, y ∈R, write

B̄2(v) =

(∫ 0

−∞
+

∫ ∞

0

)∣∣Gn

(
Gy,v(Y)

)∣∣dy.
We only study the case where y ≤ 0 because the case y > 0 can be treated similarly. Without
loss of generality, we assume that vj > 0 for all j ∈ J∗

d (v). Since

gx,v(Y) = (2π) ⊛
j∈J∗

d (v)
Kbnvj (x− v ·Y), x ∈R,

we have

|Gy,v(Y)|≲
∫ y

−∞
⊛

j∈J∗
d (v)

|Kbnvj (x− v ·Y)|dx=
∫ y−v·Y

−∞
⊛

j∈J∗
d (v)

|Kbnvj (u)|du

≲ P

 ∑
j∈J∗

d (v)

bnvjZj ≤ y− v ·Y


≤

∑
j∈J∗

d (v)

P (vjZj ≤ (y+ ∥Y∥1)/(dbn)) ,

where the Zj’s are i.i.d. random variables with density |K|/∥K∥1. Hence, for all k > 1,
defined vmin := minj∈[d] |vj |, we have

Gy,v(Y)≤ 1(y≤(−2∥Y∥1∧−1))dP (Z1 ≤ y/(2dbnvmin)) + d1(0≥y>(−2∥Y∥1∧−1))

≲ 1(y≤−1)(bn/|y|)k−1 + 1(−1<y≤0),

which implies that

E0Y (Gy,v(Y)
2)≤ 1(y≤−1)(bn/|y|)2(k−1) + 1(−1<y≤0).

Using Lemma 19.36 of [23], p. 268, jointly with the computations of the integrated bracketing
entropy in Section S10.2,

En0Y
(

sup
v∈Sd−1

B̄2(v)

)
≲

√
logn

n
.

This implies that

sup
v∈Sd−1

∥Fµ̃Y n,v
− Fµ0Y,v

∥1 ≲ bn,

which concludes the proof.
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S10.2. Proof of the bounds (S10.1) on B1(v) and B2(v). We begin to prove the bound
on B1(v).

• Bound on B1(v)

For v ∈Rd, let av(x) := (2π)−1
∫
R e

−ıtxµ̂0Y (tv)[1− K̂⊗d
bn

(tv)] dt, x ∈R. Using the inequal-

ity ∥av∥21 ≤ ∥âv∥2 × ∥â(1)v ∥2, see, e.g., (4.4) in [2], p. 1030, we have

[B1(v)]
2 ≤ ∥µ̂0Y (·v)[1− K̂⊗d

bn
(·v)]∥2 ×

∥∥∥∥ d

dt

(
µ̂0Y (·v)[1− K̂⊗d

bn
(·v)]

)∥∥∥∥
2

.

Note that

|1− K̂⊗d
bn

(tv)| ≤
∑

j∈J∗
d (v)

|1− K̂(bntvj)| ≤ d1(|t|≥(bn∥v∥∞)−1)

and∣∣∣∣ ddt (µ̂0Y (tv)[1− K̂⊗d
bn

(tv)]
)∣∣∣∣≲ 1(|t|≥(bn∥v∥∞)−1)∏d

j=1(1 + v2j t
2)

×

∣∣∣∣ ddt µ̂0X(tv)
∣∣∣∣+ 2|µ̂0X(tv)|

∑
j∈J∗

d (v)

|t|v2j
1 + t2v2j


≲

1(|t|≥(bn∥v∥∞)−1)∏d
j=1[1 + v2j /(bn∥v∥∞)2]

(∣∣∣∣ ddt µ̂0X(tv)
∣∣∣∣+ |µ̂0X(tv)|

)
.

By assumption (5.2), recalling inequality (2), we have

1

2π

∫
R

∣∣∣∣ ddt µ̂0X(tv)
∣∣∣∣2 dt= ∫

R
x2|µ0X,v(x)|2 dx≤

∫
Rd

|x|2f0X(x)dx=M2(µ0X)<∞.

Combining previous bounds and recalling that I∗bn(v) = {j ∈ [d] : |vj |> bn}, we obtain that

B1(v)≲
[M2(µ0X)]

1/2 + ∥µ̂0X(·v)∥2∏d
j=1[1 + v2j /(bn∥v∥∞)2]

≲ b
2|I∗bn (v)|
n

∏
j∈I∗bn (v)

v−2
j .

• Bound on B2(v)

Set

(S10.2) gx,v(Y) :=

∫
R
e−ıt(x−v·Y)K̂⊗d

bn
(tv)dt, x ∈R,

we have

B2(v) =
1

2π
√
n

∫
R
|Gn(gx,v(Y))|dx.

We now control En0Y [supv∈Sd−1 |Gn(gx,v(Y))|]. Let Gn(x) := {gx,v(Y) : v ∈ Sd−1}. We use
Lemma 19.36 of [23], p. 288. Since ∥v∥∞ ≥ 1/d for all v ∈ Sd−1, we have |gx,v(Y)|< 2d/bn.
We bound E0Y [gx,v(Y)

2]. We have

E0Y [gx,v(Y)
2]<

2d

bn

∫
R

⊛
j∈J∗

d (v)
|Kbnvj (x− y)|f0Y,v(y)dy

≤ 2d

bn
∥f0Y,v∥∞∥K∥|J

∗
d (v)|

1 ≤ 2d

bn
∥K∥d1 sup

v∈Sd−1

∥f0Y,v∥∞ =: δ2n.
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For |v1 − v2| ≤ τb2nϵ, with τ ∈ (0, 1), we have

|gx,v1(Y)− gx,v2(Y)| ≤ τb2nϵ

∫
R
|t||Y|1|t|≤d/bn dt≤ τϵ|Y|d2.

Using that E0Y [|Y|2]<∞, a δn-bracketing covering of Gn is obtained by an (τb2nϵ)-covering
of Sd−1 choosing τ accordingly. Hence,

J[ ](δn, Gn(x), L2(P0Y ))≲
∫ δn

0

√
log(1/bn) + log(1/ϵ)+ dϵ≲

√
lognδn ≲

√
logn

bn
,

which in turn implies that

1√
n

∫
|x|≤Rn

En0Y
[

sup
v∈Sd−1

|Gn(gx,v(Y))|
]
dx≲

Rn
√
logn√
nbn

.

We study
∫
|x|>Rn

|Gn(gx,v(Y))|dx. Consider the event Ωn = {|Yi| ≤Rn/2, i ∈ [n]}. Then,
|x− v ·Yi| ≥ |x|/2 when |x| ≥Rn, and, for all k ≥ 1,

gx,v(Yi) =

∫
R
e−ıt(x−v·Yi)K̂⊗d

bn
(tv)dt=

1

2π[ı(x− v ·Yi)]k

∫
R
e−ıt(x−v·Yi) d

k

dtk
K̂⊗d
bn

(tv)dt

so that, since K̂ is k-times continuously differentiable and each derivative is equal to 0 on
the boundary of its support,

|gx,v(Yi)|≲
1

bn|x|k
.

Also, on Ωn,

Gn(gx,v(Y)) =Gn(gx,v(Y)1(|Y|≤|x|/2))−
√
nE0Y [gx,v(Y)1(|Y|>|x|/2)]

and, for |x|>Rn, with the abuse of notation c2 := (c2 ∧ 1),

√
nE0Y [|gx,v(Y)|1(|Y|>|x|/2)]≲

√
n

bn
[P0X(|X|> |x|/4) + e−|x|/4]≲

√
n

bn
e−c2|x|/4.

Therefore, on Ωn,

sup
v∈Sd−1

∫
|x|>Rn

|Gn(gx,v(Y))|dx≲ sup
v∈Sd−1

∫
|x|>Rn

|Gn(gx,v(Y)1|Y|≤Rn/2)|dx+
√
n

bn
e−c2Rn/4.

Using the above construction of a covering of Gn(x) with the upper bounds, for |x|>Rn,

∥gx,v(Y)1|Y|≤Rn/2∥∞ ≲
1

bn|x|k
and ∥gx,v(Y)1|Y|≤Rn/2∥2 ≲

1

bn|x|k
,

we obtain

J[ ](2d/bn, Gn(x), L2(P0Y ))≲
∫ 2/(bn|x|k)

0

√
log(1/bn) + log(1/ϵ)+ dϵ≲

√
logn

bn|x|k
,

so that ∫
|x|>Rn

En0Y
[

sup
v∈Sd−1

|Gn(gx,v(Y)1|Y|≤Rn/2)|
]
dx≲

√
logn

√
nbnR

k−1
n

,

which implies that

1√
n

∫
|x|>Rn

En0Y
[
1Ωn

sup
v∈Sd−1

|Gn(gx,v(Y))|
]
dx≲

√
logn

√
nbnR

k−1
n

+

√
n

bn
e−c2Rn/4.
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We also bound
1√
n

∫
|x|>Rn

En0Y
[
1Ωc

n
sup

v∈Sd−1

|Gn(gx,v(Y))|
]
dx

≤ 2En0Y

[
1Ωc

n
sup

v∈Sd−1

∫
|x|>Rn

∣∣∣∣∫
R
e−ıt(x−v·Y)K̂⊗d

bn
(tv)dt

∣∣∣∣ dx
]
.

By symmetry of K , that is, K(·) =K(−·), if vj ̸= 0, we have∫
R
e−ıtbnvjxK̂(t)dt=

1

(bn|vj |)
K(x/(bn|vj |)) =:Kbnvj (x).

Therefore,∣∣∣∣∫
R
e−ıt(x−v·Y)K̂⊗d

bn
(tv)dt

∣∣∣∣=
∣∣∣∣∣ ⊛
j∈J∗

d (v)
Kbnvj (x− v ·Y)

∣∣∣∣∣≤ ⊛
j∈J∗

d (v)
|Kbnvj (x− v ·Y)|.

We thus obtain
1√
n

∫
|x|>Rn

En0Y
[
1Ωc

n
sup

v∈Sd−1

|Gn(gx,v(Y))|
]
dx

≤ 2En0Y
[
1Ωc

n
sup

v∈Sd−1

∥∥ d
⊛
j=1

Kbnvj

∥∥
1

]
≤ 2Pn0Y (Ω

c
n)∥K∥d1.

Since Pn0Y (Ω
c
n)≤ e−Rn/4 + P0X(|X|> |x|/4)≤ e−c2Rn/4 (assuming without loss of gener-

ality that c2 ≤ 1), by choosing Rn =R0 logn, with R0 large enough, we get that

sup
v∈Sd−1

B2(v)≲
Rn

√
logn√
nbn

+
2
√
n

bn
e−c2Rn/4 ≲

(logn)3/2√
nbn

,

which concludes the proof.
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