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Abstract. Several optimal control problems in R?, like systems with uncertainty, control of flock
dynamics, or control of multiagent systems, can be naturally formulated in the space of probability
measures in R%. This leads to the study of dynamics and viscosity solutions to the Hamilton—
Jacobi-Bellman equation satisfied by the value functions of those control problems, both stated in
the Wasserstein space of probability measures. Since this space can be also viewed as the set of
the laws of random variables in a suitable L? space, the main aim of the paper is to study such
control systems in the Wasserstein space and to investigate the relations between dynamical systems
in Wasserstein space and their representations by dynamical systems in L2, both from the points of
view of trajectories and of (first-order) Hamilton—Jacobi-Bellman equations.
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Introduction. During the last years, there has been an increasing interest in the
control of the so-called multiagent systems. Such systems modelize dynamics where
the number of interacting agents is so huge that only a statistical description is avail-
able. Under an assumption of indistinguishability of the agents, instead of studying
the evolution of each invidual agent, it is preferable to consider the macroscopic evo-
lution of a probability measure describing the fraction of the total number of agents
belonging to every set of the state space at each time. Such dynamics of measures
naturally appear, for instance, in control systems or differential games with uncer-
tainty [39], [19], [20], [22], [35], [36], in mean field games [7], [38], [21], [24], [29], [32],
in flock dynamics (see, e.g., [41]), and in pedestrian and vehicle dynamics (see, e.g.,
[1] and references therein for an overview of the models).

We consider a multiagent controlled dynamical system at two levels:

e The microscopic scale. Every agent whose instantaneous position at time t is
x(t) € R? can choose his velocity in a set which depends on its own position and on
a probability measure p; on R%, which describes the current distribution of all the
other agents. For every (Borel) subset A C R?, 1;(A) represents the fraction of the
total number of agents that are present in A at time ¢. In particular, the trajectory
x(-) satisfies an equation of the form

2(t) = f(t,z(t),u(t), u) for almost every ¢ € [0,T],
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where f:[0,7] x R x U x P5(R%) — R%, u(:) : [0,7] + U is the control function,
U is a subset of some finite-dimensional space, and &, (R?) denotes the set of Borel
probability measures on R? with finite second-order moment.

Notice that the case where f is independent on the u-variable reduces to classical
control dynamics. It is worth pointing out that in this model the indistinguishability
assumption is encoded in the fact that, as expressed by the dynamics, each agent at po-
sition z(¢) does not interact individually with all other agents, which are indistinguable
for him, but he interacts only with the total crowd of all the agents as an aggregate
represented by the measure p;. Throughout the paper, we do not need an explicit form
of the control, so we introduce the set-valued map F (¢, u,x) := {(f (¢, z,u,u), u € U},
and we consider the microscopic dynamic satisfied by the trajectory z(-):

(0.1) z(t) € F(t, ue, x(t)) for almost every t.

e The macroscopic scale. The probability measure ¢ — pu; evolves according the
so-called continuity equation

(0.2) Orpie + div(vgpg) =0 in the sense of distributions,

which expresses that the total mass of the measure p; is preserved during the evolution
(so the curve t — p; remains in the space of probability measures) and v;(-) : R? — R?
is a time-dependent vector field. The above continuity equation must be understood
in the sense of distributions.

e The link between the macroscopic and the microscopic evolution is given by the
vector field v:(+), which has to satisfy

0.3 ve(z) € F(t, pg, ) for pg-almost every z € R? and for almost every ¢,
7

which is constructed by taking the weighted average of the velocies of all the agent
concurring in time ¢ at position . Roughly speaking, this relation means that every
point of the support of macroscopic variable p; has to evolve according to the mi-
croscopic scale equation. A different approach to dynamics in Wasserstein space is
discussed in Remark 2.12.

Together with the above dynamical system, we consider an optimization problem
of Bolza type, i.e., the minimization of a functional

T
(0.4) / £(us) dt + 9 (ur) € RU {400},

on trajectories satisfying the above dynamical system with an initial datum ps = .
It is natural to associate to this optimal control problem a value function obeying a
dynamic programming principle, and one can expect to characterize it as the unique
solution of a first-order Hamilton-Jacobi-Bellman equation (HJB in short) in the
space of probability measures. Of course, since the value function is not smooth in
general, a convenient notion of viscosity solution is needed to study this problem.
The study of a first-order PDE like HJB on the space of probability measures,
which is not a normed space, is not an easy task. We focus now on two main ways.
A direct approach requires to define suitable derivatives and sub/superdifferentials
for real value functions defined on the Wasserstein space; we refer the reader to vari-
ous concepts in [3], [19], [4], [33], [37], [39]. Another possibility, commonly used, for
instance, in the mean field theory, relies on the fact that any probability measure
p € P3(RY) could be represented as the law of a random variable X € L2(Q,RY)
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defined on some atomless probability space (2, %(f2),P) equipped with its Borel
o-field (or, equivalently, p is the image measure of the probability P by the func-
tion X : Q + R% We will denote this by X#P = u). This allows to study deriva-
tives and sub/superdifferential for real-valued functions defined on the Hilbert space
L3(Q,R?) because a function u : Z5(RY) — R is immediately “lifted” to a function
U:L3(Q,R?) — R defined by U(X) :=u(X4P). We refer the reader to [21], [24], [33],
[38]. By construction, U(X) depends only on the law of X. A general function from
L3(Q,R?) to R having this property is called rearrangement invariant.

In the framework of multiagent control problems, the above “representation” of a
measure of &5(R?) by random variables in L2(Q2,R%) leads to several questions. An
immediate observation lies in the fact that the representation of the measure by an
L? function is not unique: Even if we fix from the beginning the probability space
(22, B(Q),P), the same measure has multiple representatives in L(£2). One important
contribution of the mean field approach lies in the fact that when the lift U is smooth
enough, the derivative at X of U depends only on the law X{P of random variable
X (cf., e.g., [21], [24], [33]). However, the general validity of an analogous result for
sub/super-subdifferential of nonsmooth function is not yet fully clear. Consequently,
the comparison between viscosity solutions defined on Z25(R?) and viscosity solutions
defined on L2(2,R?) appears to be not straightforward. Another important question
concerns the properties of the absolutely continuous curves in the two spaces: Can
any absolutely continuous trajectory in the Wasserstein space be represented by an
absolutely continuous curves in L2(2,R%)? Conversely, do the laws of any absolutely
continuous curve of random variables in L%(Q,Rd) provide an absolutely continuous
trajectory in the Wasserstein space? Is it possible to establish quantitative estimates
on the distance between a given absolutely continuous curve in %5(R%) and the set
of admissible trajectories of the dynamics in &y (R%)?

The goal of the present paper is to investigate the previous questions.

Before going further, we give an academic example of a multiagent evolution in
the Wasserstein space which is not easily represented by an evolution in the L2 space.
We define its microscopic dynamic as

(0.5) z(t) € F(u) := B(0,¢(ut)) for almost every ¢,
where ¢ : P5(R?) + [0, +o0[ is given by

Gp)=1if 6 < % <1 and ¢(i) =0 otherwise,

<3 denotes the density (when it exists) of the measure p with respect to the Lebesgue
measure .2 on R%, and 6 > 0 is a fixed real number. The multiagent system is
described by the above microscopic dynamics together with the macroscopic one (0.2)
and the coupling (0.3). This could model, for instance, dynamics which are “frozen”
as soon as the “density” becomes too big or not big enough, preventing the point to
move in these cases. Clearly, this kind of dynamics cannot easily be represented by a
dynamics in L2 as we will discuss later on; see Remark 2.14.

From the point of view of trajectories in the Wasserstein and in the L2 spaces, our
first main result says that an absolutely continuous curve in the Wasserstein space
provides an absolutely continuous curve in L2 and conversely. We prove also that
the L2 representation obeys an ODE in L2 related to the vector field v appearing in
(0.2). In the framework of the multiagent control problems, the last one is a result
of independent interest. However, given the above curve satisfying the above ODE
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in L2, if we take another curve in L% the points of which have the same law for
any time, the second curve does not satisfy in general the differential equation. This
somehow explains the limitations of representing trajectories of a dynamical system
in the Wasserstein space by a dynamical system in L3.

From the point of view of optimal control of the multiagent system, an impor-
tant issue is to prove a minimal regularity result (Lipschitz continuity) for the value
function. This is usually done by a Gronwall-Filippov result. We provide a result
of the Filippov type, showing that any absolutely continuous curve ¢ — p; in the
Wasserstein space can be approached by a trajectory of the multiagent system with
a suitable quantitative estimate by adapting a similar result holding for curves in the
L2 space.

Concerning HJB equations, the value function associated to the multiagent system
is expected to satisfy an HJB in a viscosity sense. As usual in control theory, a
proper definition of viscosity solution must allow to prove a comparison theorem and,
consequently, to characterize the value function as the unique solution of an HJB
equation. Indeed, the relevance of the notion of a solution to an HJB lies precisely
in the possibility of obtaining a comparison theorem. There are several available
notions of viscosity solution defined directly in the Wasserstein space [3], [4], [19],
[37], [39]. Other approaches consider a concept of viscosity solution through the
representation in an L2 space [21], [33]: The nice structure of L2 allows to use the
viscosity theory in Banach spaces [27], [28], where a definition of viscosity solution
with smooth test functions is available. Both in Wasserstein and in L2 spaces, some
comparison theorems for HJB equations have been obtained in the quoted literature
(an analysis of these comparison theorems is outside the scope of the present paper).

In analogy with the classical theory, given u : Z3(R?) — R and ¢ > 0, it is
possible to introduce a concept of e-super/subtangent test function to u(:) at ug €
P5(R?); namely, v: P5(R?) — R is an e-supertangent to u(-) at uo if v is continuous,
differentiable at po, v(uo) =u(po) and u(v) <wv(v)+eWa(v, o) in a neighborhood of
o (an analogous definition holds for e-subtangent).

Applying the same idea to the lifted version U(-) of u(-), we can consider e-
super /subtangent test functions V(-) to U(-) at X € L2(Q) with XofP = po. Of
course, a natural requirement for the consistency of the construction is to ask that
V(+) is rearrangement invariant.

As usual, the notion of e-sub/supertangency can be used as an alternative way
to give a notion of viscosity solution for HJB equations in 23(R?) and in L3(9),
respectively. Thus, it is a natural question to compare this notion with the other ones
defined by using sub/superdifferentials.

Our second main results says that, under minimal assumptions of the Hamil-
tonian, the first notion of viscosity sub/supersolutions provided by using e-
sub/supertangent in 22 (R?), the second one provided by lifting HJB and using
smooth rearrangement-invariant e-sub/supertest functions in L2(Q2), and the third
one provided in [39] and [37] using a notion of e-intrinsic sub/superdifferential, are all
equivalent.

Throughout the paper, we make the following simplification: Although the value
function associated with (0.4) and the dynamics (0.1), (0.2), (0.3) clearly depends both
on the initial time s and on the initial measure p, we consider only the dependence
in the p variable. We will proceed as if the value would depend on g only. This
makes many expositions simpler. Also we consider the HJB equation as if it were
stationary.
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The paper is organized as follows: In section 1, we give some notation and back-
ground. Section 2 is devoted to trajectories of the multiagent control problem in the
Wasserstein space and their L} counterpart. Section 3 concerns viscosity solution to
the HJB equations. In the last section, we discuss the relevance to study an HJB
equation either in &, or in L?. We postpone to Appendix A some basic results and
technical proofs to maintain the flow of the paper.

1. Preliminaries.

1.1. Definitions and notations. We will use the following notation.

B(z,r) (or Br(z)) the open ball of radius r of a metric space (X,dx);

K the closure of a subset K of a topological space X;

Ik (") the indicator function of K,
ie, Ig(z)=0ifz€ K, Ix(x) =+ if 2 ¢ K;

xk(+) the characteristic function of K,
ie, xk(x)=1ifze K, xg(z)=0if z ¢ K;

di (+) the distance function from a subset K of a metric space (X, d),
ie., dig (z) :=inf{d(z,y): y€ K};

C’g (X;Y) the set of continuous bounded function from a Banach space X to Y,
endowed with || fllco =sup,cx |f(z)| (if Y =R, Y will be omitted);

Co%X;Y) the set of compactly supported functions of C’l? (X;Y),
with the topology induced by CP(X;Y);

C*(X;Y) the space of smooth real functions with compact support in R%;

Ty the set of continuous curves from a real interval I to R%;

I'r the set of continuous curves from [0,7] to R%;

et the evaluation operator e; : R% x ',
defined by e¢(x,v) =~(t) for all t € I;

P(X) the set of Borel probability measures on a Banach space X,
endowed with the weak* topology induced from C’S(X);

M (R*; R?) the set of vector-valued Borel measures on R? with values in R?,
endowed with the weak* topology induced from C9(R%;R%);

12 the total variation of a measure v € .# (R%; R%);

< the absolutely continuity relation between measures;

ma(p) the second moment of a probability measure p € Z(X);

riu the push-forward of the measure p by the Borel map r;

n the product measure of p € #(X) with the Borel family of measures
{7 }aex C 2(Y) (see (A1));

pr; the i-th projection map pr;(z1,...,zN) = x4;

II(p,v) the set of admissible transport plans from u to v;

I, (p, v) the set of optimal transport plans from p to v;

Wa(u,v) the 2-Wasserstein distance between p and v;

P2 (X) the subset of the elements & (X) with finite second moment,
endowed with the 2-Wasserstein distance;

Z4 the Lebesgue measure on RY;

L the Radon—Nikodym derivative of the measure v w.r.t. the measure p;

I‘:Lip(f) the Lipschitz constant of a function f.

Given a metric space (X, dx), an interval I of R, p>1, we define

ACP(I; X):=qv:I— X : There exists m(-) € LP(I) such that for all s,t €I

¢
with s <t, it holds that dx (y(¢),~(s)) §/ m(7)dr
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Given v € ACP(I; X), the metric derivative of y at 7 is defined as

51(7) o= Tim dx (Y(1 +h),7(7))

h—0 ‘7‘|

By the Lebesgue theorem, this limit exists at a.e. 7 € I. Moreover, |[¥|(-) is the
smallest function m(-) such that the inequality

dx (v(8),(s)) < / m(r) dr

holds for every s,t € I, s <t (see [3] for further properties of metric derivative).
Given Banach spaces X,Y, we denote by £2(X) the set of Borel probability mea-
sures on X endowed with the weak* topology induced by the duality with the space
CP(X) of the real-valued continuous bounded functions on X with the uniform conver-
gence norm. The second moment of € Z(X) is denoted by my(u) = [ [|z[% du(z),
and we set P5(X) ={p € Z(X): my(p) < +oo}. For any Borel map r: X —» Y
and p € P(X), we define the push-forward measure riu € P(Y) by setting
ripu(B) = u(r~'(B)) for any Borel set B of Y. The Wasserstein space %5(RY) is
equipped with the quadratic Wasserstein distance defined by for pu,v € Z5(R9),

1/2
Wa(u,v) == min / ly — x| dr(z,y) )
well(p,v) Ré xRd

where T(i,v) = {7 € Z(R? x RY), prytimr = p, profim = v} is the set of transport
plans between p and v. We also denote by II,(u, V) the set of optimal transport plans
between p and v, namely, the set of 7 € II(u,r) achieving the mininimum in the
above definition of Wy (j1,v). Recall that &5(R?) endowed with the Wa-distance is a
complete separable metric space.

1.2. Basic facts on the Wasserstein space and an L? representation.
We fix some probability space (2, Z(2),P) with Q a Polish (metrizable, complete,
separable) space, Z(Q) its Borel o-field, and P a probability measure with no atom.
We denote by L2(Q,R?) (or L2 in short) the space of square integrable functions
X : Q> R? on the probability space (€2, (), P).

We recall that for any p in P, (RY), there exists X € L2(2,R?) such that X{P = p
(cf., e.g., [42]) and

(1.1) W (11, ) = min { IX — Y| p2me) - XEP=p, YEP= u} .

The space (P2(R%), W) can be identified with the quotient (L2(2,R%)/ ~) equipped

with the quotient topology for the following equivalence relationship (cf. Appendix A):
X~Y & XtiP=YP.

We will make a constant use of the following.

LEMMA 1.1 (Lemma 5.23 in [24]). Let X,Y € L2(Q,R?) be such that X{P = Y{P.
Then for any € > 0, there exists T : Q — Q bijective satisfying

(i) 7 and 771 are measure-preserving that is THP =7 P =1;

(i) Y = X o7|re@re <e.

To a function u: Z5(R?) — R, we associate its lift on L2 given by [38], [21], [24]

U:XeL3(Q,RY) - u(XiP) €R.
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By Corollary A.5, u is continuous if and only if U is continuous. Moreover, U is
rearrangement invariant or law dependent. More precisely, a map V : L3(2, R?) — R
is said to be rearrangement invariant if

for all (X,Y) € (L3(Q,R%))?, it holds that X{P=Y#P =V (X)=V(Y).

1.3. About curves in the Wasserstein space. We give some basic statements
related to the dynamics of the macroscopic evolution.
Given a Borel vector field (t, )+ v;(x) € R? such that

T
(1.2) / / [vs (2)]? dpe () dt < 400,

0o Jre
a continuous curve p; : [0,T] — P52 (R%) is a solution to the continuity equation
(1.3) Dy + div(vepy) =0 in Rx]0, T

if and only if it holds in the sense of distributions on [0,7] x RY, namely,

T
||, @0+ @) Voot duta) dt=0 v e Cx@I.TD)

or equivalently, in the sense of distributions in [0,7] (see equation (8.1.3) in [3]),

d

G | e @ = [ (Tota). i) dus(a) for all ¢ € CLR)

According to Theorem 8.3.1 in [3], a continuous p = {1t }repo, 17 € AC?([0,T]; P2(R?))
if and only if there exists a Borel vector field v = v;(z) satisfying (1.2) such that (1.3)
holds.

We first recall the following useful result concerning solutions to the continuity
equation (0.2) and their equivalent representation by a probability measure on R%xT'p,
where I'7 denotes the set of continuous functions from [0, 7] to R

PROPOSITION 1.2 (superposition principle; cf. Theorem 8.2.1 of [3]). Consider
pe 2 [0,T) = Po(RY) a continuous solution of (1.3) for a Borel vector field (t,z) —
ve(x) satisfying (1.2). Then there exists a probability measure n on R x T'p such that

(i) n is concentrated on the set of pairs (z,v) € R? x WH2([0,T],R%) such that

(1.4) A(t) = v (y(¢)) for a.e. t€]0,T[ with v(0) =x;
(ii) we have py = elin for all t € [0,T] with e; defined by
er: (x,7) EREx Ty () € R

Conversely, if some n € P(R? x I'r) satisfies (i) with

T
/)/. () [? dn(z,y)dt < +o0,
0 JRIxTr

then t — py := ey solves the continuily equation (1.3) for some v satisfying (1.2).

1.4. Assumptions on the multiagent control system. Throughout the pa-
per, we suppose that the set valued map F : Rt x 2,(R?%) x R? = R? is Lipschitz
continuous, with compact and convex images.

Now we give the precise definition of a trajectory of the multiagent system driven
by F on the time interval I = [a,b].
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DEFINITION 1.3 ([37]). A continuous curve p = {us}ser € P2(R?Y), is an ad-
missible trajectory driven by F on I if there exists v = {vi}1e1 C M (R%GRY) such
that

o v Ky for ae. tel;
o v (x):= ﬁ(a:) € F(t,ps,z) for a.e. t €1 and pg-a.e. © € R (moreover. the

¢
map (t,x) — vi(x) is Borel measurable);
® O,y +divyy =0 in the sense of distributions on I X R4,

From the definition, it follows that u € AC?(I, 25(R%)); i.e., there exists m €
L?(I;]0, +o0[) such that

t
Wao (e, ths) S/ m(7)dr for all ¢,s € I with s <t.

Given p € Z5(R?Y), we denote by A (1) the set of admissible trajectories on I such
that p, = p. In [37], we have proved that the set A¥(u) is nonempty, compact w.r.t.
the natural uniform convergence metric on C°(I; Z5(R%)) defined as

deo(p, u®) = sup Wa (), s>

for every pu® = {ugi)}tel € O%I; 25(RY)), i = 1,2, and that any admissible trajec-
tory can be equivalently represented by a probability measure on R? x I'; (cf. also
Theorem A.7 in Appendix A).

2. Curves and trajectories in #(R%) and L2(€2,R?). A natural question
that arises is whether a dynamic in the Wasserstein space can be expressed as a
dynamic in L3. We answer this question both for absolutely continuous curves and
for trajectories of the multiagent system.

We denote by 't the set of continuous curves from [0, 7] to R?. Given a compact
interval I C R, we endow C°(I; 22,(R?)) with the structure of a complete metric space
by defining the uniform convergence metric

deo (8,0 = sup W, (011, 01?)
tel

for every (%) = {Qt(i)}tef € OI; P5(RY)), i = 1,2. For any p € P5(R?), the map
W2(u,-) is convex: Given v; € Po(R?) and m; € ,(u,v;), i = 0,1, A € [0,1], we set
= Ao + (1= Apg and 7y := Amo + (1 — Ay € II(p, pa). Hence,

W) < [ L=y dma(e.s) = AWE o) + (1 = VW o).
X
So Ws-balls are convex, and dzo-balls around a curve @ are convex.

2.1. Absolutely continuous curves and trajectories. Now we state the
main result of this section comparing trajectories and curves in %5(R%) and L3.

THEOREM 2.1 (representation theorem).

(i) Let p:[0,T] — P2(RY) be a continuous solution of (1.3) for a Borel vector field
(t,x) > vy () such that (1.2) holds true, and let Yy € L3(Q,R?) such that py = YoiP.
Then for all e > 0, there exists an absolutely continuous Z. € W2([0,T], L3) satisfying

Z P = iy for all t €[0,T], Zi=v,(Z;) for a.e. t, P-a.s. and || Z — Yollpge (,ra) < €.
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(ii) Conversely, fir X. € WL2([0,T); L3(Q,RY)). Set py = XifP and v; €
MR RY) defined as

(2.1) /Rdd)(gc)-dut(:zc):/Q@(Xt(w))-Xt(w)d]P’(w) Vo € Co(RY, RY).

Then |v4| is absolutely continuous with respect to pu, and setting ve(-) := 3£ (-) for a.e.

t €]0,T[, pi-a.e, the curve py : [0,T] — Po(RY) is a continuous solution of (1.3) with
ve(x) satisfying (1.2).

(iii) Let yt : [0,T] — P2(R) be a solution of the multiagent system driven by F
associated with the Borel vector field vi(x) (namely, {u:}:+ satisfying Definition 1.3
on [0,T]) and Yy € L3(,R?) such that g = YoiP. Then there exists an absolutely
continuous curve Z. € WH2([0,T],L3) satisfying ZP = ps (constructed in (i)) such
that

(2.2)  Zy(w) € F(t, ZP, Zy(w)) for P- a.e w and for a.e. t with || Zy — Yollree <e.

(iv) Conversely, if X. € Wh2([0,T]; L3(Q2,R?)) satisfies (2.2), then there exists a
Borel vector field vi(x) such that t — X P is an absolutely continuous curve satisfying
(13) So {Xtﬁp}tE[O,T] S A[FO,T] (X()jﬂp))

Before proving this theorem, we start by defining, for every given X € L2, the
following subspace of L3:

(2.3) Hx:={®oX € L§(Q,RY): & € L5 (R R}
The space Hx is isometric to some LIQP space.

LeEMMA 2.2 (Lemma 5.10 in [37]). Hx is a closed linear subspace of L3. More-
over, the map X, :Lg(uP(Rd) — Hx defined as X.(¢) =¢o X is a linear isometry.

We denote by pry 1 L3(Q,RY) — Hx the projection on Hy.
The following result gives a characterization of the projection on Hx.

LEMMA 2.3. Let Z,X € L%. We have
pry, (Z) =po X with y= (X, Z)§P and p(x) := /zd'yg”(z).
Proof. (of Lemma 2.3). Indeed, for all ¢ € Lg(ﬁP(Rd,]R{d),
[@ox)-wox)ab= | o0) pla) d(xX2P)a)
Q Rd
= [ o) | [ )] acxepe)
= [ b@) = dr ) @)
R4 xR
:/ ¢(m)~zdv(m,z):/(q’)oX)-ZdIP. O
R xRd Q

Remark 2.4. Another expression of p can be given by disintegrating P with respect
to X (see Theorem A.1l). Indeed, P can be written P(w) = (X#P) ® P, and then it
can be proved that

p(x) /Xl(@ Z(w) dPy(w).
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Proof of Theorem 2.1.
Proof of (i). Consider n € 2(R?xTI'r) associated with {11 }+c[0,7] by the superpo-

sition principle (Proposition 1.2). Since P has no atoms, there exists T}, :  — RéxTp
a Borel map such that T, P =7 (cf. [42]). Set X; =e; 0T, for all t. Then

X P = (e o TP = e (T HP) = e4fln = pus, ||XtH%]§ = / |2|? dpe < 400,

so X € LE. Moreover, for all Y € L2 and all 0 <s <t <T, setting 7= (T}, x Y){P €
II(n, Y4P), using the superposition principle, we get

Kov)= [atm) vae= [ o) o).y

o IR CR 2 CEoRY
XL'7T)X

- (o o+ 1907 0r) s

/0’ ~ydr((z,0), y)—|—/ </:’UT(O'(T)) -y d7'> dr((z,0),y)

[ esta) v am, < Viwon + [ ([ vrtotmn- yan((a)) ) dr

(using Fubini)

:/Qes(Tn)~YdIP+/: (/QvT(eToTn)YdP> dr

:/st.y dIP’+/$t(vT(XT)~Y>dT:<XS+/:vT(XT)dT Y)

using again Fubini. As this is true for any Y € L2, we get for all 0<s<¢<T
t
X=X, +/ v (X;) dr.

So we can conclude that {X;}; is in W11([0,T7;
t, P-a.s. We also have that {X;}, is in W12(]0,

//\Xt|2d]P’dt—/ / lvg (2)|? dpe () dt < +oo0.

Now take Yy € L2 and ¢ > 0 fixed such that YpfP = XofP. By Lemma 1.1, there
exists a measure preserving || Xo o @ — Ypl| Lo (rey < €. Setting Z; = X; o o, we have

]%(Q,Rd)) and that Xt = Ut(Xt) a.e
T); L3(92, R?) because

|Zo — Yol Lo (,re) <&, ZifiP = (X; 0 a)iP = X P = .

Moreover, repeating the same argument done for X;, for all Y € L%(Q,]Rd) and all
0<s<t<T, replacing m by 1o = ((T;; 0 &) x Y)iP € II(n, Y§P) leads to

(Zt,Y>:/(esoTnoa)-YdIP’+/: (/UT(eToTnoa)'YdP> dr

= <ZS + /St v (Z7)dr Y> .
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Again, this implies that {Z;}; € W12([0,T7; L2(Q,R%)) and Z; = v,(Z;) a.e. t, P-a.s.
Proof of (ii). From the definition of v, we get that |v4| is absolutely continuous
with respect to . By (2.1), we deduce that

(2.4) ve(Xt) =pry, (Xy), P-ae., ae. t.

Then, since {X;}; is in W2([0,T); L2), one easily deduces (1.2). Since Wa(ps, pz) <
|IXs — X¢|, the curve {p:}: is also continuous. To prove (1.3), taking ¢ €
C>*(R4x]0,T7)), we have, because of (2.4),

T
/ / (Orp(t, ) + v (x) - Vyp(x,t)) du(x) dt
0 JRd
:/0 /Q(at(p(t,Xt)+Ut(Xt)-vz(p(Xt’t)) dpe () dt

T
- / /Q (p(t, X0) + X0 Vaipl(Xe,)) dse(a) dt

T
:// iw(Xt’t)dth:/%O(XuT)—@(Xt,O)dth:o.
aJo dt o

Proof of (iii). Consider the curve {Z;}; given by (i) associated to {u}epo,1)-
Then

T T
| [tz xontu@e@n d@it= [ [ Inun @) dn) a=o0
0 Q 0 R

from Definition 1.3. Hence, Z. satisfies (2.2).

Proof of (iv). Consider the continuous curve t — p, := X, fIP and v associated to
X. as in (ii). Since we already know that v;(X¢) =pry (X), setting v, := (X;, X, )P
a.e. t, by Lemma 2.3, it holds that vi(z) = [p.y dyf(y) for ps-a.e. x. Then, because
X. satisfies (2.2), using the convexity of the images of F', we get, by Jensen’s inequality,

T T
0 [ [ Tt wnla)) duato) de= [ [ T ( / ydvf(y)) dpi(a) dt
0 R4 0 Rd R4

T T
S/ / Ip(t o) (y) dye(z,y) dt:/ /IF(LXARXt(w))(X(t))dP:0'
0 R4 x R4 0 Q

This proves that {,ut}te[o)T] S A[F()’T] (XofﬂP) 0

Remark 2.5. Part (i) of the previous theorem is a generalization of a result

contained in [34] in dimension d = 1. In [34], the authors build each Z; as a unique map
optimal such that Z:fP = u; with P absolutely continuous with respect to the Lebesgue
measure on [—1/2,1/2]. The result holds for such choice of Z;. Nevertheless, it is very
specific to dimension 1. Indeed, for any v, p in Z(R), denoting by X,, and X, the
optimal transport maps from P to 1 and v, it holds that Wa(u,v) = || X, — X || £2(0)-
This equality is no longer true in higher dimension.
Tudorascu studied the results of [34] in dimension d > 1 (see [45]). Part (ii) of the
above theorem can be related to Proposition 3.3. of [45]. The author assumes again
that P is absolutely continuous with respect to the Lebesgue measure on R? and
takes X; the optimal transport map from P to p;. Then it is proved that, under an
additionnal assumption, it exists a Borel vector field (¢,2) — v;(x) such that

X, = ve(Xy) for a.e. t, P-a.s.
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Remark 2.6. After the submission of the present paper, we discovered the work of
Cavagnari et al. [25], which is very much related to the previous theorem in a slightly
different setting. Thanks to [25], we understood that our first version of the proofs of
(ii) and (iv) of Theorem 2.1 was not complete, and [25] helped us to fix the proof. We
emphasize that [25] contains powerful results about the relation between Lagrangian
and Eulerian formulations of the problem.

Remark 2.7. Observe that the fact that the curve {X;}; solves (2.2) does not imply
that another curve {X;}; with the same law X;fP = X;fP solves (2.2). Consequently,
the multiagent dynamical system cannot in general be studied in the space L32.

We already noticed that (Z»(R%),Ws) is identified with (L2/ ~). Easily, the
equivalence classes are closed for the strong topology of LZ. Nevertheless, they are
neither convex nor closed for the weak topology of L2. So one needs to be very careful
with the choice of the topology used when comparing continuity properties of curves
in Z5(R%) and L32.

2.2. Approximation of curves in &5(R?) by trajectories of the multia-
gent system. The goal of this section is to construct a trajectory of the multiagent
system which approximates a given trajectory in %, (R?). This is a crucial property
to obtain regularity of the value of the control problem. So we obtain the following
Gronwall-Filippov type of result.

PROPOSITION 2.8. Take I =[0,T]. Let i € P5(R%) be given and F : I x Po(R?) x
R2 = R? be a Lipschitz continuous set-valued map with nonempty compact convex
values. Let p = {u}ier © AC?(I; Po(R?)) satisfying (1.3) for a Borel vector field
(t,x) — vi(x) such that [, Hvt()”%ﬁt dt < +oo. Then there exists a trajectory L =

{iit}rer € AY (i) such that for allt €1,

@5 Walpn) < (Wathon)+ [ [ droon(o)) (o) ds)

for some constant L' depending only on F, I, and [i.

This section is devoted to the proof of this proposition, according to the following
outline:
1. For a given curve 8 = {0;};er € Lip(I; 22(R%)), define the set Tf’e(ﬂ) of
solutions to the multiagent system associated to (¢,z) — F(t,6;,x), namely,
the set of p = {s}rer satisfying (1.3) for a Borel vector field (¢, z) — vi(z)
such that vs(x) € F(t,0;, ) for ps-a.e. x € R? and a.e. t € 1.
2. We obtain a Filippov estimate for solutions in Tf’e(ﬁ) (see Proposition 2.10
below) by using our Theorem 2.1 for the map G : I x L2(Q) = L3(f) defined
by

(2.6) GO(t,X():={Y ()€ L3(Q): Y(w) € F(t,0;, X (w)) for a.e. we N}

with a Filippov theorem in L3.
3. We build the desired trajectory fi as a fixed point of some submap of 6 —
Tf’e(ﬂ) whose values satisfy (2.5).
We will need the following technical lemma proved in Appendix A.
LEMMA 2.9. Fiz 0 = {0;}1es € Lip(I; P2(R%)). Then G : I x L3(Q) = L3(Q),
defined in (2.6), is Lip F' - (1 + Lip 8)-Lipschitz continuous with closed images.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/10/23 to 176.200.22.142 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

DYNAMICAL SYSTEMS AND H.-J.-B. EQUATIONS ON P_2 5931

PROPOSITION 2.10. In the assumptions of Proposition 2.8, fix € > 0 and 60 =
{0:}er € Lip(I; 25(RY)). Then there exists ji® = {18 }1er € Tf’a(ﬂ) such that
(2.7)

Wg(ut,ﬂte) Set~LipF~(1+Lip0) (W2 o, 1 / / dF 5,05 x) Us ))dus( )d ) .

Proof of Proposition 2.10. Set L:=Lip F'- (1+ Lip8).
Step 1. Fix € > 0. We first prove that there exists ji® such that

28 Walu ) < (Wl ) //%MMM»%U%HHQ

Take X, Yy € L3 (€2) such that (Xo, Yb)tﬂP’ € I1,(po, t). By Theorem 2.1(i), there exists
t — X; such that X; = v; o Xy, | Xo — XOHL2 <eg, and X fiP = p; for all t € I. By
Theorem 1.2 in [30] applied" to GY, there exists ¢ — Y;(-) absolutely continuous such
that Yo = Yy, YofP = fi, Yi(w) € F(t,0;,Y (w)) for a.e. w and for all t:

16 = 1l e (IX60) = Yoz + [ doogee,plon o Xe() s +e1)
(1Kol = Follzp + [ oo (on o X ds o421

(Wg (10, it / dGo(s,x.(-)) vszs(-))ds—I—a—i—st) .
Set 1% := Y, P for all . Notice that Wy (us, i) < || X () — Yi(-)||z2 and that
)=

dp(s,0,, )(US( )) o Xs(-)-

Therefore, after integrating in P and having switched the integrals in ds and in dw,
we obtain (2.8). In particular, by Theorem 2.1(iii), we have that pu? = {i?},c; obeys
the continuity equation

dae (s, x, () (Vs 0 X ()

Befig + div(w,fif) =0,

where (t,z) — w¢(x) is a measurable selection of (¢,x) — F(t,0;,x).

Step 2. We claim that the map 6 — Tf’e(ﬂ) from {6 € Lip(I; Z(R%)) : Lip0 <
L} to CO(I; 25(R%)) is Lipschitz continuous with compact convex images and that
its Lipschitz constant is less than e(*=®) (+LLPF . (, _ g)Lip F.

Without loss of generality, we assume that I = [0,7]. Set L' = (1 + L)Lip F.
Let € > 0, 8% ¢ Lip(I; 2,(R%)) with Lip8 < L for i = 1,2 and p™) = {u, 1>}t€[ €
TFg(l)( ). In particular, u(!) solves the continuity equation with a Borel vector field
(t,z) — v (z) satisfying v (x) € F(t, 9( ) for p-a.e. © € R? and a.e. t € I. By the
arguments of Step 1, there exists u(?) = {u }te] erh ’ (f):

Wa(ulV, u?) < et ( / | oo o) il @) ds+s+et) ,
<e' (/ / Lip F - Wa(0,02) dulV (z) ds +5+5t> ,
0 JRd
<eTE . (TLipF Ao (0,0 4 e 4 ET) .

INote that [30] concerns mild solutions which appear to be absolutely continuous solutions be-
cause the infinitesimal generator is A =0 in our context.
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Thus,
dpro ) (uD) < T (TLip Fdeo(0M,0®) 4+ sT) .
By letting ¢ — 0% and interchanging ) and 8(?) | we obtain the Lipschitz continuity
of 0 1TE8 ().

We show the convexity of TH° (). Given A € [0,1], p® = {ugi)}tez e 158 n),
i=0,1, define p®™ = {Hgk)}tel =2 + (1 = A)pM). By linearity, we have

0+ i (3l + 1~ ) =0
where vt(i) (x) € F(t,0,x) for ,ugi)—a.e. x and a.e. t. Noticing that u <</L§/\),
8t,u9) + div (v?‘ﬂi”) =0,

where for u,g)‘)—a.e. r €R? and a.e. t €I, it holds that

IS p 1- )\)v(l),u(l)
) s = 2 <(A) L ()
(1)
_,0 Ay 6 (1= M
- Yt ())\ (0)+(1_)\)()()+U ())\ (0)+(1_)\) (1)(x)'

Therefore, v () € F(t,0;,2) by convexity of the images of F. Thus, u € Tf’g(ﬁ).
We notice that there exists C?, C¢ > 0 such that F(t,0;,x2) C B(0,C% + CY|x|).
Indeed, take Mg = max{mé/Q(Bs) : seI}. Since

we can take
Cf =LipF - (T+ Mg+ 1), C? .= max{|v|: v € F(0,8,0)} + C.

Thus,

t
1< hO)]+ [+ el ds
Hence, for the trajectories of 4(t) € F(¢,60,7(t)), we have by the Gronwall inequality
Y (B)] < (Iy(0)| + TCF )T

So F(t,0;,7(t)) C B(O C9+CE(lv(0 )|—|—TC‘9) COT), in particular, Lipy < C¢ +
CO(|7(0)| + TCO)eC5T . Every p={u}res € T (1) can be represented as i = efin
with a measure n € @(Rd xT'r), concentrated on pairs (z,7v), where v(0) = z and
v is a trajectory of the dlfferentlal inclusion. By integrating the above estimates, we
obtain that the elements g of Y18 (jz) satisfy the followmg

e uniform boundedness of the images in W2:

2
Wa (80, pe) = (/ [y (¢ I2dnm)> < (my* (@) + TCP)eC=T
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e uniform Lipschitz continuity:

1/2
Wa(pi ) <llee — eallzz = ( [ hw —7(8)|2dn(x,v)>
RdXFI
<[t — 5| - (C? + CZ (my/* () + TCP)eET);

e pointwise compactness in Wy: The uniform boundedness of the images in
W5 yields the pointwise narrow compactness; thus, we have only to show the
uniform integrability of the second-order moments. We notice that for n-a.e.
(z,7), if |y(t)| > r, we have

s(r) = max{refc’gT —TC?,0} < |y(0)).

1/2 1/2
( / |x2d,ut(x)> < ( // Iw(t)an(fﬂ,v)>
R\ B(0,r) (RA\B(0,s(r)))xT's
/2

1
< </ |$|2dﬁ(13)> +TCY R\ B(0,5(r))) | %7,
RI\B(0,5(r)

and the right-hand side tends to 0 as » — 400, uniformly w.r.t. p € Tf’e(ﬁ).
By the Ascoli-Arzela theorem, T58(j) is relatively compact in CO(I; Z5(R%)). We
prove that it is closed. Given a sequence {p(™},cn C Tf’g(ﬁ)7 converging to p in
COI; P5(R%)), we can find a sequence n(™ C Z(R%xT;) such that uﬁn) = efn(™ for
all t € I and n € N, where n(™ is concentrated on pairs (z,7), where v is a trajectory
of the differential inclusion and «(0) = z. Since the functional

2| + IV (O)]* + 17l1%  if v € Lip(I;RY),
+00 otherwise

(w‘ﬁ)H{

has compact sublevels, by using the estimates on the trajectories, we obtain

sup / (I2[2 + Y (O) 2 + [4]12.) dn™ (2, ) < +o0.
neNJRIxT;

By Remark 5.1.5 in [3], we extract a subsequence {n("*)},cy narrowly convergent to
1. By the continuity of e;, we have that pu; = e fn for all ¢. Finally, for a.e. (z,7) in
the support of 1, there exists {(2n,Vn)}nen such that z, — z, ||7n — Y]l — 0 and
n is a trajectory of 4, (t) € F(t,0¢,vn(t)) with v, (a) = . Since the solution map of
such differential inclusion has a compact graph [6, Theorem 3.5.2], v is a trajectory
starting from z, and therefore pu € Tf’e (). This proves Step 2.

Step 3. We now construct 1% satisfying (2.7).

Consider a sequence &, — 07. By Step 1, there exists a sequence {2 (™}, oy C
Tf’o(ﬂ) satisfying

t
W2 (Mh ﬂto’(n)) < eLt (WQ (/1407 ﬂ) + /0 /Rd dF(s,OS,x) (Us (.27)) dlu/s (LL') ds + en+ Ent) )
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where 12" = {ﬂf’(n)}tg. By the compactness result obtained in Step 2, we can find

a subsequence {2 (™)}, cy converging in deo to 1 = {i%},er € Tf’e(u) satisfying
(2.7). O

Proof of Proposition 2.8. Given L,T >0, i € Z5(R%), and M > mé/Q(ﬂ), we set
I'=10,1],

Cy:=LipF-(T+ M+1), Cy :=max{|v|:v € F(0,00,0)} + Cs,

and define .#7 1, s (1) to be the set of @ = {0, }+c1 € Lip (I; Z2(R?)) satisfying 0y = fi,
Lip@ < L, W5(d¢,0:) < M, and for all r >0, t €I,

1/2
(2.10) (/ |a:|2d¢9t(x)>
R4\ B(0,r)
1/2
< </ Ifﬂzdﬁ(w)> +TC R\ B(0,5(r))) | €7,
RI\B(0,5(r))

where 5(r) = max{re=¢T — TC},0}.

We have that .7 1 a (@) is uniformly bounded in deo; thus, we get the point-
wise relative compactness of .7 1 a (i) w.r.t. the narrow topology. We prove that
Z1.0,m () is also pointwise relative compact in Ws. Indeed, it is enough to show the
uniform integrability of the second-order moments, which comes from the fact from
(2.10) that we have

1/2 1/2
( / |x|2dut<x>> < ( / |w2dut<x>>
R4\ B(0,2r) R4\ B(0,r)

1/2
B (/Rd\gm ))|x|2dn<x>) +TCERM B(0.5(r) | e

N

and that 5(r) — +o0 as r — +o0.

The set .7 r,a(j2) is nonempty since it contains the constant curves 6, = fi. It is
convex from the convexity of the Ws-ball. It is also closed in the dco topology and
hence compact by theAscoli-Arzela theorem. Indeed, it is sufficient to recall that if
W5 (&,,€) — 0, then we have

liminf/ \m|2d£n(m)2/ 2 de ().
n—=+00 Jrd\B(0,r) R4\ B(0,r)

Suppose now that

M >my*(7) +1,
L>max{|v|:v € F(0,80,0)} + Lip F - (M +2) + Lip F - (M +2) - (my/* (i) + 1).

Then we claim that for all 0 <7 < 1 small enough, it holds that Tf’e(/j) Crom(f)
for all 8 € yI,L,M(ﬂ)~

We prove this claim. As in the proof of Proposition 2.10, given 8 € %7 1 v (fi),
we get for every p € Tf;’zr] ()

Lip(p) < C¢ + C8 (my/* (i) + TCP)e %7,
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where (recalling that 0 < T < 1)

Cf=LipF-(T+Mg+1)<Cs:=LipF- (M +2),
C? = max{|v| : v € F(0,00,0)} +C9
< Cy:=max{|v|:v € F(0,0,0)} + Lip F - (M +2).

Therefore, Lip(p) < f(T'), where

F(T) = Cy + Cy(my/* (i) + TCy)eC>T.

We easily get f(0) < L, and therefore, since f(-) is continuous, there exists Ty €]0, 1]
such that f(T) < L for 0 < T < Ty, where Ty depends only on F, M, and f. In
particular, we have Lip u < L. Moreover, we have

Wa (80, p1¢) < my' (1) + TLip(p) < my/* (i) + LT.

Therefore, by possibly further shrinking T, we have Wa(dg, 1) < M. Equation (2.10)
follows from the estimate on C§ and from (2.9), and our claim is proved.
Given an interval J C [0,T7], we define

Qs(p,0):= {E {&}ies € CO(J; P3(RY)) : For all t € J, it holds that

Wa(jie, &) < ¢ VP F-(141ip0) (W2 Hou i / / i, (0s(2)) dpts (@ )d)},

and we notice that Q;(u,8) is a convex and dpo-closed set.
Notice that the set-valued map 0 — Q;(p, ), defined on C°([0,T]; 23(R?)), has
a closed graph since for all 0 = =1{0,"Yier, i=1,2, and every v € R?, we have

d J(v)<d + Lip Fdeo (0", 6%),

F(6,609 z F(£,62 ) (v)

and Wa(pue,-) is continuous.

We consider the map .7 1, ar (i) = .#7.2.a (i) defined as @ — Y2 ()N Q(u, 0).
As this map is not suitable to apply the Kakutani fixed point theorem, we will use an
embedding given by the following lemma, whose proof is postponed to Appendix A.

LEMMA 2.11. Let . C C°(I; 23(R)) be compact and conver, endowed with the
topology induced by dco. Then there exists a locally convex topological vector space L
and a homeomorphism h: (& ,dco) — L such that

R + (1 =X p®) = A(p®) + (1 - N)a(p®)
for all A\€[0,1] and p® €., i=1,2, mapping (.7, dco) to a compact conver subset
of L.

The map 6 — Tf’e(ﬂ)ﬁQ 1(p,0) has a closed graph and nonempty convex images.
Its graph is contained in a compact set, so it is upper semicontinuous. According to
Lemma 2.11, there is an affine homeomorphism h : &7 1 ;(&) — L, where L is a
topological vector space. In particular, we can consider

W T1,1,5(R)) 2 h(0) = (YT % (1) N Q1 (s, ) C h(F1..1 ().
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Recalling that h is an affine homeomorphism, we have that h(.#7 1 (i) is again
compact and convex and that the above set-valued map is upper semicontinuous with
compact convex images. By the Kakutani-Fan—Glicksberg fixed point theorem (see,
e.g., Theorem 13.1 in [40]), this set- valued map admits a fixed point; i.e., there exists

€ h(F1.0.4(7)) such that £ € (X" O (@) Qi(uh=(1))). Tn particular, there
exists i := h~(¢) € THP( )ﬂQI(u n); thus, @ € TH# (1) and i € Qr(p, i), and
thus

(211) Walup, fir) < L F-0+0) (Wz (ti0, / [ et o) di >d)

for some constant L depending only on F', I, and ji. Recalling the Lipschitz continuity
of I, this implies that

WQ(Mtaﬂt) tLlpF (1+L) (WQ o, f / / dF(s,us,;v) ( ))

+ Lip F - Wa(ts, is)] dpss () ds) -

Set

t
g(t) := et TP I (+L) <W2(M07M) +/ / Ap (s o) (Vs(2)) dps (2) dS) :
0 JRd
We have (recalling 0 <t <T < 1)
(2.12) Wa(pue, fie)

Set.LipF.(lJrL <W2 MOv / / dF(s,p,S,;c) vs( ))dﬂs( )d
t
+L1pF/ WZ(Msaﬂs)d‘S)
0

¢
g(t) +LipF~eLipF'(1+L)/ Wa(ts, fts) ds.
0

(2.13)
Gronwall’s inequality yields the desired estimate (2.12) with
L'=LipF.eMPF 0+l L i F. (14 L),

yielding Proposition 2.8 for 7" small enough.
We prove now the case of possibly large T" > 0. To this aim, we apply Zorn’s
lemma to the set

Z = {(77 /1 = {ﬂt}tG[O,‘r]) CTE [OvTL /10 = /jvﬂ € ngﬁ] n QJ(Nvﬁ)}

with the followmg partial order: (M, g(M) < (7@, a@) if and only if 7V < 72
and ,ugl) = ,ut ) for all t € [0,7(V)]. Given a totally ordered chain A, set T4 =sup{7 €
[0,T]: (1,t) € A}, and define () = {ﬂgA)}te[O’TA[ by setting fi; = fi; for all t € T,

(r, ) € A.
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Notice that given (7, 1), there exists 7 € Z(R x I'0,71), supported on the pairs
(x,7y) satisfying 4(t) € F(t, fiz,v(t)) for a.e. t € [0,7] and v(0) = x, such that i = e+t
for all ¢ € [0,7]. In particular, we have for f-a.e. (z,7) € R% x T}

F(t, ir, ¥(t)) < F(0,00,0) + B(0, 1) - Lip F - (¢ +my" (f1,) + [ (£)])-
Therefore, since C; = max{|v|: v € F(0,do,0)},

1< hO1+ [ [0+ (s mi i) + ()] ds

By taking the L%—norm and using Jensen’s inequality,

t
my/?(fiy) < mb/* (1) + / [Cl +LipF-(s+ 2m§/2(,15))] ds.
0
By Gronwall’s inequality and recalling that 7 <T,
- . T? :
my’? (i) <my’*(f2) + 7C1 + Lip F7 Le?THPE,

Arguing as above, i is Lipschitz continuous, with Lipschitz constant depending only
on fi, T, and F. Since (1,fi) € A are arbitrary, ﬁ(A) is Lipschitz on [0,T4[, and
therefore it can be uniquely extended to a Lipschitz function on [0,7T4] still denoted
ﬂ(A). One gets easily that i(4) ¢ T[Fo’f;i?) (i) and that ﬁ(A) € Qo7 (1, t). There-
fore, (T4, 1)) € 2 majorizes every element of A. By Zorn’s lemma, there exist
(T, 1) € A) a maximal element. If 7" < T, by applying the first part of the proof to
extend i on [T, T' +¢] for some € > 0, we contradict the maximality of f.

In particular, we obtain 1 € TIF"“([L) N Qr(w, i), and we can conclude by
Gronwall’s inequality as in the case of small 7.

Remark 2.12. In a series of recent papers [8], [9], [10], [11], [12], [13], [14], [15],
optimization problems in the Wasserstein space driven by a controlled continuity equa-
tion were studied in the Cauchy—Lipschitz framework, i.e., assuming a local Lipschitz
regularity in space of the (possibly nonlocal) driving vector field. It is well known
that in this case, the continuity equation is well-posed, and moreover its unique solu-
tion is given by the push-forward of the initial measure along the flow: In particular,
mass splitting along the trajectories is not possible. The concept of trajectory used in
the Cauchy—Lipschitz framework yields a powerful tool to extend the classical finite-
dimensional theory to the Wasserstein space, at the price of restricting the set of
available trajectories for the agents (by adding a hidden interaction between the ve-
locities of close agents, which must be selected to be closed). A short comparison of
the concept of trajectory used in this paper and the Cauchy—Lipschitz framework was
outlined also in Remark 6 of [12].

Remark 2.13. Another Filippov-like theorem was obtained in [12] with a different
notion of solution to (0.1)—(0.2) under more smoothness assumptions on the vector
field. Also, when p is itself a solution to (0.1)—(0.2), a Gronwall-Filippov result was
obtained in [37].

Thanks to Theorem 2.1, we can write the value function V(-) associated to (0.4)
on admissible trajectories in two different ways: We can write

T
V(p,T) :=inf {/ L(p)dt + % (pr) - p€ Afg 1y (u)} :
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and, setting L(Y) := L(Y{P) and G(Y) =¥ (YP) for all Y € L3(Q,R%), we can write
also

T
V(p,T) :=inf { / L(X;)dt +G(X7): X. € WH2([0,T],R?Y), XotP = p,
X, (w) € F(X 4P, X;(w)) for a.e. t€[0,T] and P-a.e. we Q}

It has been shown in [37] that V is a solution of an HJB equation in %5(R?) of the
type

(2.14) % + H(p, Dyu(t, p)) =0.

In the next section, we explore some properties of this equation and its meaning
in L2(Q,R%). (We reduce our study to the sationary equation in order to simplify).
Moreover, we expect that, setting V(X ) := V(X{P) for all X € L2(Q,R9), V should be
a solution of an HJB equation in L]%(Q,Rd). In subsection 3.4, we give some insights
on the difficult question of studying (2.14) as a classic HJB equation in L3(Q,R%).

Remark 2.14. One of the most relevant drawbacks in the L2-representation for
evolutions in the Wasserstein space is due to the difficult-to-model density constraints.
Indeed, in a quite general form, a density constraint on &?(R?) can be expressed as
follows: Given a reference measure v and a density penalization function f, we define
the integral functional . : Z(R%) — R:

/Rdf <x,$(x)> dy(z) i p<n,

400 otherwise.

F (1) =

The constraint requires that, during an evolution g = {4 }+cr, it holds that . (us) <0
for a.e. t€ 1.

Under quite general assumptions on f (basically convexity and superlinearity of
f(z,); see Theorem 3.4.1 in [17] and [16]), the functional .% () turns out to be w*-
Ls.c., and therefore the set {u € Z(R?): F(u) <0} where the constraint is satisfied
is closed, and so the set of continuous curves satisfying the constraint is closed w.r.t.
uniform convergence.

A basic ingredient to represent this constraint in the L?-setting is the possibility
to easily compute the density of the push-forward w.r.t. a given measure: Indeed, we

X
have p; = X P, and therefore we need to compute w — t—ﬁ(Xt (w)).
Y

Even in the case of y =P = 2%, an explicit description of the density of the push-
forward measure requires a quite strong assumption on X;(-) (namely, the existence
of an approximate differential and essential injectivity; see, e.g., Lemma 5.5.3 in [3]),
which prevents the possibility to use them for generic trajectories in the Wasserstein
space (in particular in the presence of the constraint on the velocities given by the
differential inclusion). Indeed, such representation formulas are mostly used for the
geodesics of the space, which meet additional properties.

3. Hamilton—Jacobi—Bellman Equations. The Lipschitz value functions of
multiagent control problem should satisfy an HJB equation in the Wasserstein space in
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suitable senses [4], [19], [33], [37]. The relevance of the notions of viscosity solutions
proposed in the previous references lies in the fact that the value function can be
characterized by an HJB equation. This needs comparison principles discussed in
[19], [26], [33], [39], [37]. Here we investigate several super/subdifferentials needed to
obtain viscosity solutions on P, (RY).

We consider the Hamilton—Jacobi equation satisfied by a function u : Z5(R%) — R,

(HJ) H(p, Dyu(p)) =0, pe Pa(RY),

with the following Hamiltonian:

H: (1o, p) € Po(RY) x L2 (RY) = H(po,p) €R.

Ho

Since D, u has not yet been defined and because u may not be regular, the meaning of
this equation has to be considered in the viscosity sense by replacing the derivatives
by suitable super/subdifferentials.

3.1. Super/subdifferential in %3(R%). Now we introduce the following no-
tion of superdifferential.

DEFINITION 3.1 (superdifferentials in Z5; cf. [37]). Consider u: P5(RY) — R,
po € P2(RY) and € > 0. The e-superdifferential of u at pg is the set DX u(uo) of
elements p € L2 (R?,R?) such that p € dis™ (o) and

3.1 u(v) —u(po) < /p(w) (Y — ) dy(z,y) +eWalpo, v) + 0 (Wa(po,v))

for all v € Py(RY), v € I, (o, v). The set dist(ug) C L2 (R%,RY) is the convex cone
generated by optimal “anti”-displacements, namely,

dis™ (o) := {\(Id —T): A\>0, T an optimal transport map between po and T}

When € =0, we write D u(po) for D u(uo).

Remark 3.2. The definition above is not exactly equivalent to those of [39], [37].
The difference is that in [39], [37], the elements of Dfu(ug) are optimal antidisplace-
ments. The set of optimal antidisplacement is not stable under multiplication by a
nonnegative real number. Indeed, let py be the Lebesgue measure restricted to a ball
centered at Oga of measure 1. Then Idge = Idge — Opa is an optimal antidisplacement,
as x — Oga is an optimal transport map from fg to dg_,. But 2Idga is not an optimal
displacement, as —Idga is not an optimal transport map (it is not cyclically monotone;
see [44]).

Various concepts of super/subdifferentials have been proposed [3], [10], [19], [33],
[37], [39]. In our control framework, a “good” super/subdifferential should enable
us to prove that the value function is the unique viscosity solution of some HJB
equation. Namely, it should allow to obtain a comparison principle. The above
definition provides such a comparison principle (proved in less restrictive assumptions
in [39] and [37]).

Symmetrically, we can define the e-subdifferential.

DEFINITION 3.3 (subdifferentials in &5). The e-subdifferential or u at pg is the
set DZu(po) of elements p € L2, (R4, R?) such that p € dis™ (uo) and

u(v) —ufpo) > /p(x) (y — ) dy(z,y) —eWalpo,v) + 0 (Wa(po,v))
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for all v € P5(R?), v € U, (o, V), where

dis™ (po) == {A(T—Idga) : A>0, T an optimal transport map between po and T'Huo}.

Again D™ u(uo) := Dy (o).
We will discuss several alternative definitions of the superdifferential. Before doing
this, we recall the definition of tangent space to P, (R9) at u € Po(RY) (cf. [3]),

L2 (R%,RY)
(3:2) T.(RY) :={V¢: peCe(RY)} ;

which is related to optimal displacement thanks to the following relation proved in [3]:

L7 (R?,R)

(3.3) T,(RY) = dis™ (1) —dis () .

We recall an equivalent definition of superdifferential (later we will use both
definitions without citing this equivalence result).

PROPOSITION 3.4 (equivalent definition of superdifferential [37]). Let u :
P5(RY) — R be a map, and let pg € Po(RY), ¢ > 0 and p € dis™ (o). Then p
is in DX u(uo) if and only if

1/2
B )~ )< [ ple) (- ) drtop) 42 | [y afrta)]
1/2
+o <U ly — mIde(x,y)} ) , Wwe Py (R?) and v €l(p,v).
Indeed, the proof in [37] shows a more general result: p € T,, (R?) satisfies

u(v) = u(po) = /p(:v) (y — ) dy(z,y) +eWalpo, v) + o (Wa(uo,v))
for all v € Z5(R%) and all v € I, (u, v) if and only if it satisfies (3.4) for all v € P, (R?)
and all v € II(y, v).

Now we provide a simpler definition of DFu(u) for atomless p. Indeed, take
v € P5(RY) with p having no atom. Then we know [42] that

1/2
Wz(u,V)TeLg{lﬂ{d,Rd){(/lTwwl%t(ﬂf)) : Tﬁul/}-

This implies that there exists {1}, }, € L%(R% R%) such that

1/2
(35) Tan=v. i ([T aPduto)) = Walp),
Possibly extracting a subsequence, by compactness of II(u,v), we have also that

(3.6) Yo = (Idga x T, )i =y € Ty (11, v).

Note that v is optimal because m € Z5(R? x R?) — [ |y — z|?dr(z,y) is Ls.c.
This suggests that, for atomless y, we could restrict the definition of DX u(u) to
transport plans supported on the graph of transport maps.
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PROPOSITION 3.5. Let u: P5(R%) =R, p€ Py(R?), and € > 0.
Assume that u has no atom and p belongs to L? (Rd R%). Then
(a) if for all ® € L? (Rd R?) the function p satzsﬁes

B7)  u(®Pfp) —ulp)
< /de(:c) (®(x) — ) du(x) +e||® —1d[| 2 +o (||<I> — IdHLi) ,
then it satisfies (3.1);

(b) if p satisfies (3.7), then the projection on T, (R?) of p satisfies (3.4);
(c) if pedist(u), then p€ DFu(u) if and only if it satisfies (3.7).

To prove this result, we need the following lemma.

LEMMA 3.6. Let j1, {v}ren in P2(R?) such that limy_, oo Wa(p,vg) = 0. As-
sume for some € >0, pe Li(Rd,Rd), and fized vy, € I, (, vg) that we have

(3.8) limsup //Rd XRd (y — ) dy(z,y)

<e.
k—+oo WQ(:quk)

Then, taking another sequence {7} in I, (u, vi), we also have

3.9 limsup <e.
3.9) k—+o00 Wz(/% k)

Proof of the Lemma. Denote by ¢ the projection of p on 7,,(R%). We first remark
that, since 9y, is an optimal transport plan for any k, by Lemma A.2, z +— [ ydy*(y)—z
is in dis™ (1) C T,,(R?), and this yields

//RdedP(v’U) (y — ) dyi(z,y) = /Rd p(z) - [/Rd ydyi (y) — 4 dp(z)
(3.10) —/ q(z) - [/ yd5E (y) — ] d(z)
//Rded (y —z) dy(z,y).

By definition of T,(R?), for all § > 0, there exists ¢; € C*(RY) such that
IVos — q”Lﬁ <. Then, by using Lemma 3.3. of [33, p. 10] and the Cauchy—Schwarz
inequality, we have

[a@ - -2) i) < [ Vesto): (0 -) dintep) + Waloun)
< [ Tes(o) - (y— ) drnlany) + 10 W () + SWa(isn)
< [[at@)- (= o) dun(o.p) + [IDosllc W3 1) + 26Wa(1 ).
Applying the same argument as in (3.10), we get

/ o(z)- (y—x) dn(z,y) < / p(2)-(y—) dyi(, 9)+ | D205 l| a0 W2 (1, )+ 26 W (1, ).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/10/23 to 176.200.22.142 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

5942 C. JIMENEZ, A. MARIGONDA, AND M. QUINCAMPOIX

Finally, for all § > 0, by (3.8),

u(vy) —u(p) — [p(x) - (y — x) dy(z,y)

lim sup

k—+00 Wa(p, k)
_ _ Ay — 1) d
Slimsup U(Vk) u(ﬂ’) fp(x) (y :L’) ’Vk(xay) + ||D2S06||00W2(N7Vk)+25
k—+o0 WQ(IJ’? Vk)
<e+ 26,
and letting 6 — 0 yields (3.9). ad

Proof of Proposition 3.5. Assume for simplicity that ¢ = 0.
Proof of (a): Let (v)r be a sequence of Z5(R?) and ~y;, € I, (p, ) such that

lim z—y|? dye(z,y) = lim Wa(vg, u)2=0.
Jin [ oyl dules) =, lim Watup)

We aim to prove that

(3.11) Jim sup ulve) = k) = Jpaxga P@) - (9 = 2) ds(29) <0.

k=400 Wa(p, vi)
Set 1y = Wo(u,v1,). Take @5 € O (R RY) such that
(3.12) Ip = Pkllrz <lly —zlle =rs.

By (3.5) and (3.6), for all k € N, there exists a sequence (Ty,5)n in L2 (R R?) such
that

Tentt= v, Yin = (Idga, Thon )i — i € o (1, vk), nggloo/ [Idga — Tkl dp=r7.

It is worth pointing out that 4, may be different from ;. Fix k£ in N. Note that,
uniformly in 7, (Y., ), has uniformly integrable moments of order 2. Then, since for
all z and y we have |®g(x) - (y — )| <||Pk||loo (Jy| + |x]), it holds that (cf., e.g., Lemma
5.1.7. of [3])

lim [ Bu(@) - (y — ) dGn(a,y) = / Be(z) - (y — 7) dFe(@,1).

n—oo
As a consequence, for all k € N, we can choose T} € Li(Rd,Rd) such that

(313)  Titp=u. 1= Tillzg — oy allos, | <2

(3.14)

[ #) @) -0 duto) - [ o) -2 dw,y)\ <2
Rd Rd

Then, using (3.12), (3.13), (3.14), and Cauchy—Schwarz inequality, for k large enough,
we have

/ p(z) - (v — ) dn(z,y) < / By () (y - 2) dip(a,y) + 72
R4 x R4

[ o) (@)~ ) dute) 422 < [ (o) (o) ~ ) duta) + 40
Ré xR4 Rd xRd
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This yields

u(ve) — ulp) - / p() - (y — ) d(z,)

R4 xR4
Tk
a) =)= [ plo) - (o)~ ) du)

< +4rg.

Tk

Since when k tends to +oo we have r;, — 0 and [o, [Id — Ty|? du(z) — 0, we get the
desired relation (3.11) with 4, instead of . The conclusion follows by use of Lemma
3.6.

The proof of (b) follows from (a), using the same argument as in (3.10) and a
similar proof to Proposition 3.4. The proof of (c¢) follows from (3.3). |

The following example shows that the result is no longer true when p has atoms.

Ezample 3.7. Again we set ¢ =0. Set d =1 and u(u) = [1 — [ o(x) d,u(ac)}l/2
with ¢ € CP(R) such that ¢(z) =1 if [z| <1 and p(z) = 0 if |z| > 2. So we have
u(dp) =0 and Dt u(dp) =0, but p=0 satisfies (3.7).

Indeed, &g can only be transported to some J, by transport maps; moreover,

J
) =0. We show that DT u(dg) = ). Let us remark

. u
W5 (8,80) = |z| and limsup,_,, Tl

that

u(v) — /R az ()

Dtu(dp)=qacR: limsup 75 <

Jr |22 dv(z)—0 (/ |Jj2dl/(l‘)>
R

Fix a € R. Then taking v, = (1 — )8y + 565 leads to

() — /R a dv,(x)

limsup = -

n 0o 1/2 2
ot ( / |x2dun(x>)
R

From that, we deduce DT u(dg) = 0.

Remark 3.8. Proposition 3.5 makes the link with viscosity solutions in the Wasser-
stein space introduced in [19] for HJB related to differential games. More precisely,
the superdifferential DgQﬁu(u) defined in [19] is the set of p € L (R4, R?) such that
for all T € L2 (R%,R?),

w(Tp) — u(p) < / pla) - (T = 2)du(x) +<||1d = T +o([1d = T 12).
By Proposition 3.5, we have for any p without atom
D cu(p) Ndis™ (1) = D u(p).
The previous example shows that this equality is no longer true when p has atoms.

Now we provide a result showing that somehow the atomic part and nonatomic
part of u can be considered separately.
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PROPOSITION 3.9. Let u : [0,T] x Po(R?) = R, € P5(R%), € >0, and p €
Li(Rd,Rd). Denote by o the nonatomic part of i and py the atomic part of . We
consider the property

(3.15)
w(@dp0 + ) — u(pr) < / p() - (B(x) — ) dpol) + / p(z) - (y - 2) dy(z,y)

9 9 1/2 9 9 1/2
+e(lo -1l + ly—al3:)  +o (Ilo-1al3; +lly—=l3:)

Jor all® e L2 (R%,RY), v positive measure with py(RY) = v(R?), and v € T (py, v).
Then
(a) if p satisfies (3.15), then it satisfies (3.1);
(b) if p satisfies (3.15), then the projection on T, (RY) of p satisfies (3.4);
(c) if pe dist (), then p€ DX u(p) if and only zf it satisfies (3.15).

Proof. We show (3.15) = (3.1). Let m € Z25(R%) and 7 € II(u, m). By disinte-
gration,
m(2,y) =7 (y) @ plx) =7 (y) @ po(x) + 7 (y) ® py ().

Denote by v the second marginal of v := 7% ® yy and by vy the second marginal of
Yo = 7 Q o € I(po, ). The first marginal of vy has no atom. Arguing as in the
proof of Proposition 3.5, we get the conclusion. O

In the definition of the superdifferential, we can restrict the variations v.

LEMMA 3.10. Let p€ 25(R%), € >0, and u: [0,T] x Po(R?) =R be continuous.
Let A € Po(R?) be dense. Assume that p € P2(RY) satisfies for all v € A

(316) )~ () < [ po)- (v ) dr(ey) +elly — ol +o (o - o)

for all v € Tl(u,v). Then (3.16) is satisfied for all v € Pa(RY) and v € U(w,v). If,
moreover, p € dis™ (), then p € DI u(t, ).

Proof. Take again € =0. Let (vg)ren, 4 in Po(RY), and ~y;, € I(p, vy) such that
(3.17) lim ly — z|?dyy, (2, y) = 0.
k—+o0 JR2d
As A is dense and wu is continuous, we can choose 7y, € A such that

(3.18) Wa(or, o) <lly = allzz o |u@) —u() < ly = 2|z -

Let 4 € I, (vk, 7). We disintegrate 7, and 45 and glue them to get a transport plan
7 € (p, 7y ):

Ye(z,y) =70 () @ve(y), (Y, 2) =7 (2) @ vi(y),

m(e2) = [ @) @3 dnly)

Then we have

1/2 1/2
([ lemePama) = ([ 1=vsu-sbarre afeimm)

1/2 1/2
< ( [ = o) ) n ( [ o=t dvk@c,y))
R2d, R2d
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From (3.18) and the definition of 7y,

1/2
B19) ([ k-elann) <=l (1+1-als,).
R2d 4

Now we have by (3.18)

1
=y 000 =000 = [ o) =) dnto)
< el )~ ol = [ p(a)- (22— 0) drlhdl N )
+lly = zlos,
U(Dk)—u(ﬂ)_/dep(x)-(z—x)dﬂk(l",z) Ipllzz 1= =yl 2, A
= ly =l ly = lez, Yo,
u(m) ~ulp) = [ pla)- (= ) dmu(z2)
< g + (1 lpll gy — ol
(by (3.18) and the definition :); k)
()~ ulp) = [ p(o): (- ) dma(,2)
<Oty = 7lss,)- ® +Clly —alls,

l=—allzz,

(by (3.19), setting C:=1+ ||p[|r2). Then using (3.17), (3.19), and the assumption of
the lemma,

1
limsup —
k—too 1Y — xHL%k

(ulw) (o) = [ | (@) (=) (o)
u() ~ulp) = [ pla) (= ) dma(z,2)

<limsup(1+ ||y —z||r2 )- R <0.
imsup (14 |y — o3, I 0

Remark 3.11. The previous result may be used with A C %, (R?), the set of
probability measures whose support is a finite set; another example is the set of abso-
lutely continuous probability measures. Recall that when v is absolutely continuous,
U, (p,v) = {(T x Id)fv)} for some T € L2(R% R?) such that Ty = pu. With this
remark, it is easily seen that p € dis™ (1) belongs to DFu(yu) if and only if, for all v
absolutely continuous and all T'€ L2(R¢, R?) such that p = T4v,

u) =) < [ p(T) - (y=T) dvly) + <1 =Tz + o0 (110 = Tllz).

3.2. Differentiability in L2(2,R?%) and #,(R%). In what follows, the scalar
product (-, ~>L§(Q,Rd) is shortly denoted by (:, >le and || - HLLE(Q,Rd) is abbreviated in
-1

Consider u: Z3(R?) — R and its lift U: X € L3(Q,R?) — u(X4P). Following [21]
and [38], we say that u is differentiable at jo € P5(R?) if its lift U is differentiable
in L2 at one Xo € L3(,R?) of law ji9. As already known in [21], [24] for continuous
differentiable function and in [33], the Fréchet gradient of U, denoted by DU (X), has
a specific structure.
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PROPOSITION 3.12. Assume that U : L3(Q,R?) — R is rearrangement invariant
and differentiable at Xy of law XofflP = po. Then there exists p € Ty, (R?) such that
DU(Xy) =po Xy. Moreover, if X1 is also of law pg, then DU(X1) =po X;.

This allows to introduce the following definition.

DEFINITION 3.13. We say that u: 25(R%) — R is differentiable at jg € Po(R?) if
its lift U is differentiable at one Xo of law po. That is, there exists some p € T,,,(R%)
such that for any v € P2(RY) and any v € I, (po,v),

w)=u(u) = [ pla)- (=) dr(ep) + o Walpo.v)

We denote by D, u(po) :=p.

We refer the reader to [21] and [2] for examples. In this section, we aim to
provide a new proof of Proposition 3.12. As in [33], the proof is based on the following
proposition, which will be proved, together with Proposition 3.12, at the end of this
section.

PROPOSITION 3.14. Let X € L3(,RY). Assume that U : L3(Q,R?) — R is
rearrangement invariant. Let Z € L2(2,R?) belong to the Fréchet superdifferential of
U at X; namely, it satisfies for all Y € L3(Q,R%)

(3.20) U(Y)—U(X)g(Z,YfX)L[g+0(||Y—X||).

Then pryg, (Z) also belongs to the Fréchet superdifferential of U at X: For all Y €
LE(Q,RY),

UY)-U(X) <(pry,(2),Y = X)2 +o(|Y - X]).
Moreover, if pry, (Z) =poX and q is the projection on Txip(RY) of p, we have again
UY)-U(X)<(qo X, Y — X))z +o([|Y = X[]).

We refer the reader to (2.3) for the definition of Hx and to Lemma 2.3 for the
characterization of the projection on Hy denotes by pry, .

Remark 3.15. Proposition 3.12 has been proved in [33] with some extra assump-
tions on the probability space (Q, B(2),P). The proof relies on Proposition 3.14 and
uses a very technical result in [23]. We provide a different and simpler proof only
requiring that € is Polish, without using [23].

3.2.1. Preliminary results.
LEMMA 3.16. Let U : L3(Q,R%) — R be rearrangement invariant, and let X,Z €
L3(Q,RY) be such that for all Y € L2(,RY),
(3.21) UY)-UX)<(ZY = X)p2 +o (Y = X])).
Then for any couple (X',Z") € L3(2,RY)? such that (X', Z')iP = (X, Z)4P,
UY)-UX")<(ZY = X))z +o(|]Y = X')

for all Y € L3(Q,RY).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/10/23 to 176.200.22.142 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

DYNAMICAL SYSTEMS AND H.-J.-B. EQUATIONS ON P_2 0947
Proof. Let (Y,), be a sequence in L2(Q2,R9) such that lim, ., ||Y, — X'|| = 0.

By Lemma 1.1, it exists 7, :  — € one to one such that 7,fP =7, 1P =P and

(3:22) (2, X) = (2, X") o m| < |[Yn — X'

Then, as U is rearrangement invariant and using Cauchy—Schwarz,

U, -UX")—(Z"Y, — XI>L112> =U(Y,o1,)—-UX)—(Z or,, Y01, — X' OTn>L]§
<UYpom,)—U(X)—{(Z, Y01, —X/OTn>L]§ +|Ynorn =X om| - |1Z = Z'||7]|
SUYnom) —U(X) = (Z,Yn0m = X) 2 + | Z|[|X — X" o7 + |V — X2
SUYpom) = U(X) = (Z,Yn 0T — X) 1z + |Yn = X'IP(1Z]| + Vs — X"[])-

Moreover, using again (3.22) leads to

(8.23) [|Ypom — X < [|¥p 07— X 0Ty ||+ | X = X oma | < [ Vo= X'} (L + Yo — X'])-

This gives
U(Ya) — UX') = (2, Yo — X') 2
V.- X
YOnom) 20 =& Xnom = )iz 4 e oy 4 e(, - X))
- Yy o7 — X|| ’

where € : Rt — R satisfies lim;_,g&(t) =0.
Then, since lim,, 4 ||Yy, 0 7 — X|| = 0 by (3.23), by letting n — +oco in the
previous inequality, we get the result. 0

Remark 3.17. Note that applying the previous lemma with Z =po X, (3.4) holds
true for all v € P5(RY) and all v € II(y,v) if and only if

Uly)-U(X) < /Q(POX) (Y = X)dP +el]Y — X[ r2(qre) +o(|Y = Xl 220,re))

for all X € L2(2,R?) of law 19 and all Y € L3(Q2, R?). Indeed,
e given v € I1(uo, V), there exist X', Y’ € L3(Q,RY) s.t. (X', Y')iP=r;
e given X € L3(Q,R?) of law g and Y € L3(Q,R?), v = (X, Y)#P € (o, Y HP).

Next we will use the following specific notations:

o (2,y,2) ER® >, my: (2,y,2) ER® > 2,
oy (2,y,2) €R® e (2,y), ozt (2,9,2) ER® = (2, 2).

COROLLARY 3.18. Assume that X,Z satisfy (3.21). Set v = (X, Z)4P and p =
XHP and u: Po(R?) — R associated to U. Then for any v € Po(R?) and any triplan
w € Py(RY x RY x R?Y) such that 7, 4w =~ and T fiw =v, it holds that

1/2
(320 u)—u(n) < [ (o) delap.2) o ( /... |y—m|2dw<m,y>>

(R)3

Conversely, let u: Po(RY) — R and pu € Py(R?). Assume that v € Po(R?) satisfying
moly = p is such that (3.24) holds for any for any v € P5(R?) and any triplan
w € PR x RY x RY) such that 7, 4w = and m,fiw = v. Then, denoting by U
the lift of u, the assumptions of Lemma 3.16 hold for any X, Z € L3(Q,R?) such that
(X, 2)tP = 7.
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Proof. The first assertion is easily proved by noticing that there exist X', Y, Z’ €
L3(Q,R?) such that (X',Y, Z')P =t and, consequently,
v=myfw=Y, w=Tylw = X', (X, 2P =~ =m, 4w = (X', Z")tP,
and by Lemma 3.16,
u(v) —u(p) =UY) -UX") <(Z".Y = X") 2 +o (Y = X"|))

1/2
< / 2 (y—2) dw(z,y,2) +0 / ly — 2 doo(z,y)
(R4)3 (R4)2

The converse is similar. 0

Remark 3.19. Taking u and U as in Corollary 3.18, the previous result makes a
direct link between the notion of superdifferential in L2(Q,R%) (namely, Z € D*U(X)
if and only if the assumption of the Lemma 3.16 holds) and the notion of strong
Fréchet superdifferential introduced in [3] (namely, v € 0Tu(u) if and only if
(3.24) holds for any v and w as in the corollary). Precisely, if (X, Z)iP = ~ and
XH{P = p = w47y, then we have

vt u(p) < Ze DTU(X).
3.2.2. Proof of Propositions 3.14 and 3.12.

Proof of Proposition 3.14. Let Y € L3(2,R?) be arbitrary. We set
= (sz)fﬂ?a M:XtﬂR VZYﬁ]P)7 p:(X7Y)ﬁP

By disintegration, v and p write as

V(@ 2)=7"(z) @ p(@), plz.y)=p"(y) @ p(@).
Then, setting w(z,y,2) =v*(2) ® p*(y) @ u(z), we get a triplan satisfying

Teyfw=p, miw=mip=v, m . fw=".
We apply the first assertion of Corollary 3.18:
UY)=U(X) =u(v) —u(p)

1/2
=/ 2 (y— ) dw(z,y,2) +o (/ y—xlde(w7y72)>
(R)3 (R4)2

1/2
< /(Rd)g 2 (y =) dy*(2)dp"(y) dp(z) +o </(Rd)2 ly — 2|*dp(z, y)>

= /(Rd)2 [/]Rd zdw(z)] (y—2x) dp(x,y) +o (/(Rd)2 v x|2dp(x’y)> 1/2

Recalling Lemma 2.3, we have p(z) = [[p. 2dv"(2)] with po X = pry, (Z), and as
(X, V)P =p,

1/2
Uy)-U(X)< /(Rd)2p(m) (y—x) dp(z,y) +o </(Rd)2 ly — wgdp(%w))

=PoX,Y = X)pz +o(lY = X[]).
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The first assertion of the proposition is proved.

To prove the second assertion, notice that by the computation above, for any
v € P5(R?), an any optimal p € I, (u, v),

1/2
p(a) - (y =) dp(a,y) +0 ( Jo - x|2dp<a:,y>>

Now z— [y dp®(y) — z being an optimal displacement, it is in 7,,(R%) and

u(v) — u(p) < /

R

< [ om0 | v do ) —a| duta) + owalien)

@) | [ dot ) =] duto) + oW

1/2
= / prr, (p)(@) - (y — 2) dp(z,y) + o (/ ly — z[*dp(z, y))
Rd (R)2

The conclusion follows by Proposition 3.4 and Remark 3.17. ]
Proof of Proposition 3.12. We have that, for all Y € L3(Q, R?),

U(Y) = U(Xo) =(DU(Xp),Y — Xo)rz +o([[Y — Xoll),
so that by Proposition 3.14, we also have
U(Y)—U(Xo) < (poXo,Y — Xo)rz +o([[Y — Xol]),

where p is the projection on Tx,sr(R?) of po X =: pryy, (DU(Xp)). In a symmetric
way, we could get

U(Y) = U(Xo) = (po Xo,Y — Xo)rz +o(Y = Xol)),
so that DU(X) =poX and p is in Txyp(R?). The last assertion follows from Lemma
3.16. 0O

3.3. Viscosity solutions. We recall the definition of viscosity sub/
supersolution associated to the previous definitions of sub/superdifferential (see [37]).

DEFINITION 3.20 (viscosity solutions). A function w: P5(R%) — R is
e a subsolution of (HJ) if w is upper semicontinuous and there exists C > 0
such that for all € P3(RY), p€ DFXw(u), and € >0,

H(p,p) > —Ce;

e a supersolution of (HJ) if w is lower semicontinuous and a constant C' >0
exists such that p € P2(R%), p€ DZw(t,p), and e >0,

H(u,p) < Ce;

e a solution of (HJ) if w is both a supersolution and a subsolution.

We refer the reader to [39], [37] for the comparison principle using these notions
with some quite weak assumptions.
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We will assume some regularity for the Hamiltonian associated with (HJ):
(A) For all g € P5(R?Y), the map p € T, (R?) — H(uo,p) is continuous in
Lio (R, RY).
We also introduce a Hamiltonian on the set

{(X,poX): X € L3(Q,R?), pETXW(Rd)}

by H(X,po X) :=H(XtP,p) and the corresponding Hamilton-Jacobi equation:

(HJ)  H(X,DU(X))=0.

3.3.1. Properties of the superdifferential. We provide some properties of
DFu(po) and relations with the following superdifferential introduced in [4]: p €
7o (R?) belongs to D ,u(uo) if it satisfies for all v € I, (uo, v)

MW*UW@S/M@'@*@dﬂ%w+omwmm%-

Remark 3.21. By Proposition 3.5 and Remark 3.8, when p has no atom, taking
e=0,

prr, (Rd)(DEQ,o“(M)) = D,JQGU(M)-

We prove that superdifferentials are nonempty when pg belongs to some dense
set. Moreover, we give a link between superdifferentials of [39], [37], [33].

PROPOSITION 3.22. Let u: P3(R%) — R be continuous. Then there exists A a
dense subset of Po(R?) such that we have

(1) Dhou(po) is nonempty for any po € A;

(ii) for all e >0, DX u(uo) is nonempty for any pg € A;

(iii) 4t holds that D} u(po) = {p=1lim.0pe : pc € DFu(uo)}-
The last assertion is true even when u is not continuous.

Proof. We prove (i) and (iii); assertion (ii) follows.

(i) Let U be the lift of u and X, € L2(Q,R%) a random variable of law 1. Note
that U is also continuous. Take also R > 0, € > 0, and consider the following function:

U(y) - i Y~ Xol| < R

—00 otherwise.

Y — Xol?
Ve(Y):= €

This function being upper semicontinuous, by Stegall’s variational principle (Theorem
8.8 of [21, p. 55]), there exists £ € L2 with ||¢|| < & and such that V. — (£,-) attains
its maximum at some X*. By definition of V;, we have || X* — Xy|| < R. Since
VYE(XO) - <§7X0> < ‘/E(X*) - <£’X*>a we get

IX" = X0l <e(U(X™) = U(Xo)) + €| X" = Xol|.

Then for € small, || X* — Xo|| < R, and Y in a neighborhood of Xg, V.(Y) — (£,Y) <
Vo(X*) — (¢, X™) implies that

2 Y — X* 2

Uy)-u(Xr)< <E(X* —Xo) +&Y - X") + H

This means that %(X* — Xo) + £ satisfies the condition of Proposition 3.14. Then, by
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applying the proposition, we get some p € Tx«yp(R?) such that
U(Y)=U(X") < (poX™Y = X*) +o([]Y — X™|).

The conclusion follows using Lemma 3.16 and Remark 3.17.

(iii) First, we show D} u(uo) C {p = lim.0p: : pe € DFu(uo)}. Let p €
D su(po). By definition of 7,,(R%), there exists {p.}. in dis™ (1o) such that ||p. —
pHLio <. Then for all v in Z5(R?) and all « € 1, (o, v),

u(v) — u(po) < / p() - (4 — ) dy() + 0 (Wapio, )
< / pe(@) - (y — @) dy(,y) + Ip- — pllza, Walpio,v) + 0 (Waljio,))

< / pe(@) - (y — @) dolay) + Walpio,v) + 0 (Walpo, 1))

So we have the desired inclusion. We prove the converse. Let p = lim._,gp. with
p- € DFu(uo). As, for any ¢, p. € dis™ (1), we have p € T,,,(R?). Now take {v}}1, a
sequence of Py(R?) and ~y; € I, (11, vx) such that

lim Wg(u,yk)zf ly —x|* dy(z,y) =0.
R4 xR

k——+oco
We have by Cauchy—Schwarz
()~ ulpo) = [ p(o) (= @) ()
<u(vg) —upo) — /ps(:ﬂ) (y = 2)dye(z,y) + llpe — pllLz, -

So for every € > 0,

u() — o) — [ pla) - (y = 2)d(a,y)
- k H /p Y VelZ,Y

<e+|pe —pllrz -
k—+o0 Wa (v, o) I HL“O

Letting € — 07 yields the result. 0

PROPOSITION 3.23. Let u: P5(R%) — R be k-Lipschitz, p in Po(R?). Then

(i) for alle >0 and all g € D u(p), we have lallzz <k +e;

(ii) take p. € DXu(u) for all e > 0. Up to a subsequence, {p:}. admits an
Li(Rd,Rd)—weak limit p as € tend to 0. Moreover, p € D} ().

Proof. Denote by U the lift of u, and let X € L2(€2,R?) of law u. By Corollary
A.5), the map U is k-Lipschitz. We have for all Y € L3(2,R?)

UY)-UX)<{qoX, Y —=X)+¢€||lY — X||+o(|]Y — X|))-
Then applying this inequality with Y = —t(q o X) with ¢ € R leads to
U(=t(go X)) = U(X) < —tllgo X||* +etllgo X || +o(t),
and using the Lipschitz property of U,
tlgo X|* < (k+e)tllgo X|| + oft).

The property (i) follows by dividing by ¢ and letting ¢ — 0.
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Then take the sequence {p.}. defined in (ii). Up to a subsequence (similarly
denoted), {p-}. admits an L3-weak limit p as ¢ — 0. Now let {1, }en be a sequence
in Z(R%) and v, € I,(u,v,). Possibly extracting a subsequence, we may assume
that

u(vp) —u(p) — fRd « R4 p(z) - (y — x)dyn (2, y)

y
R to Wa ()
) =)~ foepap(@) (v~ ), )
oo Wt V) '

Setting 7, := Wa(u, v, ), by Jensen’s inequality, it holds that
1

(/Rd ;(/Rdydﬁ(y)—x> 2 du(m)>1/2: </Rd E/Rdy_mdv,f(y)
(/Rd ly —af? dﬂy(ﬂc’y))l/2 _,

WQ(/JﬂVn) -

5 1/2
du(l‘))

<

1
Then set ¢, : 2+~ — (fRd y dyi(y) — m) The sequence {gn }nen is bounded, so we
Tn
can extract a subsequence {¢y, tren weakly convergent to some ¢ € Li. For all € > 0,

we have

limsupi . [u(yn) —u(p) — /]Rded p(x) - (y— x)dyn(ac,y)]

n—-+oo T'n

~ lim L. [u(l/nk) —u(p) — /RdXde(w) (y — x)dyn, (w,y)}

k—+o00 Tn

lim % {u(unk) —u(p) — /Rded pe() - (y — )dyn, (%y)}

koo Wa(ps vy

| [ @) =) o)

<ctip [ oo = ( [, ) dute)

= tlim [0 —p)@) 40 due) =+ [ (e =)o) a(o) ).

By letting € — 0T, we obtain (ii). 0
Proposition 3.22 provides some links between notions of subsolutions.

COROLLARY 3.24. Assume that assumption (A) holds. Let u: P5(R%) —R be a
subsolution of (HJ), and let C > 0 be the constant appearing in definition 3.20. Then

(i) H(u,p) >0 for all p € Dfgu(po);
(ii) for alle >0 and all p € T, (RY) such that for allv € P5(RY), all v € I, (po, )

u(v) — u(juo) < / p(2) - (y — ) dy(z,y) +eWalpio,v) + 0(Wa(juo, ),

we have H(p,p) > —Ce.
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Proof. We only prove (ii). Arguing as in the previous proof, for any § > 0, there
exists ps € DT, su(po) such that ||ps —p||L‘2L0 < and

H(p,p) = —C(e+9).
The result follows by letting § — 0. O

3.3.2. Test functions. We want to express the notion of Hamilton—Jacobi so-
lution in %, (R?) in terms of test functions, defined as follows.

DEFINITION 3.25. Let u: Po(R?) =R, g € Po(R?), and £ > 0.
v: Po(RY) — R is an e-supertest function for u at pg if it is continuous, differ-
entiable at po and there exists >0 such that u(pe) =v(po) and

u(v) <v(v) +eWa(po,v) Vv € Po(R?) such that Wa(uo,v) <.
v 18 an e-subtest function for u at pg if —v is a e-supertest function for —u at pg.

We also have similar e-test functions in L2(£2, R?).

DEFINITION 3.26. Let U : L3(2,R?) — R, X, € L3(Q,R?), and ¢ > 0.
V: L2(RY) — R is an e-supertest function for U at Xo if it is continuous, differ-
entiable at Xo and there exists r >0 such that

U(Xo) =V (Xo)

UY)<V(Y)+e||Y — Xo| VY € LE(Q,R?) such that ||V — X, <7
V' is an e-subtest function for U at Xq if =V is e-supertest function for U at Xj.

We wish to give a result comparing both of the above notions.

THEOREM 3.27. Let u: P5(R%) — R be continuous and U : L3 — R be its lift.

Assume that (A) holds. Then the following assertions are equivalent:

(i) w is a viscosity subsolution of (HJ).

(i) There exists C > 0 such that for alle >0, all po € P2(R?), and all e-supertest
function v of u at pg, it holds that

H(p0, Do (ju0)) > —Ce.

(iii) There ewists C' > 0 such that for all ¢ > 0, all pg € P2(R?), and all
rearrangement-invariant e-supertest functions V. of U at some Xy of law g,
it holds that

H(Xo, DV(X())) > —Ce.
To prove this theorem, we need some preliminary results.

LEMMA 3.28. Let U : L3 — R be rearrangement invariant, Xo € L3, and € > 0.
Let V' be a rearrangement-invariant e-supertest function of U at Xg. Let r >0 be the
constant appearing in the definition of supertest function. Then V is an e-supertest
function of U at any X € L3 with the same law of Xo and the constant r.

Proof. By Lemma 1.1, for any n € N*  there exists 7, :  — Q (measurable,
invertible with 7,§P = 7,; '’ = P) such that | X — Xgo7,[| < 1. Let Y € L2 satisfy
|X — Y| <r. Then for n big enough, we have

IXo =Y or | =[Xoom —Y[| <[IX = Y| + [ Xoo7, — X[ <7
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Then, as V' is an e-supertest function at Xg, we have

U(YOT;I) SV(Yonjl) +el| Xo 7YOT;1H.

As U and V are rearrangement invariant, this leads to
UY)SVY)+el|Xo—Yor, | SV(Y)+e|Xoorn — Y| <V(Y)+e|X -Y||+ %

Letting n tend to infinity gives the result. 0
The representation of Wasserstein distance (1.1) gives immediately the following.

COROLLARY 3.29. Let u: P5(R%) =R and U: L3(Q,RY) — R be its lift.

(a) Let e >0 and pg € Po(R?) and v an e-supertest function of u at jo. Then
the lift V' of v is an e-supertest function of U at any Xo of law pg.

(b) Lete >0, Xo € LA(,RY) and V an e-supertest function of U at Xo. Assume
that V' is rearrangement invariant. Given any v € P5(R4RY), set

v(v):=V(Y) for any Y of law v.
Then the map v is an e-supertest function of the lift u at g the law of Xo.

PROPOSITION 3.30. Take u continuous on Py(R?), e >0 and pg € Po(R?). Then

(a) if v an e-supertest function of u at ug, its gradient D v(uo) can be approxi-
mate in L, ,(RERY) by a sequence {pn}n such that p, € DF 1/ u(po);

(b) if pe L2, (Rd,Rd) belongs to DX u(pug), there exists a sequence {vy,}, of (€ +
1/n)-supertest functions of w at o such that

lim || D, v, (1o) —pll =

n—+o0o
We need a technical lemma whose proof is very similar to Lemma 3.1.8 in [18].

LEMMA 3.31. Let R >0 and w:]0,R] — R be a lower semicontinuous such that
lim; o+ w(t) =0. Then there exists wy : [0, g] — R such that

(a) w(r) Swo(r) for all T €]0, £];

(b) wo is continuous on [0, &[;

(¢) wo(r)=0.

Proof of Proposition 3.30. (a) As D,v(uo) € T, (RY), there exists {p, tnen+ in
disg (po) such that

1
(T2 DuU(MO)HLﬁU(Rd,Rd) < o

Then for all v € Z5(R9) and all v € Iy(po,v),
) —u(po) <v(v) —v(po) +eWalpo,v)
{/ D,v(po)(x) - (y — x)dy(x,y) + o (Waluo,v)) | +eWal(po,v)

< /pn(x) (y = @)dy(2,y) + (€ + 1/m)Wa(po, v) + 0 (Wa(po, v)) -
(b) As p € T,,(RY), there exists a sequence (¢n)nen+ in C°(RY) such that

1
(3.25) IVen —pllz, < -
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Then setting w, (v) = [ ¢n(z)dv for all v € P5(R%), it is continuous and
1
Dywn (o) =Ven, [ Dpwn(po) —pllzz, <~

Ko n

Moreover, as p € D} u(uo), we have in view of (3.25)

)= ulpo) = [ Venla)-(y = o) drlay)
limsup <
W (110,0)—0 Wa(po,v)
~YE, (po,v)
u() =~ ulpo) = [ p(a): (v -2) drtay) ,
< limsup +§<5+).
Wg(,u,o,v)—)O W2 (,LLO; V) n n
Y€, (po,v)

Since D, wy(110) = Veon,

a:= limsup u(v) —u(po) — wn (V) +wn (o)

—(e+1/n)<0
Wz(/,boﬂ/)*)() WQ(,U/O,I/) ( / )

If a <0, then setting v(v) :=u(ug) + wn (v) — wy (o), the proof is concluded.
Assume that o =0. Then set for all r >0

w(r) = sup u(v) — u(po) — wn(v) + wy (o)

—(e+1/n).
Wa(po,v)<r WQ(M(LV) ( / )

This function is nondecreasing and bounded on some |0, R[, and it satisfies
lim, o+ w(r) = 0. Assume that this function is measurable (we will prove it later).
Then we use the previous lemma and set for all v with Wa(uo,v) < &

Un(ll) = U(MO) + wn(V) - wn(,u()) + W2(,u03 V)WO(WQ(,UOa V))
Moreover, we have

Wa (0, v)wo(Wa(po, v)) — Walpo, po)wo(Wa(pio, o))

lim =0.
Wa(o,v)—0 Wa(po,v)

Thus, v, is continuous and differentiable at py and
Dyvn(po) = Veon and vn (p10) = u(po)

Vv such that Wa(po,v) < g :ou(v) Sva(v) 4+ (e 4+ 1/n)Wa(po, v).
The result is proved.

It remains to prove that w is l.s.c. and hence measurable. Indeed, let py €]0, R],
and take py — po such that liminf,_, ,; w(p) = limy_, 4o w(pr). We want to show that
limg s 100 w(pr) > w(po). If (pi)r admits a nonincreasing subsequence, we are done
because w is nondecreasing.

Let us assume that (py)r is nondecreasing. Let ¢ > 0 and v be J-optimal for w(po).
Take t € [0,1] = 14 a geodesic curve joining v and pg. For k big enough, we can find
vy, such that Wa(po, v, ) = pr. Then

u(vy,) — u(po) — wn(vt,) + wa(pto)
Pk '

(e+1/n)+wlpr) >
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As Wa(vi,.,v) = Walpto,v) = Wa (1, , o) = (po — i), by continuity of u and w,,

: u(y) _U(MO) —wn(y) +wn(MO)
S w(pr) = o

—(e+1/n) = w(po) = 4.

By the arbitrariness of § > 0, we get the desired regularity. 0

Proof of Theorem 3.27. First, we show (i) = (ii). Let C be the constant appearing
in definition 3.20. We take £ > 0, po € P5(R?), and v any e-supertest function of u
at po. By Proposition 3.30(a), there exists (pp), in D;l/nu(uo) such that

Jum [l — Dyo(po)llez =0.

Then, by (i),
H(po,pn) > —Cl(e+1/n),

and using (A) and letting n — +o0,
H(po, Dpv(po)) = —Ce.

Using Corollary 3.29 and Theorem 3.12, we have (ii) < (iii).
The proof of (ii) = (i) follows from Proposition 3.30(b). 0

3.4. Hamilton Jacobi equations in L2(RY) or in P(R%): comparing
points of view. It is a natural question to ask weather HJB can be studied as
an equation in L2(€2,R?) with the usual notion of viscosity solution in L2. This leads
to several questions:

(1) In order to give a definition of H(X, DV (X)) for any test function V': L2 — R,
we need to extend H to the whole L2(Q,R%)2.

(2) The extension H should be chosen in order to get some equivalences between
L2-solutions of the extended equation and s-solutions of (H.J). More precisely,
provided that H is rearrangement invariant (see Definition 3.32), it is easily seen
that any rearrangement-invariant L2-solution of the extended equation is the lift of a
Py-solution of (HJ). The opposite property is more involved.

(3) As we would like to apply usual results in L2 to the extended equation, we
want H to preserve the regularity of H.

We would like to share our reflections on the subject.

In this section, we will use consider the following sets:

Fa(RY) : ={(p,p): pe L7(RGRY), pe PR},
Fy:={(X,p): X{P € Z5(R?), p € Ly p(R: R}

We also give the definition.

DEFINITION 3.32 (rearrangement invariance of Hamiltonians). Given D C
L]%QQ;Rd) X Ll%(Q;Rd), a function H : D — R is called rearrangement invariant on D
if H(X,&)=H(Y,¢) for all (X,€), (Y,¢) € D satisfying (X, P = (Y, OfP.

Note that the lift H is rearrangement invariant on F.

3.4.1. Comparing convergences in Llﬁ and Z3(R%).. For any sequence
{(Xn,p o Xpn)}n in Fp, we consider here two natural types of convergences in
L3(Q,R%)2: the strong/weak convergence and the strong/strong convergence. In
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this section, we study the corresponding notions in F»(R9). First, we introduce the
following distance in JF(R9):

dr, ((11,p1), (p2,p2)) == Wa((Idge, p1)fpr, (Idga, p2)fuz).

In addition to the topology induced by dg,, following [3], we introduce the fol-
lowing notion of convergence.

DEFINITION 3.33 (strong/weak onvergence in JFo(R?)). Let {(tin,pn)}nen and
(u,p) be in Fa(R?Y). We say that {(in,Pn)}nen converges strong/weak (converges s/w
in short) to (u,p) if

o limy, oo Wa(ptn, ) =0;
® Puiin — pu as a sequence of vector-valued measures, i.e., for all ® €
O (R, ).

lim [ @) pule) dun(x) = / () pla) du(e);

n—+0 Jpd

® SUpP,eN fRd |pn|2dl/6n < +00.

By Theorem 5.4.4 of [3, p. 127], {(tn,Pn)}nen converges to (u,p) for dx, if and
only if {(ftn,pn)}nen converges s/w to (u,p) and satisfies limsup,,_,, o [ |pn|? dpts <
J p* dp.

The following lemma gives the correspondence with convergence in L3.

LEMMA 3.34 (alternative characterization for convergence).

(i) Given {(ttn,Pn)}nen and (i,p) in F2(RY), the following are equivalent:

1. Wa ((Idga, pn)4pin, (Idga, p)ip) = 0;
2. there exists {X,} nen C L3(Q), X € LE(Q) such that X, 4P = p,, for all

neN, XyP=yp and X,, — X, p,o X, —po X strongly in L3.
(ii) Let {Xp}nen, {&ntnen C LE, and X,€ € LE. Suppose that X, — X strongly
converges and that &, — £ weakly converges in L3. Then set j, = X,4P,

j= XEP, Pty (£n) = Pn o Xn, ryyy (€) =po X; the sequence {(ftn, pn) }nen
s/w converges to (u,p).

(ii) Let {(ftn, pn) nen C Fa(R%) s/ converging to (s, p).
Then there exist {(finy,, Pny ) ken and {Xn, tren C L3, X,€ € L3 satisfying
X P = pin,, XP=p, pry, () =po X, with Xy, — X strongly converging
and pn, © X, — & weakly converging in L3.

Proof. (i) This follows from Lemma A.3.
(i) The convergence of the Wasserstein distance in Definition 3.33(1) follows easily
from (1.1). Moreover, by weak convergence of &,,

sup ”anLﬁn =sup||pn o XnHLD% <sup ”anLD% < +00.
neN ) neN neN
To get the second assertion, note that, setting m, = (X, X,,){P,
W (s (Idg, g ) < || (X, X,0) — (3, X) | 2 0.
Thus, for all ® € CP(R?,R?), it holds that

/Q DX () — (X, ()P dP(w) = / D) — B(y)? dmy (2,) = 0.

R? xR
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Finally,
lim [ pa) ®(2)dun(e) = lm | (pnoXa(w)) - (® o0 Xn(w)) dP(w)
n—-+o0o R4 n—-+oo Q
= Jim (6,00 X5 = (6,20 X) iy = [ (o) @(a)di(a).
n—-+0oo R4

(iii) By Lemma A.3, there exists X,,, X in L2 such that X,, = X in L, u, = X,{P,
pr = XtP. Moreover, since sup,cy [[Pn © Xnllr2 = sup,en [pnllrz, < 400, there exists
{Pny © Xn, }ren weakly converging in L2 to some . Then for any regular ®, we have

<§7(I> OX>L]}2> = lim <p’ﬂk OXTHw@ OX>L112> = lim de’ﬂk ({L‘) : q)(m) d/””ﬂk(x)

k——+oo k——+oo
= [ pla) Da)duta) = (po X, 0 X},
R

Hence, pry, (§) =po X. d
Lemma 3.34 provides some consequences on the regularity of the Hamiltonian.

COROLLARY 3.35. (a) Hamiltonian H is Lipschitz (resp., continuous) w.r.t. to
dr, on Fo(R?) if and only if its lift H is Lipschitz (resp., continuous) w.r.t. the strong
topology on F5.

(b) If H is s/w continuous in Fo(R?), then H is s/w continuous on Fy.

3.4.2. Some insights on the regularity of the extension proposed in [33].
The authors of [33] propose to consider the Hamiltonian on L2(Q,RY),

H(X,8) =H(X4P,pry,,.(p)) with pry, (&) =po X,

together with the following extended HJB in L2(2, R%):

(HJ) H(X,DU(X))=0.

The Hamiltonian H is rearrangement invariant and satisfies

H(X,poX)=H(X{P,p)

for all (X,poX)€eTF ={(X,poX): pe€ Txp(RY), XtP € P5(R?)}. The interest
of this extension, as emphasized in [33], is that the lift of any solution of (H.J) in the
Py-sense is a solution of (HJ) in the L3-sense (using e-subdifferential and using the
definition of P5-viscosity solutions of the present paper). This result is a consequence
of Proposition 3.14.

Here we want to determine whether H is regular if H is so. As pointed out
previously, the regularity of H is crucial in order to apply the LZ-theory of viscosity
solution.

LEMMA 3.36.
(i) The map Py : (L3, - I£2) % (L3,0) — (Fo(RY), s/w), defined by (X,&) —
(XHP,p), where prg (&) =po X, is continuous (o denotes the weak topology).
(i) The map Pr : (Lg, ||-[|12) x (L3, [ - [ 12) = (F2(RY),dz,), defined by (X&)~
(XHP,p), where pry (&) =po X, is not continuous.
(iii) The map F: (L3, | -[lz2) x (Lg, || - |n2) = (F2(RY),dz,), defined by (€, X)
(Pr 7y (re) (P), XEP), where pry (§) =po X, is not continuous.
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Proof. (i) This is an immediate consequence of Lemma 3.34.
(ii)-(iii) Let Z € R? and {pn }nen € P2(RY) with p,, < £ satisfying p, — 0z. Let
v € P5(RY) be without atoms, and choose 7, = (Idga, 7)) 4pin € Ho(pin,v). Up to a
subsequence, we can assume that m,, — w9 = dz ® v, which is the unique element of
I(6z,v). Then, by A.3, there exist {X,,}nen C€ L2, Y € L2 such that

Xnﬁ]P):an (XnaTnoXn)ﬁ]P:ﬂ-n; (£7Y)ﬁﬂ):7707
hvrln (X, T 0 X)) — (jay)HLngg =0.

Then the sequence {(X,,, T}, 0 X,, — X,,) }nen strongly converges to (z,Y —Z), but
P( X, Th 0 Xn — X)) = F(Xp, Ty 0 X — X)) = (ttn, T — Idga)
does not converge strongly /strongly to
Py(z,Y —2)=F(z,Y — &) =: (0z,p).
Indeed, set v to be the transport plan defined by
/ga(:c,y)d’y(z,y) = /cp(:f,yfi’)dl/(y) = /go(f,Yfa_c) dP for any regular ¢ : R?? - R.
Then, recalling that v has no atom, clearly v # (Id x p)4dz and

lim Wa((Tn —Idga)tpn,7) =07 lm Wa((Ty —Idge)tn, (Id X p)tds). @

n—-4oo

Remark 3.37.

e According to the previous result, even if H is Lipschitz for the distance dr,,
in general, the extension H may fail to be continuous for the L2 x L2 norm.

o If A is s/w regular and supposing that the composition with the projection
on 7, (R%) preserves this regularity, then H is also s/w regular.

e It is still an open problem to establish if {(u,p): p € T,(R?): p € P2(RY)}
is s/w or d, closed and the regularity of(u,p) € F2(R?) = (1, pry, a)(p))
w.r.t. these types of convergence.

Even assuming that # is quite regular, it seems a very difficult question to find, in
the general case, a regular extension giving equivalence of solutions in L2 and P5(RY).
Nevertheless, in some cases, this can be done in a quite natural way as shown in the
next example.

3.4.3. Example. As in [19], we consider the Hamiltonian

Hiu,p) = inf sup [ flw,u,0) - ple) du(a),
uel yev Jrd

with f: R x U x V — R%, where f is bounded, continuous, and Lipschitz in its first
variable. The sets U and V are compact subsets of some finite-dimensional spaces.
We also consider the following time-dependent HIB (cf. [19]):

(HJ) Ou+H(u, Dyu) =0 on [0,T] x Py(RY),
YT ) =Glw) on Z5(R%)},
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where G is Lipschitz and bounded. We slightly modify the notion of solution:
(p,pu) € Rx LZ(R?,R?) € D} u(t, ) if and only if p,, € dis™ () and for all v € I(y, v),

u(s,v) —ul(t,pu) < /pu(m) (y— =) dy(z,y) +pie(s — t)

—eyfle= 9 1 W30 4o (it =P W)

A natural L2-extension of H is H(X,Y) = inf,cy sup,cy Jo f(X,u,v)-Y dP. We set

— U+ H(X,DU)=0 on [0,T] x L3(2,R%)},
(HJt) o 9 d
u(T, X4P) = G(X{P) on Lz(2,R*)}.

Note that
(3.26) H(X,Y)=H(X,pru, (Y)).

Then
o His rearrangement invariant and continuous (so in L}, we can consider ap-
proximate superdifferentials or subdifferentials);
e H and H both satisfy the assumptions needed to obtain a comparison prin-
ciple (cf. Theorem 2 of [27], Theorem 5.6 of [22], and Lemma 6 of [19]);
e using Proposition 4.5 of [33], if (HJ;) has a unique solution, it is rearrange-
ment invariant. .

From all these considerations, we can deduce that, assuming that (H.J;) has a
bounded uniformly continuous solution, it is unique, rearrangement invariant, and
also the unique solution of (HJ;). Then it can easily be seen (using, for instance,
(3.26), Proposition 3.14, and Proposition 3 of [19]) that the lift of the value function
V of [19] is the unique solution of (H.J;) and that V is the unique solution of (H.J;).
In this case, solving (HJ;) or (HJ;) is equivalent.

Appendix A.

A.1. Measure theory. Let X,Y be a complete metric space. Given p € Z(X)
and a Borel family {v*},cx C Z(X xY) of probability measures (i.e., z+— v*(B) is
a Borel map for every Borel set B C X), the product measure y ® v* € Z(X xY) is
defined (see, e.g., section 5.3 in [3]) by setting for all f € CP(X xY)

an ] @) e )y = [ [ @ ar waua).

THEOREM A.l (disintegration theorem; Theorem 5.3.1 in [3]). Given a measure
we P2(X) and a Borel map r: X — X, there exists a family of probability measures
{11z }oex C P(X), uniquely defined for riu-a.e. x € X, such that p*(X\ r~1(x)) =0
for rfu-a.e. x € X, and for any Borel map ¢: X XY — [0, +00], we have

| e@aut)= [ [ JRC dum(z)] (i) ().

We will write = (rfp) @ u®. If X=X xY and r~Y(z) C{z} x Y for allz € X, we
can identify each measure u* € P(X xY) with a measure on'Y.

We recall a characterization of optimal displacement of dis™ (i) (Definition 3.3).
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LEMMA A.2 (Lemma 5.2 in [37]). Let p € P5(R%), p € L2(R?). The map p
is an optimal displacement in dis™ (1) if and only if there ewists v € Po(RY) and
v € Ho(p,v) such that p(x) = [paydy*(y) — x, where v = p@~* is a disintegration
of .

A.2. Wasserstein space and Lﬁ. In section 1.2, we have already defined the re-
lation ~ allowing to identify (P2(R?), W) with the quotient (L2(£2,R?)/ ~) equipped
with the quotient topology. Let us denote by [X] the equivalence class of X € L2. It
is clear that the following map is one to one:

[X] € (LE(Q RY)/ ~) — XHP € Po(RY).

Consider also pr: X — [X], the canonical projection on the quotient space.

It is well known that if sequence { X, }en converges to X in L2, then it converges
also in law, i.e., Wo (X, #P, XP) — 0 (while the converse is false). On the other hand,
we have the following.

LEMMA A.3. If a sequence pu, € P2(R?) converges to u for the distance Wa, then
for any e, — 0, there exist { X, }nen, X in L2 such that X{P = u and

Wa(pn, 1) < (1 X — X2 < Wa(tin, 1) + €n.
Proof. Take X such that XfP = pu. There exists Y,,, X such that

WQ(M)MN): ||Yn _ZnHLH%a YnﬂP:/-% ZnﬁP:/hr

Then, arguing as in Lemma 1.1, there exists 7,, one to one such that 7,, and 7., ! are
measure preserving such that || X — Y, o7, ||z <e,,. Then we have

Walp, pin) < || Zp 0 70 — XHLf, =z, — X OTn_IHLﬂ% <|Zn - Yn”LH% + 1Y, — X OTn_IHLD%
=Wa(p, pin) + |Yn 0 7 *X”Lﬁ < Wa(p, pn) + €n-

So with X,, := Z,, o 7,,, the proof is complete. 0
We recall a useful known result.

PROPOSITION A.4. A subset F of the quotient space is closed if and only if for
all ([Xn))n in F and X € LE(Q,RY),

lim Wa(X, 4P, XtP)=0= [X] € F.

The previous results then easily imply the following useful corollary.

COROLLARY A.5.
(a) Take U : L2(Q,R?) — R a rearrangement invariant, and set u(X4P) = U(X).
Then

U is continuous for the L3- norm < u is continuous for the distance Wh.
(b) Let u:Py(R?) — R and U : L3(Q,RY) — R its lift. Then
U is continuous for the L%- norm < u is continuous for the distance Ws.
(c) Let u:Pa(RY) =R and U: LE(Q,RY) — R its lift. Let k>0. Then
U is k-Lipschitz < w is k-Lipschitz.
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Now we show a very close relationship between geodesics in the Wasserstein space
and goedesics in the space L(Q,R?). Recall that t € [0,1] — p; € P2(R?) is a constant
speed geodesic if

Wa(pe, pos) = (t — s)Walpe, o) ¥V 0<s<t<1.

PROPOSITION A.6. Let {1 }+cjo,1) be a constant speed geodesic and (Ty, Tz) be two
random variables of L2(Q,R?) such that v := (Ty, T1)fP is an optimal transport plan
from pg to py. Then

e =[(1 = )Ty + tT4P V t € [0,1],

WQ(IU/&/Lt) = ||TtoS_TS OSHL]%, v S>t€ [07 1]7

where S is any map in L2 such that S§P = pg. In particular, (Ty05)ie0,1] 5 a geodesic
in L2(Q,RY).

Proof. By Lemma 7.2.1 of [3, p. 158], denoting by 7,7 : R x R? — R the
projections on the first and second variables, it holds that u; = [(1 — t)mg + tm1]fy.
Then, as v = (Tp,T1)tP, we get the first equality. To prove the second equality, just
notice that

Wa(ps, pie) = [t — s|Wa(po, p1) = [t — s||T1 — To|| 2. 0

We also recall a result concerning the existence and representation of solution of
the multiagent control system.

THEOREM A.7 (Theorem 3.6 in [37]). Consider a Lipschitz continuous set-valued
map F:RY x P5(R%) x R = R with compact and conver images. Then for all p €
Py(RY), there exists p = {ju}rejo,r) C P2(R?) € JZ{[(I)?,T] (1), an admissible trajectory
driven by F. Moreover, there exists n € Z(R% x I'r) such that

(1) pe=elin for all t €[0,T];

(2) for n-a.e. (z,7) €R? x T'r, we have

v(0) =z and 4(t) € F(eitn,v(t)) for a.e. t€[0,T].

Conversely, if n € P(R? x I'r) satisfies (2) above, then p = {p; = ein}ico1) €
"Qf[oF,T] (1) is an admissible trajectory driven by F, with v = {vijit }ep0,1), and for a.e.
t€[0,7] and ps-a.e. y € RY,

aw)= [, i),

and n! is given by the disintegration n= p; @y .
A.3. Technical proofs.

Proof of Lemma 2.9. Given {Y,,(*)}nen € LE(Q) and Y (-) € L3(€2) such that Y, —
Y in L2 and Y, (-) € G®(t, X(+)), we can extract a subsequence {Y,,, (-)}xen satisfying
Yo, (w) = Y(w) for a.e. w e Q, and therefore we conclude that Y (w) € F(¢,60;, X (w))
for a.e. w € Q by the closedness of F(t,0;, X(w)). Thus, Y (-) € GO(¢, X ().

Given t; € I and X;(-) € LE(9), consider the set-valued map thxl Q= RY
defined as Gt917X1 (w)=F(t1,0:, X1 (w)).
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Since the map = — F(t1,0:,,2) is continuous with compact convex nonempty
images, there exists a countable family of continuous map {f,, }nen such that f,(z) €
F(t1,0:,,x) and F(t1,0;,,2) =, cn fn(x) for all z € RY. In particular, we have that

Gy x, (W) = F(t1,00,, X1(w)) = ([ fu(Xa (w))-

neN

Since f, o X;(-) are measurable, thxl is a measurable. Given ty € I, Xa(:) € LIQP,
and Y5(-) € G®(t, X2(+)). By Corollary 8.2.13 in [5], since Y5(-) is measurable, there
exists a measurable selection Y1 (-) of Gf  such that

Ya(w) = Yi(@) = dgp | () (Ya()) = dr(e, 0, 3160 (V2 ).

So by the Lipschitz continuity of F', we get easily
|Y1 = Ya|[z2 <LipF - (1+Lip8) - ([t1 — t2| + | X1 — Xof[12).

Interchanging X; and X, we have LipG® <Lip F'- (1 + Lip8). d

Proof of Lemma 2.11. According to [31] and [43], it is enough to show that every
point of . has a fundamental system of open convex neighborhoods and that the
convex structure on . is compatible in a suitable sense with the topology induced
on . by dco, more precisely that the function v : C°(I; P25 (R%)) x CO(I; P5(R%)) x
[0,1] = CO(I; Z5(R%)) defined by (0™, 0 X) = 0 + (1 — )03 is continuous.
Intersecting each element of the dgo-open balls of positive rational radius around
0 € . provides a fundamental system of open convex neighborhoods of 8 w.r.t. the
topology induced by dco on 7.

For i =0,1, let 8°™ = {#}"};c1 be a sequence dco-converging to 8° = {6 };c; and
{An}nen € [0,1] converging to A. Let

0” : = {0)}er, where 0} = 00 + (1 — )6},
0" = {0 " }er, where 007 = X004+ (1 — A,)0; ",

and, choosing 7" € HO(QE’", 0im), i=0,1, for all n €N, t,s € I, set

T e = Aam0™ o+ (1= A )™ € TI(6; ", 027 ™).

We show that {8 },cy are equibounded. Since {6°"},cn are dco-converging for
i = 0,1, in particular, they are bounded, therefore, considering, for instance, the
constant curve & = {& }+er with & = dp, there exists R > 0 such that dco(6"",€) <R,
i=1,2. From the convexity of the dco-ball, we have that dco (0" €) < R.

We show that {#*"""}, cx are equicontinuous. It holds that

>\na ny
Wi o< [ eyl o)
Re x R4
= A WE (0", 007) + (1= X W3 (6,7, 6,7)
SWEO)",00™) + WE(0;™,0.7).
Since for i = 0,1 the set {8°"},en U {0'} is dco-compact, in particular, it is
equicontinuous, therefore there exists a continuous increasing w; : [0, +oo[— [0, +o0]

satisfying w;(0) = 0 and W2(0P",00") < wi(|t — s|) for all t,s € I, n € N, i = 0,1.
Therefore, {8 },cn are equicontinuous with modulus w(-) := /w2 () + w2 ().
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We show that {6*""},cn pointwise converges to 6. Indeed, given any ¢ €
CP(R?), t € I, we have

d

Ansn ) = x O,nx _ x l,nx
| e@anr @ =, [ e@at @+ =) [ ota) il @),

and by passing to the limit on n and recalling that |A,| <1 and that the convergence
in dy implies that 6;" converges in Wy and narrowly to 6} for i =0, 1, we have that

im z)do}" () = x) do) (x
im [ e a8 @) = [ ola) o),

n—-+oo Rd

and so we have narrow pointwise convergence. We prove the uniform integrability of
the second-order moments. Indeed,

[ @ =n [ Pt @A) [ e dst ),
R4\ B(0,R) R4\ B(0,R) R4\ B(0,R)

<[ P [ P st
R4\ B(0,R) R4\ B(0,R)

and uniform integrability of the second-order moments follows from the uniform in-
tegrability of the second moments for {#;"},,en, which are Wa-converging sequences.

By the Ascoli-Arzela theorem, we conclude that dgo (OA"’",Q)‘) — 0; thus, W is
continuous, and so the assumptions of [31] and [43] are satisfied. d
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