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Abstract. As a form of the Axiom of Choice about relatively simple structures (posets), Hausdorftf’s Maximal Chain Principle
appears to be little amenable to computational interpretation. This received view, however, requires revision: maximal chains are
more reminiscent of maximal ideals than it seems at first glance. The latter live in richer algebraic structures (rings), and thus are
readier to be put under computational scrutiny. Exploiting this, and of course the analogy between maximal chains and maximal
ideals, the concept of Jacobson radical carries over from a ring to an arbitrary set with an abstract inconsistency predicate: that is,
a distinguished monotone family of finite subsets. All this makes possible not only to generalise Hausdorff’s principle, but also
to express it as a syntactical conservation theorem. The latter, which encompasses the desired computational core of Hausdorft’s
principle, is obtained by a generalised inductive definition. The over-all setting is constructive set theory.
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1. Introduction

Hausdorff’s Maximal Chain Principle asserts that every totally ordered subset of a partially ordered set S is
contained in a maximal one. In first-order terms, a chain C is maximal precisely when, for everya € S,if CU{a }
is a chain, then a € C; or, equivalently, either a € C or a is incomparable with at least one b € C. Especially the
latter characterisation, which is to say that

acC or (IbeC)akbrba), ey

is somewhat reminiscent of one of the characterisations of a maximal ideal in a commutative ring A with 1: a proper
ideal M of A is maximal if and only if, for every a € A,

aeM or (IbeM)({a,b)>1); )

in other words, either a € M or a is comaximal with some b € M.! Moreover, with the Axiom of Choice AC at hand
it is possible to describe in first-order terms the common part of all maximal ideals containing any given ideal / of A:
that is, the Jacobson radical [2] of /. This is Krull’s Maximal Ideal Theorem [3] seen as an intersection principle,
and has given rise to a first-order notion of the Jacobson radical which suits the needs of constructive algebra [4-6].

By analogy, we can give a first-order definition of the Jacobson radical Jac(C) of a chain C in a poset S, and
prove with AC that Jac(C) coincides with the intersection of all maximal chains containing C. So Hausdorff’s
principle too is recast as an intersection principle. All this, however, can even be done in a more general fashion, and
a simple direct and elementary interpretation is possible. Hence the purpose of this paper is twofold: to communicate
a potentially new form of AC which in a natural way encompasses both Krull’s theorem and Hausdorff’s principle;
and to describe the constructive or syntactical underpinning.

In Sections 2 and 3, alongside the analogy with ring theory, we define our general concepts of coalition and
Jacobson radical. In Section 4 we show that the latter is a closure operator (Proposition 1) and as such a covering

Maximality criteria, though to a different end, have also been put under constructive scrutiny in the context of Boolean algebras and locales
by Mulvey [1]. One of the anonymous referees kindly brought this to our attention.
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or consequence relation which can be defined inductively (Theorem 1). In Section 5 we then study the semantics,
which is complete coalitions, and prove the appropriate intersection, logical completeness or semantic conservation
theorem (Theorem 2, with AC). In Section 6 we discuss several applications: maximal ideals of finitary closure
operations with concrete instances for commutative rings and propositional theories, as well as maximal chains and
maximal cliques. Section 7 sheds additional light. Here we approximate complete coalitions syntactically by paths
in finite binary trees of a suitable inductively generated class 7, and thus can prove the syntactical counterpart of
our Theorem 2: to belong to Jac(C) for a given coalition C is tantamount to the existence of a tree in 7~ of which all
root-to-leaf paths terminate in C (Theorem 3).

Disclaimer

This is a revised and extended journal version of our CiE 2020 conference paper [7]. The present note deviates from
its forerunner by replacing the symmetric irreflexive relation on the underlying set S, as was crucial for [7], with
a monotone family of finite subsets of S that is thought as an abstract form of inconsistency. This move not only
makes a more natural treatment possible, but widens scope considerably, as witnessed, e.g., by Krull’s Maximal
Ideal Theorem (cf. Section 6).

On method and foundations

The content of this paper is elementary and can be formalised in a suitable fragment of constructive set theory
CZF enriched, where necessary, with the regular extension axiom so as to account comprehensively for generalised
inductive definitions [8—10]. Due to the corresponding choice of intuitionistic logic, some assumptions have to be
made explicit which otherwise would be trivial with classical logic. For instance, a subset T of a set S is detachable
if, foreverya € S, eithera € Tora ¢ T.

By a finite set we understand a set that can be written as { ay,...,a, } for some n > 0;2 we say that any such
number n enumerates the finite set. Every finite set is either empty or inhabited. We denote by Fin(S') the class of all
finite subsets of a set S, which form a set in CZF, while the generic subsets of a set S form a proper class Pow (S ).
Rather than U € Fin(S) we often write U Cg, S, and typically use the letters U, V, W for finite subsets of S .

From formal topology [16] we borrow the overlap symbol: the notation U ) V is to say that the sets U and V
have an element in common. Where no confusion may arise, we write U, V for set union U U V, and similarly U, a
forUU{a}.

Last but not least, to pin down Theorem 2, and to point out certain of its consequences later on, requires some
classical logic and the Axiom of Choice (AC), which will be used in the form of Open Induction (Ol) [17], as recalled
below. For simplicity we switch in such a case to classical set theory ZFC, signalling this appropriately.

The following lemma is utterly trivial with classical logic but allows for a simple constructive proof, as well. We
state this here to be used in the following section.

Lemma 1. Let S and T be sets. If U Cqn S UT, then either U C S orthereis V Cgn T such that U C S UV.

Proof. We argue by induction on the number n enumerating U. The case n = 0, i.e., U = () is clear. Next consider
the case in which U = U’ U {a} and the inductive hypothesis applies to U’. Accordingly, there are two cases to
consider: either (a) U’ C § or else (b) there is W Cg, T such that U’ C S U W. Both cases lead to the desired
conclusion by another case distinction, respectively, on whether a € S or a € T. For (a) this is clear; in the case of
(b) we have

U=U'U{a}CSuUWU{a},

and so either V. = W or V = W U { a }—depending on whether a € S or a € T—will do. g

2As in [11, 12], for the sake of a slicker wording we thus deviate from the prevalent terminology of constructive mathematics and set theory
[4, 8,9, 13-15]: (1) to call ‘subfinite’ or ‘finitely enumerable’ a finite set in the sense above, i.e. a set S for which there is a surjection from
{1,...,n} to S for some n > 0; and (2) to reserve the term ‘finite’ to sets which are in bijection with {1, ..., n} for a necessarily unique n > 0.
Also, finite sets in this stricter sense do not play a role in this paper.
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2. Coalitions

Throughout, let S be a set, and let R C Fin(S) be monotone, that is, for all U,V € Fin(S), if U € R and
U C V,then V € R. We say that R is proper if R # Fin(S ), which, however, we do not require from the outset.

Employing predicate notation we write R(U) for U € R. This extends to arbitrary subsets 7' of S by writing
R(T) for Fin(T) ( R, which is to say that there is U Cg, T such that R(U). Moreover, we carry further our
notational convention on set union, i.e., we write R(U, V) for R(U U V) etc.

Lemma 2. Let T C S and W Cg,, S. Then R(T, W) if and only if there is V Cgy T such that R(V, W).

Proof. Suppose that there is U Cg, T U W such that R(U). By Lemma 1 either U C W or there is V Cg, T such
that U C V U W. Both cases yield the desired conclusion by monotonicity of R. The converse is immediate. ]

Definition 1. A subset C of S is a coalition (with respect to R) if =R(C), i.e. Fin(C) N R = ().

For instance, S is a coalition if and only if R = (). Perhaps more importantly, {) is a coalition if and only if § ¢ R;

by monotonicity this amounts to R being proper. Notice further that coalitions are closed under directed union.
Our choice of terminology follows [7]—on the topic of which the present note sheds further light—simply to

have at hand a notion which to our knowledge is not yet of use in any of the concrete settings we consider later on.?

Definition 2. A subset C of S is complete (with respect to R) if, for every a € §,
acC or R(Ca). 3

Note that S is always complete; and that () is complete precisely when R has as elements all singleton subsets of S
or, equivalently, all inhabited subsets of S.

It is perhaps instructive to brandish any U € R as “inconsistent”—quite literally in the case of logic, where
R(C) istoberead as C L. In an algebraic setting, R(C) is to say that C generates a unit element (see Section 6).
A coalition is then a subset of S that is free of finite inconsistent subsets, on account of which it may be considered
“consistent”. A complete subset C is such that, given any a € S, this a either belongs to C, or else C has a finite
subset which together with a turns out inconsistent. With this intuition, complete coalitions capture in more concrete
terms the notion of maximal consistency.

Remark 1. Every complete coalition is detachable and maximal (with respect to set inclusion) among coalitions.
Conversely, with classical logic every maximal coalition is complete.

Proof. Let C be a complete coalition. Since Fin(C) N'R = (), the second alternative of completeness (3) entails that
a ¢ C; whence C is detachable. As regards C being maximal, let D be a coalition such that C C D and leta € D. By
completeness, either a € C right away, or else by Lemma 2 there is U Cg, C such that R(U, a), but the latter case is
impossible as D is a coalition. As regards the converse, if C is a maximal coalition and a ¢ C, then C U { a } cannot,
due to maximality of C, in turn be a coalition. With classical logic, the latter statement is to say that R(C, a). O

If C is a coalition, let us write
Comp/C
for the collection of all complete coalitions that contain C, with the special case Comp = Comp/(). Since every com-

plete coalition is detachable (Remark 1), these collections are sets due to the presence in CZF of the exponentiation
axiom [8, 9, 19].

3The term “coalition”, which we use for sake of intuition, is standard terminology in game theory to denote a group of agents [18]. The present
one requires a rather conservative reading: our coalitions don’t allow for disagreement (in terms of 7R) amongst their ranks.
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3. Jacobson Radical

Recall from [4, 20] that the Jacobson radical [2, 21] of an ideal J of a commutative ring A with 1—and likewise
for distributive lattices [22, 23]—can be defined in first-order terms as

Jac(J)={aecA|(VbeA)(1 € {a,b) >1€(Lb))}. 4)

Here sharp brackets denote generated ideals, and one can equivalently let b range over finitely generated ideals [4].
Recently this has been adopted in propositional logic, including a variant of Lindenbaum’s Lemma as the se-

mantics of Glivenko’s Theorem [24, 25]. In this context |- stands for (deducibility in) an intermediate logic in a

propositional language S. Now (4) translates into a definition of the Jacobson radical of a theory 7 in § as

Jac(T)={aeS | (VbeS)(a,br L —->T,bF 1)} 3)

by replacing comaximality in (4), i.e., to generate the unit, with inconsistency in (5), i.e., to prove absurdity.

The consequents in the defining properties of (4) and (5) are actually witnessed by single elements of J and 7,
respectively. With an eye towards a more abstract concept, rather than turning this observation into a requirement,
we will ignore it to achieve some leeway for applications; it is here that R comes to play its decisive role.

By analogy with the settings of ring theory and logic, we put the following.

Definition 3. The Jacobson radical of a subset C of S is defined by

Jac(C) ={a eS| (YU € Fin(S))(R(a,U) — R(C,U)) }.
This can be put more succinctly as

Jac(C)={aeS | (YU e R, R(CU)}, (6)
where

R,={UE€Fin(S) | R(a,U)}
is the set of “opponents” U of a, i.e., the U “pseudo-complementing” a with respect to R. Notice that Jac is
monotone, i.e., such that Jac(C) C Jac(D) whenever C C D; and expansive, i.e., such that C C Jac(C). Also,

if R(C), then Jac(C) = S; conversely, R(C) whenever § € R, for some a € Jac(C), e.g., if R is inhabited and
Jac(C) = S. Moreover, for the particular case of C = (), note that

Jac(l) ={aeS| R, CR}. (N

In ZFC, the Jacobson radical of an ideal J as in (4) is the intersection of all maximal ideals that contain J [4],
whereas the Jacobson radical of a theory T as in (5) is the intersection of all complete theories that contain 7' [25].
Similarly, still with AC, the Jacobson radical of a coalition C will prove to be the intersection of all complete
coalitions that contain C (Theorem 2 below).

Definition 4. A coalition C such that Jac(C) = C is said to be radical.
Lemma 3. Let C C S and a € Jac(C). If R(C, a), then R(C).

Proof. Suppose that R(C,a) for some a € Jac(C). By Lemma 2 there is V Cg, C such that R(V,a). Now a €
Jac(C) implies R(V, C) which is to say that R(C). O
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Proposition 1. The Jacobson radical defines a closure operator on S and restricts to a mapping on coalitions, i.e.,
if C is a coalition, then so is Jac(C).

Proof. As for the first statement we only show idempotency, i.e., Jac(Jac(C)) C Jac(C), where C C S. To this
end, suppose that a € Jac(Jac(C)) and let V € R,. Then R(Jac(C), V) and by Lemma 2 there is U Cg, Jac(C)
such that R(U, V). Lemma 3 now implies that R(C, V). As regards the add-on, we show that if R(Jac(C)), then
R(C). In fact, consider U Cyq, Jac(C) and suppose that R(U). Either this U is empty and nothing need be done. If
there is a € U, then a € Jac(C) implies R(C, U), and Lemma 3 yields R(C). O

In particular, if C is a coalition, then Jac(C) is a radical coalition.

4. Inductive Generation

As is well-known, every closure operator corresponds with a consequence relation on S (which is finitary pre-
cisely if the former is algebraic; see also Section 6 below), and which in turn can, synonymously, be read as a
covering relation [16, 26, 27], i.e., a relation <1 between elements and subsets of S that is reflexive and transitive:

acU p aU (VbelU)baV
aQU() a1V

(T)

We show now that membership to the Jacobson radical is an inductively generated predicate. The crucial clause
will help in the next Section 5 to prove (in ZFC) that Jac is determined by complete coalitions. To this end, we define
arelation <1 between elements and subsets of S inductively by the following rules of reflexivity (R), extension (E),
and completeness (C),

aclU R(U) adUx (VWWeR,)a<UYV
aav ® (E) aaU (©)

Our choice of terminology anticipates the semantics of <1, which is determined by complete coalitions (see the
following Section 5). Rule (C) corresponds to the completeness requirement (3): if U, x covers a, and so does U, V
for every V € R,, then U covers a. This is a form of conservativity, allowing us in Section 7 to do as if a given
coalition were complete to test membership in the Jacobson radical. In the context of logic, completeness (C) is

related to (the rule corresponding to) tertium non datur, while (E) is related to ex falso quodilbet (see also Example
2).

Theorem 1. Leta € S and U C S. The following are equivalent.

(H a<U.
(2) a € Jac(U).

In particular, < is a covering relation, and Jac is inductively generated.

Proof. To show that the first item implies the second, we argue by induction on a < U. Both the cases for (R) and
(E) are easily handled, so we concentrate on (C). Accordingly, suppose that (i) a € Jac(U, x) and (ii) a € Jac(U, V)
for every V € R,. We need to check that a € Jac(U), whence let Uy € R,. Then (i) yields R(U, x, Uy), which
implies that there is U; Cg, U such that Uy U Uy € R,. Now (ii) yields a € Jac(U, Uy, U1) which is to say that
a € Jac(U, Uyp). Since Uy € Ry, this implies R(U, Up), as required.

Conversely, suppose that a € Jac(U). In order to show a <1 U, we use (C). To this end, notice that on the one
hand a <1 U, a holds by (R). Next we check that a <1 U, V for every V € R,,. This holds by (E), for whenever R(a, V),
we obtain R(U, V) from a € Jac(U).

The first add-on is a consequence of the fact that Jac is a closure operator (Proposition 1). |
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5. Completeness

It will be seen in this section, working in ZFC, that membership in the Jacobson radical of a coalition C can
be tested on the complete coalitions in which C is contained. In view of Theorem 1, this amounts to a logical
completeness result (Theorem 2). To prove this, it is perhaps best to use Open Induction (Ol) [17, 28, 29], which
Raoult [17] has deduced from the Kuratowski—Zorn Lemma, and to which Ol is ZF-equivalent.

Recall that Ol asserts that if (X, <) is a directed-complete poset (a dcpo)* and if O is a predicate on X which
is both (i) open, i.e., such that whenever D C X is directed and O(\/ D), then (3x € D) O(x); as well as (ii)
progressive, i.e., such that if O(y) for every y > x, then O(x); then (Vx € X) O(x).

We further need that it be decidable whether or not a coalition C is complete, and if not that it be witnessed by a
certain element which gives rise to a proper extension of C. Thus, to state and prove Theorem 2, we have to switch
to ZFC, while stressing the fact that Ol provides for a rather natural treatment, apt for constructivisation perhaps
even beyond Sections 4 and 7 below.’

Theorem 2 (ZFC). If C is a coalition, then
Jac(C) = ﬂComp/C.

Proof. Leta € Jac(C) and suppose that D is a complete coalition which contains C. By completeness, eithera € D
right away, or else R(D, a). But since a € Jac(C) C Jac(D), the latter case would imply R(D), by way of which
D would fail to be a coalition after all.

As regards the converse, let D denote the family of radical coalitions D that contain C, suppose that a € D
for every complete D € D, and consider the predicate O(D) = a € D. This O is certainly open; to see that O is
progressive, let D € D and suppose that O(E) for every E 2 D. We distinguish cases. If D is complete, then a € D
by the overall assumption. If D is not complete, then there is some x ¢ D such that D U { x } is a coalition; whence
Jac(D, x) is a radical coalition which properly exceeds D, and therefore a € Jac(D, x) by the induction hypothesis.
In the latter case, moreover, if V € R,, then a € Jac(D, V)! (In fact, since D U { x } is a coalition, V gZ D. Then
two cases come into question: either D U V is a coalition, so again a € Jac(D, V) right away, by the induction
hypothesis; or else R(D, V), but then a € Jac(D, V) is trivial.) By Theorem 1 and the clause for completeness (C)
it now follows that a € Jac(D) = D. Hence O(D) for every D € D by Ol. In particular O(Jac(C)), which is to say
that a € Jac(C). O

6. Applications

We will now treat several applications of Theorem 2 in detail: maximal ideals of consequence relations with
concrete instances in ring theory and propositional logic, maximal cliques in graphs, and maximal chains of partially
ordered sets. Most of the discussion to follow is set in ZFC. In all cases Theorem 1 constitutes the corresponding
constructive underpinning.

6.1. Ideals and Theories

By a consequence relation or single-conclusion entailment relation we understand a relation
F CFin(S) x S

which is reflexive, monotone and transitive in the following sense:

U>a Ut a UFb Ubta
Ul—a(R) U,Vl—a(M) Uta (T)

4Since for Theorem 2 we switch to ZFC anyway, we do not refer to forms of Ol (say, for set-generated directed-complete poclasses [30]) more
pertinent to CZF. See, e.g., [31].

5For similar and related cases see [32-35].
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where as usual U,V = U UV and U,b = U U {b}. It is well-known that every consequence relation |- gives way to
an algebraic closure operator (—) : Pow(S) — Pow(S) defined by

ae(Ty = (U € Fin(T)) U - a.
Conversely, given (—), by stipulating
Uta=aec(U)

we gain back a consequence relation - from an algebraic closure operator (—).

The ideals of a consequence relation - are the subsets J of S which are closed with respect to the corresponding
closure operator (—), which is to say that J = (J). Hence the ideals of |- are precisely the subsets J of S such that
if J O U and U F q, then a € J. As for ideals of rings, we say that an ideal J of I is proper whenever J # S.

A consequence relation - gives rise to an inconsistency predicate in a natural way:

R={U€cFn(S)|({U)=S}. ®)
For this choice of R, the Jacobson radical of a subset 7 of S is

Jac(T)={a eS| (VU € Fin(S))((U,a) =S — (U,T)=S) }.
Note that Jac((T')) = Jac(T); in particular, (T) C Jac(T).
Remark 2. Every proper ideal of - is a coalition; and every complete coalition C is an ideal.

Proof. To show the second statement, let C be a complete coalition. If C O U + a, then by completeness either
a € C anyway, or else by Lemma 2 there is V Cg, C such that S = (V,a) C (V, U). In the latter case we have R(C),
but C is supposed to be a coalition. O

In the present context, Theorem 2 reads as follows.

Proposition 2 (ZFC). If J is an ideal® of a consequence relation -, then
[Comp/J ={a €S | (VU € Fin(S))((U.a) =S — (U.J) =) }.

In view of Remark 1, Proposition 2 is a universal maximal ideal theorem which subsumes—to mention only
two—Krull’s Maximal Ideal Theorem in commutative ring theory, and Lindenbaum’s Lemma for propositional
logic, to which we now turn our attention. In both cases there is a convincing element [11, 12, 35] for |-, i.e., there is
e € § for which (e) = §; whence a subset C of S is a coalition if and only if the closure of C is a proper ideal.

6.1.1. Krull’s Maximal Ideal Theorem
Let S = A be a commutative ring with 1 and consider - on A as given by ideal generation, i.e.,
k

ai...,aqg b = (3ry,. ..., €A) Zr,-ai:b.

i=1

The ideals of I- are the ideals of the ring A, and the corresponding inconsistency predicate (8) consists of the finite
comaximal subsets of A. Hence the complete coalitions are in ZF precisely the maximal ideals of the ring A, i.e.,

There is no need to suppose the ideal J to be proper: in ZFC one can tell whether J = S, in which case the claim holds trivially.
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the ideals which are maximal among the proper ideals; and the Jacobson radical Jac(J) of an ideal J is the expected
one (4).

In particular, the related instance of Proposition 2 says that Jac(J) equals the intersection of all maximal ideals
that contain J. Incidentally, this variant of Krull’s Maximal Ideal Theorem helps (and so does the instance in Section
6.2 below) to calibrate our intersection principle:

Proposition 3 (ZF). The universal validity of Theorem 2, for every set S and every monotone family R C Fin(S),
is equivalent to AC.

Proof. Krull’s Maximal Ideal Theorem implies AC [3, 36-38], and follows from Theorem 2 via Proposition 2. [

On the other hand the structure of a ring is rich enough to allow for a concrete application, as follows.

Example 1. We consider McCabe’s short proof of Zariski’s Lemma [39].” Here we focus on the second of only
three short paragraphs, in which by way of a generic maximal ideal a certain element is shown to be invertible.
Suppose that A is without zero-divisors [4], i.e., such that

(Va,b € A)(ab=0—a=0Vb=0).

The respective argument of McCabe’s boils down to observing that if a € A is not invertible, and such that the
localization Ala™"] is a field, then a € Jac(()). This can now be shown by an appeal to Theorem 1. To this end, by
the corresponding rule for completeness (C) with U = () and a = x, it suffices to check that a € Jac(V) for every
V € Fin(A) with 1 € (V,a). In fact, suppose that b € (V) and r € A are such that ra + b = 1. Since a is not
invertible, b # 0 in A. Next, because Ala~!] is a field, either b = 0 in A[a—1], which is to say that a"b = 0 for some
n > 0,and thus a = 0 € Jac(V) since b # 0 and A is without zero-divisors; or b is invertible in A[a~!], and then
there are ¢ € A and n > 0 such that bc = a". Now a" € Jac({V)), by which in fact a € Jac(V), again as required.
(Recall that by (4) the Jacobson radical is a radical ideal, i.e., if " € Jac(J) for some n > 0, then a € Jac(J).)

For related approaches to making the use of maximal ideals constructive, cf. [4-6, 42—46].

6.1.2. Lindenbaum’s Lemma

Let I- stand for (deducibility in) an intermediate logic in a propositional language S. The ideals of I- are the theories
of Fin S, i.e., the subsets of S which are deductively closed with respect to i-; and the corresponding inconsistency
predicate (8) consists of the finite subsets of S which are inconsistent with respect to -. Hence the complete coali-
tions are in ZF precisely the complete consistent theories; and Jac(T') is the Jacobson radical (5) of a theory T'. This
is[25] nothing but the stable closure of T,

Jac(T) ={p €S | peT}; ©)
whence Proposition 2 instantiates to a variant of Lindenbaum’s Lemma [25]: Jac(T) equals the intersection of all
complete consistent theories extending 7.

Moreover, (9) prompts a proof of Glivenko’s Theorem [47], as follows.

Example 2. Let ; and . stand for intuitionistic and classical logic in a propositional language S.® Recall from
[50, 51] that

k. ifandonlyif T,Alk;e

7 An elementary, constructive proof of Zariski’s Lemma has recently been found by Wiesnet [40, 41].

8For the present example we leave unsettled whether entailment relations too fall under the reservations about sequent calculi [48, 49] against
the context-as-sets paradigm as opposed to the context-as-multisets pattern, and if so whether this affect the usability of entailment relations in
proof practice.
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for a suitable finite set A of formulas ¢ VV =, where  is a propositional variable occurring in I" or ¢. This is at the
heart of Glivenko’s Theorem [47], for which we can now give a more conceptual proof, similar to [52]. With I-; as
F and < as in Section 4 we show first that

VW eRy) UV if and only if p<aAU,—y. (10)

While the right-hand side simply is the instance V = {—} of the left-hand side, to deduce the latter from the former
let V € Ry, thatis, V F —y. By (5) follows -y € Jac(V), which by Theorem 1 means — <1 V. Now if ¢ <1 U, —,
then ¢ <1 U, V as required.

By (10) the corresponding rule for completeness (C) boils down to the analogue of the rule for excluded middle:

eIy e,y
p<al

With this at hand we swiftly see that I', A I; ¢ entails ¢ <I", which according to Theorem 1 and (9) means I" F; ——e.
Inall, I" k. ¢ implies I" I-; =—¢, which is Glivenko’s Theorem [47].

Needless to say, proofs of Glivenko’s Theorem usually go along similar lines overall. Recent literature about
Glivenko’s result includes [53—61].° The two foregoing applications are summed up in Table 6.1.2.

Krull’s Maximal Ideal Theorem (Section 6.1.1) | Lindenbaum’s Lemma (Section 6.1.2)
given structure commutative ring propositional logic
consequence relation - generation deduction
ideals of - ideals theories
inconsistent comaximal inconsistent
complete coalition maximal ideal consistent complete theory
Jacobson radical Jacobson radical stable closure

Table 1

Correspondences for ideals and theories

6.2. Cliques and Chains
LetR C S x S be an irreflexive and symmetric relation as studied before [7]. Put

R ={UEcFin(S)|(3a,b e U)aRb}. (11)

This R is certainly monotone and proper. Moreover, R contains no singleton subset, and { a,b } € R if and only
if aRb whenever a # b. In particular, Jac() consists of the @ € S which are isolated points with respect to R,
by which we mean that aRb for all b € S, where R denotes the complementary relation. The coalitions for R are
precisely the subsets C of S such that aRb for all a,b € C. For example, {a, b} is a coalition if and only if aRb.

A coalition C is complete if and only if, for every a € §,

acC or (IbeC)aRb;

whence we get back the complete coalitions of [7]. Combining in ZFC the corresponding instance of (7) with
Theorem 2, we see that the isolated points are exactly the ones which belong to all complete coalitions, that is,

(YComp={acS|(VbeS)aRb}, (12)

9This list of references is by no means meant exhaustive.
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which of course generalises to complete coalitions that contain a given one [7, Proposition 1]. By suitable instanti-
ation we obtain principles in ZFC for maximal cliques in graphs, and maximal chains of partially ordered sets, as
follows.!°

6.2.1. Maximal Cliques

Let G = (V, E) be an undirected graph, with V as the set of vertices and E as the set of edges; in particular, E is a
set of unordered pairs of elements of V. On V we now consider the relation of nonadjacency, putting

aRb = a#bAN{ab} ¢ E.

With classical logic, a coalition for the corresponding R as in (11) is nothing but a cligue [63], i.e., a set of mutually
adjacent vertices,'! and the complete coalitions are exactly the maximal cliques. We focus on the case of the empty
coalition, and notice that Jac()) consists of the universal vertices, i.e., those adjacent to every other vertex. In ZFC,
by the corresponding instance of (12), the universal vertices constitute the intersection of all maximal cliques:

(YComp={acV|(beV)(a#b—{ab}cE)}. (13)

This helps to find a maximal clique with AC.!? In fact, if V itself fails to be a clique, as witnessed by non-adjacent
distinct vertices a, b € V, then by contraposition (13) yields a maximal clique that avoids a.

6.2.2. Maximal Chains

These are special cases of maximal cliques. In fact, to see how Hausdorff’s Maximal Chain Principle fits into the
above setting, suppose that (S, <) is a partially ordered set. We consider the comparability graph G = (V,E), i.e.,
the elements of S serve as nodes, and we define adjacency as comparability with respect to <,

V=S and E={{ab}|a<bVb<a}.

Thus, the cliques of G are nothing but the <-chains, among which the maximal ones are precisely the complete
coalitions. In ZFC the corresponding instance of (13) then says that a € S belongs to all maximal chains if and only
if a is comparable with every b € §:

(YComp={acS|(VbeS)a<bVb<a)}. (14)

This is a ZF-equivalent of Hausdorff’s Maximal Chain Principle [64], and the argument is similar to the case of
cliques: If S is not totally ordered by <, as witnessed by a certain element a of S incomparable to some b € S, then
by contraposition (14) yields a maximal chain that avoids a. Notice how this does not crucially hinge on posets—
towards a more general form of Hausdorff’s principle for directed graphs, along with the corresponding radical and
intersection theorem, the partial order above may be replaced by an arbitrary binary relation.'3

On the lines of Table 6.1.2, we recapitulate the latter two applications in Table 6.2.2. We now have captured,
with increasing generality, chains by cliques,'* cliques by coalitions for irreflexive symmetric relations [7], and the
latter by inconsistency predicates.

10[n [7, Remark 2] we have discussed in terms of coalitions Bell’s related notion of cliques for binary relations [62].
n other words, the induced subgraph is complete in the sense of graph theory.

12Clique problems, e.g., the problem of finding a maximum clique and that of listing all maximal cliques are prominent in finite graph theory
and computational complexity theory [63].

13For instance, Suppes hints at forms of maximal principles in terms of arbitrary relations [65, Chapter 8].

14Conversely, in order to obtain a maximal clique it suffices to have a maximal chain of cliques.
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Maximal Clique Principle (Section 6.2.1) | Hausdorff’s Maximal Chain Principle (Section 6.2.2)
given structure undirected graph partially ordered set
irreflexive, symmetric relation R || nonadjacency incomparability
coalition clique chain
complete coalition maximal clique maximal chain
elements of Jac(() universal vertices elements comparable to all other
Table 2

Correspondences for cliques and chains

7. Binary Trees

In this section we carry over to complete coalitions the avenue recently followed [52] for prime ideals of con-
sequence relations towards a constructive universal form of Krull’s Prime Ideal Theorem.'> Readers familiar with
dynamical algebra [4, 5, 42] will draw a connection between the tree methods of [42] and the one employed here.

Let again S be a set. For every a € § we first introduce a corresponding letter X,,. Let

S=(SU{X.|acs )"

be the set of finite sequences of elements of S and such letters, with the usual provisos on notation, concatenation,
etc.

Definition 5. We generate inductively a class 7 of finite rooted binary trees T C S by the following rules:

TeT ucleaf(T) a€s
TU{ua,uX,} €T

(root) (branch)

{0yeT

As usual, by a leaf we understand a sequence u € T without immediate successor in 7. The second rule is to
say that, given T € T, if u is a leaf of T, then each element a of S gives rise to a new member of 7 by way of
an additional branching at u. More precisely, u gives birth to two children ua and uX,. Here is a possible instance,
where a,b € S:

/\
/\

aX;,

15)

As an auxiliary tool, we further need a sorting function sort : S — S which gathers all occurring letters X,, at
the tail of a finite sequence. As the resulting order of the entries won’t matter later on, this function may be defined
recursively in a simple manner, as follows:

sort([]) =[], sort(ua) = asort(u), sort(uX,) = sort(u)X,.

Last but not least, given a subset C of §, owe introduce a relation IF-¢ between elements of S and sorted finite
sequences in S by defining

clke [al,...,ak,X,,l,...,X;,,} = (VVl € Rhl)...(VVg S R,,{)c<1C,al,...,ak,Vl,...,Vg.

I5For a related but different approach see [44, 66].
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where we drop the quantifier in case of £ = 0. In particular,
clkc [] & ¢ € Jac(C). (16)

Keeping in mind Theorem 2, with AC the semantics of this relation is that for u as above, ¢ IF¢ u precisely when,
for every simultaneous instantiation of respective opponents Vi,...,V, of by,..., by, this ¢ is a member of every
complete coalition over C that further contains as,...,a; and Vi,..., V. The case in which this holds with respect
to every leaf of a certain tree 7 € T will later be of particular interest.

Lemmad4. Leta,c € S and let u € S be sorted. If ¢ ¢ au and ¢ F¢ uX,, then c IF¢ u.

Proof. Consider u = [ay,...,a, Xp,,- - ., Xp,] and suppose that (i) ¢ I-¢ au and (ii) ¢ IF¢ uX,. To show that ¢ ¢ u,
let Vi € Rpy,..., Ve € Ry,. Wewrite C' = C,ay,...,ax, V1,..., Ve and need to check that ¢ <t C’. Now, premise (i)
yields ¢ <1 C’, a, while (ii) implies that ¢ <t C’, V for every V € R,, so (C) implies ¢ <1 C’. O

Definition 6. Let C C S and ¢ € §. We say thatatree T € T terminates for C in c if ¢ I-¢ sort(u) for every leaf u
of T.

Intuitively, this is to say that, along every path of 7', no matter how we instantiate indeterminates X, that we might
encounter with an opponent V € Ry, if C’ is a complete coalition over C and contains the elements we will have
collected at the leaf, then ¢ is a member of C’. The idea is now to fold up branchings by inductive application of the
completeness clause (C), to capture termination by way of the Jacobson radical, and thus to resolve indeterminacy
in the spirit of [52].

The following is the constructive counterpart of Theorem 2 and does not require that C be a coalition to start
with.

Theorem 3. Let c € S and C C S. The following are equivalent.

(1) ¢ € Jac(C).
(2) Thereis T € T which terminates for C in c.

Proof. If ¢ € Jac(C), then ¢ I-¢ [] by (16), which is to say that { [] } terminates for C in c¢. Conversely, suppose that
T € T is such that ¢ k¢ sort(u) for every leaf u of T. We argue by induction on T to show that ¢ € Jac(C). The
case T = {[] } is trivial (16). Suppose that T is the result of a branching at a certain leaf u of an immediate subtree
T’, and suppose further that ¢ I-¢ sort(ua) = asort(u) as well as ¢ IF¢ sort(uX,) = sort(u)X, for a certaina € S.
Lemma 4 implies that ¢ IF-¢ sort(u), whence we reduce to 7’, to which the induction hypothesis applies. g

Membership in a radical coalition is thus tantamount to termination.

Remark 3. Very much in the spirit of dynamical algebra [4, 5, 42, 43, 67], every tree T € T represents the course
of a dynamic argument as if a given coalition were complete. Note that every complete coalition C,, of S gives rise
to a path through a given tree 7 € 7. In fact, at each branching, corresponding to an element a of S, by way of
completeness this a either belongs to C,, or else the latter assigns a value to X, in the sense of exhibiting a witness
for R(C,,). The entries in the terminal node of this path, with values assigned appropriately, then belong to C,,. In
particular, if T terminates in ¢ for a certain subset C C Cy,, then ¢ € C,, because ¢ € Jac(C) C Jac(C,,) = C,, by
Theorem 3 and the fact that every complete coalition is radical.
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8. Conclusion

Hausdorff’s Maximal Chain Principle, a forerunner of the Kuratowski—Zorn Lemma [68—70], is presumably one
of the best known order-theoretic forms of the Axiom of Choice. We have seen that the property of a chain to be
maximal can be put as a criterion for completeness, reminiscent of the case in commutative ring theory for maximal
ideals. By analogy with Krull’s Theorem for maximal ideals, and employing a suitable adaptation of the Jacobson
radical, we could phrase a versatile generalisation of Hausdorff’s principle as an intersection principle. This has
paved the way to a constructive, purely syntactical rereading, both by an inductively generated covering relation,
as well as by means of finite binary trees which encode computations along generic complete objects. Concrete
applications can be found in algebra (see, e.g., our recasting of a part of McCabe’s proof of Zariski’s Lemma in
Section 6.1.1 above); it remains to be seen, however, to what extent our method allows to bypass other maximality
principles.
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