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A B S T R A C T

In this paper a novel method to improve the residual vibration suppression in underactuated uncertain flexible
systems through motion planning is proposed. The proposed technique relies on the concurrent use of input
shaping and on the alteration of the mechanical properties of the system, which enables the enhancement of the
robustness to uncertain parameters. Robustness is formulated through the parametric sensitivities of the natural
frequencies that provide an analytical and non-probabilistic tool, which is embedded in the eigenstructure
assignment algorithm developed in this work. The effectiveness of the proposed method is assessed through a
benchmark testbed composed by a triple pendulum attached to a delta robot, that should execute rest-to-rest,
residual vibration-free motion. Hence, residual vibrations of the pendulum are used to measure the accuracy
and the sensitivity of the proposed combined shaper-IDSM approach. Both the numerical and experimental
results confirm the advantages of the proposed technique for the suppression of the residual vibrations in
uncertain systems over traditional techniques. In particular, robustness of the dominant tuning frequency is
increased with respect to variations of the tip-end mass of the pendulum, representing a varying payload
transferred by a robotic system.
1. Introduction

1.1. State of the art and motivations

Vibration suppression is still one of the most prominent challenges
in the design and operation of automatic machines and robots. The
rapid motions required to reduce the execution times result often,
and especially for lightweight and high dynamics machines, in severe
motion-induced vibrations that can last even after motion completion,
severely affecting the effectiveness and precision of the machine.

The vast literature that has brought the development of methods
to reduce motion-induced vibrations can be classified into ‘software’
approaches and ‘hardware’ approaches. A ‘software’ solution is applied
whenever vibration reduction is obtained through a specific control
action. For example, in [1] robust adaptive control is exploited to
suppress vibrations in offshore ocean thermal energy conversion sys-
tems. Similarly, in [2] an adaptive fault-tolerant controller is designed
to absorb vibrations in a flexible Timoshenko arm with backlash-
like hysteresis. Alternatively, vibration suppression can be enforced,
totally or partially, by carefully tuning the reference input [3–5] to the
control, rather than acting on the control itself. In this case vibration
suppression is enforced at motion design level, usually on the basis of
some knowledge of the system in which vibrations are to be damped.
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Hardware solutions, on the other hand, require some sort of physical
alteration to the system under investigation. This alteration can be
defined at system design level, by carefully tuning the system response
according to some specifications, or at user level by providing some
modifications or by introducing some additional elements that can
absorb vibrations.

This very rough distinction provides a dichotomous classification of
an extremely large corpus of methods and applications: in particular
control-based methods are so commonly applied in literature that it
is safe to state that every single control architecture has been applied
to a vibration suppression problem at least once. Literature reviews
such as [6–10] can guide the reader through a wide array of methods
and solutions. The classifications of motion design-based methods is
maybe more straightforward, since a first distinction can be made
into model-based and model-free approaches. Model-free approaches
generally work by enforcing the smoothness of the motion profile [11],
under the assumption that a smoother motion profile provides minimal
excitation of the oscillatory behavior [12,13].

In model-based methods partial or full information on the dynamic
properties of the system to be moved in a vibration-free manner is
exploited for the motion design problem — either using direct methods,
such as [14–16], or indirect methods, such as [17,18]. As the name
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suggests, direct methods are focused on the explicit design of a motion
profile (or a trajectory) that enforces the required properties, while in
indirect methods the motion design problem is cast – and solved –
as a variational problem [19,20]. Both methods have their pros and
cons and their field of applications, however indirect methods are
favored for their accuracy, but are often plagued by a small radius of
convergence and the applicability to problems limited in size [21].

The problem of residual vibration reduction can be tackled, how-
ever, also by using a very simple solution, which applies to all systems
whose dynamics can be effectively represented by a linear model:
input shaping [22]. Input shapers, which are convolution filters, can be
applied to an arbitrary motion profile, achieving, at least theoretically,
zero residual vibrations. Their popularity is due to their very simple
tuning: the design of an input shaper requires just the knowledge of the
frequency and damping factor of the oscillation that is to be canceled.
Whenever two or more modes are to be dealt with, two or more input
shapers can be cascaded. This technique has proved, over the years, to
be rather effective, at least within its main limitations, the first one be-
ing the delay introduced by the shaper, which is inversely proportional
to the frequency to be canceled: hence shapers are generally unsuited
to fast motion profiles [23]. The second limitation is their capability
of handling uncertainties in the determination of the oscillating mode
properties, which is rather poor in standard methods, as in the popular
Zero-Vibration (ZV shaper). The enhancement of the robustness prop-
erties of ZV shapers has lead to the development of robust shapers, the
most popular one being the ZVD and the EI shapers [24], which exhibit
a noticeable better performance for uncertain systems, but at the cost
of even higher delays.

The popularity of robust solution in input shaping is the response
to a common problem, i.e. the precise determination of the modal
properties of the system to be moved with limited vibrations. This
occurrence is rather common in many practical situations, as an unmod-
eled or unmeasured significant alteration of even the main oscillating
frequency can happen, for example, by altering the payload that is
transferred, in the case of an industrial robot, or simply by changing
the length of the rope in a cable-suspended load system, just to cite
two common occurrences.

The oscillatory behavior of a system is related to its eigenstructure,
which is in turn determined by the eigenvalues (natural frequencies
and damping ratios) and eigenvectors (mode shapes). The former define
the settling time and speed of response, while the latter define the
spatial shape of the vibration. Allowing to alter the eigenstructure of
the system opens a new set of possibilities, assuming that a ‘better’
eigenstructure can lead to ‘improved’ performances. This is the key
idea that has lead to the development of Eigenstructure Assignment
(EA) methods. EA has been a core research area in vibration control
in the last decades [25]. Active approaches, that employ the energy
of actuators fed by the information gathered by sensors, have been
widely studied and several techniques based on the system model or
on the measured receptances have been proposed (see e.g. [26–30]
and the references therein). Despite the generally high performances
of these techniques two main limitations arise: first, costs. Secondly
and mainly, the controlled system may become unstable and such
problem is exacerbated in the presence of uncertainties. In the light
of these limitations, passive techniques, based on the modification of
the physical system (e.g. through masses, springs or dampers) have
been proposed: they are usually referred to as an Inverse Dynamic
Structural Modification (IDSM) methods. Indeed, IDSM is particularly
attractive due to the inherent stability of the modified system, which
can be preserved by enforcing the symmetry and positive-definiteness
of the structural modifications. Several approaches to the IDSM have
been developed to perform the assignment of: natural frequencies [31–
33], mode shapes [34,35], vibration nodes [36], optimal design of
dampers [37] or antiresonances [38,39].

The main limitation of the existing IDSM techniques is that robust-
2

ness is usually not addressed: in particular the effect of parametric
variations on the system natural frequencies is in most cases neglected.
Clearly, the attainment of a ‘‘robust design’’ for the everyday func-
tionality of mechanical flexible systems is particularly attractive [40].
However, up to now robust design has been mainly considered to
achieve strength of materials and components by trading between
over-sizing and reliability [41].

In IDSM some ad-hoc solutions have been proposed to tackle some
specific problems, which testify the many possible applications of such
technique. For example, in [42,43] the robust design of brakes with
respect to self-excited vibrations is solved by maximizing the spectral
gap between consecutive natural frequencies. A probabilistic approach
for the robust design of flexible rotor-bearing systems is proposed
in [44]: in this particular problem, natural frequencies are to be as-
signed as far as possible from the rotational speeds of the machine.
In [45] a robust design to tackle self-excited vibrations due to frictional
force in screw jacks is developed using the analytic expression of the
natural frequencies of a two d.o.f. system. Robustness against uncertain
excitation frequency is considered in the design of tuned mass dampers
for vibration absorption in [46,47]. In that case, the goal is to ensure
a low gain in the transfer function from the excitation force to the
response of the main system in such a way that a robust vibration
absorption is achieved.

Differently, in this work it is wanted to achieve robustness of
the assigned natural frequencies with respect to parameter changes.
A non-probabilistic robustness requirement, particularly useful when
probabilistic distribution for the parameter variations are not available,
is adopted through the assignment of the system sensitivities.

1.2. Contributions of this paper

In the light of the limitations of the existing literature in handling
system uncertainties for Inverse Dynamic Structural Modification and
due to the industrial ever-growing adoption of lightweight and thus
vibration-prone systems, this paper proposes a novel approach to the
vibration reduction for the trajectory planning for underactuated and
uncertain dynamic systems.

In this work an alternative approach is proposed, which is to be
referred to as a ‘mixed’ solution, being based on the concurrent applica-
tion of ‘software’ shaping technique and on the ‘hardware’ modification
of the physical properties of the system to be moved, with the explicit
intent of enhancing its parametric robustness, i.e. to reduce the effects
of disturbances or of uncertainties on is dynamic properties.

The method is based on the concurrent redesign of the motion pro-
file, using input shaping, and of the mechanical structure of the system
to be moved, using the robust assignment of one or more natural fre-
quencies with respect to one or more uncertain parameters. The method
is of general formulation, thus it overcomes the limitation of the state-
of-the-art ad-hoc provided solutions. The IDSM is solved exploiting
a constrained least-square problem that embeds a non-probabilistic
robustness requirement and partially assigns the system mode shapes.
The solution method ensures technical and economical feasibility of
the achieved structural modifications. The effectiveness of the proposed
method is assessed through both numerical simulations and experimen-
tal tests on a triple pendulum excited by the motion of a parallel robot:
the signals of interest are recorded through a motion capture system
which uses four high-speed cameras.

2. Residual vibration and formulation of the inverse dynamic
structural modification

2.1. Suppression of residual vibration

It is well known that the execution of high-dynamic motion by
underactuated flexible systems can lead to unwanted large steady-state
vibration if the motion profile is not carefully planned. As mentioned

before, an effective and widely employed technique to suppress the
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residual steady-state vibrations is the input shaping technique which
relies on a redefinition of the reference trajectory by convolving it
with a finite sequence of impulses applied at prescribed time inter-
vals [22]. The shaped trajectory 𝑦𝑟,𝑠 is formed by performing one
r more repetitions shifted in the time, and scaled in amplitude, of
he unshaped trajectory 𝑦𝑟,𝑢. Input shaping techniques are effective
f the amplitude of the impulses and the time intervals between the
mpulses are correctly set according to the system natural frequency
𝑛 and damping ratio 𝜉. As such, the effectiveness in the elimination
f the residual vibration is directly proportional to the accuracy of the
dopted dynamic model [48]. In this work, two most commonly used
nput shapers will be considered: the ZV and the ZVD.

Let us consider, without loss of generality, a single DOF oscillatory
ystem. The free response of the system after a sequence of 𝑛 impulses,
ach one applied at time 𝑡𝑖 and with amplitude 𝐴𝑖, can be analytically
valuated as [49]:

𝐴𝑜𝑢𝑡 =
𝜔𝑛

√

1 − 𝜉2
𝑒−𝜉𝜔𝑛𝑡𝑛

√

(

𝐶
(

𝜔𝑛, 𝜉
))2 +

(

𝑆
(

𝜔𝑛, 𝜉
))2

=
𝜔𝑛

√

1 − 𝜉2
𝑉 (𝜔𝑛, 𝜉)

(1)

here 𝑉 (𝜔𝑛, 𝜉) is the Percentage Residual Vibration (PRV) and:

𝐶
(

𝜔𝑛, 𝜉
)

=
𝑛
∑

𝑖=1
𝐴𝑖𝑒

𝜉𝜔𝑛𝑡𝑖 cos
(

𝜔𝑛𝑡𝑖
√

1 − 𝜉2
)

𝑆
(

𝜔𝑛, 𝜉
)

=
𝑛
∑

𝑖=1
𝐴𝑖𝑒

𝜉𝜔𝑛𝑡𝑖 sin
(

𝜔𝑛𝑡𝑖
√

1 − 𝜉2
)

(2)

Setting Eq. (1) to zero ensures that zero residual vibration is
achieved by a proper sequence of pulses: as shown, for example in [50],
this requires just two pulses for a single mode oscillating systems. The
two pulses must have proper amplitudes 𝐴1 and 𝐴2, and must be timed
properly with 𝑡1 and 𝑡2, with 𝑡1 conventionally set to zero. The sequence
f pulses can then be replaced by a convolution filter, which can be
pplied to an arbitrary reference signal 𝑦𝑟,𝑢(𝑠), according to:

𝑦𝑟,𝑠(𝑠) =
( 1
1 +𝐾

+ 𝐾
1 +𝐾

𝑒−𝑠
𝜏𝑑
2
)

𝑦𝑟,𝑢(𝑠) (3)

where 𝑠 is the Laplace operator, 𝐾 = 𝑒
− 𝜉𝜋
√

1−𝜉2 and 𝜏𝑑 is the damped
vibration period. Intuitively, the ZV shaper places the second pulse half
of the damped oscillation period after the first one and properly scales
it with respect to the first pulse, with scaling factors equal to 𝐾∕(1+𝐾)
and 1∕(1 +𝐾): they add up to 1 so that the amplitude of the unshaped
ignal is retained after the filtering.

The ZV shaper is effective and widely employed, however its main
rawback is related to its limited robustness: its vibration canceling
apabilities are severely affected by even modest model-plant mis-
atches. Indeed, if the actual natural frequency of the system deviates

rom the nominal one, the effectiveness of the ZV decreases since
he canceling interference between sinusoidal waves is only partially
btained: hence residual vibrations can occur. The analysis of the
ensitivity of the PRV with respect to the natural frequency of the
ystem, i.e. 𝜕𝑉 (𝜔𝑛, 𝜉)∕𝜕𝜔𝑛, enables to investigate the robustness of the
dopted shaper.

In the light of the non-negligible sensitivity of the ZV shaper the
VD shaper has been later developed. The chief idea is to introduce
n additional robustness constraints by setting equal to zero also the
erivative of PRV curve in the neighborhood of the nominal frequency.
o achieve this result the following constraint is introduced:
𝜕𝑉 (𝜔𝑛, 𝜉)

𝜕𝜔𝑛
= 0 (4)

The shaped reference signal is obtained as follows [50]:

𝑦𝑟,𝑠(𝑠) =
(

1
1 + 2𝐾 +𝐾2

+ 2𝐾
1 + 2𝐾 +𝐾2

𝑒−𝑠
𝜏𝑑
2 + 𝐾2

1 + 2𝐾 +𝐾2
𝑒−𝑠𝜏𝑑

)

𝑦𝑟,𝑢(𝑠)
3

(5)
Hence, differently to the ZV, three impulses are needed to cancel
a single-mode: the delays can be recognized in Eq. (5) as: 𝑡1 = 0,
𝑡2 = 𝜏𝑑∕2, 𝑡3 = 𝜏𝑑 , while the amplitudes are the three coefficients that
epend on 𝐾.

It is worth to notice that the delay introduced by the ZVD shaper
𝑡𝑠 = 𝜏𝑑) is double with respect to the one of the ZV shaper (𝑡𝑠 =
𝑑∕2), i.e. to achieve higher robustness the ZVD shaper requires that
ither motion time is increased, or the unshaped motion profile dura-
ion is reduced (i.e. compensated), with an increase of velocities and
cceleration peak values.

Shapers with enhanced robustness have been introduced consid-
ring higher order of derivative for Eq. (4) leading to the ZVDD,
VDDD and so on [50]. However, each order of derivative requires
he introduction of a further delay equal to 𝜏𝑑∕2 which leads to an
ven higher increase of velocities and accelerations, or to a substantial
ncreases of the motion time.

Input shapers have been developed to suppress the steady-state
ibration arising from a single-mode, however, multiple modes can be
ackled as well simply by placing several ZV or ZVD shapers in cascade,
nd by making sure that each of them is properly tuned to suppress the
rescribed mode.

The ZV and the ZVD shapers can be considered a ‘loosely’ model-
ased strategy, since they do take into account only the essential
roperty of the system, i.e. the natural frequency 𝜔𝑛 and damping factor
, but no specific information is required on the source of uncertainty,
hat can be either due to model-plant mismatches, parametric devia-
ions, control inaccuracies, as well as caused by external disturbances.
onversely, a peculiar advantage of the variational approach proposed

n [23] is its capability of directly considering the sensitivity of the
esidual oscillation with respect to the source of uncertainty, i.e. the
eviation of one of the system parameters, by embedding it in the
ormulation of the system dynamics.

Let us define the uncertain parameter 𝜗 and let us consider the
ensitivity of the PRV with respect to this parameter, i.e. 𝜕𝑉 (𝜔𝑛, 𝜉)∕𝜕𝜗.
he latter can be rewritten into the more convenient form:
𝜕𝑉 (𝜔𝑛, 𝜉)

𝜕𝜗
=

𝜕𝑉 (𝜔𝑛, 𝜉)
𝜕𝜔𝑛

𝜕𝜔𝑛
𝜕𝜗

(6)

Eq. (6) reveals that once the number of impulses is given, i.e.
𝜕𝑉 (𝜔𝑛, 𝜉)∕𝜕𝜔𝑛 is fixed, an effective approach for increasing the robust-
ness of the PRV to parametric deviations is to minimize the sensitivity
of the natural frequency with respect to the uncertain parameter,
i.e. 𝜕𝜔𝑛∕𝜕𝜗. Such problem is non-trivial and the difficulties are exacer-
bated for underactuated multi-DOFs systems. In the light of this issue,
a general framework to cope with this task is proposed in this paper.

2.2. Theoretical background on the eigenstructure of flexible systems

Let us consider an 𝑁-DOFs undamped vibrating system modeled
through its symmetric and positive-definite mass and symmetric and
positive-semidefinite stiffness matrices, respectively denoted 𝐌 = 𝐌𝑇 >
0 and 𝐊 = 𝐊𝑇 ≥ 0.

The equations of motion of the system are expressed by the matrix
form:

𝐌�̈�(𝑡) +𝐊𝐪(𝑡) = 𝐁𝐟 (𝑡) (7)

where 𝐌, 𝐊 ∈ R𝑁×𝑁 . 𝐁∈ R𝑁×𝑁𝑏 is the actuation matrix and 𝐟 ∈ R𝑁𝑏 is
he vector of the 𝑁𝑏 external forces, while 𝐪∈ R𝑁 is the vector of the

free coordinates of the system.
Eq. (7) is evaluated in the frequency domain (𝜔) and the free

esponse of the system is obtained by solving the following eigen-
roblem:

−𝜔2
𝑛,𝑖𝐌 +𝐊

)

𝐮𝑖 = 𝟎 with 𝑖 = 1,… , 𝑁 (8)

here 𝜔𝑛,𝑖 is the 𝑖th natural frequency of the system and 𝐮𝑖 is the related
th mode shape: together they constitute the eigenpair (𝜔 ,𝐮 ).
𝑛,𝑖 𝑖
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The system parameters are often affected by several sources of un-
certainty, that might be caused by imperfections in the manufacturing
process, aging, materials properties variability. As such, any unwanted
or unmodeled deviation from the ideal model used during the design
phase can be embraced as a parametric uncertainty. Here parametric
uncertainty is modeled using sensitivity functions, which provide a
clear and direct way of measuring the impact of a parameter deviation
on the properties of the system under investigation. Sensitivity func-
tions are of straightforward formulation whenever an analytic dynamic
model is available for the system under investigation. Furthermore,
they are defined and used outside any probabilistic framework, thus
they do not require the explicit definition of a probabilistic model of
the uncertainty sources. As such, they can cover a rather large field of
applications.

Let us assume, without loss of generality, that the mass and stiffness
matrices depend on a set of 𝑛𝑝 parameters 𝝑 = [𝜗1,… , 𝜗𝑛𝑝 ] ∈ R𝑛𝑝 . The
computation of partial derivative of Eq. (8) with respect to the j-th
parameter 𝜗𝑗 leads to:
(

−
𝜕𝜔2

𝑛,𝑖

𝜕𝜗𝑗
𝐌(𝝑) − 𝜔2

𝑛,𝑖
𝜕𝐌(𝝑)
𝜕𝜗𝑗

+
𝜕𝐊(𝝑)
𝜕𝜗𝑗

)

𝐮𝑖 +
(

−𝜔2
𝑛,𝑖𝐌(𝝑) +𝐊(𝝑)

) 𝜕𝐮𝐢
𝜕𝜗𝑗

= 𝟎

(9)

The premultiplication of the left-hand side of Eq. (9) by 𝐮𝑇𝑖 enables
to simplify its second term since Eq. (8) reveals that 𝐮𝑇𝑖

(

−𝜔2
𝑛,𝑖𝐌 +𝐊

)

=
𝟎 for 𝑖 = 1,… , 𝑁 , hence a more compact form for Eq. (9) is obtained:

𝐮𝑇𝑖

(

−
𝜕𝜔2

𝑛,𝑖

𝜕𝜗𝑗
𝐌(𝝑) − 𝜔2

𝑛,𝑖
𝜕𝐌(𝝑)
𝜕𝜗𝑗

+
𝜕𝐊(𝝑)
𝜕𝜗𝑗

)

𝐮𝑖 = 0 (10)

Finally, the impact of the deviation of the j-th parameter 𝜗𝑗 on the
-th natural frequency 𝜔𝑛,𝑖 is captured by the sensitivity function 𝑆𝑖,𝑗 ,
hich can be inferred through some manipulations from Eq. (10), and

s defined as:

𝑖,𝑗 =
𝜕𝜔2

𝑛,𝑖

𝜕𝜗𝑗
=

𝐮𝑇𝑖

(

−𝜔2
𝑛,𝑖

𝜕𝐌(𝝑)
𝜕𝜗𝑗

+ 𝜕𝐊(𝝑)
𝜕𝜗𝑗

)

𝐮𝑖

𝐮𝑇𝑖 𝐌(𝝑)𝐮𝑖
(11)

2.3. Structural modification for the assignment of natural frequencies and
mode shapes

The formulation in Eq. (8) is particularly useful to formulate an
Inverse Dynamic Structural Modification problem [39], which consists
in computing the modification matrices 𝛥𝐌 ∈ R𝑁×𝑁 and 𝛥𝐊 ∈ R𝑁×𝑁

that assign the 𝑛𝑑 desired eigenpairs denoted by (�̄�𝑛,𝑖, �̄�𝐢), with 𝑖 =
1,… , 𝑛𝑑 . The IDSM is cast as:
(

−�̄�2
𝑛,𝑖 (𝐌 + 𝛥𝐌) +𝐊 + 𝛥𝐊

)

�̄�𝑖 = 𝟎 with 𝑖 = 1,… , 𝑛𝑑 (12)

The solvability of Eq. (12) is not ensured for all the choice of
the modification matrices. In particular, let us assume that 𝑛𝑥 design
variables, collected in 𝐱 = [𝑥1,… , 𝑥𝑛𝑥 ] ∈ R𝑛𝑥 , are employed to modify
the system. The topology of the modification matrices as well as the
rank of the modification, which is lower or equal to 𝑛𝑥, influence
the assignability of the prescribed eigenpairs. In principle, one natural
frequency is assignable by means of one independent design variable in
accordance with the rank requirement principle [51]. In practice, two
issues arise: first, the rank requirement principle does not ensure the at-
tainability of the desired mode shape [52]. Secondly, technological and
economical constraints limit the admissible magnitude for the design
variables and hence the achievement of the prescribed eigenstructure.
Lower and upper bounds, respectively denoted by 𝐱𝐿 and 𝐱𝑈 , are here
employed to constrain the design variables. More general constraints
can be introduced to ensure the fulfillment of other design necessities
4

as well: it is assumed here that such constraints can be represented as
linear equality constrains as 𝐀𝐱 = 𝐛, with 𝐀 ∈ R𝑛𝑔×𝑛𝑥 and 𝐛 ∈ R𝑛𝑔 . The
IDSM is recast, therefore, as follows:

min
𝐱

𝑛𝑑
∑

𝑖=1

‖

‖

‖

‖

(

−�̄�2
𝑛,𝑖 (𝐌 + 𝛥𝐌(𝐱)) +𝐊 + 𝛥𝐊(𝐱)

)

�̄�𝑖
‖

‖

‖

‖

2

2

s.t. 𝐱𝐿 ≤ 𝐱 ≤ 𝐱𝑈 ∪ 𝐀𝐱 = 𝐛
(13)

This formulation is suitable for all cases in which 𝑛𝑑 eigenpairs
are to be assigned, however such formulation can be extended to
the more general case of partial assignment problems, according to
the developments presented in [35,53]. According to this framework,
eigenpairs entries can be either assigned to a specific value, to a defined
domain, or let unassigned. A partial assignment counterpart of Eq. (13)
is here defined by including the additional inequality constraint 𝐮𝐿𝑖 ≤
𝐮𝑖 ≤ 𝐮𝑢𝑖 to Eq. (13).

2.4. Robust assignment of the natural frequencies

Sensitivity functions can be used to embed a robustness constraint
in the formulation of the assignment problem. In particular, the aim
here is to ensure that the assigned frequencies are minimally sensitive
to parametric deviations, as any alteration of the prescribed natural
frequencies result in a significant degradation of the free response
of the system. In the case under consideration, this phenomenon can
be measured by evaluating the amplitude of residual vibrations in a
rest-to-rest motion task.

In this work it is assumed that a subset of the natural frequencies
𝜔𝑛,𝑖, together with their mode shapes 𝐮𝐢, can be altered to improve the
dynamic behavior of the system, according to a structural modification
procedure that is introduced in the following sections. The desired
sensitivity �̄�𝑖,𝑗 of the i-th prescribed natural frequency with respect to
the j-th physical parameter is described by:

�̄�𝑖,𝑗 =
𝜕�̄�2

𝑛,𝑖

𝜕𝜗𝑗
=

�̄�𝑇𝑖
(

−�̄�2
𝑛,𝑖𝐉

𝝑𝐣
𝐌+𝛥𝐌 + 𝐉𝝑𝐣𝐊+𝛥𝐊

)

�̄�𝑖

�̄�𝑇𝑖 (𝐌(𝝑) + 𝛥𝐌(𝐱,𝝑)) �̄�𝑖
(14)

where the Jacobian matrices for the modified system are:

𝐉𝝑𝐣𝐌+𝛥𝐌 =
𝜕 (𝐌(𝝑) + 𝛥𝐌(𝐱,𝝑))

𝜕𝜗𝑗

𝐉𝜗𝑗𝐊+𝛥𝐊 =
𝜕 (𝐊(𝝑) + 𝛥𝐊(𝐱,𝝑))

𝜕𝜗𝑗

(15)

Eq. (14) is recast, in a more compact non-fractional form into:

�̄�𝑖,𝑗 (𝐱,𝝑, �̄�𝑖) = 0 (16)

where:

𝑁𝑖,𝑗 (𝐱,𝝑, �̄�𝑖) = �̄�𝑇𝑖
(

−�̄�2
𝑛,𝑖𝐉

𝜗𝑗
𝐌+𝛥𝐌 + 𝐉𝜗𝐣𝐊+𝛥𝐊

)

�̄�𝑖
𝐷𝑖,𝑗 (𝐱,𝝑, �̄�𝑖) = �̄�𝑇𝑖 (𝐌(𝝑) + 𝛥𝐌(𝐱,𝝑)) �̄�𝑖
�̄�𝑖,𝑗 (𝐱,𝝑, �̄�𝑖) = 𝐷𝑖,𝑗 (𝐱,𝝑, �̄�𝑖)�̄�𝑖,𝑗 −𝑁𝑖,𝑗 (𝐱,𝝑, �̄�𝑖)

(17)

Eq. (16) can then be formulated for the assignment of 𝑛𝑠 prescribed
sensitivities with respect to different parameters and for 𝑛𝑑 desired
natural frequencies, leading to the general form:

⎡

⎢

⎢

⎢

⎢

⎢

⎣

�̄�1,1(𝐱,𝝑, �̄�1) … �̄�1,𝑛𝑑 (𝐱,𝝑, �̄�𝑛𝑑 )
⋱

⋮ �̄�𝑖,𝑗 (𝐱,𝝑, �̄�𝑖) ⋮
⋱

�̄�𝑛𝑠 ,1(𝐱,𝝑, �̄�1) … �̄�𝑛𝑠 ,𝑛𝑑 (𝐱,𝝑, �̄�𝑛𝑑 )

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
= �̄�(𝐱,𝝑, �̄�) ∈ R𝑛𝑠×𝑛𝑑

= 0 (18)

Eq. (18) enables to embed the robustness constraint, as well as
the partial assignment of eigenvectors, into Eq. (13), ensuring that
prescribed sensitivity values are achieved. The least-square problem in

Eq. (13) can therefore be recast for the case of robust partial assignment
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Fig. 1. Sketch of the triple pendulum.

f the natural frequencies as follows:

min
𝐱

𝑛𝑑
∑

𝑖=1

‖

‖

‖

‖

(

−�̄�2
𝑛,𝑖 (𝐌(𝝑) + 𝛥𝐌(𝝑, 𝐱)) +𝐊(𝝑) + 𝛥𝐊(𝝑, 𝐱)

)

�̄�𝐢
‖

‖

‖

‖

2

2

s.t. 𝐱𝐿 ≤ 𝐱 ≤ 𝐱𝑈 ∪ 𝐀𝐱 = 𝐛
𝐮𝐿𝐢 ≤ 𝐮𝐢 ≤ 𝐮𝑈𝐢
�̄�(𝐱,𝝑, �̄�) = 0

(19)

An application of the proposed robust IDSM technique to a bench-
mark problem is provided in the next section.

3. Numerical assessment

3.1. Dynamic model of the triple pendulum

Let us consider a triple pendulum on a cart, as sketched in Fig. 1,
made by the suspended masses 𝑚1, 𝑚2 and 𝑚3 and by the massless cable
engths 𝑙1, 𝑙2 and 𝑙3. Its dynamic model can be obtained through the
uler–Lagrange formulation [54], which can then be linearized around
ts stable equilibrium position. The equation of motion of the undamped
riple pendulum, in the case of small oscillations, takes the following
orm:
⎡

⎢

⎢

⎢

⎣

�̈�1(𝑡)

�̈�2(𝑡)

�̈�3(𝑡)

⎤

⎥

⎥

⎥

⎦

+𝐊
⎡

⎢

⎢

⎢

⎣

𝜗1(𝑡)

𝜗2(𝑡)

𝜗3(𝑡)

⎤

⎥

⎥

⎥

⎦

= 𝐁�̈�cart(𝑡) (20)

where the mass, stiffness and actuation matrices are respectively de-
fined as:

𝐌 =

⎡

⎢

⎢

⎢

⎣

𝑚1𝐿1 𝑚2𝐿1 𝑚3𝐿1

0 𝑚2𝐿2 𝑚3𝐿2

0 0 𝑚3𝐿3

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝐿1 0 0

𝐿1 𝐿2 0

𝐿1 𝐿2 𝐿3

⎤

⎥

⎥

⎥

⎦

𝐊 = 𝑔

⎡

⎢

⎢

⎢

⎣

𝑚1 + 𝑚2 + 𝑚3 0 0

0 𝑚2 + 𝑚3 0

0 0 𝑚3

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝐿1 0 0

0 𝐿2 0

0 0 𝐿3

⎤

⎥

⎥

⎥

⎦

𝐁 = −

⎡

⎢

⎢

⎢

⎣

(𝑚1 + 𝑚2 + 𝑚3)𝐿1

(𝑚2 + 𝑚3)𝐿2

𝑚3𝐿3

⎤

⎥

⎥

⎥

⎦

(21)

being 𝝑 = [𝜗1, 𝜗2, 𝜗3]𝑇 the vector of the relative sway angles, as
defined in Fig. 1. The exogenous input is assumed to be the acceleration
of the cart, �̈�𝑐𝑎𝑟𝑡.

Despite its perceived simplicity, the model under investigation poses
some challenges, mainly due to the non-obvious and analytically com-
5

plex relationship between the physical parameters, i.e. the cable lengths
Table 1
Original system parameters.
Parameter Value Unit

𝑚1 0.1016 [kg]
𝑚2 0.1074 [kg]
𝑚3 0.1092 [kg]

𝐿1 0.3487 [m]
𝐿2 0.3394 [m]
𝐿3 0.3336 [m]
𝐿1 + 𝐿2 + 𝐿3 1.0217 [m]

𝑔 9.80655 [ms−2]

𝜔𝑛,1 3.45 [rads−1]
𝜔𝑛,2 8.22 [rads−1]
𝜔𝑛,3 13.71 [rads−1]

Fig. 2. Unshaped fifth-degree polynomial trajectory and oscillations of mass 𝑚3.

and the mass weights, and the resulting eigenstructure. Nonetheless,
the model is characterized by its three oscillating frequencies, which
are listed in Table 1. The model is assumed to be undamped, follow-
ing an hypothesis that is well supported by the experimental results
obtained using the laboratory setup that will be presented in the next
section. Nonetheless, damping can still be included by a slight revision
of the formulation of Eq. (20) whenever needed.

Underactuation combined with the pronounced system flexibility
deteriorate the performances of this system in executing point-to-point
motion tasks when high dynamics is required. To show and quantify
such phenomenon, the triple pendulum is simulated while the cart is
performing a fifth-degree polynomial motion profile. The motion is
chosen so that initial and final acceleration of the cart can be set to zero,
i.e. a rest-to-rest motion is performed, and to achieve a displacement of
the cart equal to 0.6 m in 3.5 s. The motion profile is shown on top-half
f Fig. 2: its execution results in the oscillation of mass 𝑚3 shown in the

graph on the bottom of the same figure.

The simulation highlights the large amplitude of the residual oscil-
lation that can happen whenever a generic motion profile is used.

Since the triple pendulum exhibits three natural frequency, a cas-
cade of three ZV and of three ZVD shapers are either applied to the
original unshaped motion profile shown in 2, leading to the results
shown in Figs. 3 and 4, which highlight the capability of both methods
to cancel residual vibrations under nominal conditions. In all cases the
duration of the original (unshaped) motion profile is pre-compensated
by shorting it, to ensure that the shaped motion, in all cases, lasts
precisely 3.5 s.

In this paper the ZV and ZVD shapers are employed for the numer-
ical investigation and in the experimental campaign as well, given that
such methods ensure that residual vibrations are canceled whenever the
eigenstructure of the system is as predicted. Accordingly, the amplitude
of residual vibrations will be used to indirectly quantify the alteration
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Fig. 3. ZV shaped fifth-degree polynomial trajectory and oscillations of mass 𝑚3,
ominal system.

Fig. 4. ZVD shaped fifth-degree polynomial trajectory and oscillations of mass 𝑚3,
nominal system.

of the natural frequencies with, and without, the application of the
proposed robust IDSM method.

3.2. Robust assignment of the natural frequencies for the triple pendulum

As already mentioned in the previous section, input shapers per-
formance deteriorates if the model does not correctly describe the
physical plant, i.e. if incorrect natural frequencies are adopted to tune
the shapers. In this paper, for fairness of comparison with respect to the
original system, the robust assignment method described in Section 2.4
is exploited to keep unchanged the lowest natural frequency of the
triple pendulum and to increase its robustness to variations of mass
𝑚3. In this example the target of the structural modification is to reduce
the sensitivity 𝜕𝜔2

𝑛,1∕𝜕𝑚3 by 40%. The admissible modifications are col-
lected in the vector 𝐱 = [𝛥𝑚1, 𝛥𝑚2, 𝛥𝐿1, 𝛥𝐿2, 𝛥𝐿3], bounds on the design
variables are reported in Table 2. The latter are defined in compliance
with some technical limitations of the available experimental setup.
The modification of mass 𝑚3 is not admitted for a fair comparison
between the original and the modified system, given that 𝑚3 is the
parameter to be artificially altered to modify the modal properties of
the triple pendulum. An additional constraint is introduced to ensure
that the total length of the pendulum, i.e. 𝐿1 + 𝐿2 + 𝐿3, is kept
unchanged, again, to ensure a fair comparison. The different scenario
of a single pendulum with a time-varying cable length has been tackled
in [55] through an active control strategy.

The inverse dynamic structural modification problem of Eq. (19) is
solved through a custom MATLAB routine, bases on the solver fmincon,
which can handle nonlinearities both in the cost-function and in the
constraints: the convergence to a robust solution for the constrained
6

Table 2
Original and modified system parameters and design variables constraints.

Parameter Unit Original system Modification bounds Modified system

𝑚1 [kg] 0.1016 [0.0508; 0.4062] 0.1773
𝑚2 [kg] 0.1074 [0.0537; 0.4297] 0.2688
𝑚3 [kg] 0.1092 – 0.1902

𝐿1 [m] 0.3487 [0.0697; 0.6973] 0.4796
𝐿2 [m] 0.3394 [0.0679; 0.6787] 0.3614
𝐿3 [m] 0.3336 [0.0667; 0.6673] 0.1808
𝐿1 + 𝐿2 + 𝐿3 [m] 1.0217 – 1.0217

Table 3
Original and modified system natural frequencies and sensitivity of interest.

Parameter Unit Original system Desired value Modified system

𝜔𝑛,1 [rads−1] 3.45 3.45 3.45
𝜔𝑛,2 [rads−1] 8.22 – 8.61
𝜔𝑛,3 [rads−1] 13.71 – 12.26
𝜕𝜔2

𝑛,1

𝑚3
[rad2s−2kg−1] −12.70 −7.62 −7.68

Fig. 5. Percentage variation of 𝜔𝑛,1 vs mass 𝑚3 perturbations: original and modified
system. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

optimization is achieved by setting as initial guess the original design
of the system, i.e. 𝐱𝟎 = [0, 0, 0, 0, 0].

The original system and modified system natural frequencies, to-
gether with the sensitivity of interest, are reported in Table 3 and
corroborate the fulfillment of the prescribed assignment task: the first
natural frequency is unaltered and the actual sensitivity reduction is
equal to 39.5%, which is very close to the target value. To better quan-
tify the robustness enhancement brought by the sensitivity reduction,
the percentage variation of the first natural frequency with respect to
variations of 𝑚3 are shown in Fig. 5: the red plot refers to the nominal
system, the blue plot to the system modified according to the results of
the IDSM routine.

Fig. 5 shows that, after the structural modification, the amplitude of
the alteration of 𝜔𝑛,1 resulting from a given alteration of 𝑚3 is roughly
divided by two. It must be highlighted that the level of reduction
can be defined by the user according to the specific requirements
of the application, since lower target sensitivities result in smaller
perturbations of 𝜔𝑛,1 for equal mass modifications.

3.3. Comparison of the original and modified system response after pertur-
bation

The increase of robustness is assessed in this section by comparing
the residual vibration of the original and modified triple pendulum
when mass 𝑚 is perturbed in the interval [−53.3%;+58.8%] with respect
3
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Fig. 6. ZV shaper: comparison of 𝑚3 oscillations the nominal system and for extreme
𝑚3 perturbations. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 7. ZVD shaper: comparison of 𝑚3 oscillations for the nominal system and for
extreme 𝑚3 perturbations. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

to its nominal value, and both the ZV and ZVD shapers are tuned
by considering the nominal system natural frequencies. The residual
vibration of the original and modified systems when using the ZV
shaper are shown in Fig. 6 for the nominal system and for the maximum
positive and negative perturbations of 𝑚3. A similar analysis is proposed
in Fig. 7 for the ZVD shaper as well. As expected, robustness is increased
by taking advantage of the ZVD shaper instead of the ZV shaper.
However, the robustness of the system to variations of 𝑚3 is further
increased by the inclusion of the robustifying structural modification
for both shapers since the amplitude of the oscillations shown with a
blue line is always smaller than the one represented by the red line, the
latter being referred to the system prior to the structural modifications.
This feature provides a confirmation of the usefulness of structural
modification in assigning modal properties that are minimally affected
by perturbations. It should also be noted that, at the same time, perfect
residual oscillation is retained in the case of null perturbations, as it
can be seen from the center plot of both Figs. 6 and 7.

Furthermore, Table 4 shows the peak-to-peak residual vibration
magnitude obtained through numerical simulations for five different
values of 𝛥𝑚3, taking into consideration, again, the ZV and ZVD shapers
and both the nominal and the modified pendulums. The same analysis
7

m

Table 4
Residual oscillation of mass 𝑚3 for the original and modified system: ZV and ZVD
shapers, numerical results.
𝛥𝑚3 ZV Shaper residual oscillation ZVD Shaper residual oscillation

Original Modified Reduction Original Modified Reduction

[kg] [mm] [mm] [%] [mm] [mm] [%]

−0.0582 37.5 15.7 58.0 18.5 2.2 88.3
−0.0291 14.3 6.9 51.6 2.5 0.4 85.2
0 0 0 – 0 0 –
+0.0351 11.1 6.6 40.4 1.0 0.3 65.3
+0.0642 17.8 11.2 37.0 1.8 0.9 48.6

ig. 8. ZV shaper: comparison of peak-to-peak residual vibration amplitude vs mass
3 perturbation, numerical results.

ig. 9. ZVD shaper: comparison of peak-to-peak residual vibration amplitude vs mass
3 perturbation, numerical results.

ill be performed in the experiments whose results are provided in the
ext section. The data in Table 4 show that the structural modification
an, at least in a numerical environment, reduce the residual vibra-
ion amplitude resulting from a mass perturbation, by a percentage
hat varies between 37% and 88.3%, which is an impressive feature
onsidering the scale of the perturbation.

Figs. 8 and 9 show the amplitude of peak-to-peak residual vibrations
or a continuous set of perturbation of 𝑚3 in the [−53.3%,+58.8%] range.
he results confirm the consistency of the robustness improvement over
he considered range of perturbations.

It must be also pointed out that the robustness enhancement brought
y the robust IDSM cannot always be obtained by the simple en-
ancement of the motion profile, since the application of shapers with
ncreased robustness is not always trivial or practically feasible. Let us
onsider, for example, the application of the ZVDD shaper introduced
n Section 2.1 to the test-case under consideration. The ’double-robust’
uppression of each mode enforces the introduction of a delay equal
o 3𝜏𝑑 , which results in a total delay equal to 4.57 𝑠. This amount of
elay is incompatible to the motion execution time adopted so far,
.e. 3.5 𝑠, therefore longer execution times must be accepted. As a
atter of example, let us define a total motion time equal to 5 s,



Robotics and Computer-Integrated Manufacturing 74 (2022) 102282P. Boscariol et al.
Fig. 10. Comparison of peak-to-peak residual vibration amplitude vs mass 𝑚3 pertur-
bation for the ZVDD on the original and the ZVD on the modified system, numerical
results.

Fig. 11. Cart acceleration and jerk comparison for the ZVDD shaper in the original
system and the ZVD shaper in the modified system, numerical results. (For interpre-
tation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

and let us compare the results of two numerical test-cases: in the
first one the original pendulum is moved over a profile altered by a
ZVDD shaper, while in the second one the modified pendulum and
the simpler ZVD shaper are used together. This simple experiment
provides a direct measure of which method is more effective: the
‘robustification’ of the ZVD shaper, or the ‘robustification’ of the IDSM
method. The analysis is repeated over the usual range of perturbation of
𝑚3, and the peak-to-peak amplitude of the residual vibration are shown
in Fig. 10. The figure highlights that the robustness-enhanced ZVDD
shaper has a slightly better performance for positive perturbations and
a significantly worse performance whenever mass 𝑚3 is reduced.

However, this numerical results would be hard to match in an actual
experiment, as the motion profile resulting from the application of the
ZVDD shaper is the one shown, in terms of cart acceleration and jerk,
in Fig. 11 by the red line. The execution of such a motion profile
would require an unusually high bandwidth of the motion control loop.
Indeed, relying on structural modification to enhance the robustness
of the ZVD solution does not alter so dramatically peak jerk and
acceleration, as shown in Fig. 11. In detail, the absolute maximum and
the RMS acceleration are respectively: 0.63 m∕s2 and 0.19 m∕s2 in the
first case and 0.19 m∕s2 and 0.13 m∕s2 in the second case. In terms
of maximum and RMS jerk, the respective values are 18.7 m∕s3 and
5.9 m∕s3, with the ZVDD shaper, and 0.6 m∕s3 and 0.2 m∕s3 with the
ZVD shaper and the structural modification.

This experiment has shown that the enhancement of the robustness
by just acting on the design of the shaper is not theoretically advanta-
geous, nor technically feasible, considering the extreme high-frequency
content of the acceleration and motion profiles shown in Fig. 11.
8

Fig. 12. The experimental setup.

4. Experimental results

This section collects the results of the application of the proposed
method to an experimental setup which comprises either the nominal
or the modified triple pendulum, whose actuation is provided by an
Adept Quattro s650 h robot. The linear motion of the end effector is
meant to replicate the motion of the cart idealized in Fig. 1. A picture
of the manipulator used for the tests, together with the triple pendu-
lum, is shown in Fig. 12. The robot is controlled by the proprietary
Adept SmartController, and is programmed to execute a user-defined
trajectory.

The motion of the pendulum is measured using a motion capture
system developed by Vicon, which uses four high-speed cameras to
reconstruct the position of some markers which are located on the robot
end-effector and on mass 𝑚3. The system allows the measurement of
the spatial position of these two object with a sampling frequency up
to 400 Hz and with sub-millimeter accuracy [56].

The experiments have reproduced all the test designed for the
numerical investigation, in order to provide a full validation of the
robust structural modification procedure.

4.1. Nominal plant

The tests performed on the experimental plant mimic, as already
mentioned, all the numerical tests already performed for the pre-
liminary validation of the proposed model. In particular, a first test
campaign has been conducted on the ‘nominal’ pendulum, i.e. the
system in which the system parameters 𝐿𝑖 and 𝑚𝑖 take their initial,
non-optimized, values.

The execution of the motion profile after the application of both the
ZV and the ZVD shapers produces the results shown in Fig. 1, where
the red lines separate, in the graph on the bottom, initial, transients
and residual vibrations.
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Fig. 13. Application of the ZV and ZVD shapers to the nominal, unperturbed pendulum:
experimental results. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

Fig. 13 shows in the upper graph the position of the cart, which
provides a total displacement equal to 0.6 m in 3.5 s, while the lower
graphs shows the longitudinal displacement of mass 𝑚3, measured in
mm. Despite the application of a properly tuned cascade of ZV shapers,
the amplitude of the residual oscillation of the third mass of the
pendulum is not zero: this is due mainly to the non-perfect reproduction
of the prescribed trajectory by the robot end-effector. Despite the high-
speed capabilities of the robot, it cannot provide perfect trajectory
tracking since the robot controller does not support the execution of
arbitrary motion profile: hence the desired motion profiles has to be
re-interpolated according to the motion primitives natively supported
by the robot. This re-sampling happens with a refresh frequency equal
to 32 Hz, with a consequent slight, but noticeable, distortion of the
motion profile. The main effect of this distortion, which can be modeled
as an external disturbance, is the accentuation of the residual vibrations
shown in Fig. 13, whose amplitude is roughly equal to 2 mm peak-
to-peak. Other sources of uncertainties are the imperfect matching
between the actual oscillating modes and the modeled ones, which
differ in the order of tents of Hz, as well as the imperfect planarity
of the motion of the robot and of the pendulum. While these effects
are detectable, they still are overshadowed by the robot inaccuracy in
reproducing the prescribed speed profile.

The application of the ZVD-shaped motion profile to the same
system results in a slightly smaller residual vibration amplitude, which,
averaged over several tests, is equal to a peak-to-peak amplitude equal
to 1.2 mm. This improved result is due to the inherent reduced sensi-
tivity to the motion profile disturbances as the result of the improved
robustness brought by the use of the ZVD shaper.

4.2. Perturbed plant

In order to provide a more comprehensive evaluation of the effec-
tive robustness, again through the measurement of residual vibrations
amplitude, the ZV and ZVD shaped motion profiles have been applied
to the non-optimized pendulum with a discrete set of 4 possible modi-
fication to mass 𝑚3, obtained by adding or subtracting a specific mass
alue, reproducing to the same perturbations tested on the numerical
odel and listed as 𝛥𝑚3 in Table 4.

Fig. 14 shows the outcome of the application of the ZV-shaped
otion profile on the oscillations of mass 𝑚3: the plot in the center

efers to the unperturbed pendulums, while the one on the left and on
he right refer to the pendulums with maximum negative and positive
𝑚3, i.e. −53.3% and +58.8%, respectively. The red lines refer to the
riginal pendulum, the blue lines to the robustified one. Such plots
re the results of the experimental reproduction of the numerical tests
hose results are reported in Fig. 6. The numerical results of Fig. 6
re well supported by the experimental results: the ‘robustification’
perated to the pendulum through the structural modification does
ffectively produce a significant improvement in terms of residual
9

r

Fig. 14. ZV shaper: comparison of 𝑚3 oscillations for the nominal system and for
extreme 𝑚3 perturbations, experimental results. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 15. ZVD shaper: comparison of 𝑚3 oscillations for the nominal system and for
extreme 𝑚3 perturbations, experimental results. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

oscillation amplitude, which is more noticeable when reducing mass 𝑚3
rather than increasing, as in the case of the left-side graph of Fig. 14
vs. the right-side one. These results are expected, since it has indeed
already been shown, in Fig. 5, that negative alterations to mass 𝑚3
provide a larger perturbation on the first oscillating mode, 𝜔𝑛,1, than
positive ones of the same magnitude.

Repeating the same tests with a different motion profile, i.e. the
one generated by the ZVD filtering of the quintic polynomial profile,
produces the results reported in Fig. 15. The graphs show that, as
predicted by Fig. 7, residual vibrations are confined to small values
for the unperturbed case and for the positive mass 𝑚3 perturbation,
and in such conditions the structural modification process provides a
limited improvement over the one already brought by the robustifica-
tion introduced by the enhanced motion profile. The case of maximum
reduction of mass 𝑚3, as shown in the plot on the left-side of Fig. 15,
showcases the most prominent effect of the robustification provided by
the structural modification: the oscillation observed when mass 𝑚3 is
educed by more than half is changed from 18.5 mm to just 2.2 mm.
n all, it can be observed that the structural modification takes care
f reducing the residual oscillation amplitude when the robust shaper
annot.

A condensed representation of the results, formulated in terms of
eak-to-peak amplitude of residual oscillation are reported in Figs. 16
nd 17 (which are the experimental counterparts of Figs. 8 and 9,
espectively) and in Table 5. The data in Table 5 are shown as mean
alues over 5 experimental trial for each entry of the table.

In Fig. 14 and in Fig. 15 as well, the blue lines lie always below the
ed lines, meaning the porpoised structural modification is proved to
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Fig. 16. ZV shaper: comparison of residual vibration vs mass 𝑚3 perturbation.

Fig. 17. ZVD shaper: comparison of residual vibration vs mass 𝑚3 perturbation.

able 5
esidual oscillation of mass 𝑚3 for the original and modified system: ZV and ZVD
hapers, experimental results.
𝛥𝑚3 ZV Shaper residual oscillation ZVD Shaper residual oscillation

Original Modified Reduction Original Modified Reduction

[kg] [mm] [mm] [%] [mm] [mm] [%]

−0.0582 26.2 12.7 51.5 17.8 1,1 93.8
−0.0291 9.7 5.7 41.2 2.5 1.1 56.0
0 3.2 2.2 31.3 1.2 1.0 8.3
+0.0351 13.4 6.9 48.5 1.4 1.2 14.3
+0.0642 18.7 12.9 31.0 1.5 1.2 20.0

be beneficial in enhancing parametric robustness over a wide range of
perturbations. The imprecision in the achievement of true zero residual
vibrations in the nominal cases is reputed to be mainly due to the less
than perfect execution of the planned motion profile.

The numbers in Table 5 clearly show the improvement brought
by the structural modifications: the reduction of the residual vibration
amplitude, in percentage, ranges from 31% to 51.5% when using the
ZV shaper. The reduction observed for the robust motion profile as the
results of the structural modification vary over a wider range: in the
unperturbed case it is as low as 8%, but it can reach values as high as
93.8%. The inclusion of robustness at both the motion planning level
and at the structural modification level result in a heavily desensitized
system, in which even large modifications of mass 𝑚3 result in sensibly
small residual oscillation, hence the target of improved robustness is
met with success.

5. Conclusions

A novel and effective approach to improve the performance of un-
deractuated uncertain flexible system subject to high-dynamic motion
is considered. The technique used to achieve zero residual vibrations
in rest-to-rest motion under robust conditions, i.e. with minimal sensi-
tivity to the change of one or more physical parameters of the system,
10
is based on the concurrent use of shapers, that might be robust or not,
as well as on the use of Inverse Dynamic Structural Modification. The
latter, together with the partial eigenstructure assignment paradigm, is
exploited to robustly assign the system natural frequencies. To cope
with this task, a non-probabilistic robustness constraint, formulated
using analytic parametric sensitivities, is embedded in the algorithm
that computes the structural modifications.

The proposed method can be applied to a wide range of appli-
cations, being suitable to any system represented by a linear, or lin-
earized, dynamic model. The problem is solved through a constrained
non-linear non-convex least-square minimization procedure that en-
sures the technical and economical feasibility of its solution, providing
both laboratory and industrial applicability of the proposed mechanical
design technique.

Numerical simulations and experimental testing of the proposed
technique are provided for a benchmark system composed by a triple
pendulum and an Adept Quattro robot whose motion excites the flex-
ible system. Underactuation and flexibility lead to large unwanted
residual vibrations that are suppressed by planning the motion alterna-
tively through cascades of ZV or ZVD shapers properly tuned through
the natural frequencies of the system.

Both the numerical and experimental tests corroborate the effec-
tiveness of the proposed method in increasing the robustness with
respect to variations of the payload mass of the triple pendulum. Hence,
the alteration of the dominant natural frequency of the system are
reduced with respect to the nominal design of the system, leading to a
consistent improvement in the suppression of the residual oscillations
of the system when it is subject to high-dynamic trajectories. The
proposed method is of very general application, thus it can potentially
be adopted, in future works, to other test benches and with other trajec-
tory specifications that may overwhelm the goal of residual vibration
damping.
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