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Abstract

Artificial Intelligence (Al) requires machines capable of learning and generalizing from data
without being explicitly programmed to do so, giving rise to the field of Machine Learning
(ML). ML systems follow an inductive process where they learn to make predictions from
data, guided by an objective function that defines correct or incorrect choices. This thesis
deals with aspects of the subfield of Deep Learning (DL) through Neural Networks (NNs),
encompassing the philosophy of emulating the human brain’s computational processes.

Most modern NNs excel in solving problems associated with data living in grids with
Euclidean properties, such as images, text, and waveforms. However, non-Euclidean data
is ubiquitous. A general representative of such data are graphs, i.e., data structures where
pairwise relationships between entities, called nodes, are modeled through their connectivity,
given by edges. Social networks, molecules, road networks, human-body poses, and 3D point
clouds are common examples of data that can be represented through the structure of a graph.
To maximize the effectiveness of NNs on data such as graphs, it is imperative to leverage the
inherent geometric properties of the given structure. Moreover, geometry can serve as a tool
not only to properly understand the input data but also to alter the latent representations space
of NN, giving rise to different desirable properties that can be useful for particular tasks.

This thesis bifurcates into two main paths within the realm of Geometric Deep Learning.
The first path explores the application of DL to graph-structured data to solve challenging
problems in Computer Vision. The second path delves into the utilization of geometric
constraints to shape latent space representations, showcasing how altering latent geometry
can give rise to unique and superior solutions in various contexts like Graph Self-Supervised
Learning and Multi-Task Learning.

In summary, this thesis navigates the intersection of DL, graphs, and geometry, offering
new solutions that enhance the capabilities of NNs in handling non-Euclidean data structures
and learning representations that go beyond the commonly assumed Euclidean latent space.
Insights from our research reveal both the potential and challenges that lie beyond intuitive
geometry and how we can enable ML systems to effectively learn and generalize to a broader
range of data types and tasks.
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Chapter 1
Introduction

"Machine intelligence is the last
invention that humanity will ever need
to make."

Nick Bostrom

1.1 Deep Learning on structured data

1.1.1 Machine and Deep Learning

In the quest for Arti cial Intelligence (Al), the ability of a computer program to learn
and generalize from previous experience without being explicitly programmed to do so is
paramount. Machine Learning (ML) is the scienti c discipline that studies this problem. ML
systems rely on a computational model mimicking how information manifests in the world,
as documented by some data. The data is therefore used to tthe model, i.e., learn a set of
parameters that ultimately lead to inducing decision rules, allowing the ML program to make
predictions. In practice, this often entails guring out concentrations in probability mass or
density in the joint distribution of the data observations. Machine learning approaches are
conventionally categorized into three broad groups, each aligning with a learning paradigm
that is based on the available feedback for the learning system:

» Supervised learning: In this scenario, the system receives example inputs and their
desired outputs, in terms X;Y) pairs, whereX is an input random variable and
is a label that we wish to predict givefi The objective is for the system to discern
a general rule that effectively maps inputs to corresponding outputs, and learning is
guided directly by how far the predictions deviate from the ground truth
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» Unsupervised learning: This approach involves a learning objective that does not rely
on labels. The algorithm is left to uncover patterns and structures within its input
autonomously, i.e., we only havéat our disposal. Unsupervised learning serves both
as an independent goal, to discover hidden patterns in data, and as a means to an end,
facilitating feature learning.

» Reinforcement learning: In reinforcement learning, an agent engages with a dynamic
environment, striving to achieve a prede ned goal (e.g., driving a vehicle or playing a
game). Throughout its exploration of the problem space, the program receives feedback
akin to rewards, which it seeks to maximize.

While each algorithm possesses distinct advantages and limitations, no single algorithm
universally addresses all problems. We will focus on the rst two, which are the most popular
and well-known approaches. Reinforcement learning, on the other hand, deals with tasks
that have to do with exploring and interacting with physical space and is often more helpful
in robotics.

In the past, ML practitioners have primarily depended on manually crafting representa-
tions, leveraging human insights into the problem. In this thesis, we will be concerned with a
particular paradigm of ML known as Deep Learning (DL), which belongs within the broader
context of representation learningl]. DL belongs to a class of learning models that are
based on "connectionism”, stacking layers of computational units that are interconnected and
share information to unravel and interpret hierarchical structures within the inputida [

The goal behind the driving force of DL models, (Arti cial) Neural Networks (NNSs), is to try
and loosely emulate computation as performed in the human brain, which can be considered
the most intelligent connectionist machine in existence [45].

NNSs are inspired by synapses and impulse responses found in our neurons. The base
computing unit consists of several learnable weights (parameters) associated with every
input feature, called a layer. The combined value of the processed information of the layer
passes through an activation function that determines the behavior of the output value(s). By
stacking several of these layers and using non-linear activation functions, we obtain what is
known as a Deep Neural Network. Please note that unless explicitly mentioned, from this
point forward we will use NN as an acronym for these Deep Neural Networks. The output
of the NN is a prediction of the lab#&lin the supervised setting or a prediction oXein
the unsupervised setting, depending on the objective (clustering, self-supervised learning,
etc.). This process is referred to as forward propagation. Given this outputsaatbaloss
function that quanti es how much the output deviates from what we consider ideal, we can
train NNs via an optimization process that renders this loss as small as possible. In practice,
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this is done through the gradient of the loss function by relying on the well-known Stochastic
Gradient Descent algorithm. This process is known as backpropagaign NNs have two
properties, among many others, that have made them the most successful models in modern
ML.:

1. They are universal function approximatog3]. Given some data, a neural network
can represent a wide variety of functions or even the data-generating process if it learns
appropriate weights. This makes NNs scale exceptionally well with the amount of
data;

2. By transforming the input features between the input and output layers, NNs are
capable of learning new representations of the data to best solve the task. This means
that at each layer, the network learns new features that can facilitate the process of
ful lling the demand of the loss function.

The points presented above are the main reasons behind the modern approach for success-
fully training these models, which consists of collecting a large amount of data and training
an architecture with a large number of weights (parameters). Despite the wide adoption
and success they have seen over recent years, NNs still face numerous shortcomings. Of
particular interest in this thesis is the fact that by assumption, most architectures are designed
to work with data that is represented on a "grid" of numbers. Perfect examples of such data
are images, text, and waveforms. This representation facilitates computational operations,
and thus, a direct approach is to extend our intuitive, three-dimensional understanding stem-
ming from Euclidean Geometry to the data and representation space. From a computational
perspective, this geometry boasts numerous advantages, such as the ef cient computation of
distances or inner products. At the same time, the linearity inherent in Euclidean space offers
a wide array of mathematical tools that can be directly applied without any hassle, such as
Linear Algebra and elementary Probability Theory.

Most importantly, reasoning in Euclidean terms closely aligns with our intuition and
understanding of structure. Thus, most of the success of NNs has come by assuming that the
input data has a Euclidean structure and similar assumptions have also been made regarding
the learned representations. For example, images are represented in a two-dimensional grid,
which readily allows for the implementation of a convolution operation with a NB§|. The
learned representations are often assumed to live in a vector space such that two vectors with
small Euclidean distance represent two (semantically) similar imdga% [In the following
subsection, we will intuitively understand why these assumptions are suboptimal for data
with explicit structure, like graphs, and why they can fail to capture implicit structure, such
as hierarchy and separability.
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1.1.2 Learning on structured data

So far, the words "structured data" have appeared often, but there has not yet been a proper
characterization. One possible way to formalize this concept, which is also used in this
thesis, will be described in the following chapters. As a general idea, we can refer to the
concept of structure provided b%6], where the authors describe the necessity of "structured
computations" to learn on data that embodies a broad concept of relationships among elements
constituting a data instance. Even though one might think that data represented in grids has
simplistic structure, that is often not the case. For example, images, text, or sounds are often
assumed to live in a lower dimensional manifold embedded in the high dimensional data space
[22]. This naturally implies that the data has to contain some structure that we can exploit to
represent changes in the high-dimensional data space onto the lower-dimensional manifold.
Therefore, it is up to us to de ne what the structure should be, implicitly in these cases. To
provide some intuitive examples, a Convolutional layer processes a local group of pixels
in an image 136, assuming independence w.r.t. distant entities, in a translation-invariant
fashion, implying that the result of the convolutions should remain relevant across different
localities in the image. On the contrary, Recurrent layers are adopted for sequence or text
data to favor temporal dependency. More precisely, their inputs and hidden representations,
forming the entities, are related through the dependence of one step's hidden state to both the
current input and its previous hidden state [209].

Such architectural designs favor what is known as inductive bias, meaning that the
learning process is biased into learning a particular function. Architectures such as CNNs or
RNNs that are equipped with such biases have led to groundbreaking performance in many
different domains. Nevertheless, popular NNs are, by default, not adequately equipped to
deal with data whose structureagplicit This is a massive problem because such data are not
only widespread in the real world but also provide a way to frame certain problems naturally
[212 2417]. A general way to represent structured data is graphs, i.e., data structures where
two or more entities, called nodes, are connected together through edges. This representation
principle allows much exibility since the nodes can have discrete or continuous features
attached to them, thereby creating a graph signal, the edges can be directed or undirected,
and many morel[65. Social networks, molecules, road networks, and human-body poses
are very common examples of data that can all be represented through this idea of an abstract
structure representing pairwise connectivity, i.e., the graph.

Given their widespread application, Deep Learning on graphs has witnessed a large
amount of interest in recent yea2b. From the scienti c DL community, the primary
reason for this surge in research interest is that if one tries to adapt a vanilla NN to graphs
naively, the performance is subpar. The reason for this is that the structure of the input data
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is unknown to the base model of computation. For example, consider again the case of
graphs. A function that operates on this data structure should be invariant with respect to
node ordering because a graph assumes (typically) no order while also understanding that
some nodes are connected with each other and not with others. Additionally, phenomena that
can easily represented through graphs, such as 3D scene layouts or molecules, might require
additional properties, such as equivariance or invariance to rotations and an understanding
of hierarchy. Therefore, the main research questions that arise are how we can design
architectures with implicit inductive biases to aid learning on structured data and how we
can use these architectures and modify their properties in different applicative scenarios. In
the following section, we will introduce the general idea behind a blueprint that reveals how
we can perform Deep Learning on graphs and structured data by relying on a very powerful
mathematical framework.

1.1.3 Geometric Deep Learning

All of the examples provided so far provide subtle hints toward a tool that can be used to
formalize this elusive structure and allow for the creation of proper priors to enable high-
performance learning on non-Euclidean data. That tool is geometry. This is a somewhat
natural choice since, as suggested initially in the main body of work supporting this view
[29], geometry seen under the lens of Felix Klein's Erlangen program is the study of objects
and functions that remain unchanged under a class of allowable transformatdhJec.

2 shows how geometry can be effectively embedded in NNs to create what is known as the
Geometric Deep Learning blueprint. The general idea of this approach is to learn structured
data representation through DL by rst de ning a set of inductive biases that will lead to
symmetry or invariance to a chosen property. For example, Graph Neural Net@adks [
generalize the notion of convolution to the graph domain by considering adjacent nodes based
on the given graph structure instead of the grid surrounding a [{%&].[ This operation

is performed so that the signal of each node is updated as a function of its neighbors in
a message-passing fashiat]l Thus, if a permutation invariant aggregation function is
applied to the graph signal learned in this manner, altering the node order will not change the
output of the function approximated by the neural network.

As mentioned eatrlier, it is possible to formalize these concepts, and we shall do so
later, based on the Geometric Deep Learning blueprint present2€]ift]is essential to
understand that additional geometric properties can be stacked together when designing a
NN. Looking at Graph Convolutional Networks again, one can consider the case where the
local message passing is performed on features that are invariant to linear transformations.
In this case, the approximated function would be invariant to both linear transformations
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and node ordering, allowing for a very exible way of modeling abstract reasoning in space.
Furthermore, this property can be extended to heterogeneous graphs with different signals
in a straightforward way, enabling powerful multimodal fusion. This is precisely how we
propose solving object localization in partial 3D scenes [80, 79], as detailed later in Sec. 3.
Geometric properties can also be extended to the latent representations that a NN learns.
This is a very active eld of research that has brought about various in uential papers in
recent years{l, 218, with continued research interests in representation learding pnd
graph representation learning, in particuld84, 196, 279. In practice, it is frequently the
case that latent representations are assumed to live within a Euclidean space. The primary
rationale behind this selection is convenience. Euclidean space is a normed vector space
with a well-known metric induced by the Euclidean (L2) norm, it has explicit and ef cient
formulas for the calculation of distance and inner product, and most importantly serves as
an intuitive extension of our visually comprehensible 3D space. Nevertheless, it is not the
optimal choice of geometry for all cases. It has been shown that non-Euclidean geometries
can be highly bene cial in providing additional structure to the latent space so that it better
serves speci ¢ tasks, such as representing hierarchical and tree-like strugtjrésrally,
in speci ¢ scenarios, it is helpful to think about the representation space using a higher-level
construct that comes up often in the context of non-Euclidean geometries, i.e., manifolds.
Manifolds are, of course, a topological concept rather than a purely geometric one, and they
play a central role in representation learning due to the manifold hypotl22igA\s with
any topological space, they can be endowed with a geometry, and if we think of the latent
space in this way, we can use various tools from differential geometry to generalize some
very useful concepts, such as the Cartesian structure of the Euclideanpi&n@d]. In this
thesis, we will explore two different cases of geometric manipulations of the latent space:
one in the case of graph self-supervised learng&§] where hyperbolic constraints are
placed in the latent representations, and the other employing a metric space formalization
and orthogonality constraints on data manifolds for auxiliary multi-task learning [222].

1.2 Thesis outline and contributions

1.2.1 General outline

As indicated in the nal paragraph of the previous section, this thesis comprises two forking
paths that focus on the rapidly evolving eld of Geometric Deep Learning, the sub eld of
DL that focuses on developing algorithms and models for data by exploiting or enforcing
geometric inductive biases:
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1. The rstis the use of graphs and DL to solve prominent problems in 3D Computer
Vision (CV), a particular domain that is of great applicative interest. The reason for
this adaptation, as will be motivated in the following subsections, is that some of these
problems can be naturally framed using a graph representation. We will also see that
by treating these problems as graph learning problems, we can improve performance,
ef ciency, and also easily include additional priors.

2. The second is using geometrical constraints on the learned latent representation space.
We will show how altering the geometry of this latent space proves bene cial in speci ¢
contexts and also how it offers a exible framework to that can be adapted to seemingly
different end goals, such as Multi-Task Learning or Graph Self-Supervised Learning.
While all of these topics fall under the umbrella term of Geometric Deep Learning,
they are diverse and present various speci ¢ challenges.

While the rst part focuses on building the optimal graph representation for the problem
and the applications, the second forking path focuses more on theoretical aspects of Geometric
Deep Learning, dealing with the geometry of latent representations learned from NNs and
architectural priors. In summary, this thesis navigates the intersection of DL, graphs, and
geometry, offering novel solutions that enhance the capabilities of NNs in handling non-
Euclidean data structures and learning representations that go beyond the commonly assumed
Euclidean latent space. We will discuss how the ability to learn non-Euclidean data structures,
namely graphs, can signi cantly bene t 3D Computer Vision. Furthermore, we will also
show that the geometry of the learned representations of a neural network can signi cantly
affect the learning outcome. This difference can be used creatively, for example, to search
for new tasks directly in a learned latent space or to ef ciently learn graph-level vector
representations with hyperbolic constraints. Insights from our research reveal how much
potential and challenges are beyond the realm of intuitive geometry and how we can enable
ML systems to effectively learn and generalize to a broader range of data types and tasks.
The idea of geometry as a critical aspect of model learning systems will allow for applying
these methods to a broader range of tasks in the future and also lead to novel theoretical
connections with the scienti ¢ disciplines of physics, where geometry and symmetry play a
crucial role.

1.2.2 Learning on graphs for 3D Computer Vision

This subsection will broadly explain the CV tasks we propose to tackle by relying on a
graph formulation coupled with Graph Neural Networks (GNNs). CV can be de ned at a
high level as an interdisciplinary eld that deals with how computers can be made to gain a
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high-level understanding of digital visual information. Several CV problems can be framed
using graphs, especially for 3D data. This thesis will explore the following two problems:

Object localization in partially observed 3D scenes. The localization of unobserved
objects given a partial observation of a scene is a fundamental task humans often solve in
their everyday lives. The problem can be formalized as the inference of the position of
an arbitrary object in an unknown area of a scene based only on a partial observation, i.e.,
only a partial part of the 3D point cloud of a scene is made available. Intuitively, in such
scenarios, the most important thing is the ability to reason abstractly over the scene and the
objects it contains, without relying much on observations but more so on commonsense.
For example, if a human is asked to nd the oven, they would most likely look for it in the
kitchen, even if they have never observed that particular kitchen or house. To abstractly
reason on the observed data, we propose two scene graph represer3éfiégf ¢ontaining
heterogeneous nodes and edges that embed the commonsense knowledge together with the
spatial proximity of objects as measured in the partial 3D scan of the scene. The underlying
intuition is that commonsense knowledge extracted from an external knowledge base is not
speci ¢ to any observed visual scene and thus allows for better generalization at the cost
of a coarser localization. Our graph representations are rst de ned by a spatial graph that
is fully connected, with nodes representing the known objects and edges representing the
proximity. Then, this spatial representation is further expanded by adding and connecting
nodes representing concepts through relevant commonsense relationships extracted from a
large knowledge graph named ConceptNet[226].

Based on the above problem formulations, we present two different solutions that rely on
different levels of geometric constraints. The rstis a two-stage solu&@h {vhich imposes
two geometrical constraints. First, we predict the pairwise proximity between the target
object node, having an unknown position, and each known object node through a Graph
Neural Network (GNN), formulating the task as an edge regression problem. As such, the
estimated function is invariant to both node ordering and linear transformations, which allows
it to generalize easily to scenes with similar content. We then wsealization Module
to compute the target's position based on the pairwise distances. The localization module
uses a simplex optimization procedugl]to estimate the position as the intersection of the
circular areas de ned by all pairwise object distances. This second geometrical constraint
also makes our model agnostic to the coordinate system.

We will then show it is possible to obtain even better results with more relaxed con-
straints regarding the spatial geometrg]| For this purpose, we change the scene graph
representation into a directed graph where the proximity edges have relative directional
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positions. This means the approximated functions will be invariant to translations but not
rotations. The novel scene graph formulation leads to a more straightforward loss calculation
and training procedure, which bene ts the encoding of both the geometrical information
and commonsense attributes, resulting in better target localization. Moreover, we improve
the GNN model by proposing the use of a new attention module that adapts Recti ed Lin-
ear Attention (ReLA). This approach allows the GNN to dynamically sparsify the graph,
maintain high expressive power, and remain ef cient in terms of training. Through extensive
experiments, we demonstrate that our new method achieves a large increase in accuracy with
an 8x speed-up in both training and inference, given the end-to-end training. Our proposed
approaches provide state-of-the-art results in object localization in partially observed 3D
scenes, beating various baselines by a large margin. Finally, given the attention-based model
[24Q of our best-performing solution, we can get insights into the importance of different
parts of the graph signal.

3D Human Pose forecasting. Consider an Industry 4.0 scenario where collaborative robots
(cobots) and humans share the same workspace and perform actions concurrently. While
there is a clear advantage in increased productivity due to the minimization of idle time,
there are also risks of contact and clashes between humans and cobots. Thus, to seamlessly
and ef ciently interact with human co-workers, cobots need to make decisions on the y by
anticipating the pose trajectories of their human co-workers and predicting future collisions.
The 3D human pose can naturally be represented as a graph by encoding the body kinematics,
with all joints at all observed frames being the nodes while the edges connect joints in space
and time. Therefore, we propose a novel graph-based solution called Separable-Sparse Graph
Convolutional Neural Network (SeS-GCN) for human pose forecasgih@.[ We design
SeS-GCN with performance and ef ciency in mind by bringing together three main modeling
principles for the rst time: depthwise-separable graph convolutions, space-time separable
graph adjacency matrices, and sparse graph adjacency matrices. In SeS-GCN, separable
stands for limiting the interplay of joints with others (space) at different frames (time) and per
channel (depth-wise). For the rst time, sparsity is achieved by a teacher-student framework.
The reduced interaction and sparsity result in considerably fewer parameters than a
standard GCN (4x less), making our model lightweight, fast, and, most importantly, accurate.
To validate the impact of such a model in a real industrial scenario, we also introduce the very
rst benchmark for human-robot collaboration (HRC), Cobots, and Humans in Industrial
COllaboration (CHICO). CHICO includes multi-view videos, 3D poses, and trajectories of
the joints of 20 human operators in close collaboration with a KUKA LBR iiwa robotic arm,
within a shared workspace. When tested on CHICO, the proposed SeS-GCN outperforms all
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baselines with an impressive run time of 2.3ms. Both contributions serve as a stepping stone
to cobot awareness in the future, which is instrumental for HRC in industrial applications.
Moreover, our proposed solution demonstrates, in line with previous liter&R%: fhat
spatiotemporal processing through GNNs is rendered extremely simple and leads to improved
representational power for data such as the 3D human pose. Our promising graph-based
solution and novel benchmark led to this work being accepted at the European Conference
on Computer Vision 2022.

1.2.3 Graph representation learning via hyperbolic self-predictive tasks

In this part of the thesis, we will look at research insights on dealing with both non-Euclidean
data and latent representations on graphs in the context of Self-Supervised Learning (SSL).
Most NNs on graphs are usually trained by using ground-truth labels. The growing amount of
graph data in elds such as bioinformatics, chemoinformatics, and social networks has made
manual labeling laborious, sparking signi cant interest in unsupervised graph representation
learning. One patrticular learning technique in this domain is $8l][ In SSL, alternative

forms of supervision are created stemming from the input sigttd| [ This process is then
typically followed by invariance-based or generative-based pretraining. Invariance-based
approaches optimize the model to produce comparable embeddings for different views of the
input signal. On the other hand, generative-based pretraining methods typically remove or
corrupt portions of the input and predict them in data space. Inspired by the recently proposed
Joint-Embedding Predictive Architecture (JEPAY]} we propose Graph-JEPA, the rst
JEPA for the graph domain, to learn graph-level representations by bridging contrastive and
generative models. Joint-Embedding Predictive Architectures are an extremely recent design
for SSL. The idea is similar to both generative and contrastive approaches, yet JEPAs are
non-generative since they do not directly predict in data space but in the latent representation
space. These models can, therefore, be understood as a way to capture abstract dependencies
between views of the input signal. However, the graph domain presents us with additional
challenges, namely view extraction, designing a latent prediction task that is optimal for
graph-level concepts, and learning expressive representations.

In response to these questions, we equip Graph-JEPA with a speci ¢ masked modeling
objective. The input graph is rst divided into several subgraphs, and then the latent repre-
sentation of randomly chosen target subgraphs is predicted given a context subgraph. The
subgraph representations are consequently pooled to create a graph-level representation that
can be used for downstream tasks. Thus, Graph-JEPA consists of two encoder networks
that receive the context and target subgraphs, respectively and produce the corresponding
representations. Notably, these encoders can be different GNNs and don't need to share
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weights. A predictor module outputs a prediction of the latent representation of the target
given the context. Graph-JEPA does not require any negative samples or data augmentation,
and by operating in the latent space, it avoids the pitfalls associated with over tting in
generative models. Given that the nature of graph-level concepts is often assumed to be
hierarchical P68 185, we conjecture that the typical latent reconstruction objective using
the distance in a Euclidean space is suboptimal for downstream performance. To this end,
we design a prediction objective that starts by expressing the target subgraph encoding as a
high-dimensional description of the hyperbolic angle. The predictor module is then tasked
with predicting the target's location in the 2D unit hyperbola. This prediction is compared
with the target coordinates obtained by using the aforementioned hyperbolic angle. Graph-
JEPA outperforms popular contrastive and generative graph-level SSL methods on different
datasets while maintaining ef ciency and ease of training. Our experiments show that Graph-
JEPA can run up to 1.45x faster than recent generative methods. Finally, we empirically
demonstrate Graph-JEPA's ability to learn highly expressive graph representations, showing
it almost perfectly distinguishes pairs of non-isomorphic graphs that are indistinguishable
from common GNNSs.

1.2.4 Learning new auxiliary tasks from the representation geometry

Finally, we will explore the connections between latent geometrical constraints and auxiliary
learning with NNs. Human learning is often considered to be a combination of processes,
such as high-level acquired skills and evolutionary encoded physical perception, that are used
together and can be transferred from one problem to another. Inspired by this, Multi-Task
Learning (MTL) [36] represents a machine learning paradigm where multiple tasks are
learned together to improve the generalization capabilities of a model. A speci ¢ form of
this learning approach is auxiliary learnintgf], which has garnered considerable interest

in recent years. In particular, auxiliary learning is a speci c type of MTL, where auxiliary
tasks are intentionally crafted to boost the performance of a known principal task. As of
now, auxiliary tasks are usually either manually de ned or found through procedures based
on meta-learningl53 188, a complex learning technique that requires a prior de nition

of the hierarchy of the auxiliary tasks. Both approaches are pretty inef cient in terms of
manual labor and computation, respectively. We tackle this dif cult problem by proposing
Detaux, a strategy that discovers unrelated auxiliary classi cation tasks through latent
space disentanglement. Given a collection of input data, such as a set of labeled images,
a disentanglement procedure should output a representation where the different generative
factors that produce the variations observed in the data are separated. Our idea is to work in
a speci c geometric factorization of the representation space, namely a product manifold,



12 Introduction

to unveil auxiliary tasks for the given principal task. The product manifold represents a
disentangledfactorized) latent space such that each submanifold that composes the product
manifold corresponds to speci ¢ variations in the data.

One can also consider a nite-dimensional normed vector space and factorize it into
vector subspaces (such spaces are indeed a particular case of a manifold). Therefore, using
Euclidean subspaces can be considered a special (yet ef cient) case of the disentanglement
framework. Our method starts by rst forcing the variation corresponding to the principal task
labels in one submanifold. Then, we automatically identify the most disentangled subspace
that is not that of the principal task. Finally, we generate a new auxiliary task and its labels
via a clustering module to enable seamless integration with the primary task in any MTL
model. The geometry imposed upon the latent space guarantees that the discovered task is
unrelated (orthogonal) to the principal task, which has shown to be quite effective in previous
literature R49, 282, 197, 114, 281, 151]. Moreover, our proposed approach is agnostic to
the choice of the MTL model, given that the latter acts directly on the primary and auxiliary
labels. Therefore, the proposed method is fully automatic and offers great exibility in terms
of modeling and design choices, which can depend on several factors such as performance,
ef ciency, scalability, and resource constraints. Our experimental validation shows that three
different MTL models offer improved performance with Detaux and that the disentangled
representation is a key factor for data-driven auxiliary task discovery.

The rest of this thesis is organized as follows: the following chapter will provide the
necessary background on geometry, show how it connects with the Geometric Deep Learning
blueprint, and nally present how this blueprint is realized in the case of Graph Neural
Networks. Afterward, the aforementioned research projects will be presented in depth in the
same order as presented above: Chapter 3 will deal with our proposed uses of GNNs in CV,
chapter 4 will present Graph-JEPA, and Chapter 5 will discuss Detaux. Each chapter will
contain any additional background or technicalities necessary in order to make this document
as self-contained as possible. Finally, Chapter 6 will delve into an analysis of our research,
its possible industrial impact, future work, and a few opinions on the intersection of Graphs,
Geometry, and Learning Representations.



Chapter 2
Background

Most of the material presented in this chapter is presented in additional detaD4yahd

[29]. The overall goal of this chapter is to present the concept of geometry as a modern
mathematical object, initially ideated by Felix Klein in the Erlangen program. By having a
deeper understanding of what geometry actually is, we shall explore how this de nition can be
coupled with DL to create invariant or equivariant NNs with respect to a particular geometry.
Finally, we will explore how this way of de ning priors for a learning system ties into Graph
Neural Networks and their permutation invariance properties. ldeally, the reader should
complete the chapter knowing the formalization of a geometry and how to reason in terms of
invariances, how these concepts can be used in DL through the Geometric Deep Learning
Blueprint, and how Graph Neural Networks can be seen as having a geometric inductive bias.
The reader can additionally consul§3 and [5] for supplementary information regarding the
characterization of groups and geometries, with a particular focus on hyperbolic geometry.

2.1 Geometry

The fascination of humans with shapes, their properties, and how to construct them is as
old as recorded history. The pyramids of Egypt, the aqueducts of Rome, and the Great
Wall are just a few examples of how humans used shapes to understand and give form
to desired physical attributes. Scienti cally speaking, this renders geometry one of the
earliest branches of mathematics, along with the creation of numbers and basic algebraic
manipulations. Geometry nds its cornerstone in Euclid's Elements, a seminaPl2gt [
Following the classical (yet unprecedented) Greek mathematical method, Euclid proceeds
by using a rigorous logical approach, proving every de nition based on his ve postulates.
Euclid's Elements held its status #se de nitive geometry text for over two millennia,
celebrated for its brilliance in logical reasoning and overall scienti ¢ impact. However, one
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of Euclid's ve postulates, i.e., the parallel postulate, became a focal point of intense debate,
eventually paving the way for the development of non-Euclidean geometries. The discovery
and establishment of non-Euclidean geometries was due to contributions from many great
mathematicians such as Gauss, Bolyai, Lobachevsky, and Poincaré, while the impact of these
mathematical constructs arguably reached its peak in science when Albert Einstein used them
to establish his theory of relativity.

After non-Euclidean geometry became an accepted and established concept, various
mathematicians argued about how geometry was constructed and what it truly meant. The
most important contribution in this sphere, which we will also rely on, was from Felix Klein,
who approached the subject in a unique way that led to a general and intuitive understanding.
While Euclid and most of his successors employed an additive method and approached
geometry by establishing fundamental axioms and subsequently constructing a sequence
of results based on prior ones, Klein adopted a subtractive approach. Klein started with
a space, or more broadly, a set of possible gures, and then de ned a set of permissible
transformations for that space. He then eliminated concepts that did not retain their identity
under these transformations. According to Klein, the essence of geometry lied in examining
objects and functions that remain invariant amidst allowable transformationggiogetry
is the study of symmetry

We will nally formalize this idea. Before getting there, we rst have to be familiar
with the concept of a group. A group is an algebraic object and it is de ned with regard
to an operation. In the context of geometry, it is more valuable and practical to consider a
collection of transformations that act on some set.

De nition 2.1.1. (Group of transformations): A collectio@ of transformations of a se&,
i.e., a collection of bijective functions withas domain and codomain, is called a group of
transformations if it satis es the following axioms:

1. Closure: IfT;S2 G, then we havd S2 G.
2. Associativity: IfR;ST2 G,then(R § T=R (S T).
3. Identity: G contains an identity transformatidn A! AsuchthaBa2 A; T(a)= a

4. Inverse: If T 2 G, then there exists an element denotedTby 2 G, such that
8a2 AT YT(a)= a.

If the composition of transformations (& is also commutative, i.e8T;S2 G; T S=
S T, the group is called Abelian. As mentioned earlier, readers who are not familiar with
group theory might be somewhat puzzled by the above de nition, as a group is usually
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de ned by considering a sé&t and an operation : A A! A, such that the group is the
tuple (A; ). The axioms are then de ned similarly. In our case, we can consider each
transformation as a valid group operation. Then, the group consisting of all transformations
that can be composed together de rés Our choice of notation is because we wish to
consider the group structure transformationf a given spacé. There are many reasons
why we want to rely upon this algebraic structure, but the main ones are the last two group
axioms, which indirectly encapsulate a general idea of symmetry. The high-level intuition is
that if we have a group of transformations, we can de ne elemenfstbét are unchanged

by them and also de ne "equivalent” structures due to the existence of the inverse axiom (the
correct word for this equivalence would be isomorphic). Without further ado, we can now
de ne geometry as formalized by Klein.

De nition 2.1.2. (Geometry): LeSbe any set, an a group of transformations o8 The
pair (S G) is called a geometry. A gure in the geometry is any suldsetS. An element of
Sis called a point in the geometry. Two gurésandB are called congruent, denoteti= B,
if there exists T2 G such that TA) = B.

The above de nition shows how Klein's approach starts with a collection of elem&hts (
and then de nes a group of " admissible " transformations for those elements. This de nition
might seem puzzling at rst. How is this abstract idea of the group of transformations related
to shapes and what we are used to calling geometry? The best way to illustrate the utility of
this de nition is through some examples. In the nal part of this section, we will explore
two concrete realizations of this de nition: Euclidean and Hyperbolic geometry. At this
point, it is crucial to rst state two additional de nitions that will be the cornerstones behind
geometric priors in DL.

De nition 2.1.3. (Invariant Set): A collectiod of gures in a geometryS,;G) is called an
invariant set if, for any gureA 2 D and any transformatioii 2 G, T(A) 2 D. D is called
minimally invariantif no proper subset of it is also an invariant set.

The invariant set is an important concept since it formalizes the idea that, given a
particular geometry, there exists a collection of gures that always has closure. Intuitively,
this collection preserves their structure in the given geometry. Having this collection of
gures, we can de ne the most crucial concept for Geometric Deep Learning:

De nition 2.1.4. (Invariant and equivariant functions): A functiodnde ned on an invariant
setD is called an invariant function iff (B) = f(T(B)) for any gure B2 D and any
transformation T2 G. The function is called equivariant if T(B)) = T(f(B)).



16 Background

To frame the above de nition in simple words, the output of an invariant function is
unaffected by transformations, while the output of an equivariant function is the same as
applying the transformation after the mapping. These two types of function are what we
will later try to approximate using NNs, giving rise to the name Geometric Deep Learning.
Armed with the above de nitions, we can now state a powerful theorem that reveals how we
can easily construct minimally invariant sets, which is extremely helpful when reasoning
upon the geometric inductive biases we would like to insert into our NN architectures.

Theorem 2.1.5.An invariant seD of gures in a geometryS, G) is minimally invariant if
and only if any two gures in D are congruent.

Proof. First, assum® is a minimally invariant set in the geomef(§ G), and letA;B2 S

be arbitrary gures inD. We wish to show that any two gures in this set are congruent. Let
us start by constructing a new set of gures, the one consisting of A and all transformations
of A. In particular, de neA = fT(A)j T 2 Gg. Notice that for anyl 2 G, T(A) 2 D due to

D being invariant. This implies th&  D. Furthermore, due to the group structuresf

A is also an invariant set. In particularGf2 A , thenC = Tp(A) for someTp 2 G. Thus,

we haveT (C) = T(To(A))= T To(A), for any transformatio that we want to apply tC.
SinceT Tp 2 G by the group axioms, we have Tg(A) 2 A . ThereforeA D andA is

an invariant set. Since D is minimally invaria#, = D by Def. 2.1.3. This means that the
gure B2 Disalsoin A, i.e.A= B, as desired.

The other direction follows a straightforward contradiction. Debe an invariant set
such that any two gures ilD are congruent. We wish to show tHais minimally invariant.
Suppose that D is not minimally invariant. By Def. 2.1.3rapersubseD? D exists
and is minimally invariant. Consider an arbitrary gufesuch thata2 D andA2 D% The
minimal invariance oD%implies that there exists another arbitrary g€ D andB 2 D°
If this is the case, given the congruence of any two gureBjrithere exists a transformation
T 2 G such thaB = T(A). But this implies that there exists a transformatiosuch that
T(A) 2 D° which in turn implies thab%is not an invariant set. By contradiction, D must be
minimally invariant, as desired. O

The theorem presented above presents a convenient way of discovering minimally in-
variant sets: IAis a gure in(SG),thenD = fT(A)j T 2 Ggis a minimally invariant set.
Therefore, the transformations of a geometry de ne congruences and minimally invariant
sets, upon which we can learn symmetries of the data. In simpler words, if we consider all
the possible and admissible transformations of a gure in a geometry, we can then reason
about exciting properties such as invariance and equivariance that we can potentially learn.
This is the principal idea behind Geometric Deep Learning, which we will explore in depth



2.1 Geometry 17

in the following section. To provide the reader with a clear idea of all the material discussed
so far, let us look at two of the most popular models of geometry in terms of Def. 2.1.2, given
that they will also frequently be mentioned later in this thesis.

Euclidean geometry. Possibly the most well-known and commonly used in practice,
Euclidean geometry is the geome(y; E), whereE consists of all general transformations of
the formT (2) = az+ b, with a;b2 C being constants arjdj = 1 (j j refers to the modulus of
complex numbers). It is quite straightforward to show that this collection of transformations
forms a group. Essentially, the gro&pincludes rotations and translations but not dilations.
Therefore, a straightforward way to understand Euclidean geometry is thinking of gures
and transformations that preserve the Euclidean dist@mezf 2 C . d(z1;2) = jz1  2))).

This is indeed not the case for dilation, so it is not considered admissible in this geometry.

Hyperbolic geometry. Hyperbolic geometry is one of the most popular models of non-
Euclidean geometry. It has many different models; only one will be depicted here to provide
a general idea. These different models of hyperbolic geometry are "equivalent" in that they
describe the same space in different coordinates, meaning that each can be transformed
into the other. Before explaining the Poincaré disk model of hyperbolic geometry, we
have to describe Mdbius transformations, which are the transformations used to de ne
hyperbolic geometries. Consider the function de neddin(the extended complex plane)

by T(2) = az+ b=cz+ d wherea; b;c andd are complex constants. This function is called a
Maobius (or fractional linear) transformationatli bc6& 0. The complex numbed bc

and is denoted aBet(T). The Poincaré disk model for hyperbolic geometry is the pair
(D;H) whereD consists of all pointz2 C such thaiz < 1, andH consists of all Mobius
transformations T for whicif (D) = D. The seD is called the hyperbolic plane. This model
describes hyperbolic geometry as the set of all points bounded by the unit disk (i.e., the
open unit disk), where the transformation group mBpanto itself. The de ning feature

of hyperbolic geometry is that given a poigtand a hyperbolic lin& not throughzy, two
distinct hyperbolic lines exist througdy that are parallel to L. This differs from Euclidean
geometry's parallel postulate, where only one parallel line can exist.

A great many things can be said about hyperbolic geometry, such as how the transforma-
tions are de ned through hyperbolic re ections or that hyperbolic geometry is the geometry
of negative Gaussian curvature, but that is beyond the scope of this thesis. Geometry in
curved spaces is somewhat important for the work discussed in Chap. 5, but more so are
the topological spaces where these symmetries operate, which we will detail when the time
comes. We refer the reader g [L63 for a detailed introduction to hyperbolic geometry.
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Fig. 2.1 Representative transformations of the letter "M" in the hyperbolic plane, (a) rotation
around pointp and (b) translation while keeping the ideal poiptandqg xed. In (a),

the rotation is achieved through two inversions about clines (generalizedllinasylLy,
intersecting ap and forming right angles with the unit circle. The hyperbolic translation in
(b) is generated by two inversions about non-intersecting clipesdL,, meeting the unit
circle at right angles. Any poirgin D moves away fronp and towardg) along the unique
cline passing through the three poimts), andz. Figure taken fromJ04], full credit is due

to the author.

A helpful illustration of hyperbolic transformations is provided in Fig. 2.1 to provide some
intuition into the planar Poincaré disk. There are two key features of this geometry that we
will use in Chap. 4. The rstis that lines in hyperbolic geometry are geodesics, i.e., the
shortest path between two pointg(ID; H) is along the hyperbolic segment between them.
This means that the proximity of the points in this hyperbolic line can serve as a notion
of distance in hyperbolic space, similar to how we visualize the Euclidean distance in the
Euclidean plane. The second is that hyperbolic space grows exponentially, not polynomially
like Euclidean space, rendering it optimal for embedding hierarchical structlb2s3]. To
provide a simple and intuitive explanation, consider how the number of nodes in a binary
tree also grows exponentially with its depth. Note that the concepts we have described so far
have concentrated on planar geometry but can be generalized to higher dimensions.

2.2 The Geometric Deep Learning Blueprint

In this section, we summarise the construction of geometric priors accordi@g]tavhich
we will then use to derive, as a particular case, NNs on graphs. These are the most important
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learning architectures for this thesis. After going through the rest of the background, the
reader will have a better understanding as to how we can embed geometric priors into NNs
and why these lead to better performance in various tasks we can obtain better results when
applying them to different 3D Computer Vision problems (Chap. 3). Later, we will show
that hyperbolic constraints on the representation latent space can work together with the
geometric priors in the data space and provide helpful inductive biases for learning on graphs
(Chap. 4).

Geometric Deep Learning is fundamentally built upon three principles. Furthermore, as
we will detail later, we can extend geometric priors into a NN model by forcing particular
structures on the latent space directly. Let us rst de ne our setup in a general way. We wish
to approximate a functiom acting on some signal through a NN parametrization, such that
the approximatiorfy will produce optimal representations (regarding the training objective),
whereq denotes the parameters (weights and biases) of the NN. We will foR&jarid
adopt the notatioiXX (W C) to de ne C-valued signals on the domaili As a simple example,
square RGB images can be considered 3-valued sighdésned onW= Z, Z,(i.e., a
signalx: W! R3). Furthermore, we will assume we prior have knowledge of a symmetry
group G that acts on the domain. The main goal behind Geometric Deep Learning is to
provide a way of designing NNs that approximédtehile satisfying the geometric priors
provided byG, meaning that such architectures have strong inductive biases. By knowing
the symmetry groufs, we can use the concepts introduced in Theorem 2.1.5 and Def. 2.1.4
to understand how the function class we wish to learn must be restricted.

The main principles behind Geometric Deep Learning are symmetry, geometric stability,
and scale separation. As mentioned before, symmetry is the most important aspect of
the study of geometry. In our setup, it refers to the ability of the learning architecture to
understand invariants in the data. Intuitively, this implies that the approximated furfgtion
should respect and be aware of the symmetries that are present in the domain, as speci ed
by G. The main idea behind geometric stability, on the other hand, is to express global
symmetries in an approximated way through local symmetries, suct thatstable to
small deformations in the signals and is thus able to understand symmetries on a smaller
scale. Therefore, we can intuitively understand geometric stability as the ability of the NN
to operate at a local scale. An excellent example of why this is hecessary can be seen in
videos, where several objects might be moving in a different direction. In subsequent frames,
the resulting scene will contain approximately the same semantic information, yet no global
translation can be used to explain the change from one frame to another. This property is
particularly important for learning tasks where the dom&ican change, as is the case for
graphs. Finally, scale separation refers to the ability to preserve essential characteristics of
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the signal when transferring it onto a coarser version of the domain. The intuition behind
this principle is related to the current representation learning process of neural networks.
Given that we often assume the learned representations to be dense vectors in a vector space,
we would like these dense vectors to maintain the information that was initially processed
locally. A simple way of interpreting the previous statement is that pooling-like operations do
not cause issues like representation collapse. By combining these concepts, it is possible to
describe a general blueprint for learning stable representations of high-dimensional data. The
general idea behind the blueprint is as follows: First, we learn representations locally in a way
that respects the symmetries in the data. Then, by relying on appropriate pooling operations,
we can represent the whole domain with a single vector representation, or skip this step to
predict at the local level. At this point, we are ready to dive into a formal description of the
Geometric Deep Learning blueprint.

The rst building block will be de ning a family of linear equivariant functions, which
enable the construction of rich and stable features by composition with appropriate non-linear
maps. Linearity here is speci ed with regards to grdsid.e., if we have a transformation
T 2 G, thenT(ax+ bx9 = a(T(x))+ b(T(x9) for any scalars ;b 2 R and signals; x°2
X(WC). Then, we can state the following proposition:

Proposition 2.2.1.1f B: X(W.C) ! X(WCY is a G-equivariant layer (according to Def.
2.1.4) ands : C°! C%s an arbitrary (non-linear) elementwise map, such tfs(x))(u) =
s (x(u)), then the composition & (s B) : X(WC) ! X(W.C is also G-equivariant.

Proof. This statement can be veri ed using the de nition of the de nition of (left) group
action. If we have a grouf acting onW, we automatically obtain a (left) action of
G on the spacé& (W), de ned as(g:X)(u) = x(g u);u2 Wandg2 G. Supposing the
group action is already de ned to act anfrom the group action de nition, we get that
gU(X) = U(g X) = s(B(g 1x)). On the other hand, given the equivarianc@pive can
write U(g:x) = s (B(g:X)) = s (g:B(x)) = s (B(g 1x)). ThereforegU(x) = U(g:X), i.e.,U

is G-equivariant, as desired. O

This simple property allows us to de ne a very general familyGfnvariants, by
composingJ with a mathematical construct known as the group average. A natural question
that arises is whether any G-invariant function can be approximated at arbitrary precision
by such a model, for appropriate choiceBadnds . While this is beyond the scope and
purpose of this thesis, results from the literature have shown that it is possible to adapt the
standard Universal Approximation Theorems from unstructured vector inputs to show that
shallow "geometric" networks are also universal approximators, by properly generalizing the
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group average to a general non-linear invariant. Such proofs have been demonstrated, for
example, for the Deep Sets model [272].

We are now ready to satisfy the property of geometric deformation stability. For this
purpose, we will consider an alternative representation, which considers localized equivariant
maps. Assuming thawis further equipped with a distance metdcthe equivariant map
U de ned above is localized ifUx)(u) depends only on the values ®fv) for N, =
fvjd(u;v) rg, for some small radius It is worth noting that meaningful metrics can be
de ned on grids, graphs, manifolds, and even groups. Thilgas called the receptive eld,

a term that was rendered very famous by CNNSs. A single layer of a local equivariant map
U cannot approximate functions with long-range interactions. However, a composition of
several local equivariant maps U; 1 ::: Ujincreases the receptive eld. The receptive

eld is further increased by interleaving downsampling operators that coarsen the domain
(again assuming a metric structure). This renders the NN able to process information locally
and be stable to deformations in the signal or domain if the receptive eld is de ned correctly.
This nal aspect of coarsening is what also ensures us of scale separation.

In summary, with knowledge of the geometry of the input domain and the underlying
symmetry group, we need three fundamental building blocks for optimal geometric priors:
() a local equivariant map, (ii) a global invariant map, and (iii) a coarsening operator. These
building blocks are able to construct powerful NNs with prescribed invariance and stability
properties by a combination that the authors2€] [refer to as the Geometric Deep Learning
Blueprint. LetWandW’be domainsG a symmetry group ovéd, and letW? W denote
the fact that\P can be considered a compact versioMbdfThe blueprint consists of the
following design principles:

1. LinearG-equivariant layeB : X(W.C) I X (WP CY satisfyingB(g:x) = g:B(x) for all
g2 Gandx2 X(WC).

2. Nonlinearitys : C°1 CPapplied element-wise ds (X))(u) = s (x(u)).
3. Local pooling layer (coarsening): X(W.C) ! X(WPC), such that\? W

4. G-invariant layer (global poolingh: X(W,C) ! Y satisfyingA(g:x) = A(x) for all
g2 Gandx2 X(W.C)

Using these blocks allows constructi@ginvariant functionsf : X(W,C) ! Y of the
foormf=A s; By Py 1 ::: P s1 Bj;where the blocks are selected such that the
output space of each block matches the input space of the next one. Different blocks may
exploit different choices of symmetry grou@s The function composition de ned above
allows us to (informally ) read the Geometric Deep Learning Blueprint as the following
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process: "First, operate the local level in a given domain by considering a neighborhood of
signals as speci ed by a metret Then apply an element-wise nonlinearity and optionally
coarse the domain. Finally, summarize all the signals by using an invariant global pooling
operation".

We will now see how this blueprint enables a powerful way of learning over graphs, this
thesis's most critical data domain. A higher level description of why the particular form of
Graph Convolutional Networks satis es the symmetries in the graph domain will also be
presented by simply looking at the model equations and understanding their equivariance
and invariance properties. To conclude this section, it is for the reader to understand that
the geometric properties of many popular neural networks that operate on grids, such as
the famous translational invariance of CNNs, can be explained using the Geometric Deep
Learning Blueprint.

2.3 Graph Neural Networks

At this point, it is nally time to provide a formal de nition for graph-structured data. A
graphG can be de ned a$5 = (V;E) whereV = fvy:::vwyg is the set of nodes, with a
cardinalityjVj = N, andE = fe;:::evgis the set of edges, with a cardinaljgj = M. Itis
common for graphs to have node features, i.e., attributes associated with eadhhede 9.

The set of edges can also have features, i.e., each connection between nodes is associated
with a feature vector that provides information about the conne&i@RM 9. What makes
graphs special is their explicit structure given by the connection of nodes through edges.
This structure is usually represented through an adjacency me@irRN N, whereA;j 6 0
indicates that nodes andv; are connected with a weighj, Ajj = 0 otherwise. In the case

of unweighted connections, we discretize the adjacency matrix sucA thao; 1gN N. We

will focus on this latter case, but it is straightforward to generalize the operations to weighted
graphs.

Graphs are prevalent in various scienti ¢ disciplines, ranging from sociology to chemistry,
given their ability to serve as models for systems of relations and interactions. They are
therefore very important in the eld of machine learning, considering this wide range of
applications. Given the structure providedAygraphs inherently embody a fundamental
invariance characterized by the group of permutations. This simply means that what we learn
on a graph structure should be invariant to the ordering of the nodes, since the order does not
alter the structure of the graph. In terms of what we have discussed so far, we would like to
approximate functions on a graph such that they are invariant to node permutations, i.e., the
function approximator (neural network) understands this geometry of the data.
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In summary, for two isomorphic graphghe outcomes of these functions are identical.
Functions such as these yield a global or graph-level output. In practice, however, it is
frequently the case that we seek to operate on a node-by-node basis. For instance, we might
seek to apply a function to update the features of each node, such that we get back a latent
vector representation of the nodes. Fortunately, the Geometric Deep Learning Blueprint
provides us with a direct way of tackling both scenarios. To operate at the node (local) level,
we skip the global pooling step, otherwise, if we wish to operate at the graph (global) level,
we utilize it.

Formally, let us considéW= G as the domain an¥(G; RY) as the d-dimensional node
signals. The symmetry we wish to consider is given by the permutation g@eu®,, whose
elements are all the possible orderings of the set of node inflices ;ng. Under this
setting, and given the relationship betweg®andX (applying a permutation matrix P to the
node featureX automatically implies applying it t&d's rows and columns), we can state
that the form of the invariantf() and equivarianti) functions we are looking for is:

f(PX;PAP) = f(X;A) (2.1)
F(PX;PAP") = PF(X;A) (2.2)

The Geometric Deep Learning Blueprint supports functions that exhibit locality, meaning
that the output for a node should be directly in uenced by its neighboring nodes in the
graph. We can explicitly formalize this constraint in the model construction by updating the
information of each node based on its immediate neighbors1ap neighborhood of a
nodeu is de ned asN , = fvj(u;v) 2 E or (v;u) 2 Eg. The neighborhood features can then
be de ned asXy, = ff xjv2 Nygg. The double parentheses indicate that X is a multiset
since it is possible to have identical node features. Operatifglap neighborhoods aligns
perfectly with the locality aspect by de ning the receptive eld over graphs using the shortest
path distance between nodes based on eddesTime recipe stemming from the blueprint for
constructing permutation equivariant functions on graphs is to specify a local fufictroat
operates over the features of a node and its neighbortidg Xy ). Then, a permutation
equivariant functiorF can be constructed by applyifigto every node's neighborhood in
isolation:

0 1
f (X1, XN,)

FOGA= B @ X:8x2 X 2.3)
(X XN

1In the context of graphs, we can understand the isomorphic property in simple terms as it being satis ed
when two different graphs have the same number of nodes, edges, and same edge connectivity
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Naturally, the permutation equivariancefofdepends offi 's output being independent of the
ordering of the nodes iN ,, because we don't have a canonical ordering of the neighbors
on a graph. Thus, if is permutation invariant, this property is satis ed. In practice, this
requirement can be easily satis ed by de ning a neural network that operates at the node level
and an aggregation function that is permutation invariant and acts on each neighborhood
as de ned in Eq. 2.3. At this point, the constructionfobecomes trivial. All we need to
obtain a graph-level representation is to use a permutation invariant global pooling operator
a (e.g., mean, sum, min, max) and de fiee a F in the previous section and obtain a
unique vector representirg.

Readers familiar with graph theory will notice that this construction looks similar to some
very well-known algorithms, such as Label Propagation or the Weisfeiler-Lehman test. Both
of these algorithms are message-passing algorithms, which is precisely what Graph Neural
Networks are! A concrete view of Graph Neural Networks as message-passing machines is
given by the following equation:

0 1
x0 = gl @k V. Morw Xk D
1 1 !
J2N;

k
xﬁ 1);eji A (2.4)

wherex,-(k) denotes node features of naxjén layerk, eji denotes (optional) edge features

from nodej to nodei,  denotes a differentiable permutation invariant function, (e.g., sum,
mean or max), antl; q denote differentiable functions such as MLPs. It is clear to see that

the composition of with ~ in the above equation leads usi¢X;A). We will conclude the
background by showing how this operation can be understood as a generalized convolution
in irregular domains, and prove under this formulation that it can lead to equivariant and
invariant functions learned on graphs. The message passing operation above can be expressed
in matrix form as the Graph Convolution operation by:

XK= axk 1Q; (2.5)

whereQ represents the weights of the neural network(s). This is of course, a simpli ed and
general representation, which can be modi ed in different ways. Common examples include
learnable adjacency matrices; we would denote the adjacency mat¥ Bynother famous
alternative is the Graph Convolutional NetwdtRf|, which modi es the shift operator for
additional numerical stability by performing a symmetric normalization of the adjacency
matrix viaA= D 12AD 172 whereA= A+ | denotes the adjacency matrix with added self-
loops, and; = & j:oAij the diagonal degree matrix. Note that any elementwise nonlinearity
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is also excluded, as we have already shown that it does not affect the equivariance property
in Prop. 2.2.1. Itis simple to show that this function is permutation equivariant, and can be
rendered permutation invariant via composition with a global pooling operation.

Proposition 2.3.1. A Graph Convolution layer as de ned in Eq. 2.5 is permutation equivari-
ant.

Proof. Let us write the convolution operation Bg(X;A) = AXQ, where the particulax
depends on the layer number. Consider a permut&idrs, being applied to the signal.
ThenF,(PX;PAP") = PAPTPXQ = PAXQ = P(AXQ) = PFR,(X;A), as desired, due to the
orthogonality of permutation matrices and the associativity of matrix multiplication]

Given the above proposition, the following is a straightforward conclusion:

Proposition 2.3.2. The composition of a Graph Convolution layer as de ned in Eq. 2.5 with
a permutation invariant (aggregation) functi@nis permutation invariant.

Proof. To remain in line with the material presented so far, let us de ne the new operation
asfq(X;A) = a Fy(X;A). Consider applying a permutatiéh2 S, to the signal. Then
fq(PX;PAPT)= a Fy(PX;PAP )= a PR (X;A)=a Fq(X;A) = fq(X;A), as desired,
due to the equivariance & (X;A) and the assumed invarianceaof O

Armed with this knowledge, it is possible to design powerful representation learning
algorithms that respect any assumed symmetries of the graph data domain. In the rest of
this thesis, we will see how we can use Graph Neural Networks for node, edge, and graph-
level predictions, showing they improve task performance and asserting the importance of
geometric inductive biases in Computer Vision and Deep Learning. The following chapter
will show how this construction we have derived and additional geometric concepts can be
powerful tools to solve complex 3D Computer Vision problems.






Chapter 3

Learning on graphs for 3D Computer
Vision

3.1 Object Localization in Partial Scenes

3.1.1 Introduction

The localization of unobserved objects given a partial observation of a scene is a fundamental
task that humans solve often in their everyday lives as shown in Fig. 3.10. Such a task is
useful for many automation applications, including domotics for assisting visually impaired
humans in nding everyday item$§p)], visual search for embodied agenis], and layout
proposal for interior desigriipd. Given the importance of the problem, this chapter will
detail how our contributions80, 79| formally study object localization from a CV standpoint.
We formalize the problem as the inference of the position of an arbitrary object in an unknown
area of a scene based only on a partial (3D) observation of the scene.

Humans perform this localization task not only by using the partially observed environ-
ment but also by relying on tr@dommonsendaowledge that is acquired during their lifetime.
For example, by knowing that pillows are often close to bedamon spatiatelationship)
and that chairs and beds are often used for restimgifanon affordanceelationship), one
could infer the whereabouts of pillows even if only a bed and a chair were observed. We,
therefore, venture into the same direction and ask whether it is possible to computationally
solve this task by injecting the commonsense knowledge within a scene graph representation
[129 74, 247, so that a machine can also reasonably localize an object in the unseen part of
the scene, without reasoning explicitly on any visual or depth information.

In order to emulate this inference process, we propose a hew scene graph representation,
the Spatial Commonsense Gra@0G), having heterogeneous nodes and edges that embed
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Fig. 3.1 Given a set of objects (indicated in tihecen disks) in a partially known scene,

we aim at estimating the position of a target object (indicated inothege disk). We

treat this localization problem as an edge prediction problem by constructing a novel scene
graph representation, the Spatial Commonsense Graph (SCG), that contains both the spatial
knowledge extracted from the reconstructed scene, i.e., the proxintatyk(edges) and the
commonsense knowledge represented by a set of relevant concepts (indicated irx the
disks) connected by relationships, elsedFor( edges) andtLocation(blue edges).

the commonsense knowledge together with the spatial proximity of objects as measured in
the partial 3D scan of the scene. The underlying intuition is that commonsense knowledge
extracted from an external knowledge base is not speci ¢ to any observed visual scene and
thus allows for better generalization, but at the cost of a coarser localization. At the same
time, the objects' arrangement in the known portion of the scene is helpful in providing better
pairwise object distances, strengthening the estimate of the target object's position. The main
challenge here is devising a model that promotes generalization via commonsense and a
geometric understanding of the space while increasing the accuracy of the scene-speci c
metrics.

The proposed scene graph, as shown in Fig. 3.2(a), is rst de ned by nodes represent-
ing the known objects in the scene that are fully connected through edges representing
the proximity, i.e. the spatial relationship between a pair of objects. We call this spatial
representation the Spatial Graf®Q) of the known partial 3D scan. Then, tB&is further
expanded into th&CGby adding and connecting nodes that represent concepts through
relevant commonsense relationships extracted from ConceptNet [226].
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The SCGis instrumental in addressing the localization problem. To obtain strong
inductive biases, we rst propose a two-stage solution, dubbed SCG Object Localiser (SCG-
OL). First, the model predicts the pairwise proximity between the target object node, having
an unknown position, and each known object node through our graph-Paseithity
Prediction NetworKPPN) by formulating the task as an edge regression problem. We then
use ourLocalization Modulgo compute the position of the target based on the pairwise
distances (proximity). The localization module estimates the most probable position as the
intersection of the circular areas de ned by all pairwise object distances. Note that by only
using distances between pairs of objects, our model does not depend on the scene's reference
frame, thus being considered agnostic to the coordinate system. Thus, our method is invariant
with respect to ordering the scene objects and commonsense entities (Permutation group)
and linear transformations of the scene (Euclidean group).

As an extension of the Spatial Commonsense Graph, we also propose a directed formu-
lation dubbed-SCG where the proximity edges are represented with directional relative
positions (Fig. 3.2(b)). Thus, the model maintains only translational invariance. This dif-
ference in the graph formulation allows us to regress and estimate the target position in an
end-to-endnanner, which is not possible wiCG Intuitively, in this way, we are able to
stand in a middle ground between data-driven approximation and strong geometric priors.
The novel scene graph formulation also leads to a more straightforward loss calculation
and training procedure, which bene ts the encoding of both the geometrical information
regarding the arrangement of the objects in the observed part of the room and commonsense
attributes that de ne what they asmmmonlyused for or where they ammmmonlylocated,
resulting in a better target localization both in 2D and 3D. Given that this extension is
more data-dependent, we propose to employ a new attention module in the GNN that is
adapted from the Recti ed Linear Attention (ReLA){q for its high expressive power that
encourages the sparsity of attention weights, while being stable and ef cient in terms of
training. With extensive experiments, we demonstrateBR&ICGObject Localiser improves
performance and achieves an increase of with an 8x speed-up in both training and inference
compared to SCG-OL. Furthermore, this solution is able to generalize better to the 3D
domain, largely due to the end-to-end training procedure.

In order to empirically validate our proposed approaches, we introduce a new dataset
built from partial reconstructions of real-world indoor scenes using RGB-D sequences from
ScanNet48]. The dataset is constructed in order to re ect different completeness levels
of the reconstructed scenes. We de ne the evaluation protocol, focusing primarily on the
Localisation Success Rate (LSR), a performance measure that quanti es the localization
accuracy. To summarise, our core contributions are the following:
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» We identify the novel task of object localization in partial scenes and propose two
graph-based solutions. We make a new dataset and evaluation protocol available and
show that our methods achieve the best performance compared to other approaches in
the literature.

* We propose a new heterogeneous scene graph, the Spatial Commonsense Graph
(SCG), for effective integration between the commonsense knowledge and the spatial
scene, using attention-based message passing for the graph updates to prioritize the
assimilation of knowledge relevant to the task. We also ex&D@by proposing a
directed graph formulation, D-SCG, which allows for end-to-end training.

» We propose two different localization approaches that makes use of the graph-based
problem formulations. The rst, SCG Object Localiser, is a two-staged localization
solution agnostic to scene coordinates. The distances between the unseen object and
all known objects are rst estimated and then used for the localization implemented
via circular intersections. This estimation procedure provides robust geometric priors
in terms of reasoning over the objects (permutation invariance of the graph neural
network) and in terms of spatial awareness (invariance to linear transformations).
Based orD-SCG we also propos®-SCG Object Localiser, where we show that
it is possible to construct a data-driven, end-to-end solution. Finally, we propose a
sparse graph attention mechanism@ECG-OL, which proves bene cial in terms of
ef ciency and performance.

3.1.2 Related work

Scene graph modeling and inference. Scene graphs were initially used to describe images

of scenes based on the elements they contained and how they were connected. The work
of [117] showed that for certain applications, e.g. Image Retrieval, the abstraction of higher-
level image concepts improved the results compared to using the standard pixel space.
Since then, scene graphs have been successfully used in many other tasks such as image
captioning P64, 265, 83] and visual question answeringl5 139. Recently, the use of

scene graphs has also been extended to the 3D domain, providing an ef cient solution for 3D
scene description. The 3D scene graph can vary from a simple representation of a scene and
its content, in which the objects are nodes, and the spatial relationships between objects are
the graph's edges’f4, 247, 257); to a more complex hierarchical structure that describes the
scene at different levels: from the image level with description about the scene from only a
certain point of view, moving up to a higher level description of objects, rooms and nally
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(a) The Spatial Commonsense GrafiC(Q is constructed from the known scene by enriching the
Scene GraphgG) with concept relationships, resulting in edges of three typessdFor(
edges)AtLocation(blue edges) and Proximityo{ack edges). The Proximity edges represent pairwise
distances between objects. The SCG is then fed into the Proximity Prediction Network (PPN), which
performs message passing with attention to update the node features while taking commonsense into
consideration. The PPN then concatenates the node features of the target node and one of the scene
object nodes and passes it through an MLP to predict the pairwise distance. The localization module
then uses the predicted pairwise distances to estimate the target object's position within the area where
most distances overlap.

(b) The Directed Spatial Commonsense GrdptSCG ) is constructed in an identical manner, with the

key difference that the Proximity edges represent pairwise displacement vectors (i.e., the difference in
position). TheD-SCG is then fed into th®-SCGODbject Localiser that rst performs message passing

with a sparse attention module to update the node features. These features are then concatenated to
the node features of the target node and one of the scene object nodes (at a time) and passed through
an MLP to predict the relative position. The nal position is then given by the average of all the
predicted pairwise relative positions (mean pooling).

Fig. 3.2 Complete overview of our two proposed solutions, with their corresponding graph
formalization the localization architecture: SCG(a) and D-SCG(b).

buildings [6]. The work of [284] uses a scene graph to augment 3D indoor scenes with new
objects matching their surroundings using a message passing approach. A relatively similar
task is indoor scene synthesBb[l], in which the goal is to generate a new scene layout
using a relation graph encoding objects as nodes and spatial/semantic relationships between
objects as edges. A graph convolutional generative model synthesizes novel relation graphs
and, thus, new layouts. I®%, 162 the authors use a 3D scene graph to describe the object
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arrangement, then modify the scene graph and generate a new scene. Like these works, we
use an underlying scene representation, but unlike them, we embed commonsense knowledge
into the scene graph. This way, our approach can better generalize to unseen rooms with

unseen object arrangements by leveraging prior semantic knowledge.

Datasets for Object Localisation. Datasets existing in the literature related to scene
graphs are not suited for this type of object localization task. For instance, Scene Synthesis
datasetsq52 do not have enough variability in the scene structure, as all environments
represented are of identical shape and similar size. Moreover, the scenes mostly contain the
same set of objects. These characteristics lead to datasets that do not re ect the real world and
cannot be used to train models to be deployed in real indoor environments. Another major
limitation of existing datasets is their assumption that the entire layout of the room is known
and that the objects lie within the boundaries of the observed part of the 2&iné4q,

which is atypical. In robotic applications like Visual Sear@d%$ 78, 38, the robot only has

partial information about the environment that gets updated during navigation. In general,
the searched object has to be found in the unexplored part of the scene, yet to be discovered.
Our work is based on partially observed scenes and performs localization without navigation.

Commonsense Knowledge in Neural Networks. Commonsense reasoning focuses on
imitating the high-level reasoning employed by humans when solving tasks. Typically, we
do not only use the information directly related to the task but also rely on knowledge
gained through prior experience. The eld of Natural Language Proces$§i8ignakes use

of ConceptNet226 to create richer, contextualized sentence embeddings with the BERT
architecture $4]. In [12], the authors utilize the knowledge graph Freebase (now Google
Knowledge Graph) to enrich textual representations in a knowledge-based question answer-
ing system. In computer vision]142 exploits commonsense knowledge using Dynamic
Memory Networks for Visual Question Answering (VQA), stating it helps the network to
reason beyond the image contents. In the scene graph generatior8thskploits the
ConceptNet 226 knowledge graph to re ne object and phrase features to improve the
generalization of the model. The authors state that the knowledge surrounding the subject of
interest also bene ts the inference of objects related to it, helping the model to generalize
better and generate meaningful scene graphs. In this work, we exploit commonsense knowl-
edge to enrich a spatial scene representation used for predicting proximity among pairs of
objects in a scene context.
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3.1.3 (Directed) Spatial Commonsense Graph

The main idea behind our works in object localizati80,[79] is to embed commonsense

and geometric knowledge into a scene graph extracted from a partial scan of an area. The
scene graphs are then used as problem instances and fed as data to a NN that localizes the
object. In this section, we will present the two graph abstractions upon which the NNs are
trained: SCG and D-SCG.

Spatial Commonsense Graph (SCG) As illustrated in Fig. 3.2(a), we construct the SCG

with nodes that arg object nodes, including all the observed objects in the partially known
environment and any target unseen object to be localized) ooncept nodes that are
retrieved from ConceptNe2R6g. Each SCG is constructed on top of a Spatial Graph (SG)
composed of object nodes that are fully connected. Each object node is further connected to
concept nodes via the corresponding semantic relationships. The edges of SCG are of three
heterogeneous types:

» Proximityrelates the pairwise distances betwad#rihe object nodes given the partial
3D scan;

 AtLocationis retrieved from ConceptNet, indicating which environment the objects
are often located in;

» UsedForis retrieved from ConceptNet, describing the common use of the objects.

The proximity edges connect all the objects nodes of the SCG in a fully connected manner,

while the semantiétLocationandUsedForedges connect each object node with its related

concept nodes that are queried from ConceptNet (geg. AtLocation apartmerdr bed

UsedFor resting} The two semantic edge types provide useful hints on how objects can be

clustered in the physical space, thus bene tting the position inference of indoor objects.
Formally, the SCG is an undirected graph composed by a set of kbdesf hji 2

(0;N]g, whereN = Ny + N is the total number of nodes in SCG willy the number

of the object nodes anl; the number of the concept nodes, @an@ R3%. Each300

dimensional vector expresses the node's corresponding word embedding in ConceptNet

NumberBatch227]. The edges are de ned by the $&t= fegjji;j 2 (O;N];i 6 jg, where

&j is the edge between nodand nodej, ande;j 2 R4, Note that in this formulation, we

do not allow for self-loops, as they have little geometric and commonsense meaning for the

problem. In practice, we also have an edge signal, represented by a 4-dimensional feature

vector whose rst three elements indicate the previously explained edge type in a one-hot

manner. In contrast, the last element is a scalar, indicating the pairwise distance between two
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scene objects. Note that the distance is only measurable on the observed part of the 3D scan
(i.e., between known object nodes). Otherwise, we initialise the distance valuevwben

the edges arAtLocation UsedFor or proximity edges involving the unknown target object
node.

Directed Spatial Commonsense Graph (D-SCG) The directed formulation is very similar

to the previous one, i.e., the node seDeECGis identical to before. The key difference is

that the graph becomes directed by altering the edge signal, which becomes a 6-dimensional
feature vector, i.egj 2 R®, whose rst three elements indicate the edge type in a one-hot
manner, the fourth element indicates whether a proximity relation involves the target node,
while the last two elements indicate the relative positigr= [ Dx;j; Dyij] between nodeand

nodej, in Cartesian coordinates such titatj = xj X andDy;j = yj V;. This de nition

differs from theSCG where edges were represented by 4-dimensional vectors representing
the one-hot encoded edge class and only the distance between the objects connected by the
edge. With this formulation, we can achieve a more data-driven approximation by training
in an end-to-end manner. As detailed later in Sec. 3.1.5, this contribution is particularly
important for performance improvements in object localization and computational ef ciency.
Given that the relative positions are only measurable among object nodes in the observed part
of the 3D scan, we initialize the relative positiond@0] when the edges awtLocation
UsedFor or Proximity edges involving the unknown target object node.

3.1.4 SCG Obiject Localiser (SCG-0OL)

First, we describe the two-stage solution used to address the task of localizing the arbitrary
unobserved target object using tBEG In the rst stage, we propose a Proximity Prediction
Network (PPN) on top of the SCG. PPN aims to predict the pairwise distances between the
unseen target object and the objects in the partially known scene. In the second stage, our
localization module takes as input the set of pairwise distances, and it outputs the position of
the target object based on a probabilistic circular intersection. This solution is, therefore, the
one with the most geometric constraints.

Proximity Prediction Network The goal of the PPN is to predict all the pairwise distances
between the unseen object and the observed scene objects. We utilize a variant of the Graph
Transformer 217] and update the nodes iteratively by doing message passing with attention
[243. Note that this process is a particular instantiation of the general framework presented
in Eq.2.4. The procedure is applied between all edge types, allowing for effective fusion
between commonsense and geometric knowledge.
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The input to the network is the set of node featufesand the output is a new set of
node features! °= fhJi 2 (0;N]g, with h°2 RP. Each node in the graph is updated by
aggregating the features of its neighboring nodeia two rounds of message passing. The
resultingh?forms acontextuakepresentation of its neighborhood.

At each round of message passing, we rst learn the attention coef aignising the
scaled dot-product attention mechanisti(j, conditioned on each edge featg from
nodej to nodei, and on both nodes' featurds,andh;. This allows the network to understand
how important each neighbor is for the node representation’'s update as follows:

vj = Whj + by; (3.1)
hi= & aij(vj+ ay); (3.2)
J2N;

whereW,; by represent respectively the weight matrix and bias used to calculate the value
vectorv for the attention mechanism. The updated node featfa= then given by:

hi=(1 bihi+bi(Wehi+ br) (3:3)
h'= ReLU(LayerNornth)); (3.4)

whereb; is the output of a gated residual connecti@d{, which prevents all the nodes
from converging into oversmoothed featuréds; b, represent the weight matrix and bias
respectively used in the linear transformatiorhpfEssentially, the above equations present a
learned convex combination of the pre and post attended features, followed by normalization
and non-linearity.

After message passing, we obtain the set of nal node embedéings fh;ji 2 (0;N]g,
with h, 2 R?P = (h;jjhQ), where( jj ) represents the concatenation operation. In this way,
the nal representation of each node contains both the original object embedding and the
aggregated embedding of its context in the scene. Finally, we form a novel set of features for
each edge between an observed nael the target nodevia concatenation &% = ( h, jjh;).
h;; is then used by a MLP to predict the pairwise distarthebetween the target object node
t and the observed object node

SCG-OL loss To train our PPN, we compute the Mean Square Error (MSE) between the
predicted pairwise distancel of the object node and the target nodeand the set of
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ground-truth pairwise distanceg. The loss is expressed as:

1 Nl 2
dii dit): 3.5
o1 @ d) (35)

L mse(d;d) =

Note that the class of the target object can have multiple instances in the unknown part of the
scene, i.e., multiple ground-truth positions. Our method, as a localizer, uses the GT position
of the instance that is closest to the predicted position for the computation of the MSE loss.

Distances to position: Localisation module In the localization module, we solve the
problem of converting the set of predicted object-to-object distances to a single pg@gition

the space that de nes the position of the searched object in a bird's eye view. The distances
oTi;t predicted by the PPN, and the known objects positignsan be used to de ne a set

of circles of radiuszfi;t, centered in the positiong. With perfect predictions); would be
obtained as the point of intersection of all the circles. In this case, we would need at least
three known object nodes to unambiguously defiaeFor this reason, in this localization
module, we only consider instances with three or more known objects. Let us gease

the point in the space that minimizes the squared distance from all the circles:

Ny 1

pr = arg min a (kp pke dip)* (3.6)

|

While it is possible to obtain a closed form solution of Eq. 3.6 via Linear Least Squzsds [
this is not robust to noise in the measured distances, which is likely present in the PPN
predictions. An alternative is to minimize this problem by brute force: we rst subdivide the
space into a grid and compute the sum of the residuals at each position. We then take the
position with the lowest value and use it as an initial guess for the Nelder-Mead's simplex
algorithm [189] to obtain the nal estimate.

3.1.5 D-SCG Object Localiser (D-SCG-OL)

The SCG-OL contains strong geometric priors in that it is invariant w.r.t the Euclidean and
Permutation groups. Nevertheless, these priors are enforced by the graph structure, so to
validate if we can utilize more correlations in the data, we now present an end-to-end solution
based on the directed formulation. In summary, the model rst predicts the relative positions
of the unseen target object from the objects in the partially known scene. Then, the relative
positions are converted into absolute coordinates and mean pooling is applied to estimate the
nal position. This approach is fully differentiable and requires no additional localization
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module based on circular triangulation to predict the position of the target object, thus largely
improving our proposed method's ef ciency.

Model To predict the relative position of the unseen target node w.r.t. the visible scene
objects, we again use a stacked GNN architecture. For this model, our proposed GNN
replaces the attention mechanism in Graph Transfor@i&f jwith a sparse attentional
message passing mechanism based on R&ZA.[ The idea behind this design choice
is that given that the graph is directed, the attention coef cients need not be symmetrical,
and therefore we need both sparsity and stronger couplings. The ReLU activation function
provides both, given that any negative weights are sparsi ed and neighbors can be given
unbounded positive weights. By doing so, the model can learn very strong correlations
present in the dataset. We further add a ScaleNorm and LayerNorm layer to stabilize the
training of the new module on ol@-SCG The node embeddings are updated iteratively by
utilizing the heterogeneous information of the edge type to allow effective fusion between the
commonsense knowledge and the metric measurements. We highlight the main differences
between the attention mechanism in [217] and ours in Fig. 3.3.

As with SCG-OL, the input to the network is the set of node feathreand the output is
a new set of node featurés °= fhdi 2 (0;N]g, with h°2 R30. Each nodé in the graph is
updated by aggregating the features of its neighboring nhdesa four rounds of message
passing. The resultinlgoforms acontextuakepresentation of its neighborhood.

At each round of the message passing, we learn an attention coefaigetween
each pair of connected nodes using a graph-based and recti ed version of the scaled dot-
product attention mechanism, conditioned on the node and edge features. Our GNN can
learn sparse and (positively) unbounded attention weights due to the usage of the activation
function ReLU, as proposed for the vanilla Transformer model3g|| thus allowing for
the understanding of arbitrary relationships between the different node types.

The network starts by performing an af ne transformation of the relevant node and edge
features to calculate the corresponding query, key, value and edge vector that will be used to
compute the attention weights:

ki = Wkhj + by; (3.8)
v; = Weh; + by; (3.9)

&j = Wegj + be; (3.10)
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Fig. 3.3 Overview of the differences between the attention mechanisidf(a), used in
SCG[80], and the one employed ID-SCGODbject Localiser, based on ReL27q with an

added ScaleNorm and reprojection (highlighted in the red dashed box)(b). The new attention
mechanism contains more parameters, thus producing more expressive representations, and
learns sparse weights with reduced training and inference time thanks to the ReLU activation
function. Moreover, we utilize two different normalization layers to stabilize the network’s
training, given the positively unbounded attention coef cients.
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whereW andb represent, respectively, the learnable weight matrices and bias vectors for
each transformation.
The network then calculates the attention we@ht between two nodesandj as:

ajj = ReLU(m—“lfd%ji) (3.11)

wherep dis a scaling term equal to the square root of the dimension of the projected features
ki. As seen in Eq.3.11, the use of the softmax is dropped since it involves aggregating
the scores for all the edges connected to each node, which implies many operations for
large graphs and slows down the training. Additionally, using ReLU allows for sparsity in
the attention weight matrix, which becomes very useful when analyzing how the network
prioritizes the exchange of information. As the attention weights that are calculated using
ReLU are not limited to the rand@®; 1), we use Layer Normalisatior?[] when calculating

the updated node featurla% followed by agated residual connectiaihat prevents the node
features from converging into indistinguishable features as with SCG-OL.:

hi = LayerNorngh + haij;vj + e;i) (3.12)
bi = SigmoidWy(hijjWiahi + broji i (Wehi b)) (3.13)
W= (1 bi)hi+ bi(Wishi + bra); (3.14)

Differently from [276], we re-normalize and re-project these features similarly to the
original Transformer model. This practice has been empirically shown to stabilize and
improve the training of self-attentive neural networks [191].

hP= ScaleNorntWeh+ bo); (3.15)

This step further increases the number of learnable parameters of our GNN, allowing for
better scaling and more expressive representations while not sacri cing ef ciency thanks
to the sparse attention mechanism (described previously) and the Scale Normalisation in
Eq. 3.15. Our sparse graph attention module consists of this sequence of operations, which
we use for a total of four message passing rounds. Finally, we obtain the set of nal node
embedding$d = fh;ji2 (0;N]g, with hy = (hjJj h?). In this way, the nal representation

of each node contains both the original object embedding and the aggregated embedding of
its context in the scene. The features of the the target hadd any nodé connected to it

are concatenatddj, = ( h; j h,), and the relative positiodt between the target object notle

and the observed object nodis predicted using a linear map. To obtain the nal position,
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we rst convert the relative positiomﬁt in absolute coordinates by summing to them the
positionsp; = [ Xi;y;] of the observed object nodes and then take the mean of the absolute
positions as our predicted positiga "~

Loss Similarly to the previous setup, we train our network with a strategy that considers
that multiple instances of the searched object can exist in the unobserved part of the scene.
Therefore, only the instance closest to the prediction is accounted for when calculating the
loss. By doing this, the network learns to correctly predict a speci ¢ position instead of

a point that minimizes the distance w.r.t. all the instances. For the loss, given that we are
effectively performing an edge regression task with a scalar target, we aim minimize the
squared L2 distance between the predicted posfiiand the ground-truth position of the
target positionp; as follows:

L 2(Pp) = kpe  pik3: (3.16)

3.1.6 Experiments
Dataset

To validate the proposed models, we build a new dataset of partial 3D scenes using sequences
available in ScanNedg]. ScanNet contains RGB-D sequences taken at a regular frequency
with an RGB-D camera. It provides the camera pose corresponding to each captured image
and the point-level annotations, i.e., class and instance id, for the complete Point Cloud Data
(PCD) of each reconstructed scene. The original acquisition frequency in ScanNet is very
high (30Hz), meaning that most images are similar with redundant information for the scene
reconstruction. We, therefore, use ScanNet_frames_25k, a subset provided in the ScanNet
benchmark with a frequency of about=100" of the initial one. We further divide the whole
RGB-D sequences of each scene into smaller sub-sequences to reconstruct the partial scenes.
We vary the length of the sub-sequences to re ect different levels of completeness of the
reconstructed scenes. For each sub-sequence, we integrate the RGB-D information with the
camera intrinsic and extrinsic parameters to reconstruct the PCD at the resolution of 5cm
using Open3D283. The annotation for each point in the partial PCD is obtained by looking
for the corresponding closest point in the complete PCD scene provided by ScanNet.

From each partially reconstructed scene, we extract the corresponding Spatial Graph with
its object nodes, i.e., the graph with only proximity edges (see Fig. 3.4 for an example). The
graph nodes contain the object information: e.g.,gbsition de ned as the center of the

Lhttp://kaldir.vc.in.tum.de/scannet_benchmark
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(a) Complete scene (b) Partial scene

Fig. 3.4 The proposed dataset with (a) the complete scene from the ScanNet dataset, and (b)
our reconstructed partial scene overlaid with the Spatial Graph.

bounding box containing the object, and titgect classWe consider the position of each
scene object as a 2D poifi;y) on the ground plane, as most objects in the indoor scenes of
ScanNet are located at a similar elevation. Each node is markadasasvedf it represents

an object in the partially known scene orwasseerif it represents the object in the unknown
part of the scene, i.e., the target object to localize.

For the commonsense knowledge, we add the two semantic relatiodghipsation
andUsedFor as well as the concepts (as nodes) that are linked by the relationships. We
extract the concepts from ConceptNet by querying each scene object using the two semantic
relationships. The query returns a set of related concepts together with their corresponding
weightw, indicating how “safe and credible” each related concept is to the query. We include
a concept to th&Gonly when it has a weight > 1. Fig. 3.5 shows the average number of
nodes linked by different types in the (D)SCGs. On average, each (D)SCG contains about
5 times more concept nodes than the object nodes in the (D)SG, demonstrating that rich
commonsense knowledge is available. The outliers in the boxplot visualization are introduced
by uncommon room types with a large number of objects, e.g., libraries with several books.

Finally, we divide the dataset into training, validation, and testing sets. While we have
access to the ScanNet training and validation data (1201 and 312 scenes, respectively), we
do not have access to their test data. To address this, we use ScanNet's validation sequences
as our testing set and randomly sample a subset of scenes from the training set for validation.
By splitting ScanNet's sequences into partial reconstruction, we 2é886partial scenes
with 19461partial scenes for training and validation eés#B5partial scenes for testing, with
each partial scene having its corresponding (D)SCG.
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Fig. 3.5 Average number of different types of nodes among the SCGs in the train and test
split of the dataset.

Experimental Comparisons

Having introduced the dataset, we can now delve into the in-depth empirical validation that
reveals the advantages of our method. First, we provide the implementation details, followed
by the metrics used for evaluation. Then, the main body of experiments is comprehensively
presented, followed by multiple ablation studies.

Implementation Details. We train our networks using the Adafactor optimis2t4]. The
network is trained for 100 epochs. The dimension of the rst message passing projection is
set toD = 256and2D for the second round. Both udattention heads. For localization

with SCG-OL, we ignore edges with a predicted distance of more than 5m, as such high
distance values are not trustworthy for localization. For localization IH8CG-OL, we
augment the dataset by applying random rotations to the scene objects during training to
compensate for the lack of rotational invariance and allow for better generalization.

Evaluation Measures. We evaluate the performance in terms of both the proximity pre-
diction and target object localization. We quantify the localization performance by the
Localisation Success Rate (LSB¢ ned as the ratio of successful localizations over the
number of tests. A localization is considered successful if the predicted position of the target
object is close to a target instance within a prede ned distance. Unless stated differently, the
distance threshold for a positive result is set to 1m. We consider LSR asdinevaluation
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measure for our task. For the edge proximity prediction, we repontben Predicted

Proximity Error (mPPE) which is the mean absolute error between the predicted distances
and the ground-truth pairwise distances between the target object and the objects in the
partially known scene. Finally, to quantify the localization accuracy among successful cases,

we report themean Successful Localisation Error (mS|L#&}ich is the mean absolute error

between the predicted target position and the ground-truth position among all successful

cases.

We compare performance on our new dataset against a set of baselines and state-of-the-art
methods for layout prediction. The different methods are evaluated on the localization in
2D ( oor plane), given that the height at which an object is located in a room is often not
practically relevant. Additional results for 3D localization are reported in the ablation studies.

We summarise all the approaches implemented for the comparisons below.

» Heuristic baselinesuse the statistics of the training set, i.e., thean mode and

medianvalues of the pairwise distances between the target object and the scene objects,
as the predicted distance.

MLP learns to predict pairwise distances between the target object and every other
observed object in the scene without considering the spatial or semantic context.
The input to this model is a pair of the target object and the observed object, each

represented by a one-hot vector indicating the class, passed to an MLP that predicts
pairwise distances.

MLP with Commonsenselearns to predict the pairwise distance between the target
object and every other observed object in the scene without considering the spatial
context. We rst use GCN to propagate the ConceptNet information to object nodes,
and then the features are passed to an MLP that predicts pairwise distances.

LayoutTransformer [88] uses the transformer's self-attention to generate the 2D/3D
layout in an auto-regressive manner. We describe the observed objects as a sequence
of elements as ing8], where each element contains the object class and the position
(x;y). We then feed the target object's class to generate its corresponding position
(x;y). For a fair comparison, we retrain the model on our training set.

SCG-OL is part of our proposed method, described in Sec. 3.1.4, which exploits
SCG Additional results are presented through a variant trained with learnable node
embeddings instead of initializing each node with the commonsense embedding coming
from ConceptNet's Numberbatch.
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Table 3.1 Methods comparison for object localization in partial scenes. mPPE: mean Pre-
dicted Proximity Error. mSLE: mean Successful Localisation Error. LSR: Localisation
Success Rate. SG: Spatial Gra@CG Spatial Commonsense GrapB-SG. Directed
Spatial GraphD-SCG Directed Spatial Commonsense Graph. The rst part of the table
follows the 2-stage approach, which rst predicts the pairwise distances and then localizes
the object via multilateration. The last part consists of methods that directly predict the nal
position.

| Method | Data type] mPPE(m¥ | mSLE(my# | LSR " |
Statistics-Mean Pairwise 1.167 0.63 0.140
Statistics-Mode Pairwise 1.471 0.63 0.149
Statistics-Median Pairwise 1.205 0.64 0.164
MLP Pairwise 1.165 0.62 0.143
MLP w/ Commonsense Pairwise 1.090 0.64 0.163
LayoutTransformer [88] List - 0.59 0.176
SCG-OL- Learned Emb SCG 0.974 0.61 0.234
SCG-OL SCG 0.965 0.61 0.238
Graphormer [267] D-SCG - 0.59 0.251
D-SCG-OL w/o Commonsense D-SG - 0.59 0.265
D-SCG-OL - Learned Emb | D-SCG - 0.57 0.273
D-SCG-OL D-SCG - 0.55 0.297

» D-SCG-OL w\o Commonsensés a variant of our approach to test the capability of
the method when it is used without commonsense knowledge. The inputDs $6&
composed only of the object nodes and proximity edges. The initial node features
are not pre-trained word embeddings but are learned via an embedding layer during
training.

» Graphormer[267] is an adaptation of Transformer mode®i{j to graph learning. It
uses different embedding strategies to add inductive bias related to the graph structure.
It then propagates features between nodes up to k-hop distances using the attention
mechanism. We adapted the method so that the node features are updated using the
Graphormer network, and then the target node features are used to regress the position
of the searched object.

» D-SCG-OLis part of our proposed method, described in Sec. 3.1.5, along with a
variant that is trained with learnable node embeddings, instead of initializing each node
with the commonsense embedding coming from ConceptNet's Numberbatch.

Discussion Table 3.1 reports the localization performance measures in terms of mPPE,
LSR, and mSLE, of all compared methods evaluated on the dataset with partially recon-
structed scenes. We can initially observe that methods thabrdyyon pairwise inputs,
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(@) (b)

Fig. 3.6 The proposed dataset with (a) the complete scene from the ScanNet dataset, and (b)
our reconstructed partial scene overlaid with the Spatial Graph.

e.g., statistics-based approaches or MLP, lead to worse performance compared to methods
that account for other objects present in the observed scene. Nevertheless, introducing
semantic reasoning on top of these methods seems to improve the performances, as shown
by MLP w/ Commonsense, with an improved LSR of 2% compared to the standard MLP.
LayoutTransformer directly predicts the 2D position of the target object by taking as input
the list of all the observed scene objects and using the target class as the last input token. It
can better encode the spatial context and outperforms the statistic-based and MLP baselines.
SCG-OL that uses th8CGwith pairwise distances can improve on all metrics w.r.t. the
baseline methods, suggesting that a graph-based solution with added geometric and com-
monsense priors is an effective way of modeling the problem. In this scenario, the addition
of pretrained commonsense node embeddings is not extremely important, as shown by the
results of SCG-OL- Learned Emb.

When using the DSCG, Graphorme6[/] performs best amongst the baselines but
fails to reach the same performances as our proposed approach. Graphormer proposes
to enhance the propagation of information by aggregating the information not only from
directly connected nodes but also from nodes up to a k-distance by creating new edges
between them, where the edge features are an inner product between all the edges along
the path. While this works ne on a homogeneous graph, the effect can be limited with
heterogeneous edge types since the structural information of our proposed heterogeneous
graph is not as meaningful as for structures such as molecular graphs, for which Graphormer
was proposed. The different versions of our proposed mdihB€G-OLare able to reach
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Fig. 3.7 Qualitative results obtained with SCG-OL The partially known scene is colored
with a yellow background, while the unknown scene is indicated with grey. The colored
circles indicate the object nodes present inBR8CG Thered starindicates the GT position

of the target object, while theyan diamondndicates the predicted positions. The network is
able to correctly predict the position of a sink in (a) and a chair in (b). In the failure case
of (c), the network correctly identi ed the direction of the window but overestimated the
distance from the visible objects.

the best performanc®-SCG-OLwith learned embeddings has a 0.8% increase in the LSR
performance w.r.t. the GNN working only on tlleSG, revealing the usefulness of the
concept nodes, with a further increase of 2.4% when initializing the node embeddings of
the graph by using ConceptNet's Numberbatch, showing that the commonsense information
introduced from ConceptNet is helpful for the localization task. Given that it is our best
performing method, ablation studies and results from this point forward will only consider
D-SCG-OL.

As previously mentioned in this section, we consider the LSR as the primary evaluation
metric. Itis, therefore, useful to demonstrate and understand how the completeness (visually
known) level of the scene impacts the localization performané® 8CG-OL Fig. 3.6(a)
reports the mean absolute error (MAE) between the estimated position and the ground-truth
position compared to the scene completeness. Note that the MAE is calculated on all the test
cases, including both the successful and failed ones. For this reason, we use the MAE instead
of the already presented mSLE, as the mSLE is calculated only on successful cases and
does not vary much with the completeness of the scene. As a general trend, our model can
predict more accurately the position of the target object with increasing scene completeness.
Fig. 3.6(b) presents how the LSR varies for different localization thresholds as the scene gets
more complete. We report the LSR at four different threshold values, i.e., 0.5m, 1m, 2m, and
3m, where a larger threshold leads to a larger LSR value, as expected.
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Qualitative results Fig. 3.7 shows the qualitative results obtained using our method
D-SCG-OL Fig. 3.7(a) shows that the “sink” object class was successfully located near the
counter. Similarly, in Fig. 3.7(b), the position of the chair (target object) is correctly estimated
in a position that is coherent with other instances of chairs and tables in the observed part of
the room. Interestingly, Fig. 3.7(c) presents a failure case in which the method fails to locate
a window in an of ce setting. In this case, the network successfully identi ed the general
direction where the window should be located but overestimated its concrete placement with
respect to the visible objects. This error is plausible as the network does not effectively see
any objects that can help create an idea of the actual shape of the room.

Computational ef ciency There are 20.5M parametersrSCG-OL, which is 3.4M

more than SCG-OL(17.1M). NevertheleBsSCG-OLtakes 13h35m to fully train the model

for 200 epochs on a single Titan RTX, 8x faster than SCG-OL, which requires 108h40m.
This large difference is mostly due to the two-stage approach of SCG-OL, which includes
the non-differentiable localization module and the more expensive attention mechanism
calculations.

Ablation studies We further analyz®-SCG-OLto justify the usefulness of the common-
sense relationships and our new attentional message passing mechanism. We also investigate
the impact of increasing the number of message passing layers. To verify the applicability
in 3D, we also evaluate the localization performance of our method in comparison to the
state-of-the-art methods. Lastly, we provide an in-depth investigation of how the attention
weights evolve over the message passing when forming the node and edge representation.
Which commonsense relationship is more important?In order to better understand

the effects of using different commonsense relationships, we compare the performance of
D-SCG-OLagainst four variants where tiie SCGcontains: i) onlyProximityedges without
commonsense relationships, Hjoximity edges withAtLocationedges, iii)Proximity edges

with UsedForedges, and viProximity edges withAtLocationandUsedForedges. We report

the main Localisation Success Rate (LSR) measure for all variants, as well as the scene
average percentage of object nodes that are linked by 0, 1, or 2 types of semantic edges,
i.e. AtLocationandUsedForedges. Table 3.2 shows thail_ocationis more effective than
UsedForfor localizing objects. This is reasonable since Atkeocationedge leads to mes-

sage passing among objects that are connected in the same location, containing information
more relevant to the localization task. However, the best performance is obtained when the
D-SCGrely on all types of edges which provides a higher connectivity among object nodes
to concept nodes. There are 80% object nodes linked to concept nodes Atlbmthation
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Table 3.2 Impacts of different ConceptNet relationships with the propps8@€G-OL LSR:
Localisation Success Rate.

— . 5
Edge Types Oob]. Ilnlked byn semar;nc edges (4) LSR"
Proximity 100 O 0 0.257
AtLocation Proximity 8 92 0 0.292
UsedFor Proximity 19 81 0 0.272
AtLocation, UsedRarProximity | 8 12 80 0.297

andUsedForedges, leading to a more effective knowledge fusion than when only one type
of semantic edge is used.

Which attention network is more effective?We examine the usefulness of the proposed
attention mechanism iB-SCG-OLcompared to other, commonly used, attentional message
passing modules in the GNN literature. As most of these approaches do not support the use
of edge features, we modify the node features for this ablation study to include the positional
information to the node features. For a fair comparison, we remove the edge embedding
from D-SCG-OL. The set of attention networks we compare with is listed below:

No attention [263 is the rst baseline, where we use GraphSAGE without relying on
any attention module.

GAT [243] adds an attention mechanism to the message passing procedure.

GATV2 [27] is similar to GAT but improves the attention mechanism in terms of the
expressiveness and addresses the problem of "static attention” when using GATs for
message passing.

HAN [ 253 de nes multiple meta-paths that connect neighboring nodes either by
speci ¢ node or edge types. It employs attentional message passing sequentially by
rst calculating the semantic-speci ¢ node embedding and then updating them by using
an attention mechanisr240d. With D-SCGwe de ne three sets of meta neighbors,

i.e., the proximity neighbours, thitLocationneighbors, and thesedForneighbors,
connected by the speci c edges. We implement the message passing for each meta-path
using specialized GraphTransformer layers.

GraphTransformer [ 217] is similar to ours, except that it does not accommodate
sparse attention and has less expressive power due to the smaller number of pa-
rameters. This module is essentially a porting of the scaled dot-product attention
mechanism [240] to GNNs.
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Table 3.3 Impacts of different attention modules for the object localisation task with our
D-SCG-OL. LSR: Localisation Success Rate.

| Graph Attention Type | LSR" |
No attention [263] 0.199

GAT [243] 0.179
GATV2 [27] 0.202
HAN [253] 0.137

GraphTransformer [217] 0.187
Ours - Only ReLA [276]| 0.190
Ours 0.215

* Ours - Only ReLA [276 is our GNN with the original ReLA without the ScaleNorm
and nal reprojection layer.

As shown in Table 3.3, different attention modules can produce results that vary greatly
in terms of LSR. Among all, HAN achieves the worst performance, showing that features are
better to be propagated simultaneously rather than sequentially. GAT and GraphTransformer
perform better than HAN, yet it is still worse than GraphSAGE, which uses no attention.
This is potentially due to the limitations of the standard attention mechanism when used
in GNNs [27]. GraphSAGE is a general inductive framework that leverages node feature
information at different depths and is proven to work well on large graphs. In general, the
attention module should be carefully designed in order to provide advantageous performance.
For example, GATVZ2 improves the localization performance by xing the static attention
problem of the standard GAT.

Our ReLA-based attention model avoids the usage of a softmax as in the original Graph
Transfomer 217] achieves the best overall performance in terms of LSR. This substantial
improvement is contributed by the increased expressive power and the ability to reason on
sub-graphs during the message passing procedure. The usage of only ReLA, i.e., without
scale normalization and the successive projection, achieves a lower LSR compared to the
complete module, con rming the advantage brought by the proposed additional normalization
as the learned weights are positively unbounded.

How much does the number of message passing layers and the nal node concatenation
contribute? We examine a set of variants of oDrSCG-OL with varying numbers of
message passing layers ranging from 1 to 5. Table 3.4 shows that using four message passing
(MP) layers leads to the best performance. When using a single MP layer, there is not
enough information regarding the context to be propagated to the nodes and this leads to
the worst performance. With more than two MP layers, the performance starts to increase,
saturating at four layers. With additional layers, we observe that the performance starts to
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Table 3.4 Impact of different numbers of message passing layers D-8@G-OL LSR:
Localisation Success Rate.

#Layers| 1 2 3 4 5
LSR" | 0.180| 0.257| 0.283| 0.297| 0.285

Table 3.5 Comparison of object localization performance in the 3D environment instead of
on the 2D oor plane.

] Method \ LSR" \
LayoutTransformer [88] 0.158
SCG-OL [80] 0.048
D-SCG-OL 0.258

degrade. This might be due to the over-smoothing prob&ini94, where after multiple
message passing rounds, the embeddings for different nodes are indistinguishable from
one another. Given the best layer number, we also validate the choice of concatenating the
original embedding to the aggregatashtextualbnes instead of using only the aggregated
features. Concatenation is more advantageous with an LS8R @fwhile directly using the
aggregated node representation leads to an LSFR28f We argue that this happens because
concatenation allows the network to still remember the initial representation, developing a
better understanding of the context after message passing.

Localising in 3D. We examine the network capability to localize the target object directly

in 3D scenes instead of on the 2D oor plane. We comga8CG-OLwithSCG-OLby
making the appropriate modi cations for 3D localization. Table 3.5 reports the localization
performance in the 3D scenes. We can observe that all three methods suffer a drop in terms of
LSR performance due to the increased dif culty level of the problem. SCG-OL experiences
the highest drop in performance, with an LSR score of only 0.05, down from its original score
of 0.24 when evaluated in the 2D domain. This decrease in performance can be attributed to
a dif culty in representing the object arrangement using only distances when an additional
dimension is considered. Utilizing a less abstract representation by using relative positions
between objects leads to much more accurate results. Despite the increased problem dif culty,
our proposed-SCG-OLachieves the best LSR of 0.26, which is signi cantly higher than

the second-best method LayoutTransformer with a LSR of 0.15.

Attention Visualisation In Fig. 3.8 and Fig. 3.9, we show how the network prioritizes

the exchange of information when localizing a chair. Note that our network does not use
the softmax function when calculating the attention weights thus, they do not necessarily
sum to one. We normalize the weights for the visualization results. Fig. 3.8 shows the
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Fig. 3.8 Feature propagation at different layers of our GNN that are directed by our attention
module. The cyan node indicates the target object, the green nodes represent the scene
nodes, and the pink nodes represent the concept nodes. The black edges indicate the sharing
of information between two nodes in the direction indicated by the arrows. For ease of
visualization, we show edges with a mean attention weight over the heads that are superior to
0.2%, and only display concept nodes that are connected via these types of edges.

Fig. 3.9 Attention weights for messages that are propagated to the target node are indicated
in Fig. 3.8. The network learns to propagate information from different nodes by leveraging
different attention heads. The rst and last layer of the network propagates information from
most of the neighboring nodes, while the intermediate layers focus on a few speci ¢ nodes.

features propagated via message passing that are assigned a high weight by our attention
modules. The network learns to operate very differently depending on the layer, and most
of the attention weights are given to edges between object nodes. The network also learns
to attend differently to instances of the same object based on the scene geometry that is
described by the edge features. For instance, in the rst layer, only two of the ve chairs
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nodes propagate their features with a high weight to the refrigerator. Incidentally, these nodes
represent the two chairs closest to the fridge. Fig. 3.9 shows the different heads' attention
scores for messages that are propagated to the target node. We can see that each head focuses
on different nodes: some heads are giving high weights to speci ¢ nodes, e.g., head zero and
three of the second layer, while others balance the features from many nodes, e.g., head two
and three of the rst layer. Lastly, we can see that most of the commonsense information is
propagated in the rst and last layer of the GNN.

3.1.7 Conclusions

We addressed the new object localization problem given a partial 3D scan of a scene by
proposing a geometrically-inspired graph formulation. We proposed a novel scene graph
model, the (Directed) Spatial Commonsense Graph, by augmenting a spatial graph with rich
commonsense knowledge to improve the model's inference. With such a graph formulation,
we rst proposed a two-stage solution for unseen object localization. It initially predicts the
pairwise distances between the target node and the other object nodes using the graph-based
Proximity Prediction Network. Then, it estimates the target object's position via circular
intersection. We also proposed a directed graph formulatiorDtB€G, to address the

same challenging problem. The spatial information regarding the arrangement of the object
is described via directional edges with relative position vectors instead of the scalar relative
distances as in the prior work. With the propofe&CG we developed a new GNN-based
solution for object localizationD-SCG Object Localiser, that can directly estimate the
position of the target object by predicting its relative positions with respect to other objects
in the partially observed scene, leading to an ef cient end-to-end trainable solution. Our
approach also features a new attention module, w.r.t to our previous approach, to further
improve the localization performance by using the ReLA attention. We thoroughly evaluated
our proposed method on the partial scene dataset and proved its superior performance in
terms of localization success rate against baselines and state-of-the-art methods. Finally,
we showed that our approach could be applied for 3D object localization with a marginal
performance drop, while the previous state-of-the-art method degrades dramatically due to
the increased localization dif culty.

Future work  An immediate extension for future work is scaling our proposed approach

to larger outdoor scenarios and hierarchical structures such as buildings. Another research
avenue is to understand the role of the message passing architecture in the model and if it can
be substituted with more advanced avors, such as those that do graph reWigingipally,
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