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Abstract

The g—gram distance between two strings s, s’, introduced by Ukkonen in 1992, is an alignment-free string similarity
measure which can be computed in linear time, as opposed to the quadratic time necessary for alignment/edit distance.
It is based on the L;-distance, or Manhattan-distance, between the multiplicity vectors of fixed-length substrings (so-
called g-grams or k-mers), and has been successfully applied in diverse bioinformatics settings. In this paper, we introduce
the threshold q-gram distance (TgD), a new distance measure which is similar to the g-gram distance but uses reduced
information on the multiplicities of the g-grams. The new measure retains the linear time computation of the g-gram dis-
tance but requires significantly less space. Storage space and accuracy of the measure can be controlled via a user-defined
threshold ¢, which sets a limit on the maximum value of the integers in the multiplicity vectors. In particular, for ¢ = 1, the
comparison is made only on the basis of the sets of uniquely occurring g-grams on the one hand, and of repeated g-grams,
on the other. We tested the new distance measure, using the benchmarking tool AFproject of Zielezinski et al. [Genome
Biology, 2019], on several real-life data sets for phylogenetic reconstruction and compared the results with those of other
k-mer based distance measures. Our experiments show that the new measure TgD compares well to other non-alignment
based measures regarding accuracy, while requiring substantially less memory than the classic g-gram distance.

Keywords Alignment-free distance measures - Dictionary based discrimination methods - Genomic sequence analysis -
k-mer counts - g-gram distance

1 Introduction

The advent of next-generation sequencing (NGS) technolo-
gies has greatly increased the amount and variety of bio-
logical data available (Stephens et al. 2015), and gave rise
to new computational challenges in bioinformatics. It has
become even more pressing to design efficient algorithms
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that are able to cope with data abundance and complexity.
In this scenario, the reliable and efficient estimation of simi-
larities and dissimilarities among biological strings plays a
crucial role. In fact, in many bioinformatics applications,
such as pairwise sequence analysis, phylogenetic recon-
struction, and genome assembly, the employment of appro-
priate pairwise string similarity measures is essential.
Alignment-free (AF) string distances have been around
for several decades, see the classic surveys (Vinga and
Almeida 2003; Mantaci et al. 2008), or the more recent
ones (Zielezinski et al. 2017; Luczak et al. 2019; Swain and
Vickers 2022). They were originally proposed as alterna-
tives to edit distance (Levenshtein 1966) (whose similarity
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variant is usually referred to as pairwise sequence alignment
(Needleman and Wunsch 1970)), which requires quadratic
time in its original form. Even though many improvements
have been suggested since its introduction (Ukkonen 1985;
Myers 1986, 1999; Hermelin et al. 2013; Marco-Sola et al.
2020), which often work very well in practice, especially on
real-life biological strings, it is also known that the problem
itself is unlikely to have an algorithm with strongly subqua-
dratic worst-case running time (Backurs and Indyk 2018).
On the other hand, most alignment-free string distances run
in worst-case linear time.

Many alignment-free string distances are based on k-mer
counts, i.e., they compute the distance of two sequences
based on the number of occurrences of short fixed-length
strings (k-mers, also known as g-grams or n-words). One
classic such distance is the g-gram distance, introduced
by Ukkonen in 1992, as an efficient filter for edit distance
(Ukkonen 1992). The key points of its success were a clean
mathematical characterization, including a relationship
between the g-gram distance and the edit distance of two
strings, and a simple algorithm scaling linearly in the size
of the sequences. In addition, it is easy to understand and
can be implemented efficiently. Early tools based on g-gram
distance include (Burkhardt et al. 1999; Rasmussen et al.
2006), while many current tools use similar ideas, related to
k-mer count, for string similarity computation (Hanada et al.
2014; Sims et al. 2009; Lu et al. 2017; Ondov et al. 2016).

In most scenarios, edit distance is still considered the
gold standard, and the quality of any new distance measure
is evaluated against how close it is to the edit distance. How-
ever, in certain cases, edit distance is not actually the best
choice for detecting biological similarity (Arias et al. 2023).
For example, some studies show that certain alignment-free
distances can be more accurate for phylogenetic reconstruc-
tion than edit distance (Sims et al. 2009; Chan et al. 2014).
It is also well known that classic edit distance fails in the
case of large-scale editing events such as common types of
genome rearrangements (inversions, translocations, inser-
tions, fusion and fission), or indeed in some common text
editing applications (swaps, large-scale copy-paste edits)
(Amir and Levy 2010). String distances based on g-grams
can be more appropriate in these scenarios.

In this paper, we introduce a new alignment-free string
distance measure, which we call threshold q-gram distance
(or TgD for short). It is a variant of the g-gram distance of
Ukkonen (1992) but incorporates an additional parameter,
the threshold, which limits the maximum count for g-gram
multiplicities.

Recall that the classic g-gram distance of Ukkonen
(1992) is defined as the L -distance (or Manhattan-distance)
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between the g-gram profiles of the two strings, the g-gram
profile of a string s being an array containing the multiplic-
ity (number of occurrences) of each g-gram in s. The g-gram
distance can be computed in linear time using a sliding win-
dow algorithm. Now, T¢D is defined as the Hamming dis-
tance of a variant of the g-gram profiles, where each entry is
capped by t + 1, with ¢ being the threshold. The reasoning
is that we are interested in the exact number of occurrences
only up to ¢, and that ¢ + 1 stands for ‘many’, i.e., more than
t occurrences. This allows TgD to tune its memory footprint
by storing a more compact g-gram profile. We show that
TgD inherits several of the nice theoretical properties of the
original g-gram distance, while also maintaining a simple
linear time computation algorithm. In addition, TgD can
scale to larger genomic datasets due to its reduced mem-
ory footprint, making it suitable for more memory-inten-
sive applications in bioinformatics. The underlying theory
includes the introduction of threshold De Bruijn graphs,
which can be used to model a string’s threshold g-gram pro-
file, the same way De Bruijn graphs are a valuable tool for
handling the g-gram profile of a string.

The inspiration to introduce this new distance came from
the observation of nature, in terms of slippage events (tri-
nucleotide or dinucleotide expansion or contraction) occur-
ring in some biological string replication and evolutionary
processes, and from the analysis of genomic string similar-
ity based on the ratio between repeats and words occurring
exactly once (Franco and Milanese 2013; Castellini et al.
2015). Indeed, for threshold ¢t = 0, TgD uses only the pres-
ence or absence of g-grams for computing the distance,
while for threshold ¢t = 1, it distinguishes between g-grams
occurring exactly once (unique g-grams), g-grams occur-
ring more than once (repeated g-grams), and g-grams not
occurring at all (absent g-grams).

We complement our theoretical analysis by presenting an
experimental evaluation of T¢D. To this end, we rely on the
AFproject (Zielezinski et al. 2019), a web service that pro-
vides a benchmarking platform for the comparison of AF
distance measures, using a standardized testing procedure.
We show that in spite of its simplicity, T¢D compares well
with 61 AF distance measures based on g-gram counting
when performing phylogenetic reconstruction, a critical
task in evolutionary studies and genome analysis. This con-
sistent performance highlights T¢D’s practical value in bio-
informatics applications and suggests that it could serve as
a viable alternative to classical existing AF methods, espe-
cially in scenarios where memory efficiency and scalability
are required (Akbari Rokn Abadi et al. 2024).
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2 Background

Let X be a finite alphabet of cardinality o. We write strings
(or sequences) s over X as s = s[1] - - - s[n], where each s[i],
for 1 < ¢ < n, is an element of 3, and the length n of s is
denoted |s|. The set of all strings over X is denoted >.*.

A string u of length m is called a substring of a string s
of length n, m < n, if there exists a position 1 < ¢ < n such
that s[i] - - - s[i + m — 1] = u; such a position i is called an
occurrence of u in s. For brevity, we also write s[i..j] for
sl -+ s[j], with1 <4 < j <n.

For a positive integer g, a g-gram is a string over % of
length q. Let ug,...,usa—1 be some enumeration of all
g-grams over ¥ (e.g. in lexicographic order, for an ordered
alphabet ). For a string s with length at least g, the g-gram
profile P,(s) of s is defined as an array of size 0%, where the
ith entry of P, (s) equals the number of occurrences in string
s of the ith g-gram u;, for 0 < ¢ < g7 — 1.

The g-gram distance (Ukkonen 1992) between two
strings s, s' over X is defined as the L;-distance, or
Manhattan-distance, between their g¢-gram profiles:

disty(s, ') = Y0 0 [Py(8)]i] — Py(s")[i]l-

Example 1 Let s = ACACGACAC and s’ = CACAGAC.
Then the 2-gram distance of s and s’ is dista(s, s’) = 4. The
2-gram profiles of s and s’ are as follows, where the
2-grams are listed lexicographically, with A < C < G < T:
Py(s) =10,4,0,0,2,0,1,0,1,0,0,0,0,0,0,0] and
Py(s')=10,2,1,0,2,0,0,0,1,0,0,0,0,0,0,0].

As was shown in Ukkonen (1992), the g-gram distance
is a pseudo-metric: it is non-negative, reflexive, symmetric,
and the triangle inequality holds, but two distinct strings can
have g-gram distance 0 (thus, it is not a metric). It is easy to
see that dist, (s, s') = 0 if and only if s and s’ have the same
g-gram profile.

The well-known (unit-cost) edit distance, or Levenshtein
distance (Levenshtein 1966), is defined as the minimum
number of edit operations converting string s into string
s’, where edit operations can be the substitution, deletion,
or insertion of one character. There is a simple relation-
ship between the g-gram distance dist4(s, s’) and the edit
distance:

Lemma1 (g-gram Lemma (Ukkonen 1992)) For two strings
s, s over X, and q > 0:

disty(s,s") < 2q - disteait (s, s').

It was conjectured in Ukkonen (1992) and proven in
Pevzner (1995) that two strings that have the same g-gram

profile can be transformed into one another using a finite
number of transformations of two types (called transposi-
tion resp. rotation). The central tool for obtaining this result
was a directed multigraph for modeling the g-gram profile
of a string, first introduced for this problem in Pevzner
(1989), and now usually referred to as De Bruijn subgraph
or simply De Bruijn graph of a string.! We give the defini-
tion of this graph next. Note that this definition is differ-
ent from the (classic) De Bruijn graph (De Bruijn 1946),
a simple directed graph whose vertex set is the set of al/
(¢ — 1)-grams and whose edge set is the set of all g-grams;
the definition we use here instead is the one common in bio-
informatics, specifically in sequencing algorithms (Zerbino
and Birney 2008).

Recall that the De Bruijn graph of order g of a string s,
G(s, q), 1s a directed multigraph with vertex set equal to
the (¢ — 1)-length substrings of s, and with edges defined as
follows: for every g-length substring u of s, where u = axb
with a,b € ¥ and x € ¥*, there is a directed edge e from
vertex ax to vertex xb, with multiplicity uq(e) equal to the
number of occurrences of u in 5. As was shown in Pevzner
(1989, 1995), every Euler-trail in G(s, g) corresponds to
a string with the same g-gram profile as s, and thus with
g-gram distance 0 to s. Equivalently, dist,(s, s’) = 0 if and
only if G(s,q) = G(¢', q).

Example 2 Let s = ACACGACACG and q = 3. The De
Bruijn graph G(s, 3) is shown on the left of Fig. 1. There
are two other Euler paths in G(s, 3), with the corresponding
strings s’ = ACGACACACGands” = ACACACGACG.
Therefore, dists (s, s") = dists(s, s”) = dists(s’, s”") = 0.

The notion of De Bruijn graph of order g implicitly
assumes g > 2. For this reason in next section we will work
with, and define the threshold g-gram distance only for,
q=>2.

3 Threshold g-gram distance

In this section, we introduce the threshold g-gram distance,
TgD for short, between two strings, and study some of its
properties. First we need the threshold g-gram profile, which
caps the entries at ¢ + 1, with ¢ 4+ 1 standing for *more than
¢’ occurrences of the respective g-gram.

! According to Dutch spelling, De Bruijn has to be capitalized, as
explained in (Van Lint and Wilson 2001, Ch. 8): “We mention a pecu-
liarity concerning the spelling of some Dutch names. When omitting
the initials of N. G. de Bruijn, one should capitalize the word ‘de’
and furthermore the name should be listed under B. Similarly Van der
Waerden is correct when the initials are omitted and he should be listed
under W.” We thank a reviewer for pointing this out.
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Fig. 1 De Bruijn graph G(s, 3) for
s = ACACGACACG (left) and
its threshold graph H (s, 3) (mid-
dle). On the right, another realiza-
tion of H (s, 3), which is the

De Bruijn graph G(3, 3) for

§ = ACACGACACACG. Here,
q = 3 and t = 1, see Examples 2
and 4

(el L
S~

Definition 1 (threshold q-gram profile) Lett > 0 and ¢ > 2
be two integers and let s be a string over . The threshold
q-gram profile of a string s with threshold ¢ is defined as an
array Py (s) of length 0%, where
PL(s)[i] = min(P, (s)[il, ¢ + 1). (1)
In particular, if ¢ = 0, then the threshold g-gram profile is
a bitvector, with Pg(s)[i] = 1 if and only if the g-gram u;
occurs in s. For ¢ = 1, the set {u; | P, (s)[i] = 1} contains
all uniquely occurring g-grams of s, and {u; | P, (s)[i] = 2}

all repeated g-grams of s.

Definition 2 (threshold gq-gram distance) Let t > 0 and
q > 2 be two integers and s,s’ two strings over X. The
threshold q-gram distance distg(s,s/) is defined as the

Hamming distance of the threshold g-gram profiles of s and

s

distl(s,5) = |{i |0 < i < 0" P)[i] £ PLHEY. @)

In other words, the threshold g-gram distance of s and s’
equals the number of g-grams whose multiplicity differs in s
and s’, when counted with threshold ¢.

Example 3 Let s = ACACGACAC and s’ = CACAGAC,
as in Example 1. Then threshold 2-gram distance of s and s’,
with threshold t = 1, is disty(s, s') = 2, since the g-gram
AC, which occurs four times in s and twice in s’, no longer
contributes to the distance. The threshold 2-gram profiles
are: Pj(s)=10,2,0,0,2,0,1,0,1,0,0,0,0,0,0,0] and
Pi(s') =[0,2,1,0,2,0,0,0,1,0,0,0,0,0,0,0].

Note that even if we allowed ¢ = oo, the threshold g-gram
distance would in general differ from the g-gram distance,
since the former is the Hamming distance and the latter the
Manbhattan distance (L;-distance) of the g-gram profiles. The
choice of Hamming distance rather than Manhattan distance in
the TgD definition is motivated by typical applications in bioin-
formatics, where biological strings are compared according to
the difference in the number and identity of unique (or scarcely
present) vs. (massively) repeating g-grams.
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Lemma?2 Let s, s’ be two strings over X and t > 0, ¢ > 2
two integers. The following hold:

dist, (s, s') = 0 if and only if PL(s) = PL(s');

distg is a pseudo-metric;

distf](s, s') < disty(s, ),

distlf](s7 §) < distZH(s, s).

b=

Proof Statement /. follows directly from the definition of
threshold g-gram distance. Statement 2. holds because the
Hamming-distance is a metric, thus reflexivity, symmetry,
and transitivity are inherited by TgD; however, since it is
possible that two distinct strings have the same threshold
g-gram profile (see Example 4), T¢gD is not a metric. State-
ments 3. and 4. follow respectively from the fact that for

each i, P(s)[i] < Py(s)[i], and from the fact that for all

i, Pl(s)[i] = min(Py(s)[i],t 4+ 1) < min(Py(s)[d],t + 2)
= Pit1(s)]i]. O

Since for any ¢ > 0, distg(s7 s') < distq(s, '), as a cor-
ollary of Lemma 1 we get a relationship between the thresh-
old g-gram distance and the edit distance:

Corollary 1 For two strings s, s over X, ¢ > 2 and t > 0:
dist (s, ') < 2q - disteat (s, 8').

This implies that the threshold g-gram distance can be
used as a filter for the edit distance, similarly to the g-gram
distance.

To model the threshold g-gram profile of a string s, we
introduce a new graph:

Definition 3 (De Bruijn threshold graph) Let s be a string
and t > 0, ¢ > 2 two integers. The De Bruijn threshold
graph H'(s,q) = (V,E) of s is a directed multigraph
with vertex set ¥ equal to the (¢ — 1)-grams of s, and
E = {(az,xb) | a,b € X,z € X972 axb occurs in s}. Let
us denote by pg : E — NT the multiplicity of edges, then
for an edge e corresponding to g-gram w;, ju () = Py (s)]i].
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We refer to e as a fat edge if ug(e) =t + 1, otherwise e is
called a thin edge.

For an example of threshold graph with threshould equal to 1,
see Fig. 1 (middle). We call a De Bruijn graph G a realization
of a threshold graph H' if V(G) = V(H), E(G) = E(H),
and for all edges e € E(G): if pug(e) <t then e is a thin
edge in H and p(e) = pg(e), otherwise e is a fat edge in H
(now pg(e) > t). Clearly,if G = G(s,q)and H = H%(s, q)
then G is a realization of H. See Fig. | for an example of a
threshold De Bruijn graph and two of its realizations.

Note that two strings with distance 0 need not have the
same length, as the following example shows (see also
Fig. 1).

Example 4 In Fig. 1, we see two realizations (left and
right) of the same threshold graph (middle). The real-
ization on the left is the De Bruijn graph G(s, 3) for
s = ACACGACACG, and the one on the right is G(8, 3)
for § = ACACGACACACG. The value of the threshold is
t = 1. The threshold g-gram distance of the two strings is 0.

In the following, we give a characterization of pairs of
strings with threshold g-gram distance equal to 0.

Theorem 1 Let s be a string over X, ¢ > 2 and t > 0 two
integers, and H = H'(s, q) its threshold graph. Then for all
s e X dist’;(s, §') = 0 ifand only if G(¢', q) is a realiza-
tion of H. Equivalently, distfz(s7 §') = 0 ifand only if s' cor-

responds to an Euler-trail in some realization G of H'(s, q).

Proof For the first equivalence, note that if dist{ (s, s’) =0
then for all i, if P,(s)[i] < ¢ then P,(s)[i] = P,(s’)[i], and
if P,(s)[i] >t then also P,(s")[¢] > ¢. This implies that
H'(s,q) = H'(s',q); since G(s',q) is a realization of
H' (s, q), therightside follows. Conversely, let G = G(s', q)
and H = H(s,q). We have to show that for every i,
Pl(s)[i] = P{(s')[i]. Let u; be the ith g-gram. First, if
Pl(s)[i] =0 then there is no edge in H corresponding
to u;, and since G is a realization of H, this implies that
there is no edge in G either, thus P}(s’)[i] = 0. Next, if
0 < P}(s)[i] < t then there is an edge e corresponding to u;
in H,and 57 (e) = P} (s)[i]. Again, since G is arealization of
H, this implies that P! (s')[i] = pa(e) = pr(e) = PL(s)[i].
Finally, if P} (s)[i] = t 4 1 then e is a fat edge in H and thus
p(e) > t, implying that P} (s)[i] =t 4 1.

For the second equivalence, note that if a string s cor-
responds to an Euler-trail in a De Bruijn graph G of order ¢,
then G = G(s, q). O

Since two strings have threshold g-gram distance 0 if
and only if their threshold g-gram profiles coincide, Theo-
rem 1 shows that threshold graphs are in one-to-one corre-
spondence with threshold g-gram profiles, the same way as
De Bruijn graphs are with g-gram profiles. By Theorem 1,
therefore, distf] (s,s') = 0ifand only if s’ corresponds to an
Euler-trail in some realization G of H®(s, q).

Since the threshold g-gram distance can be 0 even if the
g-gram distance is greater than 0, it is an interesting ques-
tion which type of string transformations, besides trans-
position and rotation (Ukkonen 1992), keep the threshold
g-gram profile (or equivalently, the threshold graph) invari-
ant. In other words, we are interested in an analogous ver-
sion of the Pevzner theorem (Repeatedly applying rotation
and transposition to a string s we can obtain all the strings
with the same gq-gram profile of s (Ukkonen 1992; Pevzner
1995)) for strings with the same De Bruijn threshold graph.
In the following we introduce a few concepts and report pre-
liminary results from Milanese (2015) in this context.

Given a string s and its threshold graph H = H(s, q),
let us call a graph G an Eulerian realization of H if it is a
realization of H and it contains an Eulerian trail or Eulerian
circuit (such as, for example, is the case of both realizations
on the left and the right in Fig. 1). Of course, not all realiza-
tions of a threshold graph are Eulerian.

For a multigraph G, there is only one corresponding pro-
tograph H(G) (by definition), while a threshold graph can
have more than one Eulerian realization. We call a thresh-
old graph Eulerian if it has at least one Eulerian realiza-
tion. Clearly, if H = H'(s,q) for some string s, then H is
Eulerian.

Therefore, given a string s, all strings with TgD equal to 0
from s correspond to Eulerian trails in Eulerian realizations
of Ht(q, s), and to find what kind of string transformations
keep the threshold profile invariant, we can study different
Eulerian realizations of the same threshold graph, com-
bining them with the transformations of Ukkonen (1992),
which are known to produce all strings that have the same
De Bruijn graph. Fig. 2 gives a sketch of this concept.

Given a threshold graph H, its different Eulerian real-
izations can be expressed by transforming one into the
other. The following transformations between Eulerian
realizations of the same threshold graph were developed in
Milanese (2015): (1) changing the beginning or end of an
Eulerian trail, (2) alternating fat cycles, (3) parallel fat paths,
and (4) directed fat cycles. It was shown, for example, that
an alternating fat cycle in H with certain properties creates
more than one realization of H. An alternating fat cycle is
a necessary condition for having more than one realization,
but it is not sufficient. On the other hand, a directed fat cycle
is a necessary and a sufficient condition for an Eulerian
threshold graph H to have an infinite number of Eulerian

@ Springer
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Fig. 2 Representation of the
realization transformations and the
Ukkonen string transformations
(Milanese 2015). In the example,
g=4andt =1.

Q & transformation

acatcattcattcatt

Ukkonen

transformation

realizations. A conjecture was also formulated regarding
when H has a unique Eulerian realization.

4 Computation of the threshold g-gram
distance

As is well known, the g-gram distance can be computed in
linear time (Ukkonen 1992): using a sliding window of size
g, the g-gram profile of s is computed by incrementing the
countofthe currentg-gramby 1. The crucial trick is to map the
alphabet to the set {0, 1,...,0 — 1}, interpret each g-gram
as a base-o number, and use this number as the g-gram’s rank
in the profile: if the current window contains s[i..i + ¢ — 1],
then the rank of this g-gram is r; = s[i]o?"! + s[i + 1]o?~2
+---+8[i +q—1]o° where we equate the character
s[i] with the corresponding integer in {0,1,...,0 — 1}.
This allows constant-time update from one window to the
next, since 7,41 = (1; — s[i]Jo? 1 )o + s[i + ¢] (for more
details, see (Ukkonen 1992)). Since there are n —q + 1
windows of size ¢ in a string of length n, the profile can
thus be computed in O(n) time, for sufficiently small ¢ and
o. Similarly, the g-gram profile of s’ can be computed in
O(m) time, and their L;-distance in O(c?) time. Choosing
¢ < min(log,, |s|,log, |s'|) yields a total running time and
storage space of O(n + m). (Several improvements exist,
including using one array of size ¢? only; or, as suggested
in the original publication (Ukkonen 1992), using two
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auxiliary linked lists which contain those g-grams that occur
in at least one of the two strings, reducing the running time
to O(n + m), for any ¢.)

We modify this algorithm to output the threshold g-gram
profile instead of the g-gram profile: slide a g-size window
over s and letr; (0 < r; < 07 — 1) be the rank of the current
content of the window s[i..i + ¢ — 1]. Then
Pl[ri] < min(P}[r] + 1,t +1). (3)
As before, the rank of the current window can be updated in
constant time. The threshold g-gram distance of two strings
s, s is then computed by first computing both threshold pro-
files, and then counting the number of different entries in
O(o?) time.

Therefore, for ¢ < min(log, |s|,log, |s'|), both the run-
ning time and the storage space required are O(n + m).
Moreover, it is possible, as for the g-gram distance, to obtain
O(n 4+ m) running time even for larger ¢ by using two
linked lists Ly and Lo, which contain only those g-grams
that actually occur in s and s’, respectively, initializing only
these entries of the two profiles to 0, and restricting the final
computation to these entries only.

The fundamental difference to the g-gram distance is
the space requirement: while the g-gram profile needs
o%logyn bits of space, the threshold g-gram profile
requires only o9log,(t+ 1) bits, and in particular, for
t =1, 09 bits. To be precise, the g-gram profile occupies
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c?(|logan] + 1) bits, and the threshold g-gram profile
occupies o?(|logy(t +1)] 4+ 1) bits. We summarize the
above by:

Theorem 2 The threshold g-gram distance between two
strings s and s’ can be computed in O(n + m) time, using
209log, (t + 1) bits, where n and m are the lengths of s
and s', respectively, and t is the threshold.

Since for large n, m, and ¢ close to logn,log m, most
entries will be 0 or 1, the information lost is small but the
space gain significant. We will see experimental evidence of
this in the next sections.

5 Experimental evaluation in comparison
with other alignment-free distance
measures

In this section, we present our experimental evaluation of
the threshold g-gram distance?, comparing it with several
other AF distance measures based on g-gram counting. To
this aim, we rely on AFproject (Zielezinski et al. 2019),
an online platform that implements a benchmarking ser-
vice for AF distance measures. In particular, we apply TgD
on five genomic sequence datasets to perform phylogeny
reconstruction, and compare our results with those of sev-
eral other AF competing distance measures included in the
AFproject platform.

Given the definition of T¢D, to ensure a fair comparison,
we decided to exclude certain methods and limit our analy-
sis to distance measures based on g-gram counting. In par-
ticular, we included all distance measures that use g-gram
counting, with or without frequency, in their computation.
Additionally, we only selected methods that take in input a
specific g value, thus excluding those that employ dynamic
procedures to choose ¢. Finally, we did not include any
method not originally listed on the AFproject if no refer-
ence was available. In total, we compare TgD with 61 AF
distance measures: 33 distance measures implemented by
AFKS (Luczak et al. 2019) (afd, camberra, chi_squared,
d2 star, d2s, d2z, emd, euclidean, eucliadian_z, harmonic_
mean, hellinger, intersection, jaccard, jefferey divergence,
Jensen_shannon, k_divergence, ki _conditional, kulczyn-
skil, kulczynski2, length_difference, manhattan, markov,
mismatch, n2r, n2rc, n2rrc, normalized_vectors, pearson,
rre_k r, sim_mm, simratio, spearman, squared_chord),
13 distance measures implemented by alfpy (Zielezinski
et al. 2017) (angle_cos_diss, angle_cos_evol, braycurtis,

2 We implemented the TgD software in C++, and made it publicly
available at https://github.com/davidecenzato/Threshold g-gram_dist
ance

canberra, chebyshev, euclid _norm, euclid_squared, google,
jsd, kld, lcc, manhattan, minkowski), three distance mea-
sures implemented by CAFE (Lu et al. 2017) (cvtree, d2_
shepp, d2_star), three distance measures implemented by
jD2Stat (Chan et al. 2014) (D2n, D2S, D2St), as well as
AAF (Fan et al. 2015), FFP (Sims et al. 2009), kWIP (Mur-
ray et al. 2017), Mash (Ondov et al. 2016), Skmer (Sar-
mashghi et al. 2019), PC-MER (Akbari Rokn Abadi et al.
2024), AF_TFIDF (Delibas 2025), AFM_BTKNG _ (Delibag
et al. 2020) and CD-MAWS (Anjum et al. 2023).

5.1 Methods

The AFproject (http://afproject.org) is a publicly available
web-based service for evaluating the performance of tools
that implement AF distance measures in five different
research scenarios, using twelve biological datasets. These
scenarios comprise protein sequence classification, gene
tree inference, regulatory sequence identification, genome-
based phylogenetics, and horizontal gene transfer.

The AFproject collects the performance of 74 AF meth-
ods, organized into 24 different tools. These performances
were gathered by asking the developers to run their software
on the twelve reference datasets, using the parameters that
yield the best outcomes, and then storing the final results
in the project’s database. This setup offers developers an
easy way to benchmark their new AF measures: they simply
need to download the datasets, run their tools, and compare
their results with those stored in the database. Additionally,
the performance of the new methods can be made publicly
available on the website, expanding the original collection
of AF methods.

The parameters used to assess performance vary depend-
ing on the research scenario. In this paper, we focus on
phylogeny reconstruction, where the performance of all AF
distance measures is evaluated using two tree-based met-
rics: the Robinson-Foulds distance (RF) (Robinson and
Foulds 1981) and the Quartet distance (QD) (Estabrook
et al. 1985). In particular, the AFproject website takes in
input a matrix of pairwise distances and constructs a phy-
logenetic tree (custom tree). Then, it calculates the RF and
QD distance values between the custom tree and a refer-
ence tree, which is regarded as the gold standard for a given
dataset®. Finally, the resulting values are used to rank the
distance measure, which generated the custom tree, against
those already listed in the website database. In this study,
we present our results based on the RF distance (while we
leave the comparison by means of QD-based performance
to future work).

3 The trees are generated using the neighbor-joining algorithm from
the EMBOSS package (Rice et al. 2000), and the RF distances are
computed using the ETE3 toolkit (Huerta-Cepas et al. 2016).
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Briefly, the Robinson—Foulds distance (RF) measures
the dissimilarity between two tree topologies with the same
number of leaves and the same labels (species) on the leaves.
In particular, it measures differences in branching patterns,
by considering the set of bipartitions of the leaves of the
trees, obtained by removing an edge from each tree. The RF-
distance equals the cardinality of the symmetric difference
of the two sets of bipartitions, i.e. the number of bipartitions
that result from one tree but not from the other. The AFpro-
ject also employs the normalized version of this distance,
the normalized RF measure (nRF). The nRF standardizes
the RF distance, such that its value lies between 0 and 1,
with 0 for identical tree topologies and 1 for maximally dis-
similar topologies. The nRF is an interesting parameter to
report in comparisons, as it shows how far we are from the
optimal performance (of obtaining the “ideal” trusted refer-
ence tree): the lower the distance from the reference tree, the
higher the accuracy of the distance measure.

5.2 Datasets

We tested TgD using the five data sets included in the
AFproject phylogeny reconstruction research scenario.
These include genomic data belonging to different taxo-
nomic groups: bacteria, animals, and plants. We report a
summary of the dataset features in Tables 1 and 2.

We divided the datasets into two groups, one containing
assembled sequences and the other containing short reads
(or fragmented genomes). The first group contains three
complete genome datasets: a mitochondrial DNA (mtDNA)
sequences dataset of 25 fish species of the suborder Labroi-
dei (Jeffrey 1990), a DNA sequence dataset of 29 bacterial
genomes of E. coli/Shigella, and a DNA sequences dataset
of 14 plant genomes. The second group includes two simu-
lated short read datasets derived from the bacterial and plant
genomes in the first group. The short reads are generated by
using the ART software at seven different coverage levels.
Thus, instead of single genomic sequences, here we work
with FASTA files, each containing the simulated reads for
one specific genome and coverage level. Altogether, the
fragmented datasets are organized into seven subfolders,
with each subfolder containing a collection of FASTA files
corresponding to one genome and coverage level combina-
tion. Note that coverage is defined as the average number
of reads that align to or cover known reference bases. So,
the higher the coverage, the more reads the dataset contains.

5.3 Workflow

In the following, we report the workflow we used to test
TgD using the AFproject web service:

@ Springer

Table 1 Features of the three full-genome sequence datasets included
in our experimental study

Name No. Avg. length Min. length Max. length Best
sequences nRF

Labroi- 25 16,623 16,441 17,045 0.05

dei fish

E.coli/ 29 4,895,247 4,369,232 5,528,445 0.04

Shigella

Plants 14 337,515,688 114,396,853 769,291,188 0.09

From left to right, we report the species name, number of sequences,
average sequence length, minimum, and maximum sequence length.
In the rightmost column, we report the best accuracy (i.e., the small-
est nRF distance) by any distance measure included in the AFproject

1. We downloaded the five datasets (details in Section 5.2)
falling under the phylogenetic reconstruction research
scenario from the AFproject web page.

2. We compute the pairwise T¢gD distance matrices for the
five datasets by using several combinations of ¢ and z.
These matrices contain the TgD distances between all
distinct pairs of input sequences. Since fragmented data-
sets contain collections of short reads instead of com-
plete genomic sequences, we compute one TgD profile
for each read collection by summing all g-gram occur-
rence counters across reads (more details in Sect. 6.2).
We output all distance matrices in tab-separated value
(TSV) format.

3. For each TgD pairwise distance matrix, we compute the

normalized Robinson—Foulds (nRF) distance to the cor-
responding reference tree by using the same procedure
used in the AFproject and described in Sect. 5.1. We
then submit the matrix with the best parameter configu-
ration—i.e., that provides the smallest distance—to the
AFproject website. This generates a benchmark report
as the output of the testing procedure.
This report provides a list of distance measures, ranked
in ascending order based on their RF and nRF values.
The list includes all the distance measures whose results
have been previously collected on the AFproject web-
site, alongside those of TgD.

6 Results

In this section, we present the results of our experimental
analysis carried out by comparing TgD with 61 competing
g-gram-based distance measures included in the AFproject.
We evaluated T¢D using six specific values for the thresh-
old, t =0,1,2,3,6,14. Thus, while t = 0 (and ¢t = 1) only
store whether a g-gram appears or not (or whether it appears
more than once), larger values store all occurrence counters
up to ¢, and set to ¢ + 1 all others. The choice of these six
values is motivated by the definition of TgD profile, which
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Table 2 Features of the two fragmented genome datasets included in our experimental study.

Name No. seq Coverage No. reads Read length Best nRF Best avg. nRF
E. coli/Shigella 29 0.03125 29,557 150 0.50 0.21+ 0.14
0.0625 59,116 0.19
0.125 118,266 0.23
0.25 236,541 0.08
0.50 473,081 0.08
1 946,169 0.12
5 4,730,778 0.12
Plants 14 0.015625 48,274 150 0.27 0.14 £ 0.08
0.03125 96,489 0.18
0.0625 1,931,268 0.09
0.125 3,862,905 0.18
0.25 7,725,928 0.00
0.50 15,461,718 0.09
1 30,903,727 0.09

From left to right, we report the species name, number of sequences, coverage level, number of simulated reads, read length, and the best accu-
racy (i.e., smallest nRF distance) among all distance measures included in the AFproject, for each coverage level. In the rightmost column, we
report the lowest average nRF value, taken over the seven coverage levels, by any distance measure included in the AFproject

requires log, (¢ + 1) bits to encode each g-gram occurrence
count. In particular, the thresholds t = 6 and t = 14 corre-
spond to the maximum values for which we can represent
the occurrence counts using 3 and 4 bits, respectively. Addi-
tionally, we also test all small threshold values from zero to
three to explore how increasing the profile size affects the
accuracy of the distance estimation.

Results are arranged in tables, where each row contains
the performance of one competitor expressed in terms of
(normalized) Robinson-Foulds distance as well as the input
parameters generating the corresponding result. The values
presented in the tables are the ones provided in the report
produced by the AFproject website when submitting a pair-
wise distance matrix. It is important to note that multiple
input parameter combinations may yield the same best RF
value, and the AFproject always reports the configurations
associated with the minimum amount of computational
resources.

Therefore, we report only the combination that allows
to compute TgD with the smallest profile. In particular, we
always select the parameter pair with the smallest ¢ value.
If multiple pairs have the same ¢ value, we chose the one
with the smallest threshold z. We also point out that not all
61 distance measures can be computed on all datasets: this
is why Table 3 contains results only for 59 of the 61 distance
measures, Table 4 for 57 measures, Table 5 for 51, Table 6
and Table 7 for 41.

To rank all methods, we use the two variables rank and
count. The former provides the relative position of each
method in terms of RF value, with rank i indicating that
the distance measure has the ith smallest RF value in the
table. The variable count gives, for each distance measure,
how many competitors produced a smaller RF value. We
introduced this last variable in order to highlight both the

absolute accuracy of each competitor and the number of
competitors reaching a certain accuracy.

6.1 Assembled genome datasets

In Tables 3, 4 and 5, we report a summary of the results for
the three assembled genome datasets (see Table 1) of Labroi-
dei fish, Escherichia coli, and Plant species, respectively.

Regarding the L.fish dataset, we computed the TgD pair-
wise distance matrices for ¢ values ranging from 7 to 15
and with six different thresholds, ¢t =0,1,2,3,6,14. In
Table 3, we observe that despite its simplicity, TgD shows
the second-lowest RF value recorded on the AFproject web-
site (RF = 4), corresponding to the second-best accuracy
(rank = 2). Additionally, only 16 out of 59 distance mea-
sures show better accuracy than TgD (count = 16), reach-
ing an RF value of 2. This result is produced by using the
smallest g-gram size we tested, ¢ = 7, and the smallest
threshold, ¢ = 0. We further note that most methods per-
formed very well on this dataset. According to AFproject
data, 53 of the 59 g-gram-based methods produced query
tree topologies that closely matched the reference Labroidei
tree (nRF value less than 0.1), with three methods perform-
ing with an nRF value greater than 0.5.

One possible explanation for these results is that mito-
chondrial DNA shows a significantly higher mutation rate
compared to nuclear DNA, which makes it easier to iden-
tify similarities through g-gram multiplicities. In addition,
since these genomes are quite short, they do not lead to large
g-gram occurrence counts, thus minimizing the amount of
information lost by T¢gD profiles. Altogether, this suggests
that TgD is a good candidate for building phylogenetic
trees in agreement with the reference tree of mitochondrial
genomes.
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Table 3 Ranking of 59 AF dis- Rank Count Name Parameters RF nRF
tance measures based on g-gram ] 0 AFKS-d2_star q=38 2.00 0.05
counting -
1 0 AFKS-d2z q=38 2.00 0.05
1 0 AFKS-euclidean_z q=238 2.00 0.05
1 0 AFKS-n2r qg=38 2.00 0.05
1 0 AFKS-normalized vectors q=238 2.00 0.05
1 0 AFKS-pearson q=238 2.00 0.05
1 0 AFKS-simratio q=28 2.00 0.05
1 0 alfpy-angle_cos_diss q=9 2.00 0.05
1 0 alfpy-angle_cos_evol qg=28 2.00 0.05
1 0 alfpy-euclid_norm q=28 2.00 0.05
1 0 alfpy-euclid_squared q=238 2.00 0.05
1 0 alfpy-minkowski qg=28 2.00 0.05
1 0 cafe-d2shepp qg=10,m=0 2.00 0.05
1 0 jD2Stat-D2S qg=10 2.00 0.05
1 0 Mash g=11 2.00 0.05
1 0 PC-MER qg=15 2.00 0.05
2 16 TgD q="7t=0 4.00 0.09
2 16 AF_TFIDF q=28 4.00 0.09
2 16 FFP q=238 4.00 0.09
2 16 Skmer qg=21 4.00 0.09
2 16 23 AFKS methods 7<q<8 4.00 0.09
2 16 7 alfpy methods 7<g¢g<9 4.00 0.09
2 16 cafe-d2star q=T,m=1 4.00 0.09
2 16 cafe-cvtree q= 4.00 0.09
2 16 CD-MAWS qg=9 4.00 0.09
3 53 jD2Stat-D2St qg=10 6.00 0.14
4 54 jD2Stat-D2n qg=10 8.00 0.18
The methods were ranked
according to their best RF values 4 35 AFM_BTKNG_ ¢=10 14.00 032
for the reference L. fish mito- 5 56 alfpy-chebyshev q=9 28.00 0.64
chondrial genomes dataset con- 6 57 AFKS-emd ¢g=5 36.00 0.82
taining 25 sequences of 16,623 58 AFKS-length_difference q=5 44.00 1.00

average length

As for the E. coli/Shigella bacterial dataset, we compute
the TgD pairwise distance matrices for g between 7 and 15,
and six different thresholds ¢t = 0, 1,2, 3,6, 14. In Table 4,
we observe that TgD reached the fifth-smallest RF value
(rank = 5), thus placing it in the middle of the ranking. In
particular, only 10 distance measures out of 57 show a bet-
ter accuracy (count = 10), and 23 other competitors had a
larger RF value. Again, TgD performs best with small input
parameter values: ¢ = 8 and t = 1.

This dataset, unlike the first one consisting of fish mito-
chondrial genomes, contains long whole genomic DNA
sequences. In this scenario, most distance measures reach
much lower accuracy; for instance, no competitor shows
an nRF smaller than 0.1, and 45 distance measures have an
nRF larger than 0.5 (as in the case of TgD). In addition,
we observe a more significant performance gap between
the top-scoring AF methods (see Mash, Skmer, FFP, and
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CD-MAWS) and the other competitors. This can be attrib-
uted to the increased complexity of evolutionary relation-
ships between bacterial genomes, which is more effectively
captured by the tools employing more sophisticated distance
measures and leveraging evolutionary models.

Interestingly, T¢gD shows performance comparable to or
better than most of the AF methods reported in Table 4, even
if using a very small ¢ value, ¢ = 8, and threshold, ¢t = 1. It
may suggest that, for bacterial genomes, the exact multiplic-
ity of g-grams does not carry much more information than
information just about their presence or absence.

If this is the case, it may indicate that, like in Mash, we
do not need to keep the complete g-gram profile to compute
precise distance measures.

Finally, for the plant genomes dataset, we computed the
TgD pairwise distance matrices for ¢ between 7 and 15
and six different thresholds ¢ = 0,1, 3,6, 14. In Table 5,
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Table 4 Ranking of 57 AF dis- Rank Count Name Parameters RF nRF
tance measures based on g-gram 1 0 Mash 7= 26 3.00 015
counting
1 0 Skmer qg=31 8.00 0.15
2 2 FFP q=21 12.00 0.23
2 2 CD-MAWS qg=16 12.00 0.23
3 4 AFKS-n2rre g=29 22.00 0.42
4 5 AFKS-n2rc qg=12 26.00 0.50
4 5 alfpy-braycurtis q=25 26.00 0.50
4 5 alfpy-google q=25 26.00 0.50
4 5 alfpy-manhattan q=25 26.00 0.50
4 5 alfpy-euclid_squared q=25 26.00 0.50
5 10 TgD qg=8,t=1 28.00 0.54
5 10 13 AFKS distance measures 9<k<12 28.00 0.54
5 10 5 alfpy distance measures 8< k<29 28.00 0.54
5 10 cafe-d2star q=12,m =0  28.00 0.54
5 10 3 jD2Stat distance measures 8<qg< 14 28.00 0.54
6 33 15 AFKS distance measures q=9 30.00 0.58
6 33 alfpy-euclid_norm q=9 30.00 0.58
6 33 alfpy-minkowski q=9 30.00 0.58
6 33 cafe-cvtree qg=12 30.00 0.58
6 33 cafe-d2sheep q=12,m=0  30.00 0.58
7 52 alfpy-kld qg=19 36.00 0.69
The methods were ranked
according to the best RF value 8 53 alfpy-chebyshev q=9 38.00 0.73
for the E. coli/Shigella dataset 9 54 AFKS-afd q="9 46.00 0.88
containing 29 whole bacterial 10 55 AFKS-emd qg=9 48.00 0.92
genomes of 4,895,247 average 10 56 AFKS-length_difference a=9 48.00 0.92

length

we notice that TgD reaches the fifth-smallest RF value
(rank = 5), thus again placing it in the middle of the rank-
ing. However, here, only 9 out of 51 competitors showed
a higher accuracy (count = 9), while 30 other competitors
reached a worse RF value. This shows that, on this data-
set, TgD performed quite well compared to most of the AF
methods, placing in the top part of the ranking.

Again, we observe larger RF values than for the first
dataset (the fish sequences); in particular, more than half of
all distance measures reach an nRF larger than 0.5, and only
one (the Mash distance) has an nRF smaller than 0.1. In
this case, TgD reaches its best performance with a higher
g-gram length, ¢ = 13, and threshold, ¢ = 0. This is pos-
sibly because plant genomes share larger repetitive regions
than bacterial genomes; thus, we need longer g-grams to
correctly highlight differences between the genomes. Plant
genomes are also the largest sequences included in the AF
project datasets, making small g-gram occurrence counters
less meaningful due to high redundancy and over-represen-
tation of small patterns across the sequences. This suggests
that T¢D requires larger ¢ values to be effective when work-
ing with very long genomes, such as plant genomes.

In Fig. 3, we further analyze the performance of TgD by
comparing the nRF values obtained using different param-
eter configurations for the E. coli/Shigella and plants datas-
ets. Specifically, we present two heatmaps where the values
of g and ¢ are shown on the x- and y-axes, respectively, while
the color intensity represents the corresponding nRF value
in a scale ranging from the smallest measured value to 1.
We observe a consistent trend across both datasets: when
the ¢ parameter is too small, ¢ < 8 for E. coli/Shigella and
g < 13 for plant genomes, all parameter configurations
result in poor performance, as indicated by high color inten-
sities (i.e., high nRF values). Interestingly, for larger values
of g, smaller threshold values do not degrade performance.
In fact, we consistently get the best results using the three
smallest threshold values, suggesting that low threshold val-
ues are sufficient and, in some cases, preferable when ¢ is
chosen appropriately.

6.2 Fragmented genome datasets
In Tables 6 and 7, we give a summary of the results for the

two fragmented genome datasets consisting of short reads of
E. coli and plant genomes. We computed the TgD pairwise

@ Springer



984

D. Cenzato et al.

Table 5 Ranking of 51 AF dis-
tance measures based on g-gram
counting

The methods were ranked
according to the best RF value
for the reference plants data-
set containing 14 genomes of
337,515,688 average length

Table 6 Ranking of 41 AF dis-
tance measures based on g-gram
counting

The methods were ranked
according to the best average
RF value for the fragmented E.
coli/Shigella datasets. We report
seven input parameter configu-
rations, one for each coverage
level. See Table 2 for all dataset
features

Rank Count Name Parameters RF nRF
1 0 Mash q =26 2.00 0.09
2 1 Skmer q=31 4.00 0.18
2 1 cafe-d2shepp g=10,m =7 4.00 0.18
2 1 FFP g=15 4.00 0.18
3 4 cafe-cvtree q=10 6.00 0.27
3 4 AFKS-rre k r qg=13 6.00 0.27
3 4 cafe-d2star q=9,m=7 6.00 0.27
4 7 AFKS-kl_conditional qg=12 8.00 0.36
4 7 alfpy-jsd qg=11 8.00 0.36
5 9 TgD q=13,t=0 10.00 0.45
5 9 7 AFKS distance measures 12<¢ <13 10.00 0.45
5 9 4 alfpy distance measures 12<¢ <13 10.00 0.45
6 21 AFKS-k_divergence q=12 12.00 0.55
7 22 17 AFKS distance measures q=12 14.00 0.64
8 39 AFKS-markov g=13 16.00 0.73
8 39 3 alfpy distance measures q==©6 16.00 0.73
9 43 AFKS-length_difference q=12 18.00 0.82
9 43 AFKS-normalized vectors qg=13 18.00 0.82
9 43 3 alfpy distance measures q==©6 18.00 0.82
10 48 AFKS-simratio q=12 20.00 091
10 48 alfpy-chebyshev q==6 20.00 0.91
10 48 alfpy-kld qg=©6 20.00 0.91
Rank Count Name Parameters avg. RF avg. nRF
1 0 Mash q=21,25,27,19,14,24,24 14.29 0.27+0.18
2 1 AAF q =23,16,23,17,15,20,17 17.71 0.34 +0.19
2 1 Skmer q =31,31,31,31,31,31,31 17.71 0.34 +0.19
3 3 TygD (¢,t) = (10,1), (15,0), (10,1),  21.43 0.41+0.20
(13, 6), (15, 14), (14, 14), (14, 1)
4 4 FFP q=10,12,12,10,12,12,16 22.29 0.43+0.16
cafe-cvtree q=12,12,12,12,12,12,12 22.86 0.44+0.14
5 5 cafe-d2sheep (g,m) = (12,0), (12,0), (12,0), 22.86 0.44+0.16
(12, 0), (12, 0), (12, 0), (13, 0)
6 7 AFKS-spearman ¢ =9,9,9,8,9,9,8 24.00 0.46 £ 0.22
>7 >9 8 AFKS methods 6<¢ <9 >24.57  >047+£0.20
14 17 kWIP q =9,10,19,10,25,10,18 27.43 0.53 +0.15
>15 > 18 10 AFKS methods 6 < ¢ <9 >2829 >0.54+£0.18
25 28 cafe-d2star (g, m) = (12,0),(13,0), (12,1),  30.00 0.58 £0.13
(12, 0), (13, 1), (13, 0), (13, 0)
> 26 >29 11 AFKS methods 6 < ¢ <9 >31.14 >0.60£0.13
2 40 AFKS-emd q=26,6,6,6,6,6,6 48.00 0.92 £+ 0.00

matrices with several combinations of ¢ and ¢ values for all

seven sub-datasets corresponding to the different coverage
levels. We also report the average of the best RF and nRF

values over the seven sub-datasets.
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Note that, unlike in Sect. 6.1, where we have with com-
plete genomic sequences, this setting requires computing
TgD for string collections: these are the simulated reads

of the original genomes, rather than single sequences.
Since TgD is not originally designed to work with string
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Table7 Ranking of 41 AF dis- Rank Count Name Parameters Avg. RF Avg. nRF
f;“cnetirl?gasures basedong-mer 7 0 Mash ¢ — 17,2020, 19, 25, 24, 20 314 0.14+0.08
u
2 1 Skmer q = 31,31,31,31,31,31,31 5.43 0.24 +0.09
3 2 cafe-d2shepp (g,m) = (9,7),(10,8),(9,7), 629  029+£0.17
9, 7),0,7),(10,7), (10, 7)
4 3 cafe-d2star (g,m) = (11,7),(10,8),(9,7), 7.14 0.32 £0.12
9. 7,0,7,0,D,0,7)
5 4 AAF q=18,22,22,22,22, 28,25 829  0.37+£0.08
6 5 AFKS-rre k r q="1,7,7,8,7,7,8 8.86 0.40 £0.11
7 6 kKWIP ¢ = 10,10, 14,10,15,14, 15 9.14  0.42+0.14
7 6 cafe-cvtree q=9,9,10,11,10, 10,10 9.14 0.42+£0.23
8 8 FFP q=15,14,10,11,10, 14,14 9.43 0.43 +0.08
9 9 AFKS-kl condition ¢ =38,8,7,8,7,7,7 10.29 0.474+0.11
10 10 AFKS-k divergence ¢ =7,8,7,8,7,8,7 11.14 0.51 £0.07
11 11 AFKS-spearman q="1,7,7,87,7,7 11.43 0.52 £ 0.11
12 12 TgD (g,t) = (12,0),(13,0), (10, 6), 11.71 0.53 = 0.09
scoonding 0 he best serage (15,0), (15, 0), (14, 0), (13, 0)
RF value for the fragmented 12 12 AFKS-jensen shan ¢ =7,8,7,8,7,8,7 11.71 0.53 £0.17
plant datasets. We report seven > 13 > 14 26 AFKS methods 7<qg<8 > 12.00 > 0.554+0.07
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Fig. 3 Normalized Robinson-Foulds (nRF) distances computed using different ¢ and ¢ parameters configurations for E. coli/Shigella and plants

datasets

collections, we implement a simple workaround by general-
izing the way we compute the TgD profiles: we construct
one single TgD profile for each read collection by summing
up all occurrence counters across the reads. Then, given
these generalized profiles, we calculate the pairwise TgD
values as in the case of individual sequences.

As for the E. coli bacterial fragmented dataset, we com-
pute the TgD pairwise distance matrices for g between 7
and 15 and six different thresholds ¢ = 0,1,2,3,6,14. In
Table 6, we note that TgD reaches the third-smallest aver-
age RF value (21.43) with a standard deviation of 10.31
(avg. nRF = 0.41 £ 0.20). This result ranks T¢D among
the best-performing distance measures for this data-
set (rank = 3). In particular, only 3 of 41 competitors
show a better average accuracy (count = 3), while the

other 37 competitors had a larger average RF value.
The seven input parameter configurations that allow
TgD to reach the best result with the minimal computa-
tional cost are (g,t) = (10,1),(15,0),(10,1),(13,6),
(15,14), (14,14), (14, 1), so higher coverage levels require
larger ¢ values. In contrast to the assembled genomes, we
needed larger thresholds to obtain the best results with the
smallest profile sizes. Specifically, for coverage levels of 0.5
and 1, we obtain the best nRF with ¢ = 14. Importantly, we
observed that a similar result can be reached by using the
two smallest thresholds only: ¢ = 0 and ¢ = 1. The param-
eter combinations (¢,t) = (10, 1),(10,1), (10,1), (14, 0),
(14,0), (15,0), (14, 1) yield an nRF of 22.00, which is only
slightly larger than the best result.
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Interestingly, TgD exhibits significantly better per-
formance on fragmented E. coli datasets than on com-
plete genomes. The same trend is also shared by other
AF methods included in the cafe and AFKS tools (such
as cafe-cvtree, AFKS-spearman, and others). One pos-
sible explanation for this is that for coverage larger than
1, several g-grams will be overrepresented due to overlap-
ping reads. Unlike other methods relying on classic g-gram
profiles, TgD is less affected by this issue because it does
not use the exact g-gram multiplicities, thereby mitigating
the impact of redundant information. Another explanation
could be sequencing errors introduced during the creation
of the datasets, which modify the exact g-gram counts dis-
tribution, to which again T¢D is less sensitive than the other
methods. It is also worth noting that in this setting, TgD
needs larger ¢ values for all coverage levels to reach its best
results than for the complete genomes. We do not have an
explanation for this latter phenomenon at present.

Finally, for the plant fragmented dataset, we computed
the TgD pairwise distance matrices for g between 7 and
15 and the six different thresholds ¢ = 0,1,2,3,6,14. In
Table 7, we observe that TgD reaches the thirteen-smallest
average RF value (11.71) and a standard deviation of 2.07
(avg. nRF = 0.53 £ 0.09). This result places TgD in the
middle of the ranking (rank = 12).

However, despite this ranking, when looking at the count
column, TgD produces a higher average accuracy than 25
out of 40 competitors, thus still placing in the top half of
the table.

The seven input parameter configurations that allow TgD
to reach the best result with the smallest profile sizes are
(g,t) = (12, 0), (13, 0), (10, 6), (15, 0), (15, 0), (14, 0), (13
, 0), so all coverage (except coverage 0.625) require large ¢
values. Also in this case, the two smallest threshold values,
t = 0,1, are sufficient to achieve the best RF value for all
seven coverage levels. Indeed, using (¢, ¢) = (11, 1) instead
of (10, 6) for coverage 0.0625 produces the same average
nRF result as reported in Table 7.

In contrast to the fragmented bacterial datasets, the
results for plants align more closely with those observed for
the complete genomes. In particular, the average RF value
is slightly higher than the RF observed for the assembled
genomes, primarily due to the penalty introduced by data-
sets with low coverage. Notably, the individual RF values
for all coverage levels (data not shown) never exceed the
best one computed for the complete genomes (RF = 10.00),
highlighting the consistency of the results across different
coverage levels. Unfortunately, in this analysis, we could
not test coverage levels greater than 1, which limits our abil-
ity to fully evaluate the impact of higher coverage on T¢gD
performance. Future experiments with broader coverage
ranges would help provide deeper insights into this topic.

@ Springer

6.3 Discussion

To sum up, we compared TgD with 61 AF distance mea-
sures based on g-mer counting using the AFproject web
service. We used T¢gD to compute the pairwise distances
for five genomic datasets (including both assembled and
fragmented datasets) and compared the accuracy of the
phylogenetic tree computed on the basis of these distance
matrices. Even though T¢D profiles retain only a small part
of all information contained in the original g-gram profiles,
it turns out to be always competitive with the other distance
measures included in the AFproject. In particular, TgD
always ranked in the upper half of the tables, and in two
cases, for the L. Fish mitochondrial sequences and E. coli/
Shigella fragmented datasets (Tables 3 and 6), it was among
the best-performing distance measures. Interestingly, this
includes the long genomic sequences datasets of E. coli and
plants, where the amount of information lost by TgD pro-
files is even more pronounced.

In addition, we observe that in almost all cases, we
obtained our best accuracy using the smallest threshold
values, namely ¢ = 1 resp. t = 0. With ¢ = 1, the TgD pro-
files contain the information whether g-grams appear not at
all, once, or multiple times, while for ¢ = 0, they contain
information only on the presence or absence of g-grams,
i.e., on the sets of g-grams of the input sequences, without
frequencies. Both settings allow minimizing the memory
footprint, thus enabling T¢D to scale to even larger datas-
ets. This finding further suggests that the complete informa-
tion about g-gram frequencies is not always essential when
estimating the evolutionary relationships among species.
This is consistent with the results of established tools such
as Mash (Ondov et al. 2016) and Skmer (Sarmashghi et al.
2019). These methods consistently rank among the top per-
formers, while being based on computing the Jaccard dis-
tance between g-gram sets: neither uses information about
the g-gram frequencies directly for estimating genomic
distances.

It is interesting to note that using the parameter ¢ = 0 is
equivalent to considering strings simply as sets of g-grams
and computing the cardinality of their symmetric difference.
To the best of our knowledge, this method has not been
used before as a string distance. Indeed, existing tools that
rely only on presence or absence of g-grams, such as Mash
and Skmer, do also use information about the frequency
of g-grams: Mash for filtering, and Skmer for inferring
sequencing errors and coverage. Presence and absence of
g-grams has also been used for prediction of bacterial resis-
tance (Mahé and Tournoud 2018) and SNP-level relatedness
and ribotypes in C. difficile (Moore et al. 2022), however,
only a small subset of existing g-grams are actually used for
the prediction.
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Similarly, the variant with ¢ = 1, which distinguishes
between g-grams that occur once, repeated g-grams, and
absent g-grams, has not appeared in the literature before,
even though g¢-gram based approaches in bioinfomatics
abound, see e.g. the recent survey (Jenike et al. 2025).

As a further point, our experiments give evidence that Tg
D is a very flexible measure, since its performance is consis-
tent among all datasets we tested, including the read datas-
ets. All the above suggest that TgD is a valuable alternative
to the classic g-gram distance and several other AF distance
measures included in the AFproject. It is furthermore easy
to compute and can run on large datasets, making it ideal as
a preprocessing step before more computationally intensive
string alignment tasks.

7 Conclusion

In this paper, we introduced the threshold g-gram distance
(TgD), a novel alignment-free measure of strings similarity,
firstly and thoroughly analysed in the master thesis (Mil-
anese 2015). T¢gD is a variant of the well-known g-gram
distance, which employs a modified g-gram profile using a
threshold to cap the maximum size for the g-gram multiplic-
ities. This new feature allows to save storage space in sev-
eral practical contexts, while the computation time remains
linear (same as the original g-gram distance). Additionally,
we introduced the concept of threshold graphs, a generaliza-
tion of De Bruijn graphs, which helps to group and visualize
sequences with the same threshold g-gram profile.

An experimental evaluation of T¢D allows us to work on
a wide selection of datasets, including genomes from dif-
ferent species present in nature, such as bacteria and plants,
and covering a wide range of sequence lengths, from the
smallest mitochondria to the longest plant genomes. We also
included two fragmented genome datasets of short reads
with several coverage levels. We compared T¢D to several
AF distance measures based on g-gram counting, using the
AFproject web platform. In particular, we ran T¢D under
different parameter settings to compute the pairwise dis-
tance matrices for all datasets, which were then uploaded
to the AFproject webpage. Our results show that TgD was
always competitive when performing phylogenetic recon-
struction; in fact, it consistently ranked in the top half of the
tables, and in two cases, it ranked among the best scoring
methods (on L. Fish mitochondrial sequences and E. coli/
Shigella fragmented datasets).

We also note that, in most cases, T¢gD achieved its
best performance using the smallest threshold values
(t =0,1,2). This is particularly relevant in practice since,
in these cases, TgD only retains a small part of all informa-
tion of the original g-gram profile. This allows TgD to keep

the memory footprint low, which is critical when working
on large genomic datasets or using a computer with low
hardware specifications or limited storage space. This sug-
gests that TgD could be efficiently incorporated in many
bioinformatics routines, where it is necessary to implement
a preprocessing step to filter out dissimilar sequences before
a heavier string alignment process. In addition, TgD is easy
to understand and straightforward to implement, opening up
to several optimizations, such as, for example, the possi-
bility to work with threshold g-gram profiles with limited
dimensions, given by the cardinality of g-grams occurring
in all (or in a large part of) the genomes in a given dataset.
By setting ¢ = 1, in any pair of strings, TgD counts the dif-
ferences in uniquely occurring g-grams, repeated g-grams,
and absent g-grams.

For future experiments, we have a two-fold objective. On
the one hand, we plan to continue and complete this com-
parison with other g-gram based methods of the AFproject
also in terms of nQD (the normalized Quartet Distance). On
the other hand, we plan to work on eukaryotes, to compare
T¢D performance on genome datasets from organisms not
so distant in terms of size and evolutionary scale.

A future research direction is to investigate the exact
relationship of the TgD distance for different choices of
q and ¢, namely, by applying the algorithm introduced in
Haoze et al. (2025) to g-gram distributions limited by the
t value, and visualizing our De Bruijn threshold graphs as
Chaos Game Representation images.

More ambitious applications could be considered for
taxonomic classification of emerging astroviruses, namely,
by including T¢D as an alternative string similarity measure
in the pipeline, in order to counteract the impact of genetic
recombination on viral classification proposed in Alipour
et al. (2024), or to identify microsatellite instability in can-
cer cells (Baudrin et al. 2018).

Appendix: Implementation details

We report here some supplementary information, about the
code implementation details (developed by Davide Cen-
zato, from a prior original version by Alessio Milanese).
We tested TgD using such a workflow on selected data-
sets by computing the pairwise distance matrices to upload
(in TSV format) to AFproject webpage. The script takes in
input the length of the g-mers, a specific threshold #, and the
path to the folder containing the FASTA files. It first com-
putes the TgD profile for each input sequence and stores all
profiles on the disk. Then, it iteratively loads one profile pair
at a time to calculate the pairwise TgD values by using a lin-
ear time scan procedure. This approach optimizes the total
running time by avoiding computing the same TgD profiles
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multiple times. The final output is a tab-separated values
(TSV) file that lists all pairwise sequence comparisons for a
given combination of ¢ and .

We implemented the TgD profiles using static Elias-Fano
compressed dictionaries in C++, a compact data structure
supporting fast lookup over a list of monotonically increas-
ing integer keys. In particular, we use the g-gram ranks as
the keys of the dictionaries and the occurrence counters as
the values associated with the keys. In addition, our imple-
mentation enables the storage of a single profile to com-
pute T¢D for various ¢ values. In fact, given a T¢D profile
with a threshold of ¢ = n, it is possible to derive all profiles
with thresholds ¢ = n’, where n’ < n, without having to
recompute them from scratch. This is because any occur-
rence count ¢ < n’ will remain unchanged in both profiles,
while for counts greater than n’, we can simply store them
asn’ + 1.

We also provide an alternative Python 3 profile imple-
mentation using NumPy arrays and Python dictionaries.

We do not include any extra DNA characters in the pro-
files (only the four standard DNA characters are allowed: A,
C, G, T); thus, we preprocess the input sequences to remove
all g-grams that contain the extra characters.
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