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Abstract

We consider the test statistic devised by Christensen, Oomen and Reno in 2020
to obtain insight into the causes of flash crashes occurring at particular mo-
ments in time in the price of a financial asset. Under an Ito semimartingale
model containing a drift component, a Brownian component and finite varia-
tion jumps, it is possible to identify when the cause is a drift burst (the statistic
explodes) or otherwise (the statistic is asymptotically Gaussian). We complete
the investigation showing how infinite variation jumps contribute asymptoti-
cally. The result is that the jumps never cause the explosion of the statistic.
Specifically, when there are no bursts, the statistic diverges only if the Brownian
component is absent, the jumps have finite variation and the drift is non-zero.
In this case the triggering is precisely the drift. We also find that the statistic
could be adopted for a variety of tests useful for investigating the nature of the
data generating process, given discrete observations.
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1. Introduction

On a filtered probability space (€2, F,{F:}iepo,1), P) and on a fixed time

horizon T' > 0, we consider a cadlag Ito semimartingale (SM)
d}ft = btdt + O'tth + dXt, te [O,T}, (1)

Yy being Fy-measurable, modeling the evolution in time of the price of a financial
asset. The drift process {b;};>¢ is predictable, {o;}1>0 is an adapted, cadlag
positive volatility process; {W;}>0 is a standard Brownian motion and X is a
pure-jump process represented as the sum of its compensated small jumps plus

the sum of the not-compensated big jumps,

t t
X = / / zfi(dz, ds) +/ / xp(dr,ds), t € (0,77, (2)
0 \zlSl 0 |I|>1

where p(dz,ds) is a random jump measure defined on (2 x R x [0,7]) and
endowed with a compensator of type v(dz,dt) = A x, s)dxds, where A(x,s) is
random, and i = p — v is the compensated measure. Formal conditions on the
components of Y are given in Section 2.

For fixed t € (0,T), we focus on the asymptotic behavior of

0o 2 KidiY
Tf = T 1 27 (3)
vV Zi:l Ki(AiY)
where: for any integer n > 0, {t; = tl(n),i = 1,...,n} gives a non-random
partition of [0,7]; AY =Y;, - Y;,_ ;1 K; = K(tlthi’l); K:R — Ry is a kernel

continuous function and h is a bandwidth parameter. We are interested in the

framework where
n — 400 while A — 0 in such a way that nh — +o0, (4)

and we assume that the partition does not differ asymptotically significantly
from the equally spaced partition, as explained below.

The statistic T} is devised in [2], where an Ito SM is considered to model
the price evolution of a financial asset. Christensen, Oomen and Reno wished

to test whether a sudden large movement of the asset price at a particular time



t (flash crash) is due to a drift burst, i.e. a local explosion of the drift coeffi-
cient around . They were particularly interested in understanding whether a
flash crash occurring at t is more compatible with an explosion (burst) at ¢ of
the Brownian coefficient (the volatility) or with an explosion at  of the drift
coefficient. Thus their test statistic was intended to compare the magnitudes
of of and bz, and T} is given by Vh times the ratio of the two kernel-based
estimators by = + 37 | K;A;Y of the drift and 67 = (£ 37 Kl-(AiY)Q)% of
the volatility at . Under the null hypothesis of either no drift bursts, or the
occurrence of bursts with the one in drift smaller than the one in volatility,
the statistic is asymptotically normal, while, under a given class of alternative
models including bursts, T{* is shown to explode when there is a burst in the
drift larger than a burst in the volatility.

However their framework only considers finite variation (FV) jumps, and it is
natural to wonder what role infinite variation (IV) jumps would play within 77,
for instance whether the explosion observed in the empirical implementation of
the statistic on finite samples may be due to a jump component of IV, possi-
bly present in the data generating process (DGP). Or, how the statistic would
behave if the DGP did not contain any Brownian components. Therefore we
expand the analysis on the asymptotic behavior of T}, under the hypothesis of
no bursts, when Y also contains IV jumps and/or does not contain the Brownian
motion, and we complete the picture given in [2].

Three elements are crucial for this analysis. First, separately measuring
the contribution of the jump component X of the model is necessary because
we need to know the exact speed of convergence of each term involving the
increments A; X so as to be able to decide which terms in T} are leading when
considering the complete model. For this reason our first step is to illustrate the
behavior of T} for a pure jump model. After that the behavior in the complete
framework will be an immediate consequence. Note however that, as pure jump
models exist and are currently used for financial asset prices, the analysis of the
statistic within the first step framework is also important in itself.

Second, in the pure jump framework it turns out that the behaviour of T3



is different in the two cases where £ is or is not a jump time. In fact, denoting
by AXj; the size of the jump that possibly occurred at ¢, the numerator tends
(w-wise if the jumps have FA in probability if they have IA) to K(0)AXz, and
the denominator to \/K(0) - |AX¢|. Thus if AXy # 0 the statistic has a well
defined finite limit, otherwise both numerator and denominator tend to 0 and,
as soon as 17" is defined, the limit is determined by the dominant terms.

Third, the contribution of the jump terms is essentially determined by the
freneticism of the jumps, and for this reason we deal with processes X with
constant jump activity index o on © x [0,T]. When o = 0 the asymptotic
distribution of the statistic is substantially different depending on whether the
jumps have finite or infinite variation. In the former case (o < 1), as well as
when a = 1, we obtain the explosion of T, while if o > 1 then ’Tt—”| does not
explode, as numerator and denominator tend to 0 at the same speed, which
depends on the magnitude of a.

To get an insight into how things are going, let us consider the simple case
when A;Y = aA + o A;W 4+ A, J, with constant drift and volatility coefficients,
a symmetric a—stable Lévy jump process J and evenly spaced observations.
If 0 # 0 the three components have the following different magnitude orders:
aA = O(A),c AW = Op(VA), AT £ A%Jy: while for any o € (0,2) we
obtain As << VA, the term aA is dominated or dominates A= depending
on whether o > 1 or o < 1, respectively. It is thus easy to convince ourselves
that if 0 # 0 then the Brownian component gives the leading term both of A;Y
and of (A;Y)?, and since under our assumptions we have > I | K;A/h — 1,
we obtain > . K,o(A;W)?/h 5 o2 (see also Lemma 3 in [2]), and that
S Ko A;W/Vh is asymptotically Gaussian (as in the proof of Thm 1 there).
Thus under the null of no drift or volatility bursts, even in the presence of IV
jumps T3 is asymptotically Gaussian.

Let us now deal with the case of ¢ = 0, when the model is of the pure
jump type and with drift: we have 1 | K;AY =30 KjaA+ Y0 | KA J
and Yo Ki(AY)? = Y Kia?A? + 2aA YT KA T + >0 Ki(A )2

It turns out that when o < 1 the sum Y.! , K;aA dominates all the other



sums at both the numerator and the denominator of T}, while for o > 1 the
jumps always dominate. More in detail, when o < 1 and .. ; K;aA domi-
nates, denoting by ~ that two expressions have the same limit and by g that
they have the same limit in distribution, we obtain > ; K;(aA) ~ ah, while
S, Ki(aA)? ~ a®hA. Since & — oo, then |T7| — 4o0.
For the case a@ > 1 when the jump component dominates, for sake of simplicity
we illustrate the case where the kernel function is given by a continuous approx-
imation of the indicator I {zl<1}: The jump contribution is as follows:

S KT = s pan AT = e — Jr s 2 b,
and

D Ki(Ad)? = 30, ey (D)2

2 d 2d,2 9
_Ziqék: tifl,tk_1€[{*%,£+%] AZJAkJ ~ (J{+% - in}%) ~ ha J17

(Jrrs = Jrs)
thus the numerator and the denominator of |T7| tend to 0 at the same speed
hé, and the statistic converges in distribution.

More generally, our results are that, when AX; = 0, if a non-zero Brownian
term is present in the model Y then, under the no-burst hypothesis, 7" never
explodes: it is asymptotically normal, whatever the jump activity index, because
the Brownian terms dominate all the others at numerator and denominator. The
conclusion is that a flash crash cannot be explained by infinite variation jumps,
i.e.: in the presence of a Brownian component in the model, a drift b which
is exploding in relation to the volatility is the only case in which T}* explodes.
This happens precisely because the numerator asymptotically behaves as v/hbz
while the denominator approaches oy.

By contrast, the IV jumps happen to dominate any other term only when ¢ =0
and o > 1, but then they contribute by the same amount both to the numerator
and the denominator, and the statistic cannot explode.

Note that in the absence of the Brownian component and when the jumps have
finite variation then the drift of Y bursts in relation to the zero volatility, and
consistently |77'| explodes.

The finite activity jump case (the simplest case of FV jumps) is dealt with



under more general conditions for the choice of partitions and for the jump sizes.
For the infinite activity case, on the other hand, we assume evenly spaced ob-
servations and that the small jumps have constant jump activity index «. In the
latter framework we first analyze the case where the compensated small jumps
are the ones in a (not necessarily symmetric) a-stable Lévy process, we denote
them J. In this way we can study the asymptotic behavior for the characteristic
functions of the statistic numerator and squared denominator separately, and,
when o > 1 and the jump sizes have symmetric law, also for the characteristic
function of the joint law of squared numerator and squared denominator, and
we provide closed form expressions for the limit characteristic functions. Subse-
quently the results are extended to more general jump processes X with jump
index «. In fact, under our assumptions we can split the compensated small
jumps X into the sum J + X’ of the ones in an a-stable model plus those in
a residual process X’ with a lower jump activity index, and we show that the
contribution of X’ does not substantially change the results which hold for the
a-stable case.

Actually, T could be exploited for many different tests. Assuming model
(1) we firstly check whether T} is asymptotically Gaussian. In case, the DGP
contains a BM, otherwise it is an SM only containing jumps, compensator of the
small jumps, and possibly a further drift component: if ‘T f"’ does not explode
the DGP has IV jumps, if |T7"| — oo then the DGP has FV jumps, but no
jumps occurred at t; if |77 — \/m then a jump occurred at . Assessment
of whether through T7* we can further distinguish FA from IA jumps is ongoing.

The rest of the paper is organized as follows: Section 2 sets out details of the
model considered and provides some notation; Section 3 analyzes the behavior
of TF* for the pure jump SM X. In particular, Section 3.1 deals with the case
of finite activity jumps: the necessary assumptions are established and the first
main theorem is stated; Section 3.2 deals with the case of infinite activity jumps:
further assumptions are made and the second main result of the paper is stated.
Section 4 shows the behavior of T} for the complete SM model (1), possibly

including infinite variation jumps. Section 5 briefly illustrates the theoretical



results from simulated data, and Section 6 discusses a possible extension of the
results to a multivariate framework. Section 7 includes the proof of our first
Lemma, the statements of other five necessary Lemmas and the proofs of the
Theorems. The statements of two further Lemmas, the proofs of the second to

eighth Lemmas and of the Corollary to Theorem 2 are shown in the Appendix.

2. Setting

We start by introducing our setting and some notation. We assume that
model (1) further satisfies the following conditions: {b;}:>0 is locally bounded;
Mw, z, 8), from Q@ x R x Ry to R, is a predictable function, i.e. it is measurable
in relation to P x B(R), where P is the predictable o-algebra of €2 x [0, 7] and
B(R) is the Borelian o-algebra of R; if pu(w, R, {s}) # 0 then [ 2u(dx, {s}) # 0.

The local boundedness of b ensures that no drift bursts occur; the predictabil-
ity condition for A is required to make the two processes fot fmg zfi(dx,ds) and
fot flwl>1 x\(z, s)dzds well-defined. The last requirement simply means that if a

jump occurs at s then its size is non-zero.

Notation 1. K, = O+°° K(u)du, K_ = f?oo K (u)du. For any random process
b,
by =b; - Ky +bp - K_. (5)

When X has FV jumps, we define a, = |,

o<1 xA(x, s)dz, so that the compen-

sator of the small jumps is given by fg asds.

After defining A = A, = % and Az = Apag,n = MaXi=1. .y, |t; — ti—1| we
assume that

Amam < CA

for a fixed constant C, which means that the partition should not differ too
much, asymptotically, from the equally spaced partition. The framework (4),
under which we look for our asymptotic results, means that A — 0 and % — 0.

As mentioned in the Introduction, in the presence of the Brownian part in

the model, when AX; = 0 the contribution of the jumps turns out always to be



negligible. To illustrate this, we start by analyzing the jump contibution in the

pure jump model (2), then return to the general model in Section 4.

3. Pure jump model

Within the framework in (2) note that for fixed ¢ € (0,T) the statistic T}
of our interest is well-defined when the denominator is non-zero. As will be
clear from the proofs of Lemma 1 and Theorem 2 (part a), this is the case at
least when X jumps at ¢ or when X has TA jumps (in which case in any small
interval some jumps occur). When no jumps occur at ¢ and X has FA jumps,
the statistic is well-defined at least when af # 0 (see (16)).

As mentioned in the Introduction, for a fixed w it turns out that the be-
haviour of T7 is different in the two cases where ¢ is or is not a jump time,
and the statistic asymptotic distribution is substantially different depending on
whether the jumps have finite or infinite variation. We tackle the finite activity

jump case first, while the infinite activity case is dealt with in Section 3.2.

Notation 2. C always indicates a constant. Within the algebraic expressions we
retain the constant C' even where the two sides of an equality yield different con-
stants. Given two functions f, g, then f(h) ~ g(h) indicates that limy_,o f(h) =
limy,_,0 g(h), while f(h) ~ g(h) indicates that limj_q % = C, f(h) < g(h)
indicates asymptotic negligibility of f w.r.t. g, i.e. limp_q % = 0. Given
two sequences T, U™ of random variables, T i U™ means that they have the
same limit in distribution. Recall that AX; indicates the size of the jump that
possibly occurred at ¢ (in our framework AX; = 0 iff u(w,R,{t}) =0). K, =
K(%) For any o > 0, K() = [ K(u)du. Ry = (0,+00), R_ = (—00,0).
wu(dz, ds), i(dz,ds) can be abbreviated using du, dji, respectively.

3.1. Finite activity jumps

We now consider the case in which fOT Jg v(dx,ds) = fOT Jp AMw, s)dads <

oo a.s.. Hence we obtain a.s.

t t
las| < / / |z|A(z, s)dzds < / / Az, s)dxds < 00,
0 Jz|<1 0 JR



so X can be written as

¢ ¢
X :/ /x,u(dx,ds)—/ / zA(z, s)dxds.
o Jr 0 Jiz|<1

The latter term — fg flw\ﬁl 2z, 8)dwds = — f(f asds is a random drift compo-
nent. On the other hand fot Jg zdp coincides with Z;fz‘l ¢p for any t € [0,7],
where N is the process counting the finitely many jumps, occurring at some ran-
dom times S1(w), ..., Sny(w)(w) on [0,T], and ¢, = cp(w) = [ zp(dr, {S,}) =
c(w, zp, Sp) is the random finite size of the jump at S,. Thus we also can write

X as
Ny t t
X = ZCP —/ asds = L —/ asds.
o 0 0

Note that while, for any s, |as| < 0o, a.s., in general the drift process a could

not be uniformly bounded in (w, s).

Assumption Al. Kernel function.

Al1.1 K :R — Ry is a Lipschitz continuous function with Lipschitz constant L
and satisfies

limg 4o K(2) = 0,lim, s oo K(2) =0 and [, K(x)dz = 1.

A1.2 K satisfies the following:

- if |a| < [b] then K(2) << K (%)

- for any fixed » # 0, K(7) << hA, as h — 0, under (4).

2

Remark 1. i) The Gaussian kernel K(z) = EE satisfies Assumption A1l for

instance with h = AY with v € (0,1). This is the case if for instance h = k,A
with k, = CA™3.

ii) To know how T} behaves asymptotically if the kernel is an indicator
function, our results can be used where the kernel is a Lipschitz continuous ap-

proximation of the indicator function.

10



Assumption A2. Partitions of [0,T]. After defining
1
H"Y =+ Z< A,
we assume that:
- for any t € (0,7] the lim,_ 1 Ht(n) = H, > 0 exists and is finite,
- H is Lebesgue differentiable in (0,7) except for a finite and fixed number
m > 0 of points 71, ..., T,,, and H’ is bounded,

- if Ig‘) ={i: 3k, 7 € [ti—1,t;)}, then SUP 7y SUPseft, s t,) |H! — TA/' | — 0,

as n — oQ.

Remark 2. The previous Assumption A2 is similar to Assumption 2.2 in [7] but
less restrictive.

When we have equally spaced observations all the A; coincide with % and
H'’ = 1. When the observations are more (less) concentrated around t, we have
H, <1 (H >1).

Note that, where it is defined, H > 0, however if for example n - min; A; —
C > 0 then H' > 0.

As an example, consider the sequence of partitions where the length of the
first [n/2] intervals [t;_1,t;) is 2® and the length of the remaining n—[n/2] is ®.
Then ® = %ﬁ and, for any t € (0,T], Hy = ¥ Li<r, + (*F + % )I;>7, where
71 = 2T'/3. This function H is not differentiable at 71, so m = 1 and for any n,
1 gl) is the only ¢ for which [t;_1,t;) contains 7. Further, the interval [¢;_1,t;) for
whichi e I gl) is the first interval with length ®. As for the third condition in As-
H

S

sumption A2, for any nift;_1 <7 <t; thensupyepy, | ¢, —TA—/Z\ — 2/3, but
if both ¢;_1,t; are on the same side of 7y (thus ¢ ¢ I}}l)) then sup,epy, ¢,y [Hy —

1 A,
HS T T/n

A __ 14 2
77 =|3——=—+]—0,and

3 1+3l%

— 0. Further, SUP ;1 (m)y SWPselt, _, t,)

Assumption A2 is satisfied.

Assumption A3. Jump intensity and sizes. For the process as = flw\<1 zA(z, s)dx

one of the following conditions holds true:

11



(i) a.s. SUD;—1, .. SUPselt 1) @5 — ag,_,| — 0;
. P
(1) Sup;—1, . n SUPsepr_y 1) las — az;_,| = 0;

(iii) there exists p > 0: Vs, u such that |[s — u| < A then El|as — a,|] < CAP.

Remark 3. i) The above requires regularity of the paths of the drift coefficient
a. For instance, if a path as(w) is continuous, then on [0,7] it is uniformly
continuous in s, and (i) is satisfied.

ii) If a.s. A(z,s) is bounded in z and, for any x, A(z,s) is continuous in s,
then, in this framework of finite activity jumps, A3 (i) is satisfied.

iii) If A does not depend on s then a; collapses on the finite r.v. a =
flw\él zA(z)dzx for any ¢, and trivially all the three conditions (i) - (iii) are sat-
isfied. For instance A3 is satisfied if X has jumps with identically distributed
Gaussian sizes.

iv) Condition (ii) of A3 amounts to saying that the sequence of processes
G = Yo (as —a,_ ) Isee, ¢, tends to 0 ucp.

v) Condition (iii) is similar to a requirement given in Assumption 2.1 in [7].

The following definition helps to focus on the asymptotic behavior of T} :

given a deterministic function f(x) we set
FM(X) =Y Kif(AiX), (6)
i=1

With f(z) = = we obtain the numerator of T

7, with f(z) = 22 the squared

denominator. Note that here we are only interested in the r.v. F"(X) (rather
than in a process), which is computed using all the increments A;X with ¢;
from t; to t,. The next Lemma describes the asymptotic behavior of F™(X),

and is used in the proofs of both Theorems 1 and 2. It is proved in Sec. 7.

Lemma 1. Ifa.s. A(Rx[0,T]) < o0 and L = (fot Jg zu(dx, ds)),.,, then under
(4), if K is continuous at 0 and lim,_, 1, K(x) =0, then for any real function
f(z) continuous on R we have

F™(L) =5 F(L) = K(0)f(ALy).

12



From the Lemma, the limit of 77" is almost immediately obtained if AXj # 0.
On the other hand, if AX; = 0 both the numerator and the denominator of
TF tend to 0, and we need some work to catch the leading terms. Note that
in the case where  is not a jump time, if the drift in X is absent 7 (X)
may not be defined. This is the case for instance when Np = 0; or when
N7 > 1 but the support of K is bounded. If e.g. K(z) is a Lipschitz continuous
approximation of I{\zléé}’ for sufficiently small h then both Z?zl KA X =0
and Y1 | K;(A;X)? =0, thus 77(X) is not defined. Note that it is always true
that if >0 | K;(A;X)? =0 then also > | K;A; X = 0.

The behavior of T in this framework is as follows:

Theorem 1. Under model (2), conditions (4) and ,% — 0,

a) If K satisfies Assumption A1.1 and a.s. supcp 1) f\w|§1 |z|\(z, s)dz <
400, then the following holds true a.s.: if t is a jump time then

" — /K (0) - sgn(AXy).

b) Under Assumptions Al, A2 and A3(i) and if (as)s>0 is ladldg then the

following holds true a.s.: if AX; =0 but Ny >0, a¥ #0 and H{_ >0, then
TF — sgn(—al) - 00,

where a* is defined as in (5).
If, within b), Assumption A3(i) is replaced by either Assumption A3(ii) or
Assumption A3 (iii) then the result is in probability.

Remark 4. 1) If, on w, a is continuous at ¢ then af = ayz.

ii) Note that, since our process X is an Ito semimartingale, it has “no fixed
times of discontinuities,” namely P{AX7 # 0} = 0. Despite this, point a) of the
theorem is relevant from the practical point of view, because we only have at
hand one specific path {X;(w), s € [0,T]}, on which at ¢ a jump could well have

occurred.

Corollary 1. Contribution of the drift to 7. Let Dy = fot bsds. Under
Al, A2, A3(i) and £ — 0, if (bs)s>0 is ladlag; b # 0; and H], > 0, then
Tr (D) — sgn(by) - 00.

13



If instead Assumption A83(i) is replaced by either Assumption A3(ii) or As-
sumption A3 (iii) then the result is in probability.

In fact from the Proof of the Theorem it follows that Z?:l K;A;D =~ bih,

while Y7 | K;(A;D)? ~ (H'bz)%{hA. O
If the jump process is represented in the form
Ny
Li=) o,
p=1

without compensation, then the drift coefficient as = 0, and part b) of the
theorem above does not apply. However, the limit behavior of 77" (L) does not
change if ¢ is a jump time, while T7*(L) — 0 if AL; = 0. This is summarized

below.

Corollary 2. Contribution of the sum of the jumps to 7. Let L; =
Z;V‘l ¢p. We have
a) under A1.1 and — 0, if t is a jump time then

(L) — /K0 - sgn(co);
b) under A1, A2, A3(i) and & — 0, if AL; = 0 but Ny > 0 and spt(K) = R,
then

In fact, from the proof of the Theorem and using the same notation, we

obtain the following: if ¢ is a jump time, then for small A we obtain

Nt
1 K c K(0
(L) = 2p=1 Kiyo ~ Qe _ K(0) - sgn(cy).

\/ZNT K, 2 \/K cf

If £ is not a jump time, since Ny > 1 and spt(K) = R, with [t; _1,t;,[ being

the unique interval of the partition containing the time of the p-th jump and p
being the number such that |t — S,| = min, [t — S,| > 0, then, for small A, we
have

5, -
(L) = \/ZZJ:V;TK;C: ~ K(T)Cg K(%) -sgn(cp) = 0. O
ipCp

i-5,

P\ 2
C

P

14



Note that, in this framework of FA jumps, T} could provide a test for the
presence of a drift component in the DGP: if a drift [ ads is present in X then
either |T7'| — /K (0) or |T{*| — oo; if not then T} — 0. We comment on the

potential use of 77 as a test for a jump at ¢ in the next Section.

Remark 5. The above result is consistent with Thm 4 in ([2]). The Authors
consider a process of type Y 4.J, where Y as in (1) and J; = Uly<r<: is a single
jump occurring at time 7. They analyze T™ precisely at the jump time, with

the result that T 5 \/%S) - sgn(U). Their constant K is derived from their

definition KLQ(% of the test statistic, while in this paper we consider \/Eg—i

Within their framework the model contains a non-vanishing Brownian compo-
nent. When no jumps occur at ¢, the Brownian motion dominates all the other
components, thus the specific contribution of a non-exploding drift and of the
jumps are not explicit. It follows that it is not possible to deduce the asymp-
totics for T3 from their framework in the limit case when the Brownian term is

absent.

8.2. Infinite activity jumps

When the jumps have infinite activity, it turns out that if AX; # 0 (again
an event of zero probability), then 77" has the same limit as in the FA jump
case. When AX; = 0, as above, both the numerator and the denominator tend
to 0 in probability, and the freneticism of the activity of the small jumps is
crucial in determining the convergence speeds. Therefore we assume that the
jump activity index is a constant «, and we consider a generalized a-stable
process (assumption IA3), for which the jump activity is wilder when « is
higher. The large jumps are always of FA, their jump activity index is 0 and
they do not contribute to determining the convergence speeds we are interested
in. We show that the limit of 77" is different when o < 1 (finite variation jumps)
or a > 1 (infinite variation jumps). For sake of simplicity we concentrate on
the case of equally spaced observations (assumption IA2); further, we add the

technical requirement IA1 on the Kernel function, which is satisfied at least in

15



the Gaussian kernel case.

Assumption IA1. Kernel. Given a deterministic function ¢ defined on Ry,
we say that K satisfies IA1 for ¢ if Al is satisfied and: K is monotonically
non-decreasing on R_ and non-increasing on R and there exists a deterministic

function e, such that as h — 0

€n K (%)
ep, >0, — — 400 and —>+~ — 4o0. 7
h 2 o) (7)

Remark 6. For instance, with ¢ equal to any of the speed functions ¢, (h) or

a(h) at (10) below, with the Gaussian kernel, and with the function

1
ep = h\/loglogﬁ (8)

the above conditions (7) are satisfied for any « € (0, 2).
Assumption IA2. Partitions. We take A; = A for all n, for alli =1,...,n.

Assumption IA3. Small jumps. The jump process has the form X = X + X!,

t t
No= [ witdnas. xi= [ autas.as),
0 Jiz|<1 0 Jiz|>1

the compensating measure of the jumps smaller than 1 has the form v(dz, ds) =

where

Az, s)dxds, where the, possibly random, intensity A(z, s)is given by

A g(x,s) A_g(z,s)

Az, s) = rl+a {o<z<1} T Wl{flgm<0}7

where A ,A_ >0, a € (0,2), and 0 < g(z,s) < 1 is a random predictable
function defined on Q x R x [0, T]. Further, the random function g is such that:

if @ < 1: there exists r < a < 1 such that flr\<1 |m|r1‘_;|'1(ff)dx < C for any
(w,s) € Q2 x[0,T); and a, = ||

lz|<1 xA(z, s)dx satisfies A3 of Sec. 3.1;

1=9(:5) 10 < C for any (w, s).

if @ > 1 we have f\wlﬁl ||~ irs

Remark 7. i) About process a. When X is an a-stable Lévy process, or a
CGMY process with a € (0,1) then assumption A3 is satisfied, because A does
not depend on (w, s) and as is a constant.

ii) Examples of processes satisfying IA3. The small jumps of an a-stable process

16



satisfy TA3 with the constant g(z,s) = 1. We recall that a-stable processes
necessarily have « € (0, 2] and the only 2-stable process is the Brownian motion.
In particular our framework includes cases where X is a subordinated process.
For instance, a 7 stable subordinator S without drift, has infinite activity and
v < 1; if we subordinate a symmetric 8 stable process Z with 5 € (0, 2], then
the subordinated process X = Zg is stable with index o = v € (0,2) (see [4],
p.110). The case where Z is a Brownian motion is included.

The small jumps of a CGMY process satisfy IA3 with g(z, s) = e‘GII{z<O} +
e_MxI{JDO}. More generally, if 1 —g(z, s) < C|z|, for all (w, s) and some n > 0,
then the assumption is satisfied for instance in the following cases: if @ < 1 and
n € (0,2a), with r =a —n/2;if « > 1 and n > a — 1 (for instance n = «/2).
ili) Assumption TA3 aims to have a constant jump activity index o for X (as
defined in [1] p.2). Such an index is identified by the component mﬁ of the
Lévy measure of X, as the latter conditions prevent g from increasing the jump
activity.

Assumption 2 in [1] is similar to IA3, and requires a constant jump activity
index as well. The a-stable process is the prototypical example within both
frameworks. Showing some results for such a process is a crucial first step,
because then, with specific technical tools, it is often possible to extend their
validity under the more general Ito SM framework.

iv) We obtain the same results if Assumption A3 is made for the compensated
measure of the jumps smaller than any boundary ¢ > 0 in place of 1.

Notation 3. E;_1|Z] = E[Z|F,_,]. For each a € (0,2) let Z; 4, i = 1,2, be

. . AL —A_
random variables characterized by 8 = A: A

E[@iszl’o‘] _ 67|5‘<XK(0<) |F(7a) cos(%)‘<(A++A_)(1f’iﬁ tan(%)sgn(s)) . (9)

)
Z2,(x Z Oa

—s% .22 K a2y (Ap+A_ )F(O‘—H)‘F(fa) COS(M)|
e v e/ 2 2/ e (0,1)U(1,2
R ©0.1)U(,2)

o — a1
=52 90 1\/EK(,X/2)(A++A,)F(%)7 a=1.
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For each o € (0,2) let us define on R the speed functions of our interest

h if « € (0,1),
¢a(h) =4 hlogt  ifa=1, ta(h) = b, (10)
ha if a € (1,2);

where @, is shown to be the speed (of convergence to 0 when AX; = 0) of the

numerator of 73" and 1), the speed of the squared denominator.

Remark 8. The random variable Z o is a-stable of type Sy (c, 8,0), with scale
parameter ¢ = K, [T'(—a)|- |cos (%F)| (A4 + A_), skewness parameter 3 and
zero shift parameter (parametrization of [8], thm 14.15).

By contrast, the law of Z; , cannot be stable, in that Z; , is non-negative
with positive jump sizes, so it would have to be 8 = 1 but then the characteristic
function of an S, /2(c,1,0) would be not compatible with the above Laplace
transform. Z;, comes from the leading term of a squared a-stable random
variable in Lemma 5, but does not have the law of a squared a-stable r.v..

Note that I'(—a) < 0 and cos (%) > 0 for o € (0,1), while I'(—a) > 0 and

cos (%) < 0 for a € (1,2). Thus I'(—«) cos (%) is negative for all a # 1.

The following Theorem provides the asymptotic behavior of the drift burst
test statistic 77" within the pure jump model X.

Theorem 2. a) Under Assumption A1, (4) and & — 0, with either f(z) =

or f(z) = x? we still obtain

F*(X) 5 F(X) = K(0)f(AX), (1)
having used the notation in (6).

b) Let the kernel satisfy A1 and be such that K®/? is Lipschitz and in L*(R).
Assume that K satisfies IA1 for both the two functions ¢, and v in (10), and
assume TA2, TA3, the asymptotics (4) and % — 0.

In the case o < 1 assume also that ai # 0.

In the case a« =1 let AL # A_, VK log K be bounded and % log? % — 0.
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Then we have
ifae(0,1), Ty 5 —sgn(a;) - oo,
ifa=1, T EA —sgn(Ay — A_) - oc.
Ifae(1,2), TF cannot diverge,

because numerator and denominator have the same speed of convergence to 0.

¢) Under the assumptions of part b) in the case o > 1, if Ay = A_ then

|Zl,a|
Z2a.

)

ae(1,2), [Tz, =

Remark 9. i) Result a) above implies that there exists a subsequence T;"* such
that T7"* I A x, 20} = \/m sgn(AX7)I A x,0y- In particular, if on a given w
we have AXj # 0 then 77" — /K(0) - sgn(AX;). However P{AX; # 0} = 0.

ii) At point b), in case a < 1 we have a.s. |a7| < oo, and the above result is

in continuity with Theorem 1, part b). If X is given by the compensated jumps

Ay —A_
l—a

smaller than 1 of an « stable process with a < 1, then af = a =
iii) The requirement A; # A_ is in line with the requirement a* # 0 of
the case @ < 1 or of Theorem 1 part b), and ensures that the drift of X is the
leading term at the numerator of T37'.
Consider the case where o = 1 and AX; = 0. When A, # A_, the numerator of
T tends to 0 at speed hlog % When instead A, = A_ then a.s. the numerator
of TF* tends to 0 at the faster rate h. In fact the term determining the speed
of the numerator is Y ., K;A; X, and within the first step of the proof of
Lemma 4 we see that the exponent of the characteristic function loses the term
containing sinv — v, and we can apply Lemma 3 with ¢(h) = h, rather than
with ¢(h) = hlog % It follows that T}* does not diverge, because by Lemma 5
numerator and denominator have the same speed.
The same happens for @« < 1 when a* = 0 : if also we assume that for any
fixed x > 0 we have K () << ha, then (by Lemmas 4 and 5) numerator and

denominator of T}" have the same speed ha and T3 does not diverge.
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iv) As for point c¢), the case o € (1,2) with Ay # A_ requires further
investigation. From the proof of Lemma 6, when A, = A_ we obtain the joint
Laplace transform of (Zl2 s Z2,q), and, since it cannot be factorized when o < 2,
the two random variables Z; , Z5 o, turn out not to be independent.

v) The jumps never cause 77 to explode: when the jumps have FV (o < 1)
or a = 1 then the explosion is due to the compensator (drift part of X); when
the jumps have IV (a > 1) then T} does not diverge. This proves that the
presence of IV jumps in an Ito SM model cannot make the statistic 77" in [2]
explode. This will be even more clear in the next Section.

vi) It is not clear whether it is possible to construct confidence intervals for
Zq starting from the Laplace transform of (23, Z2.q).

In case, at least under the assumption Ay = A_, T} provides a test for F'V
jumps (in which case |T}'| — +o00) against o > 1 (in which case |T}*| = Z,), or
a test for whether a jump occurred at ¢ (in which case [T7'| — /K(0)) or did

not occur (either |T7*| — +o0 or [T} — Za).

4. In the presence of a Brownian component

We now come back to the behavior of T7* when Y at (1) contains both a
Brownian term and infinite variation jumps. In [2] it has been proved that in
the presence of a Brownian component, when the jumps have finite variation,
corresponding here to the case a < 1, and there is no drift burst, then T3 4
N(0,1), where N(0,1) denotes the law of a standard normal r.v.. The following
corollary certifies that the same result also holds when the jumps have infinite
variation, because in any case the Brownian component introduces the leading

terms, both at the numerator and at the denominator of T37'.

Corollary 3. Let Y evolve following dY; = bidt + ordWy + d X, Yo being Fo-
measurable, where {b;};>0 is a locally bounded and predictable drift process,
{ot}1>0 is an adapted, cadlag, a.s. strictly positive volatility process; {Wi}i>o
1s a standard Brownian motion and X is a pure-jump process for which the

compensated small jumps are of generalized a-stable type, as in 1A3, with o €
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[1,2). Let the assumptions of Theorem 2, part b), be fulfilled. Then

S KAY

V2ic1 Ki(AY)?

TMY) = 4 N(0,1).
It follows that
(a) In the presence of a volatility component not vanishing at ¢ we have
- TP 4N (0,1) when there is no drift burst (whatever the variation of the
jumps)
- |7 B 400 when at T there is a drift burst bigger than a volatility burst
(b) In the absence of a Brownian component and of drift burst, under IA3 then
- |T7| does not diverge if o € (1,2), for instance |1} 4 7, if Ay =A_
TP B 4o it € (0,1].

As mentioned in the Introduction, tests based on discrete observations are
available for assessing whether in an SM model without drift bursts a Brownian
component is needed for a better explanation of the data. Potentially |T7'| may

provide a further test.

5. Practical illustration

In this section we briefly illustrate the different behavior of T7* when ¥V =
oW: + X; has different features. We first consider the case where we are given
n = 252 - 84 evenly spaced discrete observations of H = 100 simulated paths
from the same data generating process. The step between two consecutive
observations is A = 1/(252 % 84), the time horizon is T = nA = 1 year and the
Gaussian kernel of Remark 1 is used with bandwidth h = A%45,

The first column on the left in Figure 1 shows the histograms of the values of T3
when X; = vaztl Z; is a compound Poisson process (CPP) possibly superposed
with a Brownian motion with different volatilities. The second column shows
the histograms of the values of 77" when X; = Zf\il Z; — t)‘fmgl xf(x)dx
is a compound Poisson process with compensation of the jumps smaller than

1 (CPPComp) and possibly superposed with a Brownian motion. For both
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columns the annual jump intensity is A = 10 and the jump sizes are i.i.d.
Gaussian with law N(—0.1,0.05%) and density f(z).2

The theoretical findings are clearly visible: the statistic explodes only when

Y has no Brownian component and the drift component (the compensator of
the small jumps) is not null (second column, top plot).
The columns from the third to the last show the histograms of the values of
T when X is a one-sided CGMY jump process (only positive jumps) with
compensation of the jumps smaller than 1 and jump intensity A(z) = 0.003 -
%Lwo, possibly superposed with a Brownian motion.? In this case too we
can visualize the theoretical results: for o = 0 when o < 1 (top row of 3rd
to 5th columns) the drift given by the compensator of the small jumps leads
T{ to explode towards —oo, while for a > 1 the statistic displays a different,
not symmetric, law. By contrast, as soon as ¢ # 0 the leading term both at
numerator and at denominator of 77" is the Brownian motion, which pushes the
statistic close to a Gaussian r.v..

We remark that if we could use higher frequency observations filtered out
for microstructure noises, the asymptotic results would be even more evident,
as in Figure 2, where in order to highlight the results we set n = 252 x 840,
then for CPP and CGMY jumps A = 1/(252 x 84000), while for CPPComp
A = 1/(252 x 8400).

6. Multivariate extension

One may wonder whether for a multivariate process it is possible to obtain
results similar to those obtained in the univariate case. This is subject to further

research, and we briefly illustrate the problem.

2In order to produce more observations of T, for each simulated path the statistic is
computed on 50 evenly spaced time instants ¢ within [0,T], as for each t the statistic has the

same law.
3Simulation of the CGMY model is carried out by approximation with a compound Poisson

process with jumps larger than € = 10~ and proper intensity, as in [4], Example 6.9.

22



=0 =0 Y=0.1, 0=0 , . Y=06,0=0 Y¥=0.9, 0=0 Y=1.5, 0=0 Y=1.7, 0=0

B 035 — 5 03 07 07
8 03 B . 025 06 06
7 025 05 05
" 02
02 8 06 04 04
s 0.15
4 0.15 ) 0% 03 03
01
3 0.1 02 02
2 il 02
0.05 00 0.1 0.1
1
0 o o —ml o o o
1 05 0 05 0o 5 10 15 15 10 -5 0 15 <10 5 0 15 10 5 0 4 -2 o0 32 -1 0 1
CPP CPPComp CGMY CGMY CGMY CGMY CGMY
12 o=0.1 06 o=0.1 08 Y=0.1, 0=0.1 1 Y=0.6, 0=0.1 08 Y¥=0.9, 0=0.1 08 Y=1.5, 0=0.1 08 ¥=1.7, 0=0.1
07 07 07 07
1 05 68
06 06 06 06
08 04
05 06 05 05 05
06 03 04 04 04 0.4
04
0 02 03 03 03 03
02 02 02 02 02
Le o1 01 01 01 01
o 0 0 0 o o 0
4 0 1 4 0 1 2 3 4 0 1 2 2 [ 2 2 4 0 1 2 o 2 2 1 0 1
cPP CPPComp camy camY camY caMY cGMY
o=1 o=1 Y=0.1, o=1 Y=0.6, o=1 Y¥=0.9, 0=1 Y=1.5, 0=1 Y=1.7, 0=1
08 08 08 1 08 08 08
07 07 07 07 07 07
08
06 06 06 06 06 06
05 05 05 06 05 05 05
04 04 04 04 04 04
03 03 03 04 03 03 03
02 02 02 02 02 02
02
01 01 01 01 0.1 01
o 0 0 0 0 o 0
40 1 2 1 0 1 -2 o 2 2 -1 0 1 2 0 2 10 1 2 2 0 2
CPP CPPComp CGMY CGMY CGMY CGMY CGMY

Figure 1: Histograms of T¢* under different models Y. First column: first row, ¥ = X = CPP
with no drift; second and third rows, Y = X + oW with different volatilities. Second column:
first row, ¥ = X = CPPComp, with drift given by the compensator of the small jumps;
second and third rows, Y = X + ocW. From the first to the last column: first row, ¥ = X =
CGMY model with compensation of the small jumps; second and third rows, ¥ = X + oW.
n =252 x 84, A =1/n.

One could start by analyzing the pure jump model. Let us consider the
bivariate jump process X = (X W x (2)), where the components have constant

jump indices a1, . When both X () satisfy our assumptions, we already know

),n’ T{(Q),n

the behavior of the relative statistics T{(1 , and we would like to know

the limit in distribution of the joint (Tt—(l)’n,Tf@)’n). Depending on how the
marginal statistics covariate, the confidence intervals of the joint law may differ,
and the power of the joint test may be different.

If both the jump indices are larger than 1, along the lines of this paper, the

above-mentioned limit could be obtained from the convergence in distribution
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Figure 2: Histograms of T3' under the same models Y as in the previous figure. Now n =
252 x 840 and for CPP and CGMY jumps A = 1/(252 x 84000), while for CPPComp jumps
A =1/(252 x 8400).

of

2 2
n AL X (D) n n AL X (2 n
(Zz:l KidiX ) S Ki(AxM)? (Zz:l Kil X ) S Ki(AX®)?
h2/ea ? h2/a1 ’ h2/az ’ h2/a2

We expect that, at least when Agf) = A@, i=1,2 as in Lemma 6, the above to

have the same convergence in distribution as

S KRAX M) SR K(AXY)? SR KP(AKXD)? Y Ki(AX )
h2/a1 ’ h2/a1 ’ h2/az2 ’ h2/az
(12]
One could start by finding the result for a process X where X = px ) 4 x®)
with (X1, X)) a Lévy process with stable marginals and with respective jump
indices ay,as, so if p # 0 then as = max{a;,a3}. In this way, X is a linear

transformation of (XM, X®), so it still has independent increments and an
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expression for its characteristic function is available ([4], p.107). Using the

approach of Lemmas 5, we now have
o) (2)
E |:€7UI<X1 )2,u2(X1 )2:| :/ 30(31,83)(‘7317173) . f(ml,l'3)dl‘1dl'3
R2

where (B', B®) is a bivariate centered Gaussian r.v. with variance-covariance matrix
¥ explicitly depending on w1, uz, p and with characteristic function ¢ g1 psy(21,%3),

while f(x1,x3) is the joint density of (Xfl), XfS)). However the above equals

/ / VIS g () e Ydyrdys - f (21, x3)dwrds
R2 JR2

= / E {eiylx§1>+iy3x§3)} 9(y1, ys)dy1dys,
R2

where g(y1,3) is the density of the joint law of (B!, B3). Thus we expect that
the limit in n of the Laplace transform of the joint law of (12) can be computed,
and thus information on the asymptotic law of (Tf(l)’", TZ(Q)’”) can be obtained.

As for a bivariate version Y = (Y(l), Y(Q)), of the complete model, we already
know that in the presence of a Brownian component, the latter dominates all
the other parts, thus the joint asymptotic distribution of (Tt—(l)’n, Tt—(2)’n) can be
reduced to finding the joint asymptotic distribution of

n 1 1 2 n 2 2 2
(S Ko WO) s g ae® e (S Kde® W) s g0 Wy
h ’ h ’ h ’ h ’

m Ki(AjoW)?2 P
21:1 (Ajo ) =

where 0.W indicates the Ito integral process of o in dW. But since 7

O'tg, if we show that

(Z?:l KiAiU(1)~W(1)>2 (Z?:l KiAiO'(Q).W(Q))z
h ’ h

converges stably to a bivariate r.v. then we can immediately conclude. Again
one could consider W® = p"W W £ W) with independent Brownian motions
WO W) Then we expect the result to be obtained using the multidimensional

theorem on the stable convergence of triangular arrays ([6]).
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7. Proofs of Lemma 1 and of the two Theorems

Proof of Lemma 1. For fixed w, for any given jump time S, = S,(w) of L and
any integer n, let i,= iy(w) be the right extreme of the unique interval [t;_1,t;)
containing Sj,.

For the fixed w, 32

p—1 Cp 18 a step-wise constant function of ¢, so each incre-

ment A, L either is 0, if [t;—1,¢;) does not contain jump times, or is Zp;l cp, if
[ti—1,t;) contains some instants S,. Since the time horizon T is finite and fixed,
for sufficiently small A we have 0 < A;,N < 1 for all i = 1,...,n, thus A;L
either is 0 or reduces to a single ¢, € R—{0}, and >\ | K, f ( Zp "le cp) reduces
to ZNT K, f(cp).

a) When ¢ is a jump time then it coincides with one of the S, say S; = ¢,
while, if some other jumps occurred (i.e. Np > 2), for the other indices p we
have AS = min,»;|S, —t| > 0. For A — 0 we have that, for all p=1,..., Np,
ti,—1 — Sp, so that £ —t; _; — 0, and since |t —t;,_1| < A; < A, we have
Ptootl < & L0 thus K, f(ep) — K(0)f(cp) = K(0) f(ALy).

On the other hand, if Ny > 2, for p # p we have that |t —t; _1| = [t — S| >
AS > 0, thus w
In other words, for sufficiently small A, > " | K; f(z ]1V cp) only contains

— 400, and K;, — 0. So, for p # p, K;, f(c,) — 0.

Np non-zero terms, and all of them tend to 0 but one. Only the term for
which [¢;_1,t;) contains S; = t has a non-zero limit, amounting to K(0) f(cp) =
K(0)f(ALg).

b) When ¢ is not a jump time, we have that, for any given w, each S, is
at positive distance from ¢: we define p through

|t = Sp| =min|t — S,| >0,
= P

and again, for sufficiently small A = A(w), we have ZNT Ki f(A L) =
ENT K, f(cp), which is a sum of N7 terms, where now all the terms K;, tend
to 0, because, similarly as above, t;,_1 — S, but [t — Sy| > [t — 5| > 0, thus
|[t— tlp 1]

— 4o00. However, since f(ALz) = 0 we can also write > | K; f(A;L) —
K(0)f(AL). O
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gathers properties of the kernel function which are used numerous times
The following Lemma, which is proved in the Appendix, gathers properties
of the kernel function which are used numerous times. Point 1) is similar to

point 1) of Lemma A.1 in [7], but is adapted to the present framework.

Lemma 2. Whatever t € (0,T) is, under (4), the following hold true:
1) [Lemma A.1 (i) in [7]]. For a sequence of processes b™ bounded by the
same constant C, for any Lipschitz function K(x) with Lipschitz constant L

and h% — 0 then

T I n T t.
1 t—s 1 t—1t;—1 ’ A
K (—=)p™Mds =y —K : / bMds = O, |
/()h(h)‘“s;h(h)ti_lss s\ h2
2) If K is Lipschitz, K € L'(R) and & — 0 then ==f20 g =
pschitz, € L'(R) and 5 — en - - Kqy =
Jg K (u)du.
3) If K? is Lipschitz, has Koy = KQxdm<ooand%—>0thenM—>
) If p g @ = Jr h D
K(Q).

4) For a ladlag bounded process b and any density function K(x) on R we have

/OT %K(%)bsds — b,

5) If K is Lipschitz, K € L*(R), % — 0 and b™) are processes for which

a.s.

(i) a.s. Sup;_y __,supyeq, . |08 =6 | =0,

then a.s.

n n 7 ti
; (LY A > L (T /t b ds.
If the last assumption is replaced by either
(”) SUP;=1,....n SUPsc[t; 1,t;) |bgn) - bgl,)l| 5 0
or
(i1i) there exists p > 0: Vs,u such that |s —u| < A then E[|bgn) - b&”)ﬂ < CAP,
then the above result holds in probability rather than a.s..
6) If K? is Lipschitz and in L*(R), then under (4) and % —0

n T u
ZZK?K?Ain:/ K{i/ K2dsdu = h>Ch,
0 0

i=1 j<i
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where Cy, = [, K*(v) f:_oo K?(w)dwdv > 0.

Proof of Theorem 1.
a) When ¢ is a jump time. We show that a.s.
la) > KA X — K(0)AXg,
20) Y1, Ki(AiX)? = K(0) (AX;)Q,
which are sufficient to conclude.
As for 1a), using Lemma 1 for process L- [, fR xp(dz, ds), it remains to check

that > | K; fttil asds “3 0, which is almost immediate. In fact, we have a.s.

< sup/ |x|A(z, s)dx | h - EL
|z]<1 h

S

n

K; " asds
>
ti—1

i=1

Since the last factor above tends a.s. to K(;) = 1 we are done.

In order to show 2a) we write >, K;(A;X)? as

n t n
1K¢( Cp)2+;Ki(/tila(gds)22;Ki<

By Lemma 1 the first term tends to K(0)(AX3)?. The second term of (13)

A;N

ti
cp) /t asds. (13)

i= p=1 =1 i

S|

similarly as above tends to 0, because it is bounded from above by

" " KA
ZKi(Sup/ Az, 5)dz) A% < cM% o
i=1 |z|<1

S

The third term in (13) is a negligible mixed term. In fact, for small A it becomes

Nt ip
_ZZKipcp/ asds : (14)
p=1

tip,—1
since on the fixed w only finitely many jumps occurred, and each jump has
finite size, the random number ¢ = max,—1,_. N, |cp| is finite, further under

Assumption A1.1 the kernel K is bounded, then the latter sum is dominated

in absolute value by

Nt
CZ A, sup/ Az, s)de < CNrA = 0.
|z|<1

p=1 ®

Thus 2a) follows and a) is proved.
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b) When { is not a jump time. Within
S KiAX = S0 K A L= S K [ auds,

as above, the second sum tends a.s. to 0, and now also the first one does, by
Lemma 1. The same happens at the denominator of 77", thus we have a limit
form =, and we look for the speed at which the two terms of the quotient tend
to zero.

For that, note that, by virtue of the assumption that if p(w, R, {s}) # 0 then
Jg zu(dz,{s}) # 0, for the fixed w we have |c| = miny—1, . N, |¢p| > 0, and we
can write Y. | K;A; X as follows

ZKAX ZK/ / w(da, ds) Zn:m/ti asds. (15)
I|>\C\ i=1 ti—1

For a sufficiently small A = A(w) the first sum contains the Ny vanishing terms

K cp= K(E_t;f*l )cp, the leading of which, when h — 0, by Assumption A1.2

is the one having the smallest ‘t_t"rl . Since for all p we have ¢;, 1 — S, the

tip—1

slowest term is K ( >|cp\ being |cp| > 0. In other words, for the given w

the first sum in (15) tends to zero at speed K( ) Using Lemma 2, points
1) and 4),

1 1 /t—s A
hz;Ki/tilanS_/O hK(h)ans+Oa's'(h2> — af(w),

thus if a7 (w) # 0 the last sum in (15) tends to 0 as —hay, which, by Assumption
A1.2, dominates K( ) so the numerator of T} tends to zero as —hay.

As for the denominator of 77, from (13) analogously as above we find that

the leading term of the first sum is K(E_%) 2. the third sum, a.s., for small A

is as in (14), thus it is bounded in absolute value by C’Z L K, leplAi,. The

This shows that the third sum is negligible with respect to the first one.
2
The second sum Y ., K; ( L, a5d8> in (13) is now shown to tend a.s. to
0 at speed hA - (H'a?)f. For that we proceed based on the following schedule:

2
1b) ﬁ > i Ki ( fti,l asds) = E > Kiati—lAlz

latter is in turn asymptotically dominated by C'K ( ) lep| A << CK (
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1 n 2 2 o (T1 7.2
2b) Thzizl KiatiilAi = Jo EKsHsast

3b) fi LK, HLa2ds — (H'a®)?,

which proves that the denominator of 7} tends to 0 as

i—S,
K ( - ) +hA(H'a?):. (16)

However, from Assumption A1.2 it will follow that the latter tends to 0 as
hA - (H’a?)f. Then note that

(H'a®)y = Hy_a} K, + Hj, a} K_ >0,

because at least one between a;_ K and azy K_ is non zero, then at least one
between a2 K, and athrK, is strictly positive, and both Hy, , H;  are strictly
positive. Thus it will also follow that

—hag N h ay

£ = hA(H/aﬂ);f - ZwH%(aQ);: - oo-sgn(—ag),

which will conclude the proof of b).

Let us now prove 2b), 3b) and then 1b). As for 2b), the difference of the
terms at the two sides is
/T Ll a2ds — L iK-& A?
o h Ss+tsHs Ahizl 1Yt 1=

ts

1 n
=i

i
i—1

1 (M A
[Ks - Kl}H;agds + = Z/t K; [Hgaﬁ —at T ds,
i=1 7 ti—1

having subtracted and added f:f_l K;H'a%ds for each i: since K is Lipschitz

and H' and a are bounded, the first term of the rhs above is dominated by

2
% Z?:l Ahi < C% — 0. We thus remain with the second term, which is split

as

1~ (" 1~ (" A,
n Z/ K, H. {ag — afifl}ds +y Z/ K; {H; — K] a;_ds, (17
i=1"ti—1 i=1"ti—1

where the second sum is

1 b Ail 5 1 tq’ Ail o
m Z / Ki{Hé_K}ati—lds—’—E Z / Ki{H;_K]ati,ldS:
iern "t igr(m 7
H H
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accounting for the boundedness of K, H’, 1 and a and for the fact that A, e <
CA, the latter display is dominated in absolute value by

C C A,
—mA + — g sup ‘H;—J 0
h h i1 s€[ti—1,t:) A
H
A / ?:1 i a.s.
SCE—FC sup  sup ‘HS_K W =0,

Zg[;:) Se[tifl,ti)
having used Lemma 2 part 2). We thus remain with only the first sum in (17),

whose absolute value is dominated by

T3k o ot

[tz 1 atz)

however note that

2 2 _
sup |a’s —ay,_, | - sup |a’8 - att—lHCLS =+ Aty | < C sup |G’S —at;_y
sE€[ti—1,t:) sE€[ti—1,t4) sE[ti—1,t4)

thus the last display is in turn dominated by

n
KA g
C sup sup |as —ayg, |- @ 30,
1=1,...,n s€[t;—1,t;) h

which concludes the proof of 2b).
If in place of A3 (i) we assume A3 (ii), clearly the limit above is in proba-
bility. If instead in place of A3 (i) we assume A3 (iii) the first sum in (17) is

dealt with as follows.

K,LH; |:Cl§ —a§i71:|d5 at 71‘]d8 (18)

i

ti—1
C 1+
< W E K;A TP

which tends to 0. Thus again the convergence at 2b) takes place in probability.
3b) follows from Lemma 2, point 4).
2 2
1b) Writing, for each 4, (f:;l asds) = (ftil(as —atifl)ds—i—atiflAi) we

obtain

7 ZK (/ asds)2 = ﬁ Zn:Ki(/t;%l(as — ati,l)dS)Q (19)
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2 ¢ " 1« 2 2
+A7h ZKZ/ (G’S - ati—l)ds : a’ti—lA’i + Th ;Kiati—lAi’

i=1 tim1

*

and, since by 2b) and 3b) - >" | Kiaf  A? — (H’az)f # 0, it is sufficient
f

to show that the first two sums on the right hand side above tend to 0. In both

cases we use that

2
A /1 1 —ag,_,)ds < /1 1 —ag, 1) ds.

It follows that the first of the two sums is
1iK-<1/ti (as —ay,_,)d )A2<—ZK / )2dsA?
Ah &= NA Sy T "= AR A;

KA
_AhZK sup a,—at171|2A?§C sup sup |a8—ati71|2@

sE[ti_1,ts) i=1,...,n s€[t;_1,t;) h

)

which, using Lemma 1, part 2), and Assumption A3 (i), tends a.s. to 0.
The second sum at the rhs of (19) is

t;
2
AhZKA / 1 —ay,_,)ds-ay,_, A3

ti—

2
*Ah \/ /t ds lag, ,|A;

C n
SM;KM sup e — a2 A7

se[ti,l,ti)

Z?:l KzAz a.s.

< C sup sup |as — ag,_, |- =0,

i=1,0m s€[ti_1,t0) h
which concludes the proof of 1b).
If in place of A3 (i) we assume A3 (ii), clearly the last two limits above are
in probability. If instead in place of A3 (i) we assume A3 (iii) then

n L
AL Z A / (as B atiﬂ)ZdSA? s
1St

Ah ZK |CL5 - ati—1|ds ’ |a’ti—1 |Az2

ti—1
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tend to 0 because they turn out to be bounded exactly as in (18). O

The proof of Theorem 2 relies heavily on Lemmas 4, 5 and 6 stated below,
and the first two in turn make use of the next Lemma 3. To allow for lean

reading, Lemmas from 3 to 6 are proved in the Appendix.

Lemma 3. Let g : R — @ be a deterministic Lebesgue integrable function.
Given a deterministic function ¢ defined on Ry, assume that K satisfies TA1
for w. Then for fixzed o > 0, for any s € R, under (4) with % — 0, we have
i) if K® is Lipschitz and in L'(R) then

n

Z [ijl A g(v)dv — Kq) / g(v)dv (20)

K;ls|
i=1 lvI< Zmy R

ii) if K is Lipschitz and K € L*(R),
n K,
Zl TAZ‘I{%>1} — K(l)

i) if K2 is Lipschitz and in L*(R), and ¥ € L'(R) is a deterministic function

then
n K%
Z g Al/\ll(u)/ g(v)dvdu%K(a/g)-/\I/(u)du/g(v)dv
P h R [v|< %‘h‘j'\m R R

Lemma 4. Assume that K and satisfies IA1 for oo in (10) and for apg)(h) =
ha. Under IA2, IA3, (4), AJh? — 0 and if K* is Lipschitz and in L*(R),

then, recalling the notation A;X = fttilf‘ xdjfi, we have

z|<1

~ n t;
i Kidi X R i=1 Ki ftz‘171 flw\Sl zdp g
T —

a€(0,1): Zu=tSit 5 gk T Z1,a(21)
a=1& Ay #A_: e S (A4, — A )Kq), (22)
ae(1,2): # 4 ARE (23)

ha
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Lemma 5. Assume that K satisfies IA1 for v, then IA2, TA3, (4), % —

0 and that K*/? is Lipschitz and in L'(R). In the case a = 1 assume also

VK log(K) bounded and Alzg: £ 40. Then

n t;
i Ki(ft;,l f\m\51 zdp)? g

’LfO[ € (07 1) hg — Z2,o¢7 (24)
n . Y2

ifa=1 W 4 ARE (25)

if e (1,2) T KAXS 4 g (26)

o

Lemma 6. Under A1, IA2, IA3 and ({): ifa € (1,2), Ay = A_ and &5 — 0
then
(n K-A-X>2 n 2
=1 1= Z 1K1(A,X)

_ d
hg ’ = 2 — (le,ouZQyOé)'

Remark 10. Note that under A1 K is bounded and then also K2 is Lipschitz
and in L!'(R).
Proof of theorem 2.

a) Since X is a cadlag process, for fixed € € (0,1) we have a.s. v(w, (g,1] x
[0,T]) < o0, i.e. the jumps occurring on [0, 7] with size larger than € in absolute
value are only finitely many. Define now N7 the a.s. finite number of jumps
of X with size absolute value |[AX,| > ¢, and S; the times of such jumps,
p =1,...,Nz. For any n, for any p = 1,..., N® we call [, = I7 the unique
interval (¢;—1,t;] = (t5_;,t5] containing S’fﬂ and we rename its extremes ¢;, 1 =

tic—1,ti, = tic. For any € € (0,1) we split
~ t
X, =X;—Cf 4+ X°,  where X} = / / xdp,
0 Jl|z|>e

t t
X i/ / xdp, Cf i/ / zA(x)dzds,
0 J|z|<e 0 Jl|z|e(e 1]

and we proceed through the following steps.
1) For any fixed € € (0,1), X1 is a FA jump process with piece-wise constant

paths, so that, by Lemma 1 we have that, as n — oo, F*(X1¢) 3 F(X1e)
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with both f(x) = z and f(z) = 22, where F(X1¢) is finite a.s..
2) Note that as ¢ — 0 then, for both f(z) =z and f(z) = 22,

F(X'9) = K(0)f(AX; ) “3 F(X) = K(0)f(AX7).
3) Now we check that
vy > 0, lim lim sup P({|F"(X) = F"(X19)| > n}) =0, (27)

The three properties allow to conclude (11) by Proposition 2.2.1 in [6]. We
define

as(e)i/ xA(z, s)dx, af(s)i/ 22Nz, s)d.
lz|€(e.1] lz|<e

Note that a(0) is the process a that we defined in Section 3.1, and that it has
finite values only if X has finite variation jumps (« < 1). For proving part a),

note that fl 2?\(z, s)dx is bounded as (w, s) varies, thus that for any fixed

z|€(e,1]
¢ > 0 the processes as(¢) and o2(¢) are bounded in absolute value by constants,
say A®, depending on €, and ¥ respectively. In fact o2(g) < flw\<1 22X\, 8)dx <

> and
as(€ X 7)\@3’8) dx £ S
| S( )| §~/|x|e(571]| ‘/\((6,1],3) )\(( 71]’ )

< \//we(m] |x|2>mdx AM(g, 1], 8) < os(e)y/A((e,1],5) < A°.

Case f(x) = a: P({|F”(X) — F(Xbhe)| > 77}) is bounded by

P kx> 1)+ r((1 S KA > 1))

the first probability is bounded by

1300y KidiXelpe _ \/EL KZE[(A:X#)?

n/2 n/2
\/22;1 KEEU::,I f\1|<€ 22 \(x, 5)dxds] /S-S K2A,
— — < =1 [ 7
n/2 N n/2 ’

having used for the first equality that K;A; X¢ are martingale increments. Since

under A1 we have K? € L*(R) then, from Lemma 2 point 2), as n — oo, we have
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XSy K2A; 2 Bh - 0, then limsup, o P({| 0, KidiXe| > 3}) = 0
for all e > 0, and

gi_r>r(1)limsupP({| iKZ-AiXﬂ > g}) = 0.

n—oo

Asfor Y1 | K;A;C¢, we have ‘ > KiAiCs‘ < A" | K;A;, which does

not depend on w and, for fixed ¢, tends a.s. to 0, as n — oo, so again

€=U nooco n—oo

linélimsupP({| éKiA,;Cﬂ > g}) Salig(l)limsupp({AgiKiAi > g}) =0

For the case f(z) = x? we reason similarly. In fact

FM(X)— FM(X1e) = i K; (AJ(E)Q + i K; (A;C%)?
=1 =1

42 Z K, (AiXEAiXLs ~ AXEACF - AixlvsAics), (28)
i=1
and we show that for fixed ¢ each term tends to 0 in probability as n — oo:
Z?:l K; (Aif(e) ’ tends to 0 in probability because its L'-norm tends to 0; and,
again from Lemma 2 point 2), > | K;A; — 0, thus we have
S K (AC°) < (AP0 KGA? < (A%)? Apas Sy KA 500,

Finally, the double products are all dealt with using the Schwarz inequality, and
shown to be negligible:

’iKiAiZAiV’:‘i\/EAiZ\/EAiVIS iKi(AiZ)Q iKi(AiV)Q
=1 i=1 =1 =1

and for each one of the three double products in (28) at least one of the
square roots on the right hand side above tends to 0 in probability, while

S Ki(AXH)? = F*(X1¢) converges to the finite quantity
F(X1%) = K(0)(AX}®)2

It follows that, for fixed ¢ > 0, F"(X) — F"(X1¢) Boasn — oo, thus
again

lim limsupP<{|F"(X) — FY(X1e)] > 77}) ~ lim 0= 0.

e=0 nooo
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b) We concentrate on the set {AX; = 0}, having probability 1. On that set
both the numerator and the denominator of 73 tend to 0 in probability: using

Lemmas 4 and 5 we reach the following speeds, as will be explained below:

. —ath, if v €(0,1)

d
S KAX > —(Ay —A Ky -hlogt, ifa=land A, #A_ ; (29)
=t h 7y o, if a € (1,2)

. haZyo+op(hiAz), ifae(0,1)
d
ZK'L(AzX)2 ~ h2Z2’D“ fa=1 . (30)
i=1 2
ha Zyq, if o € (1,2),
It follows that for o € (0,1) and a} # 0 then

while for o € (1,2) numerator and denominator of 77" have the same speed,
thus with probability 1 the statistic T}* cannot diverge.
To obtain (29) from Lemma 4, we simply note that a.s. the speed of
Yo KAX!is K (E_%) , where S, is the time of the jump of X! closest
522) = op(hA) by
»

assumption A1.2, K (if*) is negligible with respect to ¢, (h), for any .

to ¢ (see the proof of Theorem 1 after (15)). Since K(

To obtain (30) from Lemmas 4 and 5 we first note that, similarly as above,

S Ki(A;X1)? tends to zero still at speed K (f_hsg) = op(hA). Then

- for o € (0, 1) the squared denominator of 77" is
t; n t 2
ZK (A X)? ZK / vdp) +ZKZ» / asds
ti—1 ‘<1 i=1 ti—1

n

+Z fQZK/[ asds/ /
. i1 ti1 ti1 |w\<1

=1
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t1
asdsAX1+2ZK / xdu AXl- (31)

tiy J|z|<1

n ti
—2) ' K; /
i=1 ti-1
within the last term, Y . | VK ( ) flx\<1 xd,u)\/KiAin is dominated by
\/Zl 1K W 1f|$\<1 xd,u) VI K (A X1)2, and thisis op(h? A?), because,

1 (.]tl lf\ \<1zd/‘)

h2/a

by Lemma 5, A Z3 o, then

2
n ti
Zi:lKi(‘[ti—l f|33|§1xdu) P
%

1
h 7 0,

while Y7 | K;(A; X1)? converges a.s. to zero as K( ) << hA, then a.s.

Bi i 1K(f f|x|<1xd/‘>2
ha

P (f lfz|<1mdu)2

ha

< Ch-ha !

S 3 .1
p) = OP(thE).

. ti n i
Sincea.s. | [, asds| < Asup, f\zlgl |z[A(z, 5)ds, the term 327, K, [}*  acds A X

n (31) tends to 0 as AK(E_:E) = op(hA); the term

ftl 1f\ z|<1 ey

ZK/l d/ / i < O ARREE = on(hd);
|z] <1 h,u

as already said, the term Y | K;(A; X1)? = op(hA); while Y7 Ki(fttil asds)?

tends a.s. to 0 as hA. Thus the display in (31) is asymptotically equivalent to
W& Zyo + Op(hA) 4+ 0p(hZAZ) = ha Zy o + 0p(hI AZ).

- for a = 1 we instead split A; X into A;X and A; X' and, using again the
Schwarz inequality, the mixed term within the squared denominator of T3 is

shown to be dominated by

zn:Ki(AiX) ZK (AXY2=0p | h K(th5p> = op(h3A7).
i=1

=1

38



Thus

n 2 t— S
S K, (AZ-X) 2 h2Zy 0+ Op (K (ﬁ)) +op(h3A) L 27,
i=1
- for @ € (1,2) we again split A; X into A; X and A; X! and use the Schwarz
inequality:

-8,

i 2 2 1 2
S Ki(AiX) £0E 20+ Op <K < - )) +op(h*VAR) L hE Zy .
=1

¢) By (29), (30) and Lemma 6 part ¢) is proved. O
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8. Appendix. Proofs of the other Lemmas and of Corollary 3.

This Appendix contains the detailed proofs of Lemmas 2, 3 , 4, 5 and 6, and
of Corollary 3. Two further Lemmas are needed for the proofs of the last four

Lemmas .

Proof of Lemma 2. As for 1), recalling form Notation 2 that Ky = K (%) ,
the displayed left term coincides with
n t; 1
> / ~ (K, — Kb ds,
X i h/ ’
=1 i—1

whose absolute value is dominated by

L A
Z/t 23ls —tia|Cds = Oas <h2> .
i=1 Y ti-1

2) By 1) in the special case where b(™) =1 for all n we have that M
equals %fOTK(f;s)ds + Oy (%) = IETT K(u)du + O, . (%) — o K(u)du,
where for the last equality we operated the change of variable u = (f — s)/h.

3) We apply 2).

4) For fixed w the term fOT 1 K,bsds coincides with fiTT K (u)bi_pyudu, and

S

K (u)bg_pydu — bf| <
T

o+

h

0 0
/ K (u)bi_pydu — by - / K(u)du
i-T oo

h
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“+o0
br_ - K(u)du
0

< [ = bl Tz 0K @+ [ b = b T gy (0K ()

[ (s () o1y (1) K )

the three terms are integrals, in the finite measure on R having intensity K, of

w)bi_pydu —

bounded integrands converging to 0 point-wise as h — 0. By the dominated

convergence theorem the three integrals tend to 0 and 4) is proved
(ii) holds true, the thesis follows from the fact that

5) If either (i) or (ii
Z ~K; / b — o\ ds

=1

1
< sup sup \bg")— b ZE (

i=1,...,n s€[ti_1,t;)

=Ha;,

which tends to 0 a.s. (respectively, tends to 0 in P).

If (iii) holds true then

1 n .
pi [, ] <G EY ol s

which in turn is dominated by & G KA

6) As for the first relation we have

/KQ/ K2dsdu — ZK2(ZK2 )A </OTK3/Oqudsdu (32)

7<i

Zn:Kg/t“desAi> ZK2/ KZ2dsA; — ZK2<ZK2 )
i=1 0 j<i

Since fot TUKDds =), ftt]il KZ2ds, the latter term is dominated in absolute

value by
ZK2Z/ K2 — K2|dsA, <CZK2Z/ ‘S_tj s = timtl g,
1<t 7<i tj-1
KQ
NCZKQZ ’A <C’A211TA_O(A)—>O.

j<i
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The right hand side term in (32) equals

ti—1

n ti u n ti
> / K? / K2dsdu—Y " / K? K2dsdu
i=17ti-1 0 i=17ti—1 0

ti ti u
= Z — K? / K2dsdu + Z / K2 K2dsdu :
ti—1 ti—1 ti—1
using that for any ¢;,_; we have foi_l K2ds = hff,ti_l K?*(w)dw < hK(s), the
Pty

first sum is dominated by

CZ/ R 1|d hK(5) = O(A) = 0.

t— t;

Also for the second sum we use that [ KZds=h [ K2(w)dw < hK (s,

tu

thus the sum is dominated by

n ti
> K2du - O(h /K2du O(h) = O(h?) = 0.

i=1"ti—1

As for the second relation,

1 T u 1 % t—vh
— | K? / K2dsdu = — / K2(v) / K2dsdv
h2 0 0 h2 t7T 0

z
h

3 +OO
= [ K*v) | K?*w)dwdy— / K?(v) / K?(w)dwdv. O
S v R

=l

Proof of Lemma 3. i) Since the difference of the two terms in (20) can be

i1 90V — /Rg(v)dv> + /Rg(v)dv (Z ]Z’(X Ai - K(a)) ,

(h) i=1

written as

S ()

i=1

it is sufficient to show that

—~ KA
2 — </| <k g(v)dv — /}Rg(v)dv> — 0, (33)

n  KJA;
ilh

because using then that, similarly as in Lemma 2, 2), > — K(q), the
proof is concluded. The absolute value of the expression in (33) is dominated

by

Z KC“A Y.

w(h)
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We split T ={1,2,..n} = I' UI"”, where
I = {Z el: |{—t1‘,1| < €h}, I = {Z el: ‘{—ti,ﬂ > 5h}~

For i € I' we have K; > K (%), thus

ZKA/ |dv<ZKA (0)[dv,

iel’ iel’

and the latter tends to 0, because the first factor is dominated by >, K A —

K, while the second factor is an integral of |g| on a vanishing region.

On the other hand,

Z%/ |dv<z aA/|g )|dv,

h
= ‘ |> (h) eI’

and we show that ) —4— — 0. First we have

ZGI”

KA KO‘

I{s |i—s|>ep}ds

el ti—1

< Z
since |t —t;_1|/h > e, /h — o0, and, for all the considered numbers s, |t —s|/h >
en/h, then the only involved K¢ are such that K¢ < K%(ep/h) — 0; further

t;
Af{l [E—t;_ 1|>5h}_/ I{s:\f—s\>a;L}dS :

ti—1

Ailgifi—t,_\|>eny — ft, Aisiji-s|>epyds is 0 for all that intervals [t;_1,t;) but

for the two containing ¢ + ¢ and ¢ — ¢. Thus the latter sum is dominated by

KT 9N — 0, and
/ I{s:|f—s|>sh}d87

lim Z = lim Z
and using Lemma 2, 1), with b7 = I, 7_s>c,}, the latter limit coincides with

el

ol

h

Ko %
0,7):|F—s|>en T "

“h

m

S

—hm/ du+/ K (u)du = 0.

h

:-
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il) We have that

—— N
2 {i>

n

FELTEb S e o

@ (h) 1

- Z fAi |s|K; )
i1 sy <1
and we show that the latter sum has limit 0. With I’ and I” as defined at point

i), we immediately see that

Z AI{ e -0,

iel’

in fact if |t —¢;_1] <ep, thenK(| Yiz 1') > K(ﬂ), thus

K’i Ki
7AI < 7AI cn =7 cn 7A .
T S| K — T |s| K (=2 |s| K (=2 T
e € P PR EEE I R Y
since the first factor tends to 0 and the second one is bounded, the latter product
tends to 0.

In order to check that also

il ey <1
note that
S, ye X MasyEan
e h {‘ G f<1} e o h {'t*ti*1|>5h}

and the latter is shown to tend to 0 as in (34).
As for iii), the proof is substantially the same as for i), we only point out

some details. It is sufficient to prove that

(/\Il (u /|U< - ‘Slw )dvdu—/R\Il(u)du/Rg(v)dv>

»(h)

Al/\I/(u)/ g(v)dvdu — 0, (35)
R [ol >4/ 2Lzl

@ (h)

because as in lemma 2, 3), we have ., %Ai — K(a/2). The sum in (35) is

again split into the sum of the terms with 7 € I’ and the sum of the ones with
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i € I": since for ¢ € I' we have {|v| > 2K | ylul} € {lo| > ((h))‘ || [}, the

absolute value of the first sum is dominated by

/ / ED) lg(v)|dvdu,
[v]> lul

w(h)

where for any u we have [ = |g(v)|dv — 0 and
MRV €KW

/| T, 90l < 0¥ € @),

w(h)

ZGI’

here C' = [, |g(v)|dv, thus by the dominated convergence theorem the sum over

1 € I’ tends to 0. On the other hand,

S \dvdu<z E; A/ du/|g(v)|dv
2K ‘ | R

i€l

zepf ol>

where, as in (34), the first factor tends to 0. O

A useful procedure to extend results for a-stable processes to semi-
martingales. This procedure is explained in [5], sec. 12.4, we report it with
some adjustments needed in our framework.

Let us consider a one sided martingale X, = fot Jocwcr zdiit, t € [0,T],

where the jump measure uT has Lévy measure

A+($, 8) — A+g(1‘, S)

:L-lJrOt Io<w§1d.13.

In our application X+ is the component of X involving the positive small jumps.
Since g(z,s) < 1, then A; (1—g(z,s)) > 0and [Jo<o<1 A4 (1—g(2, 5))/(z'1%)]

dx can represent a Lévy measure. Consider the Skorohod space (€', F', {F{ }ic(0,17)

of the cadlag functions starting from state 0 at time 0. For any fixed w € ) we

define

A Ai(1—
VW i, ds) = | A Tocper — N (o) dods = Tocpe 2090 g,
€T - - x

and we put on €’ the unique probability @), under which the canonical process,

that we call X'*, is a SM with characteristics (0,0, 2/3) : X;+ = fg Jocwer wdi't,
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frt=pt —vt
Since v/)" keeps fixed as w’ varies on (', then X'+ on € has independent incre-
ments. Further, 1/} is measurable as a function of w, because Ipcz<1A4(1 —
g(z,5)))/(x1T%) is such, then Q,(dw’) is a transition probability from (£, F),
to (€, F’), and we can enlarge (€0, F,{F; }ieo,r), P) to (Q,F, {Fi}icpo,1), P).
where Q = O x Q' F = FRF ,F = F; @ F|, P(dw,dw') = P(dw)Q.,(dw").
We extend X+, X't to Q by keeping X (w) constant as w’ varies and X'+ (w’)
constant as w varies. In order to simplify notations we keep the same name for
an object originally defined on € or on €’ and which was extended on Q. Only
v/ undergoes a slight name change in what follows.

The above enlargement turns out to be a very good extension ([6], p.36),

which ensures that X+ and X't are still martingales on €, with respective

characteristics
v ((w,w'),dz, ds) = AT (z, s)dxds, V'™ ((w,w'),dz,ds) = v (W', dx,ds).

Now, X and X’* turn out not to have common jumps. In fact if at time
7 we have AX, # 0, then 7 depends on w and not on w'. X't has absolutely
continuous characteristics (0,0, /"), thus it is an Ito SM. But then, since 7(w)
is fixed on €, and X't cannot have on Q' fixed times of discontinuity, thus

AX'T

7(w

)= 0. This implies that the number of jumps of X + X'* on any subset
of Q x [0,7] is the sum of the number of jumps of the two terms on the same

subset, i.e.

p XX (w,w),dx,ds) = vt ((w,w'), dz,ds) + ' ((w,w'), dz, ds)

A
_ +
= T-l+0¢ Io<wgld.’17d8,

but then X+ + X" ison O a martingale made of compensated jumps smaller
than 1 and having one sided « stable law. Thus we identify Xt + X't with a
martingale, say JT, represented by the compensated small jumps of an a-stable
process. In the following we denote by J* either the compensated small jumps
of an a-stable process on ) or the compensated small jumps of an a-stable

process on ), P.
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From one sided to two sided. The model (2) we are dealing with has
possibly two sided small jumps. By applying the same reasoning above also to
the side X~ of the process having negative jumps, we end up with a connection
of X = X+ + X~ with a possibly non-symmetric martingale J = J* 4 J~
representing the compensated small jumps of an « stable process. With X' =
X't 4+ X'~ we obtain

X+ X' =1, (36)

where

t t t
Xt:// x(du—dv), }’:// z(dy —dv'), jt:// z(dp’ —dv”),
0 Jlei<1 0 Jja1<1 0 Jja1<1

v((w,w'),dz, ds) = Nz, s)dzds, V' ((w,w'),dz,ds) = N (z, s)dzds,
u‘]((w,w’),dx, ds) = N (z)dads,
with A(z, s) as in AIS3,

A (1= g(x, )
lera

A_(1—-g(z,s))

+ I_1<a<0 Llta )

A/(1'7 S) = IO<$§1

A _
J +
A (z) = m-’o«:gl + WI_1§<I<O'

The big advantage of this approach is that we now have a useful expression
linking expectations of functionals of J under P and expectations of functionals
of X under P (see Lamma 7). This allows us to firstly prove our results for the

small jumps of an « stable process and then to extend the results to the process

in (2).

Lemma 7. Let f, be a sequence of deterministic functionals to be applied to
either a process V on Q2 or to a process V on §, and let ¢, = gn, (w,-) a sequence
of functionals, possibly depending on w, to be applied to a process V' on ' such
that the processes V,V' extended on Q satisfy V=V + V.

Let, for all n, |f,| and | fullgn| be bounded, fn(V) = fu(V)gn (V') and let

Vo, gn(V') 251,
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Then, denoting E = EF, as n — oo, we obtain
i £{191] = 1.0
Proof. Since f, (V) only depends on w and not on ',
Elfa(V)] = EV[E?[fu(V)]] = E”[fa(V)E?* (1] = EX[£u(V)].
Then
Bla(V)] = B”[12(V)] = B£a(V) = £ (V)] = B [ £0(V) |3 (V) —1]]

Since Vw, g, (V) 94 1 then 9n (V) P, 1, moreover | fn (V)] is bounded,
thus f, (V) {gn (V’) — 1} N 0, and is bounded because also f,g, is bounded.
Therefore, by the dominated convergence Theorem, the latter display tends to

0, and the Lemma is proved. O

Remark 11. We use this Lemma for the second steps of Lemmas 4, 5, 6. For
instance for Lemma 5 when « > 1 (eq. (63)), with the notation in (36), we have
_ ~ ~ ~ ~ n K ; )2

V=J, V=X,V =X, and fo(X) = ¢ * = 52/= (2%)" ypile

P23 NI ARAR

=1 p2/a

(0, X) = ¢ S 0 (%)

Lemma 8. Letr < a <1 be such that flwl<1 |z|" N (z, s)dx < C for any (w,s) €
Q x [0,T]; and let the kernel satisfy K™ € L*(R). Then for all w, on Q' we have

SUKG [ [ wdy!
j=1 Jj;,;l_ll f|.,|§1 Q#O.

Proof. It is sufficient to show that

n ti r
Zj:l Kj s ﬁw\gl l'dlu/
hi

EQ« — 0.

Now note that, due to the fact that r < 1, the left term in the above display is

dominated by

Z;l: 1 K;

t; " n r w i "
T N T

EQ«
ha ha
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so by [6] (2.1.40), recalling that v/, does not depend on «’, the latter term is

dominated by
t;
2?21 KJT ti—1 f|9€|§1 |:,I?|le/(;
nE |
Recalling that dv, = N, (z, s)dzds, since by assumption f\w\gl |z|" X (z, 8)dx <

C, the above display is upper bounded by

" OKTA
(172]:1 I plE 0. O
h
Proof of Lemma 4.
First step. We start by proving the results when the small jumps of X are
the ones of an « stable process J, i.e. g(x,t) =1 and ANw,z,s) == A(z). In

this case for any ¢ we have

=a= / zA(z)dx = ﬁ
jz|<1 l-a

To distinguish the stable case we replace A;X with A;J. We now prove that

a

R

under the assumptions of the Lemma we have

- t
SrKAT d e Ko il Jie<i®dn g

if a € (0,1) ==t o —a and == s = Z1
ifa=1and A, #A_ % 4 (A, — A K,

if a € (1,2) % % 71 o

For each a € (0,2), defined Z,, = ZL#IZ)AJ, we proceed by showing that

isZn] converge to the characteristic function of

the characteristic functions Elfe
the limit shown in the statement of the Lemma.

Since J is a Lévy process,

n 7 n
: ig—J—J ig—J—J
E[e”Z"] =F | I e ety | = | | E’{ezS @al(h)
Jj=1 Jj=1

n mLJhT Ky
_ H eA flwlél e #alh) —l—is gy A(z)dz
Jj=1
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With z = s—4~ (h), the integral at exponent is
A, / (e —1—izz) ™' "%z + A_ / (€™ —1—iza) |z|"' " da
0<z<1 —1<x<0
(37)
1 cos (zx) -1 1 sin (zx) —zz
By changing variable v = |z|z that becomes

cos(v) — 1 , sin(v) —v
(4, +A)/<vS|z| plta dv+i(A, A>Sgn(8)/<v<| | vite "

2|

so that Ele**] is given by

SK; |o (‘ai‘(v) 1 A K siny ) 2 d
A A S| K dv+ A g s j  olta
walh) ( ) f0<“§ el hJ) b Z( )S n(S) '[‘0<v§ |‘Po‘4(h]) o ’

n
=1 A

e
(39)
In each of the three cases @ < 1,a0 =1, > 1 the right speed is the ¢,(h) such

that the exponent in the above expression converges to a finite quantity.

In the case « € (0,1) we have @,(h) = h, Cojﬁ?a L ‘2?&? € LY(R,), while

sK; * v sK: 1
— dv="2 .
@alh) sgn(s) /0<v< ‘S‘K pite ! h 1-a

It follows from (39) that E[e?*4~] equals the exponential of

- cos(v) — 1 ) sin(v)
A / —————dv +ifBsgn(s / dv
j; 0<v§7‘s';f(j vite ( ) Ls‘fj vlte

o<v<

‘Aﬁi @4++”4—>

sKj A, —A_
— A—=
ZJZI 1l -«

Recall that (from [8], Lemma 14.11)

cos(v) — I'(-a)cos (), ae€ (0,1 1,2
T I .

s —
— 9 06—17

o 0= Ta)sin(F), fae 0
(41)
[ Enl)v gy s gy < oo, ifa=1
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e gy T(a)e T, ae (1)

(42)
s (oot ifae (1)
[eisZ,,L]

Thus, since the two integrals in the above exponent of £ are dominated by

constants, [s[*Y_7_ | Apl = |s \az’lihl_a — 0, andazf o<1 xA(x)dx =
A, —-A
———, we have
. . A+_A7 .
E[est"] — efzsﬁ _ efzsa’

where the limit is the characteristic function of the constant random variable
—a.

If we do not compensate the small jumps and only consider

ti
Y Ki [y Jgj<a wdp

Y, =

hl/a ’
then
E[eiz fttii,l f\r\gl mdu] — eA f\m\§1(eizz_1)k(m)dm
)
thus, with z = %,

E st HeAflel ¢ _ 1)\ (a)dx
Jj=1

and each integral at exponent differs from expression (38) because the last term

—zz /21t there is absent here. Thus E[e**Y"] coincides with

sK

A hl—/fx |:(A++A)f < ‘K wjl(i)a 1(iv-‘rz(A —A_)sgn( s)f <‘ SIK; Slffif;)dv:|
1/a

n
j=1

(43)

and by Lemma 3 i) we have

n Ka 1
A/ %dv — K(o)I'(—a) cos (E) ,
0<v< B 2

1+«
= h . v
K sin(v) . (T
ZT / iy pire &0 = ~K@T(=a)sin ().
7j=1 I
ha

Thus

E[eisyﬂf] _>€|S\QK(Q)F(70¢)((A +A )cos(%) isgn(s)(A+fA7)sin(%)> :

o1



by collecting (A, + A_)cos (%) and recalling that 8 = j::% and that
I'(—a)cos (Z2) < 0, we obtain that the above display coincides with E[e*#1.«],
having used notation (9).

If « =1, with g (h) = hlog% and z; = sK;

~ hlog £’ from (39) we have

1251 cos(v)— . 1251 sin(v)—n
E[eisZn] _ 62_?:1 Alz]'l[(A++A,)fo i %dv+z(A+ —A_)sgn(z;) [ 7 ng;; ’dv]

(44)
The exponent above is
ST AK o T cos(v) — 1
=1 j A A hlog + COS(V) — d
hlog + 514, + _)/0 v? vt
Tiox T sin(v)
3 hlog 3 stn(v) —v
ZS(A+—A7)/O ! Tdv
which is shown to tend to —is(A4 — A_) : the first integrand COSSJ#IDO is in
LY(R), thus, applying Lemma 3 i) we obtain that
S AK; Lol 1
|s| ==L =2 (4, +A7>/M°” cosW) =1, o,
hlog # 0 v2

The second integral is written as
il sin(v) — v sin(v) — v =il sin(v)
/ Uildvl\zj'lﬁl + /Tldv +/ Ug dv—log (|2;])| 1|z,1>1
0 0 1

(45)
where % € LY((0,1)), and “”“35”) Le(1,400) € L'(R). Note that if s = 0 we
directly find that E[e’*%"] = 1, we thus only concentrate on a fixed s # 0. We

have that
1
dvljz; <1 + /
0

n IsI K
Zj:l AKJ /h log % SZn(U) —v
thg% 0 2

sin(v) —v

02

dv
v

2ot AKjQ/l sin(v) — v v 1 < > o1 AK; Cl Lo,
h 0 v2 log 7 h log 7
and e
" AK; [reeT si " AK;
723_1 I ! /h1 F sin(v) dvl,; |51 < 701 72]_1 L 0.
hlog s Ji 02 g 1 h



Finally, recalling that K is bounded (by IA1),

_ S AK; S|IK _
—is(A, — A )= 1 ; J log( E Jl)] 1ol — —is(A, —A_)Kq),
hlogﬁ hlogﬁ {Mogl 1}
h

since within

Z;L—1 K;A 1 1

= |l log (K ;) + log(=) — 1 log — || I

= ol + s (1) + 1oa() ~ 1o (s )| )
h
the first two terms are bounded in absolute value by
— 0,

h + I

log +

the third term converges by Lemma 3 i):

iIZJAI{ IsIK; >1} — K(l);

- T
j=1 hlog +

and the fourth one

n , 1
Z King o1, log Uog ) (IO% ) = 0.
= h {hlog%>1} log 7

Thus the statement is proved.

If « € (1,2) we can directly use the relations in (42) In fact, from (37), where

zj = SSOL(jh) = shlf—/a, we change variable v = |z;|x in the first integral, while in
the second one we firstly change in y = —z, then in v = |z;|y, and we reach
=il givsgn(zi) — 1 — v - sgn(z;)
|z;]* A+/ e 12 dv+ (46)
0
A/lZJ e*iU'SQn(zj) 711 + i’U . Sgn(zj) dv]
0 vlte

With g(v) = eivvfi;ivaw € L'(R), and g its complex conjugate, the above

equals

[2;] EA
2] <A+ / g(W)I., >0+ g(v) 1., <odv+ A_ / g()I;>0+ g(v)I., <0 dv)
0 0

]



thus

sKj e
wa(h)

151 _ 1251 _
E[eisZn] — e {Izj>0 Jo 7 A g(w)+A_G(v) dvtlz, <o [ A+9(U)+A_9(U)dv}

With ¢,(h) = ha, by Lemma 3 i), the exponent

[2;] 251

Is>0 A+g(v) + Aig(’l))d’l) + IS<O A+g(’U) + Ag(’U)d’U‘|
0 0

[s]* 2j=1 AKY
h

tends to
[s1" Ko (=e) ( S>O(A e A e >+Is<O<A T LA el 5))
By developing and simplifying, the above expression becomes

15| K o) ¢ (1 —iftan (%) 89”(8)) ;

where ¢ = —I'(—a)cos (%) (A4 + A_),8 = ﬁi;’::, the statement is proved

and the first step concluded.

Second step. We come back to the small jumps of the form described at
TIA3. Also for X we look at the characteristic functions of the quantities in the
statement of the Lemma, and at their asymptotic behavior. Now we employ
(36) and show that the contribution from X' is negligible, because X’ has jump
activity index less than a.

On the enlarged space (Q, F, {F;}ic(0,7], P) we have

K.

n . J 7 _ n K Y n o Ky X/
E |:fn(j):| - E |:sz1 isT/a AJ-J:| - E |:€Zj1 zsmAlezjzl zshl/’QA]X:|

= B [£a(R)90(X)] = B [fu( D) E% (g (X")],

~ n . J Y ~ n ZSL X!
where f,(X) = =111 AJX,gn(X’) = eXi=1"51/a %% and we recall that
the Lévy measure v/((w,w’),dz,ds) of X', given in (36), does not depend on
w'
Case o > 1 : under IA3, X’ has FV, since fOT flx\él |z| N (s, z)dzds < oo,

thus
} :

EQ- f:KJAX’ <Z JEQw[

v/
hl/a hl/«a AJX

j=1
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by (2.1.36) in [6] with p = 1, and using IA3 the latter is dominated by

KA 1-1/a
czhl/a/ /|x<1|a:|/\’sxda:—CZ himle o,

A X’ tends to 0 in probability wrt Q,,, so

thus, for any fixed w, E;l LiSTh hl/a

gn(f( o) 9 1 and we can apply Lemma 7 and conclude that

n - Kj % _ n -
lim EX {ezﬂ'l e AJX} =limFE {ezﬁl s
n n

P
i AJJ] _

Since under P the process J is a-stable, the first step of this proof applies, thus
lim E {ezylwhl/aA J] =F [eiSZLC’] ,
n
where Zl,a has under P the same law as Z1,o under P, so
E [eiszLa} - [eisZLa} )

It follows that

n

lim EP {ezylishl;& m} _ B [
and (23) is proved.

Case o = 1 : now the fact that

thx’ <CZ / /m |:z:|)\sxdx<C’Z JA

lz|<1

allows to state that for any w

n

K

DR L
hlo

—_
o
;‘\H

Jj=

and again, for any w, g,(X’) @ 1, so by Lemma 7 we have

K

> AJX -
= ’“"g =limFE |e
n

n . Kj .
Zjllsmog;f‘]']] _ emis(Ar—AD)Kq)

lim EP

and (22) is proved.
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If « € (0,1), the jumps of X, J and X’ have FV and we can separately deal
with the not compensated small jumps and the compensator. Further, now the
jump activity index of X', by assumption TA3, is o/ <.

Let us first consider the not compensated jumps: defining V' = fo /i

l2|<1 xdy on

Q2 and analogously V on Q and V' on ', we have
_ _ — n . Kj _
B[£(V)] = B | o I 20T = BU£,(V)gu (V)]

_ n 5%
where [ [ zdp stands for j‘ti‘jfl f\z|<1 xdp, fr(V) = o= /e S g g (V') =
n . Kj ’ .
eZi= e [l Uging that [

o<1 |z|" N (x, s)dx < C' (assumption IA3) and

K" € L*(R) (assumption of Lemma 4), by Lemma 8 we obtain that for all w

n . Kt /
gn(V/) — er=1 lshlﬁ ftj]71 f\m\gl zdp % )

)

so, by Lemma 7 and the first step of this proof,

n

n . K; _ n . Kj .
lim EP |:€Zj1 zshl/’aff:cd,u:| — lUmE |:8211 zshl/](lffmduJ:| —E [estLa]
n

and the second part of (21) is proved.
We now analyze the first part of (21) directly for X. Since we just proved that,
on Q, 3770 }ff—/’a [ [xdu A Z1 o, then

Z //a:du pEl Zhl/ﬂa//xduio.
j=1

On the other hand we have ftt,_’;l flw\<1 x\(z,v)dzdv = fttil a,dv, and a, satis-
fies A3, thus by Lemma 2, parts 1) and 4), we have

i % f;jﬂl flrlﬁl zA(z,v)dzdv

P
h = ag,
therefore
> DX = Z / / wdp — / / 2A(z,v)dzdv| 5 —a?,
Jj=1 j=1 tj—1 J]z|<1 tj—1 J|z|<1
and also the first part of (21) is done. O
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Proof of Lemma 5.

First step: a-stable J. We show that the Laplace transforms of either

L Ki(JE dp)? n e (AL P2
— (ftzzh)f‘”‘glw a2 when a < 1, or #?‘1) when a > 1, converge to

the Laplace transform of the limit shown in the statement of this Lemma (see
[3], theorem 6.6.3 for the properties of the Laplace transforms limit). For that,
since the law density of J is not available in explicit form, we are going to use
the characteristic function as follows. For a r.v. U on R with law density u(x)
and for a given v > 0, it is possible to compute E[e } f e‘”z x)dx by

W] of a Gaussian random

. . va? - .
interpreting e ¥?" as the characteristic function E[e
"2

¢ 202

variable W, with mean 0, variance 0% = 2v and density ¢(x) = ot and to

obtain E {e‘”Uz} only using the characteristic function of U. In fact
E[ —vUQ} _ / dil' /E 7,.LW
// zrz dZ U dl‘ /(b /mz d.’L‘ dz /¢ zzU

We will apply this in the following way: v =v; = (ﬁ) and:
~whena <1,U=U; = ft;"_l Jizj<1 @Ay and Ele “U i) = A i L AW,
~when a € [1,2), U=U; = AjJ = f;il Jioj<1 dfi and

E[e*Ui] = oA Jinj<1 €57 —1—izr A(dr)

Then

22

n

n 202
Ele” 2= leU2 = E e_ijjz = / € ’ Ele?Yi dz, 47
| A=Ilele] =11 [ Bl @0

with 032- = 2v;. The latter display, with u = =, becomes
J

N _w?
e 2 .

11 - Ble'7i"Vi]du. (48)

i 4 V2

n K5 < xdp)? .
Case a € (0,1). Let V,, = == (f;b;;hjf'“ﬁl & , then, with s > 0 and

'Uj = SKj/woz > O,

noo. _u? -
Ble=Ve] = Ble~ i v 0] = Ae A T gy (a9
=) = Bl il (49
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sK;

Similarly as when from (37) we obtained (39) and then (43), with z = ;%

there replaced by oju = |/2v; -u here, we have

. 7l T cos(w) — 1 sin(w)
touT _1 =odul*(A, +A — +1
/<1e A(dr) = o |u|* (A, + 7)/0 [ e + iBsgn(u) Tra dw

ojlul
= U;?‘|u|°‘/0 Ju(w)dw = o5 |ul%g;(u), (50)

then we are left with

—5V I | _’T Ao’,‘-"\u|a‘gj(u)d
ey U.
j=1 / v

By developing e¥ = Ek o 47, We obtain H A (1 + H(n))

k
/\ﬁdu—&-éiAaﬂMagg w)du —&-;A T (Uj 12! gj(u>) du

We are now going to show that

(cl) Vj=1,...,n, 9§") — 0 and max;j=1, .n \9§”)| =0
() S, 0] < M < oo
(03) Z] 195” — 9

where M does not depend on n, and

. ag a+1 1 T
0=s22 K(a/g)(A+ +A)F< 9 >ﬁF(—a)cos (7> < 0.

That allows to conclude ([3], Lemma p.199) that

n

Ble= =[] (1+6") - ¢,

=1
which is the Laplace transform of the law of the Z3 ., in the notations, and the
stated result follows.

Let us now evaluate the numbers 0§"). Denoted

u2
n) - e 2 fe} «
) = ,4 - A ul"g; () (52)
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2

e~ T o o 7i% Teos(w) —1 sin(w
:A.Aaju (A++A_)/O { (w) +zﬂw1(+a)]dwdu

V2r wite
2
- 5= [cos(w) — 1 sm( )
+ \/7 of (—u)* (A + A_)/O [ i+a -1 o } dwdu,
(53)
by changing variable y = —u, the second integral in du becomes
_y2 oY
e 2 7Y cos(w) — 1 sin(w)
Aoyt (A + A / —1 dwd
[ sy s [T iy

by renaming u the variable y of the latter integral, in (53) the sin function

simplifies, and we obtain

&

u

O
s L V2

We preliminarily show that

7% cos(w) — 1
Acfu® (A + A —_—
g;u (A + )/0 wlita

dwdu. (54)

(cd) Y00 0
(5) S0y 10 — 05 — 0.

u2
Note that the function e\;; |u|®* is in L'(R) for any integer k, with

5 |ufokqu — 2252 (2R LY (55)

As for (c4), using the notation in (50), Lemma 3 iii), (55) and (40) and with

0 =+ 2w; = 4/2 1/J (h) we have that Zj 1 0( coincides with

A a/eiﬂ gy = o328 32 K _% /”’"'ﬂ \dwi
of ul®g; (u)du = 52 w)dwdu
j=1 T Jr Vo &
o 2
o oo~ KZA e T ailul cos(w) — 1
=s5222 L 92(A,+ A / ua/ —————dvdu — 0. (56
> _>R+ e [ (56)
As for (cb), since for all j =1,...,n, |g;(u)] < C'fR+ lcofu(ﬂ)a Uy lsm(w)‘ dw <

00, g;(u) is bounded uniformly in j and u, thus we have that Z 1 \0(") 9(")|

is dominated by

k
oy et a*(Coplul) Zn s 2¥ K7 i fak

e . J i geko (k4 1)
j=11f22’4 Var k! J=1k>2 ( ) M ( 2 ,

(57)



where the term s within o; has been included into C, because s is fixed. Since

the kernel K is bounded, the above is dominated by

(i)znz <2>“ck 2(1;_5 r (ak; 1) . (58)

k>2

Since for large n we have A/h < 1, in the the series above, for sufficiently small

A and large k, we have

apr _ C AT (*pH) ¢ Aakfa+ 1T (24

ar  k+1h T(%EH) ~k+1h 2 T (k)
_ C Aaktatl _ C A +1 P
k+1h 2 k+1h h ’

because 0 < o < 1 and for large k the the argument of the Gamma function is
positive, so the function is increasing. Thus by the quotient criterion the series
is absolutely convergent, and (58) is O (£) , therefore it tends to 0, and (c5) is

verified.

R

It follows that, since HJ 1 = Acf = |u|”‘gj( )du, where o < cEO

V2T h

and g;(u) is uniformly bounded, thus |9j(nl)| < CA/h uniformly in j, and

(n) (n) (" (n) (n) (n é é
]:Ir117ax7n| |< r[llax |9 9 H— HllaX ‘9 |<Z|9 9 |+C O(h2>

and thus tends to 0, which solves (c1).
As for (c2), using again Lemma 3 iii), we have that Z . |t9 0 | is dominated

by

2|s|K;
r2/a

| f(w)|dw du — C,

ZOO‘A/ uw)|g;(u |du<C’Z

thus using also that (57) is O(A/h?) we reach

n n n

n n n n A
SIS < D018 — o+ S 16 < €+ C < M.
=1

j=1 j=1

Finally (c3) follows directly from (c4) and (c5).
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?:1 Ki(Aij)2

Case o c [1’ 2). Let now Vn = Palh)

, then, with v; = sK; /1o > 0,

Ble=*") = Ele™ > H 4 2‘GAI‘T'Sleij_l_w"wA(dr)du.

The integral in A(dr) is given by

1 :
cos(ojur) —1 sin(ojur) —oyur
/0 (A +A)— e — +ild, -4 ) —— 5 dr =

a;lul cos(w) —1 . sin(w) — w . -
0?|u|o‘/ (A, —&—AJL—H(A+ —-A_ )sgn(u)L dw = 0§ |ul*g;(u)
0

w1+a wl+o¢

Thus

n _u?
= e 2 a oz
E[efsvn] — I I . eAUj [ul“g; (u)du
Jj=1

k
n e—% (AO'Ja|u|a§j(u)) n o
= . - 9 .
jgl H,;/R\/ﬂ H du jl:[l(H M) 69)

71/2
Again, we show that 0](7;) =k e\_/% Ao |u|*gj(u)du turns out to be the leading

term of é;n), and that the conditions (c1) to (c5) above are satisfied also for HN;”),
which allows to conclude the proof. Note that for any « € [1,2), similarly as

from (52) to (54),

u2

~(n) ez o3t cos(w) — 1
=] .Aajo.‘ua/o (A, + A2 dwdu,

which is the same expression of 9 1 in (52), thus >0, éj(nl) coincides ex-
5)

actly with the left part of the last line in (56). By Lemma 3 iii), using

j=1"77,1

—5329 L /TK (o /2)(Ay + A )T (24L) | while for a € (1,2) then 3", 6%

(5
and the relations in (40) we obtain that for & = 1 then > o =
j=1"3,1 -

0,
and a condition of type (c4) is satisfied in any case.
As for (c5), we need to bound differently |9~§") — 9~J("1)\ in the two cases a = 1,
€ (1,2).

If o =1, splitting as in (45), we write

ajlul _
dw+i(A, —Af)sgn(u)/O Sm(z#dwlaﬂu‘sl

7ilul cos(w) — 1

i) = (4, +4) [
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+i(A, — A )sgn(u) U)l sin(tvu#dw +/1 i

7ilul sin(w)
where log (o;|ul)

w? dw
= Llog (2s) +
9j(u) = €;(u) =

— log (0j|ul)
;) +log (+) +1log (|ul), thus

i(A, — A )sgn(u) [5log (K;) +log (+) + log (Ju])] I, ju/>1,
where ¢;(u) is uniformly bounded in j and u. Using that |ulog(|ul)| < |u[* =1

3 log (K

aj\u\>17
+<lo<ju|<1, then for any triplet of positive quantities A;, Az, A3 with A
Ay + Ay + As, we have

[l [A -+ og [ul]* < Jul*2* [4" + [1og [u] ] = 2 (jul*A* + (julog [ul|)*) <
2k

(lu 4 + (2 + ©)F) < 8 (jul* (A} + A5 + 45) +u2* + ")
Thus

5 _ (n) Ab L KP e 1 k
;" — ¢ | < —Ck—]/ u {CJr log (K;) |+ lo (f)Jr lo u]

<2 O [, g [0 s U+ hom (5 ) + ol
% ol
e 2

<

kz>2 ! /R+ vV2r

similarly as above

{u C* +uf|log (K;) |F + u” log® (%) + u?* —|—Ck} du :
CkAkK e uF

> M r T

k>2

Ak 2K2
du = QZ
. V21 h

e A A?
= Jé udu = O<2) ,
k>2 ¢ ovem h
KE - kK2 2
S it [ S0 (5). St —o(5):
k>2 PRy V2T k>2 ’
since VK| log(K)| is bounded, also
1 k )
Ak (K Nog () 1) -2 A?
2 h ! R, V2T
Finally,
Alog (+) e % Alog (+) ’
D\ ¢ ‘ﬁ utdu=0 ) )
k>2
thus >0, ‘éj(n) - éj("l) =0 (Aloig(h)

) — 0, and (cb) for éj(n is proved
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Thus (c1), (¢2) and (c3) for éﬁn) follow analogously as for 9§n).

If o € (1,2), due to (42), g;(u) is uniformly bounded in j and w, thus
> ‘é;") - éﬁ)’ is dealt exactly as in (57), thus it is O (&) — 0, and (c5) is
done. From (c4) and (c5) then the properties (c1) to (c3) again follow as above,

and now the proof of the first step is complete.

Second step. We use (36).

E[fu(7)] = B |e S5 il U S = _ B (g, (1)g,(V)],

where

n K ts
FolV) = e i ia Uy Jaa i), (60)

N
gn (V') = eZi=1 ot (B2 ) =28 550 e [0 Sy i [ f ey miit

We are going to apply Lemma 7, so it is sufficient we check that for all w,

gn(w, V") 99 1. We start by showing that

2
) tj
Zﬁ/ / zdi' | 2 0. (61)
h= tj—1 J]zl<1

In fact we pick v € (g, %) , 80 7 < 1. and we can say

217

n K. t;
EQ« 27 / / zdy < j FQu / ady
Jz::l ha ( tior Jlol<1 Z he jel<1

moreover 2y < 1 and we can apply (2.1.40) in [6] and upper bound with

J EQ“ [/ / |27\ (= s)dxds] .
i—1 Jz|<1

LzPPN (2, s)dz < C, and then the

2y

» (62)

Since 2y > r it follows from IA3 that f‘ <

above is upper bounded by

" KTA
c Jh SRR S0,
j=1
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since 27/ < 1. Thus (61) is proved. From it we obtain that for all w

Qu
xdu/ / zdu' =
Z hQ/“ / /x|<1 |z|<1

because, with [[ understanding féﬁl f\w|<1’

B ([ ) S (1] ).

so for all w the above display tends to 0 in Q,-probability, and thus g, (V") 9 q

xdp’

h2/a h2/a

We now can apply Lemma 7 to (60) and obtain

P [e=+%0]  lim B [esz;l ) rdm?] — fim BP [esz?l wra Ul mmj 7

n

which concludes the proof of (24).

a =1 : we have

B[] = £ [ B Z B 100,00 @)

)2 n

fn(X) e S h2/a (AjX)7gn(X’) = o %=1 h2/a (a;X")* 25

" h2/aA XA X

and again we show that for all w, g,(X’) 9 1 and apply Lemma 7. Since

r<l,

NH

5] 6

HM:
D“N
M

" K? "KEA
<C LA=C z A" =0
hr , h
Jj=1 Jj=1
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By Lemma 7 we obtain

)
n

EF [67822""] = lim E |e *i= hIZ(/J"(AJj)Q} =lim EF [682?1 %(Aj)zf

which concludes the proof of (25).

« > 1 : consider again (63), and repeat a similar reasoning as above. We

have
n

K. N2

S (a%) 2o (66)
j=1 e

In fact we pick v € (% $), so that the conditions we need below are ensured:

K7 € LY(R); 2y € (1,2); 1 — 2y/a > 0. Since v < 1, we obtain

B3 hK; (4 X’) < i}gEQ{ A
=

Jj=1

< 27] . (67)

Since 2y € (1,2) we can apply (2.1.36) in [6] and upper bound with

Z / / 227N (, s)da:ds]
1 ti—1 J|z|<1

Since 2y > 1 then [, |z N (2, 8)dz < Jiwj<1 [2IX (2, s)dz < C, and the

7«/ EQM

above is bounded by
" KJA
T pl=2v/e )
C E: W — 0

Similarly as in (65), from (66) it follows that for all w
Zh; AXAX 250, (68)

Again, Lemma 7 applies to (63), and gives

EF [em#72] =1imE[ ST e (857) } =lim EF [eSZ?l ot (8,%)°

n

which concludes the proof of (26). O

Proof of Lemma 6. First step: X is an « stable process, and we name it

J = J+J', where J = [ fmgl zdp, J' =[] f\w\>1 ddp. We write A;J =
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A;A+ A - B, where A is self-similar, and B is a constant:

¢
A = / /xd,&7 B = zA(z)dxr < oo,
o Jr ||>1

and proceed through the following steps:
1) due to the negligibility of the contribution of the terms AB and A;J!, we

show that a.s.

(B ko) (Siugisay Th(sd) | Eh(ad)

h& ha ’ ha ha

(69)
After that, it is sufficient to prove the convergence in distribution of

(Shmad) s ks
ha ' ha

2) We develop

(Z?:lKiAiA)z 2im1 (KiAiA)2 )>

_ + i,7=1..n:i#j

K, K;AANGA
nZ
iz K,;KgAiAAjA I

ha

0, so the stated

and we show that, since A, = A_ then
limit in distribution is the same as for

2
Dlie1 (KiAiA) S Ki(AA)?
hi ’ ha

3) Again by the negligibility of the contribution of the terms AB and A;J!,

> i (Kz‘Az‘A)2 X (KiAzj)Q i Ki (AiA)Q . > i Ki (Az‘j)2

ha - ha ’ ha he ’
(70)
then we only have to deal with
N2
S (KAT) s Ky
ha ’ ha
4) For s1, s > 0 we show that as n — +o0
2
—51 Tisa (KiAij) —sg TR KA D)?

En(sl,sz) =F |e he W2 N (71)
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2 .
B |emnAamslae] 2 (51, 50),

which concludes the proof of the first step.

Let us start by 1). Note that

" K;AB KA _1
1.1) Zz:’lﬁ — prim il p1-g

— 0,
and from this we immediately have that
Z?:l KLA“] Z?:l KlA,A
ha - ha
which gives the first asymptotic equality at (69).

n o K;A?B? n KA _2
12) 2= A B gea i KB Aape-2

ha
1.3) ZL%;"]I £ 0. In fact recalling that the probability that AJ{1 # 0 is
zero, for the convergence in distribution we can focus on those w where there
is no jump at ¢. For any fixed w such that AJfl = 0, using the notation at the
proof of Lemma 1, part b), and recalling that J* has FA jumps, ¢ t — Sp is a

fixed quantity, and

i—s
ZZL:lKlAZ.Jl K( hE>
hE T
-5,

by assumption K( = ) = o(h), and since o > 1 then h = o(h=), thus the

above display tends a.s. to 0.
1.4) % % 71 o In fact
SEOKANA Y KA S KA S KAB
N N
and by 1.1), 1.3) and Lemma 4 we have the result.
15) Dl Kipuras

(72)

£ 0, since the left side is given by

BZL KAiA A 4y 2
h= h ’
and 1.4) is used.
At this point the second asymptotic equality at (69) follows from
Z?:l Ki(AiJ)Z Z?:l Ki(AiA)2 Z?:l K;A*B? Z?:l KiAAAB
ne N na - . na
1.2) and 1.5).

)
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As for 2), for any n > 0 we have

P{ ‘ Zi,j:i;ej K}Z?ZAKJ’AJ’A > 77} _p { | Zi,j:i;éj KiAh"AlinAaAlj| > 7]} :

where, by selfsimilarity, each A;A has the same distribution as A%Al’ and
since A;A and A;A are independent, A;AA;A 4 A%AUAU, where Ay, Ay
are independent copies of Aj.

Now, as in [5], we localize the space Q in such a way that, on any considered
stochastic interval, process A has bounded jumps. Namely, for any M > 0 we
take Tps(w) such that for any ¢t < Ths we have |[AA;(w)| < M. Since A has
jumps in R, then a.s. Ty B tooas M — oo (a.s. Tpr(w) is increasing with M,
then the sequence has a limit. If the limit was £(w) < oo then |[AAy g, (w)| > M
for any M, thus [AAy,)(w)| = +00). In this way the second moment of Anr,,

is finite, and we write the above display as

P{|Zz,]‘z7éj hg 1ifd g 1.7| >’I7,T < 1}
K AT ALK A Ay
P{|Zm'#] : nZ L ul >n, Ty > 1}:

the first term is dominated by P {T» < 1} which tends to 0 as M — oo, while

the second one is dominated by

2 2
1 (Z?—l D it KinAaAliA1j> .
M

—F .

n? ha
On {Ty > 1} the variables Ay;, A1; have jumps bounded by M, and, since
Ay = A_, the compensator of the big jumps (the jumps bigger than 1 in
absolute value) is null. Thus, on {Th > 1}, A1;, A1, can be written as copies

of A) = fol f\zl < Zdfi, and the above display is bounded from above by

n 2 - 2
1 E Zi:l Zj:j;ﬁi KinAiAliAlj .
7’ ha -
1 42?:1 Zj:j;éi K?K?AéE[A%iA%j]

7’ ha +
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1N Y0 eme(ij)£(em) A KK KKy BlAy A A Ay
7 h ’
where N =n Z — j+((n71)271) Z;:ll 7, and within each term fluflljfllgﬁlm

at least one increment is raised to power 1 only. Since for ¢ # j the variables
A A4 ; are independent, have the same law and are centered, the second term
in the above display is 0, while in the first term E[A},A3;] = E?[A3,] = C < oo,
so we remain with

Z’ 1ZJJ¢1K2K2A” Zz 12]1#1K2K2A2 A %_2.
ha B2 h :

by Lemma 2, point 6), since 4/a > 2, the latter term tends to 0 as n — 0.
As for 4), we have

n S1KZ2+saK;

L,(s1,82) =E |e” i1h2/foJ):| HE[—uIA])}

having set uw; = ‘”K;%QK > 0. The above display is the same as in (47),
with u; in place of v; = h2/a7 A;J in place of U; and (0))* = (2u;)% =

w in place of (¢;)* = (2v;)% = % Thus (48) applies, and

proceeding similarly as in the proof of Lemma 5 for the case a > 1, we obtain

that the above display coincides with the last term in (59), i.e.

T[] _ T (14§00
EE[e J} jl:[l(ue)z )

where within each

n) JLT o i cos(v) — 1
9(1 = QAO' 4 (14Jr +A7)dedu

we have to plug in the value of o; which is pertinent here. Since

ZAJ? ~ 22 / [s1 K2 + SQKT]fﬁ =22 / [s1K%(u) + 52K (u)] 2 du
=1 0 t—T

h
tends to 2% [0 leQ( )+ 89K (u)] % du then, similarly as for Lemma 3, part iii),
we have that " | 6 ) tends to

2. 2%/]R[51K2(u) + soK (u)] 2 du - 2% r <a—|—1) (A, +A_)(—a)cos (%)



and, similarly as in Lemma 5,

11 (1 +9~§")) ~T] (1 +é§ﬁ)) el = Lo(s1,52),
j=1 j=1

0= \2/—(;(144r +A_)T (a;—l) I'(—a) cos (%) /R[81K2(U) + 59K (u)] 2 du.

The function L is the Laplace transform of a probability law (because Lo (0,0)
= 1 and the function is continuous at (0,0)), and we see that it is the one of a

proper joint law having marginals Zfa and Z3 o. In fact, with s = 0 we have
¢ F A AT (o) cos(5) il K@) Fdu _ (o)

s TR U802
=limL,(s1,0) =limE |e ! n2/a :
n n

S (KA 4 (E;L:IK,iA,;J

2
37 e ) , as we saw above at 2), and, by Lemma 4, the

latter term converges in distribution to Z7 .

On the other hand, with s; = 0 we have
TR (AL HADT (SN (—a) cos(5) folsaK (@] Fdu _ p ) 0

s =P K (802
=1im £L,(0,s2) =lim E |e °? n2/e
n n

and, by Lemma 5, Z”:lhlgi/gAf)Q q
of (Z12,om Z2,a) .

Zy,. Thus L describes a specific joint law

Second step. Let us now consider a process X as in IA3. Again we refer
to (36) and use that J = X + X' is a Levy stable process on €. Since the
contribution of X! is negligible then we have

(22;1 KiAiXY S Ki(AX)?

=1
)

ha he ha

(i KiAiX)Q e Ki(AX)?
ha ’

[

‘We now show that

S i KN XK AKX x5

. 0. 73
e (73)
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Firstly, the processes J = J + J!, B, A mentioned at point 2) of the first step

are now an «- stable process, the compensator the big jumps, and a self-similar

a-stable process on 2. Thus, by point 2) of the first step,
Zi,j:i#j Kibid KjAjj Zi,j:i;ﬁj Kidid KA A

P
oz Wz = 0.

However now A;J = A; X 4+ A; X', thus the left side above is

Doy KilNid KA _ Dy i X KA X N Dy KD X KA X!
Z Z ha

| D TOAXBGAGX 3 iy Kilbi X BG4 X
ha ha

and we show that the last 3 terms tend to 0 in P-probability, therefore also

)

the first one necessarily does. The process X’ has finite variation and on €’
has independent increments, thus for any w we have E@ [|AiX’AjX/|} =
EQe [|A2X'|} EQ- [\AJX'@ < A%C, therefore

o - K FQu XA X
o, | Eiyj:i;éj KlAZX/KjAJXll Zi,j:i;ﬁj KszE |:|A1X/AJX’|:|
E > < =
h"‘ ha
KK A2
<oz IRk
Thus
B [| Zi,j:i;ﬁj KiAiX/KjAjX/| _ EP | pQu ‘Zv’,,j:i;ﬁj KiAiX/KjAjX/| ]
hi N he
2
< EF o2 KGR, a1

h2

As for the mixed products, we split Zij:#j KiAiXKjAjX’/h% into

5 t; 5 t;
Zi,j:i;éj KiAiXK; j;,j]_l f|m\§1 xdy! Zi,j:i;ﬁj KiAXK; ftjj_l f|r1:|§1 zd)\
2 - 2 :
h(’é ha
(74)

the second term

~ n tj n ~ t;
D KX Zi:l K L[t;—l flflﬁl zdN _ 2i-1 KPAX fti—l fll’\Sl zdX
h& ha ha ha
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has absolute value dominated by

h

SrKAX
hi

AC
he

_1
! hI

P
— 0,

because K is bounded, 1/« < 1, and the last factors of the two terms converge
in P-distribution by Lemma 4 with kernel either X or K2, and thus also in P-
distribution. Similarly, the first term of (74)

n tj ~ n ts it
i K flzlslxd”/h%fé Sy Kb X i KP [ faja i AX

har ) hE h?

tends to 0 in 15—p1robaubility7 because X’ has jump index o’ < 1 < «a, by Lemma 4
th 3 Jiwi<a 2 and iz A

ha ha
while p1/o' =1/ _ 0; moreover
2
7

n t; t; ’
Ei:l K7‘2 Li—l flzled,uA X \j Z -[;51;1 flw\él zdp )2h
n? he i h3

X S
“— converge in P-distribution,

we know that

which tends to 0 in P-probability by Lemma 5 with K? in palce of K.

From (73) it follows that

) )

N\ 2
(S KaX) s ko) (zzaémxn ZZJMAJP>
ha ha ha ha '

It remains to show the generalisation of point 4) at the first step. From there

we know that, since J is « stable on 2, then as n — oo,

n .le +s0K;

[fn( )} =L,(s1,52) =FE {6 e (A } — Loo(81,82)-
On the other hand,

_ ~ _ n b1K +s2K; _ n le?+S2Ki o2
E [fn(J)} =FE {6_ = e () } E [6— o e (AX)?,

-rp, Ak [(AiX’)ﬂzAixmx’}
e 1

= B [fa(X)gn(X)] .

Similarly as in (66) and (68), naming z; = s1 K? + soK;, we have

n
Z;

h2/

i=1

—(AX")2 %0 and th/ AXAX Do,
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then g, (X") 21 and by Lemma 7
lim EP [ ,L(X)} = limE {e* ia #“”ﬁz} —limE {fn(,i)] — Loo(51, 59).

O

Remark 12. The Laplace transform of the joint law of [Zia, Z3,q) under P is an
exponential of the expression —C [ [s1K?(u)+s2K (u)] 2 du, with C > 0, having
no linear part in si, so, thus in the path representation of the bivariate random
variable there are no drift terms. The law could resemble a bidimensional a;/2-
stable, however this is not the case, because it is concentrated on a parabola (if

w3 = K(u) then z; = x3) rather than on the unit sphere (see [8], Thm 14.10).

Proof of Corollary 3. Let us split ¥ = Y’ + X, where Y/ = Y + fot bsds +
fot osdWs + X}, then T} equals
SrOKiAY S LUKAY + 3 KiAX
VELKAYP 5 K(AY Y, K(AK)? + 25, KAYAKX

with S, = > | K;(A;Y”)?, the above equals
T KiAY! L X KA X
VSn VSn
n (AL X2 n AYA X
\/1 + iy Igl(AIX) =+ 221:1 KTS‘A;Y A X

n

and we show that the last display tends to A(0,1) in distribution.

In fact first of all note that with probability 1 there is no jump at £, and when
AX7 = 0 the leading term of S, is Y ., Ki(:ftii—l beds + ftl:l 0sdW)* ~ hot
([7], thm 2.7) because > ;- K;(A;X1)? ~ K(t_sg) = o(Ah). Thus, with prob-

h
ability 1, S, ~ h.

Then, the first quotient of the above numerator tends in distribution to a stan-
dard Gaussian r.v. because Y’ has finite variation jumps, so the result in [2]
applies. We now show that all the other terms tend to 0.
If a € (1,2), by Lemma 4, S| K;A; X tends to 0 at speed h'/* << h'/2, thus
the second quotient at numerator tends to 0; by Lemma 5 the second term at
denominator

Z?:l Ki(AiX)2 ~ h&

S, T—>O
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and the third one
E?:l K’iAiY/AiX < V Z?:l K?(Alj()Q V' Sn
Sn - Sn

If instead a = 1, the second quotient at numerator is

— 0.

>
> =

StUKiAX  hlog+ o
V'Sn Vh ’

the second term at denominator

"OKi(AX)2 K2
Ez:l S( ) NF%O

and the third one

Z?:l KZAZY,AIX < Z?:l Ki(AiX)Q\/ Sn h
Sn - Sp

S
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