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Abstract In this paper we formulate a time-optimal control problem in the space of prob-
ability measures. The main motivation is to face situations in finite-dimensional control
systems evolving deterministically where the initial position of the controlled particle is
not exactly known, but can be expressed by a probability measure on R¢. We propose
for this problem a generalized version of some concepts from classical control theory in
finite dimensional systems (namely, target set, dynamic, minimum time function...) and for-
mulate an Hamilton-Jacobi-Bellman equation in the space of probability measures solved
by the generalized minimum time function, by extending a concept of approximate vis-
cosity sub/superdifferential in the space of probability measures, originally introduced by
Cardaliaguet-Quincampoix in Cardaliaguet and Quincampoix (Int. Game Theor. Rev. 10,
1-16, 2008). We prove also some representation results linking the classical concept to the
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corresponding generalized ones. The main tool used is a superposition principle, proved by
Ambrosio, Gigli and Savaré in Ambrosio et al. [3], which provides a probabilistic represen-
tation of the solution of the continuity equation as a weighted superposition of absolutely
continuous solutions of the characteristic system.

Keywords Optimal transport - Differential inclusions - Time-optimal control - Set-valued
analysis

Mathematics Subject Classification (2010) 34A60 - 49J15

1 Introduction

Classical minimum time problem in finite-dimension deals with the minimization of the
time needed to steer a point xg € R? to a given closed subset S of R?, called the target set,
along the trajectories of a controlled dynamics of the form

x(t) € F(x()), t >0,

1
x(0) = xo,

where F is a set-valued map from R¢ to R? whose value at each point denotes the set of
admissible velocities at that point.

In this way it is possible to define the minimum time function T given x € R?, we define
T (x) to be the minimum time needed to steer such point to the target S along trajectories of
(1). The study of regularity property of 7 is a central topic in optimal control theory and it
has been extensively treated in literature. In particular, we refer to [12, 13] and to references
therein, for recent results on the regularity of T in the framework of differential inclusions.

Our study moves from the natural consideration that in many real applications we do
not know exactly the starting position xo € R? of the particle, and we can express it only
with some uncertainty. This happens even if we assume to have a deterministic evolution of
the system.

A natural choice to face this situation is to model the uncertainty on the initial position
by a probability measure 1o € Z2(R?) on R?, looking to a new macroscopic control system
made by a suitable superposition of a continuum of weighted solutions of the classical
differential inclusion (1) starting from each point of the support of po (microscopic point
of view).

The time evolution of the macroscopic system in the space of probability measures, under
suitable assumptions, can be thought as ruled by the continuity equation

A u(t, x) + div(v; () p(r, x)) =0, forr >0, x € RY,
)
n(0, ) = po.

which represents the conservation of the total mass 1t (RY) during the evolution. Here v, (x)
is a suitable time-depending Eulerian vector field, representing the velocity of the mass
crossing position x at time 7.

In order to reflect the original control system (1) at a microscopic level, a natural require-
ment on the vector field v;(-) is to be a selection of the set-valued map F (-): this means that
the microscopic particles still obey the nonholonomic constraints coming from (1). On the
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other hand, since the conservation of the mass gives us the property w(, R?) = po(R?) for
all #, we are entitled — according to our motivation — to say that the measure (¢, -) actually
represents the probability distribution in the space R¢ of the evolving particles at time ¢.

The analysis of (2) by mean of the superposition of ODEs of the form x (1) = v(x(?)),
or x(t) = v(¢, x(¢)), has been extensively studied in the past years by many authors: for a
general introduction, an overview of known results and open problems, and a comprehensive
bibliography, we refer to the recent survey [1]. The main issue in these problems is to study
existence, uniqueness and regularity of the solution of (2), for wo in a suitable class of
measures, when the vector field v has low regularity and, hence, it does not ensure that the
corresponding ODEs have a (possibly not unique) solution among absolutely continuous
functions, for every initial data xg. In this case, the solution of (2) provides existence and
uniqueness not in a pointwise sense, but rather generically. However we will not address
this problem in this paper.

In order to face control problems involving measures, we need first of all a coherent
generalization of the target set S R4, To this aim, we consider an observer which mea-
sures the average of certain quantities ¢(-) € @ on the system, and consider as target set
§? C 2 (RY) all the probability measures representing states which make the result of the
measurements nonpositive. If we take for instance @ = {ds(-)}, the generalized target in
Z(R?) turns out to be the set of all probability measures supported on S.

This choice seems to be the simplest possible in this framework and it results in a quite
natural definition of generalized minimum time: we aim to minimize the time needed to
steer an initial measure towards a measure in the generalized target, along solutions of (2)
with the additional constraint v(x) € F(x) a.e. in R?. This can be viewed as a controlled
version of (2).

The links between continuity Eq. 2 and optimal transport theory have been investigated
recently by many authors. One can prove that suitable subsets of Z?(R¢) can be endowed
with a metric structure — the Wasserstein metric — whose absolutely continuous curves turn
out to be precisely the solutions of (2). This has been applied to solve many variational
problems, among which we recall optimal transport problems, asymptotic limit for gradient
flows of integral functionals, and calculus of variations in infinite dimensional spaces. We
refer to [3] and [26] for an introduction to the subject, and for generalizations from R¢ to
infinite dimensional metric spaces.

Our main results can be summarized as follows:

e a theorem of existence of time—optimal curves in the space of probability measures
(Theorem 5);

e acomparison result between classical and generalized minimum time functions in some
cases (Proposition 2);

e a sufficient condition for the generalized minimum time function to be finite, with an
upper estimate based on the initial data (Theorem 7);

e the proof that the generalized minimum time function is a viscosity solution in a suit-
able sense of an Hamilton-Jacobi-Bellman equation analoguos to the classical one
(Theorem 8).

Recent works (see e.g. [2, 20]) have treated the problem of viscosity solutions of
Hamilton-Jacobi equations in the space of probability measures endowed with Wasserstein
metric. Since classical minimum time function can be characterized as unique viscosity
solution of Hamilton-Jacobi-Bellman equation, it would be interesting to investigate if it is
possible to characterize in similar way the generalized minimum time function in this set-
ting. Indeed, in this paper we just proved that the generalized minimum time function solves
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666 G. Cavagnari et al.

in a suitable viscosity sense a natural Hamilton-Jacobi-Bellman, which presents strong
analogies with the finite-dimensional case.

Related to such a problem, a further application could be the theory of mean field
games [22, 23]. According to this theory, in games with a continuum of agents, having the
same dynamics and the same performance criteria, the value function for an average player
can be retrieved by solving an infinite dimensional Hamilton—Jacobi equation, coupled with
the continuity equation describing how the mass of players evolves in time.

Further applications of our approach, that we plan to investigate in the next future, are in

the direction of the classical control problems. For instance, we plan to apply it to the study
m

of control-affine systems of the form x = Z u; fi (x), where u; € [—1, 1] are the controls
i=1

and f;(-) are given vector fields. In these systems, controllability depends on the Lie algebra
generated by vector fields f;(-). When these vector fields are rough, classical Lie brackets
may not be available af every point of R?, but just in some set of full measure. This problem
was treated in [24], leading to a definition of nonsmooth Lie brackets. However, a valid
alternative might be to extend the given system to the measure—valued context and to choose
the initial data of such generalized system in a suitable subclass of measures, in the spirit
of [1]. The definition of an object in the measure-theoretic setting which corresponds to the
Lie brackets in the finite-dimensional context is in the purpose of a forthcoming paper of
the first two authors.

Another application might be in the context of discontinuous feedback controls for gen-
eral nonlinear control systems x = f(x, u). Here, the construction of stabilizing or nearly
optimal controls x +— u(x) cannot be performed, even for smooth dynamics, among con-
tinuous controls [25]. However, it is possible to construct discontinuous feedback controls
which are stabilizing or nearly optimal, and whose discontinuities are sufficiently tame to
ensure the existence of Carathéodory solutions for the closed loop system x = f(x, u(x)),
the so—called patchy feedback controls [4, 5, 10], but uniqueness only holds for a set of full
measure of initial data.

The paper is structured as follows: in Section 2 we review some notion from measure
theory, optimal transport, continuity equation, differential inclusions, and control theory.
In Section 3 we first introduce a definition of generalized target and then we give two
definitions of generalized minimum time functions, providing some comparison results
between them and with the classical minimum time function, then we prove the Existence
Theorem 5 and the Attainability Theorem 7. Finally, in Section 4 we prove that the
generalized minimum time function solves in a suitable viscosity sense an Hamilton-Jacobi-
Bellman equation.

2 Preliminaries

In this section we review some concepts from measure theory, optimal transport, and
control theory.

Our main references for preliminaries on measure theory are [3] and [26].

Let X be a separable metric space. & (X) stands for the set of Borel probability measures
on X endowed with narrow convergence, .#+(X) denotes the set of positive and finite
Radon measures on X and .Z (X; R?) the set of vector-valued Radon measures on X. We
recall that &2(X) can be identified with a convex subset of the unitary ball of the dual
space (Cg (X))’, and that narrow convergence is induced by the weak*-topology on the dual

space (CS(X))’.
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Let X, Y be separable metric spaces, the push-forward of a measure u € £ (X) through
a Borel map r : X — Y is defined by rgu(B) = w(r~Y(B)) € P(Y), for all Borel sets
B C Y, or equivalently it is defined by

Lfv@»mmozﬁf@mmmw,

for every bounded (or rfu-integrable) Borel function f : ¥ — R. For properties of push-
forward we cite [3], Chapter 5, Section 2.
Let u € Z(R?), p > 1, we say that u has finite p-moment if

mp (1) :Z/ [x|” dp(x) < +o0,
R4
and &, (R?) denotes the subset of 22 (R?) made of measures with finite p-moment.

Definition 1 (Wasserstein distance) Given ui, u2 € ZR?), p > 1, we define the
p-Wasserstein distance between 1 and pu, by setting

1/p
Wy (ur, u2) = (inf{// lx1 —x2|P dm(x1,x2) : w € H(ul,uz)}) . 3
R4 xR4

where the set of admissible transport plans IT (11, pu2) is defined by

(A1 x RY) = pyi(Ay),

M (uy, p2) = {77 € PR xRY): T(RY x Ar) = ua(A)

for all u;-measurable sets A;, i = 1, 2} .

We also denote with 177 (m1, (o) the subset of IT(wy, 12) consisting of optimal transport
plans, i.e. the set of all plans 7 for which the infimum in (3) is attained. We will also use the
notation I7, (w1, u2) when the context makes clear which distance W), is being considered.

Proposition1 &, (RY) endowed with the p-Wasserstein metric W, (-, -) is a complete sep-
arable metric space. Moreover, given a sequence {jin}pen S Pp (R?) and p € Z, (RY),
we have that the following are equivalent

L nlggo Wy (tn, ) =0,

2. pup —* pand {pn}nen has uniformly integrable p-moments.

Given ui,puy € PRY, p > 1, the following dual representation (called Monge—
Kantorovich duality) holds

p. ¥ € CHRY)

W) (i1, n2) =sup / </J(x1)d/J«1(x1)+/ Y(x2)dpa(x2) @ @(x1) + ¥ (x2) < |x1—x2f? ¢ .
R4 R4 for pi—a.e. x; € RY

“

Proof See Lemma 5.1.7, Proposition 7.1.5 and Theorem 6.1.1 in [3]. O

For other properties of the Wasserstein distance we refer for example to Chapter 6 in [26]
or Section 7.1 in [3].
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Theorem 1 (Superposition principle) Let p = {{+}:c[0,7] be a solution of the continuity
equation o;ju; + div(vi ;) = O for a suitable Borel vector field v : [0, T] x RY — R4

satisfying
T
[v ()]
dus(x)dt < +o00.
| i

Then there exists a probability measure 1 € PRE x Iy), with Iy = CY([0, T]; RY)
endowed with the sup norm, such that

(i) n is concentrated on the pairs (x,y) € R x I'r such that y is an absolutely
continuous solution of

{ Y1) = v (y (1)), for LY-aet € (0,T)
y(0) = x,

(i) forallt €[0,T]and all ¢ € CJ(RY) we have

/ px)dp(x) = // ey @) dn(x,y).
]Rd RdXFT

Conversely, given any 3 satisfying (i) above and defined p = {{i1}:1c[0,1) as in (ii) above,
we have that 0 j4; + div(viu:) = 0 and p=o = y (0) 7.

Proof See Theorem 5.8 in [9] and Theorem 8.2.1 in [3]. O

We recall now some preliminaries about differential inclusions governing the classical
control problem. For this part, our main references are [7] and [8].

Definition 2 (Standing Assumptions) We will say that a set-valued function F : R? = R¢
satisfies the assumption (F;), j = 0, 1, 2 if the following hold true

(Fp) F(x) # @ iscompact and convex for every x € R?, moreover F(-) is continuous with
respect to the Hausdorff metric, i.e. given x € X, for every ¢ > 0 there exists § > 0
such that |y — x| < § implies F(y) € F(x) + B(0, ¢) and F(x) C F(y) + B(0, ¢).

(F1) F(-) has linear growth, i.e. there exists a constant C > 0 such that F(x) C
B(0, C(jx| + 1)) for every x € R9.

(F2) F(-)is bounded, i.e. there exist M > O such that |y| < M forall x € R4, y € F(x).

Theorem 2 Under assumptions (Fo) and (F), the differential inclusion

X(1) € F(x(1)), ®)

has at least one Carathéodory solution defined in [0, 400 for every initial data x (0) in R?,
i.e., an absolutely continuous function x (-) satisfying (5) for a.e. t > 0.

Moreover, the set of trajectories of the differential inclusions (5) is closed in the topology
of uniform convergence.

Proof See e.g. Theorem 2 p. 97 in [7] and Theorem 1.11 p.186 in Chapter 4 of [18]. O

The following simple classical lemma will be used.
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Lemma 1 (A priori estimate on differential inclusions) Assume (Fo) and (F1). Let K C
R? be compact and T > 0 and set |K| = malé( |y|. Then, for all Carathéodory solutions
ye

y : [0, T1 — R? of (5) we have

(i) forward estimate: if y(0) € K then |y (t)| < (|K|+ CT) €T forallt € [0, T);
(i) backward estimate: if y(T) € K then |y ()| < (K| + CT) €T forallt € [0, T],

where C is the constant in (Fy).

Proof Recalling that p(s) € F(y(s)) for ae. s € [0,T] and that F(y(s)) C
B(0, C(]x| 4 1)), we have

t t
|y<r>|s|y<0>|+/o |y‘(s>|azss|1<|+CT+C/0 v ()] ds .

According to Gronwall’s inequality, we then have |y(r)] < (|K| + CT)e®!, whence
(i) follows.

Next, we define w(t) = y (T — t) and observe that w is a solution of w(t) € —F(w(?)).
Since — F (-) still satisfies (Fp) and (F1) and w(0) € K, the previous analysis implies

ly@)] = |w(T — )] < (K| +CT) T,

whence (i) follows. O

Definition 3 (Weak invariance) Given a set-valued map F : RY = RY, we say that § C R4
is weakly invariant for F(-) if for every x € § there exists a Carathéodory solution x(-)
of (5), defined in [0, +oo[, such that x(0) = x and x(¢) € S for every ¢t > 0.

For conditions on S and F ensuring weak invariance, we refer to Theorem 2.10 in
Chapter 4 of [18].
Given T € [0, +o0[, we set

I'r = C%(0, T]; RY), If:={yelr:y0) =xecR’,

endowed with the usual sup-norm, where we recall that I'7 is a complete separable metric
space for every 0 < T < +o00. The evaluation map e, : R x I' — R is defined by
e(x,y)=y@)forall0<r <T.

Let X be a set, A € X. In the following, the indicator function of A is the function
Iy : X — {0, 400} defined as I4(x) = Oforall x € A and I4(x) = 4oo forall x ¢ A.
The characteristic function of A is the function x4 : X — {0, 1} defined as x4(x) = 1 for
allx € Aand xa(x) =0forall x ¢ A.

If X is a Banach space, X’ its topological dual, A C X nonempty, we denote with

o4 : X' — [—00, +00] the support function to A, defined by o4 (x*) := sup(x*, x)x’ x.
XeA

3 Generalized Minimum Time Problem
In this section we first propose a suitable generalization of the classical target set that will

be used in our framework in the space of probability measures, and then we define a suitable
notion of minimum time function, modeled on the finite-dimensional case.
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670 G. Cavagnari et al.

Definition 4 (Generalized targets) Let p > 1, @ be a given set of lower semicontinuous
maps from R? to R, such that the following property holds

(Tg) there exists xg € R? with ¢(x0) < Oforall p € @, and all ¢ € @ are bounded
from below.

We define the generalized targets $? and S‘g’ as follows

§? .

{ue@(Rd):¢eLLand[ ¢(x)du(x)§0f0rall¢eq§},
Rd

§® N 2,RY).

D .
S b -
It can be proved that S is w*-closed in Z(R?) and S‘,‘f is Wp-closed in &2, (RY).

W~hen we can write @ = {ds}, with § C R4 closed and nonempty, then we will say
that $% (or S;f) admits a classical counterpart, or that S is the classical counterpart of §®

(or S‘[‘f).
We define also the generalized distance from Sl‘f as
dgo () := inf Wp(-, ).
P ues;b
Notice that S’Zj # ) because dy, € S‘g’, hence S? # (). The 1-Lipschitz continuity of L?qu )
P

is trivial.
We refer the reader to [16] for an analysis of the properties of these objects.

Definition 5 (Admissible curves) Let F' : RY = R be a set-valued function, I = la,b]a
compact interval of R, o, B € Z2(R). We say that a Borel family of probability measures
wo={phier € PRY) is an admissible trajectory (curve) defined in I for the system X
Jjoining a and B, if there exists a family of Borel vector-valued measures v = {v;};,c; C
A (RY; R) such that

1. is a narrowly continuous (i.e., continuous w.r.t. the topology induced by the duality
with the set C,?(Rd ) of real-valued continuous bounded functions on R9) solution in
the distributional sense of d;; + div(v;) = 0, with py=y = @ and p ;= = B.

2. |w| < w for Llae.t € I, and v;(x) := 1(x) € F(x) for u;-ae. x € R? and
t

Plaetel.

In this case, we will also shortly say that u is driven by v.

Remark 1 We can express condition (2) above by introducing the functional

b—a, if|vy| < p; for Llaerel,
and vy (x) := E(x) € F(x) for u;-a.e. x, Plaetel,
MUt

Jr(p,v) == (6)

+00, otherwise.

Indeed, the finiteness of Jz(u, v) forces the elements of v to have the form v, = v, u, for a
vector field v, € L}“ for a.e. t € I, and moreover we have v;(x) € F(x) for u;—a.e. x € R4
and a.e. t € I. When Jp(-, -) is finite, this value expresses the time needed by the system
Y F to steer « to S along the trajectory p with family of velocity vector fields v = {v;}ser.
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In view of the superposition principle stated at Theorem 1, we can give the following
alternative equivalent definition.

Definition 6 (Admissible curves (alternative definition)) Let F : RY = R< be a set-valued
function satisfying (F}), I = [a, b] a compact interval of R, a, B € & (Rd ). We say that
a Borel family of probability measures g = {u;}res 1S an admissible trajectory (curve)
defined in I for the system Xf joining a and B, if there exist a probability measure n €
P [RY x I'7) and a Borel vector field v : I x RY — R4 such that:

1. nis concentrated on the pairs (x, y) such that y is an absolutely continuous solution of
X (1) = vy (x(r)) with initial condition y (a) = x;
2. forevery ¢ € Cg(Rd), t € I we have

/ () djua (x) = /f oy (D) dnx. ).
RA RIXTy

3. y@in=«a,yb)in =8,
4. v(x) € F(x) for us-ae. x € R? andae.r € [ and v, € L}h forae.r el.

In this case, we can define v; = v;u, thus we have simply Jr(p,v) = b —a.

Remark 2 In general, the measure 5 representing a solution g = {i}sef0,7] of the
continuity equation by p; = e;fin is not unique, as shown by Example 2.

In the following, we will mainly focus our attention on admissible curves defined in
[0, T], for some suitable 7 > 0. We introduce the following notation.

Definition 7 Given T € [0, +00[, we set

Tr(no) :=={ne PR x I'r): T > 0, 5 concentrated on trajectories of
y(t) € F(y(t)) and satisfies y (0)ftn = uo},
where 1o € 2 (RY).

By the Superposition Principle (Theorem 1), given F : R? = R? satisfying (F}), a
Borel family of probability measures u = {us}ic0,7] i an admissible trajectory if and
only if there exists § € Tz (uo) such that u; = e, fin forall t € [0, T], i.e., § = o ® Ny
where for pp-a.e. x € R? we have that n, € P (I’ ) is concentrated on the solutions of
X(t) € F(x(1)), x(0) = x.

In this case, we will shortly say that the admissible trajectory p = {is}refo,7] is
represented by § € Jr(j0).

For later use we state the following technical lemma.

Lemma 2 (Basic estimates) Assume (Fo) and (F1), and let C be the constant as in (Fy).
LetT >0, p>1, up € @p(Rd) and . = {t}ie(0,7] be an admissible trajectory driven
by v = {vi}1e0,7] and represented by § € T (o). Then we have:

() le(x, )| < (leo(x, ¥)| + CT) e forallt € [0, T] and p-a.e. (x, y) € RY x I'r;
(i) e € LR x I'r; RY) forallt € [0, T1;
(iii) there exists D > 0 depending only on C, T, p such that for all t € [0, T] we have
p

) <D (mp(m)) + 1) ;

n

€ — €0
t
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672 G. Cavagnari et al.

(iv) there exist D', D" > 0 depending only on C, T, p such that for all t € [0, T] we have
my () < D'(mp(po) + 1),
my([v]) < D"(mpi1(po) + 1.
In particular, we have p = {1 }rej0,11 € @p(Rd).

Proof Ttem (i) follows from Lemma 1. To prove (ii) it is enough to show eg € Lg (R? x I'y)
and then apply item (i). Indeed, recalling that (a + b)? < 2P —L(a? + bP) for any a, b > 0,
we have

ﬁ/ WMLVNPdMLV)Z‘/ 1217 d(y (0)m)(2) = mp (s10) < +00,
‘IXFT Rd

[/ ler e 1P dnix, y) 2”*é”P<f/ WMXJUWdU+CmTP)
Rex Iy RIx Ip

K (mp(MO) + 1) ’

for a suitable constant K > 0 depending only on C, T, p.

For the proof of (iii), (iv) we refer to Lemma 3.2 in the forthcoming paper [15] for
the case p = 2. The generalization of these results to the case p > 1 is trivial, and
based on classical estimates on the solution of the characteristic system following from
Gronwall’s inequality. O

IA

IA

We will provide now a couple of examples of admissible curves in some relevant case, in
particular it can be shown that, without further constraint on v; besides being an integrable
selection of F(-), concentration and separation of mass along the admissible curves are
possibile, mainly due to the multiplicity of the solutions of the characteristic system of
suitable non-Lipschitz vector field selected from F'(-). We refer to [1] for a discussion on
the properties that must be requested on v; to prevent this behaviour.

Example 1 The ground space is R. We define:

— the set-valued map F : R =2 R by setting F(x) =[—3/2,3/2] forall x € R;

—  the vector field v : [0, 1] x R — R by setting v, (x) = 3x!/3 forall (, x) € [0, 1] x R;

— themap Y : [0, 1] — cY(o, 11: R) by setting Y (a) = y, for all a € [0, 1], where
Ya(®) = X1a1() (& — a)*/?, fort € [0, 1];

— the Borel map f : [0, 1] — R defined as f(y) = 1 — y?/3;

— the measures

0= 2(Lly) € 2®. o
1
7= 808 5 (T40+ (=1)0) € PR x I, vii= vy € AR R, 1 € [0, 1],

eiin € Z(R), 1 € [0, 11,

where i’j%a b € P([a, b)) is the Lebesgue 1-dimensional measure restricted to the
interval [a, b]: ‘,iﬂ‘ga b](B) = 2Y(BN]Ja, b)) for every Borel set B,a,b € R,a < b.

We notice that

- suppd < [0, 1];

— the map Y is clearly continuous, hence Borel, thus 5 and p; are well-defined;

— n is supported on pairs £(y,(0), y,) where a € [0, 1], and the curves £y, (-) are all
absolutely continuous solutions of y (t) = v;(y(¢)), t €]0, 1], with y,(0) = 0 for all
a e [0,1];
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— givent € [0, 1] and a Borel set B € R we have

w(B) = 1 (e B) =1, ) eRx I1: y(1) € BY)

1
So(R) - = (T80 + (=")10) ({y € I : y (1) € B

(v en voeny) +o (0w e nvon e BY)]

1 1
59({61 €[0,1]: ya(r) € BY) + 59 ({fa € [0,1]: —ya(r) € B,

s0 supp p1; < [—13/2,13/2].
—  Wehave uo(B) =0if 0 ¢ B and uo(B) = 1if 0 € B, thus ug = 8o. Moreover,

111 (B) = %9 ({a €l0,1]: 1-a)? e B}) + %0 ({a €l0,1]: 1—a)*? e —B})

=%9 ({1—x2/3 Sxe BN, 1]])+%9 ({1—x2/3 Sxe—BNIoO, 1]])

= %9 (f(BNO, 1) + %9 (f(=BNI0,1]) = %-i”l (BN[-1,1]).
According to the superposition principle, we obtain that g := {u;},¢[0,1] is a solution of the
continuity equation driven by v = {v;}/¢(0,1
{ Oy + div(vsuy) =0, ift > 0,
=0 = do,
where v,(x) € F(x) for u;-a.e. x € R and ¢t € [0, 1]. Thus we can join pg = 4o to
= 59?1%71’1] with an admissible curve.
Similarly, by defining fi = {/i};e0,1] With iy = 1—, and ¥; = —v;, we have
{ Oty + div(ve 1) =0, if £ > 0,

1
N _ 1
=0 = L1y

and i1 = 8g. Also in this case we have 0, (x) € F(x) for fi;-a.e. x € R? and ¢ € [0, 1].
1
Thus we can join also jig = 5,2””1_1 ) to i1 = 8y with an admissible curve.
- 1 - -
By using the very same construction, defined 7 := 8§y ® 3 (80 +0—y)s s == efi],
Uy := v fiy, t € [0, 1] we have an admissible trajectory it = {fi/};c[0,1] driven by ¥ =
1
{vi}tero,1) joining fig = 8p to i1 = 5(871 + 81) and, by using 9, in place of v;, we can also
1
join 5(871 + 61) to &p.
Example 2 Tn R consider y; () = 0, y2(t) = sgn (t — D]t —1>/2, p1(¢) = xp1.21(0) =132,
S0 ® 6y, +6-1 ® 6y,
3 )
. We have u, = e;fin = e;fi5) for

@) = —xo@|t — 112, for t € [0,2] and define n =

. S0®8p +35-1®,

n= 5 ,

all t € [0,2], but y # 7, and y1, 2, y1, }» are all solutions of x(1) = v,(x(¢)) with
3 . . .

v (x) = EIXII/3 and y1(0) = 71(0) = 0, 2(0) = $2(0) = —1. Thus p = {ps }repo,2) is a

80 + dsgn 11y —1132
= e
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8o+ 8-
solution of 3 11, + div(v; ;) = 0, with initial condition jz,—¢ = % which can be

represented by the push forward w.r.t. the evaluation operator e, of two different probabil-
ity measures, 7 and 1}, concentrated on the solutions of the characteristic system. Moreover,
set F(x) = [—-3/2,3/2] for all x € R, we have that {1t/};¢[0,1] is an admissible trajectory

- 80 + 06— . . . _—
joining ;=0 = % to 8o and {(t;+1}re[0,1] 1s an admissible trajectory joining d¢ to
80 + &1

2

The following definitions are the natural counterpart of the classical case.

Definition 8 (Reachable set) Let g € Z(RY), and T > 0. Define the set of admissible
curves defined on [0, T] and starting from o by setting

(o) = {p = {tr}refo.r] S PR : p is an admissible trajectory with Hit=0 = Ho}-
The reachable set from g in time T is

Rr(po) = {n € PRY) : there exists g = {1t }re(0,7] € “r (o) With jt = 7).

Definition 9 (Gensxaliged minimum time) Let p > 1, ® C COR?: R) satisfying (Tg) in
Definition 4, and S?, Sl‘f be the corresponding generalized targets defined in Definition 4.

In analogy with the classical case, we define the generalized minimum time function T®
P ([RY) — [0, +00] by setting

T (o) = inf {Jr (1, v) - 1 € F7(uo), wis drivenby v, =g €37}, (7)

where, by convention, inf J = +oc0.
Given pug € 2 (RY) with T? (o) < +00, an admissible curve p = {“’}tEIO.T“’(uo)] -

P([RY), driven by a family of Borel vector-valued measures v = {v}, 0.7 and

(o)l
satisfying ;=0 = po and K= 79 () € S? is optimal for g if

7% (o) = Jr (. v).
Given p > 1, we define also a generalized minimum time function f’f' : P (R?) —
[0, +00] by replacing in the above definitions S% by S;’f and Z(R?) by Z,(R?). Since
S‘[‘f’ C S?, itis clear that f(p(uo) < TI? (o)-

Remark 3 In view of the characterization in Theorem 8.3.1 in [3], and of Remark 1, one
can think to 7% as the minimum time needed by the system to steer 1o to a measure in S,
along absolutely continuous curves in &), RY).

When the generalized target S® admits a classical counterpart S, it is natural to ask for
a comparison between the generalized minimum time function and the classical minimum
time needed to reach S.

Proposition 2 (First comparison between 7% and T) Consider the generalized minimum
time problem for L as in Definition 9 assuming (Fy), (F1), and suppose that the cor-
responding generalized target S? admits S as classical counterpart. Then for all o €
P (R?) we have

7% (uo) = IT gz,
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where T : RY — [0, +00] is the classical minimum time function for the system x(t) €
F(x(t)) with target S.

Proof For sake of clarity, in this proof we will simply write 7 and S, thus omitting @ = {d}
by assumption of existence of the classical counterpart S for S%.

If T(MO) = +oo there is nothing to prove, so assume f‘(ug) < +o00. Fix ¢ > 0 and
let o = {pr}refor) € & (R?) be an admissible curve starting from g, driven by a family
of Borel vector-valued measures v = {v;};c; such that T = Jp(u,v) < T(Mo) + & and

- v
=7 € S.In particular, we have that v, (x) := —t(x) € F(x) for pus-a.e. x € RY and a.e.
1223

t € [0, T], hence |v;(x)| < C(1 + |x]) for us-ae x € R4, Accordingly,

T
/ / |vt(x)|du,dt§CT<+oo.
0o Jre 1+ I[x]

By the Superposition Principle (Theorem 1), recalling Definition 7, we have that there exists
a probability measure § = o ® 1, € Jr (o) such that for pp-a.e x € R?, the measure
Ny € & (F;f ) is concentrated on absolutely continuous curves y satisfying y (t) = v, (y (1))
for a.e. t, and w; = e,fuo. In particular, if x ¢ supp po or y(0) # x, then (x, y) ¢ supp 7.

Let {¢n}nen € CZ?O(R”’; [0, 1]) with ¥, (x) = 0if x ¢ B(O,n + 1) and ¥, (x) = 1 if
x € B(0, n). By Monotone Convergent Theorem, since {y,,(-)ds(-)},en € Cg(Rd) is an
increasing sequence of nonnegative functions pointwise convergent to dg(-), we have for
every t € [0, T]

[, asoondney = im [[ - waoonsoo ey
Rex Iy RYx Iy

n—00

= lim Vn (X)ds (x) d s (x)
n—o00 Rd
By taking + = T, we have that the last term vanishes because wu—r € S and so
supp pji=1 < S, therefore

// ds(y(T))dn(x,y) =0.
RdXFT

In particular, we necessarily have that y (T) € S and y (0) = x for p-ae. (x,y) € R x
I'r), whence T > T (x) for pug-a.e. x € RY, since T (x) is the infimum of the times needed
to steer x to S along trajectories of the system. Thus, 7'(io) + & > T (x) for po-a.e. x € R?
and, by letting ¢ — 0, we conclude that i(uo) > ||T||Lg°0- (|

We notice that the inequality appearing in Proposition 2 may be strict without further
assumptions.

Example 3 In]R;, let F(x) = {1} forall x € R andset ® = {|-|}, thus § = {0} is the classical
counterpart of §? = {8¢}. Moreover, we have T(x) = |x| for x < 0 and T(x) = +oo
1

for x > 0. Define uy = 3 (6—2 4+ 6—-1). We have ”T”L?fo = max{7T(—1),T(-2)} =
2. However there are no solutions of x(f) = 1 steering any two different points to the
origin in the same time, thus the set of admissible trajectories joining (o and §o is empty,
hence 7% (ug) = +o0. This does not contradict Example 1, since the underlying finite-
dimensional differential inclusions in the two cases are different. In this case, the key point
is the noninvariance of the classical counterpart of the target w.r.t. the differential inclusion.
The situation will be discussed in Corollary 1.
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Remark 4 This implies that in general the problem of the generalized minimum time cannot
be reduced to the underlying finite dimensional control problem, even in the cases where the
underlying control problem is particulary simple. A consequence of this fact is that even if
the underlying system enjoys some properties as closure and relative compactness of the set
of admissible trajectories (provided for instance by good assumptions on the set-valued map
F), which lead to the existence of optimal trajectories for the problem, in our generalized
framework all these results must be proved.

Definition 10 (Convergence of curves in & (RY)) We say that a family of curves u" =
{ufhero.ry in P (RY)

1. pointwise converges to a curve g = {{4;}s¢[0,7] In P (R if and only if u}! —* p, for
all ¢ € [0, T]. In this case we will write " —* u.

2. pointwise converges to a curve jt = {l;}ie0,7] in @p(Rd) if and only if p" =
{Wet0,1) € Pp(RY) and limy—s 400 Wy (f, ) = 0 for all ¢ € [0, T1]. In this case
we will write u" —7? u.

3. uniformly converges to a curve . = {l}se[0,7] In WP(R‘I) if and only if p" =
{1 heo,r) € Pp(RY) and

lim sup W,(u”, =0.
n—>+oot€[0’p7-] p(ﬂt MI)

In this case we will write u" =? u.

Lemma 3 Assume that F : R? = R4 satisfies (Fy). Then the functional F : PRI x
M (R R?) — {0, +00} defined by

E
/ IF(x) (—(x)) du(x), ifE L1,
R I

F(u, E) == ®)

+00, otherwise

is l.s.c. w.r.t. narrow convergence.

Proof Define f(x, v) = Ir(x)(v). Since F is u.s.c. with convex values, we have that f(-, -)
isl.s.c.and f(x, -) is convex. By compactness of F (x), we have that the domain of f(x, -) is
bounded, thus following the notation in [11] we have foo (x, v) = 0if v = 0and foo (x, v) =
400 if v # 0, where f°°(x, -) denotes the recession function for f(x,-). By Ls.c. of F,
there exists a continuous selection zg : RY — R of F, i.e., there exists z0 € C 0(]Rd; Rd)
satisfying zo(x) € F(x) forall x € R4. Thus x +— f(x, zo(x)) is continuous and finite.
Hence, the functional (8) is l.s.c. w.r.t. a.e. pointwise weak™® convergence of measures (see
Lemma 2.2.3, p. 39, Theorem 3.4.1, p.115, and Corollary 3.4.2 in [11] or Theorem 2.34
in [6]). O

Proposition 3 (Convergence of admissible trajectories) Assume (Fp). Let " = {u}'}ie(0,7)
be a sequence of admissible curves defined on [0, T] such that p" is driven by v" =
{v'}iej0,1) and suppose that there exist . = {[is}ief0,7] < PR and v = {veliero,r) S

M (R RY) such that for a.e. t € [0,T] it holds (u*,v") —* (i, v,). Then p is an
admissible trajectory driven by v.
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Proof Fix t € [0, T]such that (!, v') —=* (i, v;) and F (', v") = 0 for all n € N. By
Ls.c. of .Z and recalling that % > 0, we have

0 < Z (i vp) < liminf F (i, v') = 0,
n—+0o

and so for a.e. r € [0, T'] we have ﬁ(x) € F(x) for us-a.e. x € R4,
223

Since for every ¢ € Ccl, (R?) we have in the sense of distributions on [0, T'],

d
| ewanie = f Vo(x) dv! (x),
t R4 Rd

and for the last term we have

lim Vgo(x)dut”(x):/ Vo(x)dv(x),
d R4

n—0o0o R

due to the w*-convergence of v}’ to vy, thanks to Lemma 8.1.2 in [3], we deduce that, up to
changing 1, and v, for all ¢ belonging to a %! -negligible set of [0, T], we have that  is an
admissible curve driven by v. O

The previous Proposition is the key ingredient to prove the following theorem which,
in analogy with the classical case, establishes a sufficient condition to have relative
compactness of a set of admissible trajectories.

Theorem 3 Assume (Fy), (Fy). Let </ be a set of admissible trajectories defined on [0, T
and Cy > 0, p > 1 be constants such that for all @ = {u}iepo,1) € &7 it holds m, () <
C) fora.e.t € [0, T]. Then the pointwise w*-closure of &7 is a set of admissible trajectories.

In particular, this holds if {mp,(uo) : there exists p € & with p;—0 = po} is bounded,
and, in particular, it holds for o/t (o) when po € &, (R).

Proof Let {u"},en be a sequence in 7. Since p" is an admissible trajectory, it is driven
by v" = {viul}ie0, 7] With v]' € LL? and v}’ (x) € F(x) for a.e. r € [0, T] and u}-a.e.

// 2 Ix|?duy(x)dt < TCy,
[0,T]x

according to Remark 5.1.5 in [3], we have that the sequence {dt®@u}},cn narrowly con-
verges up to subsequences. Hence, for a.e. r € [0, T] there exists u; € Z(RY) such
that u} —* u;, moreover we have convergence in W, by the assumption of uniform
boundedness on the moments of {u}},. Similarly,

forall ¢ € C?([O, T] x R?; R?) we have

W o(t.x) - () di| < ||go||oof/ o (ol (o) di
[O,T]X]Rd [O,T]XRd
TLIC!"” + Dll¢]lco,

x € R9. Since

IA

for a constant L > 0, and so the sequence {d?®v;' },¢N is bounded in (Cg([O, T1xR%; RY)Y,
thus, up to a subsequence, it converges in the w*-topology. In particular, there exists v; €
A (R?; R) such that v —* v, for a.e. t € [0, T]. By Proposition 3, we have that u =
{1es}iero,1) is an admissible trajectory defined on [0, T'] driven by v = {v;};¢[0,7]. The last
assertion comes from Lemma 2, which allows to estimate the moments of w; and v; in terms
of the moments of 1. (I
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Theorem 4 (L.s.c. of the generalized minimum time) Assume (Fo) and (F1). Then f’p‘p :
P,RY) — [0, +00] is Ls.c. forall p > 1.

Proof Let puo € ,@p(Rd), we have to prove that f"f (no) =< lim inf f;’ ().
Wy (1, 10)—>0
Taken a sequence {uglneny < ﬁp(Rd) s.t. Wp(ug, o) — 0 for n — +o0, and

liminf T = lim T®u") =: T, we want to prove that T® <T.
wominf T () m T, (up) p » (Ho) =
If T = +oo there is nothing to prove, so let us assume 7 < +o00. Then there exists a

sequence {7y },en such that 7,, — T, and a sequence of admissible trajectories {"}, N,
with 5" = {1 Yiero, 1,1 € Pp(R?), such that uf}_;, € S foralln € N.

Without loss of generality, we can assume that all {u"},cn are defined in an interval
containing [0, T], since if 7, < T we can use the gluing Lemma 4.4 in [19] and extend
1" to a trajectory defined in [0, T'] simply by taking any Borel selection v of F(-) (which
exists by (Fp) and by Theorem 8.1.3 in [8]), and considering the solution of the continu-
ity equation 9;u; + divou; = 0in 1T, T] with pj;=1, = u’}n. Now, since u converges
in W), to uo, we have that there exists 7 > 0 such that the set {m,(ug) : n > n}is
uniformly bounded by m,(w0) + 1. Then, by Lemma 2 and by Theorem 3 there exists
an admissible trajectory p := {i/}sef0,7] € ,@p(Rd) such that u" —? p, n — 400,
up to subsequences and p;—9 = po. Recalling Theorem 8.3.1 in [3], for all n € N
we have

A

dso (ur) < Wpur, iy,) < Wplur, wp) + Wy, i)

T n
n vt
< Wplur, i) + / 1 e
n Mt Lpn
i
v -
If we show a uniform bound on —’n , then by letting n — 400 we have that ur € S;’),
253

L”,
My
thus T[f’ (o) < T and the proof is concluded.

n

v
Forae.t € [0, T] and p}-a.e. x we have —’n(x) € F(x). By (F)) there exists C > 0
1253
such that

n
1

n
My

v

<C (m;,/p(uf) + 1).
L,
My

We conclude by using the Lemma 2 to estimate m(u7) in terms of m,(uy) and recall-
ing that since pu converges to uo in W), for n sufficiently large we have m,(ug) <
mp (o) + 1. O

Remark 5 Unfortunately, we have that T;’ (+) in general fails to be continuous, being just
lower semicontinuous. Moreover, it seems to be quite a difficult problem to provide general
necessary and sufficient conditions on problem data granting this continuity property. In
the forthcoming paper [15], the author provides some sufficient conditions granting local
Lipschitz continuity of 7:2@. However, we can provide a simple example in which those
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sufficient conditions are not satisfied but we can still have continuity of the generalized
minimum time function, as shown below.

Example 4 In R?, take @ = {¢}, where ¢ is the 1-Lipschitz continuous map ¢ (x, y) = 1 —
X

f e Flds € CLR?; R). Let F(x, y) := {(@, 0) : « € [0, 1]}, o € P2(R?). Since for
—00

every solution of y(¢) € F(y (1)), y(0) = (x, y) we have poy(t) = ¢(x+f(;)'/(s) ds,y) >

¢(x +t,y), due to the fact that d,¢(x, y) = —e *l < 0, every trajectory 4 = {it}r=0

defined by u; = (Id + tv)uo for v = (1, 0) is optimal for o, moreover, if we define

G : R x 2,(R%) — R by setting

Gt o) :=/ ¢((x,y)+zv>duo=/ o (x. y) dps(x. y).
R2 R2

we have that for any uo ¢ S, it holds G(r, o) = 0 if and only if r = fch (10), due to

the strictly decreasing property of G(t, o) w.r.t. t (due to the sign of d,¢). It is easy to

see that G is continuous w.r.t. both the variables, moreover, since . ligrn G(t,u) =—1,we
—+00

have fz‘p (n) < +oo forall 4 € P> (R?). Consider a sequence {it,}pen € Po(R?)\ §2,

such that Wh (., ©) — 0, then G(Tz‘p (n), n) = 0 for all n € N, and by joint continuity

property of G, we have that G <lim sup 7~‘2¢ (un), ,u) = 0, thus 7~’2(b (u) = lim sup 7~‘2¢ (un),
n——+00 n—+00

which proves upper semicontinuity of 7,*, and so continuity of fch (-) by Theorem 4.

Theorem 5 (Existence of minimizers) Assume (Fy), (F1) and p > 1. Let g € 91, (Rd),
@ C COUR?; R) satisfying (Tkg) in Definition 4, and let S? be the corresponding general-
ized target. Let T¢ (o) < oo. Then there exists an admissible curve p = {41 }1e[0,T] driven
by v = {v}se[0, 1) which is optimal for o, that is f(p(u,o) = Jr (@, v). Moreover, we have
also T (o) = T, (o).

Proof By the hypothesis of finiteness of 7% (1) and by definition of infimum we have that
there exist {#,},en C R and a sequence of admissible trajectories u" = {1} }s¢[0,1,], Such
that u"|;—0 = o, W' i=, =: 0" € S, 1, — T¢(u0)+. Moreover, by Lemma 2, we have
that 0" € S‘;’f for all n € N. We restrict all u”* to be defined on [0, T¢(uo)].

By Theorem 3, u”* w*-converges up to subsequences to an admissible trajectory pu =
{,u,}tqoj(ﬁ(#o)J starting from o driven by v = {U’}tELO,f“’(/Lo)J’ and by w*-closure of K

we have o —* puf, € §%. Applying again Lemma 2, we have that ul,_o,,, €

" ~ =T (10)
S,?- Thus 7% (1) = T,? (o) = Jr(p, v). O

The following results allow us to justify the name of generalized minimum time given to
functions T (-) and T;}> ).

Lemma 4 (Convexity property of the embedding of classical trajectories) Let N € N\ {0},
T > 0 be given. Assume (Fy) and (F1). Consider a family of continuous curves and real
numbers {(yi, Ai)}i=1..n S I'r x [0, 1] such that y;(-) is a trajectory of x(t) € F(x(t))

.....

N
fori=1,... Nand) 1 =1
i=1
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N
Foralli =1,...,N andt € [0, T], define the measures ,u.() =8y (1)) Mt = Zklufl),

Vi()8y, ), i vi(t) exists,

0, otherwise,

and v, = Z)»iv,(i). Then w = {i}iefo,7] is an admissible trajectory driven by v =

{vi}rero,11-

Proof By linearity, clearly we have that
oy +divy, =0

is satisfied in the sense of distributions, moreover p,(B) = 0 implies v;(B) = 0 for every
Borel set B € R9, thus |v¢| < py. It remains only to prove that for a.e. r € [0, T] we have
v, = v, for a vector-valued function v; € L!(R?; R9) satisfying v;(x) € F(x) for u;-a.e.
x € R?. Set

t={tel0,T]: yi(t)existsforalli = 1,..., N and y;(¢) € F(y; (1))},
and notice that 7 has full measure in [0, T'].

Fix t € t, x € supp u;. By definition of u;, we have that there exists I < {1,..., N}
such that ,u( - = §y if and only if i € I. So it is possible to find § > 0 such that for all
0 < p < & we have

(i)
pi(Be. o) = Yohge uBoon =Y [ M(,) ) = Y i 0,

jel iel VBGup iel

Thus for every ¢t € T and x € supp s we have

v (B(x,p) Ao

vr(x) ;= lim (x),
o—0+ i (B(x, p)) =y Z}el Y M(Z)
(t)
i.e., a convex combination of y;(t) = (x) € F(x) for p;-a.e. x € R?. Thus —(x) =
223
v:(x) € F(x), and so p = {is}req0,7] 18 an admissible trajectory driven by v = {v;}s¢0,7]-

O

Corollary 1 Assume (Fy), (F1). Let @ C COYRY; R) satisfying (Tg) in Definition 4, and
assume that the generalized target S?® admits a classical counterpart S C R¢ which is
weakly invariant for the dynamics x(t) € F(x(t)). Let ug € QZP(]R"J) with p > 1. Then

TP (o) = T% (o) = ITO)llgy,-

Proof Since §® admits classical counterpart S, clos~ed and nonempty, we have that @ =
{ds(-)}. Thus in this proof we will simply write 7}, and S p in place of T(p and Sq)
respectively.

By Proposition 2, we have only to prove that f’p (o) < T := ||T(-)||Lz%. Assume that

T < +o0, otherwise there is nothing to prove. For pp-a.e. point x € R4 we have T(x)<T,
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thus there exists a trajectory y; () such that y, (T (x)) € S. By the weak invariance of S,
we can extend this trajectory to be defined on [0, 7] with the constraint y, () € S for all
T(x) <t < T,thusin particular y,(T) € S. Fix ¢ > 0, then there exists N = N, € N\ {0},
and {(x;, A;) 1 i =1,..., Ng} € supp o x [0, 1] such that:

N
LY su=1
i=1
Ne
2. W, (,uo, ZM&Q) < e,

i=1
3. there exist classical admissible trajectories {y; : [0, T] — R : i =1,..., N¢}
satisfying y;(0) = x; and y;(T) € Sforalli =1, ..., Ng.
It is possible to find an admissible trajectory p(®) = {M?)} 0.7] c &, (R?) such that
1e€l0,
[1,(()8) = vazglkiéxi and ,u(;) € S, indeed, we can set

N,
D hivi )8y, if yi(¢) exists foralli = 1,..., N,
1O =3 a0 O
Z Vl(t)’ vl - i=1

0, otherwise,

and then apply Lemma 4.

Since ,u(()) converges in W), to 1o, we have that there exists & > 0 such that the set

[ (//Lé )) 0<e< a} is uniformly bounded by m, (t0) + 1. In particular, by taking a
sequence g; — 07T, and the corresponding admissible trajectories p®%) driven by v(®%), we
can extract by Theorem 3 a subsequence converging to an admissible trajectory g driven by
v satlsfymg o = Mo- Since M ) e S for all ¢ > 0, by the closure ofS we have ur € Sy,
thus Tp(Mo) <T. O

Corollary 2 (Second comparison result) Assume (Fp), (F1). Let @ C COR?: R) satisfying
(Tg) in Definition 4, and assume that the generalized target S admits a classical counter-
part S. Then, for every xo € R? we have Tq)(SxO) = ff (8xy) = T (x0) for all p > 1, where
T (+) is the classical minimum time function for x(t) € F(x(t)) with target S.

Proof Apply Lemma 4 to the family {(y, 1)}, where y () is an admissible trajectory of
x(t) € F(x(1)) satlsfymg y(0) = xp and y (T (x9)) € S. We obtain an admissible trajectory

steering Jy, to S for all p > 1 in time T (xo), thus T »(8xy) < T(xp). By Proposition 2,
since || T ()| e = = T (x0), equality holds. O
X0

Remark 6 This means that if we have a precise knowledge of the initial state, we recover
exactly the classical objects in finite-dimension.

Theorem 6 (Dynamic programming principle) Let 0 < s < t, let F : RY = R be a
set-valued function, let @ = {li;}:¢[0,7] be an admissible curve for L. Then we have

T2 (o) <5 + T2 (uy).
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Moreover, if f‘p(uo) < 00, equality holds for all s € [0, qu(f”())] if and only if p is
optimal for o = [|1=0. The same result holds for quj in place of T?, p=>1

Pro~0f Letv = {vi}ief0,r) € A (RY; RY) be such that g is driven by v.Fixs € [0, t],e > 0.
If T¢(us) = 400 there is nothing to prove. Otherwise there exists an admissible curve
1= 1Y 0.7 (uyte) S P (RY) driven by vé = W rer0.70 () e1 € M (R R?) such

£ _ £ P :
that Myp—g = HMs and M|¢=f¢(m)+g € S%. We consider
v
—L(x), for0<t<s,
223
Uy (x) = .
vy -
tg S (x), fors <t <T®(us)+s+e.
1—s
e, for0=<t<s,
iy = )
p_g, fors <t <T®(us)+s+e.
: ~e _ ~e P ~& e
It is clear that Rji—o = Mo that “\;:fﬂb(m)ﬂﬂ € S, and that vy (x) € F(x) for fi;

ae. x € R and ae. 1 € [0, T?(us) + €]. Moreover, 1 > [f is narrowly continuous.

Since the gluing Lemma 4.4 in [19] ensures that i := {[Lf}te[o 79 (ug)+s-e] is a solution
of the continuity equation driven by v® = {V} = 07 i%} > thus an admissible

trajectory, we have that

t€[0,T? (uug)+s+e

T% (o) < Jp(ii®, %) = T (us) +s +¢.

By arbitrariness of & > 0, we conclude that TP (o) < s+ TP (). ;
Assume now that Y:‘D(uo) < +o0 and equality holds for all s € [0, T? (110)]. Then, in
particular, when s = T? (o) we get

7o) = T? (o) + T% (70 = TP (g0, =0.

In turn, this implies 7o (ug) = Mt 70 (uy) € S? andsopu = {'ul}te[(),f"“’(uo)] joins o with
the generalized target in the minimum time T¢ (mo), thus w is optimal for po.

Finally, assume that u, driven by v, is optimal for po and T‘p(uo) < 4o00. To have
equality f’d’(,uo) =5+ T‘p(us), it is enough to show that T¢(u0) > 5+ f’d’(,us). If
we define v, := v;1,, we have that u’ = {'u;}te[O,fd’(/}.o)—sJ = {Mtts} 10,72 (ug)—s) 1S AN
admissible trajectory driven by v’ = {v;}, €[0.7% (110)—s] and starting by ps. This implies that

T? (o) =s+ TP (o) —s) =s+ Jr(w.v) = s + T? ().
which concludes the proof. O

We are now interested in proving sufficient conditions on the set-valued function F(-)
in order to have attainability of the generalized control system, i.e. to steer a probability
measure on the generalized target by following an admissible trajectory in finite time.

In other words, we want to prove a generalization of the so called Petrov’s condition that
gives, in the classical case, an attainability property for the control system, i.e. a sufficient
condition for continuity of the minimum time function at the boundary of the target.
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Theorem 7 (Attainability in the smooth case) Assume (Fp), (F1). Let @ C C,i (RY;R) N
Lip(Rd; R) satisfying (Tk) in Definition 4 and let o € &, (RY), p > 1. Assume that:

1. forall ¢ € D there exists a fl—integmble map k? 210, +00[— 10, +o00[;
2. there exists T € [0, +o00[ such that

t
T > supinf{tZO :/ ¢(x)du0(x)§/k¢(s)ds};
ped R4 0

3. there exist a Borel vector field v : [0, T1x RY — R? and an admissible trajectory p :=
{i}iero.r) © P RY) driven by v = {v; := vy s hreqo. 11, and satisfying [L—o = pio,

such that the following condition holds:

(Ce) forallp € @ we have/ (Vo (x), v, (x))dus(x) < —k¢’(t)f0r ae t €]0,T].
R4

Then we have

t
i < swpint =05 [ o ducos [106as).
Rd 0

pecd

Before proving Theorem 7, we comment briefly its assumptions. Assumption (C.) mea-
sures the infinitesimal variation of the observables along the solution of the continuity
equation. In particular, it requires the existence of a vector field (3) generating a solution
of the continuity equation along which all the observables decrease, indeed k¢ > 0 by (1).
More precisely, we are requiring that this decrease occurs with a sufficiently fast rate, pro-
vided by the integrability of k? and by the fact that by (2) the decreasing rate steers the
observables below the threshold in a finite amount of time (less than T').

Proof We notice that by Lemma 2, we have u € & ) (Rd).
Given ¢ € @, we set L? = / ¢(x)du(x). Take pg € Wp(Rd) and notice that if
R4

T = 0 we have

!
supinf{t >0 : / ¢(x)d,uo(x)§/k¢(s)ds} =0,
R4 0

ped

SO o € S'Z) and ff (o) = 0. We assume then 7 > 0.
From the continuity equation we have that in the distributional sense it holds (see Remark
8.1.1 in [3], allowing to use the functions of @ as test functions)

. d
i =4 [ oean = [ (V6w ue)due = 0w
t Jrd R4

Then L? < Lg — fotk‘l’(s) ds for 0 < t < T. Thus if we take r €]0, T'] s.t. we have
Jra @(x) dpo(x)< fotk‘f’(s) ds for all ¢ € @, then we have that L? < Oforal ¢ € @,
hence u; € S’Z’ for all such ¢, which ends the proof. O

Remark 7 In particular, if in the condition (C.) above we can choose k®(1) = k? for a.e.
t > 0, for a constant k¥ > 0, then we get ff (10) < SUPcq {k% Jra ®(x) dug(x)}.

For other results about the regularity of the minimum time function, we refer the reader
to the forthcoming [15].
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4 Hamilton-Jacobi-Bellman Equation

In this section we will prove that under suitable assumptions, the generalized minimum time
function solves a natural Hamilton-Jacobi-Bellman equation on &2, (R%) in the viscosity
sense. The notion of viscosity sub-/superdifferential that we are going to use is different
from other currently available in literature (e.g. [3, 14, 20, 21]), being modeled on this
particular problem.

Throughout this section we will mainly use the alternative definition of admissible curve
and the notation provided by Definition 7.

Definition 11 (Averaged speed set) Assume (Fp) and (F7), T > 0. For any pg € PH(RY),
n € Jr(uo), we set

V() = { wy € LyRY x I'7) : 3t }ien €10, T[, with7; — 0T and

e —¢ 72 md . d
l‘i wy weakly in Ln(R x I'r; R )} .

We notice that, according to the boundedness result of Lemma 2 (iii), for any sequence
{t;}ien €10, T[ with t; — O™, there exists a subsequence T = {ti Jken and wy € L% (R9 x

et,. — €0
Ir; Rd) such that —%—— weakly converges to an element of L% (R" x I'r; Rd), thus

ik
V() #0.
Lemma S (Properties of the averaged speed set) Assume (Fo) and (F1), T > 0. For any

o € P2(RY), 9 € Tr(wo) and every wy € ¥ () we have that
() wy(x,y) € F(y(0)) for p-a.e (x,y) € R x I'r.

(ii) if we denote by {ny},cra the disintegration of n w.r.t. the map eo, the map
x> / wy(x, y) dne(y),
ry

belongs to lew (R?; RY),

Proof We prove (i). Fix ¢ > 0 and (x, y) € suppy. Since y(-) and F(-) are continuous,
there exists tg*,), > O such thatforall0 < ¢ < tg*,y we have F(y(t)) C F(y(0)) +¢B(0, 1).

In particular, forall 0 < ¢ < t; y and v € R? we have

y(@®) —y(0)

(Uv (pt(xv J/)) = (U t

1 t
>=f/ (v, 7(s)) ds
tJo

IA

] t
?/o OF(y(s) (V) ds < 0Fy©0)+eB©,1) V),

er(x,y) —eo(x, y)

where ¢; (x, ) = ;

Thus

cole(x,y): 0 <t <t} C F(y(0)+eB(0, 1)

Given wy € Y (n), let {t;}ien €10, 1] be a sequence such that ; — 0T and O, — wy
weakly in L%,. In particular, by Mazur’s Lemma, there is a sequence in co{g; : i € N}
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strongly convergent to wy. In particular, for (x, y)-a.e. point of R x I'r we have pointwise
convergence, i.e.
wy(x, ¥) € cofepy (x,y) : i € N}
Given a point (x,y) where above pointwise convergence occurs, we can consider a
subsequence {f;; }xen of #; satisfying 0 < 7;, < 1.7, obtaining that
wy(x,y) € cofgy, (x,y): ke Np) Ceofgr(x,y): 0 <t <17}

c F(y(0)) +¢B(, ).

By letting ¢ — 01 we have that wy(x,y) € F(y(0)) for p-ae. (x,y) € R x Ir.
We prove now (ii). By definition, the disintegration of 5 w.r.t. the evaluation map e is a
family of measures {1, },cgas satisfying (recall that epfiy = o)

f/ £ wg(r, y) dnix, y) = / (f <f(x,y>,w,,(x,y>>dnx<y)) dio(x),
R x Iy rd \Jry

for all Borel map f : R? x I'r — R?. Moreover the family {7} reRrd 18 uniquely determined
for puo-a.e. x € RY (see e.g. Theorem 5.3.1 in [3]).

Forany ¥ € Lio (RY; RY), clearly we have Y oeg € L%(Rd x I'r; RY), since eofin = po.
Recalling that w, € L% , we obtain

/ W), / Wy, ) dnx () dpto(x) = / / (W), wy (r ) dine () dpio (o)
R ry re Jry
=/ f (W 0 €0, ¥), wy(x. 7)) dns () do(x)
R4 ry

= // <1// OeO(-xv y)a w,,(x, )/)) dﬂ(x! )/) < +o00.
RidxIr

By the arbitrariness of ¢ € Lio (Rd SR ), we obtain that the map
X = / wy (x, ) dnx(y),
ry
belongs to Lio (R?; RY), moreover for Ho-a.e. x € R4, we have from (i) that

/rx wy(y)dnx(y) € F(x).

T

O

Remark 8 We can interpret each wy € 7#'() as a sort of averaged vector field of initial
velocity in the sense of measure (we recall that in general an admissible trajectory y may
fail to possess a tangent vector at t = 0). The map

xf—>/ wy(¥) dnx (),
ry

can be interpreted as an initial barycentric speed of all the (weighted) trajectories emanating
from x in the support of . This approach is quite related to Theorem 5.4.4. in [3].

In the case in which the trajectory ¢ — e,y is driven by a continuous vector field, we

recover exactly as averaged vector field and initial barycentric speed the expected objects,
as shown below.
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Lemma 6 (Continuous driving vector fields) Assume (Fy), (F1) and let g € &2 (RY). Let
It = {1+ }ee0,1) be an absolutely continuous solution of

Oy +div(veps) =0, t €]0, T[

Kir=0 = MO,
where v € CO([0, T] x R?; R9) satisfies vo(x) € F(x) forall x € R?. Then ifn € Tr(no)
satisfies w; = e iy for all t € [0, T'], we have that
ey — é _ 0,
Ly

. 0
lim — Vg o eg

t—0

and so V' () = {vg o eg}, thus we have

T

2
L2 f/ﬂ%‘leT

For p-a.e. (x,y) € R? x Iy, by continuity of v we have y € ¢! and () = v (y (@),
hence for ¢ small enough we get

‘y(r)—y(@ ~

[x [ ey dn: vy e 7/(»7)} = (w).

Proof We have

€r — €

—y(@©
M — vo(y(0))

2
; dn(x,y),

— Vg o ep

; vo(y(0))

1 [f 1 [!
5;/0 |y‘(s>|ds+|vo<y(0))|=;/0 vy (v ())] ds+vo (v (0))]
<20y (0)| + 1 € L2,
indeed by (F1) we have
f/ |vo(y(0)>|2dn<x,y>=/ Ivo(X)IszO(X)SCZf (Ix] + D* dpo(x)
RY x Iy R4 R4

< 2C% (my(po) + 1),
with C > 0 as in (F7). Thus, for y-a.e. (x, y) € RY x Iy,

() —y©)
t

lim =0.

t—0t

vo(y(0))

Thus applying Lebesgue’s Dominated Convergence Theorem we obtain

2
. € — €
lim — Vg o ey =0,
t—0 12
n
hence wy = vg o eg. The last assertion now follows. O

We have already proved that the set

{x — /r wy(x, y)dny : n € Tr(io), wy € 7/(11)]

T
is contained in the set of all Lio (R?; RY)-selections of F(-). The next density result
shows that, indeed, equality holds: since allows to approximate every Lio-selections by
CY-selections, and then use Lemma 6.
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Lemma 7 (Approximation) Let po € P (RY). Assume (Fo) and (F)). Then given any
v € leto (R4, RY) satisfying v(x) € F(x) for po-a.e. x € R%, there exists a sequence of
continuous maps {gn}neN < COYRY; RY) such that

1. lim |lgn —vllz2 =0;
n—oo 0]

2. gu(x) e F(x)forallx € R4,

In particular, we have

{ve LiO(Rd; Rd) : v(x) € F(x) for up-a.e. x € Rd}

= ix > / wy(x, y)dnyx : n € Tr(uo), wy € ”f/(n)}.

Iy

Proof By Lusin’s Theorem (see e.g. Theorem 1.45 in [6]), we can construct a sequence of
compact sets {K,},en S R? and of continuous maps {v,}neny S CS(]R‘I : R9) such that
v, = von K, and Mo(Rd \ K,) < 1/n.For all n € N define the set valued maps

F(x), forx eRY\K,,
G,(x) =
{va(x)}, forx € K,,.

We prove that G,,(-) is lower semicontinuous. If x € R \ K, then in a neighborhood of
x we have G, = F, thus G, is lower semicontinuous. Let x € K, and V be an open set
such that V N G, (x) # @. In particular, we have that V is an open neighborhood of v, (x).
Without loss of generality, we may assume that V. = B(v,(x), &) for ¢ > 0, thus there
exists § > O such that if y € B(x,§) N K, we have v,(y) € V,and so G,(y) NV # (.
On the other hand, by continuity of F, there exists an open neighborhood U of x such that
VNF(y) #@forall y € U. Thus, if we set U' = U N B(x, §) \ K, we have that U’ is an
open neighborhood of x satisfying:

(a) forally e U\ K, we have F(y) = G,(y) and so G,(y) NV # @;
(b) forally € U' N K, we have v,(y) € V,andso G,(y) NV # @;

and so given V for all y € U’ we have G,(y) NV # @, which proves lower semicon-
tinuity. Since G,(-) is lower semicontinuous with compact convex values, by Michael’s
Selection Theorem (see e.g. Theorem 9.1.2 in [8]) we can find a continuous selection
gn € CO(R?; R?) which by construction agrees with v and v, on K,, and satisfies g, (x) €
G,(x) C F(x)forallx € R4. Finally, we have

/ [v(x) — gu(X)* dpo(x) = / [0(x) — gn (X)1* dpo(x)
R4 RI\K,

5/ 4C3 (x| + 1) dpo(x) < 8C? (ma(po) + 1),
RI\K,

with C > 0 as in (F}), hence (1) follows. The last assertion comes from Lemma 6 with
v =1g. O

We introduce now the following definition of viscosity sub-/superdifferential. For other
concepts of viscosity sub-/superdifferential, we refer the reader to [3] and [14].

Definition 12 (Sub-/Super-differential in 22 (R%)) Let V : P (RY) — R be a func-
tion. Fix u € P> (R%) and § > 0. We say that p, € Lﬁ(Rd; RY) belongs to the
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3-superdifferential D;“V(;L) atpifforall T > Oandy € PR x I'r) such that ¢ —> efin
is an absolutely continuous curve in &2, (]Rd) defined in [0, T'] with egfin = u we have

Vetin) — Veotin) — /d (puoeo(x,y),ex,y) —eo(x,y))dn(x,y)
lim sup I

0t lle: — eolng,

<3.

&)
In the same way, g,, € LIZL(R" . RY) belongs to the §-subdifferential Dy V (u) at w if —q,, €
D [=VI(w).

Definition 13 (Viscosity solutions) Let V : 5 (RY) — R be a function and . :
T*2,(R%) — R. We say that V is a

1. viscosity supersolution of 7€ (uu, DV ()) = 0 if V is ls.c. and there exists C > 0
depending only on J# such that % (i, q,) = —Cé for all ¢, € DgV(), o €
P (RY), and for all § > 0.

2. viscosity subsolution of S (u, DV (n)) = 0 if V is u.s.c. and there exists C > 0
depending only on .7 such that J# (u, p,,) < Céforall p, € D;V(,u), we P2 (RY,
and for all § > 0.

3. viscosity solution of 7 (u, DV (1)) = 0 if it is both a viscosity subsolution and a
viscosity supersolution.

Definition 14 (Hamiltonian Function) Given u € &2 (R?), define

D(u) = {v e #MRY:RY ;v « wand /d (’
R

v 2 V
+ IFrx) (*(X)) du < 400y .
122 n

Since the tangent space T, Z2(R?) to Z,(R?) at u € F(RY) is L2, (R?; R?), which
coincides with its dual, we can define a map %% : T* 2, (RY) — R by setting

S () :=—[1+ inf /wo«),i(x»du]
Rd w

veD (1)

= —|1+ inf f(w(x),v(x»du ,
) R?

vel? (RY;RY
v(x)EF (x) for pu-a.e. x

where (11, ¥) € T*Z)(RY), ie., p € P(R?) and ¢ € L2 (RY; RY).
If we assume (F2), or more generally that F possesses a Borel selection uniformly
bounded, we have

Hr(p, ) = -1+ /Rd o-r) (W (x)du,

by using a consequence of classical Measurable Selection Lemma (see e.g. Theorem 6.31
p. 119 in [17]).

Theorem 8 (Viscosity solution) Let A be any open subset of P>(RY) with uniformly

bounded 2—moments. Assume (Fy) and (F1) and that fqu (+) is continuous on A. Then Tqu )
is a viscosity solution of 7 (1, DTZ‘D (1)) =0 on A, with #F defined as in Definition 14.
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Proof The proof is splitted in two claims. O

Claim I:  T,?(-) is a subsolution of % (u, DT,¥ (1)) = 0 on A.

Proof of Claim 1. Let uy € A. Given § € Jr(uo) and set u; = e,nn for all ¢, by the
Dynamic Programmmg Principle (Theorem 6) we have Td’(,uo) < T (us) + s for all

0 <s < T2 (mo). Without loss of generality, we can assume 0 < s < 1. Given any
Puo € D;Tz‘p (o), and set

A(S, pug> M) = —S — // (Pup 0 eo(x,y), es(x,y) —eolx,y))dn,
RdXFT

B(s. pos ) = T (us) — T2 (o) — f /R (P oo,y ext, v) = ol ),

we have A(s, puy, 1) < B(s, pug. 1)-
We recall that since by definition p,, € L?
s > 0, we obtain that
AC(s, Pug»
lim sup AGS: Puo- M
s—0t s

for all wy € 7 ().
Recalling the choice of p,,,, we have

2.» we have that p,,, o ey € L2. Dividing by

>—1- // (Puy 0 eo(x, y), wy(x, ¥))dn(x,y),
RdXFT

€s — €0

B(s, , . B(s, )
lim sup 7@ Pio> ™) = lim sup (S, Ppo> M) .

< K3$,
50+ s s—ot lles — eolng

s

L2
n
where K > 0 is a suitable constant coming from Lemma 2 and from hypothesis.
We thus obtain for all n € Fx(ug) and all wy € ¥V (n), that

1+//R (puooeo(x v), wy(x, y))dn(x,y) = —K34.

By passing to the infimum on # € Jr(ug) and w, € 7'(y), and recalling Lemma 7,
we have

_KS <1+ inf f/ (Do © €0(x, 1), wy(x, 7)) dn(x, 7)
n€Ir (ko) J JRA x Iy
ﬂey(rl)

1+ inf //(puooeo(x,y),wn(x,y)>dnxduo
Re J s

n€TF (10)
wy €Y (1)

I+ inf f<p,moeo<x,y),/ wy (e ) dny) dio
ne Jr(no) Jrd ry
wﬂey/(”)

1+ inf f (Pug> V) duo = =7 (100, Pg).
vel?2 RYRY)  JR4
v(x)EF(x) po-a.e. x

) ff (+) is a subsolution, thus confirming Claim 1. O

Claim 2: f’z‘p (+) is a supersolution of JF (i, fo (n)) =0o0n A.
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Proof of Claim 2. Let juo € A. Given n € JF(io) and defined the admissible trajectory
1= {pehiero, ) = {erin}ieo, 11, and gy, € Dy ToF (110), there is a sequence {s;}ien €10, T'[
es; — €0

weakly converges to wy in L2, and for all
Si

and w, € ¥ () such that s; — 07,
ieN

Si

// o 0 0x, y), V) OOy gy
RdXFT

ey,

—eo| LYo — T (1)

2 Si
L'I l

<26

Si

By taking i sufficiently large we thus obtain

TP (o) — T3 (1as;)
Si

// (quooeo(x7 V)awn()ﬁ V))dﬂ()ﬁ V) SSK(S—
RdXFT

By using Lemma 7 and arguing as in Claim 1, we have

inf f/ (o © €0Cx 1), wy (e YY) dNCEs 1) = — A (120, o) — 1,
n€Ir (ko) J JRI x Iy
wngy/(ﬂ)

and so _ ~

Ty (o) — Ty (1s:)
N

By the Dynamic Programming Principle, passing to the infimum on all admissible curves

T2¢ (o) — TZ(D (s)
s

optimal, we obtain J¢F (1o, g,,) > —C’8, which proves that Tzd’ (+) is a supersolution, thus

confirming Claim 2. (]

Fr (1o, quy) = —3K8 + —1.

and recalling that — 1 < 0 with equality holding if and only if u is
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