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Keywords: In this manuscript, we propose newly-derived exponential quadrature rules for stiff linear
Linear abstract ODEs differential equations with time-dependent fractional sources in the form A(r"), with 0 < r < 1
Stiff equations and h a sufficiently smooth function. To construct the methods, the source term is interpolated

Order reduction
Exponential quadrature
Fractional ¢ functions

at v collocation points by a suitable non-polynomial function, yielding to time marching
schemes that we call Exponential Quadrature Rules for Fractional sources (EQRFv). We write the
integrators in terms of special instances of the Mittag—Leffler functions that we call fractional ¢
functions. We perform the error analysis of the schemes in the abstract framework of strongly
continuous semigroups. Compared to classical exponential quadrature rules, which in our case
of interest converge with order 1+ r at most, we prove that the new methods may reach order
1 + vr for proper choices of the collocation points. Several numerical experiments demonstrate
the theoretical findings and highlight the effectiveness of the approach.

1. Introduction

The numerical time integration of stiff differential equations requires careful treatment due to stability issues that usually arise
when employing standard explicit time marching methods. In the last years, exponential integrators proved to be a valuable way
to effectively tackle the issue in many contexts. We mention here, among the others, [1-8] and the seminal manuscript [9]. In this
paper, we focus our attention to the development of exponential integrators for linear ordinary differential equations (ODEs) in the
form

{y’(z) = Ay(t) + g(t) = Ay() + h(t"), 0<r<1, o

¥(0) = yp.

Here 7 € (0,T], y is the unknown function, A : D(A) C X — X is a linear operator on the Banach space (X, || - ||), and g(r) = h(t")
represents the time-dependent fractional source term for the given parameter r. Results on the existence and uniqueness of solution
for this problem can be found, for instance, in [10, Section 4.2]. Stiff equations in the form (1) typically arise when considering
linear partial differential equations (PDEs) as abstract ODEs on suitable function spaces [10], or when dealing with systems of ODEs
coming from the semidiscretization in space of linear PDEs. A simple example is the one-dimensional heat equation, coupled with
periodic or homogeneous Dirichlet boundary conditions and with heat source that grows in time at a sublinear rate r. In this case, the
operator A is the second-order differential operator 9,,, together with the boundary conditions, or a suitable discretization thereof
(e.g., by standard finite differences).
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Fig. 1. Observed convergence rate of the error |y(T) — yy|, with different values of r, for problem (3). The time marching is performed with scheme (2). The
slope of the solid line is —1, that of the dashed line is —1.75, that of the dotted line is —1.5, and that of the dashdotted line is —1.25.

Classical exponential integrators for the linear problem (1) are the so-called exponential quadrature rules [11], the simplest one
being

T
Vasr = €Ay, + 10, (G Aty + ¢17), T (rA) = / 94y, @
0
with ¢; a collocation point in [0, 1]. Here we introduced the time discretization ¢, = nr, n =0, 1, ..., N, with constant time step size
7. Under suitable assumptions (in particular g’ being absolutely integrable, see [11, Theorem 1]), the time marching method (2)
is first-order convergent. The scheme is actually second-order convergent if ¢, = % and additional assumptions are verified, in

particular g” absolutely integrable (see [11, Theorem 2]). In the situation under investigation in this manuscript, however, the
latter is in general not verified (since 0 < r < 1), and therefore we expect an order reduction when employing scheme (2) with
¢ = % This can be easily demonstrated numerically by considering the scalar ODE

/ r
yo=—yn+r, 1e@T],
3)
y(0)=1.
By performing the time marching with scheme (2) up to T = 0.1 for different number of time steps N = 2/ (with j = 2,4,6,8,10),
we clearly see in Fig. 1 that the order of convergence for the case ¢; = % drops to 1.75, 1.5, and 1.25 when r = %, r= % and

r= i, respectively. On the other hand, as expected, the integrator is first-order convergent for each r when ¢, = 0. It is worth
mentioning that the order reduction phenomenon of exponential quadrature rules has already been studied in the literature in
different situations. We refer, e.g., to [12] in the context of linear equations with time-dependent boundary conditions.

The simple numerical example just presented motivates the development and the investigation of exponential quadrature rules
tailored for problems in the form (1). The remaining part of the manuscript is organized as follows. In Section 2, the main one,
we introduce the abstract framework that we employ for the analysis and we present our proposed Exponential Quadrature Rules

for Fractional sources with v collocation points (EQRFv). The newly-derived methods are written in terms of linear combinations of
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special instances of the Mittag-Leffler functions, which we call fractional ¢ functions. We investigate in full details the integrators
which originate by interpolating the source term at one and at two non-confluent points with a non-polynomial basis. The
generalization of the procedure to v collocation points is addressed in Section 2.3. In particular, if the points satisfy a peculiar
relation, we show in Theorem 4 that the proposed integrators EQRFv have convergence order 1+vr (compared to classical quadrature
rules which have order 1 + r). We then proceed in Section 3 by presenting several numerical experiments that demonstrate the
theoretical findings. We finally draw the conclusions and discuss possible further developments in Section 4.

2. The proposed exponential quadrature rules

Classical exponential quadrature rules originate from the expression of the exact solution of problem (1) by means of the so-called
variation-of-constants formula

Wtpey) = €291, + / e (t, + 5)ds = e y(t,) + / eI n((t, + 5))ds, 4
0 0

and by approximating the source term appearing in the integral with an interpolation polynomial of a certain degree. The choice of
the interpolation points (or equivalently the nodes of a quadrature rule) determines in fact the numerical method. For instance, by
employing a single point (i.e., using the approximation g(r, + ¢;7) ~ g(t, + s)) we get scheme (2). Under suitable assumptions, the
employment of more terms in the polynomial basis leads to different methods of higher order (see [11] for a thorough presentation).
Our proposal is to embed the power r directly into the interpolation basis functions, that is considering {(z, + s)/" }jY;é.

As already mentioned in the introduction, for the analysis we will work in an abstract framework. A reader not familiar with
the following formalism is invited to consult, for instance, [10,13].

Assumption 1. Let X be a Banach space with norm || - ||. Let A: D(A) C X — X be a linear operator. We assume that A generates
a strongly continuous semigroup {e'4},5.

Note that, in our cases of interest, A is a differential operator (on a suitable space) considered with boundary conditions
(e.g., A=1id,, or A =0, with periodic or homogeneous Dirichlet boundary conditions). Under Assumption 1, the following bound
on the semigroup

llel < C (5)

holds in the time interval 7 € [0, T']. Here and throughout the paper C is a generic constant that may have different values at different
occurrences, but it is independent of the stiffness of the problem. Bound (5) directly implies that the ¢, functions

1 )
0D = P2 = / 029" 1dg =
0

7= Z eN, 6)

2
& +k!
are all bounded operators (that is, they satisfy ||@,(tA)|| < C). We state now some lemmas needed for the following analysis.

Lemma 1. Assume that h: [0,4+00) — X is k times differentiable, with bounded derivatives. Then, for ¢, > 0, we have

k=10 Gy r Oy
LCSEDY ) j(f" ) (6" o'y + —k('y")(a’ - "k,
= !

where y,, is between ¢ and w.

Proof. We take x,y > 0 and consider the Taylor expansion of A(y) at x

k=1, (i 1)
h) o hP4)
o)=Y —j,(x) 0=+ — =
= '

where 1, is between y and x. Now, we choose y = ¢" and x = . Since the power-r function is an increasing monotone function,
we have guarantee of existence of y,, between ¢ and , such that y] = Ay This concludes the proof. []

Lemma 2. Lett,=nrt, forn=1,...,N, with t =T /N. Then the following bounds hold

z":t_p< TP+ Cr7l, ifp>0,p#1,
S \FrC+logal, i p=1.
Proof. We have
n n 1
=P _ -p 2 rgW® —p gy (P)
th =7 ij—r HP <t HN,
Jj=1 Jj=1
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where H denotes the generalized harmonic number

Hsp)=zn“i

Jj=1 jp.
Then, by employing the following bounds (see for instance [14, formulas (25)-(26)])

1+Cn'=P, ifp>0, p#1,
o < .
1+logn, ifp=1

the result follows immediately. [

2.1. Exponential quadrature rule with one collocation point (EQRF1)

Starting from the variation-of-constants formula (4) and considering h((z, + ¢;7)") = h((t, + s)"), for s € [0, 7], we get the scheme
Vopl = e’Ayn +19( Ay, X, = h((, + 7)), 7)

Obviously this method (labeled EQRF1) coincides with the simplest classical quadrature rule (2). We now prove the following.

Theorem 1. Let Assumption 1 be valid, and consider the time marching scheme (7) for problem (1). Then, the following bounds on the
error ¢, = y(t,) — v, hold uniformly on t, € [0,T]:

1. if h is differentiable with bounded derivative, then |le,|| < Cz;
2. if h is twice differentiable with bounded derivatives, h' € D(A), and ¢, = %, then |le,|| < Cz!'*".

The constant C may depend on the final time T, but not on n.

Proof. The first statement directly follows from [11, Theorem 1]. For the second one, setting ¢, = %, we start by equivalently
writing scheme (7) as

T r
Vsl =e”‘y,,+/0 e(T_S)Ah<(tn+%) )ds.

By subtracting this expression from the variation-of-constants formula (4) we get
A
Enyl = e €yt 5n+l’

where we defined

& =y1t,)~y, and b, = /OTC(H)A (r+ 9 =n ((1a+5))) s

Since ¢, = 0, the recursion leads to

n—1
€, = Ze/mén,j,
Jj=0

and by employing the bound on the semigroup (5) we get

n
lle,ll < € (nél ED ||6,~||> :
j=2

Jj=

For the term §;, by using Lemma 1, we get

5 = /Ofe“—”" (h(s’) —h ((%))) ds = /0 IR () (s’ - (%)) ds,

where y, is between s and %, and therefore ||6,] < Cz'*". For the remaining terms & ;, we have

Bty + ) = h ((t/__] + %)’) - ((tj—l 4 %)r) ((tj_| +) - (tj_l + %)r) + @ ((t,-_, +5) - (t/-_l + %)r)z.

Since #;_; # 0, by Taylor expansion we have

\" 7\ T r(r_l) - T 2
G+ = (hm+3) =r(ba+3) (s-3)+ 54 (-3)

and

(0= 03 (- 3
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with & | and &, between t;_; +s and #;_; + % Therefore, exploiting the boundedness of the derivatives of 4, the bound on the
semigroup, and the fact that (;_, +s)"~' < t;:}, we get

T T 2 T 2
(r-5)A T ’ 7\" -2 T 22 T
'/0 e (5= 2)dsh' (121 + 3 >”+Ct;71/0 (s-3) as+cer /O (s-3) s
By exploiting that

4o 2ot (14 2)) = (oo Sosem) (51 5)).

we obtain

-1
eIl < crr=!

-1.3 -2 3 2r-2_3
6, < €7 2 + Crimye” + Crl e,
since by assumption 4’ € D(A). Here, we also exploited the boundedness of the ¢ functions. Finally, we conclude that

n n

n

lle, |l < Cz'*" + C7? 4 2 24 Z 72 ) < crl,

j-1 j-1 Jj—1
j=2 Jj=2 Jj=2

where we used the bounds in Lemma 2. [

2.2. Exponential quadrature rule with two collocation points (EQRF2)

The classical exponential quadrature rules with two (or more) collocation points still exhibit order reduction to 1 + r. This can
be easily proved by using similar reasoning as above (see, for instance, Section 3.3 for a numerical confirmation). Here we employ
the proposed approach to derive exponential integrators of order 1+ 2r using two collocation points. The generalization to v points
will be addressed in the next section.

We therefore consider the basis {1, (#, + 5)"} and perform the approximation

oy, + @, + ), =, +5)"). se0,1],

Here «;, and «; , are coefficients determined by imposing interpolation conditions on two non-confluent collocation points ¢; and
¢, in [0, 1]. Simple calculations lead to

_ h((t, + ;1)) = h((1, + ¢, 7))

ay, =h(t, +cit))—@, +c0)ay,, a,= 8a
0,n (( n 1 ) ) (n 1 ) 1,n 1,n (tn +62T)r _(tn +C|T)r ( )
Substituting the approximation into the variation-of-constants formula (4), we obtain
T
Yusl = €4y, + 10t Ay, + / e, + ) dsay . (8b)
0

The final form of the numerical scheme is obtained by employing a generalization of the ¢ functions appearing in classical
exponential quadrature rules. More in detail, we avail of the following integral formulation of the so-called Mittag-Leffler functions

1
Ewuhm/o 1=0290249 g > 1, ©

where I'(-) denotes Euler’s gamma function (see [15, Formula 1.100]). These functions are particular cases of two-parameter Mittag—
Leffler functions E, 4(z), typically encountered in the context of fractional differential equations [15-17]. Note also that the functions
in (9) are related to the so-called Miller-Ross functions. Comparing definitions (6) and (9), we clearly see that the Mittag-Leffler
functions E, ; generalize the ¢ functions, and therefore we choose to employ the notation

1
1 1-0)z pa—1 ¥
(z)=E (z)=—/ e-0294~149 ) e R*. (10)
() 1,144 F(l) 0

We call these functions fractional ¢ functions. Note that, as the classical ¢ functions, they are bounded operators, i.e., they satisfy
llp,(tA)|| < C for t € [0,T]. We can now state the following.

Proposition 1. Let A € R*. Then, we have

/ T, + 9 ds = T, + D, ((t, + DA) — the™ @, (1,4)).
0

Proof. By splitting the integration interval into two parts we get

T T 0
/ T, + 5)* ds = / T, + 5) lds —e™ / e A, +5) " ds.
0 - —t,

Ty n
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For the first integral we employ the change of variable (r —s) = (1 — 0)(z,, + 7), while for the second one we perform the substitution
—s = (1 — 6)t,. Then, the right hand side becomes

/01 e(1—9)(t,,+r)A((tn +T)0)/1—1(tn +17)d6 _eth /01 e(]-g)rnA(t"e)/l—ltndG =, +T),1 /01 =01, +DAgA~1 4o _ tjefA /01 e(1-01,Agi~1 40
The integral representation of the ¢, function (10) concludes the proof. [J
By inserting the result of Proposition 1 with 4 =1+ r into (8b), we finally get the proposed numerical scheme EQRF2, i.e.,

Yoe1 =€y, + 10 (T Ay, + LA+ 1), + D) 01, (1, + DA) — 117 e g (1, Ay, aan

where o, and «; , are defined in formula (8a). Remark that, by construction, this integrator is exact on problems for which A(") =
1"v, being v time-independent (see the numerical experiments in Section 3.3). We now study the convergence of integrator (11).

Theorem 2. Let Assumption 1 be valid and assume that h is twice differentiable with bounded derivatives. Consider the non-confluent
points ¢, and ¢, in [0, 1]. Then, the following bound

CTmin{]+2r,2)’ lfr;é l’
Iy@,) = yall < { i

C2(1 + [logz), ifr=73,

for the time marching scheme (11) holds uniformly on t, € [0,T]. The constant C may depend on the final time T, but not on n.

Proof. By comparing the exact solution expressed by means of the variation-of-constants formula (4) and the numerical one (see
also formula (8)), we get the recursion

€y = e’Aen + 6,41,

where
T
€, =¥t,)—y, and &, = / =4y, (5)ds,
0

with

pn(s) = h((t, +5)") — (ag,, + (¢, + 5) @1 ). (12)
Since ¢, = 0, similarly to the proof of Theorem 1, we get

n
lle,ll < C <||61 I+ ||5,-||) :
j=2

j=
Expanding A((t;_, +5)") around #;_; + ¢,7 according to Lemma 1, and doing simple algebraic manipulations, we get
h((tj_y + 7)) = h((t;_y + ¢ 7))
(tjoy o) =t + 1)

pj—1(9) = ((t;_y +9)" = (t;_; +¢;7)") (l’l,(J’S’) -
where y, is between ¢;_; +¢;7 and #;_; + 5. Expanding now h((t;_, + ¢,7)") around ¢,_; + ¢;7 we obtain
Pj-1(8) = (1 +8) = (t;_g + ;2 )N ¢)) = B ("),

where 7 is between t;_; + ¢,z and ,_; +¢,7. Then, by using the bound on the semigroup (5) and the fact that #”’ is bounded (i.e., 7’
is Lipschitz), we get

11l < C/OT llpj_1()llds < C/UTI(Ij_l +5) =+ o) llyg —nlds
< Cr max [(ty + )" = (1 + o) max |y —n'| < Cr((t;y +7) = e
Therefore ||6,|| < Cz!*?". For the remaining §;, by Taylor expansion of (;_; + )" around #;_, we get
18,1l < C*r 32,
Finally, using Lemma 2, we conclude that

n 142 2 . 1

Ile, I <CT1+2V+CT32)?2.V_2< Cot+Cr, ifrss,

T = VT e + 02 + |logz)), ifr= %
which yields the result. []

The rate of convergence can actually be improved if we impose additional conditions on the collocation points and smoothness
assumptions.
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Theorem 3. Let Assumption 1 be valid and assume that h is three times differentiable with bounded derivatives. In addition, assume that
h"" lies in D(A) and that the non-confluent points c; and c, in [0, 1] satisfy the relation

1 1
E—E(cl +c¢)+cicp =0. 13)
Then, the following bound

() = yull < €'+

for the time marching scheme (11) holds uniformly on t, € [0,T]. The constant C may depend on the final time T, but not on n.

Proof. By comparing the exact solution with the numerical one, from the recursion on ¢, = y(t,) — y, we get

n—1 T
€y = ZejTA(sn—ﬁ 5n+l = /0 e(T_S)Apn(s)dS’
=0

where p,(s) is defined in formula (12). As in the proof of Theorem 2, ||5,|| < Cz'*?". Consider now j > 1. Employing Lemma 1 and
expanding the function A around #;_; + ¢,z up to the second derivative, we get

H r (r)
(")((zj LT = (g + e Dy + 9 = (g + ey )) +

pii(s) = (5 + 9 =@ + o)),

where 7 is between #;_; + ¢;7 and ;_; + ¢,7, while y, is between #;,_; + ¢;7 and tj_l + 5. Now, by writing (t;,_; + ¢;7)" = (t;_; +¢;7)"
as ((tj—y + )" = (t;o; + ;7)) + ((tj—y + ¢27)" = (t;_; + 5)"), we obtain the following expression for §;

T
8= /0 ey (s)ds
T h”(y") "
= /O e(r_")A((tj_l +5) =t + 7)) <—S _ )> ds

2 2

vj

(1' $)A r r r r H(n )
+ (o1 +8) =@+ )W +8) =@+ 0) )ds—— 2
0

@j

Then, for the first integral term y; we have
T
vl <C / 5oy +9) = oy + e ) VIR () = B (")llds < Ce*r 7.
0

Here, similarly to the proof of the previous theorem, we used the fact that h” is Lipschitz and the Taylor expansion of (z;_; + 7)"
around ¢;_,. For the second integral term w;, using again Taylor expansions, we get

oy = | [ (1 + oy - e+ - o)

— 1 hl/ r
X <r(tj_1 + czr)’_l(s —cT)+ r(r2 )11:,_2(3 - c21)2> dsT

5

where y, is between r;_; +¢,7 and t;_; +s and #, is between #,_; +¢,7 and ;_; +s. Then, by using the triangle inequality we obtain

T
ol < C||(t;_) + D)ty +cpr) ™! / eI (s — ¢;7)(s — cyr)dsh”
0

<

@j1

T
+ C|| ¢y + czr)’_l / e(’_S)Ayl;_z(s - clr)z(s —cy7)dsh”
0

e 14)

T

+C| @ty + ) / e 2(s — ¢y 7)(s — ¢y7)*dsh”
0

“j3

T
+ C / e(F=94 7;_271:_2(.? - clr)z(s - czr)zdsh”
0

"

@j4

Concerning the first term ; ;, by exploiting that

/0 (s — ey 2)(s - eyr)dsh” () = <r3 (33 +en+an)+rCoed) - (@ +elosA) + clcm(m))A)h”(n’)
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we get

2r-2

4
lloy 11l < €222,

since A" lies in D(A) and ¢, and c, satisfy relation (13). Concerning the remaining terms, using similar estimates as in the proof of
Theorem 1, we have
2r-3_4 2r-3_4 2r—4_5
lojoll < CRIP3%, oyl < CRIP%, ooyl < C27
Summarizing, for j > 1 we get

16, < Ce*F 2 + Crr 2 + Ot P+ oot
j- i j-1 Jj—1

and therefore
n n n n n
1+2r 4 3r-3 4 2r—2 4 2r-3 5 2r—4
le Il < C(Ilél I+ ||<Sj||> <ct"* 4 cr th_l +Cr th_l +Cr le_l +Cr th_l .
j=2 j=2 Jj=2 Jj=2 Jj=2
Finally, using Lemma 2, we conclude
lle,ll < C!+%
which is the statement. []

We notice that relation (13) is satisfied, for instance, by the Gauss and Gauss-Radau quadrature nodes.
2.3. Exponential quadrature rule with v collocation points (EQRFv)

We generalize now the procedure to v collocation points by considering the interpolation

v—1

Xty + sV & A, + 9, s €10,7],
j=0

where « . ..., a,_; , are the coefficients given by the interpolation conditions on v non-confluent points ¢, ..., ¢, in [0, 1]. Substituting
the approximation into the variation-of-constants formula (4) and using Proposition 1, we get the integrator

v—1

Yus1 = €4y, + 10t Ay, + Z T+ jr) (@, + D0y, (1, + DA) — e, (1,4)) o, (15)
j=1

that we label EQRFv. The theorems stated above generalize to the following.

Theorem 4. Let Assumption 1 be valid, and consider the non-confluent points c,, ..., c, in [0, 1]. Then, the following bounds on the error
€, = ¥(t,) — y, for the time marching scheme (15) hold uniformly on t, € [0,T]:

1. if h is v times differentiable with bounded derivatives, then

C min(1+vr,v}’ if r v—1 ,
lei<< " rE
Cr¥(1 +|logz), ifr=-—;

2. if his v+ 1 times differentiable with bounded derivatives, h'*) € D(A), and the points satisfy

cic;

1 cpt-+te, ivj cicjck v
AT T _ e (=1 e, =0, 16
v+1 v +zv— 2 v—2+ D ey (16)

i<j i<j<k

then |le, || < Cr'*v.

The constant C may depend on the final time T, but not on n.

Proof. The proof is very similar to that of Theorems 2 and 3, and employs Lemma 1 and Taylor expansions. In particular, for the
second statement, we exploit the identity

1
1 ¢+ +c
/O(S—cl)--~(s—cv)ds=m—fv+z

C,

1 ¢icicy .
— - Z — F et (=DYe e,

v 2

i<j i<j<k
in the following formula
T
/ T4 (s — e17) e (s — cvr)dsh(v)(n’) =
0

/T(s —c7) e (s — cvr)dsh(v)(n’) + /T @1((t = 8)A) (T —5)(s —cy7) - (s — cvr)dsAh(V)(n’)A
0 0

This is used in the estimate of the term analogous to ;; in formula (14). We omit the remaining details. []
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Notice that relation (16) is satisfied by any quadrature rule with v nodes and degree of exactness at least v, such as Gauss-Lobatto
(for v > 3), Gauss-Radau (for v > 2), and Gauss.

Remark 1. In the second statement of Theorem 4, the assumption A) € D(A) can be removed if {¢/4 }1>0 is an analytic semigroup,
e.g., A = d,, with homogeneous Dirichlet boundary conditions. This follows from the fact that in the analytic case the bounds

n—1
TA Zej“‘
Jj=1

hold for «k >0 and 0 <7 < T (see [11, Lemma 1]). We numerically confirm this in Section 3.2.

[[tA¥ e < C and <C

3. Numerical experiments

In this section we present some numerical examples that demonstrate the theoretical findings and highlight the effectiveness
of the proposed procedure. We perform the experiments by suitably semidiscretizing in space one-dimensional evolutionary PDEs,
leading to a system of ODEs in the form (1) where A is the discretization matrix. All the simulations have been realized in MathWorks
Matlab® R2022a on an Intel Core i7-10750H CPU (16 GB of RAM).

3.1. On the computation of the arising matrix functions

The EQRFv schemes require the computation of the fractional ¢ functions (10) evaluated at a matrix argument. Being special
instances of the Mittag-Leffler functions, they could be approximated by employing techniques available in the literature (such as
those explained in [18,19]). However, in our first three examples (see Sections 3.2, 3.3, and 3.4) we employ a Fourier pseudospectral
semidiscretization in space, and therefore all the needed matrix functions are computed in a scalar fashion in Fourier space. In
particular, we exploit the algorithm for general Mittag-Leffler functions of scalar arguments described in [20] to approximate the
fractional ¢ functions. Notice that in these examples we are just interested in numerically demonstrating the bounds derived in the
previous sections, and hence we do not discuss about the computational cost of the procedures.

On the other hand, in the last example (see Section 3.5) we focus on the computational aspect. In fact, for that experiment
we perform the semidiscretization in space with standard second-order finite differences and we diagonalize once and for all the
arising discretization matrix. Then, we can compute the matrix functions needed by EQRF2 (11) on scalar arguments. This approach,
however, has a non-negligible computational burden (see Fig. 6), since the scalar fractional ¢ functions depend on the current time
and must be recomputed at each time step. This contrasts what happens for the classical exponential quadrature rules, e.g., the
scheme

C c

Vpyl = eTAy,, +7T <c 2 - @ (tA) — (pz(‘rA)> gt,+cr)+7 <— " (pz(TA)> g(t, +c,7). a7
1

L @ (tA) +
2~ €l

G —q 2~ |
An alternative approach for EQRF2 is briefly described in the following. We notice that the needed linear combination of fractional
¢ functions can be computed at once by using its integral representation, see formulation (8) and Proposition 1. In this sense, at

each time step EQRF2 requires to compute

T
/ eF94 t,+s)ds,
0

being A the diagonal matrix containing the eigenvalues. To this aim, if 7, = 0 we approximate the integral by using the Gauss—-Jacobi
quadrature formula with quadrature weight s”, while for ¢, > 0 we employ the Gauss-Legendre rule. In any case, we fix the number
of quadrature nodes o; to 16. Note that, since the time step size 7 is constant, this allows to compute the quantities e"~°)4 once and
for all before the actual time integration starts. In fact, in our numerical example, this procedure results in consistent computational
savings without sacrificing accuracy (see the outcome in Section 3.5). The study of a general, detailed, and more sophisticated
technique to compute (linear combinations of) fractional ¢ functions is a subject of ongoing work and is far from the scope of this
manuscript.

Finally, we mention that the ¢ functions required by the classical exponential quadrature rule (17) could be computed by standard
algorithms (see, e.g., [4,21-23]). However, as for the fractional ¢ functions, we in fact compute them on scalar arguments by
exploiting the diagonalization procedure.

3.2. Results with one collocation point (EQRF1)

We consider here the integrator discussed in Section 2.1, i.e., the classical exponential quadrature rule with the single node
¢ = % that we label EQRF1 G. As test problem, we take

{a,y(z, X) = Ca (1, ) + 13 0(x), a8

(0, x) = sin(2zx)

in the spatial domain ©Q = (0, 1) with periodic boundary conditions. The final simulation time is T = 3. We semidiscretize the problem
with a Fourier pseudospectral decomposition using 500 modes. We perform the first test with { =i and v(x) = 1/(2 + cos(2zx)). This
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Fig. 2. Observedconvergence rate of the error ||)(T) — yyll,, with different choices of ¢ and v(x), for problem (18). The time marching is performed with
scheme (7) setting ¢, = 71 The slope of the solid line is —1.75.

choice satisfies all the requirements of the second statement in Theorem 1. Therefore, since r = %, we expect order of convergence
1+r= ‘Z‘, which is indeed demonstrated in Fig. 2 (top left). On the other hand, by taking ¢ = i and v(x) = x, the latter does not
satisfy the boundary conditions, and therefore the requirement on the domain of the operator in the second statement of Theorem
1 is violated. Indeed, the results presented in Fig. 2 (top right) show an oscillatory behavior of the error as the number of time steps
increases. Note that this requirement is not needed if the semigroup generated by the operator is analytic (see Remark 1). In fact,
we numerically demonstrate this by setting ¢ = 1 and v(x) = 1/(2 + cos(2zx)) (Fig. 2, bottom left), and ¢ = 1 and v(x) = x (Fig. 2,
bottom right).

3.3. Exactness of EQRF2

We consider now the problem

1

a,y(t, x) = i0 t, —_—,
Y0 X) = 1038, %) + 2 + cos(2xx)

(19
¥(0, x) = sin(2zx),

with periodic boundary conditions in the spatial domain 2 = (0,1) and different choices of r. The time interval is [0,T], with
T = 1. The spatial discretization is again performed with a Fourier pseudospectral method using 500 modes. As time integrator,
we consider the proposed method EQRF2 (11) with ¢; = 0 and ¢, = 1 that we label EQRF2 T. In addition, we test the classical
exponential quadrature rule (17) again with ¢, = 0 and ¢, = 1 (labeled CEQR2 T). Notice that the selected collocation points
correspond to those of the trapezoidal quadrature rule. The results for different values of r are presented in Fig. 3. As mentioned
at the beginning of Section 2.2, the CEQR2 T method suffers from order reduction (to 1 + r, in particular), while the error of the
proposed integrator EQRF2 T is around 10~1# (which is in fact the error of the routine employed for computing the fractional ¢
functions). This is expected, since scheme (11) is exact for problem (19).

10
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Fig. 3. Observed convergence rate of the error ||y(T) — yyll,, With different values of r, for problem (19). For both the classical exponential quadrature rule
CEQR2 T (17) and our proposed method EQRF2 T (11) we employ the points ¢, =0 and ¢, =1 (i.e., the trapezoidal quadrature nodes). The slope of the solid
line is —1.75, that of the dashed lines is —1.5, and that of the dotted line is —1.25.

3.4. Results with two and three collocation points (EQRF2 and EQRF3)

We focus now our attention on the problem

’
e!

a,y(t, x) = i0 LX)+ —mm——,
Y1, X) = 10y, ) 2 4 cos(27x)

(20)
¥(0, x) = sin(2zx),

with periodic boundary conditions in the spatial domain £ = (0, 1) and different choices of r. The time interval is [0, T'], with final
time set to T = 2. The spatial discretization is performed once again with a Fourier pseudospectral method using 500 modes. The
results of the integrator EQRF2 (11), choosing as collocation points the trapezoidal nodes (labeled EQRF2 T) and the Gauss-Radau
quadrature nodes (labeled EQRF2 GR), are summarized in Fig. 4. Remark that the trapezoidal nodes do not satisfy relation (13) in
Theorem 3, while it is the case for the Gauss—-Radau ones. The obtained outcome matches with the analysis carried out in Section 2.2.

We then repeat the same example using the proposed technique with three collocation points, i.e., using scheme (15) with v = 3.
More in detail, we choose a set of points that does not satisfy condition (16) in Theorem 4 (¢; =0, ¢, = %, and ¢; = 1) and a set that
satisfies it (the Gauss-Lobatto nodes, corresponding to Simpson’s quadrature rule). The resulting integrators are labeled EQRF3 NC
and EQRF3 GL, respectively. The results, presented in Fig. 5, are in line with the theoretical findings of Section 2.3.

11
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Fig. 4. Observed convergence rate of the error ||y(T') — yy|l,, with different values of r, for problem (20). The time marching is performed with EQRF2 (11).
We employ the trapezoidal (EQRF2 T) and the Gauss-Radau (EQRF2 GR) collocation points. The slope of the solid line is —2.5, that of the dashed line is 2, and
that of the dotted line is —1.5.

3.5. Work-precision diagram

Finally, we consider the variable-coefficient heat equation

1+x2
0,(t,x) =~

¥(0,x) = 4x(1 — x),

3
14
1-—
Oy (1, x) + €7 x(1 —x), 1)

coupled with homogeneous Dirichlet boundary conditions, in the spatial domain 2 = (0, 1). The time interval is [0, T'], with T = 2. We
perform the spatial discretization with standard second-order finite differences using 1000 inner points, which leads to a system of
ODEs in the form (1). As time integrator we employ the EQRF2 method (11) with two Gauss quadrature nodes. We label the scheme
EQRF2 G (F) when using the formulation based on fractional ¢ functions, while we label it EQRF2 G (I) when using the equivalent
integral formulation (see the discussion in Section 3.1). As term of comparison we consider the classical exponential quadrature
rule (17) with two Gauss quadrature nodes and denote it CEQR2 G. We remark that the matrix A of the ODEs system can be
symmetrized and subsequently diagonalized as A = (DV)A(VTD™!), being D the diagonal symmetrization matrix, ¥ an orthogonal
matrix, and A the diagonal matrix collecting the eigenvalues. Therefore, all the relevant matrix functions can be computed in a
scalar fashion on A. The outcome of the simulations is summarized in Fig. 6.

12
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Fig. 5. Observed convergence rate of the error ||y(T) — yyll.,, with different values of r, for problem (20). The time marching is performed with EQRF3 (15).

We employ ¢; =0, ¢, = %, and ¢; =1 (EQRF3 NC) and the Gauss-Lobatto (EQRF3 GL) collocation points. The slope of the solid line is —3.25, that of the dashed
line is —3, that of the dotted line is —2.5, and that of the dashdotted line is —1.75.
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Fig. 6. Observed convergence rate of the error ||y(T)—yyll,, (left) and work-precision diagram (right) for problem (21). The time marching schemes employ two
Gauss quadrature nodes. We label CEQR2 G the classical exponential quadrature rule (17), EQRF2 G (I) the integral formulation of the proposed method (8),
and EQRF2 G (F) the fractional ¢ functions formulation of the proposed method (11). The slope of the solid line is —2.5 and that of the dashed line is —1.75.
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First of all, from the left plot we observe that the classical exponential quadrature rule CEQR2 G shows the expected order of
convergence 1+r. The proposed method EQRF2 clearly exhibits order of convergence 1+2r, both when using the integral formulation
EQRF2 G (I) and when employing the fractional ¢ functions formulation EQRF2 G (F). In particular, notice that the overall accuracy
of the time marching method is not influenced by the underlying technique employed to compute the matrix functions. On the other
hand, in terms of computational cost, the advantage of EQRF2 G (I) compared to EQRF2 G (F) is clear (see the right plot in Fig. 6).
Therefore, we conclude that for this example the best performing approach is EQRF2 G (I).

4. Conclusions and future work

In this paper we presented a class of collocation-type exponential integrators tailored for linear problems with time-dependent
fractional sources. The proposed schemes are analyzed in the context of strongly continuous semigroups, and may reach higher order
compared to classical exponential quadrature rules. The performed numerical experiments match satisfactorily with the theoretical
investigations and clearly show the superiority of the approach. As future work, we plan to study a more sophisticated technique to
efficiently compute the special instances of matrix Mittag-Leffler functions which arise in the proposed integrators EQRFv. Also, we
plan to generalize the approach for the time integration of stiff semilinear PDEs. This would be useful, for instance, in the context
of diffusion equations with sublinear growth [24].
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