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Abstract

A Simple Temporal Network with Uncertainty (STNU) is a data structure for representing and reasoning about
time in contexts where some actions may have uncertain, but bounded durations. An STNU is dynamically
controllable (DC) if there exists a strategy for executing its controllable timepoints such that no matter how the
uncertain durations turn out, within their known bounds, all relevant constraints in the network will necessarily
be satisfied. Several polynomial-time DC-checking algorithms have been presented in the literature. A real-time
execution strategy, called RTE*, has been defined that preserves maximum flexibility while requiring minimal
real-time computation; however, that strategy only guarantees a successful execution if: (1) the network is
extended to accommodate conditional wait constraints; and (2) the network satisfies an additional property
called dispatchability, that is stronger than dynamic controllability.

This report presents a novel theory of the dispatchability of Extended STNUs (ESTNUSs) that is based on
the canonical form of nested diamond structures. Each such structure entails an ordinary constraint that must
be satisfied by any dispatchable ESTNU. This theory provides an avenue through which to explore more efficient
algorithms for finding equivalent dispatchable networks having a minimal number of edges, which is important
for limiting the computational requirements during real-time execution.

Keywords: Temporal constraint networks, dispatchable networks, simple temporal networks with uncertainty,
dynamic controllability
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(a) A sample STN graph (b) A sample STNU graph

Figure 1: Sample STN and STNU graphs

1 Introduction and Background

1.1 Simple Temporal Networks

A Simple Temporal Network (STN) is a pair, (7,C), where T is a set of real-valued variables called timepoints
(TPs) and C is a set of binary difference constraints, called ordinary constraints, each of the form Y — X <4,
where X,Y € 7 and 0 € R [3]. The timepoints typically represent starting or ending times of actions; the
constraints can represent deadlines, release times, and duration or inter-action constraints. Typically, we let
n=|T|and m = |C|. An STN is consistent if it has a solution as a constraint satisfaction problem. With no loss
of generality, it is convenient to assume that each STN has a special timepoint Z whose value is fixed at zero (or
some other convenient timestamp) and is constrained to occur at or before every other timepoint.! Each STN
has a corresponding graph, (7, &), where the timepoints in T serve as nodes and each constraint ¥ — X < ¢ in
C corresponds to a labeled directed edge XY in &, called an ordinary edge. For convenience, such edges will
be notated as (X, 4,Y). Figure la shows a sample STN graph. An STN is consistent if and only if its graph has
no negative cycles [3].

Several well-known algorithms play important roles in the work presented in this paper, including: Bellman-
Ford, Dijkstra, and Johnson’s algorithm [2]. The O(mn)-time Bellman-Ford algorithm can be used to generate a
solution for a consistent STN. Such a solution can then be used as a potential function to effectively convert the
edge-weights in an STN graph to non-negative values. That, in turn, enables Dijkstra’s O(m + nlogn)-time
algorithm to be used. Johnson’s algorithm uses Bellman-Ford to generate a potential function and then applies
Dijkstra n times, once for each timepoint as source node, to do an All-Pairs Shortest-Paths (APSP) computation
in O(mn + n?logn) time.

1.2 Simple Temporal Networks with Uncertainty

A Simple Temporal Network with Uncertainty (STNU) augments an STN to include contingent links that can be
used to represent actions with uncertain durations [13]. Formally, an STNU is a triple (7,C, £) where (T,C) is
an STN and L is a set of contingent links. Each contingent link has the form (A, z,y, C') where A,C € T and
0<x<y<ool[l3]. Ais called the activation TP and C the contingent TP; and we let Ac = y — 2. With
no loss of generality, we assume that no contingent TP can serve as the activation TP for another contingent
link, and that distinct contingent links have distinct activation TPs. Contingent links represent uncontrollable
possibilities in the sense that an executor typically controls only the execution of A, but not C'. The executor
only observes the execution of C in real-time, knowing only that C' will be executed such that C — A € [z, y].
For example, your taxi ride might be represented by the contingent link (A, 15,25, C'), where A is when you
enter the taxi, C' is when you arrive at your destination, and C' — A € [15,25] is the uncertain duration, learned
only when you arrive. We let k& = |£[; and notate the set of contingent timepoints as 7;; and the non-contingent
(i.e., executable) timepoints as T, = T\ 7.

Each STNU (T,C, £) has a corresponding graph, (7,&, U& UE,,), where: (T,&,) is the graph for the STN
(T,C); & is a set of lower-case (LC) edges; and &, is a set of upper-case (UC) edges. The LC and UC edges
correspond to the contingent links in £, as follows. For each contingent link (A, z,y, C') € L, there is an LC edge
A<z, in & and a UC edge CY=Y, 4 in E., respectively representing the uncontrollable possibilities that the
duration C'— A might take on its lower bound x or its upper bound y. For convenience, such LC and UC edges may
be notated as (4, c:x, C) and (C, C:—y, A), respectively. Using this notation, £, = {(X,4,Y) | Y —X) < € C};
Eo={(4,cz,C) | (A z,y,C) € L}; and &, = {(C,C:—y,A) | (A,z,y,C) € L}. Figure 1b shows a sample
STNU graph with a contingent link (A, 1,10, C). For convenience, we frequently blur the distinction between an
STNU and its graph, and between edges and constraints.

An STNU is dynamically controllable (DC) if there exists a dynamic strategy for executing its non-contingent
timepoints such that all of the constraints in C will necessarily be satisfied no matter how the contingent
durations turn out—within their specified bounds [13, 4]. A strategy is dynamic in that it can react in real time
to observations of contingent executions, but its execution decisions cannot depend on advance knowledge of

11t is not hard to show that in any consistent STN there is at least one timepoint that can play the role of Z.



contingent durations. Asis common in the literature, this paper assumes that strategies can react instantaneously
to observations [10].

Algorithms for determining whether any given STNU is DC are called DC-checking algorithms. Morris [11]
presented the first O(n?)-time DC-checking algorithm for STNUs. Cairo et al. [1] gave a O(mn + k?n + knlogn)-
time algorithm, called RUL™, that is faster on sparse networks. It is the DC-checking algorithm with the best
worst-case time complexity. However, RUL2021, which is a modification of RUL™, has been shown to be an
order-of-magnitude faster on a variety of STNU benchmarks, although having the same theoretical complexity [5].

The LO-graph and the OU-graph. Certain subsets of edges appear regularly throughout the paper. LO-
edges are either LC or ordinary edges, while OU-edges are either ordinary or UC edges. Similarly, LO-paths
comprise LO-edges, while OU-paths comprise OU-edges. Finally, the LO-graph, notated as Gy,, is the subgraph
comprising all of the LO-edges, while the OU-graph, notated as G,,, is the subgraph comprising the OU-edges.
Either of these subgraphs can be viewed as an STN by ignoring the alphabetic labels on its edges. In this way,
the Bellman-Ford algorithm can be used to generate a potential function for it, thereby enabling the use of
Dijkstra’s algorithm (e.g., to update the potential function in response to the insertion of new edges).

1.3 STN Dispatchability

Although checking the consistency of an STN and finding a solution for it can be done in polynomial time,
fixing a solution in advance of execution undermines the inherent flexibility of the STN representation. Instead,
it can be desirable to preserve as much flexibility as possible until actions are actually performed (e.g., to
enable reacting to unanticipated events), while minimizing the need for real-time computation. Toward that
end, Tsamardinos et al. [16, 15] first specified a real-time execution algorithm for STNs and then defined an
STN to be dispatchable if every run of that algorithm on that STN was guaranteed to generate a solution.?
Their real-time execution algorithm provides maximum flexibility during execution by maintaining time windows
for each timepoint, while requiring minimal real-time computation by only locally propagating the effects of
each real-time execution event (i.e., propagating only to X’s neighbors; that is, timepoints connected to X by a
single edge). However, it does not provide a constraint-satisfaction guarantee for all runs of the algorithm on
consistent STNs, which motivates the work on STN dispatchability, as follows.

Definition 1 (STN Dispatchability, [15]). An STN S = (T,C) is dispatchable if every run of the RTE algorithm
on the corresponding STN graph G = (T, ) necessarily generates a solution for S.

It can be shown that every solution for a dispatchable STN can be generated by a run of the RTE algorithm.

Muscettola et al. [15] showed that for consistent STNs, the APSP graph is necessarily dispatchable, but its
O(n?) edges cancel the benefits of local propagation. Their O(n?)-time edge-filtering algorithm computes an
equivalent dispatchable STN having a minimal number of edges by first constructing the APSP graph and then
removing dominated edges (i.e., edges not needed for dispatchability). A faster O(mn + n?logn)-time algorithm
accumulates the undominated edges without first building the APSP graph [16]. In both algorithms, having
the minimal number of edges in the dispatchable output is important because it minimizes the amount of local
propagation required during execution.

Vee-paths and STN dispatchability. Morris [12] later found a graphical characterization of STN dispatcha-
bility in terms of vee-paths.

Definition 2 (Vee-paths [12]). A wvee-path is a path comprising zero or more negative edges followed by zero or
more non-negative edges. A vee-path from X to Y that is also a shortest path from X to Y is called a shortest
vee-path (SVP).

Figure 2 shows a sample vee-path from X to Y that dominates the (dashed) direct edge from X to Y. For
this vee-path, the enablement condition in the RTE algorithm ensures that the algorithm will execute B before A,
and A before X; hence, local propagation ensures the satisfaction of the edges (X, —7, A) and (A4, -3, B). On
the other side, if RTE executes C' before B, then the edge (B, 1, C) is automatically satisfied; otherwise, local
propagation ensures its satisfaction. Similarly, RTE necessarily satisfies the edge (C,4, D). Since RTE satisfies
all the edges in the vee-path, it also satisfies the direct edge (X, —5,Y). Hence, that edge is not needed to ensure
dispatchability.

Theorem 1 ([12]). An STN is dispatchable if and only if for each path from any X to any Y in the STN graph,
there is a shortest vee-path from X to Y.

2Muscettola et al. [15] refer to their algorithm as either the Time Dispatching Algorithm (TDA) or the Dispatching Execution
Controller (DEC). Hunsberger and Posenato presented a more detailed version of the RTE algorithm along with a computational
complexity analysis [9].
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Figure 3: The STN from Figure 1a and an equivalent dispatchable STN

Y ................. Q>14 Yc—_7Q)A
o ¢
X 3 C -7 Z X 3 C —7 7

(a) The STNU from Figure 1b with an extra (b) An ESTNU with a wait edge (Y, C:—7, A)
(dotted) edge that makes the network non-DC that preserves the DC property

Figure 4: The sample STNU graph and a similar ESTNU graph

Figure 3b shows a dispatchable STN that is equivalent to the STN from Figure 3a (new edges are thick and
red). It is easy to check that each path has a corresponding SVP.

Definition 3 (Vee-path completeness). An STN graph G is vee-path complete if for every X and Y for which
there is a path from X to Y in G there is a shortest vee-path from X to Y.

With this definition, Theorem 1 can be restated as: An STN is dispatchable iff it is vee-path complete.

RTE complexity. With appropriate data structures, the RTE algorithm can be implemented to run in a total
of O(n?) worst-case time, while allowing for maximum flexibility in the selection of each timepoint to execute
next and the time at which to execute it [9].

1.4 Toward Dispatchability for (E)STNUs

As with STNs, it is important to preserve maximal flexibility for STNUs during execution, while requiring
minimal real-time computation. Hence, it is important to define dispatchability for STNUs. Unfortunately, a DC
STNU need not have an equivalent dispatchable STNU. For example, recall the sample STNU from Figure 1b,
repeated in Figure 4a. (Ignore the dotted edge for now.) If A executes at time 0, then C' may execute at
any time ¢t € [1,10]. To ensure that the constraint C —Y < 3 (i.e.,, C <Y + 3) is satisfied, it follows that as
long as C remains unexecuted, Y cannot execute before time 7. But enforcing this constraint by inserting the
edge (Y, -7, A), shown as dotted in the figure, would result in an STNU that not only is not equivalent to the
original, but is not even dynamically controllable. (With the dotted edge, the path (A4, ¢:1,C,3,X,—-2,Y, -7, A)
constitutes a negative cycle in the LO-graph.) Instead, as described later in this section, to create equivalent
dispatchable networks for arbitrary DC STNUs, it is necessary to increase the expressivity of STNUs by including
a new kind of edge, called a wait edge, that represents a conditional constraint.

Anticipating this, Morris [11] defined an Eztended STNU (ESTNU) to be an STNU augmented with wait
edges. He then defined an ESTNU to be dispatchable if all of its projections (defined below) were dispatchable (as
STNs); and then argued that a dispatchable ESTNU would necessarily be successfully executed by an appropriate
real-time execution algorithm, but did not provide detailed proofs. Later, Hunsberger and Posenato [9] formalized
a real-time execution algorithm for ESTNUs, called RTE*, and then proved that for a dispatchable ESTNU
(according to Morris’ definition), every run of RTE* on that ESTNU would necessarily satisfy all of its constraints.
By doing so, they formally confirmed that every DC STNU has an equivalent dispatchable ESTNU.3

3Whereas the formal work on STN dispatchability first defined dispatchability as a performance guarantee with respect to the RTE
algorithm and then proved that every dispatchable STN was vee-path complete, Morris’ original approach to ESTNU dispatchability
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Figure 5: Two projections of the sample ESTNU from Figure 4b

Wait edges. Many of the early DC-checking algorithms generate a new kind of edge, called a wait edge, that
represents a conditional constraint [10]. A typical wait edge may be notated as (V, C:—w, A), where A and C' are
the activation and contingent timepoints for a contingent link. Such a wait can be glossed as “If the contingent
timepoint C has not yet executed, then V must wait until at least w after the activation timepoint A.” 1f C'
happens to execute late, then V' must wait until at least w after A; but if C' executes early, then the wait is
automatically satisfied and V' can be executed at any time. Although the notation for wait edges is similar to
that of UC edges, they are distinguished by the fact that V is distinct from the contingent timepoint C.

In general, it is not necessary to generate wait edges to determine the DC property (e.g., as seen in Morris
2014 algorithm [11], the RUL™ algorithm [1], and the RUL2021 algorithm [5]). However, waits turn out to be
necessary for enforcing the dispatchability of STNUs. Thus, Morris [11] defined an ESTNU to be an STNU
augmented with a set of conditional wait constraints, and an ESTNU graph to include a corresponding set &,
of wait edges. Figure 4b shows a sample ESTNU graph. It is the same as that STNU from Figure 1b, except
that it includes the wait edge, (Y, C:—7, A). In earlier work [10], Morris proved that the conditional constraint
represented by this wait edge must be satisfied by any valid dynamic execution strategy for this network.

)

Definition 4 (ESTNU graph). An ESTNU graph is a tuple, (7,&, U& UE, UE,), where (T,E, UEUE,) is
an STNU graph and &, is a set of wait edges, each of the form (V,C:—w, A), where A and C are the endpoints
of some UC edge (C,C:—y,A) € &,, V € T\{C}, and w € R.

As already mentioned, Morris [11] defined the dispatchability of an ESTNU in terms of its STN projections. A
projection of an ESTNU is the STN that results from assigning fixed durations to its contingent links [13, 11, 6].
Each such assignment of fixed durations is represented by a situation [13].

Definition 5 (Situation). Let S be an STNU (or ESTNU) with k contingent links whose duration ranges are
[z1, 1), -+, [Tk, Yk]. A situation for S is a k-tuple w = (w1, wa, . ..,wy) where w; € [z;,y;] foreachi € {1,2,...,k}.
If C is the contingent TP for a link (A, z,y,C), then the duration C' — A in w may be notated as w,.

A situation not only specifies the duration of each contingent link, it also determines the impact of each wait.
This information is captured by the projection of an ESTNU [12, 5].

Definition 6 (Projection of an ESTNU). For an ESTNU graph G = (T,&, U& UE, UE,), and a situation w,
the projection of G onto w is the STN graph G, = (T,&, UEY UEY U EY), where:

&P ={(4i,wi, Ci) | 3(As, citz;, ;) € &1}
Ex = {(Ci, —wi, A;) | ACy, Cii—yi, Ay) € Eu}
Ev ={(V,0;,A;) | AV,Ci: —v, A;) € Eu}, where §; abbreviates max{—w;, —v}

Similarly, for any path P in G, the projection of P in the situation w, is the ordinary path P, whose edges
are obtained by projecting the corresponding edges from P. In particular, each LC edge (A, c:x, C) projects
to (A,we, C), each UC edge (C,C:—y, A) projects to (C, —w,, A), and each wait edge (V,C:—v, A) projects to
(V,0, A), where 6 = max{—w., —v}.

The edges in &}’ and & fix each duration C; — A; to the value w;. The edges in £ reflect the effective constraints
imposed by the waits in &,, in the situation w. For example, consider the wait edge (Y, C:—7, A) from Figure 4b.
In the situation where w, = C'— A = 4, the wait projects onto (Y, —4, A), reflecting that the conditional constraint
vanishes when C' executes early at A+4. (Note that max{—4,—7} = —4.) But in the situation where w. = 9, the
wait projects onto (Y, —7, A), reflecting that ¥ must wait the full 7 units after A, since C did not execute early.
(Note that max{—9, -7} = —7.) Figure 5 shows the corresponding projections for the ESTNU from Figure 4b.

When first formalizing dispatchability for ESTNUs, Morris [11] argued that any valid dynamic execution
strategy for an ESTNU, when restricted to a particular situation (unknown to the strategy), was equivalent to a

went in the opposite direction: defining an ESTNU to be dispatchable if each of its projections was STN-dispatchable, and then
arguing that a dispatchable ESTNU would necessarily be successfully executed by a real-time execution algorithm. Hunsberger and
Posenato’s work confirmed that one could equivalently mirror the STN approach by first defining ESTNU dispatchability in terms of
a performance guarantee with respect to the RTE* algorithm, and then proving that the projections of every dispatchable ESTNU
would necessarily be STN-dispatchable.
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Figure 6: A dispatchable ESTNU (left) equivalent to the STNU from Figure 1b and the ESTNU from Figure 4b;
and one of its projections (right)

dispatchable execution of the corresponding STN projection (equivalently, to a run of the RTE algorithm on
that projection). Therefore, he defined the dispatchability of an ESTNU in terms of the dispatchability of its
STN projections, as follows.

Definition 7 (ESTNU dispatchability [11]). An ESTNU is dispatchable if all of its projections are STN-
dispatchable.

Since STN-dispatchability can be checked using the graphical characterization in terms of shortest vee-paths
(cf. Theorem 1), this definition for STNU-dispatchability is attractive. For example, it is easy to check that the
sample ESTNU graph in Figure 4b is not ESTNU-dispatchable since both of its projections shown in Figure 5
are not STN-dispatchable. For example, there is no SVP from C to Y in either projection; and there is no SVP
from A to Z in the projection where C' — A = 4. (Similar remarks apply to the sample STNU from Figure 1b.)
In contrast, Figure 6a shows a dispatchable ESTNU that is equivalent to both the STNU from Figure 1b and
the ESTNU from Figure 4b. Figure 6b shows its projection in the situation where w. = C — A = 4, which is
STN-dispatchable.

Morris [11] described a modification of his O(n?)-time DC-checking algorithm for STNUs so that, when given
a DC STNU as input, it generated an equivalent dispatchable ESTNU as output, thereby ensuring that each DC
STNU has an equivalent dispatchable ESTNU.* Hunsberger and Posenato presented an O(mn + kn? + n?logn)-
time algorithm, called FDgrnu, that is faster on sparse ESTNU graphs [6]; they also [9] confirmed the correctness
of Morris’ insights regarding ESTNU dispatchability by:

1. formally defining a real-time execution algorithm for ESTNUs, called RTE*, that preserves maximal
flexibility during execution while requiring minimal real-time computation; and

2. proving that running their RTE* algorithm on any ESTNU that satisfied Morris’ definition of dispatchability
(i.e., Definition 7) would necessarily result in an execution sequence that satisfied all of the ESTNU’s
constraints, no matter how the contingent durations turned out.

That result provides a solid theoretical foundation for ESTNU dispatchability. In addition, Hunsberger and
Posenato proved that the RTE* algorithm has a time complexity of O(m + nklog(nk)), where m is the number
of edges, n the number of nodes, and k the number of contingent links.

1.5 Algorithm minDispggrny fOor Solving the MinDispESTNU Problem

Since the number of edges directly impacts the computations done during a real-time execution of a ESTNU,
more recent work has focused on solving the MinDispESTNU problem: computing an equivalent dispatchable
ESTNU having a minimal number of edges.

Definition 8 (MinDispESTNU Problem). Given a DC STNU (or ESTNU) G, the MinDispESTNU problem is
the problem of computing an equivalent dispatchable ESTNU G’ having a minimal number of edges. Such an
ESTNU may be called a pESTNU for G.

The first algorithm for solving the MinDispESTNU Problem is the minDispggryy algorithm [7], whose
complexity is O(kn®)-time, where n is the number of timepoints and k the number of contingent links.

1.5.1 Preliminary Observations.

Suppose @G is a dispatchable ESTNU and that e = (V,§, W) is an ordinary edge in G. If every projection of G
contains a shortest vee-path (SVP) from V to W whose length is less than §, then e can be removed from the
network without threatening its dispatchability. However, as will be seen, this determination can be complicated
by the fact that the SVPs from V to W may follow different routes in different projections. The algorithms
presented in this section address this issue by exploring certain structures in the ESTNU graph called diamond

4In this context, an STNU and ESTNU are called equivalent if they share the same set of valid dynamic execution strategies.
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Figure 7: Fixing wait edges and generating initial stand-in edges (dashed)

structures. In addition, they also address how to determine which wait edges can be removed without threatening
the network’s dispatchability.

Definition 9 (Path lengths in different projections). Let G be any ESTNU graph; P any path in G; and w
any situation. If P has only ordinary edges, then |P| denotes its length; and d(V, W) denotes the length of the
shortest path from V' to W that has only ordinary edges. More generally, since the projection of any path P is,
by definition, an ordinary path, its length is denoted by |P,,|. We may also refer to |P,| as the length of P in
the situation w and notate it as |P|, = |P,|. For any V and W, d,,(V, W) denotes the length of any SVP from
V to W in G,; and d.(V, W) = max,{d,(V, W)} denotes the maximum such length across all projections. If
context allows, we may notate a path by listing its timepoints (e.g., a path from V to A to C' may be notated as
VAC, and the length of its projection as |VAC|,).

Using this notation, if e = (V, 4, W) is an ordinary edge in a dispatchable ESTNU G, then e can be removed
from G without threatening its dispatchability if d.(V, W) < 4. In addition, if d.(V, W) = §, then e can be safely
removed if every projection G, has an SVP from V to W that does not use e.

The minDispgsryy algorithm computes, for each pair of timepoints U and W, the value of d.(U, W), which
can be understood not only as the maximum length of any SVP from U to W across all projections, but also as
specifying the strongest ordinary constraint on W — U that must be satisfied by any dynamic execution strategy.
The basic approach of minDispggryy IS to generate ordinary “stand-in” edges that are entailed by various
combinations of ESTNU edges, especially those entailed by “nested diamond structures”. After inserting those
stand-in edges into the network, minDispgsryy then uses an STN-dispatchability algorithm on the network’s
ordinary edges (including the stand-in edges) to determine which ordinary edges can be removed without
threatening the ESTNU’s dispatchability. It then separately determines which wait edges can be removed.

The minDispggrny algorithm takes the following steps:

1. it fixes weak and misleading wait edges;

2. it generates ordinary stand-in edges that are entailed by individual labeled edges or possibly-nested

diamond structures;

3. it runs an STN-dispatchability algorithm on the resulting set of ordinary edges; and

4. it removes wait edges that are not needed for ESTNU-dispatchability.

Each of these steps is discussed in detail, below.

1.5.2 Fixing “weak” and “misleading” wait edges.

In Figure 7a, (Y,C:—2, A), shown in red, is a weak wait, since the minimum duration of the contingent link
(4,3,10,C) is 3, which implies that C' cannot execute before the wait time of 2 expires. So this wait is effectively
unconditional and hence can be replaced by the ordinary edge (Y, —2, A), shown in green. In general, the
Unconditional Unordered Reduction rule [13] ensures that any wait edge (Y, C:—v, A) where (A, z,y,C) is the
relevant contingent link can be replaced by the ordinary edge (Y, —v, A) if v < z (i.e., the wait time is less than
the minimum duration of the contingent link). In contrast, (W, C:—15, A), also shown in red, is a misleading wait
since C' must execute no later than 10 after A. This wait is fixed by changing the wait time to the maximum of
10: (W, C:—10, A), shown in green. In general, any wait edge (W, C:—w, A) where (A, z,y,C) is the relevant
contingent link can be replaced by the wait edge (W, C:—y, A) if w > y (i.e., the wait time is greater than the
maximum duration of the contingent link).

Definition 10 (Regular wait edge). A wait edge (W, C:—v, A) associated with a contingent link (A, z,y, C) is
called regular if it is neither weak nor misleading (i.e., if its wait amount satisfies x < v < y).

1.5.3 Generating Stand-in Edges.

After fixing all weak and misleading waits, the minDispgsrny algorithm focuses on generating stand-in edges.
Each stand-in edge is an ordinary edge that is used to make explicit a constraint entailed by individual labeled
edges or combinations of ESTNU edges across different STN projections. The stand-in edges are subsequently
used to determine what other edges can be removed from the network without threatening its dispatchability.
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Figure 8: A sample ESTNU, two of its projections with (colored) SVPs, and two (dashed) stand-in edges

Afterward, the stand-in edges are eventually removed from the network—because they are, by definition, entailed
by other paths in the network.

Initial stand-in edges. Figure 7b shows (dashed) stand-in edges that represent the strongest ordinary
constraints that are entailed by various labeled ESTNU edges associated with the contingent link (A4, 3,10, C).
The stand-in edge for the LC edge (A, ¢:3,C) is (A, 10, C), representing that C' — A < 10 in every projection.
The stand-in edge for the UC edge (A, C:—10,C) is (C, —3, A), representing that A — C < -3 (i.e., C — A > 3)
in every projection. For the wait edge (V,C:—6, A), the stand-in edge is (V, —3, A), representing that V' must
unconditionally wait at least 3 after A, since C' cannot execute sooner than that. These observations motivate
the following definition.

Definition 11 (Stand-in edges for individual labeled edges). Let (A4,z,y,C) be any contingent link. The
stand-in edge for the LC edge (A, c:z,C) is the ordinary edge (A,y,C); the stand-in edge for the UC edge
(C,C:—y, A) is the ordinary edge (C, —z, A); and the stand-in edge for the regular wait edge (W, C:—v, A) is the
ordinary edge (W, —x, A).

The VAC rule. In Figure 7b, there is one more (dashed) stand-in edge, (V,4,C), shown in brown. It is
entailed by the two-edge path comprising the wait edge followed by the LC edge. In particular, in each projection,
|VAC|, = max{—6, —w.} + w. = max{w. — 6,0} <4, since w. < 10. In general, for any regular wait edge
(V,C:—v, A) and associated contingent link (A, z,y,C), the VAC rule generates the ordinary edge (V,y — v, C).

Stand-in edges for diamond structures. Although the kinds of stand-in edges discussed above are needed
by the minDispgsryy algorithm, stand-in edges can also be entailed by other structured combinations of edges,
which we call diamond structures. For example, consider the ESTNU in Figure 8a. Since it has only one
contingent link, each projection w is determined by the value w, that is assigned to C — A. In the projection
where w, = 2, shown in Figure 8b, the SVP from V to W, indicated by thick blue edges, has length 8, whereas
in the projection shown in Figure 8c, where w. = 9, the SVP from V to W, indicated by thick orange edges,
has length 7. It is not hard to check that for this ESTNU, the length of the SVP from V to W, across all
projections, is at most 8. In particular, in projections where w. < 5, |VACW|, = max{—w., —6} + w. + 8
= max{8,w. + 2} < &; but in projections where w. > 5, | VAW|,, = max{—w,, —6} + 13 = max{13 — w,, 7} < 8.
Hence, this combination of ordinary and labeled edges entails the stand-in edge (V, 8, W), shown as green and
dashed in Figure 8d. For reference, the (brown and dashed) stand-in edge (V, 4, C) generated by the VAC rule,
described earlier, is also shown. Figure 8e shows the general case of deriving a (green and dashed) stand-in edge
for a VACW diamond, as well as the (brown and dashed) stand-in edge generated by the VAC rule. As shown
in the formal analysis in Section 2, the length of the stand-in edge is max{d — v,~}, where é — v is the length of
the path VAW in the projection w. = y; and + is the length of VACW in the projection w, = z. In addition,
the value, 8 = § — ~, plays a key role. In particular, the length of the stand-in edge is ~ if 6 € (z,v], but is § — v
if 0 € (v,y]. If 6 & (z,y], then the stand-in edge is not needed.

Stand-in edges for nested diamonds. Figure 9a shows a more complicated ESTNU, where the diamond
structure involving the solid green edges is nested inside the diamond structure involving the solid purple edges.
Ignoring the green edges, for now, the solid purple edges can be shown to entail the (purple, dashed) stand-in
edge (V,3,W). In particular, in projections where ws = Co — As < 7, the length of the path VA, Co W is:
max{—wsq, —6} + wo + 2 = max{2,wy — 4} < 3. In contrast, if we > 7, the length of the alternative path Vo Ay W
is: max{—wsq, —6} + 9 = max{9 — wy, 3} < 3.

Next, since the green diamond is isomorphic to the diamond from Figure 8a, it entails the (green, dashed)
stand-in edge (A2, 8, W). But now, using that stand-in edge instead of the purple edge (As,9, W), a new analysis
of the purple structure shows that it now entails a stronger (blue, dashed) stand-in edge (V2,2, W). In other
words, nested diamond structures can sometimes combine to entail stronger stand-in edges. Not only that, the
order in which nested diamonds are analyzed can affect the overall computational effort required. For example,
if the green diamond is analyzed first, then the purple diamond only needs to be analyzed once.
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Figure 9: Stand-in edges entailed by nested diamonds; and using a stand-in edge to dominate another edge
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Figure 10: Examples of (blue) wait edges that can be removed without threatening ESTNU dispatcability

The importance of stand-in edges. The network in Figure 9b includes the diamond structure from Figure 8a
(with its original ESTNU edges drawn in light gray), its (green, dashed) stand-in edge (V,8, W), and some
additional edges. Assuming that the stand-in edge is present in the network, then the vee-path XVWY  which
contains only ordinary edges, has length —2+8+3 = 9, which is less than the length of the edge (X,12,Y"). That
implies that the edge (X, 12,Y) can be removed from the network without affecting its dispatchability. Crucially,
this conclusion depended solely on ordinary edges and, therefore, in general, can be determined by applying
an STN-dispatchability algorithm to those ordinary edges. (That is Step 3 of the minDispggryy algorithm.)
Returning to Figure 9b, once the edge (X,12,Y) has been removed, the stand-in edge has played its role and
can be discarded because, in each projection, either XVAWY or XVACWY will provide an SVP from X to Y.

1.5.4 Removing Unneeded Wait Edges.

Computing a pESTNU also requires determining which wait edges can be removed without threatening the
dispatchability of the network. There are three cases: wait edges that are dominated by

1. other wait edges;

2. UC edges;

3. ordinary paths.

Waits dominated by other waits. Figure 10a shows an ESTNU having a (blue) wait edge (V,C:—8, A)
that is dominated by another wait edge (U, C:—6,A). In particular, in any situation w. € [1,10], |VUA|,,
= —2 4 max{—6, —w.} = max{—8, -2 — w.} < max{—8, —w.} = |(V,C:—8, A)|,,. The key features behind this
derivation are that the path from V to U (in this case, a single edge) has negative length (i.e., d(V,U) < 0)
and d(V,U) —u < —v. In general, |VUA|,, = d(V,U) + max{—u, —w.} = max{d(V,U) — u,d(V,U) — w.} <
max{—v, —w.} = |(V,C:—v, A)|o, .

Waits dominated by UC edges. Figure 10b shows two (blue) wait edges, (U, C:—10, A) and (V,C:—9, A),
that are dominated by the UC edge (C,C:—10, A) via the paths, UCA and VUCA, respectively.® For each
we € [1,10], | UCA|,, = =2+ [(C: =10, A)|w, = -2 — w, < —w, < max{—w,, —10} = |(U, C:—10, A)|,,,. The key
feature behind this derivation is that the path from U to C (in this case, a single edge) has negative length (i.e.,
d(U,C) = =2 < 0). It can similarly be shown that |VUCA|,. < |(V,C:=9, A)|,, for each w, € [1,10], again, the
key feature being that d(V,C) < 0.

Waits dominated by ordinary paths. In Figure 10c, the (blue) wait (V,C:—5, A) is dominated by the
ordinary path VWXA, since for each w,, | VWXA|,, = -5 < max{-5, —w.} = |(V, C:=5, A)|...

5The Upper-Case rule [14] would generate the misleading wait edges, (U, C:—12, A) and (V,C:—11, A). Fixing the first wait
would yield (U, C:—10, A), since 10 is the maximum duration of the contingent link. Afterward, the Upper-Case rule could be used
to generate the wait edge (V,C:—9, A). However, even if the wait edges are not fixed, a similar analysis shows that they would be
still be dominated by the UC edge.



Algorithm 1: minDispggryy: Solving the MinDispESTNU problem

Input: G = (T, E,UE UE, UE,), dispatchable ESTNU
Output: A pESTNU for G

1 (€31 d) := genStandIns(T, £ U&E UE, UEy) //Compute the set of (ordinary) stand-in edges
2 (T, &x &, &, c‘:'w) = dispsw(T, E0 UES E1,Eu,Ew) //STN dispatchability on ordinary edges, reorienting labeled edges
3 & = ENES //Remove any remaining stand-in edges from E;
4 &y i= éw\ markWaits(ﬂ,c‘:‘w,d) //Remove dominated waits
5 return G = (7, c‘fj ubué,u éw)

These observations motivate the following definition.

Definition 12 (Dominated wait edge). Let E = (V,C:—v, A) be any regular wait edge, where (4, z,y,C) is the
relevant contingent link. E' is dominated by an ordinary path P from V to A if |P| < —v. E is dominated by
the UC edge (C,C:—y, A) if d(V,C) < 0. E is dominated by another wait edge (U, C:—u, A) if d(V,U) < 0 and
dV,U) —u < —v.

1.5.5 High-level Pseudocode for the minDispggrny Algorithm.

This section presents a high-level pseudocode for the minDispggryy algorithm (cf. Algorithm 1). It takes a
dispatchable ESTNU G = (T,&,U& UE,UE,,) as input, and generates as output a uESTNU (i.e., an equivalent
dispatchable ESTNU with a minimal number of edges). Since the input is dispatchable, the algorithm need only
determine which edges can be removed while preserving dispatchability.

The pseudocode has four steps:

1. Tt computes £51, the set of (ordinary) stand-in edges entailed by both individual labeled edges and (possibly
nested) diamond structures. These stand-in edges only play a supporting role in determining which other
edges can be safely removed from the network. Since the stand-in edges are, by definition, entailed by
other edges, they will also be removed before the end of the algorithm.

2. The STN-based dispatchability algorithm [16], called dispsy here, is used to transform the STN (7, &, UES)
into an equivalent dispatchable STN (7, ) with a minimal number of edges (for the STN). Since dispemn
computes so-called rigid components (RCs) and may re-orient some edges to point at representative
timepoints of those RCs, the version of dispsy used here will, if necessary, re-orient labeled edges to
similarly point at representative timepoints, thereby preserving the equivalence of the resulting ESTNU.

3. If any stand-in edges remain in £, they are removed.

4. All wait edges that are dominated by (1) ordinary paths; (2) UC edges; or (3) other waits are removed
from the network.

Finally, minDispggryy Outputs the pESTNU.

2 The Canonical Form of Nested Diamond Structures

This section presents a novel theory of the canonical form of nested diamond structures that provides a new
understanding of ESTNU dispatchability. It begins by recalling and elaborating some previously published
results (cf. Lemmas 1 to 5) [8]. Then, it presents the main theory, which reveals numerous properties of nested
diamonds (cf. Theorem 2) that make the proofs of Theorems 3 and 4 more rigorous and comprehensive as
compared to the proof sketches in prior work [8].

Lemma 1 (Fixing Weak/Misleading Waits). Let (A,z,y,C) be any contingent link. Each weak wait,
E = (V,C:—v, A) where v < x, is equivalent to its ordinary replacement FE = (V, —v, A), since for each

value of we € [x,9y], |Elo, = —v = |E|,, (i.c., they have the same length in each projection). Similarly,
each misleading wait, ' = (U, C:—u, A) where u >y, is equivalent to its fived version I' = (U, C:—y, A),
since for each we € [x,y], |Flw, = —we = |Flw, -
Proof. In each situation w, = C' — A € [z,y], |El,, = max{-v,~w.} = —v = |E|, since —w, < —z < —v.
Similarly, |F|,, = max{—u, —w.} = —w, = max{—y, —w.} = |F|,,., since —w, > —y > —u. O

6For any given STNU, the FDsTNy algorithm [6] can be used to generate an initial equivalent dispatchable STNU; or L if the
STNU is not DC.



Lemma 2 (Stand-in Edges associated with a contingent link). Let (A,z,y,C) be any contingent link;
and let w, = C' — A € [z,y]. Then:

1. the LC edge e = (A, c:x,C) and its stand-in edge é = (A,y,C) satisfy: |e|w, < |é], with equality
when w, = y;

2. the UC edge E = (C,C:—y, A) and its stand-in edge E = (C,—x, A) satisfy: |El|., < |E|, with
equality when w. = x; and

3. any regular wait edge F = (V,C:—v, A) and its stand-in edge F' = (V,—x, A) satisfy: |F|., < |F],
with equality when w. = x.

Proof. L. lelw, = we <y = |é], with equality when w. = y;
2. |Ely, = —we < —x = |EJ, with equality when w, = z; and
3. |Flw, = max{—v, —w.} < —x = |F|, since —v < —z for a regular wait edge, and —w, < —z.
O
Lemma 3 (VAC rule). Let e = (A,c:x,C) be the LC edge for a contingent link (A, z,y,C) and let
E, = (V,C:—v, A) be any regular wait edge labeled by C. Let P be the two-edge path consisting of E,,
followed by e. Then P entails the ordinary edge (V,y — v, C).
Proof. In any situation w, |Ply, = |Ew|w + |€|lw = max{—v, —w.} + w. = max{w,. — v,0} < max{y —v,0} =
y—v=|(V,y —v,C)|. (Since E,, is non-misleading, y — v > 0.) O

Henceforth, this section assumes that all waits are fixed and that the ESTNU G includes all of the stand-in edges
derived from individual labeled edges and the VAC rule, as described above.

Definition 13 (Labeled edge sets, contingent links, and ESTNU subgraphs). Let G be any ESTNU graph;
(A, z,y,C), any contingent link in G; A, any set of labeled edges in G; and U and W, any timepoints.

An LC, UC, or wait edge that is labeled by ¢ or C is said to be associated with the contingent link
(A, 2,y,0).

If A contains at least one labeled edge associated with (A, x,y, C), then (A, z,y, C) is said to be represented
in A. The total number of contingent links represented in A is denoted by ||A||. (Note that ||A|| = 0 if and
only if A =0.)

A~ (A25.0) denotes the set of labeled edges that is the same as A, except that it does not include any
labeled edges associated with (A, z,y,C). If the context makes the choice of a contingent link clear, then
we may simply write A~.

The ESTNU subgraph induced by A is the ESTNU graph G* that is the same as G except that the only
labeled edges in G* are those in A. The timepoints and ordinary edges in G* (including all standin edges)
are the same as those in G.

A situation w for G specifies durations for each contingent link represented in A. For any such w,
— d3(U,W) = min{|P|,, such that P is a path from U to W in G*}; and
— dMU, W) = max,{d}(U,W)}.
If w is such that d(U, W) = d®(U, W) (see Definition 9), then w is said to be mazimal for d(U, W).

If d(U, W) = d.(U, W), then the edges in A are said to be sufficient for d,(U, W). If, in addition, no
proper subset of A has this property, then A is said to be minimally sufficient for d.(U, W). Similarly, if
Ay C Ay and d2 (U, W) = d?2(U, W), then the edges in Ay are sufficient for d22(U, W) and if, in addition,
no proper subset of A; has this property, then A is minimally sufficient for d22 (U, W).

In the case where G* = G, the definitions of d® and d? reduce to d,, and d., respectively. And if A = §)
is minimally sufficient for d.(U, W), then d.(U, W) is determined solely by ordinary edges and hence equals
d(U,W).

Lemma 4. Let U and W be any timepoints in a dispatchable ESTNU G; A, a set of labeled edges that
are minimally sufficient for d.(U,W); and (A,z,y,C), a contingent link represented in A.

If (A, z,y,C) is the only contingent link represented in A, then for some wait edge (V,C:—v, A), it holds
that A = {(A, c:x,C), (V,C:—v, A)}, and

d. (U, W) = d(U, V) + max{d(4, W) — v,d(C,W)}.

10
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Figure 11: The diamond structure considered in Case 3 of Lemma 4

Proof. Given the premise of the lemma, d, (U, W) = d2(U, W), and every projection must have a simple SVP
from U to W that derives from an ESTNU path involving zero or more ordinary edges and at least one edge
labeled by ¢ or C. (If some projection had an SVP from U to W deriving from only ordinary edges in the
ESTNU, it would contradict that A is minimally sufficient.)

The following cases show that A must include the LC edge e = (4, c:z,C) and at least one wait edge
E, = (V,C:—v, A), but not the UC edge E = (C,C:—y, A).

Case 1: A = {e} (i.e., e is the only needed labeled edge). Let w be the situation in which C'— A = y, the
maximum duration. Since A is minimally sufficient for d, (U, W), there must be some ESTNU path P from U
to W whose only labeled edge is e and for which |P|, < d.(U, W). Let P*! be the ordinary path that is the same
as P except that e has been replaced by its stand-in edge é = (4,y,C). By Lemma 2, |e|, = y = |é|, whence
|Psi| = |P|o < d.(U,W), contradicting that A is minimally sufficient for d. (U, W).

Case 2: e ¢ A (i.e., e is not needed). Consider the situation w where C' — A = z, the minimum duration.
There must be some simple ESTNU path P from U to W whose only labeled edge is either the UC edge or a wait
edge labeled by C, and for which |P|,, < d.(U, W). (Since the UC edge and all wait edges labeled by C' terminate
at A, there can only be one such edge in any simple path.) Let P! be the ordinary path that is the same as P
except that the UC or wait edge has been replaced by its standin edge. By Lemma 2, [Pl = |P|, < d.(U, W),
contradicting that A is minimally sufficient for d.(U, W).

Case 3: A = {e, E} (i.e., no wait edges are needed). For each situation w, there must be an ESTNU path
P from U to W that contains e or E (not both) and such that P, is a simple shortest path in G, for which
[Pl < du(U,W). (No simple path can include both e and E.) Hence, each such path must be either UACW or
UCAW , as shown in Figure 11a, where the arrows labeled by Greek letters represent shortest ordinary paths from
we = B+we+y
and |UCAW|,, = o — w. + ¢, as illustrated in Figure 11b. Note that |UCAW|,. decreases with w., while
|UACW |, increases with w,, as shown in Figure 11c. Meanwhile, the paths UCW and UAW, which comprise
only ordinary edges, must satisfy: o+~ = |UCW| > d.(U,W) and 8+ 6 = |UAW| > d.(U, W); otherwise, they
would contradict that A is minimally sufficient. Now, since both the LC and UC edges are needed for d, (U, W),
and |[UACW |, increases with w,, while | UCAW|,,_ decreases, it follows that the simple shortest from U to W
must be UACW for smaller values of w,, and UCAW for larger values. Therefore, the mazimum length of any
such shortest path from U to W across any value of w, must occur where |UCAW |,,, = |UACW|,,, as shown in
Figure 11c. That intersection occurs when w, = &, = %(a + 6 — 8 —7). In addition, the value of &, must lie
within the interval [z, y], since otherwise only one of the labeled edges would be needed, contradlctmg that A is
minimally sufficient. But that maximum value is |UCAW|,, = |UACW |y, =B+ & +v =0+ a+6 P 4y =
(OH_’Y);'WM) = lUCW‘;lUAW‘ > d*(U’W)'gd*(U’W) = d.(U, W), a contradiction.

End of Cases 1-3.

From Cases 1-3 above, it follows that A must include e and at least one wait edge E, = (V,C:—v, A). For
now, suppose that E, is the only wait edge in A. Then, as illustrated in Figures 12a and 12b, where the arrows
labeled by Greek letters represent shortest ordinary paths, each SVP from U to W in any projection G, must,
by construction, be one of the four paths, UVAW, UACW , UVACW or UCAW , whose lengths are functions of
we = C — A, as listed in Table 1. Figure 12c shows a sample instance with numbers instead of Greek letters; and
Figure 12d plots the corresponding length functions.

11
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Figure 12: ESTNU paths and projections considered in the proof of Lemma 4

filwe) = |UVAW|, = o+ max{—v,—w.}+4d
falwe) = [UACW |, = B+we+

fa(we) = |UVACW |, = 0 4+ max{—v, —w.} + we + 7
falwe) = |UCAW|, =a—w.+9

flwe) = min{fi(we)}

Table 1: Length functions for the paths in Figure 12

Given that both e and E, are needed for d.(U, W), the following facts are entailed.
Fact 1. d (U, W) < |UCW| = a+ 1, since a + 7 is the length of the ordinary path UCW.
Fact 2. d.(U,W) < |UAW| = B+, since S+ ¢ is the length of the ordinary path VAW.

Fact 8. B > o — v, since otherwise |UA|,,, = < 0 —v < 0 + max{—v, —w.} = |UVA|.,, contradicting
the need for the wait edge, (V,C:—v, A).

Fact 4. o > o, since otherwise | UCA|,,. = a—w, < 0 —w, < o+max{—v, —w.} = |UVA|.,, contradicting
the need for the wait edge (V,C:—v, A).

Now, each of the length functions in Table 1 is continuous, piecewise-linear, and monotone (i.e., non-decreasing
or non-increasing). Thus, the minimum of the length functions, f(w.) = minj<;<4{fi(w.)} (black and dashed
in Figure 12d) must be continuous and piecewise linear, although not necessarily monotone. So the mazimum
value of f(w.) (i-e., d«(U, W)) must occur at an endpoint of one of the piecewise-linear segments of f(w.) (i.e.,
where two of the length functions intersect—or where w. = x or w. = y). The following claims show that f; and
f3 suffice to determine the value of d.(U, W).

Claim 1. The values of f3(x), f2(y), fa(x) and fa(y) have no bearing on the value of d.(U, W).

Proof of Claim 1.

o fi(xz) = a—x+0 equals the length of the ordinary path UCAW , using the stand-in edge (C, —z, A);
so if it were equal to d.(U, W), it would contradict that A was minimally sufficient.

e Similarly, fo(y) = 8+ y + v equals the length of the ordinary path UACW , using the stand-in edge
(A4,y,C); so if it were equal to d.(U, W), it would contradict that A was minimally sufficient.

12



o If fo(x) were equal to d.(U, W), and less than all other f;(z) values, then fs(w.) would have to
equal f(w.) on some interval [x,x + €]; but since f5 is an increasing function, f(z) could not be
the maximum value of f on [x,y].

e Similarly, if f4(y) were equal to d.(U, W), and less than all other f;(y) values, then f4(w.) would
have to equal f(w.) on some interval [y — €, y], but since f; is a decreasing function, f4(y) could
not be the maximum value of f on [z,y].

Next, let Z be the set of values of w,. at all points of intersection among the length functions f;(w.) listed in
Table 1. For each i and j with 1 <7 < j <4, let 7; denote the value of w. where f;(w.) = fj(w.). For example,
713 denotes the value of w. at which f;(w.) = f3(w.) (i.e., where |[UVAW|,,. = |UVACW|,,). Intersection points
that depend on the projected length of the wait edge (i.e., max{—v, —w.}) are given the superscript v (for the
case where —v > —w,) or w (for —w. > —v). It is easy but tedious to compute all eight possible points of

intersection:”
S§—B—
Ty=0+d0d—v—0F—7 i, = 2Py 257 Tig =0—7 T =a—0+v
+528— S—otv—
T =0 —f Toq = 5 2'67 T§4_—‘a+ g+U7 TH=a+d—0—v

Claim 2. TFor each 7 € Z, f(7) = min{f1(7), f3(7)} = min{|UVAW |, |[UVACW|,} (i.e., the values of
fa(7) and f4(7) are irrelevant).

Proof of Claim 2. We show the proof for just a few of the eight cases, leaving the rest to the reader.

(15) This is the case where f; = fo and —v > —w,, yielding 775 = o0 +0 — v — 8 — 7. If f(7{5) equals
fi1(115) = fa(11y) or f3(115), then the claim holds. It only remains to show that the minimum value
is not fa(rly) =a—(c—v+06—F—7v)+0=(a+7)+ (8 —0c+v). Since (a+7) > d.(U, W), by
Fact 1; and (8 — o +v) > 0, by Fact 3, we get that fy(71) > di(U, W).

7%) This is the case where f; = f2 and —w,. > —v, yielding 7%, = e i B 0 above, it suffices
(T12) y Y g€ Ti2 2
to show that the minimum value is not fi(7%) = a — 7% + § = 2z2 4 oby | B9 Now,
12 12 2 2 2
(o —0) > 0, by Fact 4; (a+ ) > d.(U, W), by Fact 1; and (0 + ) > d.(U, W), by Fact 2. Hence,
farty) > =+ S 5 2O L 20 Dy (g )

(m13) This is the case where f; = f3, yielding 713 = § — 7. Then fo(113) = 8+ 7T3+7=0+ 0 —7)+7=
B+06 > d(U,W), by Fact 2. Similarly, fy(713) =a—m3+d=a—(0—7)+d =a+vy > d.(U,W),
by Fact 1. Hence, neither fo(713) nor f4(713) can be the minimal value.

Given Claims 1 and 2, the paths, UVAW and UVACW, suffice to determine the value d.(U, W), which
requires computing only their single point of intersection: 713 = 6 — . At that point, fi(713) = f1(6 —7)
=0+ max{—v,—(0 —7)} +J = 0 + max{d — v,v} = (U, V) + max{d(A, W) —v,d(C,W)}. Hence:

d (U, W) =d(U,V) + max{d(4A, W) — v, d(C, W)}

In the sample plot from Figure 12d, § —y = 13—8 = 5 and d.(U, W) = f1(5) = =5+ max{13—6,8} = —5+8 = 3.

Claim 3. z<d—v<uy.

Proof of Claim 3. 1If § — v < x, then let P.,, be the ordinary path obtained by concatenating (C, —x, A)
and AW, where (C, —z, A) is the stand-in edge for the UC edge (C,C:—y, A). Then |Pey| = —x + 3 < 7,
since 6 — v < x. But this contradicts that 7 is the shortest path-length from C' to W. Similarly, if
0 — v >y, then let Py, be the ordinary path obtained by concatenating (A,y,C) and CW, where
(A,y,C) is the stand-in edge for the LC edge (4, c:z;,C). Then |Pu,| =y + v < 6, since § —y > y. But
this contradicts that ¢ is the shortest path-length from A to W. Finally, if § — v = x, then let Py, be
the ordinary path obtained by concatenating UV, (V,—x, A) and AW, where (V, —x, A) is the stand-in
edge for (V,C:—y, A). Then |Pyw| =0 —x 4+ = 0 + 7, since 6 — v = x. Meanwhile:

77'{"4 is undefined since f{’(we) = fa(we) holds only if 0 = «, which is impossible, by Fact 4. Similarly, 735 is undefined since
f2(we) = f§ (we) holds only if 8 = o — v, which is impossible, by Fact 3.
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d (U, W) =0+ max{d— v~}
o+ max{y+z—v,y} (Since § —vy =1x)
=0+ (Since x < v for all regular waits)
Hence, |Pyw| = di(U, W), contradicting the need for labeled edges associated with (A, z,y, C).

Claim 4. UV necessarily comprises only negative edges, while CW necessarily comprises only non-
negative edges.

Proof of Claim 4. First, consider the values of f2(6 — ) and f4(d — 7):

o=y =B84+ —7v)+y=04+06>d.(UW).
fl6 =7 =a— (-7 +d=a+y>dU,W).

Since both of these are greater than d,(U, W), while f1(d — ) = f3(d — ) = d(U, W), the fact that all
of the involved functions are continuous implies that min{ fi(w.), f3(we)} < min{ fao(we), fa(we)} for all
we in some open interval around § — ~y. In addition, since Claim 3 gives that z < § — v, we may conclude
that for some € > 0, the above inequality holds for all w. € (6 — vy —¢€,d — ) C (x,6 — ). Furthermore,
for all such w,:

fa(we) = 0 + max{—v, —w.} + we + v
< 0 + max{—v, —w.} + ¢ (Since w. < d — )
= fi(we)
< min{fz(we), fa(we)}

That implies that for all such w., UVACW must be an SVP, in which case the subpaths UV and CW
must also be SVPs. Since UV precedes a negative edge (namely, the wait edge), and CW follows a
non-negative edge (namely, the LC edge), the result follows.

Note 1. Up to this point, we have assumed that A contained only one wait edge F, = (V,C:—v, A). Now
consider the possibility of A containing other wait edges. For any other wait edge E,» = (V',C:—v', A), the
value of § — v is fixed, but the value of f(0 —v) = ¢ + max{d — v',v} depends on both ¢ = d(U,V’) and v’.
Therefore, from all of the wait edges in A, let E, be one that minimizes the value of f(6 — ). Then, by the
preceding analysis, for each value of w,, the corresponding projection must include an SVP P, from U to W for
which |Pylw, < f(6 — 7). Therefore, f(§ —v) < d.(U, W). But, by the selection of E,, no shorter vee-path from
U to W exists in the projection where w. = § — . Therefore, f(§ — ) = d.(U, W); and since A is minimally
sufficient for d..(U, W), it follows that A cannot contain more than one such wait edge.

Note 2. Finally, the proof so far has assumed that W & {A, C}. W £ A is justified since the projection of the
LC edge (A, c:z,C) in any situation cannot be in any simple SVP ending in A and hence cannot be needed by
d.(U, A). In addition, since the UC edge and any wait edge labeled by C necessarily point at A, any SVP from
U to A whose last edge derived from a UC or wait edge would, in the situation where w. = x, have length —z
(i.e., the length of the corresponding stand-in edge), implying that the UC or wait edge was not needed. W £ C'
is justified since the only way that a wait edge (V,C:—v, A) can be needed for d,(U, C) is if, in each projection,
there is an SVP that includes the concatenation of (V,C:—v, A) and the LC edge (A, c:xz,C). The length of
that two-edge subpath is maximized when w. = y, where: |VAC|, = max{—v, —y} +y = max{y —v,0} =y —v.
(y —v > 0, given the assumption that all misleading waits have been fixed.) But then, in that projection, VAC
is dominated by the stand-in edge, (V,y — v, C), generated by the VAC rule, which is presumed to already be in
the network, which implies that (V,C:—v, A) cannot be needed for d. (U, C).

Similar arguments show that U ¢ {A, C} (i.e., the contingent link (4, z,y,C) cannot be needed for d.(A, W)
or d.(C,W)). In particular, if U = A, then the only labeled edge whose projection could participate in any simple
SVP emanating from A would be the LC edge (4, c:z,C). But in the situation where w. = y, the projection of
that LC edge is its stand-in edge (A,y,C), which would imply that there was an ordinary path from A to W
with length at most d.(A, W), contradicting the need for edges associated with (A, z,y,C). Similarly, if U = C,
then the only labeled edge whose projection could participate in any simple SVP emanating from C would be
the UC edge (C,C:—y, A). But in the situation where w. = x, the projection of that UC edge is its stand-in edge
(C, —z, A), which would imply that there was an ordinary path from C' to W with length at most d.(C, W),
contradicting the need for edges associated with (A, z,y,C). O
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Figure 13: Tlustrating the canonical form of nested diamond structures

2.1 The Structure of Nested Diamonds

This section introduces the canonical form of nested diamonds. Tt shows that if a value d,(U, W) depends on
nested diamonds, then there is necessarily a chain of nested diamonds with certain characteristics. Figure 13a
shows a sample ESTNU graph that illustrates the canonical form of nested diamonds in the case of four contingent
links. For ease of discussion, the contingent links all have the same bounds: [1,10]; the wait edges all have
the same value: —3; and the ordinary edges preceding the wait edges all have the same value: —2. In general,
for each C}, there is a shortest path from C; to W that comprises one or more non-negative ordinary edges,
while for each V;, there is a shortest path from A;;; to V; that comprises zero or more negative ordinary edges.
(Let Ay = U.) Figure 13b shows the mazimizing situation/projection where each contingent link has the same
duration: 5. In this situation, all of the red paths from U to W have the same length: d, (U, W) = 20. In

particular, letting
AO = {(A07 17 107 00)7 (‘/Oa CO:_S) AO)}
A =AU {(Al, 1,10, Cl), (Vl, Cq:-3, Al)}
A2 - Al U {(AQa 1) 10) C2)a (‘/Qa 02:_37 AQ)}
A3 =AU {(Ag, 1,10, 03), (Vg, 033—3, Ag)}

observe that
Cy — Ag = 5 is maximizing for d°(A;, W);
Cy — A; = Cy — Ay = 5 is maximizing for d21 (A, W);
Cy— Ay =Cy — Ay = Cy — Ag = 5 is maximizing for d*? (A3, W); and
C3—A3=Cy— Ay =Cy — Ay = Cy — Ag = 5 is maximizing for di\a (U,W).

Similarly to the situation in Lemma 4 where the paths UVAW and UVACW have the same length in the
maximizing situation where C — A = § — ~, for each ¢ € {0,1,2,3} in Figure 13b, C; — A; = §; —v; = 5, where
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0; = adi- (A;, W) and ~; = d(C;, W), ensures that the paths A;y; V;A; W and A;,; V;A; C; W have the same
length. (Let A_; =10.)

For any situation w, it will be shown that dAs (U, W) < d®s(U, W). For example, in the situation/projection
where w = (4,7,8,6), Figure 13c shows that the SVP from U to W (shown in red) follows the chain of activation
timepoints until it hits Ay, where the SVP follows the edges (4g,4,Cy) and (Cy, 35, W). In that situation,
d3s (U, W) =19 < 20 = d%(U,W). Similarly, in the situation/projection where w = (4,7,2,6), Figure 13d
shows that the SVP from U to W (shown in red) follows the chain of activation timepoints until it hits As,
where it then follows the edges (Asg,2,Cy) and (Ca, 25, W), resulting in d23 (U, W) = 18 < 20 = d23(U, W). This
highlights the similarity with Lemma 4 where, depending on the situation, sometimes the SVP follows UVAW
while other times it follows UVACW .

The theorem below addresses several challenges. First, it can be used to recursively specify the chain of
contingent links from U to W that form the backbone of the structure of nested diamonds. Second, it confirms
that each d. (C;, W) value is realized by an ordinary path. Third, it can be used to recursively ensure (from
W back to U) that any maximizing situation for each adi- (A;, W) can be extended to a maximizing situation
for the preceding d2(A;, 1, W). Fourth, it confirms that each pair of consecutive sets of labeled edges, A;y; and
A;, differs only in that A; represents exactly one fewer contingent link. The end result is that each d, (U, W)
value is necessarily realized by a structure of nested diamonds in canonical form.

Because it cannot be assumed in advance that the number of contingent links represented by successive A;
sets differ by exactly one, the statement of the theorem uses the following notation: for each i € {j,j —1,...},

n
A; C A} are sets of labeled edges such that A; is minimally sufficient for dfi (Aix1, W) (where Aj 1 =U); and
A7 C A; is the same as A; except that it excludes the labeled edges for one contingent link. Then A;" becomes
A;"_l for the next iteration. Eventually, it is proven that Aj' = A; for each i < j.

Theorem 2. Let G be any dispatchable ESTNU, and W any timepoint in G. For each integer j > 0, let
P(35) be the following proposition:
Let U be any timepoint in G; and let A; and Aj+ be any sets of labeled edges from G such that:

(2) Aj represents j contingent links; and

+

(8) Aj is minimally sufficient for di\j (U,W).
Then, there exists a contingent link CL; = (Aj,z;,y;,C;) and an associated wait edge (V;,C;:—v;, A;)
such that A; is not constrained to occur before the activation timepoint of any other contingent link
represented in A;, and:

.
d(UW) = d (UW) = d(U,V;) +max{s; — v;,7,},

where:
°j; = di\j (A;,W) and ~; = di\j (C;,W) =d(C;,W) (i.e., an ordinary ESTNU path from C; to
W provides an SVP in each situation w; for QAJ‘_), where:

e Ay = A7 s the same as Aj, except that it does not include labeled edges associated with CL;;
and
o as illustrated in Figure 14a, there exists a path UV; from U to V; comprising only negative ordinary
edges for which |UV;| = d(U,V;); and a path C; W from C; to W comprising only non-negative
ordinary edges for which |C; W| = d(C;, W).
A-
(

Furthermore, for any situation w;  for G that is mazimal for d.’ A;, W), the situation w; for A; that

i
extends w; by specifying the duration Cj—A; = §;—7; is necessarily maximal for adi (U,W) = di\j (U,W);
and, as also illustrated in Figure 14a:
e the path UV;A;C; W (blue in the figure), obtained by concatenating the path UV, the wait edge
(V},Cj:=vj, Aj), the LC edge (Aj,c;:—x;,C;), and the path C; W, satisfies |UV;A;C; W, =
+
4N (U, W) = &Y (U,W); and
o if A;W is any path in G from Aj to W such that |[A; W] - = di\j (A;, W), then the path
UV;A; W (red in the figure), obtained by concatenating UV;, the wait edge (Vy,Cj:—v;, A;), and
A; W, satisfy |UV; A; W1, = do? (U, W).
Then P(j) holds for all j > 0.

Proof. By strong induction on j = ||A;||, the number of contingent links represented in A;. Suppose that P(z)
holds for all ¢ < j. We must prove that P(j) holds. Let U and A; C A;r be as in the statement of the theorem.
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Thus, A; is minimally sufficient for di\;r (U,W). Let CL; = (Aj,z;,y;,C;) be any contingent link represented
in A; such that A; is not constrained to occur before the activation timepoint for any other contingent link
represented in A;. Such a contingent link must exist since otherwise G would contain a negative cycle of
precedence constraints and hence could not be dynamically controllable.

Let Ac, be the subset of A; that only includes edges associated with the contingent link CL;. Let
e; = (Aj,¢;:xj,C;) be the LC edge associated with CL;, and E; = (Cj,Cj:—y;, A;) the UC edge. The
following cases mirror the corresponding cases from Lemma 4.

Case 1: Ac, = {e;}. Let wj be any situation for G and w; be the situation for G%i that is the same as
w; except that it also specifies the duration Cj — A; = y; (i.e., its maximum duration). Then there must be an
ESTNU path P from U to W in G% that includes e; and whose projection in the situation w; has length at most
ad (U, W). But then modifying P by replacing e; by its ordinary stand-in edge (A,y,C) yields a path P’ with

edges drawn solely from G% and whose projection in any situation wj; that is the same as w;" except possibly

for the value of the duration C; — A; is at most di\j (U, W). Since the choice of w; was arbitrary, it follows that

Recursive structiy Z o Recursive structiye

B
for d.? "' (A1, W

PG Wle; = dti (U, w)

UV, A

(a) Paths from the statement of (b) Initial application of the (¢) One link in the canonical
Theorem 2 inductive hypothesis to A; and A;  structure

(d) Sa;w: the canonical (e) Canonical structures from C; (blue) and from
structure from A; to W Aj; (red) intersecting at A; = A, (purple)

Figure 14: Canonical structures emanating from C; (blue) and A; (red) analyzed in the proof of Theorem 2
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e; is not needed for b (U, W), which is a contradiction.

Case 2: ej ¢ Ac;. Let w; be any situation for G% and @; be the situation for GMi that is the same as
w; except that it also specifies the duration C; — A; = z; (i.e., its minimum duration). Then there must be a
simple ESTNU path P from U to W in G% that includes either E; or some wait edge F; = (V;,Cj:—v;, A;) and
whose projection has length at most ad (U, W). But modifying P by replacing E; or F}; by its ordinary stand-in
edge, (Cj,—x;,A;) or (Vj,—xj, A;), respectively, yields a path P’ that only uses edges from G% and whose
projection in any situation w; that is the same as w;" except possibly for the value of the duration C; — 4; is at
most do’ (U, W). Since the choice of w; was arbitrary, it follows that the edges labeled by C'; are not needed for
o (U, W), which is a contradiction.

Case 3: Ao, = {ej, E;} (i.e., no wait edges are needed). Given that A; is minimally sufficient for df; (U,W),
and Aj_ does not include any labeled edges associated with CL;, it follows that there must be some situation

_ + -
w; for G% for which every SVP from U to W has length greater than di\j (U,W). Next, let o = di’, (U, ),

N A Ay . T A,

B; = dw;_ (U, A),v; = dw;_ (C,W), and ¢; = dw;_ (A, W). Then consider the family ; of situations over G*s

where each w; € Q; is the same as w; except that it also specifies some value for C; — A;. By construction, as

the value of C; — A; varies across the situations w; € €}, the values of aj, ﬂj_, 7v; and (5]-_ are fixed. In addition,
AT AT

a;j +v; >d (U,W) and B +46; > d.’ (U W); and for each w; € €2, there must be an SVP from U to W

that uses either the LC edge or the UC edge associated with CL;. Hence, we are in the same circumstance as
that in Case 3 of Lemma 4, which leads to a contradiction.

As a result of Cases 1-3 above, it follows that Ac, must include the LC edge e; and at least one wait edge

labeled by C;.
A , . .

Considering d..” (A;, W). Let A; = A;7%Y be the same as A;, except that it does not include any labeled

edges associated with the contingent link CL;; and let A;_; C A" be such that A;_; is minimally sufficient for
AT

d.” (A;,W). Since the number of contingent links represented in A;_; is at most j — 1, applying the inductive
hypothesis to the timepoint A; (instead of U) and Aj_1 C A} (instead of A; C A;F)S ensures that, as illustrated
in Figure 14b, there exists a contingent link CL;_1 = (A;_1,2;-1,yj—1,Cj—1) and an associated wait edge

(Vi—1,Cj_1:—vj_1,A;_1) such that A;_; is not constrained to occur before the activation timepoint of any other
contingent link represented in A;_;, and:

VAL W) = A (A, W) = d(A;, Vi) + max{8j-1 — vj1,7-1}, where:

1= di\j__l(Aj,l, W) and vj_1 = di\j__l(Cj,l, W) =d(Cj_1,W) (i.e., an ordinary ESTNU path from
Cj_1 to W provides an SVP in each situation Wj_—1 for QAJZI), where:

e Ay, = Aj_l_CL-7‘1 is the same as A;_1, except that it does not include any labeled edges associated with
the contingent link CL;_;; and

e there exists a path 4; V;_; from A; to V;_; comprising only negative ordinary edges for which |A; V;_;| =
d(A;,V;-1), and a path Cj_; W from C;_; to W comprising only non-negative ordinary edges for which
|Ci—1 W| = d(Cj—1, W);

e any situation w;_, for GY-1 that is maximal for dfj_l(Aj,l, W) can be extended to a situation w;_q
for gAj_l that is maximal for dixjil(Aj,W) = dfj (Aj,W), by setting Cj_l — Aj_l = 5]‘_1 - Yj-1 =
dfj’l(Aj_l, W) —d(Cj_1,W); and, as also illustrated in Figure 14b:

— the path 4; V;_;A,;_; C;_; W (blue in the figure), obtained by concatenating the path A;V;_, the
wait edge (‘/}_1,0‘7‘_1571}]‘_1,14]'_1), the LC edge (Aj_l,Cj_lifl'j_l,Cj_l), and the path C’j_lW,
satisfies |Aj Vj—] Aj_] Cj—] W‘wj71 = di\jil(Aj, W) = di\J (Aj, W), and

— if A;_; W is any path in G%-1 from A; ; to W such that |4;_, Wi, = di\j_l(Aj,l,W), then
the path A;V;_;A;_; W (red In the figure), obtained by concatenating A; V;_;, the wait edge

, AT
(ij,l, ijli—’l}j,h Ajfl), and A]‘,J W, satisfy ‘AJ ‘/j,1 Ajfl W|wj,1 = di\J_l(Aj, W) = d*J (Aj, W)
Next, proceeding recursively, as illustrated in Figures 14c and 14d, applying the inductive hypothesis first to

Aj_1and Aj_o C AL, where A;j_» is minimally sufficient for di\jfl(Aj_l, W); then to Aj_o and A,;_3 C Ao,

8For consistency of notation, it can be helpful to think of U as Aji1, even though U may not be an activation timepoint for any

contingent link, and A;L as A7, ,, even though there is no j + 15¢ iteration.

41
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where A;_3 is minimally sufficient for dfj’2 (Aj_2,W); and so on, must eventually terminate, since each iteration
involves a minimally sufficient set of labeled edges representing fewer contingent links. The result is a complete
path structure we call the canonical form of nested diamonds. (Recall the canonical structures from Figure 13.)

As illustrated in Figure 14d, let i = h be the last iteration having a non-empty set of labeled edges, Ay,

-
that is minimally sufficient for d.."** (Ap+1, W). Let (An, Tn, yn, Cr) be the corresponding contingent link, and

let &), = do* (Ap, W) and v, = o (Ch,W) =d(Cy, W), where A, is the same as Ap, except that it does not
include labeled edges from (Ap, zp, yn, Cr). Now, since i = h is the last iteration having a non-empty set of

minimally sufficient labeled edges, it follows that A;_; = () must be minimally sufficient for §, = df; (AR, W)

and, hence, di\h (Ap, W) = d(Ap, W). Therefore, the subpath from A, to W can be presumed to contain only
ordinary edges. Henceforth, let S,,,, denote this canonical structure of paths from A; to W, illustrated in
Figure 14d. In addition, we may refer to the path from A; to W that passes through the sequence of activation
timepoints in S, ., as the spine of the canonical structure.

The sets of labeled edges resulting from this recursive application of the inductive hypothesis are summarized
below where, for example, A;_; C* A; is used to represent not only that A,_; C A;, but also that A;_; is

minimally sufficient for i (A;, W):
D=An 1 C" Ay CALC A Co A CFAT CAC AL A o CF A C A CF A C A CF Aj

However, the following Claim implies that this chain of A subsets is simpler than it looks.

Claim 5. Foreachie {h,h+1,...,5—1}, A;_1 = A; and, hence, A;_1 C* A;_;.

Proof of Claim 5.  Suppose that A;_o C A, (i.e., Aj_o is a proper subset of A;—1)' Then there
must be some contingent link CLT € Ajil\Aj,g, which implies that labeled edges associated with CLT
are not needed for df;’l(Aj_l, W) = 0j_2 + max{dj—2 — vj_2,7j-2}, where 02 = d.(A;-1,Vj—2) and
vj—2 = d«(Cj_1, W) depend only on ordinary edges. Since d;_1 = dfj’l(Aj_l, W), that implies that

AT
labeled edges associated with CLT are not needed for d.’ (A;,W) = 01 + max{d;—1 — vj_1,7j-1},
where 01 and 7;_; similarly depend only on ordinary edges. But that contradicts that A;_; C* A7, A
similar analysis can be applied to each ¢ € {h,h +1,...,j — 1}.

.

Since for each ¢ € {h,h+1,...,5 — 1}, A;_1 = A, it follows that A;_; represents exactly one fewer contingent
link than A;. The preceding chain of A subsets can now be more compactly written as follows, where each proper
subset represents exactly one fewer contingent link:

0=Ap1 CALCAp1 Cn CA CAC A CA T AT CA, g*A;r

Furthermore, abbreviating contingent links (As, z¢,ys, Cy) by CLy, it follows that for each i € {h,h+1,...,j—1},
the set of contingent links represented by the subset A; can be notated as {CLy, CLp41,...,CL;}. Eventually, it
will be shown that, in addition, Aj_; = A;, in which case the set of contingent links represented by A; will be
given by {CLj,, CLp41,...,CL;}, but that has not yet been shown.

Next, we shall proceed recursively through the canonical structure S, in the opposite direction, from Ay

and Ap—1 = A} all the way back to A; and A;_1 C* A}, with the goal of generating a situation w; for Ghi

A
such that not only is w;” maximal for d..” (A;, W), but, in addition, for each i € {h,...,j — 1}, the restriction of

; sets

w; to the contingent links in GMi+1 is maximal for d2i(A; 41, W) = dri+ (Aiy1, W), where for each i, w
the duration C; — A; = §; — v = d(Cy, W) — di\; (A;, W).

We begin with §) = A,_y, which is minimally sufficient for d2"~* (Ap, W) = d’(A, W) = d(Ap, W). Therefore,
the empty situation wy_; for GA»-1 = G? is maximal for clﬁ}“’l(Ah7 W). Then, by the inductive hypothesis,
wp_1 can be extended to a situation wy, for GM that is maximal for d» (Apy1, W), where wy, sets Cp, — A, =
On —yn = d(Ch, W) — di\h‘l (Ap, W). Continuing in this way, wy can be extended to a situation wy,; for GArtt
that is maximal for d>"*! (Apy2, W), where wp11 sets Cr41 — Apt1 = dh41 — Yrt1; and so on, until we end up
with a situation w;_; that is maximal for di\j’l(Aj, W), where w;_1 sets Cj_1 — Aj_1 = §;_1 — 7j—1. At this
point, since Aj_; C* A}, it follows that w;_1 can be extended to a situation w;" for G% by setting arbitrary
durations for the contingent links, if any, that are in A}, but not in A;_. In addition, by construction, not only

19



AT _
is w; maximal for d.” (A;,W), but for each i, the restriction of w; to the contingent links in G+ is maximal

for di\;“ (Aiy1, W) = d2(A;y1, W). Furthermore, by the inductive hypothesis, since each C; — A; equals §; — v;,
which is the value for which the path-lengths |4;11V;A;C;W|,, and |A;+1V;A;W ., are equal (e.g., recall the
blue and red paths from Figure 14b), it follows that in the situation w; , the length of every simple path through

AT
the canonical structure S, ;. from A; to W equals d.” (A;, W).

Considering d:}j (C;,W). Eventually, we will prove that di\j (C;, W) =d(C;,W); however, at this point, we
cannot make that assumption. For now, we can only generate the canonical path structure S, from C; to W
by recursively applying the inductive hypothesis in the same way that we did for the path structure S, above.
Since there is no guarantee that the sequences of contingent links, labeled edge sets, and situations encountered
along the way will be the same for S. ., as they were for Sy, we make no such assumption. Instead, we
start afresh, recursively applying the inductive hypothesis to derive possibly different sequences, using different
notation, as illustrated in Figure 14e. In particular, the sequence of activation timepoints along the spine of the
structure S, will be notated as flj,l, flj,g, ey flg; the corresponding sequence of labeled edge sets as

(Z):)\gflC)\gC)\gleC...)\g,lC)\@C...)\j,QCAJ‘,1 c* A;CAJ c* A;r’

and, for each ¢ € {g,...,j—2}, the situation that maximizes d¢ (A1, W) as @&p; and for £ = j—1, the situations,
. AT
wj-1 and @}, that maximize d:}"_l(Cj, W) =d.” (Cj,W).

Claim 6. There exists a single situation @, for G; that is maximal for both di\; (Aj, W) and di\; (C;,W).

Proof of Claim 6. First, if the sequences of activation timepoints, {4;} and {4,}, appearing along
the respective spines of the structures S, and S, do not have any common elements, then the sets

of contingent durations, {C; — A;} and {Cy — A}, that determine the respective values of dfj (A;, W)
and dfj (C;,W) are independent. Any other contingent durations specified by w; and w; have no
impact. Therefore, a common situation w;" can be formed by merging the contingent durations, {C; — A},
specified by w; with the durations, {C’g — flg}, specified by w; and choosing arbitrary values for all
other contingent durations, if any.

On the other hand, suppose some A; in S, ., is the same as some Ay in Sec,;w- In case of multiple such
timepoints, choose A; to be the first activation timepoint in the spine of S,;,, that also appears, as some
flz, in the spine of Sy, as illustrated in Figure 14e. Then let A; 1 C* A;7 C A; and Ap—1 C* A\, C A be
the corresponding sets of labeled edges, where A;_ is minimally sufficient for o (A;, W) = dri- (A;, V)
and A\p_1 is minimally sufficient for diz (A;, W) = dyt (A;,W). (By Claim 5, if i < j—1, then A;_1 = A ;
and if £ < j — 1, then A\;_; = Ay, but these facts are not relevant here.) Now, if A;_1 = A1, then no
loss of generality follows from assuming that the substructures of Sy, and S, from A; onward are the
same, in which case the situation w;" can be obtained by merging the situations w;" and w;", as described
above since, by the choice of 4; = /Ig, there are no contingent links appearing in both Su;w and S¢;w
before A; = A,.

Otherwise, suppose that A;_; # As—_1. Next, recall that the negative ordinary and wait edges comprising
the spine of a canonical structure imposes a strict order on the participating activation timepoints.
Therefore, it follows that no activation timepoints appearing before A; in S, ;. or before Ay = A; in Se;w
can appear after A; in S, ., or after Ay = A; in Se;w- In other words, the contingent links represented in
A;_1 and \y_; are distinct from the contingent links preceding A; = Ay in either Sajw OF Se;jap-

Now, it may happen that dri- (A;, W) # - (A;, W) (i.e., d; # 6;), since either or both of these values
may be greater than d.(A;, W). To see this, recall that §;11 = d2i(A; 11, W) = oy + max{§; — v;,7:}. In
the case where v; > §; — v;, decreasing the value of §; will not change the value of §; 1. In other words,
it is possible that §; > d.(A;, W), while still being sufficient to determine the value of ¢;; ;. Similarly, it
is possible that §, > d.(A;, W), while still being sufficient to determine the value of do4 ;.

Case 1: 6; < §¢. In this case, define the common situation w; by first setting the duration of each
contingent link CLj that appears in S, to its value in w; . Next, set the durations for the contingent

links that appear before A, = A; in Se,w as follows:

~ ~ )\7 ~ ~
o Let 52+1 =0dp+ max{&- = ﬁg,ﬁ/g} < 5g+1 = d*Hl(Ag_;,_l, W), since §; < dg.
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C : A

Figure 15: Computing §(A, B,S) = op + max{dp, —vp, v} according to Claim 7

e Then set éprl = Ae+1 = 52+1 — Ye+1-

o < Ay .z %
Let &), = Goy1 + maX{5g+1 Vot1,Ver1} < oy = di " (Agg2, W), since 0y, < 0gq1-
Then set Cg+2 = A€+2 = 64+2 Yet2-

g ~ - = Ay, = ) -
o Let 5/ 1= O'J 2+ max{éz Uj_g,’}/j_z} < 5j_1 = d*Jil(Aj_l,W), since 5;—72 < (5]‘_2
(] Then set CJ 1— j— 1—(5 —’3/]‘_1.
- = ~ % A . %
o Let 5]' =0j-1+ HlaX{(ijl = Uj—ly’Yj—l} < 5]' =d,’ (Cj, W), since 5;-71 < 6j_1
Finally, set all other contingent durations, if any, to arbitrary values. ~
Now, the setting of durations of the contingent links that appear in S.,., before Ay = A; is done using the

corresponding 5;) values which are less than or equal to the corresponding Sp values. At each point along

the chain, the duration C‘p = flp is set to the value 5;) — 4p which, according to the proof of Lemma 4,
maximizes the length of the shortest vee-path from A, to W across all relevant projections. Since
additional labeled edges are employed in the common substructure following A, = A;, that maximum

value may decrease. However, the final value 6’ cannot be less than d ' (C;, W), since it would contradict

the value determined by the canonical structure Scjw. As a result, the situation w; is necessarily maximal
for both d (AJ, W) and d (C’j, w).

Case 2: §; < 6,. Handled similarly.

Considering df; (U, W). Although the ultimate goal is to compute > (U, W), for now we consider d (U W)

that is, the maximum length in any situation/projection of an SVP from U to W that derives from paths in Ghi ,
which ezclude labeled edges associated with CL; = (A, z;,y;,C;). As was the case for the path structures, S,
and S, seen above, recursive application of the inductive hypothesm can also be used to generate a canomcal

structure Sy, from U to W relevant for d (U W). In addition, an extension of the same kind of analysis
that was done in the proof of Clalm 6 ensures that there must be a single situation w; that is simultaneously

maximal for the three values, d (U W), d*j_ (A;,W) and d (C W), as follows. The analysis is complicated
by the fact that the three structures may intersect in a variety of ways.

Claim 7. Given the three canonical structures, S ;w, Scjw and Suw, there is a single situation w; for gj—

that is simultaneously maximal for the three values, d (U, W),d (A], W) and d (C],W)

Proof of Claim 7. First, let A denote the set of activation timepoints appearing in the spines of
any of the three canonical structures, S, w,Se;w OF Suw, except that A should not include A;,C; or U.
Some timepoints in .4 may participate in only one structure, others may participate in two of the three
structures, and still others may participate in all three structures. Next, note that the negative ordinary
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and wait edges along the spines of the three structures ensures that the timepoints in A are subject to
a strict partial order, where A, > A, if A, occurs after A, in at least one of the structures (i.e., 4, is
closer to W than A,). This strict partial order determines a directed acyclic graph since, otherwise, there
would be a negative cycle in the OW-graph of ordinary and wait edges, contradicting the dispatchability
of G. Therefore, the timepoints in A can be put into a topological sort [2] that respects the strict partial
order, perhaps notated as A;, > A;, = A;; > ... A;,.

Next, we will visit the timepoints in A in the order of that topological sort. For each activation
timepoint A € A, we compute two values: (1) §a, an upper bound on d.(A4,W); and (2) C — A =
04 —d(C, W), where C is the contingent timepoint associated with A. These values are computed for
each A as follows. First, A may have up to three direct successors in the strict partial order, at most one
for each canonical structure. If A has no direct successors, then it is the final activation timepoint in one
or more structures; hence, the value of d4 is determined by ordinary edges: 64 = d(A, W). Otherwise,
for each structure S € {Sq;w, Se¢;w, Suw}, if that structure has an activation timepoint B that is a direct
successor of A (i.e., B = A), then, as illustrated in Figure 15, let 6(A, B,S) = op + max{0p — vp,V5},
where the value of g was computed when B was processed, which necessarily happens before visiting
A; and where o = d(A, Vp), —vp is the length of the wait edge (Vg,Cp:—vp, B), and v = d(Cp, W)
are the relevant values from the canonical structure S. If B is a direct successor of A in more than one
canonical structure, then multiple 6(A, B, S) values will be computed for the same B. Of course, in one
structure, the direct predecessor B” of A may be different from B. Regardless of how many (A, B,S) are
computed, the value of § 4 is then given by min{d(A, B,S) | B is a direct successor of A in S}. Afterward,
the duration C' — A is set to 64 — d(C, W). Note that this duration is chosen to maximize the value of
the length of the shortest vee-path from A to W through any of the three canonical structures. As shown
in Figure 12 and the proof of Lemma 4, the duration Cg — B = ép —yp = 0p — d(Cp, W) is chosen to
maximize the length of the shortest vee-path across all projections.

The terminal computations are done for A;,C; and U in the same way, except that each has exactly
one direct successor. In particular, following earlier notation, the successor of A; in S, is Aj_1 and
0a; =0 —|—max{(5,4j71 —Vj_1,7j—1}, where 0a;_, was computed previously when A;_; was encountered in
the topological sort. Similarly, the successor of C in Sy, is ;1]»_1 and d¢; = 0 —I—max{(SAj_l —¥_1,%-1}
where § i,_, Was computed previously when flj,l was encountered in the topological sort. Finally,
oy = 65 + max{(SAkl — Vj—1,%j-1}, where 5Aj,1 was computed previously when Aj,h the direct
successor of U in S,,, was encountered.

To see why @} is maximal for all three of the values, d:}j (U,W), di\j (Aj, W) and di\j (C;, W), recall
from the proof of Claim 6 that the § values determined by any given canonical form do not necessarily

provide the shortest path lengths entailed by the network. Instead, they need only be short enough to
determine the relevant d. (-, W) values (i.e., they need only be sufficient). For example, in the structure

Sa,jw, the value §; = di\i (A4;, W) may be larger than the value d.(A;, W). This can happen when the
0; value does not contribute to the value of §;11 = o; + max{d; — v;,~; } because max{d; — v;,vy;} = V.
In this case, setting J; to the value d.(A;, W) has no effect. The d4 values computed above effectively
replace existing § values with possibly lower values to ensure that each structure provides the desired
value (i.e., di\j (U, W),dfj (Aj, W) or dfj (C;,W)). Since each 4 value is the minimum of existing ¢
values, each 04 cannot be lower than the corresponding d, (A4, W) value.

The following claim ensures that in every situation, there is some path from A; to W in the canonical

AT
structure S, ., whose length is at most d.’ (A;, W). This, together with the fact that in the situation w; the

AT
length of every simple path through the structure S, ., equals d.’ (A;, W), ensures that the paths constituting

A
Sa,;w are sufficient to determine the value of d.” (A;, W).

Claim 8. For every situation w; for G% there is a simple path A;W from A; to W that employs only edges
AT
o Sdi (AjaW)-
J

that appear within the canonical structure Sg;,, and whose projection satisfies |A; W

Proof of Claim 8. By induction. For each i € {h,h+1,...,j — 1}, let Q(7) be the proposition that in
any situation w; for the contingent links represented in A;, there is a simple path P from A i to W
that employs only edges that appear within S, ., and whose projection satisfies |P|z, < dYi(Ajp 1, W).
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(a) Base Case of Claim 8 (b) Recursive Case of Claim 8

Figure 16: Paths analyzed in the Proof of Claim 2.2

Base Case: i = h. There are only two simple paths from Aj ;1 to W in Sy, Pp and Py, shown in
blue and red, respectively, in Figure 16a. The first, Py, goes from A1 to V}, to Ay to C to W the
second, P, goes from Ap41 to V}, to Ay to W.

Let 75, = 6p — vp = d(Ap, W) — d(Ch, W); and let o, = d(Apt1, V). Now, @y, only specifies a single
duration, namely, Cj, — Ap,. For any wp, < 7:

|Pole, = on+max{—vp, —Op} +dn +Tn
= op+max{Or + Y — U, Va}
< op+max{7, + Y — Vn, Y} (Since Wy, < )
=  op+max{d, — vp,Vn} (Since 15, = 0 — Y1)

Meanwhile, for any @y > 75:

Prlan on +max{—uvp, —Wn} + 0n
op + max{éh — Up, op — d)h}
op + max{éh — Vp, Oon — Th} (Since wp > Th)

o, + max{d, — vp, Y} (Since 15, = 0p, — Y1)

Al

As seen previously, when @y, = 7, |Prle, = [Pola, = d2 (Any1, W) = op, + max{d, — vn,yn}. Therefore,
for any @y, one of the two paths has length at most d» (A1, W).

Recursive Case. Assume that (i) holds for some ¢ < j — 1. We must show that Q(i + 1) holds (i.e.,
that in any situation @;; for the contingent links represented in A; 1, there is a simple path P from
Aiyo to W that employs only edges that appear within Sg;,, and for which |P|s,,, < ar (Ajy2, W)).
Let ;41 be any situation for the contingent links represented in A;1. Then by Q(4), the restriction
of this situation to contingent links represented in A; yields a path from A;;; to W, shown as purple
and dashed in Figure 16b, whose length is at most d%i(A;;1, W). Let P, and P, be the paths shown in
blue and red, respectively, in Figure 16b, where Py, goes from A; 2 to Viy1 to A;41 to Ciqq to W, while
,Pr goes from Ai+2 to V;'_‘_l to Ai+1 to W; and let Ti+1 = 5i+1 — Yi+1 = di}’ (Ai+1> W) - d(Cl'_;,_l, W) Let
7 be the value of C;;1 — A; 471 specified by @;;1. Similarly to the derivations in the base case, we get
that if 7 < 711, then [Pylg,,, < dfi“(AHz, W); and if 7 > 7341, then |Pps,,, < dditt (Ajy2,W). The
only difference in the derivation is that the length of the purple dashed path from A;11 to W is at most
di(Aj 1, W) = 8,41, but that does not affect the conclusion.

Corollary to Claim 8. Let w; be any situation for GM ; and let C; W be any simple path from C; to W that
AT
employs only edges that appear within the canonical structure S;;,,. Then |C; W| a5 <d,’ (C;,W). Similarly, if

AT
UW is any simple path from U to W that employs only edges appearing within Sy, then |UW |- < d.” (U, W).
J

Claim 9. do? (U, W) > d™ (U, W).
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(a) Canonical structure Shi (b) Paths in the projection «j; (c) Paths in the situation w;

Figure 17: Structures and paths analyzed in the Proof of Claim 10

Proof of Claim 9. Suppose that di\; (U,W) < di\j (U, W), where the former excludes paths involving
labeled edges associated with CL;, while the latter allows them. But then by the Corollary to Claim 8,
for every situation there is an ESTNU path from U to W using only edges from S,,,, whose projection

has length at most di\; (U, W) < o (U, W) = di\J+ (U, W). Therefore, the maximum length of any SVP
from U to W in any situation is less than di\j (U, W), which is a contradiction. On the other hand, if
du? (U,W) = d2 (U, W), then A; C A, is sufficient for A (1 7), comtimaibaing it A i sl
sufficient for di\;r (U, W). Therefore, it must be that dfj_ (U, W) > o (U, w).

Now we are finally ready to construct the canonical structure from U to W, to be called Sﬁﬁ), that will have all
of the properties listed in the conclusion of the theorem. Starting with the contingent link CL; = (A;, z;,y;, C;),
attach the structures S ., and Sg;. to the timepoints C; and Aj, respectively, as illustrated in Figure 17a. Next,
for each wait edge (V}, Cj:—v;, A;) for which there is an ordinary path Py, from U to Vj, attach P,,, and the
wait edge to the timepoint A;, as shown in the figure. At this point, we don’t know how many wait edges will
be needed; however, it will soon be shown that only one is needed.

Clatm 10. In any situation w; for G% there is a simple path P whose edges are drawn solely from Sﬁ{g
and whose projection satisfies |P|,,;, < v (U,W).

AT
Proof of Claim 10.  First, recall the situation w;", which is maximal for d.’ (U, W). Since, by Claim 2.3,

df; (U,W) > adi (U, W), it follows that in any situation w; that extends w; by also specifying a duration
for C; — A;, any ESTNU path in G whose projection in w; is an SVP from U to W must include one or
more labeled edges associated with the contingent link CL; = (A, z;,y;, C;), as illustrated in Figure 17b,

where: a; = dﬁg{, U, C;), B; = dij{, (U, A)), 0; = d:, (U, V), ~; = d:, (C;, W) and 6, = d:, (4, W).

To facilitate the analysis of the paths shown in the figure, let Q; be the family of situations where each
w; € €1; is the same as w; ", except that it also assigns a value to C; — A;. With this construction, all of
the lengths in the figure represented by Greek letters are constant across the situations in €2;. Therefore,

using the analysis in the proof of Lemma 4, there necessarily exists a single wait edge (V;, C;:—v;, 4;)
such that:

(1) for each C; — A; € (z;,y,], at least one of the paths, UV;A; W or UV;A;C; W, shown in
Figure 17b, has length at most adi (U,W);
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(2) the maximum length SVP from U to W over situations in Q; is obtained when C; — A; =
dj = € (2,43, where [UV; A; Wla, = [UV;4; G5 Wla,;

(3) that maximum length, call it L, is given by: o; + max{d; — vj,v;};
(4) there exists an SVP from U to V; comprising solely negative edges; and
)

(5) there exists an SVP from C; to W comprising solely non-negative edges.

Regarding item (3), by the definition of dy (U, W), it follows that L < i (U, W). Subsequently, it will
be shown that L = di’ (U,W).

Regarding item (4), the choice of CL; ensures that no activation timepoints from any other contingent
link represented in A; can appear in the SVP from U to Vj; hence, that path cannot contain any labeled

edges and, therefore, must comprise solely ordinary negative edges. Therefore, di\j (U, V;) =d(U,V;).

Regarding item (5), recall that the final subpath along the spine of a canonical structure (e.g., the
subpath from Ay to W in S, ., seen previously in Figure 14d) comprises only ordinary edges. Now, if
the SVP from C; to W contained any LC edges, their activation timepoints could not appear in the
spine of the structure S, ;,, since the subpath of that spine from U to any activation timepoint comprises
only negative edges, whereas the SVP from A; to C; to W comprises only non-negative edges. Therefore,
any LC edges appearing in the path from C; to W cannot appear in S 4. Similarly, any such LC edges
cannot appear in the canonical structures, S¢; or Syw. As a result, the durations of any such LC edges
cannot affect the paths in any of those canonical structures. Therefore, no loss of generality results from
assuming that the situation w; assigns maximum durations to any such LC edges. But then any LC
edges in the path from C; to W could be replaced by their ordinary stand-in edges, implying that there
must be an SVP from C; to W comprising solely non-negative ordinary edges.

Next, we stipulate that the canonical structure Sﬁé} shall contain only the one wait edge
(V;,Cj:—vj, Aj), given above and as illustrated in Figure 17a; and we shall show that this structure has
all of the needed properties. In particular, we show that in any situation w; for G2, there exists a simple
path P from U to W whose only edges are drawn from the structure S{?&, and whose projection satisfies
|P|s, < L. Toward that end, let w; be any situation for G*; let w, be the value of C; — A; specified
by w;; and let P, and P, be the paths from U to W shown in Figure 17c, where the paths from U to
V;, and from C; to W, are shortest paths comprising only ordinary edges. First, for any w; for which
We S 5j - V5

Polw; = o5 +max{—vj, —we} +we+7;j
= o, + maxfu + 7 — %)
< o; +max{d; —vj;,v;} (Since we < 85 — ;)
= I (By item (3) above)

Second, by Claim 8, there must exist a path from A; to W that uses edges drawn solely from S, ;,, whose

A
projection has length at most d; = d.” (A;, W), shown as dashed and purple in Figure 17c. Therefore,
for any w; for which w. > 6; — 7;:

|73r\wj < 0+ max{—vj, —w.} +9;
= (Tj +max{5j 7’[)]‘,5]' 7wc}
< o0; + max{d; —v;,7} (Since we > 8; — ;)
= L

As a result, it follows that dd (U, W) < L. However, since we previously showed that L < dd (U, W), we
+
now have that L = & (U, W) = do? (U, W).

O

Corollary 1. When applied to a dispatchable ESTNU graph G, the genStandIns helper algorithm for minDispggrny
correctly computes d.(U, W) for each pair of timepoints U and W (i.e., when genStandIns is finished, d = d,).

Proof. The genStandIns algorithm does at most k iterations. In each iteration it explores every possible
combination of timepoints V; A, C' and W that form a (non-nested) diamond. For each combination, it considers
the contingent link (A4, z,y,C), a wait edge (V,C:—v, A), and the distances, § = d(A4, W) and v = d(C, W). If
the duration C' — A =6 — v € (z,y] and the value, § = max{d — v,v} < d(V, W), it inserts an ordinary stand-in
edge (V,0, W) that represents the strongest ordinary constraint from V' to W entailed by the network that has
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Figure 18: Scenarios (general, left; specific, right) considered in Case 1 of Lemma 5

been found so far. If any such stand-in edges were added during the current iteration, the next iteration begins
by running Johnson’s algorithm to update all d(U, W) values that might be affected by the new edges.

By induction. For any j > 0, let Q(j) be the following proposition: For any U and W, if Aj+ is any set
of labeled edges for which there exists a set A; such that: (1) A; C Aj+; (2) A; represents j contingent links;

AT AT
and (3) A; is minimally sufficient for d.” (U, W), then genStandIns correctly computes d..’ (U, W) by its j
iteration.
Let U and W be any timepoints in G; and let A;r be any set of labeled edges from G for which there exists a

set A; satisfying properties (1), (2) and (3) above. Choose any such A;.
+

Base Case: j =0. Then A; = () and di\j (U,W) =d"(U,W) = d(U, W), which is obtained by the initial call
to Johnson’s algorithm.
Recursive Case: j > 0. Suppose that Q(h) holds for all A < j. Since j > 0, Theorem 2 provides that

1
there is a contingent link CL; = (A;,z,,y;,C;) and a wait edge (V;,Cj:—v;, A;) such that di\j (U,W) =
d(U,V;) + max{d; — vj,7;}, where: §; = dfj (A;, W) and v; = di\j (C;, W) =d(Cj, W), where A} = AT s
the same as A;, except that it does not include labeled edges associated with CL;. Since any subset A"} C A7

A
that is minimally sufficient for d.” (A;, W) necessarily represents fewer than j contingent links, the inductive
hypothesis ensures that d; has been correctly computed by the j — 15 iteration. In addition, v; = d(C;, W) is

n
given by the initial call to Johnson’s algorithm. Therefore, by the j*" iteration, di\j (U, W) has been correctly
computed.

Therefore, Q(j) holds for all j > 0. But then for any U and W, d.(U, W) = d2(U, W) is correctly computed
by at most the k' iteration, where A contains all of the labeled edges from G, which represent k contingent
links. O

Corollary 2. Given U, VV7AJ~,A;F, and S;\J, as in the proof of Theorem 2, in any situation w; for GNi | there

exists a simple path P from U to W whose only edges are drawn from the structure Sf}{u and whose projection
. AT

satisfies [P, < d (U,W) = d.” (U,W).

Theorem 3, below, ensures that the wait edges removed by the final step of the minDispggryy algorithm are
not needed for the dispatchability of the network (i.e., their removal cannot threaten its dispatchability). But
first, we present an important result about STN dispatchability.

Lemma 5. Suppose that e = (X,9,Y) is an (ordinary) edge in a dispatchable STN G,, and P, is a shortest
vee-path from X toY in G, that does not use e. Then removing e from G, preserves the dispatchability of G,.

Proof. Let Py, be any SVP from some ) to some V in G, that includes e. Since e is an edge in an SVP, it
follows that e, by itself, constitutes a shortest path from X to Y. Therefore, the alternative SVP P, necessarily
satisfies |P.| = |e] = §. Next, let P;v be the path obtained from Py, by replacing e by P.. By this construction,
|Ply| = |Pgul; hence, P/, is a shortest path. However, suppose that Py, is not a vee-path.

Case 1: Replacing e by P, inserts a negative edge after a non-negative edge. This scenario is illustrated in
general on the lefthand side of Figure 18, where P, is the path from X to T to Y. The righthand side shows a
specific example, where e = (X, 7,Y), Py, is the path QRSXYV, P, is the path XTUY, and replacing e by P.
inserts the negative edge XT after the non-negative edge SX. Note that in this (general or specific) case, § = |e|
must be non-negative since e follows the non-negative edge SX in a vee-path. As shown in the specific example,
let U be the terminus of the last negative edge in P.; and let R be the terminus of the last non-negative edge in
the subpath from @ to X. (It may happen that @ = R.) Since the subpath from X to U comprises only negative
edges, that subpath must have negative length. Now, since there is a path from R to U in G,, the dispatchability
of G, implies that there must be an SVP from R to U, shown as dotted in the figure. Substituting this (dotted)
vee-path for the subpath RSXTU in P’, provides an SVP from @ to V that does not use e. (If e were needed by
any shortest path P,, from R to U, then the suffix of P, from X to U must be negative, given that XTU is a
shortest path with |[XTU| < 0. But then P, cannot be a vee-path, since it would include the non-negative edge
e followed by one or more negative edges.)

Case 2: Replacing e by P, inserts a non-negative edge before a negative edge. Handled similarly. O
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Figure 19: Scenarios addressed in item 4 of Theorem 3

Theorem 3. Algorithm 1 (minDispgsrny) preserves the dispatchability of its input ESTNU G.
Proof.

(1) The first step of minDispgsryy inserts the ordinary edges collected by the genStandIns helper algorithm.
Since they are entailed by the network, the addition of these edges cannot disturb dispatchability.

(2) The second step of minDispggryy runs the dispg, algorithm on the ordinary edges, which can insert
some ordinary edges while removing others. With no loss of generality, suppose it first inserts all the new
edges and then removes edges. Since the edges being inserted are entailed by ordinary paths in the network,
their insertion cannot disturb dispatchability. Therefore, let e = (X,6,Y) be the first (ordinary) edge
whose removal thwarts the ESTNU’s dispatchability. Since dispsy preserves dispatchability among the
ordinary edges, there must be an alternative (ordinary) SVP P, from X to Y with |P.| < |e|. Furthermore,
suppose w is any situation and P is an ESTNU path that uses e and whose projection in G, is an SVP.
Now, the dispatchability of the ESTNU G implies that its projection G, is a dispatchable STN. Therefore,
by Lemma 5, replacing e by P, in that projection preserves its dispatchability. Since this holds for every
projection G, replacing e by P, in G cannot threaten the dispatchability of G.

(3) The third step of minDispggryy IS to remove any remaining stand-in edges.

Case 3.1: é is a stand-in edge that derives from some individual labeled edge e. By Lemma 2, in any
situation w, |e|, < |é|,. Furthermore, |é|, has the same sign as |e|,. Therefore, replacing é by e in any
ESTNU path whose projection is a vee-path will result in an ESTNU path whose projection is a vee-path
that can only be shorter or have the same length.

Case 8.2: ¢ = (U,0,W) is a stand-in edge that derives from some possibly nested diamond structure Sy, .
In this case, § = d.(U,W). Now, in any situation where the length of an SVP from U to W is less
than |é] = 6 = d.(U, W), é cannot participate in that SVP and hence is irrelevant. On the other hand,
suppose that w is a situation that is maximal for d..(U, W) (i.e., where the length of an SVP from U to W
equals 6 = d.(U,W)). Now, by Corollary 2, there necessarily exists a simple path P from U to W whose
only edges are drawn from the structure Sy, which does not include é, and whose projection satisfies
[Pl < di(U,W). But since w is maximal for d, (U, W), that projection cannot be shorter than d. (U, W);
hence, |P|, = d«(U, W) = § = |é|]. As a result, in every projection, there is an SVP from U to W that does
not use the edge é. Then, by Lemma 5, the dispatchability of any STN projection cannot be disturbed
by replacing é by the corresponding SVP from U to W. Therefore, removing é from the ESTNU cannot
threaten its dispatchability.

(4) The fourth step of minDispgsryy removes several categories of waits collected by its markWaits helper
algorithm. We consider each category of wait removals in turn. In each case, the wait edge to be removed
is denoted by (V,C:—v, A) and the corresponding contingent link by (A4, z,y,C) Recall, too, that once
genStandIns has been completed, d = d,, which remains fixed for the rest of minDisppgryy-

Case 4.1: Remove all wait edges (V, C:—v, A) for which d(V, A) < —v. First, we note that the minDispgsryny
algorithm does a pre-processing step that replaces all weak waits (i.e., waits for which the wait time v is
less than or equal to the minimum duration z of the corresponding contingent link) with (unconditional)
ordinary edges. Therefore, we may assume that —v < —x, where —x is the length of the stand-in edge for
(V,C:—v, A). Now, after calling dispsy, which does not affect d = d,, but before removing any remaining
stand-in edges, there must have been a simple ordinary SVP P, from V to A of length 6 = d(V, A) < —v,
some of whose edges may have been stand-in edges, whether associated with individual labeled edges or
possibly-nested diamond structures. Furthermore, since —v < 0, that SVP must have started with at least
one negative edge; and that first negative edge could not be the stand-in edge (V,—x, A) for (V,C:—v, A),
since the suffix from A to A would have to comprise only zero-length edges and, in any case, the total
length of the ordinary path would be —z > —v. Now, by Cases 3.1 and 3.2 above, in every situation
w, there exist replacement edges or paths for each of the stand-in edges in P,, that together ensure the
existence of an alternative ESTNU path P, from V to A, shown as blue and dotted in Figure 19a, whose
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projection in the situation w is an SVP. Furthermore, none of the replacements done in Cases 3.1 or 3.2
affect the first negative edge in the original ordinary SVP from V to A. Therefore, P, cannot include the
wait edge (V,C:—v, A), since it would create a negative-length path from V to V.

Case 4.2: Remove all wait edges (V,C:—v, A) for which d(V,C) < 0. Let (V,C:—v, A) be the first such
wait edge whose removal thwarts the dispatchability of the ESTNU. After calling dispey, which does not
affect d = d,, but before the third step’s removal of stand-in edges, there must have been an ordinary SVP
Pye from V to C, some of whose edges may be stand-in edges, whether arising from individual labeled
edges or possibly-nested diamond structures. However, by Cases 3.1 and 3.2 above, in every situation w,
there exist replacement edges or paths for each of those stand-in edges that together ensure the existence
of an alternative ESTNU path Py, from V to C, illustrated in Figure 19b, that does not use any stand-in
edges and whose projection in the situation w is an SVP. Next, let Ps., be the ESTNU path, shown
as blue and dotted in the figure, obtained by concatenating P, and the UC edge (C,C:—y, A). Then
[Pe Jw = d(V,C) — we < —we < max{—v,—w.} = |(V,C:—v, A)|,. (As seen elsewhere, w. denotes the
value of C' — A in the situation w.) Therefore, the projection of P%, is a shorter path than the projection
of (V,C:—v, A). Although P, might not be an SVP, the dispatchability of G,, ensures that there must
be an SVP from V to A whose length is at most |P% |, < [(V,C:—v, A)|,. In turn, that implies that
(V,C:—v, A) cannot participate in that SVP. Therefore, removing (V, C:—v, A) from the ESTNU cannot
affect the dispatchability of G,,. And since the choice of w was arbitrary, removing that edge cannot affect

the ESTNU’s dispatchability.

Case 4.3: Remove each wait edge (V,C:—v, A) for which there is a wait edge (U,C:—u, A) with d(V,U) < 0
and d(V,U)—u < —v. Let (V,C:—v, A) be the first such wait edge whose removal thwarts the dispatchability
of the ESTNU. As in Cases 4.1 and 4.2, after running dispsy, but before removing any remaining stand-in
edges, there must have been an ordinary SVP P,, from V to U, some of whose edges may have been
stand-in edges. However, for each situation w, Cases 3.1 and 3.2 above ensure the existence of replacement
edges or paths for those stand-in edges that together ensure the existence of an alternative ESTNU path
Py, from V to U, shown as blue and dotted in Figure 19c¢, that does not use any stand-in edges and whose
projection in the situation w is an SVP. Hence, |P%, |, < d(V,U) < 0. Since |P%, |, < 0, that SVP must
start with at least one negative edge. Next, let R be the terminus of the last negative edge in P ; let P
be the prefix of P, from V to R; and let Py, be the suffix of Py, from R to U. Now, since there is a path
from R to A, the dispatchability of G,, ensures that there is an SVP from R to A. Let Py, be an ESTNU
path whose projection in w is that SVP from R to A, shown as dotted in the figure. Next, let P, be the

concatenation of Py and Py,. Then the projection of Py, is a vee-path for which

w
| Pma | w

|Porle + 1Pra

< |PY e+ (|PY)w + (U, Ci—u, A)|,.) (Since P, is a shortest path)

= |Pulw + (U, Ci—u, A)l., (Since P¥, is the concatenation of P%. and P%))
< d(V,U) 4+ max{—u, —w.}

< max{d(V,U) — u,d(V,U) — w.}

< max{-v,—w} (Since d(V,U) —u < —v and d(V,U) < 0)

= |[(V,C:=v, A)|s.,.

Furthermore, the SVP from R to A cannot include (V, C:—v, A) since that would imply a chain of negative
edges from V to V within the vee-path P, contradicting the dispatchability of the network. Therefore,

Pw ., is an alternative vee-path that is at least as short as the wait edge (V,C:—wv, A). Therefore, the
removal of (V,C:—v, A) cannot thwart the dispatchability of the ESTNU.

O

Theorem 4. When given a dispatchable ESTNU as input, the minDispysrny algorithm outputs an equivalent
dispatchable ESTNU having a minimal number of edges.

Proof. The ESTNU output by minDispgsryy 18 equivalent to the input network since: (1) all fixed waits and
stand-in edges are entailed by alternative edges or paths, (2) the dispgy algorithm generates an equivalent set of
ordinary edges, and (3) each removed wait edge is entailed by an alternative path in every situation.

Minimality. Since Theorem 3 ensures that the output ESTNU is dispatchable, it suffices to show that each
edge in the output ESTNU is needed for dispatchability (i.e., its removal would thwart dispatchability). To the
contrary, suppose that e is some edge not needed for dispatchability but belongs to the output ESTNU and,
hence, was not removed. For reference, let G, = (T, &) be the STN output by dispsy.

Case 1: e is an ordinary edge (U,6,W). Since all stand-in edges are eventually removed, e cannot be a
stand-in edge. Instead, it must be an original ordinary edge or one inserted by dispsy, with § = |e| = d. (U, W).
Suppose some set A of labeled edges was minimally sufficient for d. (U, W). If the number of contingent links
represented in A were greater than zero, then there would be a canonical structure of nested diamonds that would
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provide d.(U, W), contradicting that e was not a stand-in edge. Therefore, A = () and d. (U, W) = d(U,W) = 4.
(Recall that d,. = d at this point in the algorithm.) But disps, outputs a minimal dispatchable STN, keeping
or inserting e, from which it follows that any vee-path P from U to W in G, that does not use e must satisfy
|P| > §. But that implies that removing e from the ESTNU would yield d.(U, W) > § = |e|, contradicting that
e is not needed.

Case 2: e is a wait edge (V,C:—v, A) associated with a contingent link CL = (A, z,y,C). Since e was not
removed, the conditions in Cases 4.1, 4.2 and 4.3 of Theorem 3 that are used by the markWaits helper algorithm
must all be false; hence:

(f1) do(V, A) > —v;
(f2) d.(V,C) > 0; and
(f3) for all other waits (U, C:—u, A), d.(V,U) >0 or d.(V,U)—u> —v.

Let A~ denote the set of all labeled edges from G except those associated with CL; and let S2  be the
canonical structure associated with d2 (V, A) that is guaranteed by Theorem 2. Let w be the situation for which
(1) we = C — A =y (ie., its maximum value); (2) the duration of each contingent link CL; = (A;, z;,v:, Ci)
having labeled edges in the canonical structure S2, is the value &; — 7; specified in the proof of Theorem 2,
where all such durations combine to ensure that w is maximal for d® (V, A); and (3) the duration of every other
contingent link (Ay, x4, yq, Cy) is its minimum value, z,.

Since e is not needed to preserve the dispatchability of the ESTNU G, then in the situation w, there must
be a simple ESTNU path P from V to A that does not use e, and whose projection satisfies |P*%|, < le|, =
max{—w., —v} = max{—y, —v} = —v. Being simple, P"* cannot include the LC edge (A, c:x, C) associated with
CL; and if it includes the UC edge (C,C:—y, A) or some wait (U, C:—u, A) associated with CL, then that edge
must be the last edge in Pv°.

Case 2a: The last edge in P is the UC edge (C,C:—y, A). Since the projection of a negative edge is
necessarily negative, then the last edge in the projection of P%? is negative. And since its projection is an SVP,
it follows that every edge in the projection is negative and, hence, so is every edge in P"*. Let P’ be the
subpath of P** from V to C'. Since all of its edges are negative, then in every situation the projection of Pv¢
must have negative length. Therefore, in every situation, every SVP from V' to C must have negative length,
implying that d.(V,C) < 0, contradicting condition (f2), above.

Case 2b: The last edge in P is a wait edge (U,C:—u, A) associated with the contingent link CL. Let P
be the prefix of P from V to U. As in Case 2a, it follows that every edge in P"* and its SVP projection must
be negative, and hence d,(V,U) < 0. In addition, since —v > |P¥%|,, = |P""|, — u, we get that |P"|, <u —wv.

Next, consider any activation timepoint A; for some contingent link CL; = (A4;, x;, y;, C;) that appears in
Pve. By the same logic, d.(A4;, A) < 0. On the other hand, if CL; is one of the contingent links having edges in
the canonical structure S, then by the proof of Theorem 2, §; = d.(A;, A); and §; — 7; € (;,y;] implies that
8; >~ +x; > 0. In other words, the contingent links having edges in S2, cannot have any labeled edges in PV
(or P*). Hence, the UC or wait edges in P necessarily take on their minimum (i.e., weakest) values in the
situation w specified above.

But then in any situation @, the projections of those UC or wait edges must have lengths that are shorter
than or the same as the lengths of their projections in w. Hence: |P"*|; < |P""|, < u — v, which implies that
every SVP from V to U must have length at most « — v, which in turn implies that d.(V,U) < u — v (i.e.,
d.(V,U) — u < —v). Together with d.(V,U) < 0, this contradicts condition (£3), above.

Case 2c: P does not contain any labeled edges associated with CL = (A, z,y,C). Since w is maximal for
d (V, A), it follows that in any situation @, [P*%|s < [P¥4|, < —v, which implies that any SVP from V to A
must have length at most —v, which implies that d.(V, A) < —v, contradicting condition (f1), above. O
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