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1. Introduction

The modeling of randomness through a possibly multi-dimensional Brownian motion has been encoun-
tering in the last decades significant challenges from two distinct perspectives when coming to financial
applications. On the one side, various irregularities which are observed in the trajectories of time series of
asset prices are not adequately described by a classical Brownian motion. On the other side, modelization
needs to take into account the risk connected to the choice of one particular probability measure.

The main goal of our work is to address both issues by defining a multi-dimensional fractional Brownian
motion in the so called G-setting introduced by Peng in [41], which addresses volatility uncertainty and
ambiguity aversion of traders in a framework with multiple, possibly non-dominated, probability measures.

Fractional Brownian motion (fBm), introduced in 1940 by Kolmogorov for modeling turbulence in liquids
n [30], has been used in [21] to account for the volatility roughness, or irregularity, empirically observed
in high-frequency data. The fractional Brownian motion also describes further behaviors observed in time
series, like long-range dependence, non-stationarity and self-similarity, which cannot be explained within a
pure Brownian motion framework. Several contributions in the last years have then proposed to “roughen”
classic Markovian stochastic volatility models such as Hull-White, Heston and SABR by replacing the
Gaussian driver of the volatility process by a fractional one, see for example [18], [17] and [19].
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The fractional Brownian motion is a class of processes indicized by the so called Hurst index H €
(0,1), describing its roughness. Apart from the case H = %, when it boils down to the classical Brownian
motion, the fractional Brownian motion is not a semimartingale, which makes it particularly challenging
to mathematically deal with it. For an overview about fractional Brownian motion and its properties and
applications we refer to [35] and [6].

Model uncertainty, i.e. the fact that some features of the stochastic processes under investigation can
be determined only up to a certain degree of precision, has also gained more importance over the last
years. A stream of literature covers the case of uncertainty about the drift, see e.g. [8], [10], [2], [11]. On
the other hand, further approaches focus on volatility uncertainty, see among others [1], [31], [38], [33].
Under this framework, the set of probability measures is in general non-dominated, which makes things
more difficult. In particular, the G-Brownian motion calculus has been introduced by Shige Peng, see e.g.
[41], to account for volatility uncertainty. In this framework, the expectation operator is not linear but only
sublinear, and fundamental distinctions from the classical setting arise: for example, the quadratic variation
of a G-Brownian motion is not deterministic as under a single prior, but rather a stochastic process. Due
to these profound differences, it is not straightforward to extend existing concepts and definitions under
volatility uncertainty. However, several standard results of classical stochastic analysis have been carried to
the G-setting: examples include a G-It6 formula, a martingale representation theorem, and the existence
and uniqueness of the solution to a G-Stochastic Differential Equation (G-SDE). On the level of stochastic
processes, a major achievement was the definition of a G-Lévy process with independent and stationary
increments and jumps in the G-setting, see [28].

It is then a natural question how to introduce a fractional Brownian motion under volatility uncertainty. A
first attempt in this direction is provided in [25] and [9] for defining a one-dimensional fractional Brownian
motion under volatility uncertainty. The approach in [9] directly transfers the definition of a fractional
Brownian motion as a centered Gaussian process with a given covariance function into the G-setting.
However, this gives rise to several problems, as also highlighted in [25]. Notably, the definition of a G-
Gaussian process in [9] diverges from the one introduced by Peng in [40]. Furthermore, the proof of the
existence of such a fractional G-Brownian motion relies on a two-sided GG-Brownian motion, whose existence
is not clear. For a detailed discussion on these problems, we refer to Section 3.

These issues have been overcome by the definition of a one-dimensional fractional G-Brownian motion in
[25]. Here, a fractional G-Brownian motion is introduced as reported in Definition 3.4. The authors prove
the existence of a process satisfying this definition and establish a representation theorem by expressing it
as an integral of a stochastic kernel and a volatility function with respect to a standard Brownian motion.
Additionally, it is shown that the fractional G-Brownian motion exhibits properties such as self-similarity
and long-range dependence, among others.

In this paper we study the problem of providing a well-posed definition of a fractional G-Brownian motion
in higher dimensions. Extending Definition 3.4 to the multi-dimensional case is a priori not possible. First,
the components of a multi-dimensional G-Brownian motion are not independent, differently from those of a
standard Brownian motion. This is clear by looking at the quadratic variation process of a d-dimensional G-
Brownian motion, as the off-diagonal elements are stochastic processes different from zero. For this reason,
one needs to account for the covariance structure inherent to the multi-dimensional fractional G-Brownian
motion, originating from the covariance structure of a multi-dimensional G-Brownian motion.

Furthermore, we need to avoid to rely on a two-sided G-Brownian motion, which introduces several
mathematical difficulties as explained before. To this purpose, in Definition 3.5 we introduce a multi-
dimensional fractional G-Brownian motion (G-fBm) as an integral with respect to a multi-dimensional
G-Brownian motion, generalizing the Volterra representation of a standard fractional Brownian motion of
Proposition 2.5 in [35]. We show that for d = 1 our definition of a fractional G-Brownian motion also
adheres to the characterizations of Definition 3.4. We study several properties of the multi-dimensional
fractional G-Brownian motion such as its covariance function, self-similarity and the distribution of the
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random variables B! (i) for t > 0, H € (0,1) and i = 1,...,d. Furthermore, we prove componentwise
properties of the increments of our process, such as stationarity and the behavior of the product of the
increments from two different components. Additionally, we analyze the long and short memory property
of a multi-dimensional fractional G-Brownian motion. We also focus on the paths properties of the process,
which are crucial for modeling financial time series data. Among others, we show that a multi-dimensional
fractional G-Brownian motion of Hurst index H € (0, 1) admits a modification with Holder continuous paths
of order « < H and is nowhere differentiable, quasi-surely. Most of these properties are generalizations of
the classical ones under volatility uncertainty. However, the proofs are more involved, as we can no longer
rely on the Gaussian property but need to come up with other techniques.

For applications, it is crucial to introduce stochastic calculus with respect to a fractional G-Brownian
motion. In the classical case of a fractional Brownian motion there are several different ways of defining
an integral with respect to a fractional Brownian motion, as it is not possible to use the Itd integral. All
these different approaches can be classified in two methods. The first method is a pathwise construction
of the integral, relying on the paths properties of the fractional Brownian motion, see e.g. [47] and [37].
The second method is based on Wick products or Malliavin calculus, see e.g. [27] or [14]. Here, we refer
only to the first works in these areas and stress that the two approaches have been extensively developed
further into different directions, see [6] and [32]. Here, we follow the method of [37] to introduce a pathwise
stochastic integral with respect to a fractional G-Brownian motion of Hurst index H € (1,1). The definition
allows us to derive an existence result for a pathwise differential equation driven by a fractional G-Brownian
motion, which is the first result in the literature studying such equations. We prove a pathwise It6’s formula
for a fractional G-Brownian motion of Hurst index H € (3,1). We conclude the manuscript illustrating an
application of this result by analyzing the existence of arbitrages in fractal financial markets under volatility
uncertainty.

The paper is organized as follows. In Section 2 we provide an overview about the G-expectation frame-
work. In Section 3 we introduce our definition of a multi-dimensional fractional G-Brownian motion and
study its properties. The paper is concluded by deriving a pathwise stochastic integration for a fractional
G-Brownian motion of Hurst index H € (0, 3) in Section 4.

2. G-setting

We now recall the basic concepts for the G-setting based on [41].

Definition 2.1. Let {2 be a given set and let H be a vector lattice of R-valued functions defined on €2 such
that ¢ € H for all constants ¢, and |X| € H, if X € H. H is considered as the space of random variables. A
sublinear expectation E on H is a functional E : H — R satisfying the following properties: for all X, Y € H,
we have

. Monotonicity: If X > Y then E[X] > E[Y];

. Constant preserving: E[c] = ¢ Ve € R;

. Subadditivity: E[X + Y] <E[X] + E[Y];

. Positive homogeneity: E[AX] = AE[X], VA > 0.

=W N

The triple (Q,H,E) is called a sublinear expectation space. If only 1. and 2. are satisfied, E is called a
nonlinear expectation and the triple (Q, H,E) is called a nonlinear expectation space.

Fix d € N. Let ‘H be a space of random variables such that if X; € H,i=1,...,d, then

(p(Xl, ...,Xd) €H, for all p € ClJip(Rd),
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where C} 1;,(R?) denotes the linear space of R-valued functions satisfying for each x,y € R,

lp(z) — oY) < Co(1+ 2™ + |y|™)|x — yl, (1)

for some C, > 0,m € N depending on ¢. In this case, X = (X1, ..., Xg) is called a d-dimensional random
vector, denoted by X € H?.
We now introduce a G-Brownian motion by giving the following definitions.

Definition 2.2. In a sublinear expectation space (Q2, H, E), a random vector Y € H? is said to be independent
of another random vector X € H™ for m € N under E[] if for each test function ¢ € Cj 1, (R?*™) we have

Elp(X,Y)] = E [Elp(z,Y)]|l.=x] -

Definition 2.3. Let X and Y be two d-dimensional random vectors defined on sublinear expectation spaces
(Q1,H1,Eq1) and (Q9, Ha, Es), respectively. They are called identically distributed if

Ei[p(X)] = Eo[p(Y)] for all ¢ € Cyip(RY).
In this case, we write X ~ Y.

Definition 2.4. Let X and Y be two d-dimensional random vectors on a sublinear expectation space (2, H, E).
Then X is called a independent copy of Y if X is independent of Y and X ~ Y.

Definition 2.5. A random variable 7 on a sublinear expectation space (2, H, E) is called mazimally distributed
if there exists a bounded and closed subset I' € R? such that

Elp(n)] = max (), ¢ € Crup(RY).

Definition 2.6. A d-dimensional random vector X on a sublinear expectation space (2, H,E) is called G-
normally distributed if for each a,b > 0 it holds

aX +bX ~ Va2 +b2X,
where X is any independent copy of X. The letter G' denotes the function G : S(d) — R defined by
1
G(4) = SE[(AX, X)), )

where S(d) is the collection of all symmetric (d x d)-matrices and (-, -) denotes the standard dot product on
R4,

Note that G is a continuous, sublinear function which is monotone in A € S(d), i.e. for each p,p € R?
and A, A € S(d) it holds

G(p+p,A+ A) < G(p,A) + G(p, A),
G(Ap, M) = AG(p, A), YA >0,
G(p,A) < G(p,A), if A<A.

Moreover, there exists a bounded, closed and convex subset © C S(d) such that
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G(A) = %528 tr[Ay], (3)

see equation (2.2.4) of [41]. The existence of a vector X which is G-normally distributed according to
Definition 2.6 is given in Proposition 2.2.7 of [41]. Exploiting the representation (3), we identify © as the
uncertainty set for the covariance of X and denote X ~ N (0, 0).

Definition 2.7. Let G : S(d) — R be a given monotonic and sublinear function. A d-dimensional stochastic
process B = (By)>0 on a sublinear expectation space (£, H,E) is called a G-Brownian motion if it satisfies
the following conditions:

1. By =0;

2. By € H? for each t > 0;

3. For each t,s > 0 the increment By;s — By is independent of (By,, ..., By, ) for each n € N and 0 < ¢; <
... < tn < t. Moreover, (By1s — By)s~'/? is G-normally distributed.

Definition 2.8. An R%valued stochastic process X = (X¢)i>0 defined on a sublinear expectation space
(0, H,E) is called a G-Gaussian process if for each t = (t1,..,t,) € T, X; = (X4, , ..., X¢, ) is an R4*"-valued

n

normally distributed random variable. Here, we denote

Remark 2.9. In [40] it is mentioned that in contrast to the classical situation, a G-Brownian motion is not
a G-Gaussian process although each increment of a G-Brownian motion is G-normally distributed.

We now construct a d-dimensional G-Brownian motion. We denote by Q := Co(R, R?) the space of all
R<-valued continuous paths w = (wi)i>0 with wy = 0 and equip this space with the distance

p(w1’w2) = ;2_i |:(trél[%,)§] }wtl —OJtQ ) AN ].:| . (5)

For every fixed T € [0,00), we define Qp := {war 1 w € Q. We set F := B(Q) and Fr := B(Qr) which
denotes the corresponding Borel o-algebras. Moreover, the canonical process B = (By)¢>0 on (2 is given by
Bi(w) := wy for w € Q,t > 0.

Definition 2.10. For each fixed T € [0, 00) we introduce Lip(Qr) as

Lip(Qr) := {SO(BtlACn woy Beoar) im € Nty .ty € [0,00),p € C’l,lip(RdX”)}.

We also set
Lip(Q) := | Lip(Q).
n=1

Next we introduce the definition of G-expectation and conditional G-expectation.

Definition 2.11. A G-expectation K is a sublinear expectation on (€, Lip(2)) defined as follows: For X
Lip(Q) of the form

XZQD(Btl_Btoa'~-aBtn_Btn,1)7 O:t0<t1<...<tn<00, TLEN, (6)
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for some ¢ € Cy1;,(R¥*™) we set

BIX) = [p (v T, n/Tn— fa1) |

where &1, ..., &, are d-dimensional random variables on a sublinear expectation space (Q, H, Iﬁl) such that for
each i =1,...,n, & is G-normally distributed and independent of (&3, ...,&;—1).

Then the canonical process B = (By);>0 is a G-Brownian motion on the sublinear expectation space

~

(62, Lip(Q), E).
Remark 2.12. Note that the elements in Lip(Q2) take values in R.

Definition 2.13. The space L7,(2) is the completion of Lip(2) under the norm

A 1/
lell, = (Eler) ™, p>1.

Similarly, we can also define L7, (Q7) for p > 1 and T € [0, c0).

Definition 2.14. Let X € Lip(2) have the representation (6). Then its G-conditional expectation under
is defined as

E [X|Q,] == (By, — Bty By, — Bty s By, —Bi,—1), j=1,...,n—1,
where
¥(z) :=E [¢ (z, By,+1 — By, ...; Bt, — B, —1)] -
As for any T < oo, Lip(Qr) C Lip(€) we can also consider E[], B[-|Q] as functions on Lip(Qy) for t < T.
The G-expectation and the G-conditional expectation can be extended to sublinear operators
E[]: L2(Q) = R

and

N

E[] : Le(Q) = Lg (),

see Section 3.2 in [41]. Furthermore, E[-],E[-|%] can also be considered on the space LL(Qr) for any
Tel0,00)and t < T.
In the following definitions we introduce some spaces we will work with in the sequel.

Definition 2.15.

1. For p > 1 we denote by Mg’O(O,T) the space of simple integrands. Specifically, we define an element
n € Mg"(0,T) by

N

Wt(w) = Z gj(w)]‘[tj7tj+1)(t)7 (7)

0

[y

<

for N € N, where & € L, (Q,),i=0,...N—land 0=ty <t; < .. <ty =T.
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2. For p > 1 we let M%(0,T) be the completion of Mg’O(O, T) under the norm

T
/m%
0

Similar as in the classical It6 case, the integral with respect to a one-dimensional G-Brownian motion B

1/p

is first defined for the simple integrands in Mé’O(O, T) by the mapping

N-—
I: Méo(o T) - LG<QT nj ]+1 - tj) y
7=0

,_.

for n as in (7). Then this mapping can be continuously extended to
I:MZ(0,T) — LE(Q7),

see Lemma 3.3.4 in [41]. In order to define the integral with respect to a d-dimensional G-Brownian motion
we proceed as follows. For a fixed a € R?, we define the one-dimensional process B? := (B2);>¢ by

B? = <a, Bt>a t> 0. (8)

Then B? is a one-dimensional G,-Brownian motion with

a

1
Ga(a) = 5 (0'2aTa+ — J%aaTa_) 5 (9)
where

P =20 (aa")  and 0% = 20 (~aa"). (10)

aal —

Then, the G-1t6 integral can be defined as

T
=/WE,HH%&ﬂ- (11)
0

Definition 2.16. Let B = (B;);>0 be a one-dimensional G-Brownian motion. Let 7Y := {t}',...,tN}, N € N,
be a sequence of partitions of [0, ] and call

p(m) == max{|th, —t~|:i=0,1,..,N — 1} (12)

the mesh size of ¥, N € N. The quadratic variation process of a G-Brownian motion B, denoted by
(BY = ({(B)t)1>0, is given by

t

(Be= lm. Z(BM tN)zzBf—z/Bsst, te[0,7].
0

Note that the process (B) is not deterministic except for the classical case, where B is a classical Brownian
motion. In particular, the quadratic variation process contains the part of statistic uncertainty of a G-
Brownian motion. The integral with respect to the quadratic variation [;7,d(B), is introduced first for
n € M5°(0,T) and then extended to MA(0,T), see Section 3.4 in [41].
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The quadratic variation process of a d-dimensional G-Brownian motion takes values in S(d), and in
particular it is defined as the matrix (B) with components

[<B>t]’i7j = <B(Z)7B(j)>t7 t Z Ov Zv] = 1a "'ada (13)

where B(i) = (B(i)¢)i>0 denotes the ith component of a G-Brownian motion. Note that B(i), = B;* with
e; = (e;(j))j=1,...d € R? with e;(j) = 8;(j), where ; denotes the Dirac delta for i. In particular, we can
define for each 7,5 =1,...,dand t > 0

(B(i), B(j))e == % ((B(i) + B(j))e — (B(i) — B(j))¢) , (14)
see page 64 of [41]. For any ¢ > 0 it holds
E [(ABy;, B,)] = 2G(A)t for A € S(d), (15)
see page 70 in [41]. Thus,
E [By(i) Bi(j)] = 2G(A)t = tsup g, (16)

with A = (@k1)k,i=1,...,a such that ay = 0 for (k,1)¢{(¢,7),(j,7)} and a;; = aj; = % Moreover, © is defined
in (3).

Definition 2.17. A one-dimensional process (M;).c(o,r) is called a G-martingale (respectively, G-supermartin-
gale, G-submartingale) if for each t € [0,T], M; € L (%) and for each 0 < s <t < T, we have

E[M|Q] = M,, (respectively, < M,, > M,).
If in addition it holds also
I@[—Mt|QS] =-M, for0<s<t<T,
then (M;)iepo, 1) is called a symmetric G-martingale.

It is shown in Theorem 6.2.5 in [41] that the G-expectation is an upper expectation, i.e. there exists a
weakly compact set of probability measures P C P(Q) such that

E[X] = sup EP[X], for each X € L&(Qr). (17)

Related to this set P we introduce the Choquet capacity defined by

c(A) := sup P(4), AeB(Qr). (18)
PeP

A set A C B(Q) is said to be (P)-polar, if ¢(A) = 0. We say that a property holds quasi-surely or for quasi
all w € Q if it holds outside a polar set.

Remark 2.18. An explicit construction of the set of probability measures P in (17) is provided in Chapter
6.2.2 in [41]. Let (2, F, P) be a probability space with a standard d-dimensional Brownian motion W =
(W¢)t>0 and denote by F the natural filtration of W. For a given © C S(d) as in (3), call A§ , the set of all
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©-valued F-adapted processes on [0,00). For each 6 € -Ao®,oo denote by P? the law of a stochastic integral
Jo 0sdW;. Next, define the sets

Pri={P":0cAf } and P =P,
where the closure is taken in the weak topology. In particular, P; is tight, P is weakly compact and

E[X] = sup EP[X] = sup EF[X], for each X € L5 (Qr).
pPeP PePy

3. Multi-dimensional fractional G-Brownian motion (G-fBm)

We now aim to define a multi-dimensional fractional Brownian motion in the framework of the G-
expectation. In the literature, a one-dimensional fractional Brownian motion under volatility uncertainty is
introduced the first time in [25] and [9]. We briefly discuss these two approaches.

In [9] a one-dimensional fractional G-Brownian motion B¥ = (BH);>o with Hurst index H € (0,1)
sublinear expectation space (Q,’H,I@J) is defined as a G-Gaussian process such that BY := 0 and for all
t,s > 0 it holds

A ey 1
E [BIBH] = 552 (27 4 21—t — 5P (19)
- ~ o~ 1
“E[-BIB]] = 5o® (7 + 52 — |t = 5", (20)
where o2 := —E[—(B)?] and 3 := E[(B}?)?]. This definition corresponds to a straightforward extension

of the definition of a classical fractional Brownian motion to the G-setting, but contains some mathematical
problems, as also pointed out in [25]. In particular, the definition of a G-Gaussian process in [9] is not in
line with the one introduced by Peng in [40], see Definition 2.8 and Remark 2.9. Furthermore, the moving
average representation of a fractional G-Brownian motion with respect to a two-sided G-Brownian motion
of Theorem 1 in [9] requires the existence of a two-sided G-Brownian motion B?sided .= (p2-sided), p oiven
by

2-sided ,__
psided

(21)

BM if t>o0,
B? it t<o,
where B = (B,gl))tzo and B? = (Bt(2))t20 are two independent G-Brownian motions, see Definition 9 in
[9]. To the best of our knowledge the definition of independent stochastic processes in the G-setting is very
delicate, as it is not mutual. By Definition 2.2 we have to distinguish if a random vector X is independent
of a random vector Y or if Y is independent of X. In general, the fact that X is independent of Y does
not imply that Y is independent of X, see e.g. Example 1.3.15 in [41] for a counterexample. This extends
to the following definition of distributional independence.

Definition 3.1. Let (X;);>0 and (Y:):>0 be two stochastic processes on a nonlinear expectation space
(Q,H,E). We say that (Y3)i>o is distributionally independent of (X,);>¢ if, for each t = (t1,...,t,) € T,
(Y, ..., Yy,) is independent of (X, , ..., X¢, ), where T is defined in (4).

One might interpret the independence of B(Y) = (Bt(l))tzo and B® = (Bt(Q))tZO in the sense that B()
is distributionally independent of B and vice versa, i.e. B® is distributionally independent of B().
However, this is not possible as we prove next.
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Lemma 3.2. Let (Q,H,]E) be a sublinear expectation space endowed with two one-dimensional G-Brownian
motions B® = (BM");5¢ and B® = (B*)y>q such that —E[—(BV)?] = —E[-(B?)?] = 02 # 52 =
I@[(Bg))Q] = I@[(B%Q))Q], Then it is not possible that BY) is distributionally independent of B and B®) is
distributionally independent of BW.

Proof. Let B(Y = (Bt(l))tzo and B®? = (Bt(2))t20 be two one-dimensional G-Brownian motions on the
sublinear expectation space (Q,H,]E). Assume now that B() is distributionally independent of B and
B® ig distributionally independent of B, Fix ¢t > 0. Then, by Definition 3.1 the random variable Bfl) is
independent of the random variable B]EQ) and Bt(2) is independent of Bt(l), both in the sense of Definition 2.2.
Moreover, Bgl) as well as Bt(z) are G-normally distributed. However, this is a contradiction to Theorem 15
in [26] which states that Bgl) and Bt(2) need to be maximally distributed in the sense of Definition 2.5,
whenever Bt(l) is independent of Bt(Q) as well as Bt(Z) is independent of Bt(l). ad

Remark 3.3. Lemma 3.2 is also in line with [39], which states that it is in general not possible to find
a system of coordinates under which the corresponding components B(i),i = 1,...,d, of a d-dimensional

G-Brownian motion B = (B(1), ..., B(d)) are mutually independent of each other.
A solution to this problem is provided in Definition 4 in [25].

Definition 3.4. Let H € (0,1). Then a continuous stochastic process (B}?);>o on a sublinear expectation
space (€2, ’H,I@) is called a one-dimensional fractional G-Brownian motion of Hurst index H, if

Bl =0, and for all ¢ > 0 it holds =) [—BtH] =F [B{{] = 0;

For all t, s > 0, equations (19) and (20) hold with 2 = —K [—Bf] and 7% = E [BH;
For each t,s > 0, Bg_s — Bfl and BtH are identically distributed.
lim o & [|BF|™] ¢ =0 for each m € N and m > 3.

Ll

The existence of such a process given in Definition 3.4 is proved in Theorem 2 in [25] choosing Q =
Co(R4,R) and H = Lip(€2). The authors also derive a representation theorem of a fractional G-Brownian
motion as an integral of a stochastic kernel and a volatility function with respect to a standard Brownian
motion. However, it is mentioned in [25] that the studied representation is not unique, as a classical fractional
Brownian motion can be represented in at least three different ways as an integral with respect to a standard
Brownian motion. Besides this, it is shown that the fractional G-Brownian motion in Definition 3.4 satisfies
properties such as self-similarity and long-range dependence, see [25] for more details.

Our goal is now to introduce a mathematically rigorous definition of a multi-dimensional fractional G-
Brownian motion. At first sight, this seems to be straightforward by extending Definition 3.4. However, some
further considerations are necessary for the multi-dimensional case. First, by Remark 3.3 the components
of a multi-dimensional G-Brownian motion are no any longer independent, in contrast to the ones of a
standard Brownian motion, as we can see by looking at the quadratic variation process of a d-dimensional
G-Brownian motion, see (13)-(16). Thus, the components of a multi-dimensional fractional G-Brownian
motion cannot be assumed to be independent, as in the classical case. Therefore, we need to take into
account the covariance structure of the components of a multi-dimensional fractional G-Brownian which
stems from the covariance structure of a multi-dimensional G-Brownian motion. In order to capture this
property we define a multi-dimensional fractional G-Brownian motion as an integral with respect to a
multi-dimensional G-Brownian motion, by generalizing the Volterra representation of a standard fractional
Brownian motion, see Proposition 2.5 of [35]. The choice for the Volterra representation is particularly
motivated as the representation with a two-sided Brownian motion yields several mathematical difficulties
as discussed before, see Lemma 3.2. Moreover, at the end of this section we show that Definition 3.5 of a
d-dimensional fractional G-Brownian motion is in line with Definition 3.4 introduced in [25], see Lemma 3.20.
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3.1. Definition of a multi-dimensional G-fBm and first properties

From now on, we set (2 := Co(R,,RY), for d € N, and H := Lip(Q). We equip Q with the Borel o-algebra
F = B(€Q). For these choices, it is indeed possible to construct a d-dimensional G-Brownian motion and
the G-expectation [ as shown in Section 2, along with the weakly compact set of probability measures P
satisfying (17). Then, let B = (B;);>0 be the canonical d-dimensional G-Brownian motion on (Q,H,E).

Definition 3.5. A d-dimensional fractional G-Brownian motion (G-fBm) of Hurst index H € (0,1) with
B (i) = (Bf(i));>0 for i = 1,...,d is defined as follows. For H € (0,3) U (3,1) we set '

B (i) := / Ky (t,s)dBs(i), (22)
0

where B = (B(i))i=1,....a with B(i) = (B(i))i>0 for i = 1,...,d is a d-dimensional G-Brownian motion.
Here, we set for t > s >0

H(2H -1 1
cH = T ( ) - for H > —, (23)
Jo (L —a)t=2Hp =54y 2

2H 1
dy = T S for H < -, (24)
(1—2H) [ (1 —z)"2HzH2dx 2
and
Kar(t. ) CHS%_Hf;(u—s)H_%uH_%du for H> 3 (25)
,8) == T
" dy (%)H : (t—s)H-=2 — (H-3) sa—H StuH*%(ufs)H*% du for H<31

N

For the Hurst index H = L, we define a fractional G-Brownian motion Bz = (B; )i>0 by

1
2
where B = (B;)¢>0 is a d-dimensional G-Brownian motion.

The integral in (22) has to be understood in the sense of equation (11). More specifically, we denote by
(€;)i=1....a the canonical vector basis of R%, i.e. e; = (€i(J))j=1,....a with e;(j) = 0;(j), where d; denotes the
Dirac delta for i. By (8) we have

By(i)=B%, t>0, i=1,...4d. (27)

Moreover, by (9) and (10) we get that B(i) is a one-dimensional G;-Brownian motion with

—_

Gi(@) i= Goer = 5 (FiaT —ala™), aeR? (28)
where

! Formula (22) has been given for a fractional Brownian motion in the classical setting in Theorem 5.2 of [34].
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= 02 o7 = Supvy;  and g2
K YEO

_2
0

2 —
=0, = ';relg) Yii- (29)

Here, © Q S(d) is given in (3) and Y= (7ij)i,j:1,...,d~

Remark 3.6. Note that for fixed t € [0, T] the G-1t6 integral in (22) is well-defined as K = (K g (t, 5))o<s<t €
MZ(0,T) for H € (0,3) U (3,1). This holds as Kp is deterministic and

T 3 T 3
||KH(t,s)||Mg;(01T) =|E /(KH(t,s))2d3 / (Ky(t,s) < 0,
0 0

for any 0 < s < t, see Proposition 5.1.3 in [36] and Proposition 2.5 in [35]. Thus, by Lemma 3.3.4 in [41],
B € LZ,(Q7) for every t € [0, T).

We now prove that the G-fBm introduced in Definition 3.5 satisfies componentwise equations (19)-(20).
This is a generalization of the well-known covariance property of a classical fBm in the G-setting.

Proposition 3.7. Let BY = (BH);>0 be a d-dimensional fractional G-Brownian motion of Hurst index
H € (0,1). Let i =1,....d. It holds Bt (i) = 0, and for each t >0

E [Bf(i)] = -E [-Bf (i)] = 0. (30)
Moreover, for s,t > 0 we have
E [BX(i)Bf(i)] = %@2 (7 + 27—t — s, (31)
E[-BY GBI = 5o? (P + 52— |t~ sP7) (32
where G2 and a? are given in (29).
Proof. Let i =1,...,d, 0 < s < tand H € (0,3) U (3,1). Equation (30) follows directly by page 60 in [41].

Moreover, we have

E [Bf ())B! (i)]

S

=k K (t,u)dBy (i) / K (s, u)dBy(i)
0 0

t s

I
=

s 0

Kp(t,u)dBy(i) + | Ku(t,u)dB,(i) K (s,u)dBy(i)
J / f

= ]E{ /KH(t,u)dBu(i) /SKH(s,u)dBu(i)
0 0
+ ( tKH(t,u)dBu(z’) /SKH(s,u)dBu(i) }

0



F. Biagini et al. / J. Math. Anal. Appl. 548 (2025) 129364 13

:E[ﬁ[(/fcmm )(/KHSU)dB())
(/KHtu)dB )(/KHsu)dB())

where we use Proposition 3.2.3(v) in [41] in (33). Call X! = (X!)p<s<: the process defined by

Q} } , (33)

X /KHtu)dB(), 0<s<t.

Note that the random variable X! (i) X (i) is Qs-measurable as Kp (s, u), Ky (t,u) are deterministic. There-
fore, by (33) we get
E [B/(5)BI (i)]

=E | X:(0)X2(0) +

(/ K (t,u)dB, (i ) (/ K (s,u)dBy(i )) Q” (34)

N ]
_E{Xt( VX 3(0) (/KH (s,u)dBy(i) ) E /KH(t,u)dBu(i) Q.
+ KH(s7u)dBu(i)) E {— [ Kg(t,u)dB, (i) Q] (35)
/ z |
= B [X1(6) X3 (0)] - (36)

Here, (34) follows by Remark 3.2.4 in [41]. Moreover, we use Proposition 3.2.3(iv) in [41] in (35) and
Proposition 3.3.6(iii) in [41] in (36). By applying G-1t6’s formula given by Theorem 3.6.3 in [41] it holds

XHi) X5 /X VK (t,u)dB, (i /Xt VK 11 (5,u)d B, (i)

+ / Kt (5, u) K (t, u)d(B(i))u. (37)

Thus, (36) together with (37) implies

E [B/(1)B](i)] =E /KH(Svu)KH(tau)d<B(i)>u] (38)
LO

S

/KH(s,u)KH(t,u)d(B(i)>u:|:2/Gi (K (s,u)Kg(t,u))du
0

I
=

S

/ Kua(s,u)K gt (6, u)d(B(i))u — 2 / i (K (s, u) K (¢, u)) du

Il
=
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+2 | Gi (Kg(s,u)Kg(t,u)) du
/

S

= Q/Gi (Kg(s,u)Kg(t,u))du (39)
0
/

Here and similarly in the following, the notation 42 fos G; (Kg(s,u)Kg(t,u)) du indicates that the term
2 [ Gi (Ku(s,u)Kg(t,u))du is added and subtracted simultaneously. In (38) we use Lemma 3.3.4 in [41]
together with the fact that for X, Y € LL(Q) such that E[X] = —E[-X] = 0, it holds E[X + Y] = E[Y].
Moreover, (39) follows as M = (M});>o defined by

N, = 0/ Mud(B(i))y — 2 0/ Gi(na)du, (41)

for t > 0 and n € M%(0,T;R), is a G-martingale with Mo = 0.
By doing the same calculations for —B BE it follows for 0 < s < ¢

B[-BI (B0 = & | [~ Kuts,u)Ku(t.0d(B),
0

S

_ Z/Gi(—KH(s,u)KH(t,u))du

S

By Proposition 5.1.3 in [36] and Proposition 2.5 in [35] it holds
/ 1
/KH(s,u)KH(t, u)du = 3 (P14 2 [t = 51 (43)
0

By putting together (40) and (42) with (43), equations (31) and (32) follow for
H e (07 %) U (%, 1). Let now H = % and 0 < t = s. Then it holds

t 2 t

B [B,(i)B,(i)) = E / dB.Gi)| | =E / d(B(0))u | = B[(B(i))] = 72,

0 0

where we use for the second equality the G-It6-isometry, see Proposition 3.4.5 in [41]. In the last equality
we apply Lemma 3.4.1 in [41].

By the definition of the quadratic variation process of a one-dimensional G-Brownian motion as (B(7)); :=
(B(3))? — 2 [ Bu(i)dB,(3), t > 0, we get that
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t

Bl-(B@)] = & [—(Btw v f Bua)dBua)] =B [-(B())]. (14
0

7

by Proposition 3.3.6(iii) in [41]. Together with Lemma 3.4.1 in [41], this implies that —& [—(Bu(i))?] = o?t.
We now consider 0 < s < t. Then we have

=

By (i) Bs (i)]
— B [Bi(i) By (i) — (Bs(0))* + (Bs(9)?]
— B [B,(i)(Bi(i) — Bs(i)) + (Bs(i))?]

= B [B [B,()(B(3) — By(i)) + (By(0))*19%] (45)
=B (£ [B,()(B(3) — Bs(0)]0] + (B.(0))?] (46)
= & [(B.(0) "B [Bi(0) — Bo()|] + (B,(0)) "B [—(B(0) — Bo(0))|] + (B4(0))’] (47)
=E [(Bs(1))?] (48)

Here, we use Proposition 3.2.3(v) in [41] in (45) and Remark 3.2.4 in [41] in (46). Moreover, (47) follows
by Proposition 3.2.3(iv) in [41]. Finally, we get (48) by Example 3.2.10 in [41]. By the same arguments it
follows

As the components of a G-Brownian motion are not independent, the components of a fractional G-
Brownian motion do not satisfy this property either.
Fori=1,...,d and i # j we define

a2y = sup(yii + 75 + 2%ij) — nf (vii + 755 — 2%ij), (49)
YEO V€O
and
o = —sup(vii + 5 — 2vi;) + inf (i + 755 + 27%i5), (50)
~YEO ~YEO
for ©® C S(d) as in (3).
Proposition 3.8. Let BY = (BH);>q be a d-dimensional fractional G-Brownian motion of Hurst index

H e (0,1). Leti,j=1,....d, i # j and s,t > 0. Then it holds for H € (O,%) U (%,1)
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E [BEG)BI ()] < < (B + 2 — |t — s|*) 52,

~E [-BEi)BI(j)] > S (27 + 7 — |t

S‘ZH) ol

| = 00|

For H = = we have

E [BE(i)B ()] = (s At) SUD %ig

B [-BIGBI )] = (s A1) nf 7 (51)
for given © C S(d) in (3).

Proof. Assume first H € (0, %) u (%, 1). By similar calculations as in the proof of Proposition 3.7 it follows
that

E [BE (i)B ()]

~

_E / K (s,u)Kp(t,u)d(B(i), B(j))u
0

:i /KH s,u) Ky (t,u)d(B%T*7), +/_KH(SaU)KH(t7U)d<Bei_ej>u : (52)
0

where we use (14). Note that B%*% is a one-dimensional Ge,{¢,-Brownian motion with

G, +e; (04)

= % (2G ((e; + ;) (e; +€;)T) o™ +2G (—(e; +ej)(e; +€;)") a™)

1
== <sup tr [(ei +e;)(e; + ej)T’y] a4 sup tr [f(ei +e;)(e; + ej)T’y] a)
2 ~yEO YEO

1 _
= (Sup(%z + 755 + 2%;)04 + Sup( Yii = Vjj — 2Vij) @ )

2

1 . _

3 sup (Vi + 755 + 27vij)e" — inf (vi; + 755 + 2745)a (53)
fyee 'yG@

and B® ™% is a one-dimensional Gei,e].—Brownian motion with

Gei_ej (Oé)

=- (2@ (( ej)(e; — ej)T)) at +2G (—(ei —ej)(e; — ej)T) of)

1 _
=_ (sup tr —e;)(e; — ej)T'y] a4 sup tr [f(ei —e;)(e; — ej)T'y] « >

2 ~yEO YEO

1 _

=3 (Sup Yii + V55 — 2vi5)at+ sup (=i — 755 + 27%i) @ )
€O YEO

1 . _

=3 (bup Yii + i — 2vig)at — inf (i + 55 — 2vi5)a ) : (54)
"/E@ 'yG@
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By using the sublinearity of E and combining (52)-(54) with similar calculations as in the proof of Propo-

sition 3.7 we get
E [BF (i)Bf ()]
1. s
- ik { / Kua(s, u)K gt (t, u)d(BE ), £ 2 / Gorvo, (K1 (s, u) K (2, 1)) du

S

+ —KH(S w) K (¢, u)d(B%~%), :I:Q/Ge,i_ej (—Kp(s,u)Kg(t,u))du
0

Gorvo, (Kpi(s,u) K (t, ) du—i—/Gel,eJ( K (s,u) K (t, u)) du
0

l\')l»—t

I
NG
A —
o\

up (Yii + 75 + 27i5) (K (s, u) K (t,u))* du
(fa Yii + 755 — 2v5) (—Kr(s,u)Kg(t,u))” du>

/1

Ne
1

— Z( up (vis + 755 + 275) K (s, u) K (t, u)du
o/

inf (v + 55 — 2%]')KH(57U)KH(t7U)dU> (55)
1 .
=5 (B 52—t — M) <sup(%z + 755 + 2vi5) — nf (i + 55 — 2%j)> ;
’Ye 76@

where (55) follows since Ky (t,s) > 0 for any ¢ > s > 0. Analogously, we have
BB (0B ()]
~ & _/KH(S, W) K, w)d(B(i), B()u

S

: / ~Ku (s, W) Kn (t, w)d(BT), +0/KH(s,u)KH(t,u)d<Bei—"f>u

_ 1

=~

] =

E {/—KH(S»U)KH(taU>d<Bei+ej>u + 2/Gez‘+ej (=Ku(s,u)Ky(t,u))du

S

—|—/KH(S,u)KH(t,u)d<Beife-”>u:I:Q/Gei_ej (K (s,u)Kg(t,u))du
0

IA

/ Gorvo, (—Kp1(s,u) K (8, 0)) du + / Goro, (K1 (s, u)K (2, u)) du
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S

1
= 4(/ inf (i + 755 + 2795) (—Ku(s,w) Kg(t,uv))du
YEO
0

S

+ / sup (Vi + V55 — 27i5) (Ku (s, u)Kg(t, u)) du)

YEO
)
1 .
=— (7 + 21 — |t — s]?H) (Sup(%z‘ + 755 — 27i5) — inf (i 4+ v55 + 2%7‘)) .
8 ~YEO YEO
Let now H = % In this case, our fractional G-Brownian motion boils down to a G-Brownian motion.

Consider 0 < s <t and fix 4,5 € {1,...,d}, i # j. We then have

— & |& B0 0o (56)
— & [(B10) & B0+ B[ + (820) & [5G £ G| (57)
=& [BIG) ((BE @)~ (BE ) )] (58)

where (56) and (57) come from points (v) and (iv) of Proposition 3.2.3 in [41], respectively, whereas (58) is
implied by Examples 3.2.4 and 3.2.8 in [41]. Moreover, (59) follows by equation (16).
Finally, equation (51) can be proved using similar arguments. O

We now prove that the components of a d-dimensional fractional G-Brownian motion are self-similar and
have stationary increments.

Proposition 3.9. The components of a d-dimensional fractional G-Brownian motion of Hurst index H €
(O7 %) U (%, 1) are self-similar, i.e. for alli=1,....,d, a > 0, it holds

a "BH(i) ~ BE(i) fort>o0.
For H = % a d-dimensional fractional G-Brownian motion is self-similar.

Proof. Let a > 0. By Remark 3.1.4 in [41] we know that (a*%Bét) = <a*%Bat) N is also a d-dimensional
>0 >0

G-Brownian motion and thus B2 is self-similar. Let now H € (0,2)U(3,1). We first show that

gy (1
Kp(at,u) = a3 Ky (t,a) (60)

for 0 <wu <t For H € (%, 1)7 this follows since
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u
= aHiéKH <t7 7) )
a

where we perform a change of variables with z := 2. With similar arguments we derive (60) also for
H € (0,3). By the definition of B (i) and equation (60) we get

at at
a~TBH (i) = a1 / Ku(at, u)dBa(i) = a= / Ko (1,4 dB.G).
0 0

Thus, by using that a=2 By (i) ~ By(i) for t > 0, it follows
a"BH(j))~ BE(i) fort>0. O
The next lemma is used to prove both Propositions 3.12 and 3.13.

Lemma 3.10. Let f : Ry — R such that

f2(s)ds < o0 (61)

St~

for all T > 0. Then fori=1,....d, T >0, it holds

[ 1080 ~ N (0,120 72 0) (62)
0
with o2 (t) := o? fo f2(s)ds and T3 (t) := &2 0tf2(s)ds.

Proof. Let f: Ry — R such that (61) holds. Then, for fixed T" > 0 it holds f € MZ(0,T) and the G-Itd
integral of f with respect to B(7) is well-defined. We first prove (62) for a simple process f € Mé’O(O,T).
To do so, for any fixed N € N let {¢g,...,tn} be a partition of [0, T], and

N—

,_n

T, 6,0(@)

j=0

<.

with f(j) := f(t;). Then by Definition 3.3.3 in [41]
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We now show via induction that for In(f) defined in (63) it holds
IN(f) ~ N (0, [cFa?,57aN]) (64)

with oV := Z;-V:_Ol<f(j))2(tj+1 —t;). For N = 1, we have By, (i) = Br(i) ~ N(0,[c?T,52T]) and thus

f(T)Br(i) ~ N(0, [a?(f(T))*T,52(f(T))*T]). We now assume that (64) holds for N =n — 1. By the in-
duction hypothesis we know that

S JG) By () = By () ~ A (0, [o3a™ 720" )) (65)
=0
with "1 := Z?;g(f(j))Q(th — tj). Moreover, it holds that
fn=1)(By,, (i) = By,_, (1)) ~ f(n = 1)\/tn — tn_1B1(3).

Note that by (65) we have

n—2
Z f(j)(Btg+1(Z) - Btj (Z)) ~V anilél(i)a
=0

where B(i) is a G-Brownian motion and Bj (i) is independent of By (i) as By, (i) — By, _, (i) is independent
of the vector (B, (i), Bt, (i) — By, (4), ..., Bt,_, (i) — Bt, _,(i)). Therefore, by Definition 2.6

f(n — 1)\/tn — tn—lBl (Z) + a”flél (Z)

~ o P =1)2 (= ta1) + D (F())2(tj41 — £5)Ba(i)

J=0

= Va" B (i),

which concludes the proof of the induction.

From now on we denote by 7% = {tI,t ..., t¥}, N € N, a sequence of partitions of [0, T] such that
limpy oo () = 0 with p(n®) defined in (12). By Lemma 3.3.4 in [41] the mapping I : Mg’2(0,T) —
LZ(Qr) in (63) can be continuously extended to I : MZ(0,T) — LZ(Qr). Moreover, by the definition of
the Lebesgue integral it is clear that

N-1 T

Jim a¥ = Jim STV -6 = [ Fods
j=0 0

with f¥ := f(tY). Thus, combining all the results the lemma follows. O

We close the section with the following results.

Lemma 3.11. Let BY = (BH);>0 be a d-dimensional fractional G-Brownian motion of Hurst index H €
(0,1). Then fori=1,....d and fixed t > 0

B (i) ~ N (0, [c3t*", 55t21])

In particular for t =1 and any H € (0,1) it holds BH (i)~B(i).
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Proof. Let H € (0,1) and fix ¢ > 0. Then by (43) we have

t
1
/(KH(t,u))zdu =5 (27 +127) = 27 < o0
0

and thus it follows by Lemma 3.10 that Bf (i) ~ N (0, [0?t27 ,52t2H]). O

The next proposition provides a useful connection between the G-expectation of a multi-dimensional
fractional G-Brownian motion and nonlinear PDEs.

Proposition 3.12. Let BY = (BtH)tzo be a d-dimensional fractional G-Brownian motion of Hurst index
He€(0,1) and firi=1,...,d, t > 0. Then for each ¢ € Cy1;p(R) the function

wi(t,7) == Elp(z +¢ T2 B i), (t,x) €[0,00) x R
is the unique viscosity solution of the following PDE

dyu— Gi(D?u) =0,  uli—o = ¢, (66)

where G; : R — R is defined in (28).
Proof. Fixt>0andi=1,...,d. Let H € (0, %) U (%, 1). By Lemma 3.11 we get
w(t,) = Elp(e + "2 B ()] = Elp(z + "t "B ()] = Elp(z + VIBI(2)),  (67)

where the second equality follows since B (i) ~ t BH (i) for t > 0 by Proposition 3.9.
Therefore, it follows by Example 2.2.14 in [41] that u; is the unique viscosity solution of the standard
Gi-heat equation in (66). Note that for H = £ the result follows by Theorem 3.1.3 in [41]. O

8.2. Increments of a multi-dimensional G-fBm

We now investigate some properties of the increments of the components of a d-dimensional fractional
G-Brownian motion. First of all we show the stationarity of the increments of each component.

Proposition 3.13. Let BH = (BH);>0 be a d-dimensional fractional G-Brownian motion of Hurst index

H e (0,1). ForHe (0,1)uU(3,1) andi=1,....d

Bl (i) = Bl (i) ~ B{'(i) fort>0, h>0.
For H = %, the process BY is a G-Brownian motion and has therefore stationary increments.

Proof. First, note that a one-dimensional fractional Brownian motion (Bf);>o on a standard probability
space (2, F, P) has stationary increments. In particular, Bt}j’rh — BtH has the same distribution as BtH for
every t,h > 0 under P. Let now H € (%, 1). Then, by the Volterra representation of a fractional Brownian
motion and since K (t,s) =0 for 0 < ¢ < s, we have

t+h h
B, - Bf = / Kp(t+h,s)dB, — /KH(h,s)dBS
0 0
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t+h
— [ (ult+h,5) = Ku(his)) dB., (68)
0
where (Bt)tzo denotes a standard Brownian motion. Therefore, applying Lemma 3.10 in the classical case
when 77 = 0? = 1, we get
B, — B ~N(0,g(t+h)) and B ~N(0,h(t))
with g(t + h) = Hh (Kp(t+ h,s) — Ky (h,s))*ds, h(t) = fo Ky (t,s))%ds and where N denotes the

standard normal dlstrlbutlon Thus, by the stationarity of the increments of a fractional Brownian motion,
it follows that

g(t+ h) = h(t). (69)

For the components of a d-dimensional fractional G-Brownian motion, by similar considerations as in (68)
and by Lemma 3.10 we get for ¢t = 1,...,d

B{iu(i) = By (i) ~ N (0, [afg(t + h),57g(t + h)])
and
By (i) ~ N (0, [g?h(t),57h(t)]) -
Thus, (69) implies that the components of a d-dimensional fractional G-Brownian motion have stationary

increments. Similar arguments can be used for H € (0, %) Moreover, for H = % the result follows directly
by the stationarity of the increments of a d-dimensional G-Brownian motion. O

Lemma 3.14. Fizi,j =1,...,d withi # j and 0 <w < s <r < u < t. Let B = (Bl');>¢ be a d-dimensional
fractional G-Brownian motion of Hurst index H € (0,%) U (,1). Then it holds

/KH v 0)dBy(j /KH 5, 0)dBy(j /KH (t, 0)dB (i /KH w, 0)dBy (i) | [0

G2 ((t— 8)2H — (u— ) — (t — )2 4 (u— r)QH)

and

Furthermore, it holds
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—E[—(/K (r,v)dB,(j /KHsv)dB )(/KHtv)dB /KHuv)dB()) Qw]

QZ' ((t _ $)2H _ ('I.L _ 8)2H _ (t _ ?")2H + (u _ 7‘)2H)

_E [_ ( / K r(r,v)dB, (i) - / KH<s7v>dBv<z'>) ( / K(t, 0)dB(i) - / KH<u,v>dBv<z'>)

w

_ QZ ((t _ 8)2H . (u . S)2H o (t o 7A)ZH + ('LL . 7”)2H)

—gf/(KH(r v) = Kp(s,0)) (Kna(t,0) — K (u,0)) do.
0

Proof. Consider first some general 7,j = 1,...,d. We have

(/KH (r,v)dB,(j /KH $,0)dBy(J ) (/KH (t,v)dB,(i) — /uKH(u,v)dBv(i))

w

@4
:IE[ {(/KH r0)dBy () — /K (5,0)dBy (j ) (/KH (t, v)dB, (i) — /TKH(u,v)dBU(i))

+ (/KH(T,U)dBv(j) —/SK (5,v)dB,(j ) (/KH (t,v)dBy(i /KH u,v)dB, ())

w

.

S

:1@[ /TKH<r,v>dBv<j>—/K (5,0)dB, (j )(/Kmv)cw /KHuv>dB<>)

w

+E (/KHrv)dB /KHsv)dB )(/KHtv)dB /KHuv)dB())

(70)
=k /KH(r,v)dBv(j) / (5,0)dBy( )/KH t,0) — K (u,v))dB, (i) Qu (71)
- B /KH(r,v)dBv(j) —/ (5,0)dBa( ) / (K (t,0) — Kz (u, 0))dBy (i) |2 (72)
=B | [ (Kutr.0) = Kuls0)dB,G) [ (Knlt.0) = Knlu,0) a0 Qw] 7 (73)

where (70) follows by Remark 3.2.4 in [41] whereas (72) comes from the fact that Ky(s,v) = 0 for any
0 < s <w, so that

/ K (s, 0)dB, (j) = 0.
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Moreover, (71) follows because from Proposition 3.2.3(iv) in [41] we get

{(/KHrv)dB /KHsv)dB )(/KHtv)dB /KHuv)dB()) Q]
(/KHrv)dB /KHsv)dB())+]E{/tK (t,v)dB,(i /KHuv)dB()

o
(/KHrv)dB /KHsv)dB()> [ /KHtv)dB /KHuv)dB()

:O,

d

Suppose now ¢ = j and set
F(v) := F"ob(v) := (Kg(r,v) — Ky (s,0) (Kg(t,v) — Kg(u,v)), v>0.

By (73) and the G-1td’s formula applied to the process

(Y7 (i) s, = ( / (K(r,v) — Kp(s,0)) dB,(j) / (K (t,v) - KH<u,v>>dBv<i>) ,

it holds

(/KH v, 0)dBy (i) — /K (5, 0)dB, (i ) (/KH (t, 0)dBy (i) /uKH(u,v)dBv(i))

w w

=k /F(v)d(B(i)) /G )) dv w] +2/G
_9 / Gi (F(v)) dv (74)
=377 / (Kg(r,v) — Kg(s,v)) (Kg(t,v) — Kg(u,v))dv (75)

w

r

:E?/(KH(’I",’U) — Kg(s,v)) (Kg(t,v) — Kg(u,v)) dv
0
_ 3 / (K (r,0) — Kt (5,0)) (K (t,0) — Ki(u,v)) do
0

:E%/KH(T,U)) (Kg(t,v) fKH(u,v))dva?/KH(s,v) (Kg(t,v) — Kg(u,v))dv
0

—53/(KH(7«,U) — Ku(s,0)) (K (t,v) — Ku(u,v)) dv
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_ 522 (t2H _ u2H _ (t _ T)2H + (U _ ’I“)QH _ (t2H _ u2H _ (t _ 8)2H 4 (u _ 8)2H))
-2 / (Kg(r,v) — Kg(s,v)) (Kg(t,v) — Kg(u,v))dv (76)
0
t

=2 ((t— 5P — (w—9) = (£ =) + (u—1r)*H)

Here (74) holds since (f; F(v)d -2[;G v) is a G;-martingale by Proposition 4.1.4 in
[41], and we get (75) since -

(Kg(r,v) — Kg(s,v)) (Kg(t,v) — Kg(u,v)) > 0.

Finally, (76) follows directly from (43).
Suppose now ¢ # j. In this case, using similar arguments as above, we have

[(/KHM)CZB /KHsv)dB )(/KHtv)dB /KHuv)dB())

= ilﬁ {/(KH(T,U) — Ku(s5,0)) (Kg(t,v) = Ki(u,0)) d{B(j) + B(i))v

w

:

£2 [ Guse, () = K (5,0)) (K (0) = Kir(u,0) do

T

" / — (Kn(rv) - Kn(s.0) (Kn(t,0) - Kn(u,v)) d(B() — B(),

9 / Gora, (— (K1) — Kra(5,0)) (Kt (8,0) — Ko (u,0))) do Qw]

l\Dlr—l

</Ge ve; (Ku(r,v) — Kg(s,v)) (Ku(t,v) — Kg(u,v))) dv

/ Gor—o, (= (K1) — Kra(5,0)) (Kt (£,0) — Kia(,0))) dv)

= i{/sgg Yii + v + 27vi5) (Ku(r,v) — Kg(s,v)) (Ku(t,v) — Ky (u,v)) dv

/ inf (i + 755 — 2vi5) (Ku(r,v) — Ku(s,v)) (Ku(t,v) — Kg(u,v)) dv}

%02 / (K (r0) — Kt (s,0)) (K (t,0) — Ki(u,v)) do

w
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séa;/KKH@w>—Kﬁ@&M(Kva»—KHWﬂ”d”
0

= %E?j /KH(T,’U) (KH(t,”U) — KH(U,’U))d’U — /KH(S,U) (KH(t,U) _ KH(U,U)) dv

0 0
:éﬁﬂﬂ“w”—u—mw+w—m”—QM_MH—u_wH+m_@”D
= %Egj ((t — 8)2H —(u— 8)2H —(t—r)?" 4 (u ’I")ZH)

With similar arguments the two remaining results of the lemma follow. 0O

The next results regard the correlation between two increments of a fractional G-Brownian motion. Their
proofs for H € (0, %) U (%, 1) follow directly from Lemma 3.14. When H = %, the results can be proved
using points (v) and (iv) of Proposition 3.2.3 in [41] together with Example 3.2.8 in [41], in a similar way

as in the proof of Proposition 3.8 for H = %

Corollary 3.15. Let BY = (BH);>o be a d-dimensional fractional G-Brownian motion of Hurst index H €
(0,1). Fiz 0 < s<r<u<tandi=1,..,d. Then for any H € (0,%)U(3,1) it holds

E[(B(i)) - BI (D) (Bf(i) = B (1)] =77 ((t = )* = (u— 8> — (¢ =r)*" + (u—r)*") (77)

u

—E [- (B (i) — BE (i) (Bf (i) — BE(i))] = o ((t — s)* — (u— )" — (t —r)* + (u—1)*") . (78)

u

o [(B? (i) — B2 (i) (BE (i) — B: 0)] =-E[- (Bﬁ (i) — B (i) (Bﬁ (i) — BZ @)]=0. (19

Corollary 3.16. Let BY = (BtH)tZO be a d-dimensional fractional G-Brownian motion of Hurst index H €
(0,1). Fizi,j=1,...,d withi # j and 0 < s <r <wu < t. Then for any H € (0,%) U (%,1) it holds

and
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Using (77) and (78), we now show that the components of a d-dimensional fractional G-Brownian motion
exhibit long-range dependence as the classical fractional Brownian motion for H € (%, 1), see Section 1.4 in
[6]. To do so, we introduce an autocovariance function in the G-expectation setting.

Definition 3.17. Let X = (X,,),en be a stationary process. Then we define the autocovariance function
p = (p;p) by

5(n) =B [(Xk - IE[XkD (Xk+n - I@[Xk+n]>] : (80)
p(n) = —E [_ (Xk - E[xk]) (Xk+n - ]E[Xm])} . (81)

We now generalize the definition of a long-memory process introduced in [5].

Definition 3.18. Let X = (X,,),en be a stationary process. Then X satisfies the property of long memory
if the autocovariance function p = (, p) in Definition 3.17 satisfies

If on the contrary

we say that X has a short memory.
The following proposition is a direct implication of (77) and (78).
Proposition 3.19. Let BY = (BH);>o be a d-dimensional fractional G-Brownian motion of Hurst index

H € (0,1). For anyi=1,...,d, the increments process X (i) = (X (i))ren with X (i) := B (i) — B2 (i),

k € N, has long memory for H € (%, 1), and short memory for H € (0, %]

Proof. Note that the increments of a fractional G-Brownian motion are stationary by Proposition 3.13.
Furthermore, we have

p(n) = B [(Xk(0) ~ BIX4(0)]) (Xisn () — E[Xppn(0)]) |
— B (B (i) = BiL1(9) (Bi, (i) = Bff—1(9))]
= & [Bf(i) (BE,, (i) — BE(1))]
1

252 ((n+ 1)2H 4 (n— 1)2H — 9n2H)) |
where the last equality follows directly from (77). In the same way, we get

p(n) = %gf ((n+1)2" 4 (n— 1)* —2p?H) .
The result then follows since for large n we have

((n+1)2" + (n— 12 —2p*") ~ H(2H — 1)n* 2. O

N =
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We now show that our approach coincides with the one of [25] in the one-dimensional case.

Lemma 3.20. Let BY = (B');>0 be a one-dimensional fractional G-Brownian motion of Hurst index H €
(0,1) given in Definition 3.5. Then, any continuous modification of B¥ is a one-dimensional fractional
G-Brownian motion in the sense of Definition 3./.

Proof. By Proposition 3.7 and Lemma 3.11 it follows that B satisfies the Points 1. and 2. in Definition 3.4.
Moreover, by Proposition 3.13 Point 3. follows. Finally, for m € N and m > 3 we have

E[|Bf|™] 2" =& [|B{'¢"|™] ¢ = E [|B{f|™] ¢~
=E [1B1]™] tHe=m) < ¢ 7= 0 for t — o, (82)
where we used Exercise 3.10.1 in [41] for the last inequality and again Lemma 3.11 for the last equal-

ity. This shows that in the one-dimensional case B is a fractional G-Brownian motion in the sense of
Definition 3.4. O

3.8. Sample paths properties of a multi-dimensional G-fBm

From now on, we denote the Euclidean norm by ||-||.

Proposition 3.21. Let B = (B});>¢ be a d-dimensional fractional G-Brownian motion of Hurst index
H € (0,1). Consider g € R™ such that ¢ > 2H. Then for any 0 < s < t it holds

B [IB — BEF] < Conlt - s)",

for a given constant Cy > 0. In particular, for any o < H, B admits a modification BH which has
quasi-surely Hélder continuous paths of order «.

Proof. Fix H € (0,1),0 < s <t and ¢ € RT such that ¢ > 2H. We have

d 2H
B (1B - BE|#] ~ & (Z(Bff (i) - B W)

=1

< Con(t—s)t, (86)

where (83), (84) and (85) follow by Proposition 3.13, Proposition 3.9 and from the results in the proof of
Proposition 3.12, respectively. Moreover, we get (86) by equation (4.1) of [22] using ¢ > 2H. O
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Lemma 3.22. Let BY = (BH);>0 be a d-dimensional fractional G-Brownian motion of Hurst index H €
(0,1). Let ¥ = {t',...,tN}, N € N, be a sequence of partitions of [0,t] such that the mesh size u(ml)
converges to 0 for N — oo. Then for p > % it holds

N-1
lim Z HB‘S,IVH - Bgvﬂp =0 in L' and capacity. (87)
=0

N—o00 4

Proof. It is enough to show that limy_, vazl B/ — B[P =0in L' as L'-convergence implies con-
i+1 i

vergence in capacity by Point (c), page 5 in [29]. It holds

~ N-1 » N-1 ) »
B\2 |8, -8 | < (|, - B[]
i=0 i—
N-1 .
<Cu ) |t -t (88)
i=0
N-1 N N pH—1
o Ny\PH-1 N 4N |ti+1_ti |
Ho1 e
< Cue ()™ > [N, — ]
i=0

<Cp-t- (,u(7rtN))pI{71 —0 for N — oo.
where we use Proposition 3.21 for p = 2H in (88). Moreover, the limit follows as pH —1 > 0. O
Remark 3.23.

1. Note that Lemma 3.22 is in line with the well-known result that for a “classical” fractional Brownian
motion B¥ it holds

N-1 B ~
lim > B — B|" =0
n—oo P i+1 i

for p > -, where the limit is understood in a L'-sense, see e.g. [24] and [43]. However, we cannot deduce
any result for p < % and p = % as this would be based on ergodic theory, which is yet not available in
the G-expectation framework and is beyond the scope of this paper.

2. As in Section 3.2 in [42], we define the quadratic variation of a one-dimensional fractional G-Brownian
motion B as the L!-limit in (87) for p = 2. Then it follows by Lemma 3.22 that for H € (3,1) the

quadratic variation process of a fractional G-Brownian motion equals 0.

The next result shows that a fractional G-Brownian motion has quasi-surely non-differentiable sample
paths.

Proposition 3.24. Let B = (BH);>o be a d-dimensional fractional G-Brownian motion of Hurst index
H € (0,1). Then,
Bf - Bf] )
—|| <00 | =0.

t—to - tO

c (lim sup ‘
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Proof. We define the sets

B (w)

S

AR (t) = { sup .

0<s<t

<},
For any (t,,)n>0 with t,, | 0 for n — oo it holds A (t,) € A# (t,.41). Thus

c(hm AH(tn)) — lim ¢ (A" (t,))

n—oo n—oo

and we now prove that lim,, .o ¢ (AH (tn)) = 0. We have

B
lim ¢ (A" (t,)) = lim c( sup 50 H < d)
n— 00 n—00 0<s<ty S
BH
o (0
n— oo tn
0 c (|| Baty ! < d) (89)
= hm c(HBlH <dt, M)
< lim exp 1 (tL=H )2 (90)
T n—oo 2 "
=0

M)

with a := &-. In (89) we use Proposition 3.9 and in (90) Lemma 3.6 in [46]. O
4. Stochastic calculus for a multi-dimensional G-fBm with H € (1,1)

In this section we introduce the definition of a stochastic integral with respect to a d-dimensional fractional
G-Brownian motion of Hurst index H € (1,1) by following the approach of [47].

4.1. Fractional calculus and deterministic differential equations

In order to define the generalized Lebesgue-Stieltjes integral as in [47] we introduce some notation about
fractional calculus. For a finite interval [a,b] C R and 1 < p < co we set

LP(a,b) :={f : [a,b] — R™ : f Borel measurable, ||f||5r([q,5) < 00},
where

14

b
T / f@)Pdz| |, 1<p< oo,

| £l o (a,py := ess sup{|f(z)| : z € [a,b]}.

For any 0 < A < 1 we define C*(0,T;R?) as the space of Holder continuous functions f : [0, T] — R? with
exponent A.
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Definition 4.1. Let f € L'(a,b) and a > 0. The left-sided fractional Riemann-Louiville integral of f of order
« is given for almost all = € (a, b) by

whereas the right-sided fractional Riemann-Louiville integral of f of order « is given for almost all x € (a,b)

by

where (—1)7® = e~ and I'(a) = [~ r* te "dr.

The class I$(LP(a,b)) contains all functions f that can be represented as f = I$, ¢ for ¢ € LP(a,b) and
I*(L*(a,b)) contains all functions f that can be represented as f = I¢ ¢ for ¢ € LP(a,b), respectively.
Moreover, for f € I, (L”(a,b)) (vespectively f € I (LP(a,b))) and 0 < o < 1 we introduce the Weyl
derivatives by

1
Dg+ (IE) = P(l — CY) /f — a+1 l(a,b)(‘r)a

Dy f(a) = FE[”Z) / Py ) 1 (o),

respectively, where the convergence of the integral holds pointwise for almost all « € (a,b) for p =1 and in
L*(a,b) for p > 1.
For a function f : [a,b] — R we use the notation

flut) := %iﬁ)l flu+46) and f(u—):= laiﬁ} flu—9) for a <u <b, (91)
and

Jar (@) = (f(2) = flat)lapy(x) and  fo(2) = (f(2) = [(b=))Lap (), (92)
where we assume that the limits in (91) and (92) exist and are finite.

Definition 4.2. Let f,g : [a,b] — R such that f(a+),g(a+),g(b—) exist, and fo4 € I$, (LP([a,b))), go— €
I;;a(Lq([a, b)) for some p,q > 1 with % + % <1land 0 <a < 1. Then the generalized fractional Lebesgue-
Stieltjes integral is defined by

b

/ f(z)dg(x / D2, fur ()DL gy_(2)dx + f(a+)(g(b—) — glat)). (93)

a

Remark 4.3. For f € C*([a,b]),g € C*([a,b]) with p+ A > 1, the conditions in Definition 4.2 are satisfied
and we can choose p = ¢ = co and a < A,1 —a < p. The integral of ff f(z)dg(z) in (93) coincides then
with the Riemann-Stieltjes integral of f with respect to g.
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For 0 < o < 1/2 we denote by W}~ “>(0,T) the space of measurable functions g : [0,7] — R such that

t) — _
lglli-ac0r = sup ol ?ES)‘ +/ I gssﬂdy < o0,
0<s<t<T t—s)l-a (y —s)2—@

In particular, it holds
C1=o%e(0,T) € W “>°(0,T) € C'=%(0,T), Ve > 0. (94)

For 0 < a < 3, W (0, T) is defined as the space of measurable functions f on [0, 7] such that

£l : /'f ds +//'f L i < o.

Note that the restriction of g € W7~ “°(0,T) to (0,t) belongs to I}~ (L>(0,t)) for all t € [0,T] and
the restriction of f € Woa"l((),T) to (0,¢) belongs to I§, (L'(0,t)) for all t € [0, T]. Furthermore, for any
fe W (0,T) and g € Wz (0, T), the integral fg fdg exists for all ¢ € [0,T] and

t T
/ fdg = / 0. dg.
0 0

For 0 < a < 3 we denote by W;">°(0,T; R?) the space of all measurable functions f : [0, 7] — R? such that

£ ()
= sup f@O)+ / < 00.
> te[0,7] ol - O‘H

Assumption 4.4. Fix m € N. For i = 1,...,d and j = 1,....,m let o®7, b : ([0,T] x R, B([0,T] x R)) — (R,
B(R)) be measurable functions. Given o : [0,7] x RY — R¥>*™ and b : [0,7] x R — R? by o(t,z) :=
(ot (t’x))izl,...,d;jzl,.“,m and b(t,x) := (b'(t,x))i=1, .. 4, We assume that

1. o(t,x) is differentiable in z, there exist some constants 0 < 3,6 < 1, and for every N > 0 there exists
Mpy > 0 such that the following properties hold for each i =1,...,d
(a) o is Lipschitz continuous in space, i.e. for all z € R9 ¢ € [0,T] it holds
lo(t,z) —o(t,y)ll < Mollz — yll;

(b) o is local Holder continuous in space, i.e. for all ||z, ||y|]| < N,t € [0, T}, it holds

10z, 0(t, 2) = By, o (t,y)|| < Mu ||z -yl
(c) o is Hélder continuous in time, i.e. for all z € R% ¢, s € [0,7] it holds

lo(t, @) = o (s, )| + [|0s,0(t, ) — O 0 (s, 2)|| < Molt — s|”.

2. There exists by € L (0,T;R%), where p > 2, and for every N > 0 there exists Ly > 0 such that the
following properties hold
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(a) b is local Lipschitz continuous in space, i.e. for all ||z]|, |ly|| < N,t € [0,T] it holds
16, ) = b(t, y)|| < Lvlle = ylf;
(b) b is bounded, i.e. for all x € R% ¢ € [0,T] it holds
162, )| < Lol|| + bo(t)-

Here we use the notation

N

d % d m
Iyl == (Z |in2> and || A]l := ZZ\G 7
=1 i=1 j=1

fory € RYand A = (a™);=1, _gj=1...m € R™.
We now state Theorem 5.1 in [37].

Theorem 4.5. Let 0 < o < 5 be fived. Let g € VV1 “°(0,T;R™). Consider the deterministic differential
equation on R¢

t m
xi:xé—l—/bi(s,xs)ds—l—Z/a (s,x5)dg?, te€[0,T], (95)

0 i=17%
i=1,...,d, where zo € R%, and the coefficients o9 ,b' : [0, T] x RY — R are measurable functions satisfying

Assumption ./, respectively with p = é, 0< B, <1 and

O<a<a0:min{ ’B’lié}

Then, equation (95) has a unique solution x € W (0, T;R?), which is (1 — a)-Hélder continuous.

4.2. Stochastic integrals with respect to a multi-dimensional G-fBm with H € (,1)

From now on we fix H € (3,1) and T > 0. We denote by L°(Q,F,P;Wg">(0,T)) the space
of functions X on (Q2,F) such that X € W;"*(0,7) quasi surely. Analogously, we define the space
Lo (Q,F,P;Wﬁ’l(O,T)). Here, F = B(Q2) and P are given in (17). From now on, we will call the ele-
ments of the spaces above stochastic processes with a small abuse of terminology. With a similar notation,
L*> (Q, F,P;RY) is the space of functions X : (€, F) — R? such that || X (w)|z~ < oo for quasi every w.

First note that by Proposition 3.21 a d-dimensional fractional G-Brownian motion B is quasi-surely
Hélder continuous for any § < H. Thus, by (94) it follows that quasi-surely for any 7' > 0 the trajectories
of BH belong to W, **°(0,T) for 1 — H < a < 1. From now on, we fix o € (1 - H, 1).

Definition 4.6. Let BY = (Bff);c(0r) be a d-dimensional fractional G-Brownian motion of Hurst index
H e (%, 1). Let u = (u¢)iejo,r) € Lo (Q,f,P, Wi 1(O,T)). Then we define the pathwise integral

t
/usdBSH, t €0,T] (96)
0
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in the sense of Definition 4.2.

We now provide an inequality for the pathwise increments of a fractional G-Brownian motion, which is
a generalization of Lemma 7.4 in [37].

Lemma 4.7. Let BH = (Bfl)te[o,ﬂ be a d-dimensional fractional G-Brownian motion of Hurst index H €
(%, 1). Then for every 0 < e < H and T > 0 there ezists a positive one-dimensional random variable ne g
with

E [|n-,m,7["] < 00
for all p € [1,00) and such that for all s,t € [0,T] it holds

1B = B < nemrlt —s|"7° g

Proof. By Lemma 7.3 in [37] and since BY has quasi-surely continuous paths, it holds quasi-surely for
s,t €[0,T]

Ir — | pep

IBf = BI|| < Crclt — | ~5¢ (97)
with
T T i g2 3
¢ = //” 1 (98)
|r — v
0 0
Fix ¢ > 2/e. Then we get
T BH BH = %
|§| //| I* drdv
=]
00
1 BH BH = L;
= sup E¥ //H I* drdv (99)
PeP - Ir — o] %
T T ge = B
|BH (w) — BEw)[|?) ~ "
< sup// / | ( ) dP(w) drdv (100)
P |rfv|
T T . % ¥
<| [ [ s | [ (1B - BIw]) " apw)|  drdo (101)
00 Q

I
)

T T =
1 . ie
—\ [ [ (BB - B @) " drdo
|r —v| ™=
0 0
T T 1 %
< //| = (CE’H|T—’U‘qH>Ed’I“dU (102)
r—v| e
0 0
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ae
T T 2
//drdv
0 0
< CouT?, (103)

where we use in (99) the representation of the G-expectation in (17). Inequality (100) follows by the
Minkowski inequality. The inequality in (101) follows since sup pep EF <||B,{{ (w) — BE(w)||= ) ] is mea-
surable. Moreover, Proposition 3.21 yields (102). By setting

ne,T,H - CE,H&

the result follows by (97) and (103). O

Lemma 4.8. Let BY = (BtH)te[o,T] be a fractional G-Brownian motion of Hurst index H € (%, 1) and
u = (ut)iepo,1) € Lo (97]:773; W;f’l(O, T)) Then, the pathwise integral defined in (96) satisfies

T
/usdBéH < Glullas  quasi-surely, (104)
0

where G is defined by

~ 1 l-apH
G:= T a) gL |(D{ZB{) ()], (105)

and has finite moments of all orders for p € [1,00). If u € L% (Q,F,P;Ws"°(0,T)), then the integral
(fg UsstH)ogth is Holder continuous of order 1 — a quasi-surely.

Proof. Following the same steps of the proof of Lemma 7.5 in [37], it can be seen that Lemma 4.7 implies
that, if 1 — H < o < %, then

E| sup |D{Z*Bf ()| <0 (106)
0<s<t<T

for all T > 0 and p € [1,00). In particular, (106) implies that the random variable G defined in (105) has
moments of all orders for p € [1,00). Thus, the inequality in (104) follows by equation (4.10) in [37]. The
Holder continuity of the integral (f(;s usdB!)o<i<r for uw € L0 (Q, F, P; W5"°°(0,T)) is a consequence of by
Proposition 4.1 in [37]. O

Theorem 4.9. Let BY = (B] )te ,7) be a d-dimensional fractional G-Brownian motion of Hurst index
H € (3,1) defined on (2, F, 73) We consider

t

:X8+§:/0 X,)dBH(j )+/bi (s, Xs)ds, t€]0,T], (107)

j=1 0
i=1,...,d, where Xg : (0, F) — (R% B(RY)) is a measurable function. Here we assume that

ot b Q% [0,T] xRI=R, i=1,..d, j=1,..,m
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are such that for quasi all w € Q, the functions 0¥ : [0,T] x RY — R¥X™ and ¥ : [0,T] x RY — R4
defined by o®(t,x) = (am(w,t,x))i:L_wd;j:l ,,,, "
satisfy points 1. and 2. of Assumption 4.j for 5 > 1 — H,0 > % — 1, where the constants My, Ly, Ko
and the function by may depend on w. If a € (1 — H,ag) and p > 1/, there exists a unique solution
X eI? (Q,f,P;W(?’OO (O,T;Rd)) of the stochastic differential equation (107). Moreover, for quasi all
we N

and b (t,z) := (b'(w,t,x))i=1. .4 are measurable and

X(w,) = (X(w,)(0);ey, 4 € C* (0,T;RY).

4.3. Pathwise It6’s formula for a one-dimensional G-fBm with H € (%, 1)

Next, we present an It6 formula for a fractional G-Brownian motion for H > % involving the integral

introduced in (96). This is an extension of the main result of [44] to the G-setting under an additional
assumption on the function f.

Proposition 4.10. Let B = (BtH)te[O,T] be a one-dimensional fractional G-Brownian motion of Hurst index
He (3,1).

1. Let f € C?(R) with bounded second derivative and fix t € [0,T]. Then it holds
t
3 3
F(BH - f(BIHaB! (108)
0

where the integral with respect to BY is given according to Definition /.6.
2. Let f € CY2(]0,T] x R) such that %f is bounded and ft ‘af (s, BH) )ds < 0o quasi-surely for any
te [0,T]. Then for any t € [0,T] it holds
t t

0 0
(6B = 10,0+ [ Sft B+ [

0 0

- f(u, BdBY. (109)

Here %f and %f denote the partial derivatives of f with respect to t and x, respectively, and aaTZf the
second partial derivative of f with respect to x.

Proof. We start by proving Point 1. Let ¥ = {tJ',...,tN¥}, N € N, be a sequence of partitions of [0,¢] such
that the mesh size u(7}Y) defined in (12) converges to O for N — co. By applying Taylor’s theorem we get

N-1
=) _[(B& ) - F(B)

=0

Nl N-1 By

1, ) N
— %f(Bg\_’*_l) (Bg\_fH - BtI{{\z) + 4 / ?f(u)(Bg\; — u)du

=0 lZOBtN

it1

N-1 9

<Y 5 fBE ) (Bl - Bi)+ 5 sw W ‘Z Bt - B (10)

w€e[0,t]
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By Lemma 3.22 we have that

. H . .
ngnoo Z ‘B = 0 in capacity, (111)

and since 88—;2 f is bounded by assumption this implies that the second term in (110) also converges to 0 in

capacity. We now focus on the first integral. First, we prove that 2 f (BH) € L° (Q, F, Py Wk o, T)) ie.
that for quasi-all w € Q it holds

| (B ) .
- U, ] 1T Bl By ey
d 53
We have
/T’a%f(fwds < s aif (B! (w) ‘/Tslads < oo for quasi-all w € Q (113)
J i

since a < 1, f € C?(R) and B¥ has quasi-surely continuous paths. Moreover,

/ / 30 (B @) = 50 (B, o

_ / |2 f (BI () — & f (B (@))] |BY () - Byl ()]

T
dyd
/ |BH (w) — BH (w)| —ypet T
00
T s H H
<//‘8_2f(z ) B () ~ By (w)’dyds for z, € [ inf B,(w), sup B,(w)] (114)
> 2 w (S_y)a+1 « re(s,y) " ,re[s,y] "
0 0
[ [ 1B W) - B W)
< s Yy 11
_C// (s —y)ott s e
0 0
< oo for quasi-all w € Q, (116)

where (114) is implied by the Mean Value Theorem, and (115) follows from the assumption that 68722 fis
bounded. Finally, we get (116) since the trajectories of B belong to Wz~ (0, T) and o < 1. From (113)

and (116) we conclude that (112) holds for quasi-all w € ), so that a%f (BA) e L° (Q,f,P; w0, T))
By Definition 4.6 we obtain that

t
7] . 0
/5_ dBH - nh_{?go z; ox f(B 7,+1) (Bg\jrl _Bgv) ’
0

as pathwise limit by Remark 4.3. The proof of Point 2. follows similarly. O
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Remark 4.11. The boundedness assumption for the second derivative on f is necessary, as the standard
techniques used in the classical case as in [32] cannot be applied in the sublinear G-setting. For example,
the G-expectation does not satisfy the “monotone continuity criteria”, see [29] for more details on this. Note
that it is also not possible to prove Proposition 4.10 as in Theorem 8.3.4 of [41], where an Ité formula is
extended from functions with bounded derivative to C2-functions by using stopping time arguments and
passing to the limit. The problem is that stopping times are very delicate in the G-setting, and the available
results are not applicable in our setting as the B is not a G-Itd process.

We now want to apply the definition of the pathwise integral (96) and the associated It6 formula (108)
to discuss the existence of pathwise arbitrage opportunities in a financial market driven by a fractional
G-Brownian motion of Hurst index H € (3,1).

In the classical case with no volatility uncertainty, this question has been studied in several works, see e.g.
[43], [12] and [44]: the existence of arbitrage strategies, according to the well-known fundamental theorem
of asset pricing in [13], results from the fact that a fractional Brownian motion of Hurst index H € (3,1) is
not a semimartingale. Later on, the so-called Wick-1t6 integral with respect to a fractional Brownian motion
for H € (3,1) has been introduced in [27] and extended for H € (0,1) in [20]. Based on this calculus, it
can be shown that there does not exist any Wick-self-financing arbitrage in financial markets driven by
a fractional Brownian motion. However, the definition of a Wick-self-financing strategy lacks a convincing
economic interpretation. For alternative considerations about arbitrage in fractal models, we refer to [3],
(4], 7], [15], [16], [23].

In the G-expectation setting, the definition of arbitrage has been introduced in [45]. The next example
combines the definition of an arbitrage under volatility uncertainty with the one of a pathwise arbitrage
and proves the existence of arbitrage strategies in fractal models under volatility uncertainty for H € (%, 1).
This can be seen as an extension under volatility uncertainty of the example provided in Section 2 of [44],
where the existence of arbitrage opportunities is shown for a fractal Bachelier model.

Example 4.12. Consider a financial market consisting of a risk-free asset S° = (S )telo, 1) defined by SY = ert
for r > 0 and of a risky asset S' = (5} )sej0,r) With S} := So + put + B}, where € R and B is a one-
dimensional fractional G-Brownian motion of Hurst index H € (3,1).

Define the wealth process V¢ = (Vt‘f)te[oﬂ associated to an F-adapted process ¢ = (£0,¢1) =
(&2,&8)tefo,m), interpreted as the trading strategy, by

VE =S +¢18), te0,T.

In particular, £ is called pathwise admissible if it is pathwise self-financing, i.e.

= Vi + / €9dS0 + / €Lds)
=Vi+ /§Osordu+/£ (ndu+ dBE), (117)

where the integral in (117) is defined in the sense of Definition 4.6 for suitable processes ¢, and if V¢ is
lower bounded. By Remark 2.18, it is possible to construct a set of probability measures P associated to
the uncertainty set © in (3). A pathwise admissible trading strategy is an arbitrage with respect to P if the
associated wealth process V¢ satisfies

1. VE=0;
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2. V:,§ > 0 quasi-surely;
3. there exists P € P in (17) such that P(V5 > 0) > 0.

This definition is in line with the definition of an arbitrage under volatility uncertainty introduced in [45].
From now on, we assume by simplicity that »r = 0, Sop = 1 and g = 0. We fix two constants ¢, & with
0<c<1<7 andlet © :=[02,57]. We then claim that the trading strategy

&= (—(Bf)’ —2B/2Bf), te0,T], (118)
is an arbitrage strategy with respect to the set P associated to ©. First note that
VE = —(Bf)? —2BF +2BF(1+BF) = (BF)?, 0<t<T,

which is bounded from below by 0. Additionally, by applying Proposition 4.10 for f(x) = 22 we get

t t
vi= [aplian =i+ [ clasl
0 0

i.e. € is pathwise self-financing and therefore pathwise admissible. Obviously, VOg = 0 and Vf > 0 quasi-
surely. Moreover, again according to Remark 2.18, the set P includes the law P! of a standard d-dimensional
Brownian motion W. By [44] it follows that Pl(Vjé > 0) > 0. Therefore,  as in (118) is an arbitrage
opportunity with respect to P.
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