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In this paper we introduce a definition of a multi-dimensional fractional Brownian 
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calculus with respect to a multi-dimensional G-fBm for a Hurst index H ∈ ( 1

2 , 1).
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1. Introduction

The modeling of randomness through a possibly multi-dimensional Brownian motion has been encoun
tering in the last decades significant challenges from two distinct perspectives when coming to financial 
applications. On the one side, various irregularities which are observed in the trajectories of time series of 
asset prices are not adequately described by a classical Brownian motion. On the other side, modelization 
needs to take into account the risk connected to the choice of one particular probability measure.

The main goal of our work is to address both issues by defining a multi-dimensional fractional Brownian 
motion in the so called G-setting introduced by Peng in [41], which addresses volatility uncertainty and 
ambiguity aversion of traders in a framework with multiple, possibly non-dominated, probability measures.

Fractional Brownian motion (fBm), introduced in 1940 by Kolmogorov for modeling turbulence in liquids 
in [30], has been used in [21] to account for the volatility roughness, or irregularity, empirically observed 
in high-frequency data. The fractional Brownian motion also describes further behaviors observed in time 
series, like long-range dependence, non-stationarity and self-similarity, which cannot be explained within a 
pure Brownian motion framework. Several contributions in the last years have then proposed to ``roughen'' 
classic Markovian stochastic volatility models such as Hull-White, Heston and SABR by replacing the 
Gaussian driver of the volatility process by a fractional one, see for example [18], [17] and [19].
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The fractional Brownian motion is a class of processes indicized by the so called Hurst index H ∈
(0, 1), describing its roughness. Apart from the case H = 1

2 , when it boils down to the classical Brownian 
motion, the fractional Brownian motion is not a semimartingale, which makes it particularly challenging 
to mathematically deal with it. For an overview about fractional Brownian motion and its properties and 
applications we refer to [35] and [6].

Model uncertainty, i.e. the fact that some features of the stochastic processes under investigation can 
be determined only up to a certain degree of precision, has also gained more importance over the last 
years. A stream of literature covers the case of uncertainty about the drift, see e.g. [8], [10], [2], [11]. On 
the other hand, further approaches focus on volatility uncertainty, see among others [1], [31], [38], [33]. 
Under this framework, the set of probability measures is in general non-dominated, which makes things 
more difficult. In particular, the G-Brownian motion calculus has been introduced by Shige Peng, see e.g. 
[41], to account for volatility uncertainty. In this framework, the expectation operator is not linear but only 
sublinear, and fundamental distinctions from the classical setting arise: for example, the quadratic variation 
of a G-Brownian motion is not deterministic as under a single prior, but rather a stochastic process. Due 
to these profound differences, it is not straightforward to extend existing concepts and definitions under 
volatility uncertainty. However, several standard results of classical stochastic analysis have been carried to 
the G-setting: examples include a G-Itô formula, a martingale representation theorem, and the existence 
and uniqueness of the solution to a G-Stochastic Differential Equation (G-SDE). On the level of stochastic 
processes, a major achievement was the definition of a G-Lévy process with independent and stationary 
increments and jumps in the G-setting, see [28].

It is then a natural question how to introduce a fractional Brownian motion under volatility uncertainty. A 
first attempt in this direction is provided in [25] and [9] for defining a one-dimensional fractional Brownian 
motion under volatility uncertainty. The approach in [9] directly transfers the definition of a fractional 
Brownian motion as a centered Gaussian process with a given covariance function into the G-setting. 
However, this gives rise to several problems, as also highlighted in [25]. Notably, the definition of a G
Gaussian process in [9] diverges from the one introduced by Peng in [40]. Furthermore, the proof of the 
existence of such a fractional G-Brownian motion relies on a two-sided G-Brownian motion, whose existence 
is not clear. For a detailed discussion on these problems, we refer to Section 3.

These issues have been overcome by the definition of a one-dimensional fractional G-Brownian motion in 
[25]. Here, a fractional G-Brownian motion is introduced as reported in Definition 3.4. The authors prove 
the existence of a process satisfying this definition and establish a representation theorem by expressing it 
as an integral of a stochastic kernel and a volatility function with respect to a standard Brownian motion. 
Additionally, it is shown that the fractional G-Brownian motion exhibits properties such as self-similarity 
and long-range dependence, among others.

In this paper we study the problem of providing a well-posed definition of a fractional G-Brownian motion 
in higher dimensions. Extending Definition 3.4 to the multi-dimensional case is a priori not possible. First, 
the components of a multi-dimensional G-Brownian motion are not independent, differently from those of a 
standard Brownian motion. This is clear by looking at the quadratic variation process of a d-dimensional G
Brownian motion, as the off-diagonal elements are stochastic processes different from zero. For this reason, 
one needs to account for the covariance structure inherent to the multi-dimensional fractional G-Brownian 
motion, originating from the covariance structure of a multi-dimensional G-Brownian motion.

Furthermore, we need to avoid to rely on a two-sided G-Brownian motion, which introduces several 
mathematical difficulties as explained before. To this purpose, in Definition 3.5 we introduce a multi
dimensional fractional G-Brownian motion (G-fBm) as an integral with respect to a multi-dimensional 
G-Brownian motion, generalizing the Volterra representation of a standard fractional Brownian motion of 
Proposition 2.5 in [35]. We show that for d = 1 our definition of a fractional G-Brownian motion also 
adheres to the characterizations of Definition 3.4. We study several properties of the multi-dimensional 
fractional G-Brownian motion such as its covariance function, self-similarity and the distribution of the 
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random variables BH
t (i) for t ≥ 0, H ∈ (0, 1) and i = 1, ..., d. Furthermore, we prove componentwise 

properties of the increments of our process, such as stationarity and the behavior of the product of the 
increments from two different components. Additionally, we analyze the long and short memory property 
of a multi-dimensional fractional G-Brownian motion. We also focus on the paths properties of the process, 
which are crucial for modeling financial time series data. Among others, we show that a multi-dimensional 
fractional G-Brownian motion of Hurst index H ∈ (0, 1) admits a modfication with Hölder continuous paths 
of order α < H and is nowhere differentiable, quasi-surely. Most of these properties are generalizations of 
the classical ones under volatility uncertainty. However, the proofs are more involved, as we can no longer 
rely on the Gaussian property but need to come up with other techniques.

For applications, it is crucial to introduce stochastic calculus with respect to a fractional G-Brownian 
motion. In the classical case of a fractional Brownian motion there are several different ways of defining 
an integral with respect to a fractional Brownian motion, as it is not possible to use the Itô integral. All 
these different approaches can be classfied in two methods. The first method is a pathwise construction 
of the integral, relying on the paths properties of the fractional Brownian motion, see e.g. [47] and [37]. 
The second method is based on Wick products or Malliavin calculus, see e.g. [27] or [14]. Here, we refer 
only to the first works in these areas and stress that the two approaches have been extensively developed 
further into different directions, see [6] and [32]. Here, we follow the method of [37] to introduce a pathwise 
stochastic integral with respect to a fractional G-Brownian motion of Hurst index H ∈ (1

2 , 1). The definition 
allows us to derive an existence result for a pathwise differential equation driven by a fractional G-Brownian 
motion, which is the first result in the literature studying such equations. We prove a pathwise Itô’s formula 
for a fractional G-Brownian motion of Hurst index H ∈ (1

2 , 1). We conclude the manuscript illustrating an 
application of this result by analyzing the existence of arbitrages in fractal financial markets under volatility 
uncertainty.

The paper is organized as follows. In Section 2 we provide an overview about the G-expectation frame
work. In Section 3 we introduce our definition of a multi-dimensional fractional G-Brownian motion and 
study its properties. The paper is concluded by deriving a pathwise stochastic integration for a fractional 
G-Brownian motion of Hurst index H ∈ (0, 1

2) in Section 4.

2. G-setting

We now recall the basic concepts for the G-setting based on [41].

Definition 2.1. Let Ω be a given set and let H be a vector lattice of R-valued functions dfined on Ω such 
that c ∈ H for all constants c, and |X| ∈ H, if X ∈ H. H is considered as the space of random variables. A 
sublinear expectation E on H is a functional E : H → R satisfying the following properties: for all X,Y ∈ H, 
we have

1. Monotonicity: If X ≥ Y then E[X] ≥ E[Y ];
2. Constant preserving: E[c] = c ∀c ∈ R;
3. Subadditivity: E[X + Y ] ≤ E[X] + E[Y ];
4. Positive homogeneity: E[λX] = λE[X], ∀λ > 0.

The triple (Ω,H,E) is called a sublinear expectation space. If only 1. and 2. are satified, E is called a 
nonlinear expectation and the triple (Ω,H,E) is called a nonlinear expectation space.

Fix d ∈ N. Let H be a space of random variables such that if Xi ∈ H, i = 1, ..., d, then

ϕ(X1, ..., Xd) ∈ H, for all ϕ ∈ Cl,lip(Rd),
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where Cl,lip(Rd) denotes the linear space of R-valued functions satisfying for each x, y ∈ Rd,

|ϕ(x) − ϕ(y)| ≤ Cϕ(1 + |x|m + |y|m)|x− y|, (1)

for some Cϕ > 0,m ∈ N depending on ϕ. In this case, X = (X1, ..., Xd) is called a d-dimensional random 
vector, denoted by X ∈ Hd.

We now introduce a G-Brownian motion by giving the following definitions.

Definition 2.2. In a sublinear expectation space (Ω,H,E), a random vector Y ∈ Hd is said to be independent
of another random vector X ∈ Hm for m ∈ N under E[·] if for each test function ϕ ∈ Cl,lip(Rd+m) we have

E[ϕ(X,Y )] = E [E[ϕ(x, Y )]|x=X ] .

Definition 2.3. Let X and Y be two d-dimensional random vectors dfined on sublinear expectation spaces 
(Ω1,H1,E1) and (Ω2,H2,E2), respectively. They are called identically distributed if

E1[ϕ(X)] = E2[ϕ(Y )] for all ϕ ∈ Cl,lip(Rd).

In this case, we write X ∼ Y .

Definition 2.4. Let X and Y be two d-dimensional random vectors on a sublinear expectation space (Ω,H,E). 
Then X is called a independent copy of Y if X is independent of Y and X ∼ Y .

Definition 2.5. A random variable η on a sublinear expectation space (Ω,H,E) is called maximally distributed
if there exists a bounded and closed subset Γ ∈ Rd such that

E[ϕ(η)] = max
y∈Γ 

ϕ(y), ϕ ∈ Cl,lip(Rd).

Definition 2.6. A d-dimensional random vector X on a sublinear expectation space (Ω,H,E) is called G
normally distributed if for each a, b ≥ 0 it holds

aX + bX ∼
√
a2 + b2X,

where X is any independent copy of X. The letter G denotes the function G : S(d) → R dfined by

G(A) := 1
2E [〈AX,X〉] , (2)

where S(d) is the collection of all symmetric (d× d)-matrices and 〈·, ·〉 denotes the standard dot product on 
Rd.

Note that G is a continuous, sublinear function which is monotone in A ∈ S(d), i.e. for each p, p̄ ∈ Rd

and A, Ā ∈ S(d) it holds
⎧⎪⎪⎨
⎪⎪⎩
G(p + p̄, A + Ā) ≤ G(p,A) + G(p̄, Ā),
G(λp, λA) = λG(p,A), ∀λ ≥ 0,
G(p,A) ≤ G(p, Ā), if A ≤ Ā.

Moreover, there exists a bounded, closed and convex subset Θ ⊆ S(d) such that
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G(A) = 1
2 sup 

γ∈Θ
tr[Aγ], (3)

see equation (2.2.4) of [41]. The existence of a vector X which is G-normally distributed according to 
Definition 2.6 is given in Proposition 2.2.7 of [41]. Exploiting the representation (3), we identify Θ as the 
uncertainty set for the covariance of X and denote X ∼ N (0,Θ).

Definition 2.7. Let G : S(d) → R be a given monotonic and sublinear function. A d-dimensional stochastic 
process B = (Bt)t≥0 on a sublinear expectation space (Ω,H,E) is called a G-Brownian motion if it satifies 
the following conditions:

1. B0 = 0;
2. Bt ∈ Hd for each t ≥ 0;
3. For each t, s ≥ 0 the increment Bt+s −Bt is independent of (Bt1 , ..., Btn) for each n ∈ N and 0 ≤ t1 <

... < tn ≤ t. Moreover, (Bt+s −Bt)s−1/2 is G-normally distributed.

Definition 2.8. An Rd-valued stochastic process X = (Xt)t≥0 dfined on a sublinear expectation space 
(Ω,H,E) is called a G-Gaussian process if for each t = (t1, .., tn) ∈ T , Xt = (Xt1 , ..., Xtn) is an Rd×n-valued 
normally distributed random variable. Here, we denote

T := {t = (t1, ..., tm) : m ∈ N, ti ∈ [0,∞), ti<tj , 0 ≤ i<j ≤ m, i �= j} . (4)

Remark 2.9. In [40] it is mentioned that in contrast to the classical situation, a G-Brownian motion is not 
a G-Gaussian process although each increment of a G-Brownian motion is G-normally distributed.

We now construct a d-dimensional G-Brownian motion. We denote by Ω := C0(R+,Rd) the space of all 
Rd-valued continuous paths ω = (ωt)t≥0 with ω0 = 0 and equip this space with the distance

ρ(ω1, ω2) :=
∞ ∑
i=1 

2−i

[(
max
t∈[0,i]

∣∣ω1
t − ω2

t

∣∣) ∧ 1
]
. (5)

For every fixed T ∈ [0,∞), we dfine ΩT := {ω·∧T : ω ∈ Ω}. We set F := B(Ω) and FT := B(ΩT ) which 
denotes the corresponding Borel σ-algebras. Moreover, the canonical process B = (Bt)t≥0 on Ω is given by 
Bt(ω) := ωt for ω ∈ Ω, t ≥ 0.

Definition 2.10. For each fixed T ∈ [0,∞) we introduce Lip(ΩT ) as

Lip(ΩT ) :=
{
ϕ(Bt1∧T , ..., Btn∧T ) : n ∈ N, t1, ..., tn ∈ [0,∞), ϕ ∈ Cl,lip(Rd×n)

}
.

We also set

Lip(Ω) :=
∞ ⋃

n=1
Lip(Ωn).

Next we introduce the definition of G-expectation and conditional G-expectation.

Definition 2.11. A G-expectation Ê is a sublinear expectation on (Ω, Lip(Ω)) dfined as follows: For X ∈
Lip(Ω) of the form

X = ϕ
(
Bt1 −Bt0 , ..., Btn −Btn−1

)
, 0 = t0 < t1 < ... < tn < ∞, n ∈ N, (6)



6 F. Biagini et al. / J. Math. Anal. Appl. 548 (2025) 129364 

for some ϕ ∈ Cl,lip(Rd×n) we set

Ê[X] := Ẽ
[
ϕ
(
ξ1
√
t1 − t0, ..., ξn

√
tn − tn−1

)]
,

where ξ1, ..., ξn are d-dimensional random variables on a sublinear expectation space (Ω̃, H̃, Ẽ) such that for 
each i = 1, ..., n, ξi is G-normally distributed and independent of (ξ1, ..., ξi−1).

Then the canonical process B = (Bt)t≥0 is a G-Brownian motion on the sublinear expectation space 
(Ω, Lip(Ω), Ê).

Remark 2.12. Note that the elements in Lip(Ω) take values in R.

Definition 2.13. The space Lp
G(Ω) is the completion of Lip(Ω) under the norm

‖ξ‖p =
(
Ê[|ξ|p]

)1/p
, p ≥ 1.

Similarly, we can also dfine Lp
G(ΩT ) for p ≥ 1 and T ∈ [0,∞).

Definition 2.14. Let X ∈ Lip(Ω) have the representation (6). Then its G-conditional expectation under Ωtj

is dfined as

Ê
[
X|Ωtj

]
:= ψ

(
Bt1 −Bt0 , Bt2 −Bt1 , ..., Btj −Btj−1

)
, j = 1, . . . , n− 1,

where

ψ(x) := Ê
[
ϕ
(
x,Btj+1 −Btj , ..., Btn −Btn−1

)]
.

As for any T < ∞, Lip(ΩT ) ⊆ Lip(Ω) we can also consider Ê[·], Ê[·|Ωt] as functions on Lip(ΩT ) for t ≤ T .

The G-expectation and the G-conditional expectation can be extended to sublinear operators

Ê[·] : Lp
G(Ω) → R

and

Ê[·|Ωt] : L1
G(Ω) → L1

G(Ωt),

see Section 3.2 in [41]. Furthermore, Ê[·], Ê[·|Ωt] can also be considered on the space L1
G(ΩT ) for any 

T ∈ [0,∞) and t ≤ T . 
In the following definitions we introduce some spaces we will work with in the sequel.

Definition 2.15. 

1. For p ≥ 1 we denote by Mp,0
G (0, T ) the space of simple integrands. Specifically, we dfine an element 

η ∈ Mp,0
G (0, T ) by

ηt(ω) =
N−1∑
j=0 

ξj(ω)1[tj ,tj+1)(t), (7)

for N ∈ N, where ξi ∈ Lp
G(Ωti), i = 0, ..., N − 1 and 0 = t0 < t1 < ... < tN = T .
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2. For p ≥ 1 we let Mp
G(0, T ) be the completion of Mp,0

G (0, T ) under the norm

⎛
⎝Ê

⎡
⎣ T∫

0 

|ηt|pdt

⎤
⎦
⎞
⎠

1/p

.

Similar as in the classical Itô case, the integral with respect to a one-dimensional G-Brownian motion B
is first dfined for the simple integrands in M2,0

G (0, T ) by the mapping

I : M2,0
G (0, T ) → L2

G(ΩT ), I(η):=
N−1∑
j=0 

ηj
(
Btj+1 −Btj

)
,

for η as in (7). Then this mapping can be continuously extended to

I : M2
G(0, T ) → L2

G(ΩT ),

see Lemma 3.3.4 in [41]. In order to dfine the integral with respect to a d-dimensional G-Brownian motion 
we proceed as follows. For a fixed a ∈ Rd, we dfine the one-dimensional process Ba := (Ba

t )t≥0 by

Ba
t := 〈a, Bt〉, t ≥ 0. (8)

Then Ba is a one-dimensional Ga-Brownian motion with

Ga(α) = 1
2
(
σ2

aaTα
+ − σ2

−aaTα
−) , (9)

where

σ2
aaT = 2G

(
aaT
)

and σ2
−aaT = −2G

(
−aaT

)
. (10)

Then, the G-Itô integral can be dfined as

I(η) :=
T∫

0 

ηtdB
a
t , η ∈ M2

G(0, T ). (11)

Definition 2.16. Let B = (Bt)t≥0 be a one-dimensional G-Brownian motion. Let πN
t := {tN0 , ..., tNN}, N ∈ N,

be a sequence of partitions of [0, t] and call

μ(πN
t ) := max{|tNi+1 − tNi | : i = 0, 1, ..., N − 1} (12)

the mesh size of πN
t , N ∈ N. The quadratic variation process of a G-Brownian motion B, denoted by 

〈B〉 = (〈B〉t)t≥0, is given by

〈B〉t := lim
μ(πN

t )→0

N−1∑
j=0 

(
BtNj+1

−BtNj

)2
= B2

t − 2
t ∫

0 

BsdBs, t ∈ [0, T ].

Note that the process 〈B〉 is not deterministic except for the classical case, where B is a classical Brownian 
motion. In particular, the quadratic variation process contains the part of statistic uncertainty of a G
Brownian motion. The integral with respect to the quadratic variation 

∫ ·
0 ηsd〈B〉s is introduced first for 

η ∈ M1,0
G (0, T ) and then extended to M1

G(0, T ), see Section 3.4 in [41].
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The quadratic variation process of a d-dimensional G-Brownian motion takes values in S(d), and in 
particular it is dfined as the matrix 〈B〉 with components

[〈B〉t]i,j := 〈B(i), B(j)〉t, t ≥ 0, i, j = 1, ..., d, (13)

where B(i) = (B(i)t)t≥0 denotes the ith component of a G-Brownian motion. Note that B(i)t = Bei
t with 

ei = (ei(j))j=1,...,d ∈ Rd with ei(j) = δi(j), where δi denotes the Dirac delta for i. In particular, we can 
dfine for each i, j = 1, ..., d and t ≥ 0

〈B(i), B(j)〉t := 1
4 (〈B(i) + B(j)〉t − 〈B(i) −B(j)〉t) , (14)

see page 64 of [41]. For any t ≥ 0 it holds

Ê [〈ABt, Bt〉] = 2G(A)t for A ∈ S(d), (15)

see page 70 in [41]. Thus,

Ê [Bt(i)Bt(j)] = 2G(Ā)t = t sup 
γ∈Θ

γij , (16)

with Ā = (ākl)k,l=1,...,d such that ākl = 0 for (k, l)/ ∈{(i, j), (j, i)} and āij = āji = 1
2 . Moreover, Θ is dfined 

in (3).

Definition 2.17. A one-dimensional process (Mt)t∈[0,T ] is called a G-martingale (respectively, G-supermartin
gale, G-submartingale) if for each t ∈ [0, T ], Mt ∈ L1

G(Ωt) and for each 0 ≤ s ≤ t ≤ T , we have

Ê[Mt|Ωs] = Ms, (respectively, ≤ Ms, ≥ Ms).

If in addition it holds also

Ê[−Mt|Ωs] = −Ms for 0 ≤ s ≤ t ≤ T,

then (Mt)t∈[0,T ] is called a symmetric G-martingale.

It is shown in Theorem 6.2.5 in [41] that the G-expectation is an upper expectation, i.e. there exists a 
weakly compact set of probability measures P ⊆ P(Ω) such that

Ê[X] = sup 
P∈P

EP [X], for each X ∈ L1
G(ΩT ). (17)

Related to this set P we introduce the Choquet capacity dfined by

c(A) := sup 
P∈P

P (A), A ∈ B(ΩT ). (18)

A set A ⊂ B(Ω) is said to be (P)-polar, if c(A) = 0. We say that a property holds quasi-surely or for quasi 
all ω ∈ Ω if it holds outside a polar set.

Remark 2.18. An explicit construction of the set of probability measures P in (17) is provided in Chapter 
6.2.2 in [41]. Let (Ω,F , P ) be a probability space with a standard d-dimensional Brownian motion W =
(Wt)t≥0 and denote by F the natural filtration of W . For a given Θ ⊆ S(d) as in (3), call AΘ

0,∞ the set of all 
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Θ-valued F -adapted processes on [0,∞). For each θ ∈ AΘ
0,∞ denote by P θ the law of a stochastic integral ∫ ·

0 θsdWs. Next, dfine the sets

P1 := {P θ : θ ∈ AΘ
0,∞} and P := P1,

where the closure is taken in the weak topology. In particular, P1 is tight, P is weakly compact and

Ê[X] = sup 
P∈P

EP [X] = sup 
P∈P1

EP [X], for each X ∈ L1
G(ΩT ).

3. Multi-dimensional fractional G-Brownian motion (G-fBm)

We now aim to dfine a multi-dimensional fractional Brownian motion in the framework of the G
expectation. In the literature, a one-dimensional fractional Brownian motion under volatility uncertainty is 
introduced the first time in [25] and [9]. We briefly discuss these two approaches.

In [9] a one-dimensional fractional G-Brownian motion B̃H = (B̃H)t≥0 with Hurst index H ∈ (0, 1)
sublinear expectation space (Ω,H, Ê) is dfined as a G-Gaussian process such that B̃H

0 := 0 and for all 
t, s ≥ 0 it holds

Ê
[
B̃H

t B̃H
s

]
= 1

2σ
2 (t2H + s2H − |t− s|2H

)
, (19)

−Ê
[
−B̃H

t B̃H
s

]
= 1

2σ
2 (t2H + s2H − |t− s|2H

)
, (20)

where σ2 := −E[−(B̃H
1 )2] and σ2 := E[(B̃H

1 )2]. This definition corresponds to a straightforward extension 
of the definition of a classical fractional Brownian motion to the G-setting, but contains some mathematical 
problems, as also pointed out in [25]. In particular, the definition of a G-Gaussian process in [9] is not in 
line with the one introduced by Peng in [40], see Definition 2.8 and Remark 2.9. Furthermore, the moving 
average representation of a fractional G-Brownian motion with respect to a two-sided G-Brownian motion 
of Theorem 1 in [9] requires the existence of a two-sided G-Brownian motion B2-sided := (B2-sided

t )t∈R given 
by

B2-sided
t :=

{
B

(1)
t if t ≥ 0,

B
(2)
−t if t < 0,

(21)

where B(1) = (B(1)
t )t≥0 and B(2) = (B(2)

t )t≥0 are two independent G-Brownian motions, see Definition 9 in 
[9]. To the best of our knowledge the definition of independent stochastic processes in the G-setting is very 
delicate, as it is not mutual. By Definition 2.2 we have to distinguish if a random vector X is independent 
of a random vector Y or if Y is independent of X. In general, the fact that X is independent of Y does 
not imply that Y is independent of X, see e.g. Example 1.3.15 in [41] for a counterexample. This extends 
to the following definition of distributional independence.

Definition 3.1. Let (Xt)t≥0 and (Yt)t≥0 be two stochastic processes on a nonlinear expectation space 
(Ω,H,E). We say that (Yt)t≥0 is distributionally independent of (Xt)t≥0 if, for each t = (t1, ..., tn) ∈ T , 
(Yt1 , ..., Ytn) is independent of (Xt1 , ..., Xtn), where T is dfined in (4).

One might interpret the independence of B(1) = (B(1)
t )t≥0 and B(2) = (B(2)

t )t≥0 in the sense that B(1)

is distributionally independent of B(2) and vice versa, i.e. B(2) is distributionally independent of B(1). 
However, this is not possible as we prove next.
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Lemma 3.2. Let (Ω,H, Ê) be a sublinear expectation space endowed with two one-dimensional G-Brownian 
motions B(1) = (B(1)

t )t≥0 and B(2) = (B(2)
t )t≥0 such that −Ê[−(B(1)

1 )2] = −Ê[−(B(2)
1 )2] = σ2 �= σ2 =

Ê[(B(1)
1 )2] = Ê[(B(2)

1 )2]. Then it is not possible that B(1) is distributionally independent of B(2) and B(2) is 
distributionally independent of B(1).

Proof. Let B(1) = (B(1)
t )t≥0 and B(2) = (B(2)

t )t≥0 be two one-dimensional G-Brownian motions on the 
sublinear expectation space (Ω,H, Ê). Assume now that B(1) is distributionally independent of B(2) and 
B(2) is distributionally independent of B(1). Fix t > 0. Then, by Definition 3.1 the random variable B(1)

t is 
independent of the random variable B(2)

t and B(2)
t is independent of B(1)

t , both in the sense of Definition 2.2. 
Moreover, B(1)

t as well as B(2)
t are G-normally distributed. However, this is a contradiction to Theorem 15 

in [26] which states that B(1)
t and B(2)

t need to be maximally distributed in the sense of Definition 2.5, 
whenever B(1)

t is independent of B(2)
t as well as B(2)

t is independent of B(1)
t . �

Remark 3.3. Lemma 3.2 is also in line with [39], which states that it is in general not possible to find 
a system of coordinates under which the corresponding components B(i), i = 1, ..., d, of a d-dimensional 
G-Brownian motion B = (B(1), ..., B(d)) are mutually independent of each other.

A solution to this problem is provided in Definition 4 in [25].

Definition 3.4. Let H ∈ (0, 1). Then a continuous stochastic process (B̃H
t )t≥0 on a sublinear expectation 

space (Ω,H, Ê) is called a one-dimensional fractional G-Brownian motion of Hurst index H, if

1. B̃H
0 = 0, and for all t ≥ 0 it holds −Ê

[
−B̃H

t

]
= Ê

[
B̃H

t

]
= 0;

2. For all t, s ≥ 0, equations (19) and (20) hold with σ2 = −Ê
[
−B̃H

1
]

and σ2 = Ê
[
B̃H

1
]
;

3. For each t, s ≥ 0, B̃H
t+s − B̃H

s and B̃H
t are identically distributed.

4. limt→0 Ê
[
|B̃H

t |m
]
t−2H = 0 for each m ∈ N and m ≥ 3.

The existence of such a process given in Definition 3.4 is proved in Theorem 2 in [25] choosing Ω =
C0(R+,R) and H = Lip(Ω). The authors also derive a representation theorem of a fractional G-Brownian 
motion as an integral of a stochastic kernel and a volatility function with respect to a standard Brownian 
motion. However, it is mentioned in [25] that the studied representation is not unique, as a classical fractional 
Brownian motion can be represented in at least three different ways as an integral with respect to a standard 
Brownian motion. Besides this, it is shown that the fractional G-Brownian motion in Definition 3.4 satifies 
properties such as self-similarity and long-range dependence, see [25] for more details.

Our goal is now to introduce a mathematically rigorous definition of a multi-dimensional fractional G
Brownian motion. At first sight, this seems to be straightforward by extending Definition 3.4. However, some 
further considerations are necessary for the multi-dimensional case. First, by Remark 3.3 the components 
of a multi-dimensional G-Brownian motion are no any longer independent, in contrast to the ones of a 
standard Brownian motion, as we can see by looking at the quadratic variation process of a d-dimensional 
G-Brownian motion, see (13)-(16). Thus, the components of a multi-dimensional fractional G-Brownian 
motion cannot be assumed to be independent, as in the classical case. Therefore, we need to take into 
account the covariance structure of the components of a multi-dimensional fractional G-Brownian which 
stems from the covariance structure of a multi-dimensional G-Brownian motion. In order to capture this 
property we dfine a multi-dimensional fractional G-Brownian motion as an integral with respect to a 
multi-dimensional G-Brownian motion, by generalizing the Volterra representation of a standard fractional 
Brownian motion, see Proposition 2.5 of [35]. The choice for the Volterra representation is particularly 
motivated as the representation with a two-sided Brownian motion yields several mathematical difficulties 
as discussed before, see Lemma 3.2. Moreover, at the end of this section we show that Definition 3.5 of a 
d-dimensional fractional G-Brownian motion is in line with Definition 3.4 introduced in [25], see Lemma 3.20.
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3.1. Definition of a multi-dimensional G-fBm and first properties

From now on, we set Ω := C0(R+,Rd), for d ∈ N, and H := Lip(Ω). We equip Ω with the Borel σ-algebra 
F := B(Ω). For these choices, it is indeed possible to construct a d-dimensional G-Brownian motion and 
the G-expectation Ê as shown in Section 2, along with the weakly compact set of probability measures P
satisfying (17). Then, let B = (Bt)t≥0 be the canonical d-dimensional G-Brownian motion on (Ω,H, Ê).

Definition 3.5. A d-dimensional fractional G-Brownian motion (G-fBm) of Hurst index H ∈ (0, 1) with 
BH(i) = (BH

t (i))t≥0 for i = 1, ..., d is dfined as follows. For H ∈
(
0, 1

2
)
∪
( 1

2 , 1
)

we set 1

BH
t (i) :=

t ∫
0 

KH(t, s)dBs(i), (22)

where B = (B(i))i=1,...,d with B(i) = (Bt(i))t≥0 for i = 1, ..., d is a d-dimensional G-Brownian motion. 
Here, we set for t > s > 0

cH :=
√

H(2H − 1) ∫ 1
0 (1 − x)1−2HxH− 3

2 dx
for H >

1
2 , (23)

dH :=
√

2H
(1 − 2H)

∫ 1
0 (1 − x)−2HxH− 1

2 dx
for H <

1
2 , (24)

and

KH(t, s) :=

⎧⎨
⎩cHs

1
2−H

∫ t

s
(u− s)H− 3

2uH− 1
2 du for H > 1

2

dH

[(
t 
s

)H− 1
2 (t− s)H− 1

2 −
(
H − 1

2
)
s

1
2−H

∫ t

s
uH− 3

2 (u− s)H− 1
2

]
du for H < 1

2 .
(25)

For the Hurst index H = 1
2 , we dfine a fractional G-Brownian motion B

1
2 = (B

1
2
t )t≥0 by

B
1
2
t := Bt, (26)

where B = (Bt)t≥0 is a d-dimensional G-Brownian motion.

The integral in (22) has to be understood in the sense of equation (11). More specifically, we denote by 
(ei)i=1,...,d the canonical vector basis of Rd, i.e. ei = (ei(j))j=1,...,d with ei(j) = δi(j), where δi denotes the 
Dirac delta for i. By (8) we have

Bt(i) = Bei
t , t ≥ 0, i = 1, ..., d. (27)

Moreover, by (9) and (10) we get that B(i) is a one-dimensional Gi-Brownian motion with

Gi(α) := GeieTi = 1
2
(
σ2
iα

+ − σ2
iα

−) , α ∈ Rd, (28)

where

1 Formula (22) has been given for a fractional Brownian motion in the classical setting in Theorem 5.2 of [34].
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σ2
i := σ2

eieTi
= sup 

γ∈Θ
γii and σ2

i := σ2
eieTi

= inf
γ∈Θ

γii. (29)

Here, Θ ⊆ S(d) is given in (3) and γ = (γij)i,j=1,...,d.

Remark 3.6. Note that for fixed t ∈ [0, T ] the G-Itô integral in (22) is well-defined as KH = (KH(t, s))0≤s≤t ∈
M2

G(0, T ) for H ∈
(
0, 1

2
)
∪
( 1

2 , 1
)
. This holds as KH is deterministic and

‖KH(t, s)‖M2
G(0,T ) =

⎛
⎝Ê

⎡
⎣ T∫

0 

(KH(t, s))2ds

⎤
⎦
⎞
⎠

1
2

=

⎛
⎝ T∫

0 

(KH(t, s))2ds

⎞
⎠

1
2

< ∞,

for any 0 ≤ s ≤ t, see Proposition 5.1.3 in [36] and Proposition 2.5 in [35]. Thus, by Lemma 3.3.4 in [41], 
BH

t ∈ L2
G(ΩT ) for every t ∈ [0, T ].

We now prove that the G-fBm introduced in Definition 3.5 satifies componentwise equations (19)-(20). 
This is a generalization of the well-known covariance property of a classical fBm in the G-setting.

Proposition 3.7. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈ (0, 1). Let i = 1, ..., d. It holds BH
0 (i) = 0, and for each t ≥ 0

Ê
[
BH

t (i)
]

= −Ê
[
−BH

t (i)
]

= 0. (30)

Moreover, for s, t > 0 we have

Ê
[
BH

s (i)BH
t (i)

]
= 1

2σ
2
i

(
t2H + s2H − |t− s|2H

)
, (31)

−Ê
[
−BH

s (i)BH
t (i)

]
= 1

2σ
2
i

(
t2H + s2H − |t− s|2H

)
, (32)

where σ2
i and σ2

i are given in (29).

Proof. Let i = 1, ..., d, 0 < s ≤ t and H ∈
(
0, 1

2
)
∪
( 1

2 , 1
)
. Equation (30) follows directly by page 60 in [41]. 

Moreover, we have

Ê
[
BH

t (i)BH
s (i)

]

= Ê

⎡
⎣
⎛
⎝ t ∫

0 

KH(t, u)dBu(i)

⎞
⎠
⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠
⎤
⎦

= Ê

⎡
⎣
⎛
⎝ s ∫

0 

KH(t, u)dBu(i) +
t ∫

s 

KH(t, u)dBu(i)

⎞
⎠
⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠
⎤
⎦

= Ê

[⎛⎝ s ∫
0 

KH(t, u)dBu(i)

⎞
⎠
⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠

+

⎛
⎝ t ∫

s 

KH(t, u)dBu(i)

⎞
⎠
⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠]
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= Ê

[
Ê

[⎛⎝ s ∫
0 

KH(t, u)dBu(i)

⎞
⎠
⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠

+

⎛
⎝ t ∫

s 

KH(t, u)dBu(i)

⎞
⎠
⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠∣∣∣∣Ωs

]]
, (33)

where we use Proposition 3.2.3(v) in [41] in (33). Call Xt = (Xt
s)0≤s≤t the process dfined by

Xt
s(i) :=

s ∫
0 

KH(t, u)dBu(i), 0 ≤ s ≤ t.

Note that the random variable Xt
s(i)Xs

s (i) is Ωs-measurable as KH(s, u),KH(t, u) are deterministic. There
fore, by (33) we get

Ê
[
BH

t (i)BH
s (i)

]

= Ê

⎡
⎣Xt

s(i)Xs
s (i) + Ê

⎡
⎣
⎛
⎝ t ∫

s 

KH(t, u)dBu(i)

⎞
⎠
⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠∣∣∣∣Ωs

⎤
⎦
⎤
⎦ (34)

= Ê

[
Xt

s(i)Xs
s (i) +

⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠

+

Ê

⎡
⎣ t ∫

s 

KH(t, u)dBu(i)
∣∣∣∣Ωs

⎤
⎦

+

⎛
⎝ s ∫

0 

KH(s, u)dBu(i)

⎞
⎠

−

Ê

⎡
⎣−

t ∫
s 

KH(t, u)dBu(i)
∣∣∣∣Ωs

⎤
⎦] (35)

= Ê
[
Xt

s(i)Xs
s (i)
]
. (36)

Here, (34) follows by Remark 3.2.4 in [41]. Moreover, we use Proposition 3.2.3(iv) in [41] in (35) and 
Proposition 3.3.6(iii) in [41] in (36). By applying G-Itô’s formula given by Theorem 3.6.3 in [41] it holds

Xt
s(i)Xs

s (i) =
s ∫

0 

Xs
u(i)KH(t, u)dBu(i) +

s ∫
0 

Xt
u(i)KH(s, u)dBu(i)

+
s ∫

0 

KH(s, u)KH(t, u)d〈B(i)〉u. (37)

Thus, (36) together with (37) implies

Ê
[
BH

t (i)BH
s (i)

]
= Ê

⎡
⎣ s ∫

0 

KH(s, u)KH(t, u)d〈B(i)〉u

⎤
⎦ (38)

= Ê

⎡
⎣ s ∫

0 

KH(s, u)KH(t, u)d〈B(i)〉u ± 2
s ∫

0 

Gi (KH(s, u)KH(t, u)) du

⎤
⎦

= Ê

⎡
⎣ s ∫

0 

KH(s, u)KH(t, u)d〈B(i)〉u − 2
s ∫

0 

Gi (KH(s, u)KH(t, u)) du

⎤
⎦
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+ 2
s ∫

0 

Gi (KH(s, u)KH(t, u)) du

= 2
s ∫

0 

Gi (KH(s, u)KH(t, u)) du (39)

= σ2
i

s ∫
0 

KH(s, u)KH(t, u)du. (40)

Here and similarly in the following, the notation ±2
∫ s
0 Gi (KH(s, u)KH(t, u)) du indicates that the term 

2
∫ s

0 Gi (KH(s, u)KH(t, u)) du is added and subtracted simultaneously. In (38) we use Lemma 3.3.4 in [41] 
together with the fact that for X,Y ∈ L1

G(Ω) such that Ê[X] = −Ê[−X] = 0, it holds Ê[X + Y ] = Ê[Y ]. 
Moreover, (39) follows as M = (M t)t≥0 dfined by

M t =
t ∫

0 

ηud〈B(i)〉u − 2
t ∫

0 

Gi(ηu)du, (41)

for t ≥ 0 and η ∈ M1
G(0, T ;R), is a G-martingale with M0 = 0.

By doing the same calculations for −BH
t BH

s it follows for 0 < s < t

Ê
[
−BH

t (i)BH
s (i)

]
= Ê

⎡
⎣ s ∫

0 

−KH(s, u)KH(t, u)d〈B(i)〉u

⎤
⎦

= 2
s ∫

0 

Gi(−KH(s, u)KH(t, u))du

= −σ2
i

s ∫
0 

KH(s, u)KH(t, u)du. (42)

By Proposition 5.1.3 in [36] and Proposition 2.5 in [35] it holds

s ∫
0 

KH(s, u)KH(t, u)du = 1
2
(
t2H + s2H − |t− s|2H

)
. (43)

By putting together (40) and (42) with (43), equations (31) and (32) follow for 
H ∈

(
0, 1

2
)
∪
( 1

2 , 1
)
. Let now H = 1

2 and 0 < t = s. Then it holds

Ê [Bt(i)Bt(i)] = Ê

⎡
⎢⎣
⎛
⎝ t ∫

0 

dBu(i)

⎞
⎠

2⎤⎥⎦ = Ê

⎡
⎣ t ∫

0 

d〈B(i)〉u

⎤
⎦ = Ê [〈B(i)〉t] = σ2

i t,

where we use for the second equality the G-Itô-isometry, see Proposition 3.4.5 in [41]. In the last equality 
we apply Lemma 3.4.1 in [41].

By the definition of the quadratic variation process of a one-dimensional G-Brownian motion as 〈B(i)〉t :=
(Bt(i))2 − 2

∫ t

0 Bu(i)dBu(i), t ≥ 0, we get that
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Ê[−〈B(i)〉t] = Ê

⎡
⎣−(Bt(i))2 + 2

t ∫
0 

Bu(i)dBu(i)

⎤
⎦ = Ê

[
−(Bt(i))2

]
, (44)

by Proposition 3.3.6(iii) in [41]. Together with Lemma 3.4.1 in [41], this implies that −Ê
[
−(Bt(i))2

]
= σ2

i t. 
We now consider 0 < s < t. Then we have

Ê[Bt(i)Bs(i)]

= Ê
[
Bt(i)Bs(i) − (Bs(i))2 + (Bs(i))2

]
= Ê

[
Bs(i)(Bt(i) −Bs(i)) + (Bs(i))2

]
= Ê

[
Ê
[
Bs(i)(Bt(i) −Bs(i)) + (Bs(i))2|Ωs

]]
(45)

= Ê
[
Ê [Bs(i)(Bt(i) −Bs(i))|Ωs] + (Bs(i))2

]
(46)

= Ê
[
(Bs(i))+Ê [Bt(i) −Bs(i)|Ωs] + (Bs(i))−Ê [−(Bt(i) −Bs(i))|Ωs] + (Bs(i))2

]
(47)

= Ê
[
(Bs(i))2

]
(48)

= σ2
i s.

Here, we use Proposition 3.2.3(v) in [41] in (45) and Remark 3.2.4 in [41] in (46). Moreover, (47) follows 
by Proposition 3.2.3(iv) in [41]. Finally, we get (48) by Example 3.2.10 in [41]. By the same arguments it 
follows

−Ê[−Bt(i)Bs(i)]

= −Ê
[
−Bs(i)(Bt(i) −Bs(i)) − (Bs(i))2

]
= −Ê

[
Ê [−Bs(i)(Bt(i) −Bs(i))|Ωs] − (Bs(i))2

]
= −Ê

[
(−Bs(i))+Ê [Bt(i) −Bs(i)|Ωs] + (−Bs(i))−Ê [−(Bt(i) −Bs(i))|Ωs] − (Bs(i))2

]
= −Ê

[
−(Bs(i))2

]
= σ2

i s. �
As the components of a G-Brownian motion are not independent, the components of a fractional G

Brownian motion do not satisfy this property either. 
For i = 1, ..., d and i �= j we dfine

σ2
ij := sup 

γ∈Θ
(γii + γjj + 2γij) − inf

γ∈Θ
(γii + γjj − 2γij), (49)

and

σ2
ij := − sup 

γ∈Θ
(γii + γjj − 2γij) + inf

γ∈Θ
(γii + γjj + 2γij), (50)

for Θ ⊆ S(d) as in (3).

Proposition 3.8. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈ (0, 1). Let i, j = 1, ..., d, i �= j and s, t ≥ 0. Then it holds for H ∈ (0, 1
2 ) ∪ (1

2 , 1)
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Ê
[
BH

s (i)BH
t (j)

]
≤ 1

8
(
t2H + s2H − |t− s|2H

)
σ2
ij

−Ê
[
−BH

s (i)BH
t (j)

]
≥ 1

8
(
t2H + s2H − |t− s|2H

)
σ2
ij .

For H = 1
2 we have

Ê
[
BH

s (i)BH
t (j)

]
= (s ∧ t) sup 

γ∈Θ
γij

−Ê
[
−BH

s (i)BH
t (j)

]
= (s ∧ t) inf

γ∈Θ
γij , (51)

for given Θ ⊆ S(d) in (3).

Proof. Assume first H ∈ (0, 1
2 ) ∪ (1

2 , 1). By similar calculations as in the proof of Proposition 3.7 it follows 
that

Ê
[
BH

s (i)BH
t (j)

]

= Ê

⎡
⎣ s ∫

0 

KH(s, u)KH(t, u)d〈B(i), B(j)〉u

⎤
⎦

= 1
4 Ê

⎡
⎣ s ∫

0 

KH(s, u)KH(t, u)d〈Bei+ej 〉u +
s ∫

0 

−KH(s, u)KH(t, u)d〈Bei−ej 〉u

⎤
⎦ , (52)

where we use (14). Note that Bei+ej is a one-dimensional Gei+ej -Brownian motion with

Gei+ej (α)

= 1
2
(
2G
(
(ei + ej)(ei + ej)T

)
α+ + 2G

(
−(ei + ej)(ei + ej)T

)
α−)

= 1
2

(
sup 
γ∈Θ

tr
[
(ei + ej)(ei + ej)T γ

]
α++ sup 

γ∈Θ
tr
[
−(ei + ej)(ei + ej)T γ

]
α−
)

= 1
2

(
sup 
γ∈Θ

(γii + γjj + 2γij)α++ sup 
γ∈Θ

(−γii − γjj − 2γij)α−
)

= 1
2

(
sup 
γ∈Θ

(γii + γjj + 2γij)α+ − inf
γ∈Θ

(γii + γjj + 2γij)α−
)

(53)

and Bei−ej is a one-dimensional Gei−ej -Brownian motion with

Gei−ej (α)

= 1
2
(
2G
(
(ei − ej)(ei − ej)T )

)
α+ + 2G

(
−(ei − ej)(ei − ej)T

)
α−)

= 1
2

(
sup 
γ∈Θ

tr
[
(ei − ej)(ei − ej)T γ

]
α++ sup 

γ∈Θ
tr
[
−(ei − ej)(ei − ej)T γ

]
α−
)

= 1
2

(
sup 
γ∈Θ

(γii + γjj − 2γij)α++ sup 
γ∈Θ

(−γii − γjj + 2γij)α−
)

= 1
2

(
sup 
γ∈Θ

(γii + γjj − 2γij)α+ − inf
γ∈Θ

(γii + γjj − 2γij)α−
)
. (54)
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By using the sublinearity of Ê and combining (52)-(54) with similar calculations as in the proof of Propo
sition 3.7 we get

Ê
[
BH

s (i)BH
t (j)

]

= 1
4 Ê
[ s ∫

0 

KH(s, u)KH(t, u)d〈Bei+ej 〉u ± 2
s ∫

0 

Gei+ej (KH(s, u)KH(t, u)) du

+
s ∫

0 

−KH(s, u)KH(t, u)d〈Bei−ej 〉u ± 2
s ∫

0 

Gei−ej (−KH(s, u)KH(t, u)) du
]

≤ 1
2

⎛
⎝ s ∫

0 

Gei+ej (KH(s, u)KH(t, u)) du +
s ∫

0 

Gei−ej (−KH(s, u)KH(t, u)) du

⎞
⎠

= 1
4

( s ∫
0 

sup 
γ∈Θ

(γii + γjj + 2γij) (KH(s, u)KH(t, u))+ du

−
s ∫

0 

inf
γ∈Θ

(γii + γjj − 2γij) (−KH(s, u)KH(t, u))− du

)

= 1
4

( s ∫
0 

sup 
γ∈Θ

(γii + γjj + 2γij)KH(s, u)KH(t, u)du

−
s ∫

0 

inf
γ∈Θ

(γii + γjj − 2γij)KH(s, u)KH(t, u)du
)

(55)

= 1
8
(
t2H + s2H − |t− s|2H

)(
sup 
γ∈Θ

(γii + γjj + 2γij) − inf
γ∈Θ

(γii + γjj − 2γij)
)
,

where (55) follows since KH(t, s) > 0 for any t > s > 0. Analogously, we have

Ê
[
−BH

s (i)BH
t (j)

]

= Ê

⎡
⎣−

s ∫
0 

KH(s, u)KH(t, u)d〈B(i), B(j)〉u

⎤
⎦

= 1
4 Ê

⎡
⎣ s ∫

0 

−KH(s, u)KH(t, u)d〈Bei+ej 〉u +
s ∫

0 

KH(s, u)KH(t, u)d〈Bei−ej 〉u

⎤
⎦

= 1
4 Ê
[ s ∫

0 

−KH(s, u)KH(t, u)d〈Bei+ej 〉u ± 2
s ∫

0 

Gei+ej (−KH(s, u)KH(t, u)) du

+
s ∫

0 

KH(s, u)KH(t, u)d〈Bei−ej 〉u ± 2
s ∫

0 

Gei−ej (KH(s, u)KH(t, u)) du
]

≤ 1
2

⎛
⎝ s ∫

0 

Gei+ej (−KH(s, u)KH(t, u)) du +
s ∫

0 

Gei−ej (KH(s, u)KH(t, u)) du

⎞
⎠
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= 1
4

( s ∫
0 

inf
γ∈Θ

(γii + γjj + 2γij)(−KH(s, u)KH(t, u))du

+
s ∫

0 

sup 
γ∈Θ

(γii + γjj − 2γij) (KH(s, u)KH(t, u)) du
)

= 1
8
(
t2H + s2H − |t− s|2H

)(
sup 
γ∈Θ

(γii + γjj − 2γij) − inf
γ∈Θ

(γii + γjj + 2γij)
)
.

Let now H = 1
2 . In this case, our fractional G-Brownian motion boils down to a G-Brownian motion. 

Consider 0 ≤ s ≤ t and fix i, j ∈ {1, ..., d}, i �= j. We then have

Ê
[
BH

s (i)BH
t (j)

]
= Ê

[
Ê

[
BH

s (i)BH
t (j)

∣∣∣∣Ωs

]]
(56)

= Ê

[(
BH

s (i)
)+

Ê

[
BH

t (j) ±BH
s (j)

∣∣∣∣Ωs

]
+
(
BH

s (i)
)−

Ê

[
−BH

t (j) ±BH
s (j)

∣∣∣∣Ωs

]]
(57)

= Ê
[
BH

s (j)
((

BH
s (i)

)+ −
(
BH

s (i)
)−)] (58)

= Ê
[
BH

s (j)BH
s (i)

]
= s · sup 

γ∈Θ
γij , (59)

where (56) and (57) come from points (v) and (iv) of Proposition 3.2.3 in [41], respectively, whereas (58) is 
implied by Examples 3.2.4 and 3.2.8 in [41]. Moreover, (59) follows by equation (16).

Finally, equation (51) can be proved using similar arguments. �
We now prove that the components of a d-dimensional fractional G-Brownian motion are self-similar and 

have stationary increments.

Proposition 3.9. The components of a d-dimensional fractional G-Brownian motion of Hurst index H ∈(
0, 1

2
)
∪
( 1

2 , 1
)

are self-similar, i.e. for all i = 1, ..., d, a > 0, it holds

a−HBH
at(i) ∼ BH

t (i) for t ≥ 0.

For H = 1
2 a d-dimensional fractional G-Brownian motion is self-similar.

Proof. Let a > 0. By Remark 3.1.4 in [41] we know that 
(
a−

1
2B

1
2
at

)
t≥0

=
(
a−

1
2Bat

)
t≥0

is also a d-dimensional 

G-Brownian motion and thus B 1
2 is self-similar. Let now H ∈

(
0, 1

2
)
∪
( 1

2 , 1
)
. We first show that

KH(at, u) = aH− 1
2KH

(
t,
u

a 

)
(60)

for 0 < u < t. For H ∈
( 1

2 , 1
)
, this follows since

KH(at, u) = cHu
1
2−H

at ∫
u 

(v − u)H− 3
2 vH− 1

2 dv
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= cHu
1
2−H

t ∫
u
a 

(za− u)H− 3
2 (za)H− 1

2 a dz

= cHu
1
2−Ha2H−1

t ∫
u
a 

(z − u)H− 3
2 zH− 1

2 dz

= aH− 1
2 cH

(u
a 

) 1
2−H

t ∫
u
a 

(z − u)H− 3
2 zH− 1

2 dz

= aH− 1
2KH

(
t,
u

a 

)
,

where we perform a change of variables with z := v
a . With similar arguments we derive (60) also for 

H ∈
(
0, 1

2
)
. By the definition of BH(i) and equation (60) we get

a−HBH
at(i) = a−H

at ∫
0 

KH(at, u)dBu(i) = a−
1
2

at ∫
0 

KH

(
t,
u

a 

)
dBu(i).

Thus, by using that a− 1
2Bat(i) ∼ Bt(i) for t ≥ 0, it follows

a−HBH
at(i) ∼ BH

t (i) for t ≥ 0. �
The next lemma is used to prove both Propositions 3.12 and 3.13.

Lemma 3.10. Let f : R+ → R such that

T∫
0 

f2(s)ds < ∞ (61)

for all T > 0. Then for i = 1, ..., d, T > 0, it holds

T∫
0 

f(t)dBt(i) ∼ N
(
0, [σ2

i (t), σ2
i (t)]

)
(62)

with σ2
i (t) := σ2

i

∫ t

0 f2(s)ds and σ2
i (t) := σ2

i

∫ t

0 f2(s)ds.

Proof. Let f : R+ → R such that (61) holds. Then, for fixed T > 0 it holds f ∈ M2
G(0, T ) and the G-Itô 

integral of f with respect to B(i) is well-defined. We first prove (62) for a simple process f ∈ M2,0
G (0, T ). 

To do so, for any fixed N ∈ N let {t0, ..., tN} be a partition of [0, T ], and

f(t) :=
N−1∑
j=0 

f(j)1[tj ,tj+1](t)

with f(j) := f(tj). Then by Definition 3.3.3 in [41]

IN (f) =
T∫

0 

f(t)dBt(i) :=
N−1∑
j=0 

f(j)(Btj+1(i) −Btj (i)). (63)
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We now show via induction that for IN (f) dfined in (63) it holds

IN (f) ∼ N
(
0,
[
σ2
i a

N , σ2
i a

N
])

(64)

with aN :=
∑N−1

j=0 (f(j))2(tj+1 − tj). For N = 1, we have Bt1(i) = BT (i) ∼ N (0, [σ2
iT, σ

2
iT ]) and thus 

f(T )BT (i) ∼ N (0, [σ2
i (f(T ))2T, σ2

i (f(T ))2T ]). We now assume that (64) holds for N = n− 1. By the in
duction hypothesis we know that

n−2∑
j=0 

f(j)(Btj+1(i) −Btj (i)) ∼ N
(
0,
[
σ2
i a

n−1, σ2
i a

n−1]) (65)

with an−1 :=
∑n−2

j=0 (f(j))2(tj+1 − tj). Moreover, it holds that

f(n− 1)(Btn(i) −Btn−1(i)) ∼ f(n− 1)
√

tn − tn−1B1(i).

Note that by (65) we have

n−2∑
j=0 

f(j)(Btj+1(i) −Btj (i)) ∼
√
an−1B̄1(i),

where B̄(i) is a G-Brownian motion and B̄1(i) is independent of B1(i) as Btn(i) −Btn−1(i) is independent 
of the vector (Bt1(i), Bt2(i) −Bt1(i), ..., Btn−1(i) −Btn−2(i)). Therefore, by Definition 2.6

f(n− 1)
√
tn − tn−1B1(i) + an−1B̄1(i)

∼

√√√√(f(n− 1))2(tn − tn−1) +
n−2∑
j=0 

(f(j))2(tj+1 − tj)B1(i)

=
√
anB1(i),

which concludes the proof of the induction.
From now on we denote by πN

T = {tN0 , tN1 , ..., tNN}, N ∈ N, a sequence of partitions of [0, T ] such that 
limN→∞ μ(πN

T ) = 0 with μ(πN
T ) dfined in (12). By Lemma 3.3.4 in [41] the mapping I : M0,2

G (0, T ) →
L2
G(ΩT ) in (63) can be continuously extended to I : M2

G(0, T ) → L2
G(ΩT ). Moreover, by the definition of 

the Lebesgue integral it is clear that

lim
N→∞

aN = lim
N→∞

N−1∑
j=0 

(fN
j )2(tNj+1 − tNj ) =

T∫
0 

f2(s)ds

with fN
j := f(tNj ). Thus, combining all the results the lemma follows. �

We close the section with the following results.

Lemma 3.11. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index H ∈

(0, 1). Then for i = 1, ..., d and fixed t ≥ 0

BH
t (i) ∼ N

(
0, [σ2

i t
2H , σ2

i t
2H ]
)
.

In particular for t = 1 and any H ∈ (0, 1) it holds BH
1 (i)∼B1(i).
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Proof. Let H ∈ (0, 1) and fix t ≥ 0. Then by (43) we have

t ∫
0 

(KH(t, u))2du = 1
2
(
t2H + t2H

)
= t2H < ∞

and thus it follows by Lemma 3.10 that BH
t (i) ∼ N

(
0, [σ2

i t
2H , σ2

i t
2H ]
)
. �

The next proposition provides a useful connection between the G-expectation of a multi-dimensional 
fractional G-Brownian motion and nonlinear PDEs.

Proposition 3.12. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈ (0, 1) and fix i = 1, ..., d, t ≥ 0. Then for each ϕ ∈ Cl,lip(R) the function

ui(t, x) := Ê[ϕ(x + t−H+ 1
2BH

t (i))], (t, x) ∈ [0,∞) ×R

is the unique viscosity solution of the following PDE

∂tu−Gi(D2
xu) = 0, u|t=0 = ϕ, (66)

where Gi : R → R is dfined in (28).

Proof. Fix t ≥ 0 and i = 1, ..., d. Let H ∈
(
0, 1

2
)
∪
( 1

2 , 1
)
. By Lemma 3.11 we get

ūi(t, x) := Ê[ϕ(x + t−H+ 1
2BH

t (i))] = Ê[ϕ(x + tHt−H+ 1
2BH

1 (i))] = Ê[ϕ(x +
√
tB1(i))], (67)

where the second equality follows since BH
t (i) ∼ tHBH

1 (i) for t ≥ 0 by Proposition 3.9.
Therefore, it follows by Example 2.2.14 in [41] that ūi is the unique viscosity solution of the standard 

Gi-heat equation in (66). Note that for H = 1
2 the result follows by Theorem 3.1.3 in [41]. �

3.2. Increments of a multi-dimensional G-fBm

We now investigate some properties of the increments of the components of a d-dimensional fractional 
G-Brownian motion. First of all we show the stationarity of the increments of each component.

Proposition 3.13. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈ (0, 1). For H ∈ (0, 1
2 ) ∪ (1

2 , 1) and i = 1, ..., d

BH
t+h(i) −BH

h (i) ∼ BH
t (i) for t ≥ 0, h > 0.

For H = 1
2 , the process BH is a G-Brownian motion and has therefore stationary increments.

Proof. First, note that a one-dimensional fractional Brownian motion (B̄H
t )t≥0 on a standard probability 

space (Ω,F , P ) has stationary increments. In particular, B̄H
t+h − B̄H

t has the same distribution as B̄H
t for 

every t, h > 0 under P . Let now H ∈ (1
2 , 1). Then, by the Volterra representation of a fractional Brownian 

motion and since KH(t, s) = 0 for 0 ≤ t ≤ s, we have

B̄H
t+h − B̄H

h =
t+h∫
0 

KH(t + h, s)dB̄s −
h ∫

0 

KH(h, s)dB̄s
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=
t+h∫
0 

(KH(t + h, s) −KH(h, s)) dB̄s, (68)

where (B̄t)t≥0 denotes a standard Brownian motion. Therefore, applying Lemma 3.10 in the classical case 
when σ2

i = σ2
i = 1, we get

B̄H
t+h − B̄H

h ∼ N̄ (0, g(t + h)) and B̄H
t ∼ N̄ (0, h(t))

with g(t + h) :=
∫ t+h

0 (KH(t + h, s) −KH(h, s))2 ds, h(t) :=
∫ t

0 (KH(t, s))2ds and where N̄ denotes the 
standard normal distribution. Thus, by the stationarity of the increments of a fractional Brownian motion, 
it follows that

g(t + h) = h(t). (69)

For the components of a d-dimensional fractional G-Brownian motion, by similar considerations as in (68)
and by Lemma 3.10 we get for i = 1, ..., d

BH
t+h(i) −BH

h (i) ∼ N
(
0,
[
σ2
i g(t + h), σ2

i g(t + h)
])

and

BH
t (i) ∼ N

(
0,
[
σ2
ih(t), σ2

ih(t)
])

.

Thus, (69) implies that the components of a d-dimensional fractional G-Brownian motion have stationary 
increments. Similar arguments can be used for H ∈ (0, 1

2 ). Moreover, for H = 1
2 the result follows directly 

by the stationarity of the increments of a d-dimensional G-Brownian motion. �
Lemma 3.14. Fix i, j = 1, ..., d with i �= j and 0 ≤ w ≤ s < r < u < t. Let BH = (BH

t )t≥0 be a d-dimensional 
fractional G-Brownian motion of Hurst index H ∈ (0, 1

2) ∪ (1
2 , 1). Then it holds

Ê

⎡
⎣
⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ t ∫

w

KH(t, v)dBv(i) −
u ∫

w

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωw

⎤
⎦

≤ 1
8σ

2
ij

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
and

Ê

⎡
⎣
⎛
⎝ r∫

w

KH(r, v)dBv(i) −
s ∫

w

KH(s, v)dBv(i)

⎞
⎠
⎛
⎝ t ∫

w

KH(t, v)dBv(i) −
u ∫

w

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωw

⎤
⎦

= σ2
i

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)

− σ2
i

w∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv.

Furthermore, it holds
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− Ê

⎡
⎣−
⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ t ∫

w

KH(t, v)dBv(i) −
u ∫

w

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωw

⎤
⎦

≥ 1
8σ

2
ij

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
and

− Ê

⎡
⎣−
⎛
⎝ r∫

w

KH(r, v)dBv(i) −
s ∫

w

KH(s, v)dBv(i)

⎞
⎠
⎛
⎝ t ∫

w

KH(t, v)dBv(i) −
u ∫

w

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωw

⎤
⎦

= σ2
i

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
− σ2

i

w∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv.

Proof. Consider first some general i, j = 1, ..., d. We have

Ê

⎡
⎣
⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ t ∫

w

KH(t, v)dBv(i) −
u ∫

w

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωw

⎤
⎦

= Ê

[
Ê

[⎛⎝ r∫
w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ r∫

w

KH(t, v)dBv(i) −
r∫

w

KH(u, v)dBv(i)

⎞
⎠

+

⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ t ∫

r

KH(t, v)dBv(i) −
u ∫

r

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωr

]∣∣∣∣Ωw

]

= Ê

[⎛⎝ r∫
w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ r∫

w

KH(t, v)dBv(i) −
r∫

w

KH(u, v)dBv(i)

⎞
⎠

+ Ê

[⎛⎝ r∫
w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ t ∫

r

KH(t, v)dBv(i) −
u ∫

r

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωr

]∣∣∣∣Ωw

]

(70)

= Ê

⎡
⎣
⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠ r∫

w

(KH(t, v) −KH(u, v))dBv(i)
∣∣∣∣Ωw

⎤
⎦ (71)

= Ê

⎡
⎣
⎛
⎝ r∫

w

KH(r, v)dBv(j) −
r∫

w

KH(s, v)dBv(j)

⎞
⎠ r∫

w

(KH(t, v) −KH(u, v))dBv(i)
∣∣∣∣Ωw

⎤
⎦ (72)

= Ê

⎡
⎣ r∫
w

(KH(r, v) −KH(s, v)) dBv(j)
r∫

w

(KH(t, v) −KH(u, v)) dBv(i)
∣∣∣∣Ωw

⎤
⎦ , (73)

where (70) follows by Remark 3.2.4 in [41] whereas (72) comes from the fact that KH(s, v) = 0 for any 
0 ≤ s ≤ v, so that

r∫
s 

KH(s, v)dBv(j) = 0.
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Moreover, (71) follows because from Proposition 3.2.3(iv) in [41] we get

Ê

[⎛⎝ r∫
w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ t ∫

r

KH(t, v)dBv(i) −
u ∫

r

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωr

]

=

⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠

+

Ê

[ t ∫
r

KH(t, v)dBv(i) −
u ∫

r

KH(u, v)dBv(i)
∣∣∣∣Ωr

]

+

⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠

−

Ê

[
−

t ∫
r

KH(t, v)dBv(i) +
u ∫

r

KH(u, v)dBv(i)
∣∣∣∣Ωr

]

= 0,

Suppose now i = j and set

F (v) := F r,s,t,u(v) := (KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) , v ≥ 0.

By (73) and the G-Itô’s formula applied to the process

(Y r,s,t,u,w
z (i))z≥w =

⎛
⎝ z∫

w

(KH(r, v) −KH(s, v)) dBv(j)
z∫

w

(KH(t, v) −KH(u, v)) dBv(i)

⎞
⎠

z≥w

,

it holds

Ê

⎡
⎣
⎛
⎝ r∫

w

KH(r, v)dBv(i) −
s ∫

w

KH(s, v)dBv(i)

⎞
⎠
⎛
⎝ t ∫

w

KH(t, v)dBv(i) −
u ∫

w

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωw

⎤
⎦

= Ê

⎡
⎣ r∫
w

F (v)d〈B(i)〉v − 2
r∫

w

Gi (F (v)) dv
∣∣∣∣Ωw

⎤
⎦+ 2

r∫
w

Gi (F (v)) dv

= 2
r∫

w

Gi (F (v)) dv (74)

= σ2
i

r∫
w

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv (75)

= σ2
i

r∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv

− σ2
i

w∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv

= σ2
i

r∫
0 

KH(r, v)) (KH(t, v) −KH(u, v)) dv − σ2
i

s ∫
0 

KH(s, v) (KH(t, v) −KH(u, v)) dv

− σ2
i

w∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv
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= σ2
i

(
t2H − u2H − (t− r)2H + (u− r)2H −

(
t2H − u2H − (t− s)2H + (u− s)2H

))

− σ2
i

w∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv (76)

= σ2
i

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)

− σ2
i

w∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv.

Here (74) holds since 
(∫ s

0 F (v)d〈B(i)〉v − 2
∫ s

0 Gi(F (v))dv
)
s≥0 is a Gi-martingale by Proposition 4.1.4 in 

[41], and we get (75) since

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) > 0.

Finally, (76) follows directly from (43).
Suppose now i �= j. In this case, using similar arguments as above, we have

Ê

⎡
⎣
⎛
⎝ r∫

w

KH(r, v)dBv(j) −
s ∫

w

KH(s, v)dBv(j)

⎞
⎠
⎛
⎝ t ∫

w

KH(t, v)dBv(i) −
u ∫

w

KH(u, v)dBv(i)

⎞
⎠∣∣∣∣Ωw

⎤
⎦

= 1
4 Ê
[ r∫
w

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) d〈B(j) + B(i)〉v

± 2
r∫

w

Gei+ej ((KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v))) dv

+
r∫

w

− (KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) d〈B(j) −B(i)〉v

± 2
r∫

w

Gei−ej (− (KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v))) dv
∣∣∣∣Ωw

]

≤ 1
2

( r∫
w

Gei+ej ((KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v))) dv

+
r∫

w

Gei−ej (− (KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v))) dv
)

= 1
4

[ r∫
w

sup 
γ∈Θ

(γii + γjj + 2γij) (KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv

−
r∫

w

inf
γ∈Θ

(γii + γjj − 2γij) (KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv
]

= 1
8σ

2
ij

r∫
w

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv
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≤ 1
8σ

2
ij

r∫
0 

(KH(r, v) −KH(s, v)) (KH(t, v) −KH(u, v)) dv

= 1
8σ

2
ij

⎛
⎝ r∫

0 

KH(r, v) (KH(t, v) −KH(u, v)) dv −
s ∫

0 

KH(s, v) (KH(t, v) −KH(u, v)) dv

⎞
⎠

= 1
8σ

2
ij

(
t2H − u2H − (t− r)2H + (u− r)2H −

(
t2H − u2H − (t− s)2H + (u− s)2H

))
= 1

8σ
2
ij

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
.

With similar arguments the two remaining results of the lemma follow. �
The next results regard the correlation between two increments of a fractional G-Brownian motion. Their 

proofs for H ∈ (0, 1
2 ) ∪ (1

2 , 1) follow directly from Lemma 3.14. When H = 1
2 , the results can be proved 

using points (v) and (iv) of Proposition 3.2.3 in [41] together with Example 3.2.8 in [41], in a similar way 
as in the proof of Proposition 3.8 for H = 1

2 .

Corollary 3.15. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index H ∈

(0, 1). Fix 0 ≤ s < r < u < t and i = 1, ..., d. Then for any H ∈ (0, 1
2 ) ∪ (1

2 , 1) it holds

Ê
[(
BH

r (i) −BH
s (i)

) (
BH

t (i) −BH
u (i)

)]
= σ2

i

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
(77)

and

−Ê
[
−
(
BH

r (i) −BH
s (i)

) (
BH

t (i) −BH
u (i)

)]
= σ2

i

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
. (78)

For H = 1
2 , we have

Ê
[(

B
1
2
r (i) −B

1
2
s (i)

)(
B

1
2
t (i) −B

1
2
u (i)

)]
= −Ê

[
−
(
B

1
2
r (i) −B

1
2
s (i)

)(
B

1
2
t (i) −B

1
2
u (i)

)]
= 0. (79)

Corollary 3.16. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index H ∈

(0, 1). Fix i, j = 1, ..., d with i �= j and 0 ≤ s < r < u < t. Then for any H ∈ (0, 1
2) ∪ (1

2 , 1) it holds

Ê
[(
BH

r (j) −BH
s (j)

) (
BH

t (i) −BH
u (i)

)]
≤ 1

8σ
2
ij

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
and

− Ê
[
−
(
BH

r (j) −BH
s (j)

) (
BH

t (i) −BH
u (i)

)]
≥ 1

8σ
2
ij

(
(t− s)2H − (u− s)2H − (t− r)2H + (u− r)2H

)
.

For H = 1
2 , we have

Ê
[(

B
1
2
r (j) −B

1
2
s (j)

)(
B

1
2
t (i) −B

1
2
u (i)

)]
= −Ê

[
−
(
B

1
2
r (j) −B

1
2
s (j)

)(
B

1
2
t (i) −B

1
2
u (i)

)]
= 0.
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Using (77) and (78), we now show that the components of a d-dimensional fractional G-Brownian motion 
exhibit long-range dependence as the classical fractional Brownian motion for H ∈ (1

2 , 1), see Section 1.4 in 
[6]. To do so, we introduce an autocovariance function in the G-expectation setting.

Definition 3.17. Let X = (Xn)n∈N be a stationary process. Then we dfine the autocovariance function
ρ := (ρ, ρ) by

ρ(n) := Ê
[(

Xk − Ê[Xk]
)(

Xk+n − Ê[Xk+n]
)]

, (80)

ρ(n) := −Ê
[
−
(
Xk − Ê[Xk]

)(
Xk+n − Ê[Xk+n]

)]
. (81)

We now generalize the definition of a long-memory process introduced in [5].

Definition 3.18. Let X = (Xn)n∈N be a stationary process. Then X satifies the property of long memory
if the autocovariance function ρ = (ρ, ρ) in Definition 3.17 satifies

∞ ∑
n=1

ρ(n) = ∞, 
∞ ∑

n=1
ρ(n) = ∞.

If on the contrary

∞ ∑
n=1

ρ(n) < ∞, 
∞ ∑

n=1
ρ(n) < ∞.

we say that X has a short memory.

The following proposition is a direct implication of (77) and (78).

Proposition 3.19. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈ (0, 1). For any i = 1, . . . , d, the increments process X(i) = (Xk(i))k∈N with Xk(i) := BH
k (i)−BH

k−1(i), 
k ∈ N, has long memory for H ∈ (1

2 , 1), and short memory for H ∈ (0, 1
2 ].

Proof. Note that the increments of a fractional G-Brownian motion are stationary by Proposition 3.13. 
Furthermore, we have

ρ(n) = Ê
[(

Xk(i) − Ê[Xk(i)]
)(

Xk+n(i) − Ê[Xk+n(i)]
)]

= Ê
[(
BH

k (i) −BH
k−1(i)

) (
BH

k+n(i) −BH
k+n−1(i)

)]
= Ê

[
BH

1 (i)
(
BH

n+1(i) −BH
n (i)

)]
= 1

2σ
2
i

(
(n + 1)2H + (n− 1)2H − 2n2H) ,

where the last equality follows directly from (77). In the same way, we get

ρ(n) = 1
2σ

2
i

(
(n + 1)2H + (n− 1)2H − 2n2H) .

The result then follows since for large n we have

1
2
(
(n + 1)2H + (n− 1)2H − 2n2H) ∼ H(2H − 1)n2H−2. �
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We now show that our approach coincides with the one of [25] in the one-dimensional case.

Lemma 3.20. Let BH = (BH
t )t≥0 be a one-dimensional fractional G-Brownian motion of Hurst index H ∈

(0, 1) given in Definition 3.5. Then, any continuous modfication of BH is a one-dimensional fractional 
G-Brownian motion in the sense of Definition 3.4.

Proof. By Proposition 3.7 and Lemma 3.11 it follows that BH satifies the Points 1. and 2. in Definition 3.4. 
Moreover, by Proposition 3.13 Point 3. follows. Finally, for m ∈ N and m ≥ 3 we have

Ê
[
|BH

t |m
]
t−2H = Ê

[
|BH

1 tH |m
]
t−2H = Ê

[
|BH

1 |m
]
tH(2−m)

= Ê [|B1|m] tH(2−m) ≤ CmtH(2−m) → 0 for t → ∞, (82)

where we used Exercise 3.10.1 in [41] for the last inequality and again Lemma 3.11 for the last equal
ity. This shows that in the one-dimensional case BH is a fractional G-Brownian motion in the sense of 
Definition 3.4. �
3.3. Sample paths properties of a multi-dimensional G-fBm

From now on, we denote the Euclidean norm by ‖·‖.

Proposition 3.21. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈ (0, 1). Consider q ∈ R+ such that q ≥ 2H. Then for any 0 < s < t it holds

Ê
[
‖BH

t −BH
s ‖ q

H

]
≤ Cq,H(t− s)q,

for a given constant Cq,H > 0. In particular, for any α < H, BH admits a modfication B̃H which has 
quasi-surely Hölder continuous paths of order α.

Proof. Fix H ∈ (0, 1), 0 < s < t and q ∈ R+ such that q ≥ 2H. We have

Ê
[
‖BH

t −BH
s ‖ q

H

]
= Ê

⎡
⎣( d ∑

i=1 
(BH

t (i) −BH
s (i))2

) q
2H
⎤
⎦

= Ê

⎡
⎣( d ∑

i=1 
(BH

t−s(i))2
) q

2H
⎤
⎦ (83)

= Ê

⎡
⎣( d ∑

i=1 
((t− s)HBH

1 (i))2
) q

2H
⎤
⎦ (84)

= Ê

⎡
⎣( d ∑

i=1 
(B1(i))2

) q
2H
⎤
⎦ (t− s)q (85)

= Ê
[
‖B1 −B0‖

q
H

]
(t− s)q

≤ Cq,H(t− s)q, (86)

where (83), (84) and (85) follow by Proposition 3.13, Proposition 3.9 and from the results in the proof of 
Proposition 3.12, respectively. Moreover, we get (86) by equation (4.1) of [22] using q ≥ 2H. �
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Lemma 3.22. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index H ∈

(0, 1). Let πN
t = {tN0 , . . . , tNN}, N ∈ N, be a sequence of partitions of [0, t] such that the mesh size μ(πN

t )
converges to 0 for N → ∞. Then for p > 1 

H it holds

lim
N→∞

N−1∑
i=0 

||BH
tNi+1

−BH
tNi
||p = 0 in L1 and capacity. (87)

Proof. It is enough to show that limN→∞
∑N

i=1 ‖BH
tNi+1

− BH
tNi
‖p = 0 in L1 as L1-convergence implies con

vergence in capacity by Point (c), page 5 in [29]. It holds

Ê

[
N−1∑
i=0 

∥∥∥BH
tNi+1

−BH
tNi

∥∥∥p
]
≤

N−1∑
i=0 

Ê
[∥∥∥BH

tNi+1
−BH

tNi

∥∥∥p]

≤ CH

N−1∑
i=0 

∣∣tNi+1 − tNi
∣∣pH (88)

=CH ·
(
μ(πN

t )
)pH−1

N−1∑
i=0 

∣∣tNi+1 − tNi
∣∣(∣∣tNi+1 − tNi

∣∣
μ(πN

t ) 

)pH−1

≤ CH ·
(
μ(πN

t )
)pH−1

N−1∑
i=0 

∣∣tNi+1 − tNi
∣∣

≤ CH ·t ·
(
μ(πN

t )
)pH−1 → 0 for N → ∞.

where we use Proposition 3.21 for p = 2H in (88). Moreover, the limit follows as pH − 1 > 0. �
Remark 3.23. 

1. Note that Lemma 3.22 is in line with the well-known result that for a ``classical'' fractional Brownian 
motion B̄H it holds

lim
n→∞

N−1∑
i=0 

‖B̄H
tNi+1

− B̄H
tNi
‖p = 0

for p > 1 
H , where the limit is understood in a L1-sense, see e.g. [24] and [43]. However, we cannot deduce 

any result for p < 1 
H and p = 1 

H as this would be based on ergodic theory, which is yet not available in 
the G-expectation framework and is beyond the scope of this paper.

2. As in Section 3.2 in [42], we dfine the quadratic variation of a one-dimensional fractional G-Brownian 
motion BH as the L1-limit in (87) for p = 2. Then it follows by Lemma 3.22 that for H ∈ (1

2 , 1) the 
quadratic variation process of a fractional G-Brownian motion equals 0.

The next result shows that a fractional G-Brownian motion has quasi-surely non-differentiable sample 
paths.

Proposition 3.24. Let BH = (BH
t )t≥0 be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈ (0, 1). Then,

c

(
lim sup
t→t0

∥∥∥∥BH
t −BH

t0

t− t0

∥∥∥∥ < ∞
)

= 0.
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Proof. We dfine the sets

AH(t) :=
{

sup 
0≤s≤t

∥∥∥∥BH
s (ω)
s 

∥∥∥∥ ≤ d

}
.

For any (tn)n≥0 with tn ↓ 0 for n → ∞ it holds AH(tn) ⊂ AH(tn+1). Thus

c
(

lim
n→∞

AH(tn)
)

= lim
n→∞

c
(
AH(tn)

)

and we now prove that limn→∞ c
(
AH(tn)

)
= 0. We have

lim
n→∞

c
(
AH(tn)

)
= lim

n→∞
c

(
sup 

0≤s≤tn

∥∥∥∥BH
s (ω)
s 

∥∥∥∥ ≤ d

)

≤ lim
n→∞

c

(∥∥∥∥BH
tn(ω)
tn

∥∥∥∥ ≤ d

)

= lim
n→∞

c
(
‖B1t

H−1
n ‖ ≤ d

)
(89)

= lim
n→∞

c
(
‖B1‖ ≤ dt1−H

n

)
≤ lim

n→∞
exp
(

1
2

)
(t1−H

n d)2α (90)

= 0

with α := σ2

2 . In (89) we use Proposition 3.9 and in (90) Lemma 3.6 in [46]. �
4. Stochastic calculus for a multi-dimensional G-fBm with H ∈ (1

2 , 1)

In this section we introduce the definition of a stochastic integral with respect to a d-dimensional fractional 
G-Brownian motion of Hurst index H ∈ (1

2 , 1) by following the approach of [47].

4.1. Fractional calculus and deterministic differential equations

In order to dfine the generalized Lebesgue-Stieltjes integral as in [47] we introduce some notation about 
fractional calculus. For a finite interval [a, b] ⊂ R and 1 ≤ p ≤ ∞ we set

Lp(a, b) := {f : [a, b] → Rn : f Borel measurable, ‖f‖Lp([a,b]) < ∞},

where

‖f‖Lp(a,b) :=

⎛
⎝ b ∫

a 

|f(x)|pdx

⎞
⎠

1 
p

, 1 ≤ p < ∞,

‖f‖L∞(a,b) := ess sup{|f(x)| : x ∈ [a, b]}.

For any 0 < λ ≤ 1 we dfine Cλ(0, T ;Rd) as the space of Hölder continuous functions f : [0, T ] → Rd with 
exponent λ.



F. Biagini et al. / J. Math. Anal. Appl. 548 (2025) 129364 31

Definition 4.1. Let f ∈ L1(a, b) and α > 0. The left-sided fractional Riemann-Louiville integral of f of order 
α is given for almost all x ∈ (a, b) by

Iαa+f(x) := 1 
Γ(α)

x ∫
a 

f(y) 
(x− y)1−α

dy,

whereas the right-sided fractional Riemann-Louiville integral of f of order α is given for almost all x ∈ (a, b)
by

Iαb+f(x) := (−1)−α

Γ(α) 

b ∫
x 

f(y) 
(y − x)1−α

dy,

where (−1)−α = e−iπα and Γ(α) =
∫∞
0 rα−1e−rdr.

The class Iα+(Lp(a, b)) contains all functions f that can be represented as f = Iαa+ϕ for ϕ ∈ Lp(a, b) and 
Iα−(Lp(a, b)) contains all functions f that can be represented as f = Iαa−ϕ for ϕ ∈ Lp(a, b), respectively. 
Moreover, for f ∈ Iαa+(Lp(a, b)) (respectively f ∈ Iαa−(Lp(a, b))) and 0 < α < 1 we introduce the Weyl 
derivatives by

Dα
a+f(x) := 1 

Γ(1 − α)

⎛
⎝ f(x) 

(x− a)α + α

x ∫
a 

f(x) − f(y)
(x− y)α+1 dy

⎞
⎠ 1(a,b)(x),

Dα
b−f(x) := (−1)α

Γ(1 − α)

⎛
⎝ f(x) 

(b− x)α + α

b ∫
x 

f(x) − f(y)
(y − x)α+1 dy

⎞
⎠ 1(a,b)(x),

respectively, where the convergence of the integral holds pointwise for almost all x ∈ (a, b) for p = 1 and in 
Lp(a, b) for p > 1. 
For a function f : [a, b] → R we use the notation

f(u+) := lim
δ↓0 

f(u + δ) and f(u−) := lim
δ↓0 

f(u− δ) for a ≤ u ≤ b, (91)

and

fa+(x) := (f(x) − f(a+))1(a,b)(x) and fb−(x) := (f(x) − f(b−))1(a,b)(x), (92)

where we assume that the limits in (91) and (92) exist and are finite.

Definition 4.2. Let f, g : [a, b] → R such that f(a+), g(a+), g(b−) exist, and fa+ ∈ Iαa+(Lp([a, b])), gb− ∈
I1−α
b+ (Lq([a, b])) for some p, q ≥ 1 with 1 

p + 1
q ≤ 1 and 0 ≤ α ≤ 1. Then the generalized fractional Lebesgue

Stieltjes integral is dfined by

b ∫
a 

f(x)dg(x) := (−1)α
b ∫

a 

Dα
a+fa+(x)D1−α

b− gb−(x)dx + f(a+)(g(b−) − g(a+)). (93)

Remark 4.3. For f ∈ Cλ([a, b]), g ∈ Cμ([a, b]) with μ + λ > 1, the conditions in Definition 4.2 are satified 
and we can choose p = q = ∞ and α < λ, 1 − α < μ. The integral of 

∫ b

a
f(x)dg(x) in (93) coincides then 

with the Riemann-Stieltjes integral of f with respect to g.
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For 0 < α < 1/2 we denote by W 1−α,∞
T (0, T ) the space of measurable functions g : [0, T ] → R such that

‖g‖1−α,∞,T := sup 
0<s<t<T

⎛
⎝ |g(t) − g(s)|

(t− s)1−α
+

t ∫
s 

|g(y) − g(s)|
(y − s)2−α

dy

⎞
⎠ < ∞.

In particular, it holds

C1−α+ε(0, T ) ⊂ W 1−α,∞
T (0, T ) ⊂ C1−α(0, T ), ∀ε > 0. (94)

For 0 < α < 1
2 , Wα,1

0 (0, T ) is dfined as the space of measurable functions f on [0, T ] such that

‖f‖α,1 :=
T∫

0 

|f(s)|
sα

ds +
T∫

0 

s ∫
0 

|f(s) − f(y)|
(s− y)α+1 dyds < ∞.

Note that the restriction of g ∈ W 1−α,∞
T (0, T ) to (0, t) belongs to I1−α

t− (L∞(0, t)) for all t ∈ [0, T ] and 
the restriction of f ∈ Wα,1

0 (0, T ) to (0, t) belongs to Iα0+
(
L1(0, t)

)
for all t ∈ [0, T ]. Furthermore, for any 

f ∈ Wα,1
0 (0, T ) and g ∈ W 1−α,∞

T (0, T ), the integral 
∫ t

0 fdg exists for all t ∈ [0, T ] and

t ∫
0 

fdg =
T∫

0 

f1(0,t)dg.

For 0 < α < 1
2 we denote by Wα,∞

0 (0, T ;Rd) the space of all measurable functions f : [0, T ] → Rd such that

‖f‖α,∞ := sup 
t∈[0,T ]

⎛
⎝|f(t)| +

t ∫
0 

|f(t) − f(s)|
(t− s)α+1 ds

⎞
⎠ < ∞.

Assumption 4.4. Fix m ∈ N. For i = 1, ..., d and j = 1, ...,m let σi,j , bi : ([0, T ] ×Rd,B([0, T ] ×Rd)) → (R, 
B(R)) be measurable functions. Given σ : [0, T ] × Rd → Rd×m and b : [0, T ] × Rd → Rd by σ(t, x) :=(
σi,j(t, x)

)
i=1,...,d;j=1,...,m and b(t, x) := (bi(t, x))i=1,...,d, we assume that

1. σ(t, x) is differentiable in x, there exist some constants 0 < β, δ ≤ 1, and for every N ≥ 0 there exists 
MN > 0 such that the following properties hold for each i = 1, . . . , d
(a) σ is Lipschitz continuous in space, i.e. for all x ∈ Rd, t ∈ [0, T ] it holds

‖σ(t, x) − σ(t, y)‖ ≤ M0‖x− y‖;

(b) σ is local Hölder continuous in space, i.e. for all ‖x‖, ‖y‖ ≤ N, t ∈ [0, T ], it holds

‖∂xi
σ(t, x) − ∂yi

σ(t, y)‖ ≤ MN‖x− y‖δ;

(c) σ is Hölder continuous in time, i.e. for all x ∈ Rd, t, s ∈ [0, T ] it holds

‖σ(t, x) − σ(s, x)‖ + ‖∂xi
σ(t, x) − ∂xi

σ(s, x)‖ ≤ M0|t− s|β .

2. There exists b0 ∈ Lρ
(
0, T ;Rd

)
, where ρ ≥ 2, and for every N ≥ 0 there exists LN > 0 such that the 

following properties hold



F. Biagini et al. / J. Math. Anal. Appl. 548 (2025) 129364 33

(a) b is local Lipschitz continuous in space, i.e. for all ‖x‖, ‖y‖ ≤ N, t ∈ [0, T ] it holds

‖b(t, x) − b(t, y)‖ ≤ LN‖x− y‖;

(b) b is bounded, i.e. for all x ∈ Rd, t ∈ [0, T ] it holds

‖b(t, x)‖ ≤ L0‖x‖ + b0(t).

Here we use the notation

‖y‖ :=
(

d ∑
i=1 

|yi|2
) 1

2

and ‖A‖ :=

⎛
⎝ d ∑

i=1 

m ∑
j=1 

|ai,j |2
⎞
⎠

1
2

for y ∈ Rd and A = (ai,j)i=1,...,d;j=1,...,m ∈ Rd×m.

We now state Theorem 5.1 in [37].

Theorem 4.5. Let 0 < α < 1
2 be fixed. Let g ∈ W 1−α,∞

T (0, T ;Rm). Consider the deterministic differential 
equation on Rd

xi
t = xi

0 +
t ∫

0 

bi (s, xs) ds +
m ∑
j=1 

t ∫
0 

σi,j (s, xs) dgjs, t ∈ [0, T ], (95)

i = 1, . . . , d, where x0 ∈ Rd, and the coefficients σi,j , bi : [0, T ]×Rd → R are measurable functions satisfying 
Assumption 4.4, respectively with ρ = 1 

α , 0 < β, δ ≤ 1 and

0 < α < α0 = min
{

1
2 , β,

δ

1 + δ

}
.

Then, equation (95) has a unique solution x ∈ Wα,∞
0 (0, T ;Rd), which is (1 − α)-Hölder continuous.

4.2. Stochastic integrals with respect to a multi-dimensional G-fBm with H ∈ (1
2 , 1)

From now on we fix H ∈ (1
2 , 1) and T > 0. We denote by L0 (Ω,F ,P;Wα,∞

0 (0, T )) the space 
of functions X on (Ω,F) such that X ∈ Wα,∞

0 (0, T ) quasi surely. Analogously, we dfine the space 

L0
(
Ω,F ,P;Wα,1

T (0, T )
)
. Here, F = B(Ω) and P are given in (17). From now on, we will call the ele

ments of the spaces above stochastic processes with a small abuse of terminology. With a similar notation, 
L∞ (Ω,F ,P;Rd

)
is the space of functions X : (Ω,F) → Rd such that ‖X(ω)‖L∞ < ∞ for quasi every ω.

First note that by Proposition 3.21 a d-dimensional fractional G-Brownian motion BH is quasi-surely 
Hölder continuous for any β < H. Thus, by (94) it follows that quasi-surely for any T > 0 the trajectories 
of BH belong to W 1−α,∞

T (0, T ) for 1 −H < α < 1
2 . From now on, we fix α ∈ (1 −H, 1

2 ).

Definition 4.6. Let BH = (BH
t )t∈[0,T ] be a d-dimensional fractional G-Brownian motion of Hurst index 

H ∈
( 1

2 , 1
)
. Let u = (ut)t∈[0,T ] ∈ L0

(
Ω,F ,P;Wα,1

T (0, T )
)
. Then we dfine the pathwise integral

t ∫
0 

usdB
H
s , t ∈ [0, T ] (96)
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in the sense of Definition 4.2.

We now provide an inequality for the pathwise increments of a fractional G-Brownian motion, which is 
a generalization of Lemma 7.4 in [37].

Lemma 4.7. Let BH = (BH
t )t∈[0,T ] be a d-dimensional fractional G-Brownian motion of Hurst index H ∈

(1
2 , 1). Then for every 0 < ε < H and T > 0 there exists a positive one-dimensional random variable ηε,H,T

with

Ê [|ηε,H,T |p] < ∞

for all p ∈ [1,∞) and such that for all s, t ∈ [0, T ] it holds

‖BH
t −BH

s ‖ ≤ ηε,H,T |t− s|H−ε q.s. 

Proof. By Lemma 7.3 in [37] and since BH has quasi-surely continuous paths, it holds quasi-surely for 
s, t ∈ [0, T ]

‖BH
t −BH

s ‖ ≤ CH,ε|t− s|H−εξ (97)

with

ξ =

⎛
⎝ T∫

0 

T∫
0 

‖BH
r −BH

v ‖ 2
ε 

|r − v| 2Hε 
drdv

⎞
⎠

ε 
2

. (98)

Fix q ≥ 2/ε. Then we get

Ê [|ξ|q] = Ê

⎡
⎢⎣
⎛
⎝ T∫

0 

T∫
0 

‖BH
r −BH

v ‖ 2
ε 

|r − v| 2Hε 
drdv

⎞
⎠

qε
2 
⎤
⎥⎦

= sup 
P∈P

EP

⎡
⎢⎣
⎛
⎝ T∫

0 

T∫
0 

‖BH
r −BH

v ‖ 2
ε 

|r − v| 2Hε 
drdv

⎞
⎠

qε
2 
⎤
⎥⎦ (99)

≤

⎛
⎜⎝ sup 

P∈P

T∫
0 

T∫
0 

⎛
⎝∫

Ω 

(
‖BH

r (ω) −BH
v (ω)‖ 2

ε 

|r − v| 2Hε 

) qε
2 
dP (ω)

⎞
⎠

2 
qε

drdv

⎞
⎟⎠

qε
2 

(100)

≤

⎛
⎜⎝

T∫
0 

T∫
0 

1 

|r − v| 2Hε 
sup 
P∈P

⎛
⎝∫

Ω 

(
‖BH

r (ω) −BH
v (ω)‖ 2

ε 
) qε

2 
dP (ω)

⎞
⎠

2 
qε

drdv

⎞
⎟⎠

qε
2 

(101)

=

⎛
⎝ T∫

0 

T∫
0 

1 

|r − v| 2Hε 

(
Ê
[
‖BH

r (ω) −BH
v (ω)‖q

]) 2 
qε

drdv

⎞
⎠

qε
2 

≤

⎛
⎝ T∫

0 

T∫
0 

1 

|r − v| 2Hε 
(
Cε,H |r − v|qH

) 2 
qε drdv

⎞
⎠

qε
2 

(102)
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≤ Cε,H

⎛
⎝ T∫

0 

T∫
0 

drdv

⎞
⎠

qε
2 

≤ Cε,HT qε, (103)

where we use in (99) the representation of the G-expectation in (17). Inequality (100) follows by the 

Minkowski inequality. The inequality in (101) follows since supP∈P EP

[(
‖BH

r (ω) −BH
v (ω)‖ 2

ε 
) qε

2 
]

is mea

surable. Moreover, Proposition 3.21 yields (102). By setting

ηε,T,H = Cε,Hξ

the result follows by (97) and (103). �
Lemma 4.8. Let BH = (BH

t )t∈[0,T ] be a fractional G-Brownian motion of Hurst index H ∈
( 1

2 , 1
)

and 

u = (ut)t∈[0,T ] ∈ L0
(
Ω,F ,P;Wα,1

T (0, T )
)
. Then, the pathwise integral dfined in (96) satifies

∣∣∣∣∣∣
T∫

0 

usdB
H
s

∣∣∣∣∣∣ ≤ G̃‖u‖α,1 quasi-surely, (104)

where G̃ is dfined by

G̃ := 1 
Γ(1 − α) sup 

0<s<t<T

∣∣(D1−α
t− BH

t−
)
(s)
∣∣ , (105)

and has finite moments of all orders for p ∈ [1,∞). If u ∈ L0 (Ω,F ,P;Wα,∞
0 (0, T )), then the integral 

(
∫ t

0 usdB
H
s )0≤t≤T is Hölder continuous of order 1 − α quasi-surely.

Proof. Following the same steps of the proof of Lemma 7.5 in [37], it can be seen that Lemma 4.7 implies 
that, if 1 −H < α < 1

2 , then

Ê

[
sup 

0<s<t<T

∣∣D1−α
t− BH

t−(s)
∣∣p] < ∞ (106)

for all T > 0 and p ∈ [1,∞). In particular, (106) implies that the random variable G̃ dfined in (105) has 
moments of all orders for p ∈ [1,∞). Thus, the inequality in (104) follows by equation (4.10) in [37]. The 
Hölder continuity of the integral (

∫ t
0 usdB

H
s )0≤t≤T for u ∈ L0 (Ω,F ,P;Wα,∞

0 (0, T )) is a consequence of by 
Proposition 4.1 in [37]. �
Theorem 4.9. Let BH = (BH

t )t∈[0,T ] be a d-dimensional fractional G-Brownian motion of Hurst index 
H ∈

( 1
2 , 1
)

dfined on (Ω,F ,P). We consider

Xi
t = Xi

0 +
m ∑
j=1 

t ∫
0 

σi,j (s,Xs) dBH
s (j) +

t ∫
0 

bi (s,Xs) ds, t ∈ [0, T ], (107)

i = 1, . . . , d, where X0 : (Ω,F) → (Rd,B(Rd)) is a measurable function. Here we assume that

σi,j , bi : Ω × [0, T ] ×Rd → R, i = 1, ..., d, j = 1, ...,m
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are such that for quasi all ω ∈ Ω, the functions σω : [0, T ] × Rd → Rd×m and bω : [0, T ] × Rd → Rd

dfined by σω(t, x) :=
(
σi,j(ω, t, x)

)
i=1,...,d;j=1,...,m and bω(t, x) := (bi(ω, t, x))i=1,...,d are measurable and 

satisfy points 1. and 2. of Assumption 4.4 for β > 1 − H, δ > 1 
H − 1, where the constants MN , LN ,K0

and the function b0 may depend on ω. If α ∈ (1 −H,α0) and ρ ≥ 1/α, there exists a unique solution 
X ∈ L0 (Ω,F ,P;Wα,∞

0
(
0, T ;Rd

))
of the stochastic differential equation (107). Moreover, for quasi all 

ω ∈ Ω

X(ω, ·) = (X(ω, ·)(i))i=1,...,d ∈ C1−α
(
0, T ;Rd

)
.

4.3. Pathwise Itô’s formula for a one-dimensional G-fBm with H ∈ (1
2 , 1)

Next, we present an Itô formula for a fractional G-Brownian motion for H > 1
2 involving the integral 

introduced in (96). This is an extension of the main result of [44] to the G-setting under an additional 
assumption on the function f .

Proposition 4.10. Let BH = (BH
t )t∈[0,T ] be a one-dimensional fractional G-Brownian motion of Hurst index 

H ∈
( 1

2 , 1
)
.

1. Let f ∈ C2(R) with bounded second derivative and fix t ∈ [0, T ]. Then it holds

f(BH
t ) = f(0) +

t ∫
0 

∂

∂x
f(BH

u )dBH
u , (108)

where the integral with respect to BH is given according to Definition 4.6.
2. Let f ∈ C1,2([0, T ] × R) such that ∂2

∂2xf is bounded and 
∫ t

0

∣∣∣∂f∂t (s,BH
s )
∣∣∣ ds < ∞ quasi-surely for any 

t∈ [0, T ]. Then for any t ∈ [0, T ] it holds

f(t, BH
t ) = f(0, 0) +

t ∫
0 

∂

∂t
f(u,BH

u )du +
t ∫

0 

∂

∂x
f(u,BH

u )dBH
u . (109)

Here ∂
∂tf and ∂

∂xf denote the partial derivatives of f with respect to t and x, respectively, and ∂2

∂2xf the 
second partial derivative of f with respect to x.

Proof. We start by proving Point 1. Let πN
t = {tN0 , ..., tNN}, N ∈ N, be a sequence of partitions of [0, t] such 

that the mesh size μ(πN
t ) dfined in (12) converges to 0 for N → ∞. By applying Taylor’s theorem we get

f(BH
t ) − f(BH

0 )

=
N−1∑
i=0 

f(BH
tNi+1

) − f(BH
tNi

)

=
N−1∑
i=0 

∂

∂x
f(BH

tNi+1
)
(
BH

tNi+1
−BH

tNi

)
+

N−1∑
i=0 

BH

tNi∫
B

tNi+1

∂2

∂x2 f(u)(BH
tNi

− u)du

≤
N−1∑
i=0 

∂

∂x
f(BH

tNi+1
)
(
BH

tNi+1
−BH

tNi

)
+ 1

2 sup 
u∈[0,t]

∣∣∣∣ ∂2

∂x2 f(BH
u )
∣∣∣∣
N−1∑
i=0 

∣∣∣BH
tNi+1

−BH
tNi

∣∣∣2 . (110)
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By Lemma 3.22 we have that

lim
N→∞

N−1∑
i=0 

∣∣∣BH
tNi+1

−BH
tNi

∣∣∣2 = 0 in capacity, (111)

and since ∂2

∂x2 f is bounded by assumption this implies that the second term in (110) also converges to 0 in 

capacity. We now focus on the first integral. First, we prove that ∂
∂xf

(
BH

·
)
∈ L0

(
Ω,F ,P;Wα,1

T (0, T )
)

i.e. 
that for quasi-all ω ∈ Ω it holds

∥∥∥∥ ∂

∂x
f
(
BH

T (ω)
)∥∥∥∥

α,1

=
T∫

0 

∣∣ ∂
∂xf

(
BH

s (ω)
)∣∣

sα
ds +

T∫
0 

s ∫
0 

∣∣ ∂
∂xf

(
BH

s (ω)
)
− ∂

∂xf
(
BH

y (ω)
)∣∣

(s− y)α+1 dyds < ∞. (112)

We have

T∫
0 

∣∣ ∂
∂xf

(
BH

s (ω)
)∣∣

sα
ds ≤ sup 

s∈[0,T ]

∣∣∣∣ ∂∂xf (BH
s (ω)

)∣∣∣∣
T∫

0 

1 
sα

ds < ∞ for quasi-all ω ∈ Ω (113)

since α < 1, f ∈ C2(R) and BH has quasi-surely continuous paths. Moreover,

T∫
0 

s ∫
0 

∣∣ ∂
∂xf

(
BH

s (ω)
)
− ∂

∂xf
(
BH

y (ω)
)∣∣

(s− y)α+1 dyds

=
T∫

0 

s ∫
0 

∣∣ ∂
∂xf

(
BH

s (ω)
)
− ∂

∂xf
(
BH

y (ω)
)∣∣∣∣BH

s (ω) −BH
y (ω)

∣∣
∣∣BH

s (ω) −BH
y (ω)

∣∣
(s− y)α+1 dyds

≤
T∫

0 

s ∫
0 

∣∣∣∣ ∂2

∂x2 f(zω)
∣∣∣∣
∣∣BH

s (ω) −BH
y (ω)

∣∣
(s− y)α+1 dyds for zω ∈ [ inf

r∈[s,y]
Br(ω), sup 

r∈[s,y]
Br(ω)] (114)

≤ C

T∫
0 

s ∫
0 

∣∣BH
s (ω) −BH

y (ω)
∣∣

(s− y)α+1 dyds (115)

< ∞ for quasi-all ω ∈ Ω, (116)

where (114) is implied by the Mean Value Theorem, and (115) follows from the assumption that ∂2

∂x2 f is 
bounded. Finally, we get (116) since the trajectories of BH belong to W 1−α,∞

T (0, T ) and α < 1
2 . From (113)

and (116) we conclude that (112) holds for quasi-all ω ∈ Ω, so that ∂
∂xf

(
BH

·
)
∈ L0

(
Ω,F ,P;Wα,1

T (0, T )
)
. 

By Definition 4.6 we obtain that

t ∫
0 

∂

∂x
f(BH

u )dBH
u = lim

n→∞

N−1∑
i=0 

∂

∂x
f(BH

tNi+1
)
(
BH

tNi+1
−BH

tNi

)
,

as pathwise limit by Remark 4.3. The proof of Point 2. follows similarly. �
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Remark 4.11. The boundedness assumption for the second derivative on f is necessary, as the standard 
techniques used in the classical case as in [32] cannot be applied in the sublinear G-setting. For example, 
the G-expectation does not satisfy the ``monotone continuity criteria'', see [29] for more details on this. Note 
that it is also not possible to prove Proposition 4.10 as in Theorem 8.3.4 of [41], where an Itô formula is 
extended from functions with bounded derivative to C2-functions by using stopping time arguments and 
passing to the limit. The problem is that stopping times are very delicate in the G-setting, and the available 
results are not applicable in our setting as the BH is not a G-Itô process.

We now want to apply the definition of the pathwise integral (96) and the associated Itô formula (108)
to discuss the existence of pathwise arbitrage opportunities in a financial market driven by a fractional 
G-Brownian motion of Hurst index H ∈ (1

2 , 1).
In the classical case with no volatility uncertainty, this question has been studied in several works, see e.g. 

[43], [12] and [44]: the existence of arbitrage strategies, according to the well-known fundamental theorem 
of asset pricing in [13], results from the fact that a fractional Brownian motion of Hurst index H ∈ (1

2 , 1) is 
not a semimartingale. Later on, the so-called Wick-Itô integral with respect to a fractional Brownian motion 
for H ∈ (1

2 , 1) has been introduced in [27] and extended for H ∈ (0, 1) in [20]. Based on this calculus, it 
can be shown that there does not exist any Wick-sel-financing arbitrage in financial markets driven by 
a fractional Brownian motion. However, the definition of a Wick-sel-financing strategy lacks a convincing 
economic interpretation. For alternative considerations about arbitrage in fractal models, we refer to [3], 
[4], [7], [15], [16], [23].

In the G-expectation setting, the definition of arbitrage has been introduced in [45]. The next example 
combines the definition of an arbitrage under volatility uncertainty with the one of a pathwise arbitrage 
and proves the existence of arbitrage strategies in fractal models under volatility uncertainty for H ∈ (1

2 , 1). 
This can be seen as an extension under volatility uncertainty of the example provided in Section 2 of [44], 
where the existence of arbitrage opportunities is shown for a fractal Bachelier model.

Example 4.12. Consider a financial market consisting of a risk-free asset S0 = (S0
t )t∈[0,T ] dfined by S0

t := ert

for r ≥ 0 and of a risky asset S1 = (S1
t )t∈[0,T ] with S1

t := S0 + μt + BH
t , where μ ∈ R and BH is a one

dimensional fractional G-Brownian motion of Hurst index H ∈ (1
2 , 1).

Dfine the wealth process V ξ = (V ξ
t )t∈[0,T ] associated to an F -adapted process ξ := (ξ0, ξ1) =

(ξ0
t , ξ

1
t )t∈[0,T ], interpreted as the trading strategy, by

V ξ
t := ξ0

t S
0
t + ξ1

t S
1
t , t ∈ [0, T ].

In particular, ξ is called pathwise admissible if it is pathwise sel-financing, i.e.

V ξ
t = V ξ

0 +
t ∫

0 

ξ0
udS

0
u +

t ∫
0 

ξ1
udS

1
u

= V ξ
0 +

t ∫
0 

ξ0
uS

0
urdu +

t ∫
0 

ξ1
u(μdu + dBH

u ), (117)

where the integral in (117) is dfined in the sense of Definition 4.6 for suitable processes ξ, and if V ξ is 
lower bounded. By Remark 2.18, it is possible to construct a set of probability measures P associated to 
the uncertainty set Θ in (3). A pathwise admissible trading strategy is an arbitrage with respect to P if the 
associated wealth process V ξ satifies

1. V ξ
0 = 0;
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2. V ξ
T ≥ 0 quasi-surely;

3. there exists P ∈ P in (17) such that P (V ξ
T > 0) > 0.

This definition is in line with the definition of an arbitrage under volatility uncertainty introduced in [45]. 
From now on, we assume by simplicity that r = 0, S0 = 1 and μ = 0. We fix two constants σ, σ with 
0 < σ ≤ 1 ≤ σ and let Θ := [σ2, σ2]. We then claim that the trading strategy

ξt =
(
−(BH

t )2 − 2BH
t , 2BH

t

)
, t ∈ [0, T ], (118)

is an arbitrage strategy with respect to the set P associated to Θ. First note that

V ξ
t = −(BH

t )2 − 2BH
t + 2BH

t (1 + BH
t ) = (BH

t )2, 0 ≤ t ≤ T,

which is bounded from below by 0. Additionally, by applying Proposition 4.10 for f(x) = x2 we get

V ξ
t =

t ∫
0 

2BH
u dBH

u = V ξ
0 +

t ∫
0 

ξ1
udB

H
u ,

i.e. ξ is pathwise sel-financing and therefore pathwise admissible. Obviously, V ξ
0 = 0 and V ξ

T ≥ 0 quasi
surely. Moreover, again according to Remark 2.18, the set P includes the law P 1 of a standard d-dimensional 
Brownian motion W . By [44] it follows that P 1(V ξ

T > 0) > 0. Therefore, ξ as in (118) is an arbitrage 
opportunity with respect to P.
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