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Abstract. The paper studies a system of first order Hamilton-Jacobi
equations with discontinuous coefficients, arising from a model of de-
terministic optimal debt management in infinite time horizon, with ex-
ponential discount and currency devaluation. The existence of an equi-
librium solution is obtained by a suitable concatenation of backward
solutions to the system of Hamilton-Jacobi equations. A detailed anal-
ysis of the behavior of the solution as the debt-ratio-income tends to
infinity is provided.
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1. Introduction

Consider a system of Hamilton-Jacobi equations

2,.2
rV = H(‘T7 V/7p) + 7= : VN7
o?a?
(r+A+ov()-p—(r+A) = He(x,V',p)-p' + 5 0 (1)
v(z) = argmin {c(w) — wzV'(z)},
we[0,+00)

with the boundary conditions

V(0)=0, V(")=B and p0)=1  p(z")=0(z"),
motivated by an optimal debt management problem in infinite time horizon
with exponential discount. As in [4, 5, 6, 8, 12, 13], this modeled as a nonco-

operative interaction between a borrower and a pool of risk-neutral lenders.
Here, He(x,€,p) is the partial derivative of H with respect to the variable
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&, the independent variable x is the debt-to-income ratio, £* is a threshold
of the debt-to-income ratio where the borrower must declare bankruptcy, B
is a given constant, accounting for the bankruptcy cost, the salvage function
6 € [0, 1] determines the fraction of capital that can be recovered by lenders
when bankruptcy occurs, and

e 1 is the value function for the borrower who is a sovereign state that
can decide the devaluation rate of its currency v € [0,+oo[ and the
fraction of its income wu € [0, 1] which is used to repay the debt,

e p is the discounted rate at which the lenders buy bonds to offset the
possible loss of part of their investment.

Since p is determined by the expected evolution of the debt-to-income ratio at
all future times, it depends globally on the entire feedback controls u and v.
This leads to a highly nonstandard optimal control problem, and a “solution”
must be understood as a Nash equilibrium, where the strategy implemented
by the borrower represents the best reply to the strategy adopted by the
lenders, and conversely.

For the stochastic model (¢ > 0), the authors proved in [12] the existence
of an equilibrium solution (V,,p,) as a steady state of an auxiliary para-
bolic system. The proof requires a careful analysis to construct an invariant
domain and apply a fixed-point result to derive the existence of a steady
state for the auxiliary parabolic system. Moreover, they also established the
upper (lower) bound of discounted bond price p, and the expected total op-
timal cost for servicing the debt V,. Here, a natural question is trying to
understand whether a solution exists and its structure remains unchanged
in the deterministic case (¢ = 0). A classical approach for a solution in this
case is the vanishing viscosity method. More precisely, one studies the limit
(Vo,ps) — (V,p) as the diffusion coefficient o — 04 and show that the lim-
its (V,,p,) yields a solution to (1) with o = 0. However, this is a highly
nontrivial problem and still remains open.

The present paper aims to provide a direct study to the deterministic case
(o = 0) of the system (1) by looking at the corresponding system of differen-
tial inclusions

Vi(x) € {F~(2,V(2),p(x)), F*(z,V(x),p(x))}
p'(x) € {G7(z,V(z),p(x)), G"(2,V(x),p(x))}

where F*(x,V,p) solves the equation rV = H(x,&,p) with variable ¢ for a
given x,V,p, and

(2)

(r+ X+ v*(z, F=(2z,n,p))p — (r + A)
He(x, F£(x,n,p),p)

In Theorem 3.5, we first construct a solution (V, p) of (1) with boundary con-
ditions by a suitable concatenation of backward solutions of (2), and then
determine an equilibrium solution to the corresponding differential game
with deterministic dynamics. Moreover, we show that there exists a point

GE(x,n,p) =
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x1 € [0,2*[ such that if the debt-ratio-income is less than z1, then the opti-
mal strategy will reach a steady state, otherwise bankruptcy in finite time is
unavoidable. In our construction, the main technical difficulties in the analy-
sis stem from the fact that, the system (2) is not monotone and F* are just
Holder continuous at points where He vanishes. Moreover, p(-) may well have
many discontinuities. At these points, backward solutions is not necessarily
unique and does not allow a detail analysis. Thereafter, in Proposition 4.1,
using the analysis of sub- and super-solutions, we study an asymptotic be-
haviour of (V,p) as the maximum debt-to-income threshold z* is pushed to
+o0. Consequently,

e if the salvage rate decay sufficiently slowly, i.e., the lenders can still
recover a sufficiently high fraction of their investment after the bank-
ruptcy, then the best choice for the borrower is to implement a “Ponzi-
like trivial strategy”, where no effort is done to actually repay the debt,
which is serviced by starting new and new loans.

e otherwise, if the salvage rate 6(z*) decays sufficiently fast, then Ponzi-
like trivial strategy is no longer an optimal solution for the borrower;

o for sufficiently large initial debt-to-income and bankruptcy threshold
and recovery fraction after bankruptcy, the optimal strategy for the
borrower will use currency devaluation v to deflate the debt-to-income.

The remainder of the paper is organized as follows. In Section 2, we provide
a more detailed description of the model and the system of Hamilton-Jacobi
equations satisfied by (V,p), and study basic properties of H. In Section 3,
we construct a solution to (1) with ¢ = 0, and then derive an equilibrium
solutions to the model of optimal debt management. In Section 4, we perform
a detailed analysis of the behavior of the optimal feedback controls as z* —
00. We close by an appendix which contains some concepts of convex analysis
and collect some further technical results related to the Hamiltonian function.

2. Model derivation and system of Hamilton-Jacobi
equations

2.1. A deterministic optimal debt management problem

In this subsection, we shall recall our deterministic optimal debt management
problem with currency devaluation and exponential discount in [12]. Here,
the borrower is a sovereign state, that can decide to devaluate its currency,
and its total income Y'(t) and total debt X(¢) are governed by the control
dynamics

k<.
—

~
~—

(n+v(t)Y(t),
A+ P X(t) — U(t) (1)
p(t) ’

X(t) = —AX(t)+
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where 7 is the interest rate paid on bonds, A is the rate at which the borrower
pays back the principal, 1 > r is the average growth rate of the economy,
and

e U(t) is the rate of payments that the borrower chooses to make to the
lenders at time t;

e v(t) > 0 is the devaluation rate at time t, regarded as an additional
control.

X U
We define the debt-to-income ratio x = v and set u = v The system (1)

i(t) = (Apz;)r A v(t)) 2(t) — Zég. 2)

In this model, the borrower is forced to declare bankruptcy when the debt-
ratio-income x reaches threshold x*. The bankruptcy time is denoted by

T, = inf{t >0:2(t) =2"} € RU{+o0}. (3)
Throughout the following, we consider a control in feedback form, so that
(u,v) = (u*(z),v*(x)) €[0,1] X [0, 4o00[ for z € [0,z"].

Given an initial size x( of the debt-to-income ratio, the borrower wants
to find a pair of optimal controls (u,v) which minimizes his total expected
cost, exponentially discounted in time:

yields

Ty
minimize J[z*, u*,v*] = /0 e " L(u*(z(t)) + c(v*(x(t)] dt + e "* B
(4)

where ¢(v) is the social cost resulting from devaluation, L(u) is the cost to
the borrower for putting income towards paying the debt, and B is the cost
of bankruptcy. We shall assume the following structural conditions on the
cost functions L, ¢:

(A1) The implementing cost function L is twice continuously differentiable
for u € [0,1], and satisfies
L) =0, L'(u) >0, L"(u) > 0and lim L(u) = +oo.
u—1-
(A2) The social cost c is twice continuously differentiable for v € [0, 4+o00[,and
satisfies
c(0) =0, dw) >0, "(v) > 0and lim c(v) = +oo.

Chude el

To complete the model, we need an equation determining the discounted
bond price p(-) in the evolution equation (2) for z(-). Without the presence
of the devaluation of currency (v = 0), when a foreign investor buys a bond
of unit nominal value, he will receive a continuous stream of payments with
intensity (r + A)e~*. If bankruptcy never occurs, the payoff for a foreign
investor (exponentially discounted in time) is

U = / e (r 4 Ne Mdt = 1.
0
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Otherwise, the lenders recover only a fraction 6(z*) € [0, 1] of their outstand-
ing capital. In this case, taking account of the presence of the devaluation of
currency, the payoff for a foreign investor will be

v = /OTb(r+)\)-exp{—/ot(r—l—)\—I—U*(Jc(s))ds}dt

Ty
+ exp {— /0 (r+ XA+ v*(z(s)))ds} -0(x™).

If the outstanding capital is recovered in full (i.e., #(z*) = 1) and v = 0, then
again ¥ = 1. In general, however, 6(z*) < 1,v # 0, and thus ¥ < 1. As in
[12], to offset this possible loss, the investors buy a bond with unit nominal
value at a discounted price

p*(x) = /OTb(r+)\)-exp{—/Ot(r+)\+v*(x(s)))ds} dt

Ty
+exp{/0 (r+>\+v(w*(s)))ds}~9(aﬂ*) (5)

for every initial debt-to-income ratio = € [0, 2*]. We then set p(t) = p*(x(t)).

2.2. System of first order Hamilton-Jacobi equations

The control system (2)—(5) is not standard. Indeed, the discount price p in (5)
depends on the debt-to-income ratio not only at the present time ¢ but also
at all future times. Here, we are mainly interested in constructing optimal
controls (u*,v*) in feedback form.

Definition 2.1 (Equilibrium solution in feedback form). A couple of
piecewise Lipschitz continuous functions (u*(),v*(-)) and l.s.c. p*(-) provide
an equilibrium solution to the debt management problem (2)-(4), with con-
tinuous value function V*(-), if

(i) Given the price p* = p*(z), one has that V* is the value function and
(u*(z),v*(x)) is the optimal feedback control, in connection with the
deterministic control problem

Ty
minimize:A e " L(u(t)) 4 c(v(t))] dt + e "7 B, (6)
subject to
o (AT o)) 2t — u(t) 2(0) = =
) = (S5 - A=n=o) o) = S0 w0 = @ (0

where the time T} is determined by (3).
(ii) Given the feedback control (u*(z),v*(z)) in (7), for every xg € [0, 2]
one has

p*(wo) = /OTb(r+)\)exp{—/Ot(k+r+v*(x(s)) ds} dt+
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Ty
+ exp {— / (r+ X+ 0*(z(t))) dt} -0(z*). (8)
0
Under the assumptions (A1)-(A2), the Hamiltonian function

H:[0,z"] xR x[0,1] = R,

associated to the dynamics (2) and to the cost functions L, ¢, is defined by

(&) = i {200 - by {eto) o+

u€l0,1] p

A+r

A=) e
)

The Debt Management Problem leads to the following implicit system of first
order ODEs satisfied by the value function V' and the discounted rate p

TV(Z‘) = H(Qj,VI(LB),p(LU))
(r+A+ov@)p) — (r+A) = He(z,V'(2),p(x)) - p'(z) (10)

v(z) = argmin {c(w) —wzV’'(z)}
w€|[0,4+00]

with the boundary conditions
V(©0)=0, V(@*)=B and p0)=1, p*)=00=%). (11)

In the following, we shall construct a solution (V*,p*) to (10)-(11) and show
that (p*,V*) and the associated feedback controls (u*, v*) give an equilibrium
solution to the debt management problem (2)-(4).

Since the optimal debt management problem has been modeled as a noncoop-
erative interaction between a borrower and a pool of risk-neutral lenders, the
equilibrium solution in Definition 2.1 can be viewed as a Nash equilibrium.
In particular, when the discount bond price p is given, V' will be the value
function of an optimal control problem and thus will be a solution of the first
equation in (10) in the viscosity sense.

2.3. Basic properties of H and normal form of the system

Let us first present some basic properties of the Hamiltonian function and the
normal form of the system (10) which will be used to provide a semi-explicit
formula for the optimal feed back strategy (u*,v*). For any fixed z > 0,
p €]0,1], £ > 0, we denote by

u*(&,p) = argmin {L(u) - ug} , v*(z,§) = argmin {c(v) - vxf}.

u€e[0,1] p v€E[0,+00]

Set )i = supc'(v). By Lemma 5.3 and Lemma 5.4 in the Appendix, one
v>0
has that

0 if 0 < &< pL'(0)

u(§p) =
(L)~H(¢/p) it &=pL'(0) >0
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and
0, if 0 < x€ < (0),
v (2, &) = < ()7 HxE), if0<(0)<zE< s
+00, if 2€ > chpax;

and the gradient of the Hamiltonian function H(-) can be expressed in terms
of u*(¢,p) and v*(z,€) at any point (z,§,p) € [0, +00[Xx [0, +00[x]0, 1] with
Ig < c;nax by

H(@6p) = [0 -pOht et @) -2

He(w,&0) = 7 [o(0+ 1) =pOA+ut v’ (@ 8) —u'€)] (12

H60) = W(En) o +1) 5.

From Lemma 5.5 and Lemma 5.6, the map £ — H(z,&,p) is concave with
H(z,0,p) =0, Elim H(z,£,p) = —oo for x > 0, and reaches its maximum
—+o00
value at a unique point £%(z,p) such that
0.< H™(a,p) = max H(x,&,p) = H(z, & (2,p),p) < oo
Moreover, for any fixed « €]0,2*], p €]0,1], and 7 satisfying 0 < rn <

H™2* (g, p), the equation rp = H(x,&, p) in the unknown variable £ admits
exactly two distinct real solutions {F'~(z,n,p), F*(x,n,p)} with

0 < F~(z,n,p) < &(x,p) < F*(x,1,p).
Extend the definition of n — F*(z, 7, p) by setting

Fi (x’i'Hmax(x,p)’p> = fﬁ(xVP)’

we also have that the continuous maps n + F~(z,n,p) and n — FT(z,n,p)
are respectively strictly increasing and strictly decreasing in the interval

|:O, Hmax(xvp)] .
r

Definition 2.2 (Normal form of the system). Given (z, p) €]0,2*]x]0, 1]
such that 0 < rn < H™®*(z, p) we define the maps

G p) = CEATV@ @) (4 )
o HE(vai(xvnap)vp)
Notice that if V' (z) > H™*(x,p), then the first equation of (10) has no
solution. Otherwise, if 0 < rV (z) < H™*(x, p) this equation splits into

Vi(z) = F~(z,V(x),p(z)), Vi(z) = F¥(z,V(2),p(z)),

. (13)

p(z) = G (z,V(z),p(x)), p(zr) = G (x,V(x),p(x)).
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H™M3X (0 1) @everereeeeesesine s ;

S — — |

F~(z,n,p & x,p)  F*(z,n,p)
FIGURE 1. For =z > 0, p €]0,1], the function £ —
H(x,&, p) has a unique global maximum H™*(x, p)
attained at ¢ = &*(x,p). For 0 < rnp < H™* this
defines the values F~(z,n,p) < & (x,p) < FT(z,n,p).

1
Moreover, F* (ac7 7ﬂHmM(w,]3),}7> = & (x,p).

Remark 2.3. Recalling (2) and (59), we observe that

e The value V'(z) = F*(x,V(x),p) > &*(x,p) corresponds to the choice
of an optimal control such that #(¢t) < 0. The total debt-to-ratio is
decreasing.

e The value V'(z) = F~(x,V(x),p) < & (x,p) corresponds to the choice
of an optimal control such that #(¢t) > 0. The total debt-to-ratio is
increasing.

e When rV (z) = H™*(z, p), then the value
Vl('r) = F+(:L‘, V(I)7p) = F_(‘T> V/(.Z‘),p) = fﬁ(gc,p)
corresponds to the unique control strategy such that @(t) = 0.

In general, the map n — F(x,n,p) is not Lipschitz in a neighborhood of
&¥(z, p). Here, we shall complete this section by providing the Hélder continu-
ity of the map n — F(z,n, p) which is needed to construct our concatenating
backward solution.

Lemma 2.4. Given 1 €]0,z*], p1 €]0,1], there exists a constant C' =
C(x1,p1) such that

|F_(5Ua772vp)_F_($>771ap)| < C'|772_771|1/27 (14)
1
for all x € [x1,2*], p € [p1,1], 0 <My, 12 < ;Hmax(sc,p).

Proof. Fixed any (z,p) € [x1,2*] X [p1, 1], it holds
1
r

’[7:

H™ax (g,
~H(m,F7(:v,n,p),p) v”? S |:07 ,r(p):| :
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_ 1
Moreover, by Lemma 5.4, set £(z,p) = — - min{zpL’(0),'(0)}, we have that
x

Hew,&0) = - [a((+) =+ )] > 0, if € < E(ap)
x —1~min ! *p (15)
ot =5 omin{ e gy | <O

if {(z,p) < & < & (x,p).

1
Let 7(z,p) € [O, Hmax(x,p)] be such that
r

Ae,p) = - Hizwind€(r,p), €.} p).

By the continuity of the map n — F~(z,n,p), we only need to prove (14) in
two cases.

o If 0 < m <mo <7j(z,p) then
§1 = F_(xanhp) S F_(l‘7772,p) = §2 S g(xap)

From the first equation of (15), we have

L H (e, 60,p) — H(z.61.)]

2 =" :;
:%. [+ =+ )] - (& - &)
ZM (&2 — &),

r
and this yields (14).

1
o If f(x,p) <m <ma < ;Hmax(x,p) then

f(l’,p) < 51 = F_(l‘ﬂh;p) S F_(.’L‘,7727p) = €2 S fﬁ(x7p)

From the second equation of (15), we estimate

o= = [H (2, 6,p) ~ H(z,6,7)] (16)
1
[ e se e is] @ -a)
1
Z% . |:/0 Hg(l‘,éé - 8(62 _fl)vp)d‘s - H£($7£2,p):| ! (62 _fl)

1 . 1 z%p } 5

>—— -min s : —

TR P ey MR

for some &5 € [€1,&2]. The increasing property of u*(-,p) and v*(zx,-)
yields

w*(€,p) <u*(E¥(x,p),p) = u(z,p),
v (2, &) <v*(z, 64z, p)) = v¥(z,p).
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Recalling (59) and (62), we have that
At At
W

Thus, (60) and (9) imply

A
L) +el0?(a,p) <™ (op) <« P )
)\ +r y ( >
P1
and
vem s (Ao (21Y) <,
p1
o (2, p) <c-1 (/\+T . ()\—H“))
P1
and (16) yields (14).
The proof is complete. O

3. An equilibrium solution to the Debt Management
Problem

In this section, we will provide a detailed analysis on the existence of a so-
lution to the system of Hamilton-Jacobi equation (10) with boundary con-
ditions (11) which yields an equilibrium solution to the Debt Management
Problem (2)-(4). A solution to will be constructed in the next following sub-
sections.

3.1. Constant strategies

We begin our analysis from the control strategies keeping the debt-to-income
ratio constant in time, i.e., such that the corresponding solution z(-) of (2)
is constant. In this case, there is no bankruptcy risk, i.e., T, = 4o00.

Definition 3.1 (Constant strategies). Let Z > 0 be given. We say that a
pair (@,v) € [0,1[x[0, +oc[ is a constant strategy for T if

(3572-0-)o-5] -
p p

r+ A
r+A+v’

where the second relation comes from taking 7j, = 400 in (3).

From these equations, if a couple (u,v) € [0,1[x[0, +o0[ is a constant
strategy then it holds (r+\)(r — )T = (r+A+7)a. In this case, the borrower
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will never go bankrupt and thus the cost of this strategy in (4) is computed

[ (MR o)

~{L((r—,u)a:-p)+c(<1—;> (7"—|—/\)>]

Notice that if Z(r — p) > 1, since 0 < @ < 1 we must have © > 1 and
p < 1, in particular if the debt-to-income ratio (DTI) is sufficiently large,
every constant strategy needs to implement currency devaluation. A more
precise estimate will be provided in Proposition 3.4.

e

We are now interested in the minimum cost of a strategy keeping the
debt constant. To this aim, we first characterize the cost of a constant strategy
in terms of the variables x, p.

Lemma 3.2. Given any (x,p) €]0,+00[x]0, 1], we have
H"(x,p) = min {L(u) +ec(v): wel0,1], v >0,

w=[A+7) = A+ p+v)p] x} (17)

Moreover, (4, 0) realizes the minimum in the right hand side of (17) if and
only if
c(9) +pxﬁ£ﬁ(a¢,p) = rcn>1r01 {pru(m,p)g + c(C)} ,

L(@) + 4t (z,p) = i {&(z, p)u+ L(u)}.
Proof. Set

c(¢), for ¢=0,
A(w) :=f(v) + g(Bv), where f(¢) :=
+o00, for (<0,

C(z,p) ==[(A+7) — (A +up] - 2,

L(C(z,p) + (), if C(x,p) +¢ €[0,1],
9(¢) =
+00, if C(z,p) + ¢ ¢10,1],
and 8 := —xp. By standard argument in convex analysis (see e.g. Theorem

4.2 and Remark 4.2 p. 60 of [9]), denoted by f°, g° the convex conjugates of
f, g respectively (see in Definition (5.1)), we have

inf A(v) = sup [—f*(6v) —g°(~v)]
veE vER
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— sup r<n>1{)1 {c(g) + xpyc} + min - {L(C +Q) + I/C}]

veR |62 C(z,p)+¢€|0,

= sup -min Q) +apr¢ + min {L(u)+vupy —Cr
>0

veR |62 uE[O,l]
. . £\, Clz,p) }
= — Luw) —u-2 .
Sup _lglzlg{C(C) w§<}+uren[(1){1u{ (u) —u p}+ o ¢
= sup H(x,& p) = H"(z,p).
¢eR

Moreover, since sup H(z, ¢, p) is attained only at & = &*(x,p) according to
£ER

the strict concavity of & — H(z, &, p), (4, 0) realizes the minimum in the right
hand side of (17) if and only if

F(0) + fo(BEH (w,p)) — Bogt(z,p) = 0,
9(Bo) + g°(=E¥(z,p)) + Bogt(z,p) = 0,
which implies © > 0, C(x,p) — pzo € [0, 1], and
e(8) + pri€i(e,p) = min {prc(w, p)C + ()},
L(C(x,p) = pwd) — prigi(z,p) = min {€(z,p)v + L(C(z,p) +v)}.
The second relation can be rewritten as
L(a) + 4 (@,p) = min {¢(@.p)u+ L(w)},
and this complete the proof. O

Formula (17) allows us to give a simpler characterization of the mini-
mum cost of a strategy keeping the debt-to-income ratio constant in time.
Indeed, given z € [0,2*], we select (u(z),v(z)) keeping the debt-to-income
ratio constant in time. This defines uniquely a value p = p(z) by Definition
3.1 and imposes a relation between u(z) and v(x). Then we take the mini-
mum over all the costs of such strategies, i.e., the right hand side of formula
(17). This naturally leads to the following definition.

Definition 3.3 (Optimal cost for constant strategies). Given z €
[0, 2*], we define
1 max
where
r+ A
T+ A+ ve(x)’

) = a1 (=) ]

(18)
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For every z € [0,2*], W(z) denotes the minimum cost of a strategy
keeping the debt-to-income ratio constant in time. The next results proves
that if the debt-to-income ratio is sufficiently small, the optimal strategy
keeping it constant does not use the devaluation of currency.

Proposition 3.4 (Non-devaluating regime for optimal const. strate-
gies). Let x. > 0 be the unique solution of the following equation in x

(r+A)d(0) = (r—paL’ ((r - p)z).
Then
e for all x € [0, min{z, z*}] we have

W) = L((r— ), pela) =1,

e for all x € min{z,, z*}, z*] we have

W) = + {L <M(“W) +c(vc(x))},

T 4+ X+ v.(x)
r+ A
c = TN N ]-7
pe(z) r+ A+ v (z) <

where v.(z) > 0 solves the following equation in v

d(v) = r+ N -—pz ((7"—|—/\)(7~ —u)x) |

(r4+X+wv)2 r+A+ov
o for every x €]0,z*[ we have

W(a) = —Ep(@)L (pe(a)(r - p)a) < E(a.pe(@)).  (19)

Proof. Given z €]0,z*[, we define the convex function

() ]
A% (v) = if v >0, (G U DL € [0,1],

r+A+v

400, otherwise.

We compute

d 1 {C,(v) L <(T—|—/\)(T—u)x> (TH)(?«_W} |

ZAT() = =
dv (v) r r+A+ov (r+X40v)?

d
which is monotone increasing and satisfies lim —A"(v) = +o0,

v—+0o0 AU
(r—p=
r+Xx |’

) 2 A0 = 1 [0~ ()

Two cases may occur:
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d
o If —A”(0) > 0, we have that v = 0 realizes the minimum of A on

v
[0, 400[. This occours when z € [0, min{z,, z*}] where z. is the unique
solution of

(r+NE(0) = (r— p)al’ ((r A= W) ,

T4+ A
1
and it implies W(z) = — - L((r — p)z) and p.(z) = 1.
r
e If we have min{z.,2*} < x < z*, then there exists a unique point
ve(x) > 0 such that d—A‘”(vc(:c)) = 0, and this point is characterized by
v
C/(’Uc(l')) — (’I" + )\)(’I" — /J)Qf L ((T + /\)(T — /,L).’E) )
(r+ X+ v.(x))? r+ A+ v.(x)

The remaining statements follows noticing that for min{z.,2*} < x <
x* we have

W) = O (uelo) + S A (la)) vle) = o (wele)
= @) (pela)(r — p)a),

and deriving the explicit expression of W (x) for [0, min{z,, z*}] yields
the same formula. Notice that, by (61), we have

& (@, pe(2)) = pe(@) L' ([(A+7) = (A + 1+ vF (2, pe()))pe(2)] - 2)

=@ ([40) = b+ o) 5| )
= pe(@) L' (pe(@)(r — p) - ) > W'(2),
where we used the fact that L’ is strictly increasing and, since the ar-
gument of L' must be nonnegative, we have
A+r
A+ 1+ vi(z, pe(z))

and the proof is complete. Il

> pc(x),

3.2. Existence of an equilibrium solution.

We are now ready to establish an existence result of a equilibrium solution
to the debt management problem (2) - (4). Before going to state our main
theorem, we recall from Proposition 3.4 that v, is the unique solution to

oy _ rEN = (PN = p)
) = (r+X+v)? L( r+A+wv )’

and
T4+ A

74+ A+ v.(z¥)

wiey = 1 (TR ] e

pe(x™) = <1

)
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Theorem 3.5. Assume that the cost functions L and c satisfies the assump-
tions (A1)-(A2), and moreover

W(z*) > B and 0(z*) < pe(z*). (21)

Then the debt management problem (2) - (4) admits an equilibrium solution
(u*,v*, p*) associated to Lipschitz continuous value functions V* in feedback
form such that p* is decreasing, V* is strictly increasing and

Vi(z) < W*(x) YV € [0,27].

Toward the proof of this theorem, we first study basic properties of the
backward solutions of the system of implicit ODEs (10). In fact, an equilib-
rium solution will be constructed by a suitable concatenation of backward
solutions.

3.2.1. Backward solutions. Recalling that
(T + A + ’U*(IvF_(x7nap)))p — (T + )‘)
He(x, F~(x,n,p),p) ’

we first define the backward solution to the system (10) starting from z*.

G~ (z,n,p) =

Definition 3.6 (Backward solution for z*). Let z — (Z(x,2*), q(z, 2*))
be the backward solution of the system of ODEs

Z'(x) = F(z,Z(x),q(x)), _ Z(xz*) = B,
with (22)
¢(x) = G (x,Z(x),q(x)), q(z*) = 0(z").

with He(z, F~ (x, Z(x), q(z)), q(x)) # 0.

The following Lemma states some basic properties of the backward solu-
tion. In particular, the backward solution Z (-, z*), starting from B at z* with
W(z*) < B, survives backward at least until the first intersection with the
graph of W(-). Moreover, in this interval is monotone increasing and positive.
In the same way, ¢(-, *) is always in ]0, 1].

Proposition 3.7. [Basic properties of the backward solution] Assume that
r+ A
r+ A+ v*(z*, F~(z*, B,0(z*)))
(23)

W(z*) > B and f(z*) <

Then the backward solution of (22) is well-defined in |z, x*] where

§ 0 if Z(x,x*) < W(x) for all z €]0, z*],
Ty =
sup{z €]0,2*[: Z(z,z*) > W(x)} otherwise.

Moreover,
(i). Z(-,x*) is strictly monotone increasing in |z}, z*[, and Z(x,z*) > 0
for all x €)xyy,, x*];
(it). q(z,2*) €]0,1] for all x €]z}, x*].
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Proof.
1. Denote by I« C [0, 2*] the maximal domain of the backward equation
(22), define y(x) to be the maximal solution of

Wiy = :
dx N Hg(x,Z'(fax*)afI(x,f*))’
y(@) =0,

and let J,« the intersection of its domain with [0, 2*]. From (23), it holds
that
He(z, F~ (2", B,0(z")),0(z")) > 0
and
G~ (2", F~ (2", B,0(z")), 0(z"))

A, o B 06— )

N He(z, F~ (2%, B,0(z*)),0(z*)) '
Thus, the maximal domain I, contains Jz* —d, z*] for some ¢ > 0, and (-, x*)
is non-increasing in I,,. To prove I, D]z}, z*], we assume by a contradiction
that there exists xo € Jp«N]afy,, 2*[ such that He(zo, Z' (22, %), ¢(z2, %)) =
0. Then

1

g, q(za, 7)) = Z'(29,2%),  Z(x2,2") = . - H™(xa, q(z2,2")),

and

ut (22, q(z, %)) = [()\‘H") - ()\‘HH‘Uﬁ(xzaQ($27$*)))Q($27$*)] S X2
< r4+ A
T r+ A+ ol(xg, 2/ (2, 2*))
H™ (9, q(w2, ) =L(uf (x2, q(w2,2%))) + c(v* (w2, ¢(2,3%)))

=L ([(A+71)— A+ p+vH(z2, q(22,2%)))q(z2,27)] - 22)
+ c(vf (z2, ¢(x2,27)))

>L< T+ AT — p)z
T\ R (g, g(22, 7))
ZHmax(xlapc(x2))'

Since g(za,x*)

, we estimate

) + c(v* (2, q(22,27)))

Thus,
* 1 max * 1 max
Z(xg,2") = ;'H (x2,q(x2,2%)) > ;'H (2, pc(x2)) = W(x2),

and this yields a contradiction.

2. By construction, y(-) is strictly monotone and invertible in Jaj,, z*],
let x = z(y) be its inverse, from the inverse function theorem we get

d * * *

d

& q(z(y),=*) = ¢ (z(y),z*) - He (x(y), Z"(x(y), z*), q(x(y), z¥)) .
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Since the map & — H(z, &, q) is concave, it holds
He(x,0,q(x,2%)) > He(z, & q(z,2*)) > He(x,Z'(z,2%),q(x, ")),
for all € € [0, Z'(z, 2*)]. Thus,

r2(0(y),2) = H (2ly), 2 (o), 2°), a(a(w),2)
=/Z(W)E)stq<<> o)) de
> Z(aly),2*) - He(e, Z(a(y),2), ala(y), 2°))
— 422",

and this implies that
Z(z,z*) > Be™W® > 0 YV €lxy, 2]
With a similar argument for ¢(-, z*), we obtain
* * * d *
[r+ X+ 0" (2(y), Z'(x(y),2")] - q(z(y),2") = (r+X) = @q(w(y)vfﬂ )
Hence,

<4

(r+ M (g(z(y),2") = 1) < —=q(z(y), 2"

dy
< [r+ A+ (ay), Z'(x(y). «)] - ala(y), 2"),
and this yields
glz,z*) < 1 and q(z,2*) > 0(z*) - e(rHA+v" (2,2 (m,27))y(z) -
for all z € I,» N[0, z*]. In particular, ¢(x,z*) €]0,1] for all z €]a}y,,z*]. O

As far as the graph of Z(-,z*) intersects the graph of W(-), Z(-,2*) is no
longer optimal. The following lemma investigate the local behavior of Z(-, x*)
and W(-) near to an intersection of their graphs.

Lemma 3.8 (Comparison between optimal constant strategy and
backward solution). Let I CJ0,z*[ be an open interval, (Z,q) : I —
[0, +00[x]0, 1] be a backward solution, and T € I. If
lim Z(xz) = W(z)
xel
then p.(z) > limsup q(z) and W' (z) < F~(z, W(z),p.(2)).
I>5z—zx
Proof. Let {z;};en C I be a sequence converging to Z and ¢z € [0, 1] be such
that gz = limsup ¢(z) = lim ¢(x;). We have
x>zt J—o0
H™ (2, pe(w)) = lim H (), Z'(x;), q(x;))
Jj—4o0

< lim  H™(xj,q(x;5)) = H"™ (T, 4z).

j—+oo
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From 5.6 (4), it holds that p.(Z) > ¢z. By Proposition 3.4, we have W/(Z) <
€ﬁ(‘f7pc(j))7 and so

H(z,W'(2),pe(2)) < H"(Z,pe(x)) = rW(Z).

z
Thus, by applying the strictly increasing map F'~(z, -, p.(z)) on both sides,
we obtain W'(x) < F~(z, W(z),pc(x)). O

The functions F~(x, Z, q) and G~ (z, Z, q) are smooth for He(x, Z, q) # 0 but
only Holder continuous with respect to Z near to the surface

Y = {(z,Z,q) €eR® : He(z,Z,q) =0} .
Given any zo € [0,2*), the definition of the solution of the Cauchy problem
Z'(x) F(x,Z(x),q(x)), Z(xo) = W(xo),
with (24)
¢(x) = G (z,Z(x),q(x)), a(zo) = pe(x0).

requires some care. For any € > 0, we denote by Z.(-,%¢), g=(-, o) the back-
ward solution to (24) with the terminal data

Z(xo,z0) = W(yo) —¢ and ¢ (x0,z0) = pelo).

With the same argument in the proof of Proposition 3.7, the solution is
uniquely defined on a maximal interval [a.(zg), zo] such that Z.(-,z) is in-
creasing, ¢ (-, xo) is decreasing and

Ze(ac(20),z0) = W(ac(wo)), g=(as (o), 20) < pelac(zo)).
Let 2” be the unique solution to the equation
d(0) = x-L'((r—pa). (25)

It is clear that 0 < 2” < z. where z. is defined in Proposition 3.4 as the
unique solution to the equation

(r+Mc0) = (r—paLl ((r—pw).
Two cases are considered:

CASE 1: For any z, €]0,2°], we claim that

ac(xg) = 0, ge(z,x0) = 1 YV € [0, zo],
and Z. (-, o) solves backward the following ODE
Z'(z) = F (z,Z(x),1), Z(zg) = Wi(xg) —€ (26)

for € > 0 sufficiently small. Indeed, let Z; be the unique backward solution
of (26). From (61), it holds

F~(z,W(z),1) = &(x,1) = L'((r—p)z) > L((r—pz) = W()

r—p
r
for all z €]0,2"]. As in [5], a contradiction argument yields

0 < Zi(z) < W(x) vV €]0, o] .
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Thus, Z; is well-defined on [0, 2o] and Z;(0) = 0. On the other hand, it holds
Z(@) = F-(2,2@)1) < &@,1) = L((r- ) < U((r—p)e’)
for all z < 2 and (25) implies that
v (x, Z)(z)) = 0 VYae[0,2°].
Therefore, (Z1(x),1) solves (24) and the uniqueness yields
Ze(x, o) = Zi(x) and ge(z,mg) = 1 YV € [0, x0] .
Thanks to the monotone increasing property of the map £ — F~(x,£,1), a

pair
(Z(-,20),q(-,x0)) denoted by

q(z,z9) = 1 and Z(x,x9) = sup Ze(z,x0) YV € [0, zo]
e>0

is the unique solution of (24). If the initial size of the debt is Z € [0, xo] we
think of Z(Z, z¢) is as the expected cost of (6)-(7) with p(-, z9) = 1, 2(0) = =
achieved by the feedback strategies

w(x,z9) = argmin{L(w) — Z'(z,xq) - w}, v(z,z0) = 0 (27)

wel0,1]
for all « € [0, zo]. With this strategy, the debt has the asymptotic behavior
x(t) = xg as t — oo.

CASE 2: For zy € (2°, 23], system of ODEs (24) does not admit a
unique solution in general since it is not monotone. The following lemma will
provide the existence result of (24) for all g € (2°, 23]

Lemma 3.9. There exists a constant 8, > 0 depending only on x° such that
for any xg € (mb,x*W), 1t holds

xo — ae(mg) > O Ve € (0,ep)
for some g9 > 0 sufficiently small.

Proof. From (19) and (61), it holds
inf  {€(@,pe(a) = W'(@)} = o1y > 0.

z€lz®,xy,
In particular, we have
F~ (20, W (o), pe(w0)) — W (o) = O1,p-

By continuity of the map n — F~ (zo,n, p.(z¢)) on [0, W(x)], we can find a
constant 1 > 0 sufficiently small such that

F~(z0,m,pc(20)) > W’(»’Uo)+% V€ € [W(xo) — 1, W(z0)]-

On the other hand, the continuity of W’ yields

)
Sop = sup{s>0:W’(xo—T) < W’(Z’o)+% VTG[O,S]}>0.



20 Antonio Marigonda and Khai T. Nguyen

For a fixed € € (0,¢1), denote by
r1 = inf {s € (0,z0] : F~ (x,ZE(x,xo),qg(x,xo)) > W'(z) Vx € (s,mo]}.
If x1 > 29 — 02,z then it holds

O

F~ (21, Ze(x1,m0), g (1, w0)) = W (x1) < W'(xo)+ (28)
and there exists x5 € (21, x0] such that
1)
F~ (22, Ze(22,70), g (w2, 30)) = W'(zo) + = (29)
and
1)
- (xa Zs(f,xo),qg(fﬁ,l’o)) S W/(l'o) + ﬂ Vr € ['1:17'1;2]' (30)

2

Recalling that (x,n,p) — F~(x,n,p) is defined by H(z, F~(x,n,p),p) = rn,
by the implicit function theorem, set £ = F~(x,n, p), we have

_Hp(x7gvp)

0 _

dp

I

3 u* (2,8, p) —x(A+7)

p u(z,&p) —a(A+ 1)+ 2p(A + i+ v (2,€))
_ A +p+o(z,)\E _ F(z,n,p)
( He(z,€,p) >p> P >0

Since g (+, zp) is decreasing, it holds
F~ (21, Zc(21,%0), - (z1,20)) > F~ (21, Ze(21,20), g (22, 20)),
and (28)-(29) yield

_ - 01
F (x27ZE(x27x0)7qE(m2ax0)) - F (xlazf(xl7x0)7q6(x27x0)) > Z .

On the other hand, from (12) it follows that the map x — F~(z,7,p) is
monotone decreasing and thus

01
—=. (31

L 31)
Observe that the map n — F~(x,n,p) is Holder continuous due to Lemma
2.4. More precisely, there exist a constant C,, > 0 such that

F~ (:L'Qa Z (22, 20), (Js(ffz,ﬂﬂo)) - (9027 Zs(3617$0)7q€($27$0)) >

1
|F™ (2, m2,p) = F~ (z,m1,0)| < Cu - |2 —m|?
for all n1,m2 € (0, W(2)], = € [Z,2*], p € [0(z*),1]. Thus, (31) implies that

52b
| Zc (22, x0) — Ze(x1,20)| > 162@'

Recalling (30), we have

1)
Zé(meO) = F~ (x,ZE(x,xo),qg(x,xo)) S W/($0)+ Lot Vo € [‘rlva]a
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and this yields
2
1,2>

To — 1| > .
w2 — 2| 2 8C2,[2W(zq) + 0y 4]

Therefore,
2 b
- > 6, = min {8, ., Le > 0,
Zo as(CCO) = Ogb min { 1,zb ch%b [QW/(QH)) + 51@” }
and the proof is complete. (Il

Remark 3.10. In general, the backward Cauchy problem (24) may admit
more than one solution.

As a consequence of Lemma 3.9, there exists a sequence {&,, },>0 — 0+
such that the sequence of backwards solutions {(Zc, (-, %0), ¢, (*, Z0)) }n>1
converges to (Z(-,x0),q(-,x0)) which is a solution of (24). With the same
argument in the proof of Proposition 3.7, we can extend backward the solution
(Z(-,20),q(+,z0)) until a(zp) such that

lim  Z(a(xo),z0) = W(a(zo)),
z—a(xo)+
and Lemma 3.8 yields lim,_,q(z0)+ ¢(a(z0), 0) < pe(a(zo)). If the initial size
of the debt is Z € [a(xg), xo] we think of Z(Z,x) is as the expected cost of
(6)-(7) with p(-, zo), (0) = xg achieved by the feedback strategies

o Zizm)
u(w,zg) = ?fgféﬁ?{L(w)_ p(x’xoo) } -
v(xz,xg) = argmin{c(v)—vxZ’(x,xo)}.
v>0

With this strategy, the debt has the asymptotic behavior x(t) — xg ast — oo.

3.2.2. Construction of an equilibrium solution. We are now ready to
construct an solution to the system of Hamilton-Jacobi equation (10) with
boundary conditions (11). By induction, we define a family of back solutions
as follows:

Iy = x?/Va (Z1<x)aq1(x)) = (Z(xax*)vq(xax*)) Vz € [xlvx*}
and
Tny1 = alan), (Z(@,2n), q(z, 7)) Va € [Tni1, Tnl -
* b
0,

x

X

From Case 1 and Lemma 3.9, there exists a natural number Ny < 1+

such that our construction will be stop in Ny step, i.e.,

N, > 0, a(zn,) =0 and lim Z(z,zn,) =0.
z—a(zNg)
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*

Z3(x) T3 z’ To Ty T

FIGURE 2. Construction of a solution: starting from (z*, B)
we solve backward the system until the first touch with
the graph of W at (z1, W(z1)). Then we restart by solv-
ing backward the system with the new terminal conditions
(W (x1),pe(x1)), until the next touch with the graph of W
at (x2, W(z2)) and so on. In a finite number of steps we
reach the origin. If a touch occurs at z,, < 2” then the
backward solution from z,, reaches the origin with ¢ = 1.
Given an initial value Z of the debt-to-income ratio, if
0 < 2p41 < T < x, < z1 the the optimal strategy let
the debt-to-income ratio increase asymptotically to x, (no
bankruptcy), while if 21 < Z < 2* then the optimal strategy
let the debt-to-income ratio increase to x*, thus providing
bankruptcy in finite time.

We will show that a feedback equilibrium solution to the debt management
problem is obtained as follows

and

(Z(z,xz*),q(x,z*)), Ve (zw,z"],

V2 @).p" (@) =\ (Z(2, 20), g, 22)), V€ (alzy), 2],
ke{l,2,...,No},

*(x = argmin w) — M -w
w() wg[O,l] {L( ) p*(z) }7
(x)}.

v*(z) = arigi%in {c(v) — vz (V*)

(33)
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Proof of Theorem 3.5. From the monotone increasing property of the maps
E v (x*,€), n— F(z*,n,0(x*)) and p — F~(z*, W(x*),p), we have
O(z*) - (r+ X+v"(z*, F~ (2", B,0(z")))
< pe(x) - (r+ A+ v (2, F~ (", W(z"),pe(x"))) = r+ A,
and it yields (23). By Proposition 3.7 and Lemma 3.9, a pair V*(-),p*(-) in
(33) is well-defined on [0, z*]. In the remaining steps, we show that V*, p*,

u*, v* provide an equilibrium solution. Namely, they satisfy the properties

(i)-(ii) in Definition 2.1.

1. To prove (i) in Definition 2.1, let V'(-) be the value function for the optimal
control problem (6)-(7). For any initial value, z(0) = x¢ € [0, z*], the feedback
controls u* and v* in (34) yield the cost V*(x). This implies

To prove the converse inequality we need to show that, for any measurable

control u : [0,4o00[+ [0,1] and v : [0, +00[— [0, 4o00[, calling ¢t — x(t) the
solution to

iy = (AT o)) el — u(t) 2(0) = =
40 = (g ~ #1010~ Sy o) = o

it holds
Ty
/o e [Lu(z(®) + c(v(@®))]dt+ e B > Vi(m)  (36)

where
T, = inf {t >0; x(t) =2}
is the bankruptcy time (possibly with T = +00).

For t € [0,Tp)], consider the absolutely continuous function
t
00 = [ e [Lu(s) + clo(s))] s+ eV ()
0

At any Lebesgue point ¢ of u(-) and v(-), recalling that (V*,p*) solves the
system (10), we compute

L6t =e - [L(u(0) + ewlt)) — rV* (a(0) + (V) (a(0) - (1)
=e " [L(u(®) + c(v(t) = V" (a(t))

+(V*)'(2(1)) ((pA(:(;) —A—p— v(t)> a(t) — pfét()t)» ]
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+ min_{e(¢) — (V) (x(t)x(t) ¢}

CE[0+o0]

At e
(s~ A= ) e ) = v (e(0)]

e[ (@(0), (V) (@(0), 5 (1) — 1V (a(0))] = 0.

Thus,

Ty
Vi(a0) = 6"0) < lim ") = [ e L) +elote)] dire B,

- t%Tb —

and this yields (36).

2. It remains to check (ii) in Definition 2.1. The case z¢ = 0 is trivial. Two
remain cases will be considered.

CASE 1: If xo €]xy,x*] then x(t) > x1 for all ¢ € [0,T3]. This implies

&(t) = He(x(t), Z(x(t),z¥), q(x(t), z¥)).
From the second equation in (10) it follows

L) = P = (Ao @O)pe) - (),

Thus, for every t € [0, T3] it holds

t ¢ -
p(z(0)) = p(m(t))/ e~ (rFA+T(@(7) d7'+/ (r—i—)\)/ e~ AT (@) g dr.
0 0 0

By letting t — T}, we obtain

Ty T Ty
p(zo) = / (r+A) / e~ @) gs dr 4 0(z%)- / o= (A" @(1) gy
0 0 0

CASE 2: Assume that xo € [a(zk), zx[ for some k € {1,2,..., No}. In this
case, Tp = +oo and z(t) € [az,, zk[ such that
lim z(t) = .

t—+oo

With a similar computation, we obtain
pzo) = O(z*) - / em (AT ar,
0

proving (ii). O
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4. Dependence on z*

In this section, we study the behavior of the total cost for servicing when the
maximum size x* of the debt-ratio-income, at which bankruptcy is declared,
becomes very large. It turns out that a crucial role in the asymptotic behavior
of V as x* — +oo is played by the decay rate of the salvage rate 6(z*) as z* —
400, which represents the fraction of the investment that can be recovered
by the investors after the bankruptcy (and the unitary bond discounted price
at the bankruptcy threshold). More precisely, the following proposition show
that

e if the salvage rate decay sufficiently slowly, i.e., the lenders can still
recover a sufficiently high fraction of their investment after the bank-
ruptcy, then the best choice for the borrower is to implement the Ponzi-
like trivial strategy;

e otherwise, if the salvage rate 0(a*) decays sufficiently fast, then Ponzi-
like trivial strategy is no longer an optimal solution for the borrower.

Proposition 4.1. Let (V(x,z*),p(z,x*)) be constructed in Theorem 3.5.
The following holds:

(i) if limsup 0(s)s = R < +oo then
s——+oo

x*—4o00

R\ 7x
liminf V(z,2*) > B- (1 - > (37)

for all
x > ! - max {4, 1B 46,8 2C101(7"B)}.
r—p
(i) if Sginoo 0(s)s = 400 then

limsup V(z,z*) = 0 Vo € 0,27 (38)
T*—00
Proof. 1. We first provide an upper bound on v(-, z*). From (10) and (9), we
estimate

Hio&p) 2 min{e(v) — 2o} + [~ po 1] &
> min {c(v) — z€v} + r=wz € = K(z,&,p)
= >0 2 D B
2
for all £,p > 0 and x > ——. We compute
r—
Ke(z,6,p) = M_MK
) ) 2p
where
0 it 0<xzg<d(0),

Vg =
() (xg) if x€>(0) > 0.
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This implies that the maximum of K is achieved for vg = TQ_ B and its
P

value is
K(z.&p) = K(z,x,p) = ¢ =L ith ¢
= x = _— =
I?Za(%( x,q,p ySKH D 2p , W K

Thus, the monotone increasing property of the map £ — H(x,&, p(x,x*)) on
the interval
[0,&*(z, p(x,2*))] implies that

(uk)

T—

— * * * < .
F~(z,V(z,z"),p(z,2¥)) < &k = vz, ") < 721)(:0’%*) (39)
provided that ¢ TR > rB. From (10)) and (9), it follows
2p(z, z*)
V'(x,x*)
rB > —aV'(z,z")v(z,z*) +[(r — )z — u(z, 2*)] - ————=
(@)oo ) + [ = o = u(oa”)] S
_ / * _ / *
L reme ] Vies) | e Vi)
- 2 plx,z*) 4 p(z,z*)
Thus, if
p(m,x*) < min{Zcf;(lrLBV (7"-2;/(0)} ( )
40
4 4B
e max { =i (T—M)L'(O)}
then
! *
Vi) 4B _ o) = wwa’) = 0, (41)
p(z,z*) (r—pz
and
Vi(z,2")x < -p(z,z*) < (0) = v(z,z*) = 0. (42)

r—p

In this case, from (10), (9) and (12), it holds

(r 1 N ple,a") — 1) = (p(“x)

- ,u) xp' (x,x*) .
Thus,

U (L))

plz, %) =
provided that (40) holds.
2. Assume that

limsup 6(s)s = R < +oo,

s$€[0,400)
there exists a constant C; < 400 such that sup,¢cjg 1) 0(s)s = Ci. Since
p(+,x*) is increasing, it holds
O(z*)x* Ch

< — if (40) holds. 4
. < - if (40) holds (43)

plx,z*) <
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Denote by

M = ﬁ - max {4, LZLTB;))’ 40/620)3, 2C10_1(7“B)} ,
we then have

u(z,z*) = v(z,2*) =0 Vo € [M,x*], 2" > M.
From (10), (9) and (12), (V, p) solves the system of ODEs

D v
[(A+7) = A+ wp(z, z%)]z

p(z,z")(p(z,z*) — 1)

[(A+7) = (A + p)p(z, 2*)] x

for all z € [M,z*] with * > M. Solving the above system of ODEs (see in
Section 5 of [5]), we obtain that

Viwa?) =B (%)H ,p(z, ) = e(x;)””* . <11__péﬁf;)>m

for all x > [M, 2*]. Thus,

Vi(z,z*) =
(44)
Paa) = ).

R\ 7x
liminf V(z,2*) > B- (1—) Vo > M,
T*—+00 €T
and this yields (37).
3. We are now going to prove (ii). Assume that

limsup 6(s)s = +oo. (45)

s——+o0

Set

T { 0B e } e { o ToTD } |

For any «* > M, denote by

z* if O(z*) >,
T(z*) =
inf {x > M, ’ p(z,z*) < 7} if O(z*) <.
From (40)—(42), the decreasing property of p yields
p(z,x") 2 v Voe[My,7(z")] (46)
and
p(z,z%) < v = u(z,z*) = v(x,z") Vr € [t(x"),z"].

As in the step 2, for any = € [7(z*), z*], we have

V(x,x*):B.(lf_??éfaff)”‘))”x’p(m’x*) _ e(iﬁl)x*.(l—p(x’x*)>m
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This implies that

* pla,a")o\ = r \T
- B.|—-—7 < B | —-— 4

Ve = 2 (BE5E) T < 2 () o
for all x € [r(z*),2*]. On the other hand, for any x € [My, 7(z*)], from (10),
(9) and (46), it holds
ixV’(x,x*) < (r+ Nz
p(z,z*) gl
This implies that for all x € [Ma, 7(z*)] it holds

rV(xz,z*) < V' (z,z").

T G2 T r+X
Vi) <V (15) " <8 ()" - @
For any fix xg > M, we will prove that
limsup V(zg,2*) = 0. (49)

¥ ——+00
Two cases are considered:

o If limsup,._, ., 7(2*) = 400 then (48) yields
) T+
lim V(zg,z") < liminf B- () = 0.
T*— 400 T*— 400 T(:L'*)
o If limsup,._, ., 7(z*) < +o0 then
T(z*) < M;s Va* > 0
for some M3 > 0. Recalling (47) and (45), we obtain that

Mo\ 75
lim V(zg,2*) < lim V(zo+Ms,2*) < lim B- Zot+ Ms = 0.
T*—00 T*—00 T*—00 e(x*)x*
Thus, (49) holds and the increasing property of V (-, 2*) yields (38). O

We complete this section by showing that for sufficiently large initial
debt-ratio-income and bankruptcy threshold and recovery fraction after bank-
ruptcy, the optimal strategy for the borrower will use currency devaluation
to deflate the debt-ratio-income. For simplicity, let us consider z* and B*
sufficiently large such that

I _ /
(0) + Br and B> 2(r — p)c (0)
L'(0) - (r — p) r
In this case, the following holds:

(50)

Proposition 4.2 (Devaluating strategies). Let z — (V(z,2%), p(z, z*))
be an equilibrium solution of (10) with boundary conditions (11). If

- 2(r +X)c'(0) 1 1
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then the function

v*(z,2*) = argmin{c(w) — wzV'(z,2*)}
w>0

1s mot identically zero.

r B
Proof. Set M := /(0)4 Assume by a contradiction that v*(z,z*) =
L(0) - (r = n)
0 for all z € [M,z*]. In particular, we have
0 < zV'(z,z*) < (0) x € [M,z"]. (52)

The system (10) in [M, z*] reduces to
{rvm H(x,V'(z),p(x))

. (53)
(r+A)(p(x) =1) = He(z,V'(z),p(x)) - p'(z)

with

Aep) = min {20 - 2ebs (S oa-u)ee
p p
Since r > p and p € [0, 1], it holds
@6p) 2 =5+ (0tr=pOs )

and (53) yields

V'(z,x*)
rB > rV(z,2*) > ((r—pz—1)- !
> WViea?) > (-1 S
Thus, for x € [M, z*] we obtain
! *
V' (x,z*) < rB < 1/(0),
p(z, z*) (r—mz—1

which immediately implies

/ *
u*(x,2") := argmin {L(u) —u- V(at,w)} = 0.
u€l0,1]

Hence, (V (-, 2*),p(-, x )) solves (10) on [M,z*] and

(
S )

o O(x")x”
p(x,z") = ( )
O(z*)x*
AT (1 T ). (59
for all z € [M, z*]. From the above inequality, we derive

(r+XN)0(z*)x*
r+ Nz + (r— p)0(x*)x*

r+)\

plz,z*) > (
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Thus, (52) and (54) imply

N ('
C(O) >xV (33;33 ) - p( ’ ) ()\+r)—(/\+u)p(x7m*)
>7‘p(x,x*)B. r+ A —rp(x,z*) < rp(z,z*)B
A A+7)—A+pplx,z*) — r+A

S rBO(z*)x*
2T e+ = wE)e

for all x € [M, 2*]. In particular, choose = M and recall (50), we get

rB — (r—u)d(0) rB
M > Oz > ——— - 0(z")2”
- (r+X)c'(0) (@%)a” 2 2(r 4+ M) (0) (@%)z
and it contradicts (51). O

5. Appendix

We first introduce now some concepts of convex analysis, referring the reader
to [9] and [14] for a comprehensive introduction to the subject.

Definition 5.1. [Convex conjugate and subdifferential] We recall that the
convex conjugate A° : R? — R U {+o00} of a map A : R? — RU {+o0} is the
lower semicontinuous convex function defined by

A°(z*) = sup {(z*,z} —A(z)}.
z€R4
Let A : R? — R U {+o0} be proper (i.e., not identically +occ), convex, lower
semicontinuous functions, z € dom A := {x € R?: A(z) € R}. We define the
subdifferential in the sense of convex analysis of A at x by setting

OA(z) = {v, € RY: A(y) — A(z) > (v, y — z) for all y € R%}.

The following result provide a list of some properties of the subdiffer-
ential in the sense of convex analysis.

Lemma 5.2 (Properties of the subdifferential). Let A,T : R — R U
{+o0} be proper (i.e., not identically +00), convex, lower semicontinuous
functions,

1. If A is classically (Fréchet) differentiable at x, then OA(x) = {A'(2)};
2. 2* € ON(2) if and only if z € ON°(2*);
3. A(zo) = m%}i A(z) if and only if 0 € OA(xo);
S
4

. 2% € ON°(2) if and only if A(z) + A°(2*) = (2*,2). In this case z* €

dom A°;

A > 0 we have O(AA)(z) = AOA(2);

6. if there exists z € dom(A) Ndom(T") such that A is continuous at z then
O(A+T)(z) = 0A(x) + OT'(z) for all x € dom(A) Ndom(T);

&
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7. let 5 € R™, A:R™ — R? be a linear map, I' be continuous and finite at
A(g); Then O(T o A)(y) = ATOT(Ay) for all y € R™, where AT : R? —
R™ s the adjoint of A.

Lemma 5.3. If (A1)-(A2) hold then L°,c® : R — RU {400} are continu-
ously differentiable in the interior of their domains, and

intdom L° =R, intdomc® =] — oo, ¢..[ with .. = sup ' (w).
w=z

Moreowver,

0, if p < L'(0),

(L) Np), if p>L'(0),
07 pr < C,(O)7

(@) p),  if p €]C(0), chnax[-
Proof. Recalling the assumptions (A1) — (A2) on L, ¢, the equations

L°(p1) + L(u) = wup1, ®(p2) +c(v) = vp2,
admits as unique solutions
0, if p1 < L'(0),
u(pr) =

(L) Hpr), if p1 > L'(0),
0, if po < ¢(0),
v(p2) =
() p2), if Chax > p2 > (0).
The result now follows from Theorem 23.5, Theorem 25.1, and Theorem 26.3
in [14]. 0

Let L°, c°® be the convex conjugate of L and ¢. According to (9), we have
that
§

~Hen) = 1 ($) oo - (S oasu)ee 60

and the map £ — —H(z,&, p) is convex and lower semicontinuous. Moreover,
given z > 0, p €]0,1], £ > 0, such that ¢ < /., we denote by u*(&,p) €

max

[0,1] and v*(z,€&) € [0,+o0[ the unique elements of JL° () and 9c®(z€),
b

A+

respectively, provided by Lemma 5.3. The function p — (¢/)71(p) is strictly
increasing in |¢/(0), ¢}, .« [ and

’ “max

lim ()7 (p) = sup (¢)'(p) = +o0,
P [Chax] ™ P<Chiax
Therefore, by monotonicy, we extend the definition of v*(x,&) by setting
v*(z,€&) = +oo if € > ¢

max*

As a consequence of Lemma 5.3, the following holds:
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Lemma 5.4. Assume (A1)-(A2), and let H be defined as in (9). Then H
s continuous differentiable in the interior of its domain, and its gradient at
points (z,£,p) € [0, +00[x[0,+00[x]0, 1] with x& < ¢}, can be expressed in
terms of u*(€,p) := (L°Y(£/p) and v*(z,€) = (<) (a£) by

Ho&p) = [Atn) =0t nt o' €)] 2,
Hew,&0) = o [o(0+ 1) =pOr+ v’ (@.8) —w &), (57
Hye.&p) = (€0 —alr+ 1) 5,
and
u*(§,p) = argmin {L(u) —u §} ,
u€el0,1] p
v*(z,§) = argmin{c(v) —vz}.
v>0
Moreover, for allx >0, 0 <p <1, it holds
. _ (L, -L'(w"(§p))) : /
volen = So B e, o)
Vo) = e s o),

" (v* (2, )

lim  o*(z,§) = +oo.
£ Chax] ™

Lemma 5.5. Let the assumptions (A1)-(A2) hold. Then
1. for all £ > 0 and p €]0,1], the function H satisfies

((/\‘H"p)ﬂ?—l _(/\—l-,u—l-v*(x,f))x) € < H(z, &, p)
A+
3( ) —(A+u))w§,
(A—"_T;x_l—()\+M+U*($,f))$SHg(x,§,p) < (W—(A+M)) z)

2. for every x,p > 0 the map £ — H(x,&,p) is concave and satisfies

H(z,0,p) = 0, He(z,0,p) = ()\;r—()\—&-u)) x.

Proof. The concavity of £ — H(x,&,p) for every x,p > 0 is immediate from
the definition of H in (9). The equalities in item (2) are immediate from
Lemma 5.3. The upper bound on H(x,&, p) follows from the positivity of L°
and c°. Its lower estimate comes from the second part of Lemma 5.3, in partic-
ular from the upper estimate on L°(-). By concavity, the map & — H¢(z, &, p)
is monotone decreasing, thus He (z, &, p) < He(z,0,p), which proves the upper
bound on He(z, &, p) together with item (2). Its lower estimate for He(z, &, p)
comes from Lemma 5.4 and u* € [0, 1]. O
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The following Lemma will catch some relevant properties of H(-) needed
to study the system (10).

Lemma 5.6. Let x >0 and 0 < p < 1 be fized, and set
Hm™max = H .
(z,p) max (z,&,p)

Then

1. there exists €4(x,p) > 0 such that, given n > 0, the equation rn =
H(x,&,p) admits
e no solutions & € [0, +00) if rn > H™*(x,p),
o &4(x,p) as unique solution if rn = H™(z,p),
e cxactly two distinct solutions {F~ (x,n,p), F*(z,n,p)} with
0 < F(x,n,p) < &(z,p) < F*(a,n,p)

if 0 < rnp < H™*(z,p),
2. we extend the definition of n — F¥(x,n,p) by setting

F* (x,iHmax(l’yp)ap) = fu(a:,p),

thus for fized x > 0, p €]0,1], the maps n — F~(x,n,p) and n
Ft(x,m,p) are respectively strictly increasing and strictly decreasing in

o H )|
T
3. for all 0 < n < H™*(z,p)/r with x > 0 and p €]0,1], we have
0 r
7F:|: z,n,p) = )
377 ( ) HE(vai(wvnap)vp)

4. The map p — H™*(x,p) is strictly decreasing on ]0,1] for every fized
x €]0, z*[.

Proof. Since for all fixed z > 0, 0 < p < 1 we have that & — H(z,{,p) is
the minimum of a family of affine functions of £, we have that the map £ —
H(z,£&,p) is concave down. Recalling (12), and the monotonicity properties
of u*(-,p) and v*(z, -), since

o He(x,&,p) = He(x,0,p) > 0, for all £ € [0, min{pL’(0),c'(0)/z}],

o &= He(z,&,p), is strictly decreasing for all £ > min{pL’(0),'(0)/z},

. . (r+ Nz N1
° lim He(z,&p) < lim ( — (c z€) | = —oo.
£ [Chnax] ™ <l ) £ [Clnax] ™ P (€)™ (@)
we have that £ — He(x,&,p) vanishes in at most one point in 0, ¢} .. [, so

& — H(x, &, p) reaches its maximum value H™**(x, p) on [0, 400) at a unique
point &f(x, p), moreover it is strictly increasing for 0 < ¢ < &*(x,p) and
strictly decreasing for & > ¢¥(x, p), with & (2, p) > min{pL’(0),¢'(0)/z}. We
define

1
e the strictly increasing map n — F~(x,n,p), for 0 <n < — - H"*(z, p),
r

1
to be the inverse of £ +— — - H(x,&,p) for 0 < & < & (z, p);
T
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e the strictly decreasing map n +— F*(z,n,p), for 0 <n < % - H™(z, p),
to be the inverse of £ — % -H(z,&,p) for & > 4 (z,p).
This proves (1) and (2). Now, set
ut(z,p) = u(E(2,p),p),  VF(z,p) =0 (2, & (a,p)).
From (57), it holds

uf(z,p) = [(A+7)— A+ p+ o' (z,p)p] - =, (59)
H™(z,p) = L(u'(z,p)) + c(v*(z,p)). (60)

Moreover,
e if &4(x,p) > pL’(0) then

¢a,p) = pL'(uf(x,p)) = pL' ([(A+71) = A+ p+ ¥ (z,p)p] -x), (61)

/
o if &4(2,p) > @ then

c (vi(x
ap) = “B), (62)

Conversely, for any fixed z > 0 and 0 < p < 1, if
w(&p) = o((A+71) = pA+p+0"(2,€))),

then ¢ = & (z,p), v*(z,€) = v¥(z,p) and u*(&,p) = uf(x,p). Indeed, this
follows from the fact that He(z, &, p) = 0 iff & = &¥(x, p).

Consider the equation n = H(x,&, p)/r for a given 5 > 0, and, noticing
that, given 0 < ¢ < &*(x, p) we have

F~(x,n,p) = F~ (w iH(x7€7p)7p> = ¢ Yo<&<Ez,p),

Ft(z,m,p) = F* (x iH(x,&p),p> = ¢ V& z,p) > ¢,

and so (3) follows from the Inverse Function Theorem. To prove item (4), we
notice that

iHmax(x’p) — %H(x7§ﬂ(x7p)’p) = Hp(m,fﬁ(ﬂf,p)?p).

dp
Recalling (12), we have
f
Hy(w, & (0,p)p) = [u(x.p) — (r+ Na] - S (;,p)

= —(A\+p+of(z,p)zg(z,p) < 0,
since for z,p # 0 we have & (x, p) > 0. O
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