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1 Introduction

The past two decades have seen a remarkable surge in both the theoretical and empirical lit-
eratures on the class of spatial econometric models known as spatial autoregressions (SARs,
henceforth). These models were first suggested by Cliff and Ord (1968) and have since
been widely extended in directions to suit applied research. In their various specifications,
SAR models are typically characterized by parsimonious and intuitive functional forms that
employ exogenously assigned weight matrices intended to capture the structure of spatial
dependence between units up to a finite number of unknown parameters. Much of theoretical
literature has focused on parameter estimation in these models. Standard methods, such as
instrumental variables/two-stage least squares (e.g. Kelejian and Prucha (1998)), Gaussian
maximum likelihood /quasi-maximum likelihood estimation (e.g. Ord (1975) and Lee (2004))
and generalized methods of moments (e.g. Kelejian and Prucha (1999) and Lee (2007)) have
been developed to address the endogeneities inherent in SAR specifications and extended to
accommodate increasingly more complex models and data structures. At the same time, a
large body of the literature has focused on the derivation of the asymptotic theory of various
tests for lack of spatial correlation and/or for joint significance of the model parameters.
These tests have employed common approaches such as Wald, Lagrange Multiplier or Like-
lihood Ratio methods in the spatial setting. Among many others, see Burridge (1980), Cliff
and Ord (1981), Kelejian and Prucha (2001), Anselin (2001), Robinson (2008), Lee and Yu
(2012), Martellosio (2012) and Delgado and Robinson (2015).

More general specification assessment, in addition to significance testing, is of obvious
importance in this class of models, more especially in view of the extensive use of exogenously
chosen weight matrices and alternative model forms. Detection of misspecification in one pre-
specified aspect of the model while assuming the remainder of the model is correctly chosen
has often been considered in the literature. For instance Baltagi and Li (2001) offer a test
for the correct specification of a (log-) linear functional form in spatial error models against
the alternative of a Box-Cox transformation. Su and Qu (2016) extend the nonparametric
testing procedure of Fan and Li (1996) to spatial data in order to test for correct linear
functional form specification in the SAR model. Further, by means of Lagrange Multiplier
statistics, Anselin (2001) developed tests to detect misspecification arising from different types
of spatial error correlation. A general development of limit theory for this kind of residual-
based procedure that includes tests for covariance structures in SAR models as special cases
has been developed in Robinson (2008). Also, Delgado and Robinson (2015) offer a testing
procedure to discriminate non-nested models for covariance structures that can accommodate
spatial, spatio-temporal, or panel data structures. More recently, Gupta and Qu (2020)

derive a test of correct specification of the regression functional form while allowing for cross-



sectional correlation in the error term by means of series estimation of a nonparametric
regression function. The Gupta and Qu (2020) approach includes the work of Su and Qu
(2017) on regression specification testing as a special case.

The aforementioned testing approaches enjoy favorable large and small sample properties
including good power if the practitioner has prior information about the components of the
model structure that are most likely subject to misspecification. But these methods typically
do not deliver a general methodology in the absence of such information. In addition, and
possibly more importantly, the aforementioned research does not offer a general approach to
testing the specific network dependence structure, which limits the scope for practical use in
light of the common use of an exogenously chosen weight matrix. To illustrate the possible
implications, consider a simple Lagrange Multiplier test to detect a spatial component that
might take the form of a spatial lag of the dependent variable or a spatial error structure. In
cases where the weight structure of dependence is misspecified, the practitioner might expect
the test to retain correct size, but test power is likely to be adversely affected because the
focus of the test is not directed at the real source of misspecification.

A more direct approach to tackle the choice of the weight matrix in spatial models has
been adopted by Beenstock and Felsenstein (2012), who use the sample covariance matrix
of the data to infer the network structure in a panel context. Although promising, this
approach is inevitably affected by dimension and suffers from bias when the number of sample
units has the same order of magnitude as the number of the time periods. Taking another
promising high-dimensional approach, Lam and Souza (2015, 2020) suggest estimating the
most effective weighting structure via LASSO procedures, by combining information from
multiple specifications. This approach may be employed as a useful implicit test of specific
weight structures.

In order to remedy concerns regarding the choice of a network weight matrix while avoid-
ing the challenging task of estimating high-dimensional structures, a relatively narrow branch
of the spatial econometric literature has focused on offering model selection procedures be-
tween competing models. Along these lines, Kelejian (2008) and Kelejian and Piras (2011,
2016) provide increasingly more general J-type tests which can be used to select among com-
peting choices of weight matrices in SAR models with spatially correlated errors (SARAR).
Kelejian’s (2008) procedure has been extended in Debarsy and Ertur (2019) to allow for
unknown heteroscedasticity in the error terms. A selection strategy for the correct network
structure has also been suggested by Bailey et al. (2016), who employ multiple testing to de-
duce nullity, positivity or negativity of the elements of a weight matrix, while Liu and Prucha
(2018) generalize the well-known Moran I statistic to test whether a linear combination of
pre-specified weight matrices suitably describes the data within a given spatial autoregres-

sion. Even more recently, Liu and Lee (2019) offer a more general method that chooses



between two specifications within/between SARAR or matrix exponential spatial specifica-
tion (MESS), that can be nested or non-nested. That approach relies on a likelihood-ratio
test in the spirit of Vuong (1989) and, importantly, allows both of the competing models to
be misspecified under the null. The limit theory in Liu and Lee (2019) is derived under the
assumptions of Near Epoch Dependence (Jenish and Prucha (2009, 2012)), which limits the
scope of application to data that have a geographical interpretation and dependence that can
be defined in terms of a decreasing function of distance between observations. Accordingly,
it is not directly applicable when ‘space’ is defined according to a more general notion of
economic distance (e.g. Case (1991) and Pinske et al. (2002), among others).

The goal of the present paper is to complement the above approaches by developing an
omnibus test procedure that can detect quite general forms of misspecification related to the
model, the weight matrix and the functional form for the SAR model. The approach we adopt
is in the spirit of the Bierens (1990) conditional moment tests. The literature on consistent
conditional moment tests has been widely explored starting in the 1980s (Bierens, 1982;
Newey, 1985) and relying on orthogonality condition tests that date back to Ramsey (1969).
Under the null hypothesis of correct specification of the regression function, the moment
condition(s) holds with probability one, while consistency against general misspecification
is achieved by means of a set of weighting functions that depend on some real parameter.
The idea of consistent conditional moment tests in Bierens (1982) was originally developed
for data that are independent and identically distributed but it has been extended to time
series models in Bierens (1984, 1988), de Jong (1996) and, more recently, to non-stationary
models in Kasparis (2010). Bierens (1990) suggests a particularly appealing procedure as
the resulting test statistic has a standard limiting distribution under the null hypothesis and
does not require randomization to achieve consistency, as opposed to Bierens (1982). In this
paper we extend the Bierens (1990) test to the spatial setting, characterized by the fact that
individual outcomes are influenced not only by their own individual characteristics but also
by the characteristics of their neighbours. An extra challenge in the spatial model setup and
limit theory is the fact that the regression function is heterogeneous across individuals.

In our development we assume a SAR structure with spatial dependence as a spatial
lag since it is a significant base model of interest in the spatial literature and the kernel of
many more general formulations. Our conditional moment testing approach, with individual
outcomes depending on neighbour outcomes and heterogeneous regression functions, will be
relevant in other settings. A primary advantage in the approach is its applicability to general
‘spatial’ data, where ‘space’ is interpreted more generally than geographic, as no reliance is
placed on NED conditions to limit spatial dependence. We establish the limit distribution of
our specification test under the null of correct model specification, including the form of the

spatial weight matrix, and establish test consistency against general model misspecification.



Simulations are conducted to explore the finite sample behavior of the test, allowing for cases
of geographic distance and random linkages in the weight matrix as well as spatial Durbin
and spatial lag X formulations. The results confirm that the test has stable size properties
across models and good power performance in distinguishing misspecification in the weight
matrix structure and in other aspects of model formulation. The methodology is applied in
an empirical study of tax competition among municipalities. The results suggest that the
specification test is helpful in guiding refinement of simple SAR models to capture dependence
structures in the data more satisfactorily.

The paper is organized as follows. The next section presents the model setup and main
assumptions. Section 3 details the extension of the Bierens (1982, 1990) model specification
work to the spatial context and discusses the formulation of relevant null and alternative
hypotheses. Sections 4 and 5 report the limit theory under the null of correct specification
and under a fixed generic alternative. The simulation findings are presented in Section 6.
Section 7 provides the tax competition illustration using the model framework and datasets
of Lyytikdinen (2012), who dealt with tax competition across Finnish municipalities and
Parchet (2019), who applied a spatial analysis to tax rates across Swiss municipalities. Some
conclusions and possible extensions are given in Section 8. Proofs and discussion of a case
not covered by our assumptions in Section 4 are given in the Appendices.

) the vectors formed by taking the

—1
n o

Throughout the paper, we denote by A;, and Ag
transpose of the ith rows of a matrix A, and its inverse A respectively, provided the
inverse exists; and a;; and @ are the (i, j)th elements of A and A~!. The symbol 1 = 1,,
denotes an n x 1 vector of ones, ||.|| and ||.||co represent spectral and uniform absolute row
sum norms, A’ is the transpose of A, and K > 0 is an arbitrary finite constant whose value
may change in each location. The symbol = signifies ‘approximate equality’ and ~ indicates

‘asymptotic equivalence’.

2 Model Set-up and Assumptions

We consider a regression model of the following form

where X, = (X1p, -, Xnn) 18 n X k matrix of regressors of all sampled units, which may or
may not include a column of ones, with the true conditional expectation function for the ith
observation denoted by gin, viz., gin(X,) = E(Yin|X,), i =1,...,n.

By conditioning on the matrix X,,, instead of on the individual vector X; = Xj;,, we
characterise the above model as a spatial one whereby individual outcomes are influenced not

only by their own individual characteristics but also by the characteristics of their neighbours.



To allow more flexible modelling and unlike Bierens (1990) we allow for possible heterogeneity
in the regression function g;, across individuals.
On the other hand, the so-called mixed regressive SAR model is given in n-vector obser-
vation form by the system
Y, = WY, +X,.8 + €, (2.2)

where W,, is a sequence of pre-specified n X n weight matrices that reflect some notion
of distance between units, A is a scalar parameter that reflects the strength of the spatial
interaction and f is the usual k x 1 vector of unknown parameters. Define S,,(\) = I,, — \W,,
and R,(\) = W,,S;;1()\). The SAR model can be written in its reduced form as

Y, = S YO (XnB + €n). (2.3)

For individual observations ¢ = 1, ..., n, the last displayed expression leads to a linear regres-

sion relationship of the form

Yin = min (X, A, B) + win(N), where

Min(Xn, A, B) = SN X8 = > s(A\)X},8, and (2.4)
j=1

n

Uin(A) = Z szj()‘)ejn»

J=1

where s (\) denotes the (4, j)th element of S;1(\) and s, is the reduced form error of the
SAR model. The unknown parameters of , denoted by 6 = (), '), can be estimated by
minimizing a suitable objective function over a compact parameter space © under general
assumptions as

0 = argmin Q(6). (2.5)
0co

The functions g, (-) and m,(+), the quantities in and (2.4, as well as most random
and deterministic sequences appearing in the sequel, are triangular arrays because of their
dependence on n. But it is convenient to suppress the affix n for notational simplicity unless
we specifically want to highlight the dependence on n. Similarly, it is convenient to do so in
other cases, such as using R(\) in place of R, ()).

Our concern in the present paper is in testing whether the regression function m;(-) of
is a correct characterization of the unknown true regression function g;(-) of (2.1)), i.e.
whether g; = m;(0) for some 6 € © with probability one. To provide a rigorous development

we introduce the following assumptions.

Assumption 1 For all n, €; are independent identically distributed (iid) random variables



with zero mean and unknown variance o2 and, for some § > 0, E|e;|*° < K.

Assumption 2 Fori=1,...,n and for alln, X; is a set of iid bounded random variables in

RF. Fori,j=1,..,n and all n, the elements of X; are independent of €.

Moment existence to order exceeding 4 is required to establish the central limit theorem
for quadratic forms, reported in Section 4. The condition on boundedness of X; is retained
for simplicity, but the case of unbounded X; could be dealt with by introducing a bounded
one-to-one function ¢(X;) (e.g., Bierens (1990)) and an additional trimming argument in the
spirit of the discussion in Section 3. Finally, independence across X; and ¢; for all (7, j) could
be relaxed to strict exogeneity of X at expense of some modifications of the derivations in
the following sections.

As it is standard in the SAR literature, we impose some conditions on W to ensure that

(2.2) and ({2.3]) are well defined.

Assumption 3 \g € A, where A is a closed subset in (—1,1).

Assumption 4
(i) For all n, Wi; =0
(ii) For all n, |[W]| < 1.
(iii) For all sufficiently large n, |[|[W||so + [|[W']lec < K.

(iv) For all sufficiently large n, uniformly in i,j = 1,...,n, Wi; = O(1/h), where h = hy, is

a sequence bounded away from zero for all n and h/n — 0 as n — co.
Assumption 5 For all sufficiently large n, sup (|[S™'(N)|los + |[STH(N)||) < K.
AEA

Let g(-) = (g1(-), - ,gn(+))’ be the n x 1 vector of individual g;(-) = gin(-) functions and
2, = Var(g). Although no specific functional structure is imposed, the true conditional
expectation functions g;(-) are required to satisfy some continuity and dependence conditions,

as follows

Assumption 6 Fori = 1,....,n and all n, g;(-) are continuous functions of X1, ..., X, and
satisfy ||Qqlloo < K.

Assumption 6 accommodates all the special cases of interest that are discussed later in Section

5. Additional conditions are imposed on the errors 7; of the true regression function in (2.1)).

Assumption 7 For all n, n; is independent of X~ foralli,j =1,...n. Fori=1,..n,

E(n;|X) = E(n;) =0, sup E(n?) < oo, and max Z |Cov(ni,ni)| = O(1).

1<i<n

A natural implementation of the Bierens (1990) approach is to construct a test of model

specification using a sample equivalent of the moment condition



- S E (% = mi@))e) = 0, (2:6)
i=1

which would depend on the average covariance between the residuals Y; —m;(0) and a function
of the corresponding independent variable X;. A preliminary Monte Carlo exerciseﬂ shows
that such a test would have good size performance and satisfactory power against common
sources of model misspecification, apart from those that are linked to W. As an example, if
9(X1,..., Xy) is the reduced form of the Spatial Durbin model or if the spatial autoregressive
component is correct but the linear function form of Xi, ..., X,, is not, a test based on
will reject the null of correct model specification with probability that increases rapidly with
the sample size. However, a test based on fails dramatically when the only source of
misspecification is the choice of W, with power that is close to size even for large sample
sizes.

To explore the reason for this failure a simple illustration using an omitted variable
argument is helpful. Suppose that g = (I — A\V)~'Xp, where V is a weight matrix satisfying
the standard assumptions, but the practitioner erroneously chooses W when estimating the
parameters of the model. The practitioner then effectively estimates the parameters of the
augmented model

Y =XMWY + VY + X6 +¢, (2.7)

but with the component VY omitted. If the true network structure of the data is captured
by V, then A; is zero and W is irrelevant in describing the spatial process. Thus, if the
full model in is estimated, we can expect to obtain an estimate of A\; close to zero.
Further, when VY is omitted from , we expect to obtain an estimate for A; close to
zero whenever the correlation between WY and VY is small, for in that case WY would
not mimic the spatial effect of VY. On the other hand, we expect to obtain a non-negligible
estimate of A} whenever the components WY and VY display a certain degree of correlation.
By contrast, since the choice of the weight structure is strictly exogenous and uncorrelated
with the independent variables of the model, the estimates of the coefficients 8 in are
expected to be almost unbiased (with the exception of the intercept coefficient when that is
present) even when VY is omitted, as the correlation between X for j =1,...,k, and VY is
typically small. More specifically, when the true weight structure is V', but the practitioner
estimates parameters in without including VY, A~ 0, and, in vector form the residual
vector appearing in would be

Y — (I = MW)'XBa MVY — (8- B8)X+ex~ VY 4 (2.8)

Details are available from the authors upon request.



which covaries little with functions of X;, for any j = 1,...,n. Hence, when the network
structure is severely misspecified and the correlation between VY and WY is small, a test
based on will have almost no power. The test failure is alleviated when the misspecifi-
cation of the network structure is not as severe, and WY is able to partially mimic the true
spatial component. The latter may well be a common outcome in empirical work because
practitioners frequently obtain evidence of spatial dependence and non-zero estimates of spa-
tial parameters even though the choice of the weight matrix is almost certainly only a crude
approximation.

In practical terms, in cases where W and V share some similarities in their structures
(such as a circulant and a block diagonal matrix), the estimate of A\ in may well be
nonnegligible and, in turn, the power of a test based on may be low but exceed size. On
the other hand, if W and V were two independently generated spatial structures, we would
expect that A1 ~ 0 and test power to be close to size for all n.

These difficulties pose a challenge to formulating a straightforward extension of the
Bierens test to detect misspecification in the weight matrix. As argued above, such a specifi-
cation test is often of crucial interest in practical work where there is only general guidance
in the formulation of the weight matrix. This provides a strong incentive to develop a refined
test procedure that gives direct attention to the possibility of weight matrix misspecification

in spatial autoregression.

3 Hypothesis Formulation

In view of the limitations of the standard Bierens approach, we develop a modified set of mo-
ment conditions and a new test statistic to detect general sources of misspecification in spatial
models including those associated with the weight matrix. The formulation involves some
additional complexity because it is necessary to supplement the Bierens moment condition
with a condition designed to assess the weight matrix specification.

For all n and i = 1,...,n, let 1;(a,) = 1(Ins] < O, Max lej| < an), where 1(-) is the
indicator function and «,, is a deterministic sequence such that «,, — 0o as n increases.

Under Assumptions 2, 5, 6 and the definition of m; in || 9i(+) and sup m;(#) are bounded,
0

so for ¢ = 1,...,n and for all sufficiently large n
Li(an) =1 = 1(|gi +ni| <) =1 (3.1)

and
Ii(an) =1 = ]l(s%p Imi(0) + ui(N)| < ay) = 1. (3.2)

A brief remark on the definition of 1;(c,) is in order here. Even though u;(\) and 7; are



obviously related in case of correct regression specification so that w;(Ag) = 7; and that
(for each n) there exists a sequence of values of f (denoted as 6/ in the sequel) so that
wi(NF) = gi — mi(07) + m; under misspecification, this is not necessarily true for any value
of A € A. The indicator function is therefore formulated to include both |n;| < «a, and
supy |ui(A)| < ap, components, so that and the argument developed in the sequel holds
for any 6 € ©.

We now define the augmented vector of moment conditions

SOE (% - mi(0)e' ™)
M0, =+ | i=1 —0,
" S E ((y; — my())ety GHmTian) gy, A)ety<mi<9)+ui<x>ni(an)>|Xn))
=1
(3.3)

where 1;(a;,) guarantees that all moments are well defined for each 6 € ©.

In expression , M,,(0,t) augments the Bierens moment condition with a condi-
tion that directs attention to the weight matrix formulation. The first element of M, (6,t) is
the average of the standard moment condition discussed in Section 2. The second element is
the average of the (centred) conditional covariances between each unit’s reduced-form resid-
ual and an exponential function of the unit’s dependent variable, subject to the tail trimming
condition 1;(ay,). By construction the dependent variable involves the independent variables
weighted by the true networking structure which then plays a direct role in the moment
condition. Each term of the second element of is centred so that it is zero in the limit
when the regression model is correctly specified. But when the weight matrix in the model
is misspecified, the centering is lost because the misspecification involves the true reduced
form which covaries with the exponential function of the dependent variable, as in the simple
illustration leading to . We therefore expect a test based on a sample analogue of
to be more powerful against general misspecification that involves use of an inappropriate
weight matrix than a simpler statistic of the Bierens type that is based on the first component
only.

Let

vin(0) = vi(0) =Y; —m;(0) = g; — mi(6) + n;, (3.4)

where the second equality follows from , and
Vin (0, ty) = 0;(0, ty) = v;(0)ety immi@Fmlilan)) _ gy, (X)etruMlilen)y (3 5)
After standard manipulations, each term of the second component of can be written as
E (Ui(e, ty)etym*@)) , (3.6)

10



outlining that m; takes on the role of conditioning variable in the new component of our
test. Having a non-zero expectation of v;, conditional on X; in the first component when the
moment condition is violated is readily translated into misspecification of m;. However, a
non-zero expectation of v;, conditioning on m; calls for clarification regarding which aspects of
model misspecification it implies. The exposition below aims to provide precise and intuitive
one-to-one correspondences between moment conditions and almost sure equalities given in
Corollary 1, which will then be used to formulate hypotheses.

Define the conditional expectations
dm(ea Xn) = dz(e) = E(V1(9)|Xn) =30 — mz(9)7 (37)
as E(n;| X1, ...,Xn) =0, and

Oin(mi(0), ty) = vi(mi(0), ty) = E(vi(0, ty)|mi(6))

(

((EGet m2 0B (e mi(0)) — B (A)elr V() ety mi(@)) )
=~ (B n) (B(gie % mi(8)) — mi(O)E(E % m(6))))

( ) -

e tymi(9) E(nietymﬂi(a”)) (]E(etygi |m;(0) etymi))

From ({3.8), we deduce that on the support of (1;,e1,...,&,) such that 1;(ay,) = 1,
P, (gi=mi(0) =1 AN Plu;(N) =n) =1 = Pp,,(0:s(m;(0),ty) =0) =1, (3.9)

where P,,, denotes the probability induced by m;(-) only, which is in fact a particular linear
combination of the random vectors { X1, ..., X,,}, and Py, = PP is the probability induced by
Y;. For the implication in to hold we would only need a weaker condition on equality of
u;(\) and n; in distribution. However, a.s. equality is needed for Corollary 2 in the sequel and
so it is used here. In order to guarantee the opposite implication, we introduce the following

condition.

Assumption 8 For all sufficiently large n and for all i =1, ...,n such that

11



hold, then
P, (IE ("% |m;(9)) = etm"(e)> <1 Vv E(ne") #E (ui()\)et”i()‘))

for all t € R apart from a set with Lebesgue measure zero, on the support of (Ni,€1,...,€n)
such that 1;(aw,) = 1, for any deterministic divergent sequence cu,.

Assumption 8 is required to rule out the possibility of P, (0;(m;(0),ty) = 0) = 1 if either
P, (mi(0) = gi) < 1 or P(u;(A) = n;) < 1. With these conditions we deduce the following
proposition which elucidates what the second moment condition of (3.3) implies about model

specification.

Proposition 1 Let Assumptions 1-8 hold. For all sufficiently large n and for alli=1,....,n

we have the following equivalences

m; (di(0)

) =
)

P(ui(A)
Pui(A)

):1 A sz(@l(e)
) <1l & P, (0,(0)

~—

P 0)=1 A
P 0)<1l Vv

Il
oS O
~—
A
—_ =

N

i
i
for all 8 € ©, on the support of (n;,e1,...,en) such that 1;(ay,) = 1, for any deterministic

sequence Q.

With this framework we may now extend Lemma 1 of Bierens (1990).

Theorem 1 Let Assumptions 1-8 hold.

a) For all sufficiently large n and alli = 1,...,n such that Px,(d;(6) = 0) < 1, the set of t €
RF wvalues for which vi(8) and e!'Xi are orthogonal, i.e. S = {t € R¥ : E(vs(f)e!'Xi) = 0}

has Lebesgue measure zero.

b) For all sufficiently large n and all i = 1,...,n so that Py, (0;(m;,0) = 0) < 1, the set
of ty € R walues for which v;(0) and ™) are orthogonal, i.e. S = {ty € R :
E(viety ™) = 0} has Lebesque measure zero, for all deterministic sequences o, such

that o, — 00 as n — oo,

where d;(0) = din(0,X,), 0;(mi(0)) = Vin(m;i(0)), vi(0) = vin(0) and v;(0,ty) = vin(0,ty)
are defined according to , (@, and .

The proof of Theorem 1 follows with minor modifications to the proof of Lemma 1 in Bierens
(1990) and is reported in Appendix 1. From Theorem 1 we deduce the following confirmation

of the moment conditions.

Corollary 1 Let Assumptions 1-8 hold. For all sufficiently large n and fori=1,...,n
E (vi(G)ethi> =0 VteRF up to zero-measured sets < Px.(di(0) =0)=1 (3.10)

12



E (Ui(ﬁ,ty)etymi(g)) =0 Vty € R up to zero-measured sets

& P (dil0)=00=1 A Plu(\)=mn)=1 (3.11)

for all 8 € © and all deterministic sequences ou,.

For all sufficiently large n, we define the set

Jn(e) :J(Q) = {Z : P-Xz‘ (gi = m,(@)) <1V Pmi(gi = mZ(Q)) <1V P(UZ()\) = T]Z‘) < 1},
(3.12)

and let card(J(f)) denote its cardinality, which measures the extent to which the model
equivalence g; = m;(0) fails among the observed units. Correspondingly, in view of the results
given in Theorem 1 and Corollary 1, we define the following explicit null and alternative

hypotheses.
Ho: Px,(9i =mi(0o)) =1 A P, (9i = mi(0o)) =1 A Plui(Xo) = n;) =1 (3.13)
for some 6y € © and for sufficiently many i such that card(J(6p))//n = o(1) as n — oco;
Hi: Px,(mi(0%) =g;) <1V Pp,(mi(07) = g;) <1 V Plu;(\F) =m;) < 1 (3.14)

for sufficiently many i = 1,...,n such that card(J(07)) ~ n as n — oo, where 0 = o =
(N7, ﬁ#/)’ is the sequence of pseudo-true values that maximizes the objective function in
under Hi.

These hypotheses consist of multiple statements that arise from the two moment condi-
tions used to construct the test. The first component based on E (vi(Q)et,Xi) = 0 from the
orthogonality between X; and n; corresponds to the first statement in Hg, which is typically
given elsewhere in other models as P(g; = m;(0y)) = 1 for some 6. However our state-
ment in Ho more precisely involves Py, (-) rather than P(-) and allows for distinction between
the roles played by the two components in the statistic. The second component based on
E (Ui(Q,ty)etYmiw)) = 0 in the spatial setup gives rise to the second and third statements
in Hgy, which rely in turn on the equivalences provided in Corollary 1. Thus, we test for
almost sure equality of g; and m;(fy) conditioning separately on X; and m,;. In addition, it
is necessary to include the almost sure equality of 7; and the SAR reduced-form error u;(Ao)
in Ho. The inclusion of this equality is not surprising given that the reduced form of SAR
generates by construction a particular functional structure for the errors and not just for the
regression component of the model. Finally, the formulation of Hg requires that the number
(card(J(6p)) of model equivalence failures, i.e., g; # m;(fy), among the observed units be of

smaller order than /n as n — oo, thereby ensuring that the behavior of the test statistic
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under the null is dominated by valid specifications with g; = m;(fp) rather than failures
through misspecification.

As previously discussed, the test cannot detect departures in the direction of weight matrix
spatial misspecification of the model when conditioning on X; alone, i.e. by employing only
the first moment condition in . On the other hand, the obvious choice of multiple
conditioning variables, viz. the increasing set { X1, ..., X,,}, does not lead to a consistent test
in the spirit of Bierens (1990). Instead, Theorem 1 together with Corollary 2 in the sequel
show that the new framework delivers a sound basis for testing if we condition specifically
on the most relevant linear combination of {Xi,..., X,,} as in , that is on the known
functional form m;(#) — the relevant linear combination of { X7, ..., X;,} under the null #,.

Our test of Hp against H;p relies on asymptotic arguments and is therefore designed
to detect an increasing number of potentially misspecified (reduced form) SAR regression
functions m;(0). In order to have a well defined limit distribution theory that reflects the null
hypothesis Hg, the number of misspecified regression functions must be small enough so as
not to influence the limit theory under the null, leading to the requirement that card(J(6p)) =
o(y/n) in the definition of Hy. On the other hand, to achieve a consistent test against any
direction of violation of Hg the condition card(J(6%)) ~ n under H; is used to ensure that
the number of units for which misspecification does occur (i.e., the specified function m;(6)
is violated in the data) grows as fast as the number of units n. It seems likely that this latter
condition might be weakened somewhat and the test may have good practical performance
and power for some forms of misspecification, but this possibility is not pursued in the present
work.

The following Corollary makes precise what the null hypothesis H in (3.13]) implies about

the correct generating mechanism.

Corollary 2 Let Assumptions 1-8 hold. Hg in implies model for sufficiently
many i such that card(J(0y))/+/n = o(1).

It follows that the model implied by Hg is SAR in up to an error smaller than K/\/n,
which maintains the null limit theory developed in the next section. As is evident from the
proof of Corollary 2 in the Appendix, general misspecification in the SAR regression functions
would be detected even omitting Py, (¢; = m;(fy)) =1 in (and thus omitting the first
moment condition in ) However, inclusion of the first component of positively
impacts test power and is well suited to detect misspecification in the regressor set as well as

their functional form, without having to weight them by the network transformation implied
by S71(+).
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4 Test Statistic and Limit Theory Under H,

In view of the theory presented in Section 3, we construct a statistic for testing the null Hg in
against H; in based on a sample analogue of and using the Gaussian quasi-
maximum likelihood (QML) estimator 6 of 6. Other estimators of # may be employed with
minor algebraic modifications without affecting the following results. To ensure consistency
of 0 to #y under Hy we need to impose extra conditions, such as those in Lee (2004). Let
eig;(A) be the ith eigenvalue of a positive semi-definite matrix A. Let ¢ be an arbitrary,

small, positive constant.

Assumption 9 For all sufficiently large n, uniformly in (X, 8")

1 /
eig (n (rxs %) (ROVXB X)) > >0, (4.1)
where eig(A) = min (eig;(A)), eig(A) = maz (eig;(A)) for a positive semidefinite matriz A,
and c is an arbitrarily small constant.
To establish the limit distribution under Hy Assumption 9 need only hold at (Ao, 8j)’. But
uniformity of the condition over (), ")’ is useful in establishing test consistency in the fol-

lowing section.

Let rij = (R()\()) + R()\())/)ij/Q, s = E(Es) and

2

2
7 = %tr ((R()\o) + R(X\o)' — Ztr(R(Ao)In)> ) .

To simplify notation in what follows we write R = R()\g) and S~ = S71()\g). Let Q = Q(f)
be a (k+ 1) x (k + 1) matrix partitioned as

(7 + BX'R'RXBo) BHX'R'X
X'RX By X'X

Q= (4.2)

win wiz |1
- 2

w21 W22

Under Assumption 9, eig(€2) > ¢ > 0, so the inverse Q™! exists for all sufficiently large n.
Let w™ be the conformable (7, j)-th block of Q! for i,j = 1,2. Let w™® be the (k +1) x 1

vector defined as the transpose of the first row of Q7. Now define

Q=Q(H)=5" (In — nig (RXBO x) Q! <50§§R>> . (4.3)

Under Assumption 5 and by Lemma 1 (reported in Appendix 2), ||Q]]oc + ||@']|cc < K. Set
Y = 3"Vi/n, the 1 x n vector of the column averages of S~' as S~ = 32" | S@'/n, and
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the column-demeaned version of S~ as
§=g"1_157", (4.4)

Let e(t) = (et X1, .. e Xn) f(t) = (e(t),1'), the 2 x n matrix

U(t,ty) = U(t, ty, Ao, Bo, X) = f(1)'Q, (4.5)
and the 2 x 1 vector
Pt ty) = 0t by, o, o, X) = —— £/ (BXB) X)), (4.6)
0

Using this notation we indicate the estimated counterparts (evaluated at é) of the previously
defined quantities by (-). As with previous notation let (¥7) be the i—th row of W(t,ty ).
We now proceed to derive a sample analogue of that can be used to form a test
statistic. The goal is to develop a statistic that has a standard pivotal limit distribution
pointwise in (¢, ty'). The following steps assist by simplifying the limit behavior of the statistic.

We introduce a deterministic, positive sequence p,, satisfying the conditions

Pn, — 00, % =o(1) and ;{? =o(l) as n — oo, (4.7)

which enable a formal Taylor expansion of the exponential function under some additional
technical conditions reported in the proof of the Theorem 2 below. We then derive the sample
equivalent of a centered sequence based on the leading terms of this expansion. The resulting

sample analogue of the vector of moment conditions in (3.3|) has the following explicit form

n

> (Vi —mi(f))e!

~ ~ 1 :
M,(0,t,ty) = MO, t,ty)=—| » =1 , (4.8)

A

~ =Y 52 TEPN
> (i mi@)e i~ r($7Q)

=1

which leads to a statistic for testing Ho in (3.13) against H; in (3.14) based on the quadratic
form
T(t,ty) = nM(0,t,ty) A7 (¢, ty)M(0,t, ty), (4.9)
where A(t,ty) is a consistent estimate of A(t,ty) = lim Var(y/nM(8,t,ty)). To ensure
n—oo

pointwise existence and non-singularity of A(é, t,ty), as well as existence of M (é, t,ty), we

impose the following conditions.
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Assumption 10 Conditionally on X, the limit lim n=1W(¢, ty)U(t,ty)" exists pointwise in
n—oo
(t,ty)" and a.s. as n — oo, and is positive definite.

Assumption 11 Conditionally on X, the limits

n n

1 _ Yt ty )(t ty) s
/\2 - » . N/ ) ) 2
R+ R)?), lim —u(t, ty>i21m<%(t, ty)"), lim - 2;

lim @b(t? tY)’QZ}(t? tY)/t,r_ ((

n—00 n

exist pointwise in (t,ty) and a.s. as n — 0.

In general, Assumption 10 holds as long as n — oo, rank(Q)) ~ n and W does not have
constant column sums. More specifically, since S~! is non singular under Assumptions 2 and

3, Assumption 10 requires full rank in the limit of

1 L (BX'R
(g 92 (%))

which holds when the number of regressors k is finite (or grows slower than n). Assumption 10
is violated when W has constant column sums, which amounts to each individual having the
same magnitude of influence on others overall. In such a case, the variance matrix A(t,ty)
of Theorem 2 below suffers from singularity and one cannot carry out inference based on
the following theorem. The case where W has constant column sums, although unnatural
in practical applications, needs to be studied separately and is analyzed and discussed in

Appendix 3.

Assumption R Let p, and «a,, be deterministic, positive sequences satisfying , Qp — 00

asn — 0o, and

3/2
o n n
Moo, o0, 0 (4.10)
Pn agtd Pt

as n — 0o, where § > 0 is determined by Assumption 1.

Assumption R is a technical condition on relative expansion rates among the sequences a,
and p,, as n — oo. The relative rates among p,, o, and n depend also on the distributional
assumption in Assumption 1, i.e. on the positive parameter 4. For instance, if ¢;, for i =
1,...,n, are distributed as either A/(0,02) or as t5 (e.g. as the two extreme cases compatible
with Assumption 1), the choice of p, = n'/3 (adopted in the simulation exercise) and o, =
n'/4 is acceptable since and are satisfied as long as § > 2/3. The relative rates of
Dn, &t and n on one hand, and § implied by Assumption 1 on the other, determine the error of
the approximation entailed by the central limit theorem. On the other hand, a slow-diverging
pr, typically leads to higher power, since it helps to assure relevance to the second component
of via substantial co-variation between the residuals and the exponential term tinp;n?.
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The optimal choice of p,, requires an analysis of local power, which exceeds the scope of the

present paper and will be addressed in separate work.

The following result provides asymptotics that lead to the null limit distribution of the
specification test suggested in (4.9).

Theorem 2 Let Assumptions 1-5, 9-11 and R hold. Let p, be a non-negative sequence

satisfying . Under Hg in , as n — 0o
VM (0,t,ty) —q N (0, A(t, ty)), (4.11)

pointwise in (t,ty), conditionally on X, where the standardizing variance-covariance matriz
of /M (0,1, ty) is given by A(t, ty) = li_)m Ap(t, ty), with
n o0

2 4 R R/ 2 (3) n
Ap(t,ty) =%\P(t, Bt by ) + 0 ((2n+ ) )w(t, ty )o(t,ty) + 2“T¢<t,ty>2m<%(t,ty>’)’
=1
4 _ n
P2 390) et Y SR, (112
=1

The proof of Theorem 2 is reported in Appendix 1.

The matrix A(t,ty) exists pointwise in (¢,ty)" a.s. under Assumptions 10 and 11 and is
non singular under Assumptions 3, 4, 9 and 10. Since holds for every realisation of
X, as long as A(t,ty) exists pointwise in (¢,ty) a.s., Theorem 2 also holds unconditionally,
oo An(t,ty) . To
form the test statistic defined in (4.9), A(t,ty) is replaced by the consistent estimate A(t, ty)

obtained by replacing the unknown parameters A, 3, 02, u3 and py with their sample versions

giving the unconditional distribution of the statistic with A(t, ¢y ) = plim

based on consistent QML estimates 6 = (5\, B’)’ and corresponding residuals. From Theorem
2 it follows directly that the test statistic

T(t,ty) —aq X3 (4.13)

pointwise in (¢,ty)’ as n — oo. Finite sample size and power performance of this test are

reported in Section 6.

5 Behavior of T'(t,ty) under misspecification

This section explores the behaviour of the test statistic T(t, ty) under H;. In order to allow
for a general misspecification structure that allows for a generic functional form of the true
conditional expectation function g;,(-) = g;(-) for each n we need to impose some high-level

Assumptions. These Assumptions can be made more primitive if we are willing to impose
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more structure on g;(+), e.g. in case g;(-) is assumed to display an additive structure in
X1y X Let 2,(Xjt) = 2(X)t) = (210(X, 1), -+, 20n(X, 1))’ be the n x 1 vector whose
components are the individual z,(X,t) = z(X,t) = ¢;(X)e!'X¢ functions. Also, let Q,(t) =
Var(z(X,t)). We need to integrate the weak dependence condition reported in Assumption

6 with an additional condition.
Assumption 6 (b) For all t € R¥ apart from a zero-measured set, ||, (1)]]|oo < K.

We report below some popular examples of functional structures for g(-), which are often
erroneously misspecified and/or simplified by practitioners to the standard SAR in ({2.3]) with

network structure W.

1. The true weight matrix structure is given by V" and the practitioner uses W in estimation

of the model, i.e. W is misspecified. Thus,

9(X) = (I = 2V) " 'Xbo.

2. The weight matrix W is correctly specified, but the exogenous component of the re-

gression is non-linear in X1, ..., X;, and/or in the parameters (i, ..., 8k, so that

g(X) = (I = XoW) " p(X, By), for some function p.

3. The data generating process is a Spatial Durbin (SD) model with weight matrices
W1, Wa, so that

9(X) = (I = XoW1) ™" XBo + (I — AW1) ™' WaXng (5.1)

where g is a k X 1 vector of parameters.

4. The endogenous spatial lag is irrelevant, and thus the data generating process is a
spatial lagged X (SLX) model, so that

9(X) = X8y + WXnp. (5:2)

All four cases above can be represented by an additive functional form specification
g8(X) = > i=1(a1ijp1(X;) + a2ijp2(X;)).  Assumption 6(b) can be shown to hold for
this additive ¢g¢¢(X) if the n x n matrices 4; = Ay, = (a1ij), Aa = Aoy = (ag;;) sat-
isfy [|A1]]oo + || A% loo + | A2]loo + [|A5]|ec < K for all sufficiently large n, and the functions
p1(-), p2(-) : R* = R satisfy Ep}(X1) + Ep3(X1) < co. In the four cases of misspecification

given above these conditions are implied by Assumptions 2, 4 and 5.
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To establish consistency of the test based on (4.8]) we need to prescribe the behavior of

the estimator 6 under H1, which is assured by the following high level condition.

Assumption 12 There exists a sequence of deterministic vectors 0% = o, of order O(1) such
that § — 6% = 0,(1) under H;.

In line with the previous section, 6% can be interpreted as the (pseudo-true) value that
maximises the (misspecified) pseudo log-likelihood function under H; in and thus 0 is
the QMLE of #% under #;. Under Hg, 6° = 6. Proposition 2 in Appendix 2 shows that,
under some standard regularity conditions, A — A\ = op(1) and therefore B—p#* = op(1) and
62 — o2 = 0,(1) as n — oo, where § = (X'X)"IX'S(A)Y and 8! = plim(X'X)~'X'S(\)Y,
while 62 = Y'S(A)'S(A)Y/n and o2 = plimY’S(A)S(A\)Y/n, as n — cc.

From (3.14) and from Theorem 1, for (almost) all ¢ € R¥ and ty € R , either
E ((Yz‘ - mz‘(9#)€t/Xi)) # 0

or

E ((Yz — mi(0F)e" Vi) — E (ui()\ﬁ)ety(mi(9”)+ui(>\ﬁ)))) £ ()

for sufficiently many i such that card(J(0%)) ~ n as n — co. However, the sample statistic
in considers the average across units of a sample analogue of expectations. Therefore,
we need to rule out the case in which individual misspecifications in the regression functions
offset each other (e.g. in presence of an unlikely systematic symmetry in the mispecification
form and direction), so that the average amount of misspecification is not negligible in the
limit. A similar exclusion was used and discussed in Bierens (1984), where nonstationarity
in the time series setting may lead to a regression function that varies across time. The

following condition achieves this objective in the spatial setting.

Assumption 13 Asn — oo, in the setting of Theorem 1a)

zn:IE ((gi(X) ~ma(X, eﬁ)) et’Xi) ’ = K(t) > 0, (5.3)
i=1

. 1
lim —
n—oo N

with k() being a generic positive function, pointwise in t € R*, or in the setting of Theorem
1b)

. 1
lim —
n—oo N

zn: E (gi(X) ~ (X, eﬁ)) ’ >0 (5.4)
=1

Additionally, we assure non-singularity in the limit of A, (t,ty) in (4.9) under H; by

modifying Assumption 10 as follows.

20



Assumption 10’ Conditionally on X, lim A,(t,ty) ezists and is positive definite uniformly
n—oo
in 0, pointwise in (t,ty) and a.s., where A, (t,ty) is defined in .

Under these conditions we have test consistency.

Theorem 3. Under Hi in , and Assumptions 2-5, 6, 6b), 7,8, 9,10 and 12-13, for
all ¢>0,
IPT(T(t,ty) > c) —1 as n— oo,

pointwise in (t,ty).

6 Simulations

We report the results of a Monte Carlo experiment to examine the finite sample perfor-
mance of tests for model misspecification based on the T(t,ty) statistic in , explor-
ing both size and power. We generate data from the SAR specification in , with an
intercept and two regressors that are iid random variables X;; ~ Unif(0,4), d = 1,2,
€ ~ N(0,1), for i = 1,...,n, with parameter setting 8 = (1,1,1)’, A\ = 0.4, and sample
sizes n € {100,200, 300, 400, 500, 600, 700}. Two different weight matrices are used:

1) Exponential distance weights, i.e. w;; = exp(—|¢; — £;])1(|¢; — ¢;] < logn) where ¢; is

location of i along the interval [0, n] which is generated from Unif[0, n].

2) W is randomly generated as an n X n matrix of zeros and ones, where the number of

“ones” is restricted at 10% of the total number of elements in W.

These weight structures are empirically motivated as they mimic a distance-based matrix
generated from real data and a structure based on a contiguity criterion among units. Both
matrices are normalized by their respective spectral norm. We generate each matrix once
for each n and we keep them fixed across 1000 replications and across different experimental
scenarios.

It is straightforward to verify numerically that under both structures 1) and 2) sati